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LARGE DEFLECTIONS OF PLATES WITH
NONLINEAR ELASTICITY AND HOLLOW
SHELLS WITH HINGE-SUPPORTED EDGES

M. 3. Kornishin, N. N. Stolyarov,
and N. I. Dedov

In this work, method of finite differences is used to solve
problems dealing with large deflections of rectangular plates in
plan with nonlinear elasticity and hollow shells with hinge-
supported edges, which are under the effect of external normal
pressure uniformly distributed aiong the entire surface or along
the central rectangular area. The curvature parameter values
at which a crack in a cylindrical panel occurs are established.
Critical loads and their corresponding deflections have been

found for panels with different curvature parameters.

1. Principal dependences. Let us consider a hollow shell
which is rectangular in plan with sides 2a, 2b and thickness h.
We will place the origin of the coordinates in the center of the
shell and direct axes X, y parallel to the sides of the plan.

We introduce the following designations: ‘f - stress
function; u, v, w, - corresponding displacements of a point c¢f

the middle surface along axes X, y, 2; ky, k, - shell curvatures;
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writter here in total derivatives:

e,

dé tf,(2) . . N i
s [I Ip‘ i ] 1M 3, 54 ) — pmy [, (2) = 6, (11 Y %
H
i
«n() ” ;
,,, Gly—po~ |+ PP o) = Plage(2) =0, (12) ;
@ df () .
a7 Lo o] = pme fo() -0, (1)
The conditions of articulation (2 = 0; x = Qj:
1° /4(0) = fo (O} f
d_f w . . :
4 2‘-——- <0 — condition of symr<try of vibration shapes, B
3
df 4 (0) B

3 — 0 = —g :

d &1y (O d:f (0) ;
‘°::.—[E’° *”]——-—’—[El. = ] ;
A 4,0 -
o° EIQ—E;"“‘-OLP Y;z y 3

Boundary equations when o - |t/

L )
b ;,‘[/'/n —,{] 0 - absence of shearing force,

A i
L 0 absence of bending moment, :

e (;1,"'_:,‘? .-~ Aabsence cf torque.

Boundary conditions when &x ~/s:
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L Assuning that ég =0, from relaticnships (1) we obtain §
< Erev?) z ]
6, = —L ey T F o= v -
” (7+/z/(/—" Ceym vl Lo = z(z+ﬂ,v7» (2) :
Jeg mln e B A a

PAER RN 1'3.1/ 0 .

Here and subseguently 1, 2 - index transposition symbol.
The expressions for stresses and moments i
3k .

- jaz g O 7 iar $
7“ ‘) E“d; (i= 7,"), Iy = / sy, )
'L‘.sﬂ ey ’;
. - !
REY 3 (24 i

after certain transformations with the use of relationships (2)

will assume the form

- o, Fh . == s = [lt 7 &
T = "—‘“;_/J;‘ (erp&)+aiy, (42, /,_.==27.;;,/;;;,_‘~r/,,;.,, (3)

where
AT, 7»% (Po*le)+ il li), (20
| 4772‘:;7% oy "
; oy = -k (L v !,—-%f‘ WaeVi,), (77),

A/i/;:::” ¢

/ ’ v . -
. o oot
e
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Coefficients P, Qs R, ..., X, Y, Z represent integrals
{Translator's note: equatiou (5) 1is not indicated - assumed to
be one of the following]

a5h £n i
[ 43 4__,{, r 43 g1 -..f'ﬁ" b
27, Q-d-[ridz, RE- Ay 27,
.g LS 85 21
. 23h ) 2
ISP { - - Q 7 C e =
[=Z'{//;5.z:‘, /'/=ﬁ-;/,§za.=, Z'—*:-p/(Ay:‘}zd:,,
‘bv: .45'4' '0.53
: a5k, a5 «
- - 1 S
‘ X=/F/ F#az, V= /fz N=-ﬁ;/(riy/2)£d?,
05k ‘-05I¢ 45k
where
- = YA o DY) i (-0)

Gl | T

Haviéé expresced Tll’ T22, le in terms of the stress
funetion ¢,

7",f’~'-¢’,y, 7:':=¢?r.z' '71.2—;—'@9 ,

from relationships (3) we obtain
=15 _t.F =
=55 (% 4 B =4 Ty o),
! = =
‘: ’E{(‘?z"f"%)'f?;‘“fﬂ Lopol). (6)

o 21 2(102)
212 '"‘E‘II" szy £h 6/
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Using the well known nonlinear equations of equilibrium
and the condition of compatibility of deformations of the
theory of hollow shells, and introducing dimensionless variables

— - Y -2 22
- X — g = .é_ ":-&‘- /,:,{L‘_{_ Y, = —‘iﬁ-
I-—‘a"' ‘[/..Z‘l Ao-apu i » Ny [,","I V4 /‘?2‘;1,

we will obtain a system of two nonlinear differencial equations

A . - il 21 L
A quur +2X ¢..tzyy +¢yyyy 095K A Wy V25K AUy, =
=\ ? )¢ Y _

=N wygy = Ny +A T,y N8 T ar b Ty

+Xa T2 2x —2('71)’(6 Tors » (7)

L gty 2 o
¥ - . D -
IZ(I-/;‘) (A "'f'aw:z.'-zA :rug'*'”yyyy 0,23/\,). Q,,

2 2,
0250\, = p/16 + Ay, B+ N B, 2N, G, +

+A DMy 1 Ny g+, 4 -

Presented below are solution results of the geometrically and
physically nonlinear prcblems of bending a square plate and a

square cylindrical panel using external normal pressure with

ooundary conditions of hinged support, which can he presented as:
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Conditions (8% indicate the equality to zero on the con-
cour of normal and :-angential stresses, and also the deflection |

and moment.

2. Method for solving nonlinear problems using the elec-
tronic digital computer and the calculation results. To resolve
t~e problem, we will use a method of finite differences. Having
selected a rectangular net 10 x 10, we substitute the initial
system of differential equations (7) with a system of differ-
ence equations, approximating cthe biharmonic operator and all
the derivatives with the symmetric difference equations with
an error on the c¢rder of O(Hz) where h - net spacing. The de-
rivatives of function # 1in boundary conditions we approximate
with an error on the order cf O(Hu).

In accordance with the boundary conditions the contour
values of functions w%=90 , ¢>=0, and the values of functions

u c @h} , beycrnd the contour, are expressed in terms of the

[ 341

intracontour values according to formulas [2]:
with x=2x1
G+ Aty + 2 XAy,
T T TR A
Prsy =3% ~05@u; 5

. —_— > -+
et = Ty . We-2

with y==*f

6 4 { RIS Y
o ——— -t g Yy L A VAN
W =gy W Ty B Ty Bea T 9

Reproduced from % ¢k-,, =3 ('2-! 655 -

best available copy.

Due to the symmetry of deformational state of the shell
relative to axes x and y the number of difference equations is
reduced to 50. The obtained system of 50 nonlinear algebraic
equations was solved using a method of total iteration, simi-
larly to those described in monograph [2].
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Part of the calculation results with w = 0.3, A = 0,

"1
surface S, = fab; with intensity P2 - along the cylindrical

18-10 for = =¢.  r. 1-7; 7 1is presented in the table and {
on figures. The calculations were carried out for the following %
loads: 1load of constant intensity P, distributed tnroughout the j

area s, = Lkab; with intensity P3 along area S3 = 0.36ab; with
intensity ?14 alongz area Sy = 0.0bab. We used the following

desigrations in the figures:

o ] 5 L)
< + ~ - T ¢ - _L:
[.om e L= -’—_T: (=7,e,3.%, - ’ i
C £ a9 [ af !
i i

wnere f; - load intensity parameter, £ - parameter of total

Joad, .+ - deflection parameter at the center.

LT T A T P A 7 A
A i= {,-—;/_E’ i
SfoLns 2.2 St DB IHLD 2233 Z0G :
wf s s 2 2 2,25 2,25 2.° ;
c0 LR 38,05 822 (LT 582 SRl el |
i . H
2t 2.5 395 475 5.5 6.5 9. . :
— R é
y=1 i i

[ oo ~r - - A g

/‘, - 9.8 115.3  Ibz.z 222,72 2389 - i
“

of 20 20 2.0 2. 225 -

' S R T T L S O B EN B
! -
AANPE 84 4.5 5.7 ¢.5 7.5 - :
6% — I3 I¢ i6 21 24 - 4
(L — It 21 22 2¢ 27 - ;
The table snows the cbtained, witl the consideration of g

LI et
. ¢ | P N q q 0 19 a
(}Lf*ﬁﬂ; ; and withcut the consideration of ﬂ’-b of physical

. ‘ v
nonlinearity, parameter values for upper CQ/‘ and lower (Q)

critical loads and their corresponding deflecticn parameters in

m

Reprodu‘ie':i fro opY. €

best available ¢
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center(wf,:qf) for a square zylindrical panel uniformly loaded
alcng the entire surface in the plan with different curvature
parameters K, and with ratio 4/f=0,005. Glven here also are the
values expressed in per cent for relations

5§ _ ¥ _/)”
£~ pi.{zfl p"”"lﬂﬂz ) £2= .._P’_'-’.i'_”_.l-'-f-ﬂ.moz
1r=1 1,7=1

Tt is evident from the table that physical nonlinearity
lowers the critical loads significantly. With an increase in
parameter K2 the effect of physical nonlinearity noticeably
increases, moreover, its effect on H" is somewhat greater than
on pf.. At the same time, for the critical states the corre-
sponding deflection parameters L andz%4$, are vyery close

or coincide.

For a twice nonlinear case (/#7), Fig. 1 shows relationships
A (%) for a number of values K, and 4/§ =0,005, and Fig. 2 shows
5 = 40 and A/6 = 0,002
with loading areas which differ with respect to size.

relationships La (%) for a sguare panel with K

Hewxe -~ — paraméter of the total load per area.
[

78D
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obvicus algebraic transformations we get:

3,300~ 3,20 1o (0) 1 { (3 +70) — (12 72) } 74 1) —
=P ".’]ﬁ’ -4 ’"‘éu /‘|jn, { I”(;:"’:;n) ¢
VP B ) - (s fe). (26)

If we introduce still mors designations tc certailn equations
ly - (2, ‘;0) - (:‘;“;;}.
Ly (1) = (1,9,
‘“"/h’ (h '/‘1'f.’ + (ﬁ."ﬁ.-f.). o (27)

U.’u ';n) : (il'n:"i;g) { (5!'”!";!"
‘(:1'/0) - = (;1' Cl';')v

tren eguation (26) is rewrittein in the form of
Lo fa(0) Fhys - (0} ‘I”(‘h'/ﬁ’ I I""(Z"h) t I”(Eo"j’)- (28)

By performinz algebraic calculations fo ecuaticn (232) and the

seeond triz of vectors 52, ;2, 32, vie get equation
Lo 3 Lea O) - 0@ f) 4 2 (B2 3) 4 2 (G- ). (29)

- >

Here the numbers L21, 122, and vectors ays b2, 53 are determined
. . p b d g

by the sare formulas zs numbers le, 112 and vectors a;, bl’ 61,

by, of course substituting 1index . 1 in these formulas for the

indicated quantities and index 2 for vectors 3, 5, ;.
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From Fiz. 2 it is evident that the localization of the
load on a smaller area leads to a considerable increase in
maximum deflection and to a decrease in the value of the upper

N AR P B b ¥ s e

critical load. Thus, with a lcad distributed along the central

area 82 equalling one fourth of the total panel area (curve e )

deflections :r 1in the precritical state having increased almost o=
three times, while cracking load ff has decreased by approxi-
mately two times, as compared to the correspcending values for
a panel uniformly loaded along the entire surface (curve P ).

With a locad of}%' the crack virtually disappears.

Flgure 3 shows relationships‘ﬁ(qv with various ratios
476 fcr a square panel (A -1, <. =z:5) uniformly loaded along the 7
entire surface. It is evident that with an increase of this i
ratio the effect of physiczal nonlinearity on deflections and :
critical loads increases significantly.

PR

Fig. 3.
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