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FOREWORD

The work presented in this report was performed by Kaman
Aerospace Corporation under Contract DAAJ02-70-C-0012

(Task 1F162204AA4301) for the Eustis Directorate, U. S. Army
Air Mobility Research and Development Laboratory, Fort
Eustis, Virginia. The program was implemented under the
technical direction of Mr. Joseph H. McGarvey of the
Reliability and Maintainability DlVlslon*and Mr. Arthur J.
Gustafson of the Structures Division**'The report is pre-
sented in four volumes, each describing a separate phase of
the ba.ic theory of structural dynamic testing using impedance
techniques.

Volume I presents the results of an analytical and numerical
investigation of the practicality of system identification
using fewer measurement points than there are degrees of
freedom. The parameters in Lagrange's equations of motion,
mass, stiffness, and damping for a mathematical model having
fewer degrees of freedom than the linear elastic structure it
represents may be determined directly from measured mobility
data. Volume II describes the method of system identification
wherein the necessary impedance data are experimentally deter-
mined by applying a force excitation at a single point on

the structure., Volume IIT presents a method of determining
the free-body dynamlc responses from data obtained on a con-
strained structure. Volume IV describes a method of
obtaining the equations for the combination of measured
mobility matrices of a helicopter and its subsystems. The
response of the combination of a helicopter and its sub-
systems is determined from data based on the experimental
results of the main system and subsystems separately.

*Division name changed to Military Operations Technology Division.

**Division name changed to Technology Applications Division,
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INTRODUCTION

The success of a helicopter structural design is highly
dependent on the ability to predict and control the dynamic
response of the fuselage and mechanical components. Con-
ventionally, this involves the formulation of intuitively
based equations of motion. Ideally, this process would
reduce the physical structure to an analytical mathematical
model which would predict accurately the dynamic response
characteristics of the actual structure. Obviously, the
creation of such an intuitive abstracticn of a complicated
real structure requires considerable expertise and inherently
includes a high degree of uncertainty. Structural dynamic
testing is required to substantiate the analytical results.
The analysis is modified until successful correlation is
obtained between the analytical predictions and the test
results.

This report describes the theory of structural dynamic
testing using impedance techniques as applied to a mathe-
matical model having fewer degrees of freedom than the
structure it represents. The test information is obtained
with single point excitation of the model. Reference 1
describes the method of obtaining a model directly from test
measurements for a hypothetical structure which has the same
number of degrees of freedom as the mathematical model. 1In
reality, the number of degrees of freedom of a physical
structure is infinite; therefore, the usefulness of model
identification, necessarily with a finite number of degrees
of freedom, using impedance testing techniques depends on
the ability to simulate the real structure with a small
mathematical model. Reference 2 illustrates :the method of
obtaining a model, using impedance testing techniques, that
is comprised of less degrees of freedom than the physical
structure it approximates. That method required measured
mobility data obtained at selected points of the structure
with the force input applied at each of the prescribed
locations. The present theory is similar to tha: of Ref-
erence 2 except that the excitation is applied at only

one point on the model, thereby substantialiy reducing the
mobility data essential to the analysis.

The process of deriving the equations of motion from test
data is referred to as system identification. The only
input information required in this theory is measured
mobility data obtained with the excitation at only one point
on the model and the approximate natural frequency of each



mode. This information can be readily obtained from impedance
testing of the actual structure over the frequency range of
interest yielding the second order, structurally damped

linear equations of motiocn.

System identification throries of any practical engineering
significance must be functional with a reasonable degree of
experimental error. In this report, a series of computer
experiments incorporating experimental errors was documented.
This report presents an extension of the analysis derived in
Reference 2 whereby an identified model with a firnite number
of degrees of freedom, obtained from impedance type testing
with excitation at only one point on the structure, simulates
the actual structure wherein the number of degrees of freedom
is infinite.
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THEORY

DERIVATION OF THE SINGLE-POINT ITERATION PROCESS

As indicated in References 1 and 2, the mobility of a struc-
ture is given by

* T
[v,] = (810¥; ] (0] (1)

With excitation at station k, the responses at station j,
including k, are obtained. These provide the k-th column
of the mobility at a particular forcing frequency w,

N

}= =z Y, 014y,

E ottt = 11%ki

Y51 } (2)

1<3<J,1<ic<N

This represents a column of mobility values, each element of
vich is the response at a point of interest on the structure
with excitation at station k and at forcing frequency Wy

Similarly, with the exciter remaining at station k, the k-th
column of the mobility at another frequency, wy s can be
obtained:

N * *
jky2! = & Yi2)tki{ed; = [01{Y; 50} (3)

The mobility columns represented by (2) and (3) may be
combined into one matrix:

* *
[{Yj(k)l}{yj(k)z}] = [¢l[{Yi1¢ki}{Yiz¢ki}l

JIx2

* *
[0] 09, 3 LY, HY,}] o
JXN NxN Nx2

In general, for P forcing frequencies (1 < p < P),

*
Y5 gy p) = (8100, 1Y} ] (5)
JxP JXN NxXN NxP



If J > P, Equation (5) is a set of more equations than un-
knowns for which there is no solution. Equation (5) can then
be written as

*

JxP JxXN NxN NxP Jxp

where Rj is the residual associated with the j-th station
and the B-th forcing frequency.

As described in References 1 and 2, the imaginary displace-
ment mobility contains significant information relating to
modes associated with natural frequencies in proximity to

the forcing frequency. As shown in Reference 3, accurate
estimates of the modal vectors may be obtained by considering
only the effects of modes proximate to the forcing frequency.
Therefore the analysis will employ only Q modes, where Q is
less than N. Consider the imaginary displacement mobility

I *T
. = . . + .
[Yj(k)p] [¢]F¢li[Y1p] [ij] (7)
*T
The dominant element in each row of the [YiP] matrix will be

the modal mobiiity measured at: the forcing frequency in
proximity to a particular natural frequency. Normalizing
the rows of the aforementioned matrix on the largest element
yields

Y,
[5;,] = &1 (8)

L
where Yin is the maximum value of the i-th row. Equation (7)
may be rewritten, incorporating Equation (8):

[yl

= *I

P

The [Sjp] matrix can be evaluated by considering the ex-
pression for the imaginary displacement modal mobility



* g.
Y.l o = - Z > (10)

i(w)
2 2 _w 1

Therefore from Equation (8),

2 2
2 wn
g, + (1 - —5)
i 9.2
- i
)

I+ 1 - By
N,
1

Because g;, the structural damping coefficient of the i-th
mode, is generally qu.%e small, typically of the order 5
percent, the [S] matrix can be accurately estimated by
assuming g; = 0, thus, requiring knowledge of only the
forcing frequencies and the natural frequencies. It will be
shown that an accurate estimate of S is not necessary,
although helpful, as iterations will converge on the best
values in S in the least-squares sense.

The matrix Equation (9) has no solution. An approximation
to a solution may be defined as that which makes the
Euclidian norm of the matrix of residuals a minimum. This,
as will be proveé later, is given through use of the pseudo-
inverse.

Equation (9) will be solved utilizing matrix iteration

techniques using [S§0)] as a first estimate. As indicated
ip

in the following sections, the modal vector matrix with

respect to which the Euclidian norm of the residuals is a

minimum is given by

+
(1), _ (I (0) 1
[¢ ] = [Yj(k)p][Sip ] E;—-;;TJ (12)
ki“in
where [S{o)]+ is defined as the generalized inverse or

pseudoinverse of [S(o)] and is given by



+ T T -l
{201 = 1s{21 (s 11s {21 (13)

where

+
;3015201 = 1]

It follows then that

I _ oD *1, o (0) (0)
1] gyl = [0 100 ¥ 208001 + (RS2 (14)

in which the ?fflidian norm of [R!o)] is a minimum with
respect to [¢ ]. JP

(1)

Using [¢(1)],a matrix [Sip ] can be found to give an equation

I = ra(1) *I (1) (1)

such that the Euclidian norm of [RS;)] is a minimum with
respect to [S{%)]. This is given J by

(1), _ o1 (1),% I
[Sip ]l = r¢_—Y—*—I-J (¢ ] [Y'_i (k)p] (16)
ki“in
where
(21 = (161716171101 ana (617101 = (1] (17)

It is apparent from the first cycle of the iteration, by
comparing Equations (11) and (15), that the process consists
of alternately dealing with the left and right identity
matrices. At each successive iteration, a solution is found
that minimizes the Euclidian norm of the residual matrix with
respect to the newly found matrix of either [S] or [¢].
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In simplified notation, the g-th iteration becomes
0@ = yhs@ el g
by 1Y
i“in
and

(q), _ (q) +
(s 1-r¢ YIJN ][Y]

ki'in

The next iteration is
o)y o yIsl @l g
¢k1 in

(s o pLoy o @1) T,
¢k1 in

This is the basic algorithm used in the matrix iteration

procedure.

(18)

(19)

e e e o
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DETERMINING THE MODAL PARAMETERS

From Equation (6) of the previous section, one column, which
is at a particuvlar forcing frequency, p, with the excitation
at station k, can be written as

*T 3} 4+ (R,

¥y (epy b = 101 D03 (Y

The number of modes, Q, included in Equation (20) cannct

be greater than the number of points of interest on the
specimen, J, and generally will be much less since only those
modes which have significant effect on the mobility at the
forcing frequency, w,, wiil be considered. Ordinarily, the
number of modes used will not be greater than 3 or 4 for any
given forcing frequency, and these will be the modes in the
vicinity of the forcing frequency in question.

The real and imaginary modal mobilities are calculated from

*R _ a1 +, R
and
*Ti I | +,,I
From Reference 1 the real displacement mobility can be
calculated as
_ 2 2
Yo = 5%: ) - /Qé 77 (23)
iw . =
P 9 + (1 wp /Qi )
and the imaginary modal mobility by
* =g
Y SR | i 5 (24)

iw X. 2 — 2, 2
p ig,”+ (1 wp/ﬂi)

The real modal impedance can be written as



Pt pero srop o

*
Yig
*R p
) (Yiﬁ )2 4 ‘Yi«i )2
p p

Substituting Equations (23) and (24) into (25) yields

I *R 2,02
2oy = X1 /0, (26)

From Equation (26) it is observed that the modal impedance
is a linear function of the square of the forcing frequency.

The forcing frequency at which the modal impedance becomes
zero is, therefore, the natural frequency. From a least-
squares analysis of modal impedance as a function of forcing
frequency squared, proximate to the natural frequency, the
generalized stiffness of the i-th mode and the natural fre-
quency of the i-th mode can be calculated.

The generalized mass associated with the i-th mode is given
by

= 2 -
n = xi/Qi (27)

The structural damping coefficient may be determined from

*T
i 2 Y,
W iw
= (- - D
g, = ( 1) < (28)
| 1 9.2 Y.R

! 1 1wp




EQUATIONS OF MOTION

There are two basic types of dynamic mathematical models
describing structures. The conventional type, covering as
many modes as degrees of freedom, is called "C-oxplete Models"
and is considered in References 1 and 2. The other type
labelled "Incomplete Models" considers fewer modes than
points of interest on the structure and was first described
in Reference 5. Using the methods described herein, it is
possible to identify either a complete model or a form of
incomplete model.

Incomplete Models

Consider a rectangular identified modal matrix which has J
rows indicating the points of interest on the structure and

Q columns representing the modes being considered where J > Q.
The influence coefficient matrix for the incomplete model is
given by

= 1 T
(€;pe] = 191 1R (0] | (29)

The abnve matrix, similar to all incomplete model parameter
matrices, is singular, being of rank Q and order J. The
mass, stiffness and damping matrices for the incomplete
model are

[m, ]

(o1  md re1”

inc
x, 1= (e1* m3er* (30)
[d4; ) = (017 rg; k301"

The classical modal eigenvalue equation has the analogous
incomplete form

_ 1
[cinC] [minc]{¢i} = F {¢i} (31)

i
Complete Models

For the complete model the identified modal vector matrix

is square, having the same number of degrees of freedom as
mode shapes; that is, J = Q. The influence coefficient matrix
is given by

10
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_ r N3 T
(el = (o111/MI (01T = I Lto,}o,) (32)
L

i=1

The mass, stiffness and damping matrices for the complete
model are

m] = (61 Ttm A1017"

3
&
4
¥
£

(k]

to17 ey 3 (017

(a1 = 1617 Ttg; Wy 10177 (33)

as indicated in Reference 1.

Full Mobility Matrix

The full mobility matrix of either complete or incomplete
models is given by

* T
(Y] = [e][YJ[¢] (34)

where for the complete model the [¢] matrix is square, having
J columns and J rows. However, in the case of the incomplete
model the modal matrix [¢] is rectangular, having J rows and
I Q columns, where J > Q.

11

|



PROOF THAT THE PSEUDOINVERSE MINIMIZES THE NORM
OF THE RESIDUALS

Take the transpose of Equation (9) and write the equation
for one column of the transpose of the mobility matrix:

15 gy pl T = 5317 10,417 + (R )T

Figgpd = Bipl 1537 + (Regypd )

Rigyp! = Dgpgp) = 83p) (054 (36)
Ry pd (Regppt = 3 p) Fgiyph = Fgpgp) 18150710543 -

T T T
\

Equation (37) is, of course, a scalar product and it is
recognized that the derivative of a scalar with respect to

a vector is a vector; in other words, Equation (36) is a
vector in p-dimensional space and Equation (37) is its dot
produce on itself - that is, its length squared. We wish to
find the vector {¢} which makes the length of the residuals
vector a minimum.

Take the partial derivative of Equation (37) with respect to
{¢(j)i}T and set equal to zero to obtain the modal vector
for which the Euclidian norm of the residuals is a minimum:

— (0)
0= -218;, "1 {Y (3)4

(ix)p

or

fo (1) (0 15{0))7) "1 (5 {0)
(033} = tisip 1s P T8N ¥ gy ) (38)
and

(1) 4.

(0,71 {0)) ({0
(o) 17 = 10 g o) I8 s (D115 {201

(39)

12



as the inverted matrix is symmetrical. Equation (39) is any
row in Equation (12). The sum of the minimum Euclidian norms
of the rows of a matrix is, by definition, the minimum
Euclidian norm of the matrix, and it therefore follows from
Equation (39) that

10! = 1y ) 11801 (18 {01 15 {01 T)

jk)p

I r which is given by Equations (12) and (13). Q.E.D. The basic
observation which makes the above proof of the pseudoinverse
| possible should be credited to Klosterman, Reference (4).
T¢ show that the [S] matrix obtained using the pseudoinverse

of [¢] minimizes the norm of the residual, write the equation
for a column of Equation (9):

{Yj(kp)} = [Q]{si(p)} + {Rj(p)}
{Rj(p) } = {Yj(kp)} - lolfsi(p)} )

T T _ T

(41)
1 T T T T
T
3{R {r }
Set ¢ j(p)} j(p) = 0 and solve for {Si(;)}

3{51(p)}
| (1) T -1 T
E or
. 1l T

[s( SIERIORH O I ) Yy (x) p! (43)

which is the same as Equation (16). Q.E.D.




PROOF THAT ITERATIONS USING THE PSEUDOINVERSE OF S AND ¢
CONVERGE MONOTONICALLY ON MINIMUM SUM OF RESIDUAL SOUARES

| In the g-th iteration, where q is odd,

Y5 1) p) = [o(q‘l)][s{g'l)] + [R;g-l)] (44)
(a), (a-1)+ _ ,(q-1) (a-1) (o (g-1),+
1@y = vl 11s {31 2 el )y 4 r{a7)) s lanD),
(45)
because [S][s])¥ = [(I;]. Then
1 gy p) = 104018 {37y 4 (r{D) (46)

Substitute Equation (45) into Equation (46):

I = [a{d-1), s (a-1) (g-1) (q 1),+ (q 1)
[Yj(k)p] (¢ ][Sip ) + [ij I8y 1708y )
+ [R(q)] (47)
or
I o vl - rla-1) (q-1) (q 1),+ q 1)
Myuap! = Bygogpl = [Ryp 71+ Ryp 1183 ) :
+ [RFQ)]
Therefore Jp
[R(Q)] - [Rj(g-l)] (}Il = (q 1)] [S (q 1)]) (48)

ip
JxP JXP PxP

The p-th row of [R;g)] is

®R{P )T = w7 - {3 s{a))

RID VR = RGP0 - 831 %18 {371 ) (1n)

- (q 1) ,+ (q 1)7,Trpnlg-1)
Isy ) I8y 1) {Rj(p) }

14
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But [1] - [s{9" 1)yt sla-l) g symmetrical and, from Equation
(13), P e

[sig-l)](8£g'l)]+ = [IL]' Therefore,

(@) (Trol@) 3 o (p{g-1)3T,n(q-1)
{Rj(p)} {Rj(p)} {Rj(p) } {Rj(p) }

_ pla=1)3T o {g-1) ,+,c(q-1) (g-1)
{Rj‘p) } [sip ) [Sip ]{Rj(p) } (49)
[Ség_l)] is maximally ranked in its rows, of rank Q where
(

l <i < Q. Therefore [S.q_l)][S!Q'l)]T

ip ip
([Si(g-l)][si(g-l)]T)l/2 are nonsingular of rank Q and

and its square root

symmetrical. Now, [ség'l)]+[s{g'l)] is real, symmetric and
£ singular. It is known that a real symmetric matrix ([A] of

rank Q is positive semidefinite if and only if there exists a
matrix [C] of rank Q such that [A] = [C]T[C]. Let

g ([Ség-l)]lsig-l)]T)-l/Z[Ség-l)E [C], rectangular of rank Q.

4 T 1
(gq-1),T, o (q-1) (g-1),T,~- 5 (q-1) (q-1),T, - (q-1)

| s T as T s TN T 2 s s 5T T Bs 3T

E T, o tc{d-1) T, c(a-1) (g-1) T\ -1, (q-1)

i = C'c lSip ] ([Sip ][Sip 1) [Sip ]

TR M (50)

Therefore [Ség-l)]+[8§g_l)] is positive semidefinite and

(q=1) T, (q-1) + . (g-1) (q-1), . :
{Rj } [%ip ] [Sip ]{Rj(p) } in Equation (49) must be a

nonnegativé number. But the first term on the right side
and the left side of Equation (49) are also necessarily
nonnegative. Therefore

15

et 4 O L




{R(Q) } {R(Q) } < {R(q-l) }T{R;%p})} and

ilp) it j (p)
J P
P orR9)2< 1 1 RlED)2
ju1 p=1 P j=1 p=1 JP (51)
For the alternate calculation, q odd
[s(q)] = ol [Yj(k) ] (18)
I o 1D (g-1) (a) (46)
But [Vj (k)p3 [§ ][sip 1 + [ij l, so
(a)y - pgla-1) (q) 4+ ppd)y 592
[sjp') = 835 1+ 10 17 [Ryp'] (52)
Substituting [s(q)] for [S(q 1)] we obtain
I = 18l (a) (g+l)
[Yj(k)p] (¢ ]lSip ] + [ij ]
(q+1),

jp
(53)

= [Q(q)][sig’l)] + IQ(Q)]IO(Q)]“'[R;g)] + [R

From Equations (46) and (53),

- [R(q)] + [Q(q)]{Q(q)]+[R;g)] + [R§g+1)]

I 1
Y5 00p) = Mymp! = Fip
or

(q+l)y . _ rala@) e @)y (g (D)

[Ryp 1 = (01 - (1101 Ry (54)

Compare Equation (54) to Equatlon (48).

16
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{ Consider a column of Equation (54) {R‘%+§)} Because of
' Equation (18), J

a{r{TH1) T ep(atl),

ip) © M) -,

itp)’

{R;?;})}T{R;?gi)} = {R§?;)}T([11 - 1l e )Ty

- 1o @ 1p @)y pla) (r{@ (q)
e 0 (075} = (R Y RsT )

_ (q) (q) (q) 1+, (q)
{Rj(p)}N 1(® ]{Rj(p)} 55)

because [¢]+[¢] = [IR] (Equation 15) and [¢(q)][¢(q)]+ is

T
symmetrical. Now [¢(q)][¢(q)]+ = [Q(q)]([¢(q)]) T2

(6@ )"/ 2 (@ T g 102 is necessarily maximally

column ranked. Therefore, {¢(q)][¢(q)]+ is positive semi-
definite. The left side of Equation (55) is the positive
difference between two positive numbers, and it follows

that
J P J P 2
: @ (rlIHY2 o ¢ ),
j-l p=1 jp j-] p,l jp

(56)

Equation (51) shows that the Euclidian norm of residuals with
odd index g is less than the norm of residuals of index g-1;
Equation (56) shows that the norm of residuals of index g+l

is less than the norm of residuals of index q. Equations (51)
and (56) show that it is immaterial whether g is odd or even.

J P J P
por T2 1 g el®)2< 3 1 eleD)?
j=1 pu1 P =1 p=1 P guypm 3P (57)

Equation (57) covers a complete iteration cycle. Q.E.D.

17
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NOTE ON THE DERIVATIVE OF A SCALAR WITH RESPECT TO A VECTOR

Let [S) be a square matrix of order R

1T 81 {y) 4 &
y} = Z X:Y
X jm1 §=1 1374
R R
ITs1Tix} = £ T Sy.i¥.X
4 j=1 §=1 317173

T R
a{x) [s1{y} . 5,44 = (s) {y}

a{x}T ju1
_oalTsityy o R T
_g.ml_u_ Ly Sy = 181700

R R
7 ooy T LI Sy3¥4Xy
20T s1ty) _ apdTs) Ty} 9 dm1 4=l

T
= [S]"{x}
a{y}T a{y}T a{y}T

T
m{%’l’_{u = [s1{x} + 181 {x} = ([8) + [S)7){x}
aix

18



IDENTIFIED GENERALIZED MASSES

Typical generalized mass identifications are shown in

Tables I through VI. Table VI describes the various models
for which data is presented in Tables I through VI. Table
VIII presents a lumped mass description of the twenty-point
specimen which was used to generate the simulated experi-
mental data. The model stations used in the various models
refer to the corresponding stations in the twenty-point
specimen. Table I presents results for model 5C, which are
typical of the results obtained for other five-point models.
Data are presented for conditions of zero experimental error
and for simulated experimental displacement mobility data
recorded with a random error of +5 percent and a bias error
of +5 percent. For the cases involving error, the random
displacement error was computed using a uniformly distributed
probability density function. This error was applied to both
the real and imaginary components of the displacement
mobility data. Table I presents the effects of random number,
the seed used in generating the random error. The results
indicate the method is extremely insensitive to measurement
errors as applied herein.

Table II shows results for several different five-point
models. It is apparent that no outstanding differences
exist among the models considered. The results for the
twenty-point specimen, the simulated actual structure, are
also given in the table for comparison. The generalized
mass distribution associated with each of the models is in
excellent agreement with the twenty-point results.

Tables III and IV present results for the nine-point models
studied. Again, the calculations of the generalized masses
for the various nine-point models under consideration are in
agreement with the simulated structure.

Tables V and VI describe the results of the computer experi-
ments conducted employing the twelve-point models. The
calculations produced acceptable results except for identifi-

cation of the generalized masses of the 10th and 1llth modes. The

generalized masses associated with these models are extremely
small in comparison to the remaining modal generalized masses.
Further, the mode shape of the 10th mode indicates lack of
response at all points of interest on the structure other

than the first station. Therefore, the effect of the 10th
mode is difficult to evaluate in the calculation of the
generalized parameters.

19



TABLE I. IDENTIFICATION OF GENERALIZED MASSES,
5 X 5 MODEL* OF 20 X 20 SPECIMEN

** From 20 x 20 Specimen

Computer
Experiment
Number 290 291 292 293 294 i
Random Disp. Error 0 +5% +5% +5% +5% 0
Bias Disp. Error 0 +5% +5% +5% +5% 0
Random Error Seed - 5 13 421 1094 =
Stations Generalized Masses

(In.) Mode (Lb-Sec2/In.)

0 1 8.415 8.560 8.543 8.616 8.470 8.534
140 2 4.713 4.544 4.619 4.401 4.175 4.449
220 3 .503 .469 .493 .471 .458 . 495
320 4 1.094 1.000 1.050 1.022 1.033 1.087
430 5 .631 .572 .651 .644 .586 .630

* Model 5C

20




X 20 SPECIMEN

TABLE I1. IDENTIFICATION OF GENERALIZED MASSES,
5 X 5 MODEL OF 20

Model 5A 5B 5C 5D Lk
Computer
Experimeant
[Number 296 297 292 295 =
Random Disp. Error +5% +5% +5% +5% 0
Bias Disp. Error +5% +5% +5% +5% 0
Random Error Seed 13 13 13 13 -
Generalized Masses
Mode (Lb-Sec2/In.)
1 8.544 8.538 8.543 8.568 8.534
2 4.506 4.506 4.619 4.610 4.449
3 .494 .494 .494 .493  .495
4 1.048 1.047 1.050 .994 1.087
5 .653 .653 .651 .629 .630

** From 20 x 20 Specimen
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" TABLE I11. IDENTIFICATION OF GENERALIZED MASSES,
9 X 9 MODEL* OF 20 X 20 SPECIMEN

** Prom 20 x 20 Specimen

Computer
Experiment
umbeyr 298 299 300 301 302 g ex
Random Bias Error 0 +5% +5% +5% +5% 0
Bias Disp. Error 0 +5% +5% +5% +5% 0
Random Error Seed = 5 13 421 1094 =
Station Generalized Masses
(In.) Mode (Lb-Sec2/1In.)
0 1 8.419 9.283 9.000 8.307 8.253 8.534
30 2 4.591 4.462 4.350 4.301 4.189 4.449
140 3 .504 .462 .472 .467 .483 . 495
160 4 1.094 .975 1.042 1.053 1.095 1.087
220 5 .631 .659 .551 .577 .610 .630
280 6 . 761 . 717 .786 .674 .646 .743
340 7 1.213 1.152 1.154 1.208 1.052 1.177
400 8 1.439 1.371 1.401 1.322 1.370 1.412
460 9 .813 .713 .787 .860 .719 . 786
* Model 9A
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TABLE 1IV.

D RTIR ETSR

IDENTIFICATION OF GENERALIZED MASSES,
9 X 9 MODEL OF 20 X 20 SPECIMEN

Model 9A 98 9C 20 Pt
Computer

Experiment

Number 300 303 304 1*
Random Disp. Error +5% +5¢% +5% 0

Bias Disp. Error +5% +5% +5% 0
Random Error Seed 13 13 13 =

Generalizegd Masses

Mode (Lb-Sec4/In.)
1 9.000 9.015 9.043 8.534
2 4.350 4.335 4.513 4.449
3 <472 .472 .472 .495
4 1.042 1.042 1.138 1.087
5 .551 .549 .584 .630
6 .786 .783 .723 .743
7 1.154 1.243 1.120 1.177
8 1.401 1.411 1.396 1.412
9 .787 .708 .791 . 786

* From 20 x 20 Specimen
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TABLE V.

IDENTIFICATION OF GENERALIZED MASSES,
12 X 12 MODEL* OF 20 X 20 SPECIMEN

Computer
Experiment
umber 305 306 312 207 308 )t
Random Disp. Error 0 +5% +5% +5% +5% 0
Bias Disp. Error 0 +5% +5% +5% +5% 0
Random Error Seed = 5 13 421 1094 =
Station Generalized Masses
(In.) Mode (Lb-Sec4/In.)
0 1 8.435 9.234 8.474 8.886 7.846 8.534
30 2 4.600 4.217 4.556 4.455 4.183 4.449
60 3 .504 .481 .488 .476 .432 . 495
120 4 1.094 1.030 1.150 1.004 1.045%9 1.087
140 5 .631 .596 .596 .595 .€16 .630
180 6 .761 .686 .722 «757 . 741 744
220 7 1.212 1.142 1.182 1.067 1.218 1.177
260 8 1.429 1.299 1.232 1.331 1.290 1.412
300 9 .813 .830 . 797 .805 .790 .786
340 10 .169 .053 1.203 . 265 .565 .043
400 11 .112 .091 .093 .102 .120 .172
460 12 1.135 1.070 1.177 .940 1.085 1.050
* Model 12B
** From 20 x 20 Specimen
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TABLE VI. IDENTIFICATION OF GENERALIZED MASSES,
12 X 12 MODEL OF 20 X 20 SPECIMEN
[Model 12B 12F 12A 20 Pt
Computer
‘ Experiment
Number 312 311 309 1*
Random Disp. Error +5% +5% +5% 0
Bias Disp. Error +5% +5% +5% 0
Random Error Seed 13 13 13 -
Generalizegd Masses
f Mode (Lb/Sec*/In.)
f 1 8.474 8.464 8.518 8.534
4 2 4.556 4.510 4.492 4.449
L 3 .488 .487 .487 .495
4 1.150 1.151 1.103 1.087
5 .596 .597 .595 .630
6 . 722 .724 <777 . 744
7 1.182 1.113 1.159 1.177
8 1.232 1.242 1.215 1..412
9 .797 .743 .789 .786
10 1.203 1.043 -.564 .043
11 .093 .104 .0103 .172
12 1.177 1.119 1.147 1.050

* From 20 x 20 Specimen
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Computer experiment 309 yielded a negative 10th generalized
mass. All computer experiments that failed in this respect
cave drastically unrealistic values of generalized mass.
Ordinarily, using different stations or forcing frequencies
produced proper identification of all modes.
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RESPONSE FROM IDENTIFIED MODEL

Figures 1 through 12 portray typical real and imaginary
acceleration mobility response obtained from the various
models considered in the present study. In each instance,
the exact curve represents the simulated experimental data
for the twenty-point structure, obtained with zero error.
Figures 1 and 2 provide the effect of random number seed
for a typical five-point model. Figures 3 and 4 present
the results obtained for one of the nine-point models con-
sidered in the investigation. Figures 5 and 6 show the
effect ¢f the random error seed on a twelve-point model.
All computer experiments which incorporated error used a
+5 percent randoem and a +5 percent bias on the real and
imaginary displacement mobility data.

Figures 7, 8, 9, 10, 11 and 12 present the reidentified
acceleration mobility, both real and imaginary, for typical
five-, nine-, and twelve-point models respectively. The
models varied in that different spanwise masses were con-
sidered. Some of the models c¢mployed in the study are given
in Table VII showing thc various points of interest for each
model. For each model, the computer experiments were
executed using the same random number seed and the afore-
mentioned errors were incorporated. As evidenced by the
figures, the various models provided acceptable reidentifica-
tion of the twenty-point specimen simulated experimental
displacement mobility data.
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CONCLUSIONS

Single-point excitation of a structure yields the
necessary mobility data to satisfactorily determine
the mass, stiffness and damping characteristics for a
mathematical model having less degrees of freedom than
the linear elastic structure it represents.

The method does not require an intuitive mathematical
model and uses only a minimum amount of impedance-type
test data.

The eigenvector or mode shape associated with each
natural frequency is also determined in the analysis.

Computer experiments using simulated test data indicate
the method is insensitive to the level of measurement
error inherent in the state of the measurement art.

A fully populated mass matrix should be assumed for an
accurate analytical model of a real structure.
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APPENDIX
COMPUTER PROGRAM DESCRIPTION

A digital computer program was designed for computer experi-
ment to investigate the proper physical interpretation of
identified parameters for use in helicopter engineering.

The program was written for the IBM 360/40 operating system
using FORTRAN IV language. A flow chart indicating the
program logical procedure is shown in Figure 13. A
description of the input cards and a program source listing
are included in this appendix.
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SUBROUTINE SUBROUTINE
READ BASIC I T, WPY ANORM
PRINT CONTHULS PORM MODE NORMALIZE
NO DEG FREEDOM SHAPE MATRIX MODE SHAPE
’ MATRIX
SUBROUTINE SUBROUTINE
PSEZUDO PSEUDO
READ MODEL PORM PSEUDOINVERSE
STATIONS PSEUDOINVERSE OF MODE SHAPE
0F *$" MATRIX MATRIX
PRINT SUBROUTINE
REAL AND MMPY
READ ITERATION IMAGINARY FORM NEW
TOLERANCES, MOBILITIES *S* MATRIX
ERROR VALUES WITH ERROR - 5%
— _—
SUBROUTINE SUBROUTINE
ERRNU ANORM
POLLUTE NORMALIIE
MOBILITIES "8* MATRIX
WITH ERROR

READ NO MODES,
NO FORCING FREQ,
FORCING FREQ

PRINT, FORCING

FREOUENCY, REAL

AND IMAGINARY
MOBILITY

SUBROUTINE
REDI
REDUCE PULL
MOBILITY TO
MODEL MOBILITY

Figure 13.

Flow Chart of Computer Program.
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FORCING "S" MATRIX COUNT
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REPLACE
'S'i MATRIX
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MATRIX




—]

PRINT
CONVERGED
“8° MATRIX,
NORMALIZED
MODE 3HAPE

_(\

CALCULLTE
MODAL
MOBILITIES
REAL AND
IMAGINARY

PRINT
MODAL
MOBILITIES

CALCULATE

IMAGINARY

PRINT
MODAL
IMPEDANCE

LEAST SQUAKRES
ANALYSIS TO
OBTAIN NATURAL
FREQ, GENERALIZED
MASS, STIFFNESSK,
DAMPING

CALCULATE
MOBILITY
MATRICES
AT SPECIFIED
PORCING
FREOUENCIES

MOBILITY

REIDENTIPICATIONY-YES

COEFPICIENTS

IDENTIPIED
MASS, STIFFNESS
DAMPING, INFLUENCE
COEPPICIENT

MATRICES e

=

CALCULATE PRINT
IDENTIPIED REAL AND
MASS, STIFFNESS IMAGINARY

DAMPING, INFLUENCE
COEFFICIENT
MATRICES

MOBILITY MATRICES
AT SPECIPIED
FREOUERC LG,

PRINT DRIVING
POINT MOBILITIES
FOR SPECIFIED
FORCING
FREQUENCIES

Figure 13 - Continued.
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DRIVING POINT
MOBILITY AT

EACH FORCING
PREQUENCY

WANT
TRANSPER
MOBILITIES

TRANSPER
MOBILITY AT
BACH FORCING

FREQUENCY

ACCELERATION
AMPLITUDE
IN G'S, PHASE

IN DEG

PRINT
ACCELERATION
AMPLITUDE
AND PHASE

=

C

DRIVING POINT

ACCELERATION

AMPLITUDE IN

G'S, PHASE IN
DEG

TRANSFER POINT

ACCELERATION

AMPLITUDE IN

G'S PHASE IN
OEG

PRINT DRIVING
INT

ACCPLERATION
AMPLI [UDE AND
PHASE AT

SPECIPIED F

PRINT
ACCELERATION
AMPLITUDE. AND
PHASE

PRINT
TRANSFER
POINT
MOBILITIES AT
SPECIFIED
FREQUENCIES

Figure 13 - Concluded.
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129

130

14
150

169
172

160

STRUCTURAL DYNAMICS =~=- SINGLE.PUINT FORCING

INTEGER HEAD(20),HT(T)
DIMENSION S120,21),Y1(2N,21),350(20),
AYR(20421 ) 4PHI(20421),PHIAL20,21) oudF(2009G(200,50(29,421),
oSM(20021),51120,21),251(20,21),
CAKS (20) fAMS(20) ,ADS(20) ,OMN(20) ,YRT120,1000),YIT(20,170)
DIMENSION PHIN(20,21),YINI2N,21)4PALIM(20,21)
UIMENSION ZSR(20,21)OMFSE2N)oUMFR(20),TRI1INN,20),TI(190,29)
UIMENSION OMNC(20) ¢AKSRE20) ¢AMSRE20) ¢ OMNS(20) 4 ADSRI20)
DIMENSION HZ{100) o INDX(2N ) ,KECP(2J) 4PHIT(20,21)
DEIMENSION DPR{100,20),0P1(100,20) 4R (20+21),21120,21)
LOGICAL TORF
DATVA HY/'EXEC®*o 'Y DA®,*TA S*, *J4ULY,"ATED® " TES*'*'T
DISPLACEMENT MOBILITY DATA ON TAPE 13 (184}
NJsNUMBER OF GENERALIZED COORDINATE>
NUMBER OF DEGREES OF FREEDOM
NQ=NUMBER CF MODES
NP=NUMBER OF FORCING FREQUENCIES
NK=sFORCE INPUT STA
REWIND 14
READ (14140) IPLloIP2yNRUW NNeNJyNK, I THS,NFF
READ (1,140) (KEEP(I),I=14NJ )
READ (1,120) ATOL,PTOLPCTR ¢PCTORoPCTI,PCTBI,IZ,IA
IX=f2%2¢]
READ (1,140 ) NPHI
REWIND 13
READ (13) NCOL,HToHEADyNF ¢NDy ( HZ{1) ols]lNF )
D0 110 L=1,NF
READ (13) HZCL) yUUYRT{I L) oYITLL L)) oI=1,4ND )

FORMAT (6F10.4,2110 )

WRITE (39130) PCTR,PCTAK,PCTI ,CTBI,12

FORMAT (*]1',T10,"'MAX RAND ERROR ON KL’ 2'F6. 310X, "RIAS ERROR
& ON REAL s0F6,3,' OF ELEMENTS*/TIO0, ON IMAGINAR

OYS®F643,21Xy'CN IMAGINARY®S*FO.3,15K,*SEEDs 1577/}
FORMAT (8110)

FORMAT (8F1N.4)

WRITE (3,179) (KEEPII),I=]1,NJ )

WRITE (3,160) KEEPINK)

FORMATY (/77717 FORCE INPUT [S AT STA *1377/)
FORMATY (//7777%104*STATIONS USED *//7(T120,10150)
PTOL =PTOL/100.

DU 480 MMs]l ,NPHI

READ (1,140) NQ.NP

READ (14150) (OMF(I)ei=1,NP}

DO 180 I=),NP

OMFR{T)OMF(I)e6,.2R3189

OMFS{L)=OMFR ([ ) *OMFR(T)

READ (1,140) (INDX(IDoImloNP )

KEAD INITIAL S MATRIX (ROWWISE)

DO 190 [=1,NQ

READ (14150) ( SU14Jd)edsl(NP)

CALL REDI (YR YIoNPoNJKEEPoINIKL HVRT,YIT )

17C=1
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209
213

220

230 FORMAT ('1',750,°MOBILITY MATRICES AlTH ERRNR

24)
259

FEY]

210

2td
294
304

WRITE (3,200) (CMF(1},1=1,NP)

FORMAT (/777/777717750, 'EORCINS FREJQUENCIES *//7()NF12.40/77177)

WRITE (3,210}

FORMAT ('14,T50,°REAL MOBILITY 4ATRIX*//)

CALL MOUT2 (YRyNJ,NP )
WRITE (3,220}

FORMAT (°1',T50, SIPAGINARY MOIILITY MATRIX'/7)

CALL MOUT2 (YIoNJyNP )

R R T T T TN NTT Cae, St

IFCPCTR(NEOJORPCTBRNF.NP (R PCTISNELO.ORPCTBICNE.N ) CALL ERRNUIMNG 64

A (YRoYIPCTRoPCTIBRPCTI 4PCTBI ¢NJoniPyiX )

WRITE (3,219)

CALL MOUT2 (YRyNJyNP )
LALL MQUT2 (YI+NJyNP )

NORMALIZE IMAGINARY MOBILITY

ITERATE FOR MODE SHAPE AND S MATAIXL
CALL PSEUDO (SyNQ¢NP,ySM )

WRITE (3,250) ITC

FORMAT (°* S ITERATION='14)

CALL MOUT2 (SoNQNP )

CALL MMPY [ Y1 oSMoNJyNPyNQsPHI )

FORMAY (///% PHI MATRIX'/)

NORMALIZE PHI MATRIX
CALL ANORM (PHIPHIM¢NJ,NQ )
CALL PSEUDO (PHINJ¢NQ,PHIA )

CALL MMPY { PHIA,YI ¢NQyNJ¢NP,SI )

CALL TRAN U ST SMyNQyNP )

CALL ANORM (SMySToNPyNQ )

CALL TRAN {ST,SI,NP,NQ )

CHECK CONVERGENCE OF S MATRIX

D0 3090 [=1,NQ

D0 300 Js=1,NP

DEL= SI{I,4)-S(1,J)

IF LABS(DEL)=-ATOL ) 13N",300,23)
IF (SUL,4J)) 290,310,290

1F CABS(DEL/St),J)-PTOLY 303,322,310
CONTINUE
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REAL IMAGINARY?)

tINP 56
LMNP 57
LMNP 58
1MNe 59
1MNP 80
IMNP 61
1UNP 62
IMNP 63
LUNP 695
IMNP 66
IMNP 67
1MNP 68
14NP 69
IMNP 79
MNP T7)
IMNP 72
1MNP 73
IMNP T4
IMNP 75
IMNP 76
1NNP 77
IMNP 78
IMNP 79
1MNP 89
1MNP B8]
1MNP 82
LMNP 83
MNP 84
1MNP 85
1UNP 86
IMNP A7
IMNP 88
1une 89
LMNP S0
IMNP 91
1MNP 32
LMNP 93
IMNP 94
LMNP 95
1MNP 96
1MNP 97
IMNP 98
1MNP 99
1MNP 100
1MNP 10}
LYNP 102
IMNP 102
2MNP 104
3uNP 1NS
MNP 106
IMNP  INT7
JUNP 108
IUNP  L1N9
IMNG 110

st SR



[aNaX N ol

OO0

ny
29

33

36

359

gL ¥

LY H)

389

390
400

GO T0 360

IF CLTC-ITMS ) 320,320,34N
I1TC=1TC+])

00 33C Js],NP

00 330~ [=1,NQ

Stiedis SI(1eM)

GO TO 240

WRITE (3,3%0)

FORMAT (710, *MAXIMUM NUMBER OF 3 MATRIX I[TERATIONS EXCEEDED,
wJOB TERMINATVED®)

GO TO 870

WRITE (3,260)

CALL MOUT2 ( PHIMyNJyNQ )

WRITE (3,370 )

FORMAT (°* CONVERGED S MATRIX'/)
CALL MOUT2 (SI.NQsNP )

CALCULATE MODAL MOBILITY

SM=Y® REAL Si=sve [MAG
CALL PSEUDO (PHIMyNJyNQ)PHIN )
CALL MMPY (PHIN,YRyNQyNJ,NP, SH )
CALL MMPY (PHIN,YI,NQoNJsNP, SI )}
WRITE (3,380)

FURMAT (°1°,T10,"MODAL MOBILITIES, REAL, IMAGINARY!//)
CALL MOUT2 { SM,NQ,NP )

CALL MOUT2 ( SI.NQoNP )

CALCULATE MODAL IMPEDANCE

D0 390 Isl,NQ

WRITE (39150 ) PHIMINK,I )

D0 390 J=]l,NP

COUNSPHIMINK T )/(ST(Lodb® ST(Tod)e SALLoJd)® SMIL,J))
ISRELed)= Sr(14J)8CON

LS1{Led)== SL(1,JI*CON

WRITE (3,400}

FORMAT (*1°,710,'MODAL IMPEDANCE REAL ¢ IMAG INARY?//)
CALL MOUTZ (ZSR 4NQ¢NP )

CALL MOUT2 (ZSINQ4NP )

LEAST SQUARES ANALYSIS UN MOUAL IMP:OANCE AS FUNCTION
OF FORCING FREQUENCY SQUARED

NL=NP/NQ
ANL=NL

NLC aNL

KJ=l

DO 420 K=1,NQ
SUM =0,

SUMA=R,

SUMB =0,

SUMC =0,

DO 410 1=2KJsNLC
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LMNP
1MNP
LUNP
2MNP
IMNP
IMNP
1MNP
1MNP
1 MNP
1MNP
LMNP
1MNP
1 MNP
1MNP
LMNP
LMNP
1MNP
1MNP
1MNP
1MNP
1MNP
1MNP
1MNe
1MNP
1LMNP
1MNP
1MNP
1 MNF
1uNP
2MNP
2MNP
IMNP
IMNP
IMNP
IMNP
TMNP
1uNP
1LNP
LMNP
LMNP
LMNP
LNNP
1uNP
1MNP
1MNP
1MNP
MNP
1MNP
LMNP
2UNP
2MNP
2MNP
2MNP
2MNP
IMNP

111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
139
131
132
133
134
135
136
137
138
179
149
141
162
143
144
145
146
167
148
149
150
151
152
153
154
15%
156
157
158
159
161
161
162
163
164
165
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SUM sOMFS(1)+SUM MNP 166

| SUMA=ZSRUK, 1) +SUMA NP 167
~ SUMBSOMES (1) SOMFSI T )eSUMB INNP 168
4Lu SUMCSOMFS(1)#ZSRUK, [)4SUMC MNP 169

i DET=ANL #SUMB-SUMOSUM 29NP 1760
i XA= ( SUMA®SUMB=-SUMC* SUM) /DET 24NP 171
[ XB 3 (ANL $SUMC=-SUMA®SUM) /DET 24N 172
& KJarLCe 2MNP 173
P - NLC=RUS (K1) 2N 174
| GMNC (K) =SQRT(ABS (XA/XB )) 24N 175
i AKSK (K) ==XBSOMNC (K ) $OMNC (K) 24N 176
} AMSR (K) ==XB 20N 177
L UMNS [ K) sONNC (K ) SOMNC (K ) 24N 178
42 CONTINVE 2uNP 179

Lel 1MNP 189

DO 430 Is1,NQ 2MNP 181

AUSK (1) s(OMFS(L)/OMNS(T1=1.1% 30(4oL)SAKSRIT)/ SMET,L) 24N 182

; OMNC (1) OMNC( 1) /6.28318 MNP 182
| 430 Ls2elel 2N 184
i ¢ INNP 185
; c 14NP 186
¢ IF ( MM.NE.1 ) GO TO 450 1NNP 187
f SUM=0, 1MN® 188
, D0 440 1sl,NL MNP 189
evy SUMSZSI(  1,1)eSUM MNP 100

GE 1 )=SUM/LAKSR( 1 )eANL) 1MNe 101

OMN(1)=OMNC(1) 1MNP 192

ADS(1)=ADSR(1) 1NN 193

g ANS(1)sAMSR{1) INNP 194
AKS(1)sAKSR(1) INNP 105

WRITE (14) (PHECI MM  §,0s1,NJ ) 1MNP 196

: GO T0 ¢80 1MNP 197
«50 DO 460 [=1,NJ 2uNP 198

460 PHIT(I, MM ) = PHI(1+2) 24NP 199

SUM=0, 1NN 200

NI=NL+1 1NN 201

NL=2N , 14NP 202

D0 470 [=NI,NZ MNP 203

470 SUMSZSIL  2,1)eSUM MNP 204

Gl  MM) sSUM/IAKSR( 2 )®ANL) 1MNP 208

OMN{ MM} =sOMNC(2) 1NNP 206

ADS( MM} =ADSR(2) 19N 207

AMS( MM} =ANSR(2) 14NP 208

AKS( MM)=AKSR(2) 1MNP 209

WRITE (14) (PHIT(I,MM 1 ,0s1,NJ ) 1980 219

i 450 WREITE (3,540 ) MM,OMN(MMI JAMS (M) s AK S (MM ) o ADS { MM) MNP 211
: WRITE (32,4900 ( OMNCTD, (sl NPAL) uwe 212
, WRITE (3,500 ) ( AKS(I)ol=1,NPAL) MNP 213
B WRITE (3,510 ) ( AMSEE), =i, NPAL) MNP 214
4v) FOKMAT (/7/7//T10, *CALCULATED NATURAL FREQUENCIES, CYCLES/SEC®/ MNP 215

A (1P10E13.40) w“we 216

S35 FORMAT (/////710,CALCULATED GEVERALIZED STIFFNESS®/(1P1NE13.2)) MNP 217

} S12 FORMAT (/////7104CALCULATED GcdurALIZED MASSE/(1P1NEL.2)) “we 218
KEWIND 16 NP 219

VO 520 Js1,NPHI MNP 220

59
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5¢J

53)

542

550

560

5713

56

599

6J0

6lJ

620

UMNS( J) =OMNIJ) $OMNLI)
uSQtJIsGlIIeGLY)

READ (14) (PHI(I,J)eI=1yNJ )
NQ=NPHI

CALL ANORM (PHIPHIM¢NJ¢NQ }
WRITE (3,530 )

FORMAT (*1°,750,*NORMAL MODES*// )
CALL MOUT2 (PHIM/NJ,NQ )

CALL PSEUDO ( PHIM,NJyNQ, PHIA )

IDENTIF ICATIUN OF MASS,STIFFNESS ANU UAMPING MATRICES
CALL TRAN (PHIA,PHINJNQyNJ )

FORMAT (//7! MODAL PARAMETERS  HJUL',l4//? NATURAL FREQUENC
AY=*Fl4,.3,° HERTI*//? GENERALIZEU MASS ='F14,3,' SLUGS'//?
OGENERAL IZED STIFF="Fl16.24* LB/IN'//* GENERALI LED DAMP s'F 14,2,

L' LB-=SEC/IN'//777)

SM=INVERSE OF MASS

ST=INFLUENCE COEFFICIENT

SI=INVERSE OF DAMPING

DO 560 Jsl,NJ

00 560 Ks1,NQ

SUMI =0,

SUMM=Q,

SUMD =0,

DO 550 Isl,NQ

ACON=PHIMIK 1 )8PHIM{J, 1)
SUMIsACON/AKS(1)e¢SUMI

SUMM=ACON/AMS ()¢ SUMM
SUMDSACON/(AKS{T)1#G(T) )+ SUMD

STIK¢J)=SUNI

SMUKeJ) =SUMM

S1(ReJ) =SUMD

CALL INVRS (SMyNJ, ISR )

WRITE (3,570)

FORMAY (*1°,T50,*10ENTIFIED MA3S MATRIX*//)
CALL MOUT2 (ZSR 4NJsNJ )

WRITE (3,580 )

FORMAT (*1°,T50,*IDENTIFIED INFLUcNCE COEFFICIENT MATRIX*//)
CALL MOUTZ2 (STyNJyNJ )

CALL INVRS (ST4NJ,ISR }

WRITE (3,590)

FORMAT (*1°,T50,*T0ENTIFIED STIFFNESS MATRIX®//)
CALL MOUT2 { ISR¢NJsNJ )

WRITE (3,¢00)

FORMAT (€1',T50,°IDENTIFIED DAMPING MATRIX®//)
CALL INVRS (SLeNJyISR )

CALL MOUTZ2 (ISR ¢NJ4NJ )

SUM=0,

00 610 I=1,NQ

WRITE (3,620) 1,GLY)

SUMsSUMeG L)

6GS=SUM/NQ

FORMATY (18,F22.4)

WRITE €3,630) GS

60

IUNP
2M4NP
2MNP
2NNP
MNP
MNP
MNP
MNP
MNP
MNP
MNP
MNP
MNP
MNP
Mho
MNP
MNP
MNP
MNP
MNP
1MNP
1MNP
1MNP
MNP
MNP
MNP

221
222
223
224
225
226
2217
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
267
248
269
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
26¢
267
268
269
270
271
212
273
274
278



ooty = T

b

630 FORMAT (/7' AVG STRUCTURAL DAMPLNG='FB. &) MNP
IF INFF.EQ.0 ) GO TO 650 MNP

66y REAU (14150 ) (HIZ(T),1%1,NFF ) MNP
NFsNFF MNP

GO TO 660 MNP

650 LF (NF.EQ.0) GO TO 870 uNP
660 TORF=NROW.GT.0.AND.NROW.LE.NQ MNP
00 750 L=1,NF 1MNP
CON=HZ{LISHI(L) LMNP
CALL MOBPHI ( GyGSQoCON)AMS ;OMNS, YR, Y1 PHIMINQ,NJ } 1MNP
612 IFLIPL) 680,680,730 1MNP
680 IFULIP2.NE.O) CALL MATAMP (HI(L),YR,Y14NQ) LMNP
IF{IP2.NE.O) GO TO 700 1MNP
WRITE (3,690 HZ(L) MNP
690 FURMAT (91°740,'REAL MOBILITY, IMAGINARY MOBILITY FREQ =°'F10. 2, IMNP
A ' HERTZY//7) 1MNP
GO TO 720 1HNP

760 WRITE (3,7100 ML) 1MNP
71) FORMAT{*1°T&0,*ACCELERATION AMPLITUJE IN G**'S, PHASE IN DEG. FREQIMNP
A =°F10.,2,° HERTZ2'//) 1MNP
720 CALL MOUT2 (YR,NQ,NQ) 1MNP
CALL MOUT2 (YI,NQ,NQ) 1MNP

50 TO 750 1MNP

730 00 740 I=1,NQ 2MNP
DPRUL EDV=YRII,I) 2MNP
DPI(LI)aYI(I,l} 2MNP
1F( NOT .TORF) GO TO 740 2MNP
TRIL 1) nYR(NROW,1) 2MNP
TI(L, 1) =sYI(NROW,I} 2MNP

T¢) CONTINUE 2MNP
750 CONTINUVE 1MNP
IF(IPY) 870,870,760 MNP
760 IF{IP2.NE.1) GO TO 780 MNP
CALL AMP (HZ,0PR,DPI,NF,NQ) 43P
IFITORF) CALL AMP (HZ,TR,TIlNFyNJ) MNP
WRITE (3,770) s MNP
770 FORMAYT (*1¢T40,'DRIVING POINT RESPUNSE, AMP IN G''S AND PHASF.YN MNP
ADEGREES?*//) ‘5:5— MNP
G0 TO 810 B MNP

Tud WRITE (3,790) . MNP
790 FORMAT {"1°T40,*DRIVING POINT MUBILITY, REAL AND IMAL'INARY?®//) MNP
IF ( IAJNE.O ) WRITE (3,80n0) . MNP

8UD FORMAT (T40,*ACCELERATION MOBILITY*//) MNP
810 CALL YOUT (HZ,0PRyNFyNQsN,IA } MNP
wRITE (3,820) MNP

820 FORMAT (°'1%/7) MNP
CALL YOUT (HZ 0PI, NFyNQ,IP2,1A ) NP
IF(.NOT.TORF) GO TO 870 MNP

IF (IP2.NE.1) GO TO 840 MNP
WRITE (3,830) NROW MNP
830 FORMAT (*1°T730,°'TRANSFER RESPONSE, ROw *15,* AMP [N G*°'S AND PHAS MNP
AE IN DEG*//) MNP
GO TOD 86N MNP

8eU WRITE (3,850) NROW MNP
85) FORMAT (*1°T730,*TRANSFER MORILETY, ROw *[5,' REAL AND IMAG'//) MNP

61

276
217
278
279
200
281
282
283
204
28%
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
3né
37
inag
Ing
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
32%
326
327
328
329
33¢
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IF (1A.NE.O ) WRITE (3,800)
CALL YOUT (HZoTR¢NF,NQy0,1A )
WRITE (3,020)

CALL YOUT (HZ TIoNF,NQ, 1P2,1A )
CONTINVE

REWIND 13

CALL EXIT

END

62

MNP
MNP
MNP
MNP
MNP
MNP
MNP
MNP

331
332
333
334
338
336
337
338



120

SUBROUTINE TRAN ( A,B, NRyNC )
BsTRANSPOSE OF MATRIX A
A®UNDISTURBED MATRI X
DIMENSION A(20021),8(20,21)

00 100 I=1,NR

DO 100 J=]1,NC

BlJeldsAll 0}

RETURN

END

63

YRN
TRN
TRN
TRN
1YRN
2TRN
2TRN
TRN
TAN
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109

110

10

130

16
150

160

170

180

199
200
21
)

230

240
250

269

SUBROUTINE INVRS (ByNoA)
A = INVERSE OF 8 B UNOI>TURGED

UIMENSION A(20,21)40(20,21),1RJA(24) ¢1COLE21),B(20,21)

00 100 I=1,4N

D0 100 J=1,yN

AllodisBll,yJ)

MsN+]

00 110 [=]l,N
IROW(I) =]
ICOLLI)n]

LO 26C Ksl,N

AMAX= A(K,K)

DO 130 [=K,N

DO 130 Jsk,N
IFCABSL All,J3)-ABSIAMAX)IDI130,120,120

AMAXs A{l,J)

ICsl

JCay

CONTINVE

KI=1COL(K)
ICOL(K)sICOLCIC)
ICOL(IC)=x]

Ki=JROM(K)

IROWIK) =IROW(JC)
IROW(JC )=K]
IFCANAX) 160,140,160
NRITE (3,150)
FORMAY({®* SOLUTION OF EXISTING MATRIX NOTV POSSIBLE*)

60 TO 330

00 170 J=]1,N
EsA(Ked)

ARy JIsA(IC,9)

ALIC ) =E

D0 180 Is=]1,N
E=sA(l.K)

AtloKisA(L,JC)
ALl,JC)sE

00 210 I=1,N
IF(I-K) 200,190,2n0

Al l“.'lo

60 Y0 210
AllyM)s0,

CONTINVE
FVIsALKK)

D0 220 Jel M

AlKoJ)=A(KeJd) /PVT
00 250 I=],N
IFC1-K) 230,250,230
AMULT=A(],K)

DO 240 Jsi,M

AT oJdIsA(loJ)~AMULTSA(K, I}
CONTINUE

DO 26C Is1,N
ALLK)sA{] M)

64

INV

INY

INV

INV
1INV
ZINY
21NV

INV
1INV
LINV
1INV
1INV
LINY
2INV
3NV
TNV
3INV
3NV
JINV
JINV
1INV
1INV
LINV
1INV
1INV
1INV
1INV
1INV
1INV
1INV
2INV
21NV
21NV
2INV
2INV
2INV
21NV
21NV
21NV
2INY
2INV
2INV
2INV
2INV
1INV
21NV
2INY
2INY
2INY
21NV
IINY
NV
20NV
2INY
2INY

OD N>V E N



2n
280
290

300
)
32)
33)

00 290 Is=l,N

00 270 L=1,N
IFLIRONITI-LD270,280,270
CUNTINVE

00 29¢ J=l,N
DiLeJdimAll o)

00 32C Jsl,N

00 300 L=1,N

1FCICOL (J)-L) 300,310,300
CONTINVE

DO 32¢C I=1,N
AlLoL)2D(14J)

RETURN

END

65

1INV
2N
21NV
21NV
21NV
2INV
1INV
2INV
21NV
21NV
2INY
2INY

INV

INV

1]
37
58
%9
60
61
62
63
64
63
66
87
68
69
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100

SUBROUT INE MMPY {A+BeN14N2:N3,C) 144

MPY

C=A=®*3} Lid]

A (N1 X N2) B (N2 X N3) C (N1 X N3) MPY

Py

REAL A120,421),8020,21),C(20,21) MPY
00 10¢ [=1,N1 1114/
00 100 J=1,N3 2MpY
Cll,Ji=0. 2MPY
D0 100 Kk=1,N2 nNpY
Cllod)asCilod)eAll KISB(K,J) INPY
RETURN MPY
END NPY

66
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199+

119
149

130

1¢)

159

169
itv

SUBROUT INE MOUT2 (A oMyN)

REAL Al 20,100)

10=MINA(N,1N)

WRITE (3,190} (1e1=1,1D)

FORMAT (/T75,10112)

WRITE (3,100)

00 110 I=],M

WRITE (341200 Lo(AULoJd}od=1,10)
FORMAT (155X ,1P10EL2.4)

IF {10-N) 130,170,170
10=MIND (N, 20)

WRITE (3,100) (1,1s11,1D }
WRITE (3,100}

00 140 [e]l,M

WRITE (3¢129) 4 (AlIoJVed=11,i0 )
IFLID=N) 150,17Co1 70

WRITE (301000 (lsl=21,N )

WRITE (3,100 }

00 160 I=1,M

WRITE (13,120 ) 10 ACI,J),35219N )

RETURN
END

67

uovY
MOT
NOT
oY
MOV
NOT
1MOT
1M0TY
NOT
MOT
Mot
MOT
MOT
1NOT
LMoY
NOT
oY
nov
1MOV
1MOT
MOv
Mot
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110
1<0

SUBKOUT INE ANORM {PHIPHINNRNC )
OIMENSION PHI(20,21)4PHINI20,2])
00 120 [=],NC

AMAX=PHI(L,1)

00 100 J=2,NR

LFLABSCAMAX) GLELABS(PHICJo L)) VANAKSPHILJo 1)
CONTINVE

00 110 J=1,NR
PHINIIy 1) =PHI (1) 7AMAX

CONTINVE

RETURN

END

68

NRM

INRM
1NRM
2NRM
2NRN
2NRM
2NRM
2NRM
INRM

NRM

NRM
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120
19

1¢J
13

SUBROUT INE FRRNU (A,B,PCTR,PCTURyPLTIPCTBI, NJIyNP,IX)

A BIAS ERROR,
PCT8 (RATIO) ON AMPLITUJEs ANUD A UNIFORM RANDOM ERROR
HAVING A +/- MAXTMUM OF PCT (KATIO} ON AMPLITUDE.

USES RANOU

UIMENSION A{20,21),B8(27,21)
IF(PCTR) 110,107,110

IF(PCTBR) 110,130,110

DO 120 I=1,NJ

00 120 J=1yNP

CALL RANDU (IX,1Y,YFL)

IX=iy
€E=1.002.006PCTR*{YFL-0,5)+PCTBR
AlLyJisAllJ)¢E

CALL RANDU (IX,lY,YFL)

iXsly

E=].002.00PCTI O(YFL-0.5)¢PCTH!
Bll,J1=BC1oJ)eE

RETURN

END

69

ERR
ERR
ERR
ERR

ERR
ERR
ERR
ERR
(1]
ERR
ERR
ERR
LERR
2ERR
2ERR
2ERR
2€RR
2ERR
2ERR
2ERR
2ERR
2ERR

ERR

=
D ODNO NS DN



[aX 2 X o)

100
19

1<0

SUBROUTINE RANODU (IX,1V,YFL)
THIS SUBROUTINE IS FROM SSP VERS. II
Iy=IX¢65539
IFLIY) 1004110,1:0
1YsVe214748 ‘14
YFLalY
YELeYFLO, 4 -0 -~
RETURN
END
SUBROUT INE REOI (YRoYI NPoNJJKEEP I 1UK oYRT,YIT )

REDUCES DISPLACEMENT MOBILITY UATA TO MATRIX OF NJ SPCCIMEN
COORDINATES AND FORCING FREQUENCIES YsNJONP
UIMENSION YRU20,21 DoYIU2Ny21 3,KEcP(20)INDX(20 }
UIMENSION YRT(20,1000,YIT7(27,130)
U0 120 Isi,NP
00 120 Jsi NJ
YREJol boYRTIKEEP(J) o' NOXCI D)
YilJol )sYITIKEEP(J) ,INOX(I))
RETURN
END

70

RAN
RAN
RAN
RAN
RN
RAN
RAN
RAN
RAN
RAN
RN
RAN
RAN
RAN
RAN
LRAN
2RAN
2RAN
2RAN
RAN
RAN

B2 9O 00 bt et b b gt P g e
DOINOCOVMIPWNROOBN, AP WA

~N
-



[aNa ¥ o]

139

112
lev

130

142
159

169
179

189
199

200

210
29
230
243
259

269
ra0]

28

SUBROUTINE YOUT {(OMH,AJNINCsND,NAMP 1A )

IF [A NOV = 0 USE ACCELFRATION 4uBiLITY

REAL OMM(100),A(100,2N)

IF ( 1A ) 10041204100
CON= 6.283185%6.283185

00 110 [=]),NINC
OMsOMH( 1)} SOMH (T ) SCON

00 110 J=]4ND
AllyJ)e=All,J)%CH

Jisl

10=MINO(ND, 10}
ILsMINOCNINC, 45}

tlisl

WRITE (3,150) (1,1=J1,10)
FURMAT (T5,°HERTZ'16,9112)
WRITE (3,160)

FORMAT (1X}

IF(NANP) 170,170,200

00 160 I=I1,IL
WRITE(39190) OMHIT) o (ALL 4 d) ed=dl,iu)
FORMAT (1XF9.3,1P10E12.4)
G0 10 230

00 210 I=I1,IL
WRITE(39220) OMHIT ). (ALTL o) od=dl iV}
FORMAT (1X,F9.3,10F12.2)
LFUIL-NINC) 240,260,260
WRITE (3,250)

FORMATY (*1°%/7/)

11=46

IL=NINC

GO TO 140

LFCL0=-ND) 270,280,280
Jis=ll}

10=ND

WRITE (3,220)

GO 710 130

RETURN

END
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yorv
v¥or
vyor
yov
Yor
vov
Yor
1voT1
1vov
2vary
2vor
yar
vor
Yor
Yov
Yor
yor
Yor
vav
yor
1vor
1vaQrv
vor
yav
1yorv
1vor
yYor
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Yor
Yot
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lev

152
162

179

182
150

200
2

SUBROUT INE AMP (OMH A48 NINC,NR)

CONVERTS A ¢ 1#B [N DISPLACEMENT UNITS
TO AMP (IN A ) IN G'S ANU PHASE (IN 8 ) IN DEG
EACH ROW IS AT A FREJUENLY OMH{1) IN HERTZ

«0162 ¢.283185 / 386,
DIME 2y V4 UMHIL00) 0ALLNN,20),8(102,20)

00 210 I=1,NINC
OM=0OMHI [190.01626
OMR=0MH ([ )6,283185
00 210 J=],NR
R=A{1,J)

CeBiled)

A(l o J)sSQRT{RSR+COC)SOMSOMR
IF(R) 140,100,140
IF(C) 110,120,130
8il.,J)=270.

GO 70 210

8tlsJd)=0

G0 T0 210
B(l,J)=90,

GO 70 210

PeATANL ABS(C/R) )*57,2958
IF(R) 150,150-180
IFIC) 160,160,170
Bll,J)=180.¢P

G0 10 210
B(l,yJ)=]180.-P

60 10 210

IF(C) 190,190,200
Bll,J)=360,.-P

GO0 10 210

olloJd)=p

CONTINVE

RETURN

END
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AMP

AMP

AMP

AMP

AMP

AMP

AMP

AMP

AMP
1AMP
tANP
1ANP
2amp
2aMP
2aMP
240
2amp
2amp
2AMP
2AMP
2AMP
2AMP
24MP
2AMP
2AMP
2AMP
28w
2aMp
rAMp
2aMP
2AMP
2aMP
24MP
20w
2ANP
24

AMP
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SUBRUUT INE CINV (A4B8yN,C,D) CIN

CIN

DIMENSION A(20,21),8820,210,C12),21)L020,21)0E(2N,21) CIN
Cel’ - = INVERSE OF Aelsp I1=sSQRT(-1) CIN

CiN

B8 ASSUMED NUN SINGULAR CIN

CIN

CALL INVRS(B¢N.C) CIN
CALL MMPY(C,AsNyNyNoE) CIN
CALL MMPY(A,E)NyN)N,C) CIN

D0 100 [=],N 1CIN

Du 100 J=)N 2CIN
130 CUIod)sCll,d)eB(I,J) 2CIN
CALL INVRS(C4N,D) CIN
CALL MMPY(E DsNeNyN,C) CIN

DO 110 1=1,N 1CIN

DO 110 Js),N 2CIN
119 Diledi=s=0(l,J) 2CIN
RETURN CIN
END CIN

73
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LURROUT INE MOBPHI { GyGSQeCON,A4S yUANS s YR YT,PHIMINQNS ) 08
CALCULATES YR AND Y| USING mI0AL MUsILITY AND MODE SHAPE MO8
UIMENSION G(20) yGSQI2N) 9 AMS(20),YR(20420)oY1122929)4PHINI20,20), M08

AYSR(20),YSIL20),0MNS(2D) e

00 100 I=]),yNQ 1408
CONA=CON/OMNS(T) 1M08
CONU=1./7(CONSAMS(1)939,478413 ) 1M08
CONCsCONA-1, 108
COND=CONASCONB/ (CONCOCONC+GSQLI)) 1408
YSR{ 1)=~-CONCECOND 1M08

100 VYS1{1Ve=GLI)OCOND 1908
DO 120 J=1,NJ 1408

DO 120 K=1,NQ 2408
SUMR =0, 2408
SUMI =0, 2408

00 110 Is=1,NQ 3M08
ACONSPHINIK, [ )OPHIMLJ, 1) IMO08
SUMR=YSR{ 1 )SACON+SUMR I8

110 SUMIsYSTICI)SACON+SUML 08
YR{KyJ) sSUMR 2M08

120 YIiK,oJ) =SUM] 2408
RETURN M08

END MO8
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130
119

1)

13

160

150

SUBROUTINE PSEUDO (A,NR4NC,C)

Ce= PSEUDOINVERSE OF A
A IS A RECTANGULAR MATRIX JF MAXIMAL RANK

NR .GT. OR LT,

-1
C = (A'A) A

NC

OR  A'(AA*)

NRyNC MAY NOT EXCEED 25

REAL A(2N,21)4B120,421),C(20,21)

DO 100 I=]1,NR

00 100 J=1,NC
BlJyItuAll,J)
IFU{NR-NC) 120,110,130
CALL INVRS (A,NR,C )
GO TO 140

U = A

NR JLE. NC
C = AA?

CALL MMPY (A,B,NRyNCoNR,C)

CALL INVRS (CoNRyA)

60 710 140

A = [NV UF

A UXDISTURBFD

-1

C

(NR X NC)

C = PSEUWJINVERSE OF A (NC X NR)
CALL MMPY (ByA¢NC,NRyNRyC)

NC .Lt. NK
C = A'A

CALL MMPY (ByA¢NCoyNRyNC,C}

CALL INVRS (CyNCyA)

A = INV UF

C = PSEJUJINVERSE OF A

CALL MMPY (A;8,NCyNCyNR,C)

DO 150 I=]1,NR
DO 150 J=]1,NC
ALl Jd)=sBlI, 1)
RETURN

END

RESTORE A

C
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{NC X NR)

P SU
PSU
PSU
PSU
PSU
PSSy
PSY
PsSU

PSU
PSU
PSU
PSU
1PSU
2P Sy
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P Su
PSU

PSSy
PSu
PSU
PSu
PSuY
PSuU
PSU
PSU
PSU
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PSu
L)
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