AD-756 973

HOMING GUIDANCE (A TUTORIAL REPORT)

John P. Janus

! Aerospace Corporation

1 F A ‘o PP e Mgl S A SOl £ Ly P ey 2 AT o b TP Wit TR e >y
R R o e A I L R A N A A AL

Prepared for:

Space and Missiles Systems Organization

10 December 1964

LPORAY -
AR e

DISTRIBUTED BY:

National Technical Information Service
U. S. DEPARTMENT OF COMMERCE
5285 Port Royal Road, Springficld Va. 22151




F 3%‘%%%%

" e N e RN S S e S e s -
[ 5 e : '
Tt % .
Py 8 % !
: 3-]00
8aAH So TR T Report No. &
) - TOR-~469(9990)-;
Ca
Do
h
Q;%D HOMING GUIDANCE
2 (A Tutorial Report)

Prepared by
. John P. Janus
' Electronics Division

El S'egundo Technical Operations - D
AEROSPACE CORPORATION D
El Segundo, California

Contract No. AF 04(695)-469

10 December 1964
Reproduced by

NATIONAL TECHNICAL

INFORMATION SERVICE &
t} $ Depariment of Commerce >
Springtield VA 2218} .\0 >
Prepared for o‘b"&o
w.E
COMMANDER SPACE SYSTEMS DIVISION F f
AIR FORCE SYSTEMS COMMAND :.Qoo
LOS ANGELES AIR FORCE STATION bﬁ,o s’,’v
Los Angeles, California ¢ .9




o P
*%“g(mw% e o b ———— o e e b e R RV, Sl 534 A s

. *
T

a

R

rynts;:
3¢

KOS

WY

Report No.
TOR-469(9990)-1

A

T R PTG R TR T ,‘.;?M JSe O
T
»

HOMING GUIDANCE
(A Tutorial Repo rt)/,

7/
v

A

e

P P NP RT e PR ARG ORE)

(2l s
A

Prepared

A

Guldance Systems Department
Guidance and Control Subdivision

el

Approved

L,

. F. . A7V Goldbérg, Associate Director
Guidance Systems Department Guidance and Control Subdivision
Guidance and Control Subdivision Electronics Division

The information in a Technical Operating
Report is developed for a particular program
and is therefore not necessarily of broader
technical applicability.

El Segundo 'i‘echnical Operations
AEROSPACE CORPORATION

El Segundo, California

s e e =




B R O Y o LA IR Ot s

O e

ments. . s

FOREWORD

This report was originally published on

14 September 1962 and numbered A-62-1732. 3-68.
For this printing, it has been renumbered as
TOR-469(9990)-1 to satisfy contractual require- -

!

idi

g Coape rb e AN




Security Classification

DOCUMENT CONTROL DATA-R&D ‘ 1

(Securlty classitication of title, body of abstract and indexing tation must be entered when the ovsrall report is classified)

1. ORIGINATING ACTIVITY (Corporate author) 28, REPORT SECURITY CLASSIFICATION*

AEROSPACE CORPORATION, El Segundo, California URCLASSXELED ' .., .00 ¢

2b, GROUP . RSN I e LIS P
P T S URAANS Y RIS MIFTRL N

§3. REPORT TITLE .t . ERE R e INEA N

HOMING GUIDANCE (A Tutorial Report) . R T

.| 4- DESCRIPTIVE NOTES (Type of report and inclusive dates)

‘ Tutorial Report
:‘ 8. AUTHORIS) (Firet name, middle initial, last name)

John P. Janus

43
, t
) ¢. REPORT DATE 78, TO1 AL NO. OF PAGES 7b. NO. OF REFS
- . |10 December 1964 253 2~ 6
%" ; 88, CONTRACT OR GRANT NO, 9a, ORIGINATOR'S REPORT NUMBER(S)
SS AP 04(695) =469 TOR 469(9990) -1
v ;, b, PROJECT NO.
[N 95. OTHER REPORT NO(S) (Any other numbers that may be assigned
N this report)
¥
3 d. SAMSO TR 73-100

‘ 10. DISTRIBUTION STATEMENT

Distribution Statement A: Approved for public release; distribution unlimited.

11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY
‘ SPACE & MISSILES SYSTEMS ORGN. (SAMSO)
P.0. Box 92960, Worldway Postal Center
Los Angeles, CA 90009

e
13. ABSTRACT
* v

The theory of '"Roming Guidance" for space application is developed for both
accelerating and non-accelerating targets. The analytical formulation is developed
4 in a relative, rotating reference frame and consists of a linearization of the
exact equations of motion.

-l

An intuitive desirability of Proportional Navigation is discussed, and the
results are verified analytically for non-accelerating targets. The investigation,
vhich usss fuel consumption as a criterion for evaluation because application to
.pace migsions is the chief concern of the paper, shows that the guidance scheme
leads to the optimum in the limiting case. Biased Proportional Navigation is
examined in an analogous manner, and a similar optimum is obtained for accelerating
targete. '/ '

The report also includes a brief discussion and formulation of imperfect inter-:
ceptor dynamics. A few possible methods of solving this problem are mentioned
briefly.

Ay ATy < 3 IO

DD 201473 -




Eai e g

§;curity Classification

REY WORDS

LINK A LINK B

LINK C

ROLE wT ROLE wT

ROLE wT

Homing Guidance

Proportional Navigation
Biased Proportional Navigation
non~accelerating targets
accelerating targets

imperfect interceptor dynamics

'S

L~

I-r

Security Classification




I.
II.
IIT.
y 1 | IV,
v.

€ et TN VBRI WAy 0 mra 4 wws T R 3

TABLE OF CONTENTS

ImowcTIoN C 00000000 0000000000 0000000000300000¢%0000000)

'..mmmm EQUATIONS 00060000000 000000000000000000¢0000000

PROPORTIONAL NAVIGATION +ovveveevncenconssocssassosnssnnse
BTASED PROPORTIONAL NAVEGATION «ovovvevnsrncrvonrsnscnnns
TIME LAGS AND POSSIELE METHUDS OF SOLUTION «vvovevvsvsress
LIST OF STMBALS +vvvrvessssstossosssennserrarnorssssssans
BIBLIOGRAPHY .............................‘....._.............

PAGE

10
1k

19

a3
a5

Preceding page biank




T

FIGURE
I-1
I.2
I-3

II-1
II-2
III-1

Iv-l

ILLUSTRATIONS

Ty’pical Pure Pursuit Collision m,’ecm!’y socossccrcencorrone

Typical Constant Bearing Ccllision TreJectory .scieceececesses

klatiw Inu:‘ceptor Gemtw ..l....g.'.......l.......'.l... .

Block Diagram vf Interceptor maectory R xxry
Genez"al Interceptor-Target GeOmetIY «vceessvrscecroscrsrernns
Interceptor Trajectory fop an Actelsrating .

hrget 00 P00 L0000 0000000080000 0000000020300 0000000000000000

Lead Intercept of an Accelemting T‘r@t etotsveses PNt esRR e

PAGE

-~ O &£ DD D

13
L




Baiou ()

TSR T

L e ieme e Tpeas AR R o A VW g

I. INTRODUCTION

The term "Homing Guidance" is generally associated with the terminal and
mid-course phases of misgsile guidance; whefeby, one vehicle is maneuvered into
the general proximity of some other vehicle or location with the purpose of
interception or rendezvcus. The manner in which the mission is accomplished
depends not only on the specific objective, but it also relies upon the types
of information (e.g., range, line of sight, etc.) that are available.

The use of "Homing Quidance” for atmospheric interceptors has been very
extensive. However, because the maneuvering of the vehicle was accomplighed ‘
with aerodynamic surfaces, the early analysis was chiefly concerned with minimize
ing the miss at 1nt'erce‘p‘h‘. Although this consideration is also very important
in the space application of "Homing Guidance,” the problem of weight, which is
closely related to the fuel requirement of the interceptor, becomes another
important area of concern. Throughout this report the fuel requirement will
alvays be used as a criterion to measur: the value of the particular guidance

scheme involved; and, therefore, the vshicle is assumed to have the capability
of obtaining the required accuracy.

In this report, only the prodblem of interception without regard for
terminal velocity will be considered. The problem is also restricted to the
use of information regarding the line of sight, or its rate. This type of infor-

mation can be cbtained from radar, infrered trackers, optical seekers, and various
other sensors.

The assumption of restrictive sensor information requires that a guidance
lav, which uses only line of sight iaformation, must be developed. This can
be accomplished in several ways; the aimplest is "Pure Pursuit.™ .

In the "Pure Pursuit"” type of navigation, the interceptor is aimed at
the targst at all times. The analytic analysis of this problem using differentisl
geometry (Reference 5) has been very extensive; imd_ the results, vhich are
typified by Figure I-1', show that even for a near head-on lsunch a tail chase
usually results. This type trajectory indicates that extensive maneuvering,
vhich implies excess fuel consumpiion, is taking place. B8ince this {s a hichly
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Flgure I-1 Typical pure Pursuit Collision Prajectory

undesirable situation, a more economical method of navigation is needed.

A scheme that requires less manueverability is that of "leading" the
target or the so called "Constant-bearing Collision." (See Reference 1.)
This method consists of aiming at a point, on the target's trsjectory, that
is ahead of the immediate position of the target and adjusting the interceptor
velocity to cause intercépt at the predetermined point. A graphical example
of this type of navigation for a constant velocity target is given in
F‘;gure I-2. This diagram also shows that the line of sight remains at the same
orientation in inertial space throughout the flight. If this idea is generalized,

it can be shown that, whenever the time rate of change of the line of sight is
TARGET
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2ero, the interceptor is on a collision course. Thus, if the thrust direction
is correct, & guidance law that thrusts proportional to the line of sight rate
and drives this rate to zero can be established. This is called Broportional
Navigation and can be expressed mathematically as:

Ay = N& (1.1)

where ,
' A; = interceptor acceleration

L %—:- = linc of sight rate

N » Scale factor

Since the above relation does not specify the direction of the accelera-
tion, 1t is insufficlient as # guidance law. Because this is & space application,

it 1s uniike the atmospheric interceptor which was limited to accelerations. normal

to its velocity vector. Therefore, the acceleration can have any orientation,
and the direction of the'thrust should be choosen so that fuel consumption is
minimized.

The fuel expenditure, 4V, can be minimized in the problem if the proper
acceleration impulse or step velocity change is made at the initial point,
t = 0. If the orientation or direction of the acceleration which minimizes
AV is obtained, the result can be applied to Equation (1.1) to complete the
guidapce lawv,

The problem can be most easily formuiated in the relative interceptor
configuration vhich is shown in Figure I-3 . Because of its simplicity, this
tvo-dimensional representation will be used throughout the report. However,
the ideas and concepts expressed are applicable .to the three dimensional case. .
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Figure I-3 Relative Interceptor Qecmetry

The notation in the sbove diagram can be interprated in the followving sanner.
Tro - VI - V,r = initial relative velocity vector of interceptor with

o 0 respect to the target
V.
1:c>

.= initial interceptor velccity vector

v
%o

AV = step velocity increment applied to the interceptor

= initial target velocity vector

If the following constraints are applied to the problem, o can de determined
for minimum AV in the following manner.

I

Constraints: - L < p < 3

5 &vy > 0,4 > 0,D > O

The equiation of 'motion vhich leads to intercept 1i.

' AV i
t‘n.a-%n 'nagp (1°2)
(V, + & Vcos @) Teo
or
AVe Vol (1.3)

Desina-4cos @
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The constraints are satisfied if Dsin @ - L cos @ > (. The fuel consumption,

4V, can be minimized by maximizing the denominator of Equation (1.3)::

f (¢) sDaina -4 cos o

t/(«) »Dcosa+dstna=0 ' (1.4)
or

tana--%

Since the value of & obtained from Equation (1.4) can be shown to minimize
Equation (1.3) under the above constraints, the minimum fuel is expended if
the thrust is applied nomal to the line of sight.

Although this method minimizes fuel consumption, it also implies a pulse

or infinite acceleration requirement. 8ince this is not practical, the

expression in Equation (1.1) is used in conjunction with the direction obtained
for minimun fuel consumption to obtain Equation (1.5):

-A-I =N 8 X ;R (1-5)
vhere

‘éR = unit vector along the line of sight directed toward the target

Equation (1.5) completely defines the guidance law for "Proportional
Navigation." The magnitude of the commanded acceleration in this scheme is
proportional to the line of sight rate, and its direction is normal to the
dine of sight. Therefore, this guidance law uses only line of sight informa-
tion, and it is consistent with the previous assumptions.

It is important to note here that this type of homing guidance assumes
that the interceptor has been launched toward the target with some initial

velocity, and this velocity is sufticient to over-take the target if the direc-
tion of flight is controlled properly.
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‘needs of this problem. In general, the signal would be any sensor input or
‘information source that satisfied the requirements of the mission. The inter-

II. TRAJECTORY EQUATIONS ' 1

Bofore the problem of interceptor navigation.can be further investigated, !
it 1s necessary to derive the cquations which degcribe the interaction of the
interccptor ‘maneuvering and the relative kinematics of the system. An olementaxfy
illustration of the closed 1091: behavior of these equations is given th"‘ng\m II-: |

!
INTERCEPIOR GUIDANCE ;
e e u o
DYNAMICS A
X
r KILIMATIC A
poAvIons [ -
OF MOTIO:'S

Figure IT-1  Block Diagram of Interceptor Trajectory

The use of line of sight rate, &, in the diagram is merely to fit the

ceptor Gynamics generally include leads and lags in the system, but perfect
Gynamics will be assumed in this section, as the dblotk can be considered to
have unit gain. The extension of the formulation to include lags and leads
will appear later in the report (Section V).

The kinematic equations of motion can be derived in several ways,
including: perturbation techniques (Reference 3), small angle approximation
(Reference 1, 2 & &), and assumptions and linearization of the exact equations
of motion (Refereace 6). In this section the latter technique will be used
on the two-dimensional case, but the derivation in three-dimensions is
possidlc since it is showm in Reference 1. '
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Figure II.2 General Interceptor-’nax;get Geometry

The target-interceptor geometry is shown in Figure II-2. The equations
of motion are written in a two-dimensional, rotating, orthogonal coordinate
systen (ER, ZN). The reference frame rotates with an angular rate, 0, with
respect to inertial space (positive sense is given to & if it projects up out
of the page).. The exact equations of motion are:

e

f-6®Ra (A - Opg) = (Arg = Opp) (2.1)
SR+2&R= (Agy - G,m) - V- m) (2.2)

vhere

= target acceleration due to thrust

= interceptor acceleration due to thrust

gravitational acceleration at the target

= gravitational acceleration at tie mtercei)tor

= unit vector along the line of sight directed toward the target

= unit vector normal to the line of sight

zol"ol - I
[ ]




3 Al.‘ll"x'l":ll Am'il‘:ll
| My = Ry o By Ay = Ay« o
Oy = Gp + & Opp = Ty + o
Ogy = Ty o Oy = Ty« &

'171 = veloclity of the iaterceptor

VT = velocity of the target

Since most of the quantities in Equations (2.1) and (2.2) ars functions
of time, a completely general solution of these eguations cannot be found.
Therefore, simplifying assumptions that use a knowledge of the physical problem
and the type of navigation will be made to linearize the kinematic equations
of motion. These assumptions are:

1. G - 0pnwOor Oy - Qg O and Opy - Gy m O
These quantities are neglected because the gravity differential over

the ranges involved in most interceptor problems is only a few feet ver second
squared, and the thrust motors used involve accelerations of several g's.

2. Am-O

Because proportional navigation 1s used, it has been showvn in Equation .
(1.5) that the guidance accelerations will only b applied normal to the line
of sight. '

e —— A S N~

3. 02~0

B8ince the guidance lav tends t0 drive the line of sight rate to zero,
& can be assumed t0 be small in the terminal phase; and, therefore, # 1
second order term and can be neglected. '

b, R = =V, = constant closing velocity




If the interceptor is assumed to have sufficient initial velocitx to
overtake the target regardless of the target acceleration along the line of
' sight and 1f V, >> fg Agn Gt 18 true for the terminal phase of interception,
: ‘the assumption of constant closing velocity follows from Equation (2.1).and
the iirst three assumpiions. From this assumption it is follows that

Re=R, -Vt | N (2.3) .
R ' '
Ty = © (2.4)
A

vhere

Ro = initial distance between the target and interceptor along the
line of sight

k ‘ ']'.'f = total guidance time

{ - Since Equation (2.1) has already been linearized to obtain Assumption 4,
the motion can be completely described by applying Assumption 4 and Equations
(2.3) and (2.4) to Equation (2.2). The resulting linearized kinematic equation

of motion is:

(Ry = V,£) & - 2V, & = Ay = Apy _ (2.5)

The so called "Trajectory Equation" can be obtained from Equation (2.5)
by replacing the interceptor acceleration temm dy the guidance law. In the case
of proportional navigation, the trajectory equation decomes:

(Ry = V&) & - 2V & m Ay - K & (2.6)
or ' r
(Ry = Vt) & + (N - 2V ) & = Ay (2.7)

8ince this equation is first order in &, it has a closed form solution.
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III. PROPORTIONAL NAVIGATION

Now that the guidarce law and trajectory equation have been eltabiished
for Proportional Navigation, the behavior of the interceptor can be established
by solving the trajectory equation. For convenience, Equation (2.7) can be
yut in the following form: :

(32 't) (5 ‘2) -2 (3.1)
A/ c c
c
or
(T, - £) G+ (A -2) &= Py (3.2)
v
c
vhere
A= L navigation constant or navigation gain

vc

From the definition of this constant, the more widely accepted form of
the guldance law for Proportional Navigation can be written. It is,

II = <) Vc ER x& (3-3) .
) o

A= AV, - S 'SR (3.4)

I

The general closed form solution for Equation (3.2) can be found in the
rollowing manner. Multiply Equation (3.2) by (T, - t)'(k - 1), and it becomes

1, - 0732 34 (2) (r, - 4)7 (1) ¢ = o ety (3.5)

or ¢

gl ¢z, - v 0-2) %:-“4 (g - &A1) (3.6)

The solution is
t "
&= (T, - a)"‘aj‘ A (T - £) 1) gy o 5, (2 --,'1‘-. 2 @G.)
o Vc b
where

60 = initial condition on the 1line of sight rate.

Thus, the line of sight rate is caused by two separate effects. The
first term shows the rate due to target acceleration normal to the line of

. sight, and the second term shows the effect due to initial or launch errors.

10
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Since the commanded interceptor acceleration is proportional to &, Equation (3.T)
can be used to obtain an understanding of the required interceptor capsbility.
Using Equations (3.4) and (3.7) the expression is

Ap = A (T, - t)""?j Ay (T - £)" (") ag 42 v, &, (1-% T, A2 (3.8)
o . .

Since ¢ = Tf at intercept, it is obvious that the navigation constant,
A, must be greater than 2 1if intercept is to be accoamplished with a finite
acceleration capability. The effect of increasing A can best be shown by
considering the gimplified example of a non-accelemting target. In this case
Equation (3.8) becomes

‘

t \A-2 |
A=AV & (1- -.5:) (3.9)
The approximate fuel consumption is
T .
£
v e[ Ja] at  (3.20).

If & >0, Equation (3.10) becomes
T

£
l-2
AV = Av & (1 - ) (3.11)
fo ¢ o 'l‘
OV uig VT, (3.12)
“ TR, ¢ (2.13)

-1l "0 0

Thus, the mini~um amount of fuel is consumed as A < ®, This case can
be sexn to correspond to the example shown in Section I where the entire
correction is made by a pulse acceleration at the beginning of flight. Since
this implies an infinite acceleration capability, it is impractical. However,
the example tends to show that as A is increased the error is corrected sooner,
and less fuel is consumed. This simplified approach does not dring into
account other factors which limit the maximum value of A, such as noise on
the sensor output and system limitations. If these are oonsidened, b<A<10
has been found to be a practical range of operation.

Besides lending an intuitive interpretation of the navigation constant,
this example has shown that a Proportional Ravigation scieme vill work very
well against non-accelerating targets. This conclusion can be reached because

11



the solution degenerates to the optimum case (from the standpoint of fuel
consumption) in the limiting case. '

The effectiveness of the standard Proportional Navigation against an
accelerating target can best de exanined by consideriné another simple
example' vwhich is that of the constant accelerating target. With this
assumption, Equation (3.8) reduces to

A t | Ae2 t (A-2
- 1-(1-2) +& Ay, (1-2 . (3.14)
Ap = Apy 33| Ty’ o ‘c T, : -
u A + A
L T

vhere

A t \A-2
Ay b Xz (i-0-g)

= part of the interceptor acceleration due to target. acceleration
t (A2
Axa - bO A Vc (l - ‘,'I,'f)

» part of the interceptor acceleration due to launch or initial errors.

Since AI is monotonically increasing with time and because AI is
monotonically aecreasing with time, the interceptor can be interpreted to
first null the error due to launch misalignments and then compensate for
target accelerations normal to the line of sight. The adverse effects which
may occur in certain situations because of this sequential nulling phenomena
are illustrated in Figure III-1 . Although this is an exaggerated trajectory,
1% typifies the "S-shaped" maneuver which may occur when Proportional
Navigation is used in the interception of an accelerating target. The
excessive raneuvering tends to imply large fuel expenditures. The verifica-

tion of this point can be eccomplished analytically using Equation (3.10).
(See Reference 4.)

12
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Figure III-1 Interceptor Trajectory for an Accelerating ‘I‘argetl

In this case, increasirg A does not lead to the optimum case. As
A~o, AIQ approaches the impulse acceleration required to correct the
launch error that would exist if the target did not accelerate, and AIl
tends to match the component of the target ecceleration normal. to the line
of sight throughout the entire flight. This situation is completely
opposed to the basic advantages of Proportional Navigation because it does
not guide the interceptor to a lead collision course. Therefore, unlike the
non-accelerating target case, the optimum situation ig not obtained ag A = »,

t can be concluded that, although an accelerating target can be inter-

cepted with Proportional Navigation, this technique is not desirable fram

‘the standpoint of fuel consumption; and a modined guidance law, vhich 1is
more efficlent, is needed.

lA graphical technique for determining these trajectories is given in

Reference 9,
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IV. BIASED FROPORTIONAL NAVIGATION

With the inefficiency of :the proportional navigation scheme against
accelerating targets, the need for a modified guidance law becomes obvious.
Since the initial step change in velocity 13 the most efficient from the
fuel consunption standpoint, & guidance lew that corrects the launch errors
and compensates for the target acceleration early in flight would be very
desirable. This implies that the interceptor would' essentially fly a
straight line trajectory after the early corrections. Howe: .. this type of
{ntercept, which is shown in Figure IV-1, does not have a zero line of sight

Figure IV-1 Lead Intercept of an Accelerating Target

rate when the interceptor is on a straight line collision course. This
factor helps to account for the inefficiency of Proportional Navigation
against accelerating targets. If the relative trajectories of the target
and interceptor, in particular the target acceleration profile, are known,
the interceptor csn be guided to tae desired line of sight rate; and,

14
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therefore, put on a straight line collision gourse. Thus, rather than nulling
the line of sight rate, the difference hetween the inertial line of sight

rate and some desired line of sight rate must be nulled. This concept is

more commonly stated as "nulling the biased line of sight rate.” With this

intuitive approach, the guidance lav for "Biased Proportional Navigation"
can be stated as '

AI = A Vc (é - %) (‘hl)
where 6.b - bias or compensating line of sight rate.
Vectorially this is stated as

KI .-\ Y, 'é'R x (& - Eb) (4.2)
or -
KI AV, (&- Eb) x'e'R (4.3)

The trajectory equation in this case can be obtained by starting with
the linearized kinematic equation of motion. Equation (2.5) and inserting
the guidance law, Equation (4.1). The result is "

(no - V.t) g- AV, &= Ay =AY, (& - a:b) (4.4)
or A'm
' (Tp-t) G+ (A-2)bmg=+r& (4.5)

c
The general solution of Equation (4.5) is

. &a(n, - )2 j‘: %‘E erne, (-0t Pars -t P2 6)

¢ b Te

The value of the bias that minimizes fuel consumption can be obtained in
several ways. One of these is ta minimize AV in Equation (3.10) (Reference 4);
another is to use a modified trajectory equation to specify an ideal kinematic
model (Reference 8). In this report, the second approach will be used.

If the interceptor is on a direct or straight line colligion trajectory
and if the optimum bias is in the system, the interceptor appears to de
tracking a non-accelerating target. In other words, the interceptor is
essentially flying a Proportional Navigation scheme where it senses '@ line
of sight rate of (& - &) and a target accelerstion of Ay - (R, - Ve‘)"b"e"c"’b

15




.8ince Proportional Navigation was shcwn to be more efficient against non-

accelerating targets, the bdbias should.be chovwn such that:

(R, - Vct) Gy, (oPT) -~ 2 V, & (OPT) = Ay (4.7)
or . Am ' .
(T, = t) &, (OPT) - 2 & (oPT) = v (4.8)

Thus, the optimum bias is

|

& ) )'2 ¢ t) at + (T t;)"'2 ? & (4.9)
p (OPF) = (B = 07 [, (7 - 8) 9 gt Tp o M
vhere ébo is the initial bias value

If the bias is optimum at t = 0, it will compensate for the

‘accumulailve effect of target acceleration over the entire time of flight.

Therefore, the expression for the optimum bias s

N .
& (OPT) = (T, - )2 [ (T, - t) - " (4.10)
b b g . ¢ Vc

In general, this is time varying function; but in the case of a constant

accelerating target, it becomes:

&, (OPT) = %‘7": (4.11)

To demonstrate the value of this bias, the solution of the trajectory
equation must be solved for the same case. Upon integrating Equation (4.6)
and substituting in the guidance law, Equation (4.1), the required inter-
ceptor acceleration is found to be:

Ap = dmg { DAy + 2V, 8,0 = [ + AV, 8, = (A-2) v, 8,71 - -.f.-r)*'z} (4.12)
If the optimum bias, Equation (4.11), is used in Bquation (4.12), the
result is

A

Aps O vav g G- M (4.23)

16
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The fuel consumed in this case is

Av-x— [ATN‘I‘ + T,V a] (4.14)

Here, as in the case of Proportional Navigation against a non-
~ accelerating target, the fuel consumption is minimized as the navigation
‘gain 1s increased without bound. It is also interesting to note that the
_ limiting case fuel consumption, Equation (4.15), is identical to that mquim.
: by a .tep velocity change at t = O vhich i¢ the optimum case.

R R e

1lim

Ay

K-‘OAV-'-a— Tr*Tr Vc 60 (4.15)
Ay

min  AVe 5= T, +R, 60 (4.16)

Because the Biased Proportional Navigation guidance law leads to the physically
unrealizeable optimum in the limiting case, it can be concluded to beia very
good scheme againat accelerating targets.

Although the discussion in the previous paragraphs tends to show the

advantage of Biased Proportional Navigation, it neglects the difficulty of
‘ target acceleration prediction. If the acceleration profile is not known
FE exactly, it would be impossible to cbtain the optimm bissed,c, {opt). i
Therefore, an alternate scheme that has been called constant, partial, or crude
biasing has been devised. This techniques uses a constent bias which is
based on an average or estimated value of the target acceleration. The
analytical investigation of this type of bias has been conducted in Reference &
and 8. The results show that, if the bias falls in a particwler Interval, a
considerable saving in fuel consumption can be realized over the case of
ordinary Proportional Navigation. However, if the established bias does no*
fall within the desired range, extensive fuel expenditures may result. Even
near the edges of this allovable bias interval, the wveight trade-off between
additional equipment needed for bias implementation and actual fuel savings
may be such that Proportional Navigation may be desirable.

From the preceding discussions,. it is obvious that whether or not
constant biasing should be usei depends upon the mission of the interceptor
. and the accuracy of prediction or detection of the target's acceleration
P profile.

3
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The discussion in the two preceding paragraphs describes only one of
the problems associated with Biased Proportional Navigation. Some of the
other areas of interest, which must be investigated before an actual guidance
system can be realized, are listed below.

1. Does the fuel savings compensate for the weight of the additiomal

., equipment required to implement a time varying bdbias?

2. How can the ordentation of the bias be deternined and mechanised
in three-dimensions?

3. How does a biased scheme effect the miss distance?

4. How can the target's acceleration be predicted and determined in
both mtm and direction?

These and many other questions must be ansvered before Biased Proportional
Navigxtion can be used as a guidance scheme in any Mcmr aiseion.

18




V.  TIMR LAGE AND POSSIBLE METHODS OF SOLUTION

. In Section II, Mgure II-1, a block diagram vhich shows the closed

--.loop nature of the relative trajectory was given. In that.seotion, as in all
of tre preceding sections, the interceptor vas sssumsed to hxve perfect
dynamice. However, &« more realistic situation would be attained if some

‘ transfer function were assigned to the interceptor dynamics. Although most

E vork of this nature has been done with computers, a fev papers have been

written on the analytical analysis. Because the effects of interceptor

dynemics cause increased fuel consumption and loss of accurscy, the rouuhtipn

of a specific problem will be given here. It is hoped that the mathematical

model will help to demonstrate how the actual physical situation can be more

scourately represented. '

Yor this particular problem, assume that the interceptor dynsmiocs are
represented by a transfer function, F (s), and, more specifically, it will
be a first order lag. Therefore, the system dynsmios can he represented ' by

Ps)=_1 (5.1)
.Te ¢+ 1.

vhere
' 8 = the differential operator, %E
T = time constant
Thus, for Proportional Navigation®, the combined interceptor dynamics and
.g\udnnco lav have the following fom.
: AV &

Ay * 5y (5.2)

Using Equation (5.2) in the linearized kinematic equition of motion,
Equation (2.5), the trajectory equation becomes

AV
(By < Vb) 08 - 2V & = Ay = 2ty & (3.3)

l'x'ha formulation for Biased Proportional Navigation is very similar.

19
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f(rf-t)i-;% +{ (Tf--t)-3'rl-g-% +(k-2)6-% f—;—g +%! (S.4)

[
To simplify the formulation, it is convenient to non-diunsiqmlize the

© independent varisble, t. This can be sccomplished by letting

T, - ¢
b g
xXe™ ' (5.5)
Therefore,
a l d

And the trajectory equation takes the following form. (The appropriate
variable transformation are assumed to be made in all functions.)

a & 2 & 2 o ed "m "m
dx c
This equation can be recognized to be the confiuent hypergecmetric equation

(5.7)

T T

(Reference 7.) which has been thoroughly investigated in the literature. The
advantage of arriving at this particular equation is that, although, Equation
(5.7) has singular points at x = O and infinity, the singularity at x = 0,

vhich corresponds to ¢ = T, in the physical situation, is regular. Therefore, -
a solution which is analytic at x = O or at the collision point, t = ’1‘1.,
can be obtained. Although, a solution will not be given in the report, a

pover series solution with a recursion relation for the coefficients would
be one possidble approach.

A technique similar to that shown above was used by R. C. Booton in
Reference 3. Although his solution was not completely general, it was

given in a closed form. His results covered miss calculations with both
lags and noise.

A more general analysis of miss can be found in Reference 2. There
& closed form expression for miss is obtained without actually solving the
trajectory equation. The technique used involved the theory of resfdues,
and the actual analysis covered various noise effects.




¢ § The survey and description of the possible techniques used to analyze
1 systems vith imperfect dynamics shows that although the problem is difficult,
1t 1s possible to examine certain systems analytically. Thib form of analysis

y " could be .very beneficial in the quantitative and qualitative investigations
~ of "Homing Quidance” systems.
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SUMMARY

By considering the physical situation of the reiative interceptor-target
gecmetry, & few approximations can be made so that the trajectory of the inter-
ceptor can be described by a first order, linear differential equation. Because
of the simplicity of this formulation, various gnidance schemes which depend on
line of sight {nfomatlon can be easily analyzed. '

The investigation of Proportional Navigation shows that, although it is
very desirable from the standpoint of fuel consumption against non-accelerating
targets, the scheme leads to excessive maneuvering or fuel c:xpenditure against
accelerating targeta. This situation can be rectified by using Biased
Proportional Navigation. Both of these schemes approach an optimum situation

in the limiting casge.

’ Although the inclusion of imperfecy interceptor dynamics increases the
difficulty of analysis, the solution may be possidble; apd, therefore, results
¥ilch are better approximations of the actual physical situation may be obtained.
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LTST OF SYMBOLS

interceptor acceleration vector

component of the interceptor acceleration normal to the line of sight
component of the interceptor acceleration along the line of sight '
target acceleration vector

component of the ta;'get acceleration vector normal to the line of sight
camporient of the target acceleration vector along the line of sight * .
unit vector normal to the line of sight '

unit vector along the line of sight directed toward the target
interceptor vaics. transfer function

gravitational acceleration vector at the interceptor

component of the gravitational acceleration nomal to the line of sight
at the interceptor

component of the gravitational acceleration along the line of sight at
the interceptor

gravitational acceleration vector at the target

component of the gravitational acceleration normal to the line of asight
at the target

camponent of the gravitational acceleration along the line of sight at
the target

interceptor

line of sight

scale factor

Tadius vector along the line of sight from the interceptor to the target

\nitial vedius (R, = R(t=o))

d

differential operator 3t

tine
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T,  total time of flight

Tgo time to go to intercept

71 interceptor velocity vector

VIo initial interceptor velocity vector

"\'f,r target velocity vector

'\7,1“ initial target velocity vector

'\70 initial velocity vector of the interceptor relative to the target
"'c closing velocity L

x dimensionless variable that is proportional to time

Av incremental change in velocity

A navigation constant or.gain

o angle of the line of sight

& time rate of change of the line of sight
¢ line of sight rate bias

b
Ob(OPl‘) optimum line of sight rate bias

abo initial line of sight rate dias
T time constant
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