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AVERAGING OF THE FLUCTUATIONS OF
A SPHERICAL WAVE OVER THE
RECEIVING APERTURE

A. I. Kon

If a light source is in a turbulent medium or at a short

distance from a turbulent layer, then the incident wave cannot

be considered as plane, and in all calculations it is necessary

to consider its spherical property. The problem which is of

practical interest, dealing with the incidence of a wave which

passed through a turbulent layer on an elongated objective,
was solved in [1] only for a plane wave. In this work the

results o-f [1] are generalized for the case of a spherical wave.

Let us assume that a spherical wave, after traveling path L

from a light source located at distance x0 from a turbulent

layer through a nonhomogeneous medium, is incident on a
2circular objective with area E - TTR. If I(y, z) is the

incident wave intensity in the receiver's plane, then the total

light flux through the objective is equal to

P-S 1(y,)dyz. (d)

tTD-HT-23-1862-72



Designating I' = I - <I>, for fluctuations P' = P - <P> we

have

PIS r(y, g) dy dz.
(2)

The mean square of fluctuations of the total light flux is

determined by the formula

( ")" - is• B 0 , St. Y.,} ss) , dzldy:., (3)

where Bi(Yl, Z1 , Y2, z2 ) = <I'(yI1 Z1 ) I'(Y 1I z2 )>' Light

intensity fluctuations of a spherical wave, generally speaking,

are nonhomogeneous in the plane of the objective; however,

since the longitudinal correlation radius has a length on the

order of the path [2] it is easy to show that inside the cone

with the angle of taper 0 << 1, the fluctuations in the

objective's plane can be considered to be homogeneous with a

high degree of accuracy. Consequently, Bi(Yl, zl, Y2 . z 2 ) =

= Bi(YI-Y 2 , zl-z 2 ). It is clear that in practice, condition

e << 1 is fulfilled quite well since the solid angle at which

the receiving objective is visible from the source is usually

small.

Using the homogeneity and isotropy of the correlation

lunction of fluctuations of intensity BI and reasoning in th:

way as in [1], the following formula can be obtained for

function G(R) which represents the ratio of value F(R) =

= <p,2>/<p>2  of the elongated receiver to the same expression

for the point receiver:

a (R) () Iccos R - ] pdp, (4)S T-T-31Rc62-( 2 R

FTD-HT-23-1862-72 2



where bl(p) = BI(p)/B 1 (0) - correlation coefficient of

fluctuations of intensity in a spherical wave. It is clear that

value G(R) characterizes a decrease in relative fluctuations of

the total light flux through the objective depending on its size.

Considering equality I = A0 2 exp (2 ) where X = ln (A/A0)

and the fact that value X is distributed normally, it is

possible to obtain the following relationship for case

<X2 > << 1 (i.e., in the area where the method of even perturbations

is a'plicable [3]):

b1 (p) b • - (. ((5p)

Here <X 2> - mean square of fluctuations of the logarithm of the
spherical wave amplitude; BX - correlation function of

fluctuations of the amplitude logarithms in the plane perpendicular

to the line connecting the source with the receiver. By means

of (5) the formula for G(R) can be rewritten in the form

ER d
O(R)--•j bz(P) [arccos (.-2.) IP / • _ I p (6

2R 1  4RJ

To calculate correlation coefficient b (p) we can use the

correlational functions of fluctuations of the complex phase of

spherical wave T.I = X + isl(S 1 = S - <S> - fluctuations of the

actual phase). For the correlational functions of the complex

phase, we have1

'Formulas for the correlational functions of the complex
phase were given to the author by Yu. A. Kravtsov and Z. I.
Fryzulin.
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Bvry (Wx (xG + L. pa) W,1(x + L, pa)> 4-2 As'~ dxj, ds x

(+ l / ~(7)
% x e(xo + ) L * ]J j7 - P, -, I).

; ,*L P2

Bwr'. (1' (xu + L, Pl) W '(xo L, p) ) .- + 4:=k2 T dx dX

XA,.)J - Pal) z (8)

Here J0(x) - Bessel function, 0 (K) - three-dimensional spectrum0 n
of fluctuations of the refractive index.

Using the obvious relationship for correlational function

Bx = Re(B T + B ,)12, it is easy to find

X o + L c
BX ( lp, - p2 I BX (p) = 2r3k' dx I,,-D L)J* x

X osX(Xe + ,L---X) %' (9)
X l-cs- k(x + L) Id

Substituting correlational function (9) in,, expression (6),
for function G(R) we obtain

a (R) - [Arccos( -- I--- -- " ]pdp X

l(XIL .x) I "x (10)

x $ odx3.$n(=)•I h ],< +IC ,,0X %d%.

where the mean square of fluctuations of the logarithm of a

spherical wave is

X.+L co

(TD2, 2 0Tdxj-(1'8)[2-7 2 4 2x(x*+L-x) %d%.
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Changing the order of integration in (10), it is possible

to calculate the integral for p [4]:

x,+L 00
8(R)- ok,(x 0o+L)' Cdx ý d%. o, ',X(X.-L-X)1

R.1 R'j•X 2  " k (x.+L) 'j×
e u(12)

After the substitution of spectrum 0n(i) = ACn X-II 3

corresponding to the "law of 2/3ý and transition to the

dimensionless integration variables • - x/L and y = K2L/k,

expression (15) assumes the form

4:2AC2kIL'I (I+') I+xL
G(R)= Idi Sj- 2 y- 1716 X

0 (13)
X [l--COS Wy (+XOL-4)Ij J2 PIR ' yII

I+X~~~~~g I T•IX1 y.

Using the limiting transition x 0 + oo, it is possible to obtain

an appropriate formula .'rom formula (13) for a plane wave; in
this case the indicated limiting transition should also be

realized in expression (J.1I) for <X2 >.

Let us examine case x 0 = 0 in more detail (the source is

in a turbulent medium). Using (il) and (13), in this case, the

following formula can be obtained for function G(R):

I @@

(R) -8r(11 3 ) cos(r,/12) d . 17• 6 -cos y•( -•I1)J 2 y"')

where F(x) - gamma-function, a R = kl/2R/LI/2 - value characterizing

the size of the receiving objective as compared to the radius of

FTD-HT-23-ib62-72 5



the first Fresnel zone for a plane wave at a given distance L.

The results of numerical calculation for function G(R) which

describes the averaging effect of the objective on the

fluctuations of a spherical wave are given in Fig. 1.

Fig. 1. Function describing
G.;C,' the averaging of fluctuations
,0in a spherical wave over the

receiver aperture

• = k/2 R/L '2).

0 .3 3 * ' •
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