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PREFACE

This report has been prepared by the Cornel l Aeronautical -

Laboratory, Inc. (CAL) for the Office of Aeronautics Programs, Office of Naval

Research, Department of the Navy. The results presented herein represent an

annual report of the tasks associated with Task Number NR 220-041-1 of Contract

No. N00014-72-C-0103.

The Search Director concept originated at CAL. It was initiated

as an internal research project as a result of various ASW. studies conducted

at CAL which were concerned with ASW surveillance systems and VP aircraft

operations including detection and localization of target submarines. This

study for ONR is the first phase of a continuing effort to:

1. Formulate the mathematical relationships and computer soft- -

ware programs that form the basis of the Search Director

concept. -

2. Demonstrate the feasibility and applicability of the

concept for use by ASWV aircraft crews in detecting and

localizing submarines.

An abstract of this study is contained in DD Form 1473 which is included in the

ii and iii pages of , is report.

This study has been co-sponsored by Aeronautics Prograirs,

Code 461 and Naval Analysis, Code 462 of the Office of Naval Rese2rch.

ppreciation is expressed to Cmdrs. E. R. D)oering and IV. I.. Smith, Code 461 and

to J. G. Smith, Code 462 for their help and guidance durin, the course of the

study and during program progress reviews conducted at ONR and C\L. This

study has been performed under the technical direction of Cmdrs. E. R. Doering

and I. L. Smith.
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I. SUDIMARY, CONCLUSIONS AND RECOMMND.ATIONS

A. STUDY SUMM.ARY

1. Purpose

This report st:mmarizes the significant results achieved in an

exploratory study to determine the feasibility and applicability of a Search

Director concept for use by ASIV aircraft crews in determining optimal search

tactics and deployment of sonobuoys to detect and localize target submarines.

Imprecise target information from acoustic sensor surveillance systems create

problems in successfully conducting these operations. The purpose, therefore,

of the Search Director is to:

a. Assemble this information in terms of estimated target

neading, motion, initial size and orientation of the

target uncertainty area, time late, growth of the

uncertainty area, ASIV aircraft search time, etc. into

coherent and readily computer-processed forms,

b. Analyze, process and update this information, and

c. Provide the Tactical Airborne Control and Coordination

jOfficer (TACCO) with a dynamic probability density map

display of tile target's location.

Probability density functions are employed as a measure of the uncertainty of

the exact location of the target and its speed and heading. These probability

density distributions also provide measures for estimating the growth of the

uncertainty area with time.

The Search Director principle makes use of negative information

that the target has not been detected up to the present time by deployed
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sonobuoys. As areas Lovcred within the overall target uncertainty area by

each of the sonobuoys are searched and the target remains undetected, the

probability that the t-rget is in the searched area decreases whereas the

probability that it is elsewhere in unsearched areas increases. A dynamic

display of this probability density pattern over the expanding uncertainty

area shows where the target might be at anay particular time (highest

probability density) and indicates where the next sonobuoys should be dropped.

The TACCO can utilize the Search lirector to examine various trial sonobuoy

patterns and monitoring schedules on a real or accelerated time basis and

select the most efficient sonobuoy patterns prior to actual deployment of the j
sonobioys.

In order to accomplish previously stated objectives, it has

been necessary in this study to:

a. Determine the mathematical formulations required for

developing computer software programs to achieve this I
capability,

b. Program these mathematical formulations for use on

computers, and j

c. Demonstrate the feasibility and applicability of employing

the concept on a real and accelerated tine basis by dynamic

presentation of results on displays and hard copy.

2. Approach

a. Analysis

Basic mathematical relationships which underly the target

uncertainty area probability density maps are developed. These include

analytical procedures for determining initial target uncertainty area

.1I-2



probability density maps. Also included are subsequent growth factors and

changes in these maps with elapsed time for differing inputs on target motion

ard effects caused by the inclusion of various patterns and numbers of

sonobuoys. I computer program incorporating these relationships and procedures

is developed For use in determining and displaying exact solutions for various

tactical situations. A Montz Carlo computer program is also developed utilizing

various algorithms formulated fro;n the basic mathematical relationships. The

purpose of this program is to substantially reduce computing time and core

storage requirements while main, iriing output results that closely approximate

those for exact solutions.I
The feasibility and applicability of the Search Director

Sconcept are demonstrated utilizing additional computer programming, the CAL
Flying Spot 'canner and a large CRT tc dynamically display the probability

density mapq. In analog/hybrid computer system, program and CRT are also

utilized to obtain and display these maps. Additional subroutines are

formulatedI as adjuncts to the Mionte Carlo computer program for use III deter-

minim., sub-optimal sonobuoy drop.point patterns. Several techniques are

investigated and compared for displaying the probability density ma,'s on a CRT

in various shades of gray or color. Two computer programs have been for.ailated

to generate the map displays as hard copy on paper.I
b. Tactical Cases Analyzed

.A comparison is made of distribution results from the Monte

Carlo computer program with those from the Exact Solution program for an

example problem. Three methods are analyzed and results are compared for

inserting a field of sonobuoys into the Monte Carlo program. Mathematical

analyses are presented for development of the start and end grids and the

Probability-of-miss (PMI) grid.
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Three methods are analyzed for assigning velocity components

to :Aonte Carlo (MC) submarines. Method I utilizes a random number generator.

M-ethod II uti.izes equaily spaced headings of MC submarines between 0 and 2 ,

whereas in Mlethod III the headings are spaced at equal probability increments

between 0 and 2 -r. A comparison is made of distribution results from the

klonte Carlo program utilizing Methods I and II.

A biased heading tacticai situation is analyzed in which the

target submarine's velocity is known and it's heading is a random variable

which is described by a probability distribution. A comparison for this case

is made utilizing Method 1I (equally spaced headings) and 'ethod III (equal

probability heading increments).

A tactical situation is analyzed in which the target submarine's 3 1

velocity is a random variable. Random number generator and expected value

techniques are utilized in assigning velocity components to 11C submarines.
Computer results are compared for a Rayleigh distribution in velocity and

uniform heading utilizing the random number generator and expected value

methods with the exact solution. Additional results are compared using the

expected value method in the first case where the number of MC submarines

assigned to each sampled velocity is small and in the second case where it is

large.

A subroutine has been added to the 4onte Carlo computer program

for use as a possible improved aid in detcrmining sub-optimal sonobuoy drop

points. A correction factor has been added to the program to overcome Z

problem caused by the use of a rectangular coordinate system. Sample computer

results are compared without and with the use of this factor.

In a sensitivity analysis, computer results are compared for

changes in the probability density maps caused oy variation of the input

values of the principal parameters. These include the effects of varying

the following:

1-4
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I (1) Start griJ size,

(2) Variance in target submarine heading and velocity,

(3) Number of MC submarines per start irid.

(4) Search aircraft time late in arriving at datum,

(5) ASW aircraft search time,

(6) Number of MC submarines assigned per grid for a uniform

target heading and a Rayleigh distribution in velocity, and

(7) Target velocity on probability of detection.

Also corpared are the effects of linear smoothing between grid points, biasing

target submarine heading and accumulated probability density of target

position with search time.1
3. Principal ResultsI

Two computer programs have been developed toward implementation

of the Search Director Concept.

a. E.tact Solution computer program, and

b. Monte Carlo computer program.

Comparison of Monte Carlo Program With Exact Solution Results

Probability density distributions obtained utilizing the Monte Carlo method

closely approximate those obtained from the exact solution method. The Monte

Carlo computer program has considerably less run time for specified tactical

situations than the Exact Solution computer program (see Section III, page III-11).

I-5



IL
A comparison of sample results from the exact solution and the

Monte Carlo computer program indicates that the similarity in probability

density maps appears to be excellent. The computing time on the IBM 370/165

computer for the exact solution is 92 seconds compared to less than 2.5

seconds for the Monte Carlo program (see Section IV, page IV-!).

For a tactical situation in which the velocity of a target is

known and its' heading is uniformly distributed, a one-step random walk

(change in target heading during a specified time interval) most closely

approximates the exact solution distribution, whereas considerable deviation

occurs for a 2-step and 4-step random walk. On the other hand, for a tactical

situation in which the target velocity components have a normal distribution

with zero mean and variance = 1, results for both a one and 4-step random walk -

closely approximate those for the exact solution (see Section III, page 111-17). -

Comparison of Methods for Inserting Sensors in Monte Carlo Program

Of three methods analyzed for :nserting a field of sonobuoys

into the Monte Carlo computer program, Method I provides the best results.

In this method, "looks" by each sonobuoy are monitored at equal time

increments so that one PM grid can be used for all sonobuoys and looks. A

two dimensional grid is then calculated as a function of x and y offsets of

the target from each sonobuoy (see Section III, page 111-14).

The correction factor which has been applied to the subroutine

for determining sub-optimal sonobuoy drop point determination anpears to

provide results which compare favorably with those which are expected.

However, a complete analytical justification for this factor has not been

made (see Section III, page 111-40).
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Comparison of Methods for Assignment of Submarine Velocity Components in

Monte Carlo Program

I Of three methods analyzed for assigning velocity components to

MC submarines, NMethod TI is best. In this method 'ItC submarine headings are

I equally spaced between 0 and 2 W and results correspond closely to those

obtained from the exact solution. The results indicate that equally spaced

headings allow the minimum number of MC submarincs to be utilized in each rid.

In Mfethod III, the headings of the MC submarines are spaced at equal

probability incre.qents between 0 and 2 r . Results for the biased heading

case indicate that Method II provides a better representa' on in the direction

of the biased heading while equally spacing the MC submarines provides a better

representation in headings of low probability (see Section III, page 111-30).

IThe expected value method of assigning velocity components is

much better than the random number generator method. Results indicate that

the exnected value method closely approximates those shown for the exact

solution, whereas they deviate considerably utilizing the random number

generator method (see Section III, page 111-37).

Monte Carlo Program Start Grid Size, Linear Smoothing and Submarine Assignment

Considerations

IIt is important to limit the size of the start grid to the

minimum required. Doubling the size of the grid increases the computer run

Itime of the Monte Carlo program by more than a factor of four. The results

indic;ate that a 2 o- bounding appears satisfactory for use in analyses.

IThis encompasses approximately 90% of the probability density area describing
the SPA (see Section IV, page IV-l).
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The use of a linear smoothing technique can reduce computing

time by a factor of approximately four for a specified size grid. Very little

difference in probabilit? density is shown on a display in comparing tile case

where smoothing is employed versus the case in which no smoothing is utilized

(see Sectiin IV, page IV-16).

It is important to limit the number of MC submarines assigned

to each grid since computing time on the IBM 370/165 computer increases

linearly as the number of MC submarines increases. For a probability density

of submarines position with known constant velocity and uniform heading, the

computing time for 40 submarines/grid is 4.1 seconds whereas it is 2.7

seconds for 24 submarines/grid. A similar case for a Rayleigh distribtition i.,

velocity and uniform heading requires 6.53 and 11.64 seconds respectively.

These times are for the case in which the size of the start grid is determined

by a 2 c- boundary. It appears that from 18 to 24 'fC submarines/grid is

sufficient to provide a good probability density map (see Sectio, IV, page IV-10).

Analog/Hybrid Computer System

Results of the analog/hybrid computer system study to obtain

probability density maps indicate that a general purpose (GP) computer could

be used in conjunction with an Analog Computer (a Hybrid system). This

system would use the G.P. Computer primarily for storage while the analog

computer would be used to compute the probability density maps. A capability

exists for the analog computer to pass the output grid through a non-linear

amplifier. This technique provides a method for investipating the effects of

intensifying the highest probability density levels on a CRT display (see

Section III, page 111-41).

Sensitivity Analysis Selected Results i

Varying search aircraft time late in arriving at datum changes

probability densities considerably as time late increases from 3 to 5 hours to

I-8
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a maximum of 7 hours. The result.- for varying ASW aircraft search time
indicate that "the sontobuoys in effect search out an increasing portion of the

SPA as search time and the number of "looks" by the sonobuoy field increases

from 9 to 13 hours and fron 8 to 24 "looks" respectively (see Section IV,
page IV-12).

For a probability density if submarine's position with random

velocity and heading, increasing the variance variation in heading distribution

narrows the high probability density area from a circle to an increasingly

narrower ellipse. For a probability density of submarine's position with

random velocity and uniform heading, increasing the variance variation in

velocity ,istribution spreads the high probability areas more toward datum

than away from it (see Section !V, page IV-6).

A comparison of results of the effects of changes in target

velocity on the probability of detection show .he increased capability of the

sonobuo',s to detect the target submarine as its' speed increases beyond 9 knots.

This is indicated by changes in the probability density in the seconi quadrant

for the variable PM,| grid compared to that for the constant PM grid (see

Section IV, page IV-19).

The effect of biasing target heading is to shift the high

probability density area of probable target positions to a sector located

outside the ring of deployed sonobuoys (see Section IV, page IV-24).

1,9
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B. CONCLUSIONS

The following principal conclusions are made based on results

achieved in attainiag the objectives and accomplishing the five major tasks of

this study program:

1. An assessment of the principal findings of this study

indicates that the Search Director corcept is technically

feasible and has general applicability for use by ASI-

personnel in determining optimum search patterns for

detecting and localizing submarines.

2. Various simulated searches utilizing sonobuoys deploy-2d

in submarine target uncertainty areas have been successfully

demonstrated on a real and accelerated time basis by visual

display of the Search Director program computer output on

a CRT, CAL Flying Spot Scanner and hard copy utilizing an

IBM 370-model 165 computer printer in a strike-over process.

3. Based on limited research conducted during this study on

various types of display presentations in shades of gray

or color it is concluded that only a few levels of either

gray or color may be necessary in operations required for

determining optimum search patterns.

4. The computer printer strike-over process of printing a

i-robability density map on paper appears to be an

attractive and useful technique since the displayed

results can be readily interpreted and understood by an

operator. Such a display is particularly advantageous in

vehicles where a CRT is not available.
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5. Successful development and computer programming of both

exact mathematical relationships and simplified algorithms

(monte Carlo program for computer application) have been

j achieved for use in determining (1) initial uncertainty

area probability density distributions and redistributions

I due to growth of the area with time and differing assumptions

of target motion, (2) redistributions of probability density

of target location within the uncertainty area as a result

of no detections (negative information) from emplaced

sensors and (3) combinations of (1) and (2).

6. The small differences in probability density distributions

Iobtained from the exact solution computer program versus
those from the simplified Monte Carlo program are considered

Ito be negligible and thus completely justify the use of

the Monte Carlo program for the Search Director concept.

By using the Monte Carlo program computer time can be

reduced by up to a factor of 35 over that required for the

Iexact solution computer program.

7. The present simplified computer program of approximately

116,000 words could be reduced to approximately 8000 words
by utilizing half-word techniques. Additional reductions

could be achieved by time sharing of some of the dimensional

statements in the program. Thus, it is concluded that

the smaller program could be accommodated and would not

overload ASW computer systems such as that in the P3-C

aircraft or the system being contemplated for the P3-C

1975 update program.

8. The use of negative information by the Search Director

concept (i.e., the fact that deployed sonobuoys have not

detected a target up to the present time) has a substantial

1 I-ll



effect on redistribution of probability densities to

unscarched portions of an uncertainty area and, therefore,

on where additional sonobuoys should be emplaced in these

areas.

9. 1aximum use should be made of linear smoothing techniques

between calculated points in the Monte Carlo computer

program because (1) computing time can be substantially

reduced by up to a factor of four and (2) very little if

any differences (with or without smoothing) can be seen

on probability density map displays.

10. If computer run time is a critical consideration in actual

ASIW operations, it is important to limit start grid size .

in the Monte Carlo program to only that required for the

tactical situation at hand since a doubling of grid size,

for example, increases run time by more than a factor of

four.

11. It is important to limit the number of Monte Carlo submarines

assigned to each grid in the program since computer time

increases linearly with increases in the number of assigned --

submarines. Assigned values of from 18 to 24 submarine -.

per grid are sufficient to provide high quality probability

density maps.

12. In general, results of sensitivity analyses show that

varying parameters such as time late to datum, submarine

target speed and associated radiated noise, acoustic sensor

detection capability, variances in target heading and

velocity distributions, etc. can have a marked effect in

changing probability density distributions with time,and,

therefore, search tactics.
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C. RECOMMENDATIONS

The following recommendations are made as a result of the

principal findings of this study:

1. In addition to the P13-C aircraft and P3-C 1975 update

program an investigation should be made of the need for

and desirability of utilizing the Search Director computer

program and associated display in S3-A aircraft, and as a

command and control tool by the shore commander, shore-

based Tactical Support Centers and in surface ships that

include CV's, LAMPS equipped destroyers and the Sea

Control Ship.

2. Upon establishment of specific Navy needs for emnloying

the Search Director computer software program and associated

display in ASIV operations, an investigation should be

made to determine the compatability of the program with

Navy ASW computer systems in terms of computer core

storage limits, format, computer language etc.

3. Utilizing results of the above investigation as a basis,

conduct analyses to make required (1) improvements and

extensions to the Search Director computer program, (2)

reductions in program size and (3) revisions to program

in terms of computer language, format etc.

4. Formulate a test program and conduct an at-sea experimental

evaluation of a prototype Search Director software computer

program and display during ASW exercises.

S. During the interim, effort should be continued to (1) improve

and expand the Search Director computer program and (2)

determine a preferred method(s) for displaying results to

an operator.

1-13
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II. I NTRODUCTION

A. BACKGROUND

In certain U. S. Navy ASW missions, a problem arises in search-

ing for and locating a submarine target utilizing imprecise information concern-

ing its position, speed, heading, etc. which is obtained initially from

surveillance sensor systems. In order to increase the probability of success

in search, detection and localization operations, some means are required to:

1 1. Assemble all available information (such as target submarine

heading, motion, position fix area of uncertainty and orientation,

j time late, growth of area of uncertainty, search time, etc.)

into coherent and easily computer-processed forms,I
2. Update the processed information as search and localization

V operations progress, and

3. Produce a pictorial representation of current and futi-e

status of search and localization operations associated with

various tactical options which would be of assistance in

I conducting ASIV missions.

The above situation occurs frequently in ASIV search and localization, search

and rescue, and other missions.

I In attempting to accomplish these objectives a concept called

the "Search Director" has evolved as the result of a number of ASW studies

conducted at the Cornell Aeronautical Laboratory in which search and

localization operations have been analyzed. This report presents results

accomplished to date from an ongoing ONR study program that addresses the

problems of performing these operations by an ASIV aircraft in tactical

Isituations where imprecise and limited information is available on a
II1-I



submarine target's location and motion within a specified initial uncertainty

area. It is expected that improved usage of all available information

provided to ASW aircraft would increase the probability of successful search

operations in terms of initial detection of a submarine by sonobuoys which

are dropped in a prescribed pattern in an uncertainty area. The sonobuoys

drop points would be determined on the basis of information displayed by the

Search Director.

The operations perfomed by an ASW aircraft as assisted by a

Search Director are depicted graphically in Figure 2-1. The purpose of the

Search Director is to assemble all the available information (such as initial -

area of uncertainty (SPA), target speed and heading, the aircraft's time late

and tne search time, etc.) into a coherent form, analyze this information,

and picvide the TACCO with a probability density map display of the submarine's

location. Probability density functions are used a'; a measure of the

uncertainty of the true location of the target, and its speed and heading.

These distributions provide estimated growth factors of the uncertainty areas

with time. At each stage of the search operation, the associated man display

is indicated as shown on Figure 2-1. Al!.o shown are the target parameter ""

inputs which deterine the characteristics of the map displays associated with --

particular tactical situations.

The probability maps are displayed on a video display screen. Changes

in the search situation due to the passage of time, the introduction of aircraft

sensors, and changes in target motion cause probability density levels (light

intensities) to change on the displayed maps. The maps may be projected into future

time to further assist the TACCO in conducting an effective search.

In estimating the probability density map of the submarine

target's location, the Search Director principle makes use of negative infor-

mation that the target has not been detected up to the present time by any of

the deployed sonobuoys. As areas covered by each of the sonobuoys are searched

and the target is undetected, the probability that the target is in the
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searched area decreases and the probability that the target is elsewhere in -

unsearched areas increases. A dyn fiic display of this changing probability

density pattern over the expanding area of uncertainty shows the areas of

highest probability where the submarine might be at any particular time and,

therefore, indicates where the next sonobuoys should be dropped. The TACCO can, ..

therefore, examine varie., trial sonobuoy patterns and monitoring schedules

on an accelerated time :zis and select the most efficient sonobuoy patterns

prior to actual deployment if the sonobuoys.

In summary, it is believed that a Search Director could be

effectively used to assist txne TACCO of an ASW aircraft in determining optimum

search patterns to be used in detecting and localizing target submarines. A

probabilistic process utilizing Bayesian statistics would be employed to

compute and display on a real-time or accelerated time basis those areas -.

which are most likely to contain the target. This information would assist

the TACCO in formulating logical tactics and search patterns in attempting to
-V

detect and localize a subnarine. Continuous updating of the displayed infor-

mation would permit (1) real-time evaluation of the effect of selected tactics

and search patterns on detection and localizatiin ope:rations and (2) changes

in tactics and search patterns accordingly as results are displayed.

Thus, a Search Director could provide a continuously updated

visual display of those areas having the highest probability of containing

the target. The TACCO can observe these changing probability densities as they

develop, and modify his search pattern (and/or the operational mode of his

sens3rs) to search out the most fruitful areas. Once having detected a
-1

target Search Director operations would cease and localization operations

would then be initiated.

Application of the Search Director as presented in this report ".

has centered around its potential use in P3-C ASIV aircraft or an updated 1975

version of the P3-C. This selection has been made primarily for illustrative

purposes in order to provide a means for detailed discussion of how it could
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be employed in ASWV search operations. Other potential applications include

its use by S3-A ASIV aircraft and as a command and control tool by Navy ASW

shore commanders, ASIV tactical support centers (TSC) or at sea in surface ships

I such as ASIV support carriers (CV's), LAMPS equipped destroyers and the Sea

Control ship.I
The Search Director could be used in S3-A's in a manner similar

to that described in this report for P3-C's. On the other hand, information

from a Search Director located in the ASIV command and control center on a CV

could be transmitted to S3-A's and displayed for use by crews in the aircraft.

In a manner similar to the latter case Search Director information could be

used by helicopters deployed from destroyers or Sea Control ships to carry

out ASIV search operations.

The Search Director could also be utilized by ASW shore

commanders, TSC's, and ship command and control centcrs in planning ASIV search

I operations, allocation of available forces, and command, control and coordination

of single and multiple vehicle operations. In other applications the Search

Director could be employed in TSC's to provide information that would be

transmitted to P3-C's. In addition, it could also be used as a tool at TSC's

in post-operational analysis of ASIV missions and in training crews in ASW

I search tactics and operations.

1
I
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B. STUDY OBJECTIVES AND SCOPE

The principal objective of this study is to conduct an exploratory -,

investigation of the feasibility and applicability of the Search Director

concept for use by U.S. Navy ASIV personnel in determining optimal search tactics

and sonobuoy drop patterns for detection and initial coarse localization of

target submarines. In order to accomplish this objective it is necessary to

(1) determine the mathematical formulations that are required for computer

software programs to achieve this capability, (2) program the mathematical

formulations for use on computers and (3) demonstrate the feasibility and ""

applicability of employing the concept on a real and accelerated time basis --

by dynamic presentation of results on displays and hard copy.

The scope of this study and analytical approach are to

determine the basic mat',ematical relationships which underly the target

uncertainty area probability density maps. These include analytical

procedures for ,;-termining initial target uncertainty area probability density

niaps, subsequpnt growth and changes in these maps wits elapsed time for

differing assumptions of target motion, and effects caused by inclusion of

various patterns and numbers of sonobuoys. A computer program incorporating --

these relationships and procedures developed for use in determining and

displaying "exact" solutions for various ASIV tactical situations.

In a subsequent effort the above relationships and procedures

are modified and/or simplified for use in the development of a Monte Carlo

computer program. The purpose in developing this progra is to substantially

reduce computing time and core storage requirements while maintaining output

results that closely approximate those obtained from the Exact Solution I

computer program. Sample results for identical ASW tactical situations and

associated variations in the values of key input parameters are compared -,

utilizing these programs.
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jThe feasibility and applicability of the Search Director

concept are demonstrated utilizing additional computer programming, the CAL

Flying Spot Scanner and a large CRT to dynamically display the target

uncertainty area probability density maps. Limited efforts are also conducted

to (1) determini the feasibility of this concept using an analog/hybrid

jcomputer system and large CRT to obtain and display these maps and (2)
formulate subroutines to the Monte Carlo computer program for use as an aid

to the TACCO in determining sub-optimal ,onobuoy drop point patterns.

Several techniques are investigated and compared for displaying
the probability density maps on a CRT. In one technique the amount of fill-in

is varied between calculated points in which the probability levels are

indicated by both the intensity of the points and their size. In a second

technique the number of shades of gray presented on a display are varied from

I a few levels up to a maximum of 61 levels on the gray scale where each shade

is coded to represent a specified probability level (interval). A third

technique examined is similar to the second technique except that the various

colors are used to represent the probability levels.

I Two computer programs are also formulated to generate

probability density map displays as hard copy on paper. One nrogram utilizes

a computer printer in an over-striking process of various letters and symbols

to print out the maps. A second computer program utilizes a louston plotter

to draw the maps as a series of contour lines representing the vatious iso-

probability density levels.

1
I2

U1

I
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II II. STUDY ANALYSES AND RESULTS

A. BASIC 1XATHEM-ATICAL RELATIONSHIPS UNDERLYING TARGET UNCERTAINTY'

AREA PROBABILITY DENSITY MAPS

1. Initial Target Uncertainty Area Probability Density M!ap

I In airborne search and localization operations the problem

arises of locating a submarine target within an area of uncertainty such as

I provided by the Sound Surveillance System (SOSUS). This area is known as a

SOSUS probability area (SPA). 3ne approach in analyzing this problem is to

I interpret the uncertainties which arise in these taztical situations in

probabalistic term5. This approach suggests the development of uncertainty

area probability density maps to indicate those portions of the total area

which have the highest probability of containing the target. The first step

in this development is to determine the basic mathematical relationships in

I terms of probability functions which underly these maps. In developing these

relationships consideration must be given to:U
a. Probability density map of the initial uncertainty area

I b. Probability density maps of the growth of the initial

uncertainty area with elapsed time as functions of time

late to datum, target motion and the deployment of acoustic

sensors within the area by the ASW aircraft.I
In developing the probability density map of an initial target

uncertainty area A, it's size, shape, orientation, location and datum must be

known. In addition, the kind of probability density function which best

describes the probable location within the area, e.g., 4 (X,Y) must be

specified. It should be noted that the function (,-,y) dz d is the

conditional probability that the target is located at coordinates X., y

within the area A, given that the target is located within the area A.

IIII-I



Having this information the incremental probabilities can be computed for use

in developing an initial probability density map.

2. Effect of Target Motion on Probability Density Map Versus Time

Subject to the constraints on target motion imposed by a

particular tactical situation, probability densities are chosen which are

reasonable approximations of the target's probable actual motion. In develop-

ing these mathematical relationships it is assumed that submarine target

velocity and heading remain constant during the search operation unless other- ""

wise specified. 1et o,(V)__ )A denote the probabilities that the

target's velocity has values in (V, V ZV) and it's track beading has values

in(, A )

The first step is to compute P (a, z- A u z- the probability that

the target is i , (  time t . Referring to Figure 3-1, then

Pt is given by:

P (,v P[target moves 7: (X, ) to (z, r) in timet]
(Z,y)6 At(A.Y)eP[target initi.ally at (xr )I

where the summation is made over all points (z, y ) from which transit to

(u,v- in time t is possible as denoted by At (a, r)

Pe$ -P# 9$2 7" (,) s AuA..
(*) Auz~i1~r Z/Z

where

This representation is valid for any time t , subject to the same initial

distributions on submarine target location, track heading and speed described

above.
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3. Acoustic Sensor Employment Effects on Probability Density Map

The next step is to compute the probability density map for

time t. (t 2 - t.) given that an acoustic sensor has been placed at (z,y )S

at time t, as shown in Figure 3-2 and has failed to detect the target.

Let C;(R) be the probability of detection by the sensor as a

function of range. No deviation in the target's motion is assumed from time

t=0 to time t=-tz. If the target's location at t=O is (x, j ) and at t--,

it is ( a,v) then the target's location at t=t, is given by:

This means that the target is just the fraction tlt, of the way between )

and (a,vr). Thus, the probability of the target being at (u, v- ) at time

given that no detection has taken place at time 6, is given by:

't2 [ ,z-Ino detection at t, ]

P[target is at (a, v, ) at time t, with no detection at time t 1

P [no detection at time .4

= ZP[target moves from ( X, y to (u, V) in time . ]

*P [target not detected at time t, while at ( , -) and in

transit from (z,y ) to (u,z)]

'P [target at ( , y ) initially]

divided by

/, P[target not detected at time t , given that the target is
at (zy ) at time tf ]

P[target is at (r, y) at time t, J
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It should be noted that the division shown in the equation above is a constant

which is independent of av. Therefore, it need not be calculated since its

effect is to normalize the total area to unity.

if Pti(Z,) A z Aq is the probability density map for time

t , then
C Pt. (-, (pI 2 )_, (() [) - G(R ]

AqtzP) 12 P0 _) y /

where A t (,v),p,# are defined as indicated previously, and R denotes the

range from the target to the sensor. In the numerator, the range R is -"

measured from the sensor at (z, y ). to the point ( tc' Zr' ) described above.

In the denominator, the range is measured from the sensor at Xy )s to the

points ( , u) over which the summation is made.

The diagram shown previously in Figure 3-2 depicts the

probability density map geometry at time t. when the sensor is deployed at

location (z, v )s at time t,

If several acoustic sensors located at (z, y )s/ P

(Z' sn, respectively, report failures to detect the target at time t,

then (1- G(R) ) is replaced by:

TT (f- Gc()) in the above expressions,
K=j

where RK is the range from the K'th sensor to the point ( , ) or (y),

as described above.

a. Sensor Nondetection at Successive Time Increments

If an acoustic sensor fails to detect the target at several

times past, t, , t * ", tm with the sensor placed at (z, , .

tz, y )s , respectively, the expression for the uncertainty map probability
Pr (M ,r) A, -is modified by replacing (f- C(R)) with (&())in the
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I numerator, and Z(-G(zq))p, ) x ZA with 11 (Z(I-G(pK))x

PtK (z, y) 6 A_ ) in the denominator of ( ). As stated before, P,

I in the numerator is the distance from the sensor at time tK to the point tK/t

of the way between (x, y") and (ej, zt). in the denominator, RK is the

Sdistance from the sensor to the point (Z, y ). Pt denotes the probability

density map generated for time tK ,K=], .I ., n

4. Target %lotion Changes at t

I. The probability densities associated with target motion,9 1 (V)

andg 2 ( ) are replaced by gl* (V), (€) andF(z,y ) 6xA y is

replaced byP (-,,y )AAy in (*), with t* denoting the new time datum.

1 5. Target Location Probability Density Versus Time

j Target lociution probability density y. (a,-) at tine t is

derived as follows: Probability densities gI (V), 82 (  ) are given on

target velocity and track heading. Nlso given is an initial target !ocation

density F (z,y ). The first step is to find the conditional probability

~(p/14)density ofq, given ,y. Letting/0 = Vt , the density of p is _9( t By

measuring p and h with respect to the point x, , one obtains:

j ~jp~j~~h .9 t Y2(
By referring again to Figure 3-2, it is evident that the follow-

I ing relationships exist:
/0 * p Cos €

= "0+ SIn

Thus, 0,I hsy~(,ZY) 7.9 (Vt) 92 (0) a )

where

Here,I~d( __ )_ _ f~ /
1' is the Jacobian
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of p , with respect to z,2zt (Z,y are considered to have fixed values in

computing the conditional probability density).

Hence,/

Finally,

where A, (U, v- ) is the set of points (z,y ) such that transit to (tz-) is

possible under the constraints of _q, and

The equation for P, (taz,-) Au Azl- is an approximation to

B. DESCRIPTION OF "EXACT" SOUJTION CO.IPUTI'R PIOGR.VI -"

1. %lethod of Determining Probability Density 'Ian of Target
Position With Time.

A computer program has been developed which closely models the
exact mathematical relationships governing the Search )irector concept. The

principal anproximation in this program is that the continuous probability

densities are approximated by discrete functions. The program first divides

the initial probability density area or SPA into NxN grids and then calculates

the probability of the target being in each 6x by Ay grid at ti,1e equal to

zero when the target is initially detected by SOSS and a SPA is formed. This

probability is qiven by:

where PJ is the probability of the target submarine starting in the I , j
-rid and f( ,y) is described by a joint circular normal probability

density (SPA). The point ;K, ,ie" is at the center of a grid of size Ax

by 6Y .
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I
From the estimates of the heading and velocity probability

densities, four grids (V ,B-=l,2,3or* ) are calculated for the probability of

te target starting in grid i,j and going to gridm, n in time t The four

I grids are calculated for the following constraints ontij and m, n:

Grid 1 n
m->

Grid 2

Grid 3

n >

Grid 4

2. Method of Jnserting Sonobuoy Field

The sonobuoy field is inserted into the computer model by first

jcalculating a composite probability of miss grid for all the sonobuoys at each
"look" interval. The position (4A,1) of the target going from grid ij to m,

Jn at the time of the ath look is given by:

Where T. is the time of the ath look and T is the time for which the

probability density is to be calculated. The above equations are valid for

the assumption that a covert search operation is conducted and thus, target

heading and speed remain constant. The composite probability of miss for a

target starting in grid i,j and going to grid mn is given by:
NLOOK

:m = IT Pm 41, la)

where NLOOK is equal to the number of discrete "looks" by the sonobuoy field

and PMa is the composite probability of miss grid for the ath look.

9
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To find the probability of the target submarine being in the

m,n grid at the update time T , the following operation is performed.

fm n V,,(mn- i,n-)J(T PM. (k,-. .

where V. is the grid representing the velocity and heading distributions.

C. DESCRIPTION OF MONTE CARLO COMPUTER PROGRAM

1. Method of Determining Probability Density Map of Target

Position With Time

Algorithms have been developed to "grow" the initial probability

functions such that a general purpose computer can be used to provide

probability density maps of target uncertainty areas on an accelerated time

basis. One of these algorithms has been developed to grow the initial

probability grid by a Monte Carlo (1C) method. The computer program solves

the initial probability density distribution (SPA) in the same manner described

previously for the exact solution. The initial distribution is assumed to be

a joint normal distribution in which the z and y components are assumed to

be independent but their variances need not be equal.

A number of Monte Carlo elements (MC submarines) are then placed

in each A, byAy grid. The same number of MC submarines is inserted in each

LX.- by Ay grid. From the velocity and heading distribution, z and y components
of velocity are assigned to the MC submarines. The same set of velocity

components are used for the MC submarines in each Az by Ay grid. A

discussion of the method used in this model to obtain the velocity components

is presented in Subsection C-6 of Section III of this report.

The computer program then converts the velocity components into

the number of 6 X by ay grids in which the NIC submarines move at the update

time T. Knowing the MC subs starting grid and the number of grids that the MC

submarines travel in the x and y direction, the coordinates of the MC submarines

III-10
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end grid at the update time T may he found. A count is tLen performed on the

number of M1C submarines in each g.rid at the update time weirlhted by the

J probability of the 'IC submarine starting grid. This count is normalized b"

dividing by the number of '1 submarines placed in each Az byva start grid.

2. Comparison of Nionte Carlo Computer Program Sample Results Iith

Exact Solution For Initial Probability Density Distribution

Figure 3-3 presents results from a connuter run from the 'onte

Carlo program tovether with those for the exa~t solution. The initial

diqtribution (SP\) is a joint circular normal with a standard deviation of one

( o-a =I ) for the % and y components. The velocity components (? . Z/ )

were each generated from aN( 0, 1 )* random number generator. The curve

shown for the 'konte Carlo method has benn calculated for the time t =I and Is

a cross section of the joint distribution passing apnroximately throug!h the

mean of the distribution.

Tfhe curve shown for the exact solution is calculated in the

following manner:
L e t 6 -- 1 7 1 - Z.cz

ifence, ( , i) gives the position of the target starting at v, w tith velocity

j components (v-z, zty ) at the time t

j *rhe random variables z and y are d~scribed by the distribution governing the

SP',\ N( 0,1 ;O, i ) and ,y are also described lby a joint normal.

I The expected value of t~~L) is tgiven. by

| -o

*nile notation N(O 1 ) denotes a normal distribution having 0 mean ,nd variance = 1.

I TI
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I The variance of i (Var (a)) is given by

I I E S tr2}

E { 2+2Ezr,.

U-SPA 2 2

Since a is described by the sum of two normal random variables, a. is also a
normal random variable with a mean of zero and a variance equal to a. 4t 2  

Z

The expected value of Y is also zero and has a variance of G,2A tt2 - -II
A comparison of the two curves in Figure 3-3 indicates that

the probability density distribution obtained utilizing the Monte Carlo

Method closely approximates that obtained from the exact solution. The

Irelatively small differences shown are negligible for CRT display of the
probability densities as variations in light intensities. Thus, it is

J concluded that the Monte Carlo 'lethod which has considerably less run time

requirements on the computer is the preferred technique to use.

3. %lethods For Inserting Sonobuoy Field Into 'onte Carlo Program F
Three methods have been investigated to insert the sonobuoy

field into the 'lonte Carlo program. It is assumed in each of these methods

that the Fonobuoy field searches the area in discrete "looks". This in

effect assumes that the output stage of the signal processor is an integrator

j and that this output is sampled at the Nyquist rate. Also, it is assumed that

all integrated outputs of the signal processors are sampled at the same rate

and at the same time.

In all the results presented in this report, the probability

I that the sonouboy detects the target at each of the discrete "looks" is

assumed to be of the form:

PD exp { R'x21}

II[-13



where R is the distance of the sonobuoy to the pcsition of the target sub-

marine at the time of the "look" and o is an input to the model. This

probability of detection curve is not a limiting factor in the model but is

only used for convenience in analyses conducted during this study.

The concept of Search Director make use of the negative

information that the target has not been detected which is given by I-PD

and is denoted by Pm.

a. klethod I

In this method of inserting the sonobuoy field into the Monte

Carlo program, the location of all the sonobuoys and the "looks" on each

sonobuoy that have been monitored are put into machine storage. It is

assumed that the "looks" by the individual sonobuoys are at equal increments

of time so that one PM4 grid can be used for all sonobuoys and "looks". A

two dimensional grid PM (i, j ) is then calculated as a function of the z"

and gy offsets of the target from the sonobuoy. A more detailed description

of the probability of miss grid is presented in Subsection C-S of Section III

of this report. As an MC submarine moves from grid Z, j to grid rn, n the

location of the MC submarine at each look by the sonobuoy field is calculated

from the following relationship:

T

By knowing the position of the ,.IC submarine at each "look", the distance of

the MC submarine from each sonobuoy is calculated.

Utilizing the relationships above, the accumulated probability

that an MC submarine remains undetected is calculated by the following

relationship:
AISOAIO //LOOK
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where prm j  is the value taken from the p/W grid to represent the

probability that the ith sonobucy does not detect the .IC submarine on the

jth look. Also, NSONO is the number of sonobuoys deployed and NLOOK is equal

to the number of "looks" by the sonobuoy field. If the ith sonobuoy is not

being monitored on the jth "look", then pm . ! . Having the value of

P- , the count of each MC submarine in grid rn, n is weighted by Pj - PM.

b. Method II

Assume that the initial probability density distribution of a

SPA is given by:

CXP

Let V(az)be the joint distribution describing the motion of the target. By

making the following transformation:

11/'Z cos(6)
z/ slnMa

the joint distribution, 5 (S, ty ), of the velocity components is obtained.

I Let the start grid of the submarine target be denoted by xe, y,

and the end grid by X,,, Zn then the probability that the target moves a

distance X. - x . in the z direction and ,.- q, in the y direction in time t

is given by:
0 " ,,yV - ' - t ( e nm ," . -n y, ) l , A ,

I~ In Yn;)4, Y,

The probability of the submarine starting in the grid Z,-yy is given by:

Hence, the probability of tho submarine being in the grid m ,Yn at time t

is obtained by summing over all possible starting grids:

Iz h(X,, t)LX,LX A ZY -Zz, yJ ), f)A ~ M A~
2 j

I ir-ISi

I :,. . .. . - ' - 3 , ' . .. " | " i



Assume that one "look" at the area is made by a field of sonobuoys and that

the probability that the sonobuoy does not detect the target is given by:

2M/ - , -)

where (x., y ) denotes the location of the target and ( ;r, yo ) the

location of the sonobuoy.

The joint probability of the target starting in grid zi, yj

and going to grid (2'M, n ) and that the target is not detected is given by:

L( Y -,M(m-ZiZ Y

whe-e t, is the time of the "look'" +is the ti.ne of the update and K is a

normalizing constant.

At the time of the first "look", e, = t , P is not a function

of the increments being summed over:

At the second look consider:

h (r,j, tf +60) = Pg12 Z ~iz~Y 1,t'

The result of this method approximates the motion of the target ar a randem

walk. That is, at each new time update the target is allowed to turn to a

new heading governed by the heading probability density.

When no sonobuoys are deployed, the effect of utilizing the

above method is that at the end of N steps of A t length, the variance of the

resultant probability distribution is proportional to:

At

liI-16
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while the assumption that the target maintains a c3nstant heading and velocity

the desired variances is proportional to:

:-1 t)

One method of correcting this is to multiply the components of velocity by a

j constant at each step so that the resultant variance is equal to the desired

variance. Thus, a series of constants, rc" , are closen so that

(a At for all values of i

c. Sample Results Utilizing Method Il

Sample results utilizing Method II are presented in Figures 3-4

and )-5 for the case in which sonobuoys have not been deployed. Figure 3-4

{ shows results for a tactical situation in which the velocity of the target is

known and its' heading is uniformly distributed between 0 and 2/7f. Curves I,

II and III show a comparison of the probability density distribution of a

moving target for a 1-stop. 2-step and 4-step random walk (changes in target

heading during a specified time interval) respectively. Curve II most closely

Iapproximates the exact distribution whereas, considerable deviation occurs
for Curves I and III. Thus, it is concluded that a random walk of more than

jone step will alter the actual probability density map considerably.

Computer run results in which the target velocity components are

IV (0, 1) are presented in Figure 3-5. Curves I and iI show a comparison of

the probability density of a moving target fcr a 4-step and 1-step random walk

respectively %ith that zomputed for the exact solution. In both runs the

velocity components of the MC submarines are multiplied by a constant at each

step so that the variance is equal to the desired variance. On this basis, it

is concluded that both Curves I and II closely approximate the curve for the

exact solution.

111-17
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d. Method III

This method approximates the update probability density as -.

fallows, ZZ '':P/ ,

wherep (x',y, 1" ) - -

The method of obtaining p (x,y, t ) is by the Monte Carlo method described

previously. The P1l grid is then "grown" separately from the P (%,ye)

term. The only case modeled in this study for a heading distribution of the

target which is assumed to be uniform between 0-2 T .-

The PMl grid is set equal to the probability that the target

is not detected on the first "look" by the sonobuoy field. Between successive

"looks" the PM grid is then "grown" by the following operation:

PM(, _j',__(I) _ t=  T ,N- Xi,d -A) PM(_-. , i -At) .

+ ,W(z ,, z.-At) + P Y- (6., Y., e

For heading distributions other than for a uniform heading between 0 and 2 /,

the above operation would be performed by weighting each term in the sum.

At the time of each "look", the PMl grid is multiplied by the

probability that the sonobuoy field does not detect the target during that

"look". The term At in the above equation is set equal to z/E{z} where6z

is the grid size (assuming AY" = Ay) and E {z}is equal to the expected

value of the target's velocity. Let T be the time increment between "looks",

then the above operation is performed N times between "looks" where A is

defined as:

A/ = T/A t2

111-20

_ *j 7



e. Sample Computer Run Results For Methods I, I and III

Figures 3-6 through 3-11 present results of some sample computer

J runs for the three methods of inserting the sonobuoys into the Monte Carlo

program. The plots were obtained from an on-line printer used in conjunction

wit. the IBM 370 Model 165 computer system. Since the printer prints 10

characters per inch in the horizontal direction and 8 characters per inch in

the vertical direction, some distortion is present in these figures. The

symbols on these figures indicate various probability density levels with the

darker areas indicating higher probability density levels. These levels are

stepped in approximately 5% increments.

Each typewriter character shown on the figures represents a

grid of .1 unit by .1 unit. The standard deviation of the initial probability

1 density of the SPA is a joint circular normal with a standard deviation of 1 unit in

both the 0 and y directions. The SPA is centered approximately in the center

oi each figure. This point is also called datum.

The number of emplaced sonobuoys shown in each figure is two

with each sonobuoy having 5 "looks". The sonobuoys are located 1 unit to the

right and left of datum. In all cases, the target submarine heading is

j uniformly distributed between 0 and 2 / .

I For Figures 3-6, 3-7 and 3-8, the target submarine has a known

velocity of I unit/unit of time. The display (elapsed) time is 2 units. In

Figure 3-6 the sonobuoys are inserted by Method i. Figure 3-7 by Method II and

in Figure 3-8 by Method 3. Figures 3-9 and 3-10 are the samt as Figures 3-6

through 3-8 except that the velocity component of the 1C Submarinps have a

Inormal distribution (tl( 0, 1 )). The magnitude of the velocity has a Rayleigh

distribution. :,t Figure 3-9 the sonobuoys are inserted by Method I, Figure 3-10

by Method II and in Figure 3-11 by Method III. A comparison of these and

additional results indicate that Method I of inserting the sonobuoys into the

Monte Carlo program provides the best results. For this reason, a major

111-21
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Figure 3.6 PROBABILITY DENSITY OF SUBMARINE'S POSITION WITH KNOWN

CONSTANT VELOCITY AND UNIFORM HEADING: METHOD I

111-22

-- . •. =- I 'IZ X,, ": 4 ,et tttt ltit illl lttt~t~e r'l0 111111 ) ;= . ..



Z~Z 4+ f+ t 4-+ 4 f4+

- - - - - -- - - - - 4 4 4 4 +

Aii Ill -l1 1 33lX+Z)3 3 tI + . .. ...

fI .1 T i 7z 0AA
+ t f+44;'

4 IL X 1

~ 13++~

II
~ ~M.(! 11) 1 #4

. +1 1/bXJX.11 41-; 3z 4*.IUUU33&E3UE(-*,7* y 1.1_14 A 1)3
x I+ ;,/x\ 4 toaMin$ ir i f Z -

JAX^, . 4
* ~ -~AX~Lfl +

1. X -%I%. - :- Z 2 5 3 3 5 1 = -1I4XII
+ +

I I I 33)3)t'l 9612 2 B91111131 13)))) 11-+*hff-G=-..... I +

I~~-4) 3)3)1 11133,) Let 1 111 *I.

SUMRN VEOIY 11 UNIT/UNIT OF TIME
."++) L ASED-i TIE .0C44 UNITS 12Ctil11.AX 1144=

NUBE OF SIOUOS 2X NUMBE OF "LOOKS" I5
TIME~~~ OFi "LOKS" 1.0 1.5 1.5 1.5 2.

Figure I.' 3X PROALT DEST O SUMAIN' POSIIONZITHKNOWN
COSTN VEOCT AN UNIOR HEADING:/ MEHO I

..... ===+ ) I LI XY.111-243=



= = 4) ~I I X X Y A,,xA 1 ) %AXX X1X 113/ 3) +4=
--- '~3)3 + / X~!AA"i~..XXX1I t 1'- A;+= ., X

-~ - - -43/IA. -f..~~A~/1)4 - --

+41 ILy., It EI 3.
===4=+* +) /.Ix XX' A A A .I

- -.-- +)+I ItX kX ~-*I~I )fif.3% I tEIf ECftrIefCW *.-XL II)=--.
43 +H Yy Ft4fEUIuUguU5a:.X I 1 ++=.

==++) 31 /A, E~E5I3E~333IUU3U333'~X1 3 .-

=+. +1 X XAk f as IUUDIVU3R~I3X33$55 UUI5 1S33U6 15 if*a; '.IXCL X3z-I
=+) It e i ISI3IUI3EIIUE~UEI3~f. AXt I34I

=++1 1) X c'/Et~ f*IsUI NallyllamasIslas 18522 1Ilk fallI lZfJW .J::A'X/ILl) 4

*+ 3 1 /As ' %X 13+4

4t A

+33/X':X1 + - =

+31 Ita, 1,4A,2 9 tflA - '1,

1 It zI

+31 X 3
+)*11 X \0kt iA . Ar'*4f- tilEUE3~6E~II3hIU IIU Ul 522CS-1 A! X 1)

'+31I~ t4 U I vl 111"1ci A X I1I +

=t+ 31 X;1.-CffM It II I IUOEUuI EVENU~~UE!I~u-@fiX 1) 4-

+ + ) 111 ",A, XI21

4-)I4133 ..-, +X~,1 2552 Bass IUI oggUgdi~g 61Yatet/ AX)L34I+-

.+.3 I iX' YA'XZ -I

-Z <.= 1 31 t //" ttf %R'~A X / 05 3 1132 19228211t fifV);z'
I-- I --.. cf3) I i4 jats a' qINW586r IN\.'X7/1 511281501....--------i LI ++

+4 )1)3/31:e+;i i asse z~...~A'X/1 Ce3 X,==.--------

+ + y XN f f Et 2 Its a a 0 111 21/511)33)I)Y+4-I4I+
.4 +*3 t,1111111 A34 +

+ 41 1 XA 4 L3i3))+)3 it )143 a dt*+4f i. zzIII++

SUBMARINE HEADING: UNIFORM DISTRIBUTION 0-27T
SUBMARINE VELOCITY: 1 UNIT/UNIT OF TIME
ELAPSED TIME: 2.0 UNITS
NUMBER OF SONOBUOYS: 2 NUMBER OF "LOOKS": 5
TIME OF "LOOKS": 1.0, 1.25, 1.50, 1.75, 2.0

Figure 3-8 PROBABILITY DENSITY OF SUBMARINE'S POSITION WITH KNOWN
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portion of the Search Director study effort has been concentrated toward the

full development of this computer program.

4. Start and End Grids Development

The initial probability density distribution of target location

within a SPA at t=O is described by joint normal probability distributions.

The computer model initially computes f (zi) de and -P (y)dy and stores each

in a one-dimensional array. The model as presently configured saves on

computer core size and a minimal amount on computer run time compared with

computing the above functio, s over the total initial distribution (SPA) and

then storing this array in machine memory.

The locus of points in the z-y plane such that P( , ) is a

constant C1 is an ellipse given by:

2/ + Z = C,

Therefore, the boundary of the starting grid in the model is an ellipse which

is determined by C1 . The value of CI is an input to the model. The

target submarine is thus assumed to be within an ellipse of specified area

(SPA SIZE) with a given confidence, e.g., 90% at time = 0. The region outside

the ellipse is not considered in the analysis.

The A% byy start grid size need not be of equal size in

the K and u direction. That is, Az is not required to be the same size

as Ay . This allows F( X ) and f(y) to be subdivided into an equal number

of grids even when their variances are unequal. The end grid calculated at

the update time t is circular in shape. The grid center and radius are

inputs to the model. A limitation of the model is that for the end grid Ax

L^y , the value of A, should not be larger than the maximum of the values

of Ax or Ay of the start grid.
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S. Probability-of-Miss (PM) Grid Development

One limitation of the present computer model is that all

deployed 3onobuoys are assumed to have the same probability of detection

Jcurve. The probability of detection of the target by a sonobuoy is assumed

to be of the form e where R is the distance from the target to the

sonobuoy and & is an input to the model. All sonobuoys being monitored are

assumed to be sampled at the same time. It is also ..ssumed that the sampling

rate remains constant throughout the search time.

The probability that a sonobuoy does not detect the target is

given by:

/-e

In the computer model the PAI grid is calculated utilizing the following

relationship:

P~M, fe;<p{C(i-)Z)& 4(1A %) 0Pr ,Z- /<

where i,j represents the number of z grids and q Prids from the sonobuoy

to the target and K is an input to the model. Also, the A z A Y grid size

_ of the PM grid can be an integer subdivision of the end grid !Ax A size.

This allows for a finer sampling of the PV curves. Hence, the model has

[three different grid sizes that can be used and are listed below:
Start Grid A ZSA

End Grid A G A

PMl Grid UP, aypm

Also, o may be adjusted to become a function of velocity for a limited number

of target velocity and heading distributions and when the velocity is a random

variable. This will adjus, the probability density map for these limited

cases to account for an increase in source level of the target a:, it's

velocity increases. The model is presently being extended to inclde any sensor

I. Probability of Detection versus range functions for both direct path and

convergence zone detection.

1111-29



For each "iook" by Ehe sonobuoy field, the model checks each

sonobuoy to determine whet!-er that sonobuoy was monitored for that "look".

If the sonobucy is not being -onitoredpm.. is set equal to one. The

computer model calculates the .. and _q component of range of each MtC submarine

to each ;onobuoy for all sonobuoys which are being monitored. If either the

z or y components (scaled to the number of grids) is greater than K , pm4: ..

is again set equal to one. If x and 3 are both iess than K , the model

looks up the value of pmij in the P4 grid. The accumulated probability of

miss of the MC submarines is then the product of all the probability of misses

for each sonobuoy on each "look".

6. Methods of Assigning Velocity Components to MC Submarines

The objective in analyzing different methods of assigning

velocity components to MC submarines is to find a method which allows the

minimui- number of MC submarines to be placed in each A X by Ay grid in

order to satisfactorily compute the probability density map. Three methods

are available to obtain the set of numbers representing the headings of the

MIC submarines for this distribution:

I. Generate a set of random numbers from this distribution.

ii. Equally space the headings of the MC submarines between

0 and 2 r and weight the count of the MC submarines by
the probability that the target actually has that heading

within some /A range.

III. Space the heading of MC submarines at equal probability

increments between 0 and 2 / .

a. Uniform Heading Case

The first attempt at assigning velocity components to the

submarines has been to use a random number generator for the "random"

portion of the velocity and/or heading distribution. An an example, consider

111-30



I the case where the magnitude of the velocity, ur , is known and the heading

of the distribution is assumed to be uniformly distributed between 0 and 27'r

I Let N be the number of .IC submarines placed in each dx by Ay grid.

A uniform random number generator supplies a list of N "random" numbers

between 0 and 1. Each number of the set is then multiplied by 2 /l to

obtain a set of random numbers which are uniformly distributed between 0 and

2 -Y. The velocity components for the ith MC submarines are then formed

Ifrom the following relationship:
I Kz cos69,)" v~" C,' 0,5

1 where 0, is the ith number in the random number set.

Another approach is to equally space the headings of the

submarines in each grid around 0 to 2 ir , that is, to assign "expected

values"* of headings to the MC submarines. Thus, if four NIC submarines are

jto be placed in each 6x by z~y grid, the following headings would be

assigned to the MC submarines in that grid:

0, 90", 1800, 2700

Sample result,; using these two nethods are presented in Figurz 3 12.

Comparison of the two methods of assigning velocity components to MC

submarines is shown in determining the probabillty density distribution of

a moving target submarine having a known constant velocity and uniform

4 heading. In Curve I the headings of the MC submarines are obtained utilizing

*"Expected value" is used in the following sense: If a probability density

functiun is divided into N subdivisions in which the area in each segment is
equal (equal probabilities) and N random samples are obtained from the
distribution, it is expected that one sample would fall in each of theIV sub-
divisions.
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the random number generator. In Curve II the headings are equally spaced

between 0 and 2 - . Unlike Curve I, Curve 11 corresponds closely to the

exact results presented in Reference l.* These results indicate that equally

spacing the headings of the MC submarines allows the minimum number of

submarines to be used in each grid.

b. Piased ;ieading Case

Consider the example where the magnitude of the velocity is

known and the heading is a random variable described by the following

probability distribution:

I (O~m ~- 0~,,)exp tAco5 ()} -/,Y 97;

The function 1o (A, ) is a modified Besse! function of the first kind

which is included so that the density will integrate to unity. The parameter

Am can be regarded simply as a parameter that controls the spread of the

3 density. From the above equation it is determined that forA, = .

As A.m increases, the density becomes more peaked and as A it

approaches the case where the heading is known. Therefore, the above

distribution allows a wide range of headings distribution to be modeled. Due

to the kind of results obtained for the uniform heading case, no attempt

has been made to model! a random number generator for the above distribution.

jResults for the biased heading case utilizing Mfethods Ii and

III are presented in Figure 3-13. These indicate that Method II (Illustration 13a)

provides a better representation of the probability density map in the fourth

quadrant than Method III (Illustration 13b). However, the reverse situation occurs for

*Reference 1: Status Summary - Research at CAL on Analysis of Airborne Anti-

ISubmarine Warfare (ASIV) Operations CAL Repcrt- no number,
May 1962, SECRET.
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I

jthe second quadrant. It is believed that both methods can be extended to

provide improved results. However, this has not been attempted up to the

present time.

c. Random Velocity Component Case

Consider the example where the velocity is a random variable

described by the following joint normal;

Z' 2rCT 
Y ,Y2I..

The velocity components for this distribution may be obtained from a random

number generator in the following way: The first step is to obtain two sets

of N random numbers from the following A1( 0, f ) distribution:

W exp i 2}

The next step is to multiply each number in one of the sets by O-. and add

7zo . The third step is co multiply each member of the other set by on,

and add v-O The final step is to pair the numbers of the two sets to

obtain a new set which corresponds to a set of random numbers from P ( Z, v).

Each member of this set is then paired with one of the NIC submarine as

its velocity component.

Another approach in assigning velocity components to the

submarines is to obtain a set of "expected values" of velocity components

from the distribution F ( z, z ) as foliows:

Let

then
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Let

then

"4ow let

The random variable T has a Rayleigh density given by:
exp - Por F > 0

Solve for /4 velocities along the curve g (7 V) spaced at equal probability

increments.

Next, take the first of the 1M values of ' -locity, v , above

and divide 0 into equal increments over 2 /Y in the same manner as in the

case for uniform heading. The reason for this is that the random variable

e = tzn - (s)

is uniformly distributed between 0 and 2 1-

S(O, ) : P cos69j)

It is now necessary to transform the set of expected values from the

distribution (z zr ) to a set from z, v-,, ).z

Therefore,

Tr +6)4

1- 36 +

I1I-36



Let c be the angle between z,- of the z z. plane and x of the xy SPA.

Then rotate the values of zr, (01) and z', (8) into the Zy plane of the SPA

I by the following equations:

exI 0 - (0 )cos

i~=z'zj9) sin,')+S

The above operation is repeated for each of the Ml original velocities to

i obtain the comp!ete set of velocity components to model v ( z', z ).

Sample results are presented in Figure 3-14 o4 the probability
density of a submarine's position for a Rayleigh distribution in velocity and

uniform heading utilizing the random number generator and expected value

methods. This is also presented for the exact solution for comparison

purposes. In the three illustrations (14a, i4b and 14c) zr and z', are both

described by a normal distribution with a mean of zero and a standard

deviation of 12 knots. The resultant vector velocity is described by a

Rayleigh density and hence the expected value of the vector velocity is

approximately 15 knots. The initial SPA has a standard deviation of

25 n. miles for both the z and y components. The AX by Ay grid size is

4 x 4 n. miles. The display time is 8 hours.

IIllustration 14a is the exact solution density map for the
sample problem. In illustration 14b, the velocity components are generated

j from a normal random number generator. The velocity components for

illustration 14c have been obtained using expected values. The number of MC

submarines in each grid are the same for both illustrations 14b and 14c.

These examples indicate that using the expected value method gives the best

jresults since they more closely approximate those shown for the exact

solution.

i Additional results are presented in Figure 3-15 using the

expected value :iethod. The parameter values used are the same as those for

Figure 3-14 except for the number of MC submarines placed in each grid.
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Illustration ISa in Figure 3-15 is the result of a computer run in which the

function a ( i- ) is sampled at a relatively small sample size, M , and a

relatively large number of MC submarines is assigned to each sampled velocity.

In 15b, g ( i ) is sampled at a large sample size, /4 , but the number of

submarines assigned to each sampled velocity is small.

Referring to iSa, a readily discerned effect resulting from

under sampling q ( = ) is that a "hole" in the probability density pattern

appears at the datum. On the other hand, assigning relatively few

submarines to each sampled velocity (1Sb) causes the constant contour levels

to have the effect of a circle modulated by a sine function. Thus, additional

tradeoff analyses are necessary to minimize or eliminate these adverse

effects.

7. Sub-Optimal Sonobuoy Drop Point Determination

A limited effort has been conducted on a modification to the

Monte Carlo program for use as a possible improved aid in determining sub-

optimal sonobuoy drop points. Instead of solving for the joint probability

that the target is in some grid at time T and that the target will not be

detected in moving to this grid, the modified program calculates the joint

probability that the target passes through some grid during the search time

from T, to T. and that the target is not detected during this time by the

deployed sonobuoys.

The modified program would be used in the following manner:

First, the operator determines the time on s ation (from T, to Tz). The

model then computes the probability that thE target will pass through each

z by Ay grid during this time period. Having this display the .,

operator then decides on a drop point for one or more sonobuoys. The model

then calculates the joint probability that the target passes through the

Az by A y grid and is not detected by the deployed sonobuoys. For this

calculation the operator must make a reasonable estimat-i of the monitoring

schedule of the deployed sonobuoys.
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Presently, a problem area exists in this model which is

caused by the use of a rectangular coordinate system. The reason is that

submarines with a heading of 00 may be counted as passing through more grids

jthan those with a heading of 450 for example. A correction factor has been

inserted into the model to account for this difference. However, a complete

analytical justification of this factor has not vet beez made.

Sample results from this model are presented in Fgure 3-16.

Illustrations 16a and 16b respectively show the probability density maps

without and with application of the correction factor. In both cases the

target's velocity of 13 knots with a uniform heading between 0 and 2 7r is

assuned to be known. Thc grid size is 2.5 x 2.5 n. mi. The SPA is described

jby a joint circular normal distribution with a standard deviation of

25 n. mi. In summary, although complete analytical justification for the

correction factor has not been made comouter run results (16b) indicate that

it appears to work satisfactorily.

8. Analog-Hybrid Computer Program

A limited effort has also been conducted toward determining the

feasibility of using an analog/hybrid computer system to obtain the probability

density maps of target uncertainty areas. This limited program has been

completed on the CAL COMCOR CI 5000 Analog computer. Typical results of the

CRT display obtained from this program are illustrated in Figure 3-17. The

tactical situation shown is for the case where the velocity of the submarine

is a constant value and it's heading is uniformly distributed between 0 and

2 ir . Referring to Illustration 17a, one "look" is taken with two soxiobuoys

offset on both sides of the center of the uncertainty area. in 17b, two

looks with one sonobuoy are shown for the case in which the sonobuoy is

dropped at the center of the uncertainty area.

A general purpose computer could be used in conjunction with

the Analog computer (Hybrid system). This system would use the GP computer
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5b

SUBMARINE HEADING: UNIFORM DISTRIBUTION 0-2-d

I

SUBMARINE VELOCITY: CONSTANT
NUMBER OF SONOBOUY: A 2 LIGHTER AREAS INDICATE HIGHER

NUMEROF"LOKS: B 1 PROBABILITY DENSITY AREAS

L

B 2
Figure 3-17 CRT DISPLAY OF PROBABILITY DENSITY AND SUBMARINE'S POSITION

WITH KNOWN CONSTANT VELOCITY AND UNIFORM HEADING: UTILIZING
ANALOG COMPUTER
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primarily for storage while the analog computer would be used to "compute"

the probability density maps.

9. Possible Search Director Display Technioues

A limited study has been conducted of several techniques for

displaying probability density maps of target uncertainty areas in which

sonobuoys have been deployed. Figure 3-18 illustrates several display

technique which have been photographed from a CRT connected to the output

processor of the CAL analog computer. These presentations vary the amount of

fill-in between the calculated value for each &C by Ay grid. In

i'lustration 18a the fill-in is almost complete. in 18b a partial fill-in

is uzIlized for display purposes. In 18c the probability level is indicated

both by the intensity of the point and by its size.

A capability also exists in future study, for the analog

computer to pass the output grid through a ncn-linear amplifier. This

capability provides a method for investigating the effects, for example, of

intensifying the highest probability density levels,

10. Comparison of Display Techniques Utilizing the CALF lying

Spot Scanner

A limited effort has been conducted on the CAL Flying Spot

Scanner for the purpose of comparing varioas display techniques. A description

of this CAL equipment is summarized in Appendix A. In brief, the values of

the calculated grid of the Monte Carlo program are converted to integer values

ranging from 0 to 60. The lowest number in the grid is set equal to zero,

the highest to 60 and the intermittent values are linearly spaced between 0

and 60. A 1024 x 1024 grid is then formed from the calculated grid by

linearly smoothing between the calculated points. A color code is assigned to

each of the 61 levels in the grid. The possible shades of gray for a black

and white photograph are shown in Figure 3-19.
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Figure 3-19 GREY SCALE FOR BLACK AND WHiTE P'HOTOGRAPHS
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Figures 3-20 and 3-21 are examples in which all the different

levels of gray have been used. The brighter areas indicate higher probability

levels. Figure 3-20 is presented for the case where the submarine target

velocity is known to be 12 knots and it's heading is uniformly distributed

between 0 and 2 -w The SPA is described by a circular normal distribution

with a standard deviation of 25 n. mi. The displayed circle has a diameter

of 252 n. mi. The display time for this example is 9 hours. A total of 15

sonobuoys are deployed. Each sonobuoy is monitored on every other "look"

starting at a time late equal to 3 hours in increments of 15 minutes for a

total of 24 "looks". This photograph is for the same probability density

map as shown in Figure 4-7c of Section IV of this report in which an on-line

computer printei has been used to create the map. Figure 4-7 also shows the

locations of the deployed sonobuoys.

An example is shown in Figure 3-21 in which the velocity of the

target is described by a Rayleigh distribution with a mean velocity of

15 knots. The diameter of the display is 420 n. mi. and the center of the

figure is the datum point. Figure 4-12b is a presentation of the same display

using the on-line printer (Refer to Section IV).

Figures 3-22 and 3-23 present the same probability density map

I] that is shown in Figure 3-20 except for the coding of the shades of gray. In

Figure 3-22, 31 intensity levels have been used which are equally 5paced

over the gray-scale range of 0-60. Figure 3-23 shows six intensity levels

linearly spaced over the dynamic range 0-60.I
Figure 3-24 presents the same probability density map that is

shown in Figure 3-20 except that in this example, the blacker areas indicate
higher probability levels. This is accomplished by making a positive of

Figure 3-20.
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Figure 3-20 FLYING SPOT SCANNER DISPLAY OF PROBABILITY DENSITY MAP:
EXAMPLE1
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Figure 3-21 FLYING SPOT SCANNER DISPLAY OF PROBABILITY DENSITY MAP:

EXAMPLE 2
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Figure 3-22 FLYING SPOT SCANNER DISPLAY OF PROBABILITY DENSITY MAP:

EXAMPLE 3
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Figure 3-23 FLYING SPOT SCANNER DISPLAY OF PROBABILITY DENSIT~( MAP:
EXAMPLE 4
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Figure 3-24 FLYING SPOT SCANNER DISPLAY OF PROBABILITY DENSITY MAP:
EXAMPLE 5
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I
Figure 3-25 shows an example of a color display with Figure

3-26 being its equivalent black-and-white photograph using 61 shades of gray.

It should be noted that no effort has been attempted to determine the "best"

color code and, therefore, Figure 3-25 is presented only as an example of the

icapability of the CAL Flying Spot Scanner.

Another method of presenting a probability density man to an

J ASW operator is to display it as a series of contour lines representing iso-

probability density levels. Thus, in order to evaluate the merits of this

method of display, a contour plotting routine has been added to the Mlonte

Carlo model. Sample contour rlots based on computer runs made utilizing this

routine are shown in Figures 3-27, 3-28 and 3-29.

A contour plot of probability density levels for the initial

SPA (AI(O,1)) is shown in Figure 3-27 at zero elapsed time. In Figures 3-28

and 3-29, the target is assumed to have a known constant velocity and the

heading is uniformly distributed between 0 and 2 / . Contour plots for

display elapsed times of 1 unit and 2 units are presented respectively in

Figures 3-28 and 3-29. The probability density levels associated with zero

and one unit of elapsed time are listed in Table 3-1. Those for two units of

elapsed time are listed in Table 3-2.

In summary, the limited results achieved to date provide some

indication that an intensity display in shades of gray can supply ASIV aircraft

personnel with the necessary information required foc conducting Search

IDirector operations. Still to be finally determined, however, are the number

of intensity levels needed and the size of the display scope.

1
i
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Figure 3-25 FLYING SPOT SCANNER DISPLAY OF PROBABILITY DENSITY MAP:
EXAMPLE 6
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Figure 3-26 FLYING SPOT SCANNER DISPLAY OF PROBABILITY DENSITY MAP:
EXAMPLE 7
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PROBABILITY DENSITY LEVEL
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Figure 3-28 PROBABILITY DENSITY CONTOUR MAP OF SUBMARINE'S POSITION WITH
KNOWN CONSTANT VELOCITY AND UNIFORM HEADING: ELAPSED TIME=
1 UNIT
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PROBABILITY DENSITY LEVELS
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Figure 3-29 PROBABI LITY DENSITY CONTOUR MAP OF SUBMARINE'S POSITION WRY-A
KNOWN CONSTANT VELOCITY AND UNIFORM HEADING: ELAPSED, TIME=
2 UNITS
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'TABLE 3-1 PROBABILITY DENSITY LEVELS FOR ZERO AND ONE UNIT OF ELAPSED TiME

PROBABILITY DENSITY LEVEL li(u,v) u v

0 0 4 Prob. <.0005

1 .0005 .0001

2 .0001 .0002

3 .0002 .0003

4 .0604 .0004

5 .0004 .000SI 6 .0005 .0006

7 .0006 .0007

8 .0007 .0008

9 .0008 .0009

10 0009 .0010

11 .0010 .0011

12 .0011 .0012

13 .0012 .0013

14 .0013 .0014

1 .0014 .001S

16 .001S

I TA1 LE 3-2 PROBABILITY DENSITY LEVELS FOR TWO UNITS OF ELAPSED TIME

PROBABILITY DENSITY LEVEL h(u,v) u v

0 0 ! Prob. L .0002

1 .0002 .00022

2 .00022 .00024

3 .00024 .00026

4 .00026 .00028

5 .00028 .00030

6 .00030 .00032

7 .00032 .00034

8 .00034
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IV. GENERAL STUDY RESULT-S

1, Comparison of Sample Resultz for Exact Solution and Monte

Carlo Program

I An illustrative crmparison of results obtained from an "exact"

solution versus those from the Monte Carlo program is shown in Figures 4-1

and 4-2. In these examples it is assumed that the target's velocity compsnnents

are described by At( 0, 1 ). The SPA is assumed to be described by

j a joint circular norms! .,-th unity variance and zero mean. The display time

is one unit. One sonobuo:" is dt'loyed in the uncertainty area and one "look"

is obtained at 0.75 units elapsed tin,-.

The similarity between the pobability density maps shown in

Figures 4-1 and 4-2 appears to be excellent. It should be noted that the

corpu.ing time on the IBM 370-165 computer ut.tihzing the exact solution is,

although not optimum, 92 seconds compared to less than 2.5 seconds for the

MIonte Carlo program.

2. Effect of Varying Start Giid Size

IThe results shown in Figures 4-3 and 4-4 indicate the effect

of varying the size of the start grid. That is, the effect of varying C1

to determine the boundary of the start grid from the F1lowing equation:

2 2

aZ 
U

The importance of limiting the size of the start grid is that

doubling the size of the grid (with A% and Ay remaining constant)

iticreases the computer run time of the Monte Carlo program by more than a

factor of four.

I1
IV-
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For both Figures 4-3 and 4-4, the SPA is assu. d to be a

joint circular normal with a standard deviation of 25 n. mi. In Fi'gure 4-3

the target is assured to have a known constant velocity of 12.5 knots and a

unifornly distributed heiding between 15 and 21f . In Figuie 4-4 the target's

velocity is described by a Rayleigh distribution having a mean of 15 knots

and a uniform heading between 0 and 2r

The Following list associates the radius, C, , of the start

grids with each of the illustrations shown on the two Figures 4-3 and 4-4.

Il lustration C1

4-3a
•.1-3b 2 o-

4-3c 2.4 a-

4-4a 1.6

4-4b 2T

4-4c 3o

From these linited results, the 2 - boundary appears to be satisfactory for

use in analyses. Thus, for the additional results presented in this report,

the 2o- boundary is used for the start grid. This encompasses approximately

90% of the probability density which describes the SPA.

3. Effect of Varying the Variance in Target Heading

Figure 4-5 presents results obtained due to varying tOe amount

of spread (variance) of the probability density function describing the

target's heading. In this example the target's velocity is given by the

following probability density:

f . (I- - 1 2 .5) 2  - 6 z ,
•.w)=K exp _" f 6 Zq-

TV-6 I



Am =1 Am =2

Sa 51)

I-- ------ ---

Am =8

IAm =45

5c SPA SIZE: Ox = 25 n.mi.

VELOCITY: k exp (-1/2 (v.12.5)) *16<v<16 Ax= A ~
64 DISPLAY TIME: 8 HOURS

1HEADING: exp(Amcose) 0 DATUM

Figu. 9 4-5 PROBABILITY DENSITY OF SUBMARINE'S POSITION WITH RANDOM
VELOCITY AND HEADING: FOR VARIANCE VARIATION IN HEADINGf DtSTRI BUTION



I
I

In this case the velocity is assuned to be a constant (12.5

knots) plus a random part described by a normal distribution over the

interval from -2- to 2- (where a-2= 64 ). The constant, K, is inserted

so that the Function will integrate to one. It should be noted that only the

magnitude of the velocity is determined from $ (y).

The heading distribution is given by:
4

.P (9 A,) exp {A, cos }

The results shown in Figure 4-5 are obtained for a number of values of A 7  .

The values of A.m associated with each of the illustrations shown are listed

below:

Illun:ration Am

4-5a I

Sb 2

Sc 4

Sd 8

Curves of ( 8, A,, ) can be found ;n Reference 2* page 338

for a number of values of A , .

4. Effect of Varying the Variance in Target Velocity

A presentation of selected examples to show the effect of

varying the variance of target velocity when the target's heading is

uniformly distributed between 0 and 2 7 is presented 4n Figure 4-6.

*Reference 2. Detectijn, Estimation and Modulation Theory, Part I, Harry L.

Van Trees, Published 1968 by John Wiley and Sons

IV-8



0
y GV=4

6a 6b

................ ....................................................... .......

a v= 16 3
6c 6d

VELOCITY: k exp (.1/2i (v-12-5 )2 ) -20<v<20 SPA SIZE: Ox = 25 n.mi.
HEAING UN2R v v ay=25 n.mi.
HEDN: UIOMDISTRIBUTION 0- 27f Ax Ay = 4 n.mi.

DISPLAY TIME:B8HOURS
Figure 4-6 PROBABILITY DENSITY OF SUBMARINE'S POSITION WITH RANDOM

VELOCITY AND UNIFORM HEADING: FOR VARIANCE VARIATION IN
VELOCITY DISTRIBUTION
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The probability density which describes the velocity is:(SP- K -Z:
The taret's heading is assu=ed to be uniformly distributed between 0 and 24-

The values of 2; associated with each of the illustrations shown in

Figure 4-6 are listed below:

Iilustration a'2

4-6a 1

6b 4

6c 16

6d 36

it is interesting to note that as o- . increases the high

probability areas spread more toward the datum than away from it. That is,

the radius of a circle contouring the outer edge of the darker area has very

little change over the range of o-w2 while the radius of a circle containing

th" inner edge of the darker area decreases as a, increases.

5. Effect of Varying the Number of MC Submarines/Start Grid

Sample computer results obtained by varying the number of MC

submarines in each Ai by Ly area of the ';tart grid are shown in Figure 4-7.

This example is for the case of known target velocity with a uniform heading

over the interval 0-21l' . There are 15 sonobuoys deployed in this example.

Each sonobuoy is monitored on every other "look" period. The sonobuoys

"looks" are spaced at 15 minute intervals over the period from 3 to 9 hours

giving a total cf 24 "looks".

The importance of limiting the number of MC submarines/grid

is that the computing time on the IBM 370-165 computer increases linearly as

the number of MC submarines in each 8Z by Ay grid increases. The number

IV-10
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NUMBER OF MC NUMBER OF MICISUBMARItNES/GRID =12 SUBhMARI-NES/GRID =18
7a 7b

.. . . .. . .. . .. . ......... .

. . . . . . . ... -..

. . . . . . ......... ...

.................
........................

. . . . . . . . . .. . . . . . . . . . .. . . . . . . . . . ....... .

S.............. ....... .

NUMBER OF MC NUJMBER OF MC
SUBMARINES/GRID = 24 SUBMARINESI'GRID =40

7c 7

VELOCITY: 12 knots 0 DATUM

HEADING: UNIFORM DISTRIBUTION O.2ri 0 DEPLOYED SONOBUQYS

NUMBER OF SONOBUQYS: 15 aySIE G= 25 n.mi.

NUMBER OF LOOKS: 24 Y=2nmi
DISPLAY TIME- 9 HOURS A Y =Ax = 3 n.mi.

Figure 4-7 PROBABILITY DENSITY OF SUBMARINE'S POSITION WITH " NOWN
CONSTANT VELOCITY AND UNIFORM HEADING: FOR VARIATION IN
NUMBER OF MC SUBMARINES/GR!D
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of MC submarines/grid associated with each of the illustrations shown in

Figure 4-7 is su-arized below:

Illustration %5 Submarines/Grid

4-7a 12

7b 18

/c 24

7d 40

In comparing Illustration 4-7a (12 MC submarines/grid) with 4-7d (40 MC

submarines/Grid) it is noted that the probability densities resulting from

the number of IC submarines/grid are dependent on the location of the

sonobuoys. It is for the purpose of showing this effect that the sonobuoys

are placed in an offset pattern with respect to datum.

The computing time on the IBM 370-165 coputer (central

proce3sing unit time) for Illustration 4-7d (40 MC submarines/grid) is 4.1

seconds while the computing time for 4-7c (24 MC submarines/grid) is 2.7

seconds. These times are for the case in which the size of the start grid is

determined by a 2 a- boundary, If the range of the target to the sonobuoy

is greater than 12 n. mi., the probabiiity that the sonobuoy detects the

target is assumed to be zero. An increase in the values of either of the

above parameters will cause an increase in the computing time.

6. Effect of Varying Search Aircraft Time Late in Arriving at Datum

The effect of varying ASIV search aircraft time late in

arriving at datum of a SPA area and conducting searUl operations for a

constant 6 hour period is presented in Figure 4-8. In this example, the

velocity of the target is described by the following joint normal probability

distribution:

I-12



..__ .....

.......................---

DISPLAY TIME: 11 HOURS DISPLAY TIME: 9 HOURS
TIME LATIE: 5 HOURS TIME LATE: 3 HOURS

8a 8b

........ .. ..... .

..... ~~~~ ........... lll. .. ..

* :u:::.:: ~ ............
4...... ....... . .-.---- ...............

.... .. ...

. . . . . . . . . . . . . . . . . . . . . . . . . .~ . ."',......... ........

... ... ... ... ... ..... . .. .. .....

....................

DISPLAY TIME: 11 HOURS DISPLAY TIME: 13 HOURS
TIME LATE: 5 H.OURS TIME LATE: 7 HOURS

8c 8dICDATUM 2 2 SPA SIZE: ax~ = 25 n.mi.

VELOCITY - 96exp -12 ( vL+ ly a = 25 fl.mi.[~~~A zr9 ( Ay = 5 n.mi.

NUMBER OF SONOBUQYS: 15
NUMBER OF LOOKS: 24

jFigure 4.8 PROBABILITY DENSITY OF SUBMARINE'S POSITION WITH X AND Y
VELOCITY COMPONENTS NORMALLY DISTRIBUTED: EFFECT OF TIME
LATE
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Also, there is an angle of 450 measured in the clockwise direction between

the x-y axis of the SPA plane and the ?--v axis of the velocity plane.

The SPA is described by a joint circular normal distribution with a standard

deviation of 25 n. mi.

Illustration 4-8a shows the "growth" of the SPA, without any

sonobuoys deployed for an elapsed time interval of 11 hours. Time late for

the other illustrations shown in Figure 4-8 are listed below:

Illustration Time Late, Hours

4-8b 3

4-3c S

4-8d 7

The results indicate the varying probability densities that occur as time

late is increased from 3 and 5 hours to a maximum of 7 hours.

7. Effect of Varying ASIV Aircraft Search Time

Computer results which show the effect of varying ASIV aircraft

search time for a selected time late to datum are presented in Figure 4-9.

The SPA i- described by a joint circular normal with a standard deviation of

25 n. mi. The velocity components of the target are given by the following

distribution:

Also, there is an angle of 450 measured from the SPA axis in a clockwise

direction between the z-f Y xis of the SPA and the z- -z axis of the

target velocity plane.

For each case shown in Figure 4-9 the search operation begins

at seven hours time late. The display times and number of sonobuoy "looks"

associated with the illustrations as shown in Figure 4-9 are listed below:

IV-14
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Illustration Display Tine, flours Number of Sonobuoy Look-

4-9a 9 S "

4-9h 11 16

4-9C 13 24 j

Th results indicate that the sonobuoys in effect search out an increasinp

portion of the SPA as the search time and number of "looks" by the sonobuoy

field increase from 9 to 13 hours and from 8 to 24 "looks" respectively.

8. Effect of Linear Smoothing Between Grid Points

Figures 4-10 and 4-11 indicate the effect of linear smoothing

between calculated grid points. Figure 4-10 nresents results for a medium

speed (12 knots) target and Figure 4-'l for a high speed (24 knots) t-rget.

The target's heading in both cases is uniformly distrihuted between 0 and 27r.

The SPA is described by a joint circular normal with P standard deviation of

25 n. mi. A field of 15 sonobuoys is deployed within the SPA. Each

sonobuoy is monitored on every ether "look". The "looks" are taken during

the elapsed time interval from 3 to 9 hours at increments of 15 minutes.

In Illustration 4-l0b the grid is caiculated for a Ax =,~ =

6 n. mi. Additional points are then calculated between these grid points by

linearly averaging between adjacent grid points. This provides an effective

grid size of 3 n. mi. on the display. Illustration 4-l0a is calculated for

a Az = A y = 3 n. mi. for comparison purposes.

Referring to Illustration 4-Jlb in Figure 11, the display is

first calculated for a grid size ( Ax by Ay ) of 12 n. mi. and then

reduced to one of 6 n. mi. by the above smoothing technique. Illustration

4-11a is calculated for Ax = A = 6 n. mi. in order to cor are the two

cases. The resulting probability densities for these cases are fairly

similar. Thus, the importance of the linear smoothing technique is in

reducing computing time by a factor of approximately 4 for a specified Ay

by A% grid selected for the display.
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I

j 9. Effect of a Large Variation in Number of MC Submarines/Grid for

a Uniform Target Heading and Rayleigh Distribution in Velocity

I Figure 4-12 presents computer results obtained when target

velocity is described by a Rayleigh distribution with a mean of 15 knots and

target heading is described by a uniform distribution over the interval 0-217

Illustration 4-12a in Figure 4-12 presents results obtained for a display time

Iof 9 hours for the case in which no sonobuoys are deployed. Illustrations 4-12b

and 4-12c present results for the case in which 15 sonobuoys are deployed.

Sonobuoy "looks" are taken at 15 minute intervals over the elapsed time

interval from 3 to 9 hours for a total of 24 "looks". Each sonobuoy is

monitored on every, other "look". The number of MC submarines/grid is

relatively small for the case shown in Illustration 4-12b whereas it is large

for the case shown in Illustration 4-12c.

The computing time on the IBM 370-165 computer for the case

shown in Illustration 4-12!) is 6.53 seconds whereas, it is 11.64 seconIs for

4-12c. The boundary of the start grid has a radius of 2 7 . If the target

is more than 10 n. mi. from a sonobuoy, the probability of detection is

assumed to be zero. Increasing the sonobuoy detection range from 10 n. mi.

to 25 n. mi. increases the computing time of 4-12c from 11.64 seconds to

14,75 seconds.

1 10. Effect of Changes in Target Velocity on Probability of Detection

Figure 4-13 presents computer results for the case in which

the probability of detection of the target by the sonobuoy field is a function

of the target's velocity. As stated previously in Section iI of this Repoit,

the probability of detection is assumed to be:

PD=e

where oe is an input to the model and R is the range from each sonobuoy to

the target. Referring to Illustration 4-13b in Figure 4-13 the probability

IIV- 19
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I

of detection is assumed to be of the form:

PD= e - where Vc .4 z-

= where V1- zr

where ir is a velocity random variable and V. is an input to the model. In

effect, this indicates that the target's radiated noise is constant for

velocities from 0 to V. and that the radiated noise subsequently increases J
linearly as v- > V In this example, V. is equal to 9 knots.

For the case shown in Illustration 4-13a of Figure 4-13, PD I
is equal to:

_ vJ15
PD = e

where zr= 15 knots is the expected value of the target's velocity which is

described as a Rayleigh distri.uition. The heading of the target is assumed

to be uniformly distributed between 0 and 2 f . The SPA is described by a

joint circular normal with a standard deviation of 25 n. mi. A field of i5

sonobuoys is deployed and 24 "looks" are taken.

A comparison of these results show the increased capability of

the sonobuoys to detect the target submarine as its' speed increases beyond a

value u 9 knots. This is indicated by the changes in probability density

in the second quadrant for the variable PM grid (Illustration 4-13b) compared

to that for the constant PM grid (Illustration 4-13a).

11. Effect of Variance of Variations in Target's Velocity

Figure 4-14 indicates the effect of variance variations in the

velocity of the target. The target's velocity is described by the following

probability distribution.

P-,2 x ZI- 21
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I

In Illustration 14a the variance of the o-, co-mponents of velocity is 64. It

is equal to 1 for the case shown in Illustration 14b. The SPA is described by '

a joint circular normal distribution with a standard deviation of 25 n. mi. for

both examples presented in Figure 4-14. Also, 15 sonobuoys are deployed with

a total of 24 "looks".

Figure 4-14 indicates that as o2. decreases (wita c-

rcmaining constant) the uncertainty of the target's heading decreases. Hence,

when the velocity of the target is described by a joint normal and even when

the means of the velocity components are zero, information is available on

the target's heading when the variances of the velocity components are unequal.

12. Effect of Biasing Tqrget Heading

Figure 4-15 presents results obtained for the case in which

target velocity is described by the following probability de:sity:

4 ~ ~ ~ ~ 12 (z'ezY 2e~ ~ (~ 1
2r 11-r L X-* --0 q

The initial SPA is described by a joint circular normal with a standard

deviation of 25 n. mi. A field of 15 sonobuoys are deployed within the SPA.

A total of 24 "looks" are taken during the elapsed time interval between

3 to 9 hours. Each sonobuoy is monitored on every other "look".

The effect of inserting a mean value of 12 knots to the

component of target velocity is to bias the heading of the target. The joint

probability density of the target's velocity and heading is given by:

Z41 -(V2 -1 )120-"2 Z r- Os 0/0-"

(This equation is presented in Reference 3,* page 196) where G-= 144 and

tt; = 12. Integrating out 0 results in the following velocity distribution:

g ( i ep {- (Zr J_/ Z 2 1 To (~ )

*Reference 3: Probability Random Variables on Stochastic Processes by

Athanasios Papoulis Published 1965 by McGraw-Hill.
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I
I

Curves of g(w-) and the heading distribution y(9) are presented

in Reference 2 on page 362 and 363 for a number of values of ' = 4c-

Tie results shown in Figure 4-15 indicate that the effect of

biasing submarine heading is to shift the high density area of probable

target positions to a sector located outside of the ring of deploye& sonobuoys.

13. Accumulated Probability Density of Target Position with Search

Time

A limited effort has been conducted toward development of a

program which computes the probability that the target will poss through :,

Az by Ay grid during the search time from 7- to T. . Some sample

results of this effort are presented in Figures 4-17 and 4-18. For Figures 4-17

and 4-18 the velocity of the target is assumed to be 13 knots. The heading

of the target is described by the following distribution:

, { o}P(O- 2'Io€)exp Cos

The accumulated time is the interval between 3 to 9 hours. Figure 4-17

presents results for the case in which no sonobuoys are deployed. Figure 4-18

presents results for the case in which one sonobuoy is deployed.

The example presented in Figure 4-18 is the same as that

shown in Figure 4-17 with the exception that target heading is assumed to be

uniformly distributed over the interval from 0 - -r . This angle is

measured in the clockwise direction.
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V. APPENDIX A: CAL FLYING SPOT SCNNER

The CAl. Flying Spot Scanner was developed as a flexible research

facility for investigation of pattern recognition/image analysis problems.

It has been interfaced with various computers at the Computer Center as these

have been updated from generation to generation and is currently capable of

on line operation with either an IB.! 370-165 or a PDP-9 computer. General

jsoftware utility program. have been developed for reading and writing (computer

input/output) operations. Recently, a new utility program has been developed

to adant th(e standard IBM 370 plotting routines, provided for use with electro-

optical and electro mechanical plotters at the Center, to permit direct control

of the Flying Spot Scanner as a plotter.

Plotting instructions to the Flying Spot Scanner can now be airectiy

executed by FORTRAN and PL/I programs. Included is the capability to generate

the SLandard character and symbol set. This feature together with the variety

of photographic recording devices incorporated in the scanner has greatly expanded

the utility of the system.

The Flying Spot Scanner features a cathode ray tube controlled by a

precision magnetic deflection system. Nominal spot size is .0018" with 1024

discrete addresses per line horizontally and 1024 lines vertically. No

programming restriction is placed on successive spot address location, a feature

that facilitates operation in the plotting mode as well as in more complex

interactive pattern reading modes. Two complete cathode ray tubes and deflection

systems are provided which can be connected alternatively to common logic control

and power supplies. One is configured to read opaque copy and is used only in the

read mode. The second CRT is designed to read transparencies and to write on

photographic material. A plate holder is provided to mount transparencies with

a useful scan area of 3" x 3". A film transport which features pin regis-

tration to an accuracy of .001" under computer control is provided for reading

70mm and 35mm film. For recording purposes a variety of cameras and cut film

holders as well as Polaroid backs are provided. A 35mm and a 16mm movie camera

with single frame advance control by zomputer may be used alternatively. Pro-

vision is made for introducing color filters in the optical path thus allowing

5V-30
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color sep~aration in the read =odc and color writing with appropriate color

negativre atia.A large screen =onitor CRT display- is provided to observec

the action of the scanniur in the reading =ode or to display: in parallel the

infor~atiop being written on the photographic negative.

A VIEW OF THE FLYING SPOT SCANNER SHOWING THE
CRT AND OPTICAL BENCH IN OPENING, TOP LEFT, AND,

ThiE LARGF -SCREEN MONITOR~ C,!%iC!

I ---

211
*C-8.
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IILLUSTRATIONS OF THREE DIMENSIONAL DATA PLOTS BY

370/FLYING SPOT SCANNER SYSTEM
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