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In the book, vibrations in the powered-f ] ight phase of 
a liquid fuel rocket are examined as a closed meehanical-hydraulic 

system consisting of the elastic body of the rocket with liquid fuel 

in tanks, fuel lines, and liquid rocket engine. The dynamic charac¬ 

teristics of each of these elements of the system are examined. 

Methods of calculating the form and frequencies of inherent 

longitudinal vibrations of the body of the rocket are presented, 

taking into account the axi symmetrical vibrations cf the elastic 
fuel tanks. The dynamic characteristics of the fuel lines are 

determined with a consideration of the local resistan cs and elastic 

properties of the turbo-drives and bellows, taking i.r o account the 
compressibility and cavitation of the liquid fucl eut ring the cen¬ 
trifugal pumps. 

The low-frequmey dynamic characteristics of the liquid propel¬ 

lant rocket engine are determined with closed >nd op o feeding system. 

In the calculations, the combustion chamber of the er ine, the turbo¬ 

prop unit, the supply lines, and the regulator are cc ' iidered as 

elements of the system with lumped parameters. 

The arrolitude-phase frequency characteristics cf Lhe rocket body, 

the fuel lines, and the engine are presented. On the tasis of an 

analyses of the dynamic characteristics, methods are "resented for 

evaluating and insuring the stability rf the rocket i ' flight relative 

to the longitudinal elastic vibrations. 

The book is intended fer scientific workers and engineers in the 

rocket construction industry, hut may also he useful to teachers, 

graduate students, and students of higher technical education insti¬ 

tutions. 

Six tables, 136 Illustrations, 104 bibliographie references. 

Reviewed by M. S. Calking, candidate cf physi' al and r*thematical 

sciences. 
Edited by A. F. Minayev, candidate for t ehnlcM science^. 



PREFACE 

The longltvidln.il elastic vibrations (expansion-compression vibrations) 

of a rocke" as a closed mechanical-hydraulic system, consisting of an elastic 

body with liquid fuel in the tanks, the fuel lines, and In the liquid rocket 

engine, ate low-frequency (50 Hz) vibrations. The stability of such a sysCem 

is generally taken to designate the stability of n rocket with a liquid fuel 

engine relative to longitudinal elastic vibrations. 

Recently, a great deal of attention has beort devoted to the study of 

longitudinal elastic vibrations in rockets with 1 I^uid fuel rocket engines 

in flight. Such vibrations in 'I« case of instil Llty may lead to large ampli¬ 

tudes and cause destruction of the rocket. 

The generalized results presented in the hook of research in the indicated 

area may be useful both for mecltanical engineers who are engaged in the develop¬ 

ment of rocket design and should, in planning, consider the '’fluence of con¬ 

struction of parameters and dynamic properties of the rocket .non the stability 

of the closed system, as well as for specialists working in the area of creat¬ 

ing liquid fuel rocket engines and regulating systems. 

In the calculations of the form and frequencies of the intrinsic vibra¬ 

tions of the rocket body, the vibrations of the liquid fuel <ln the elastic 

tanks is simulated by the vibrations of mechanical oscillators. The cavitation 

characteristics of the pumps, exerting great influence upon the dynamic proper¬ 

ties of the fuel lines, are simuLated by the dynamic characteristics of a 

certain determined volume of a steam-gas mixture entering the pump. 

In the derivation of the dynamic equations it is assumed that the system 

is linear in relation to small perturbations in the steady-state area (unper¬ 

turbed) of the work regime, structura L block diagrams ol all dynamic 

and of their separate parts are constructed, taking into account the connec¬ 

tions between the separate physical elements of the system. 
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The book is a logical extension of the hook ‘Zhidkos*-naya raketa kak 

ob’yekt regulirovaniya,’ published by the ‘Mashinostroy.iniye’ publishing house 

in 1969. In both books, the liquid fuel rocket is considered as a closed 

oscillation system taking into account both transfers and longitudinal elastic 

vibrations of the body as well as vibrations of the liquid fuel in the tanks 

, and in the fuel lines. 

The author expresses deep appreciation to A. E. Oshorov , A. F. Minayev , 

M. S. Balkin , and A. A. Pozhalostin for critical comments and advice, sig¬ 

nificantly improving the contem of the book. 

The author will be grateful to readers extending their critical comments 

and desires to the address: Moscow, B-66, 1-y Basmannyy per., 3, izdatel’stvo 

‘Mashinostroyeniye.’ 



Chapter 1 

LONGITUDINAL VIBRATIONS OF ROCKETS 

WITH LIQUID PROPELLANT ROCKET ENGINES 

1. The Perturbation Mechanism of Longitudinal Self-Oscillations of 

a Rocket with a Liquid Fuel Engine 

Low-frequency vibrations in a direction of the longitudinal axis of the 

rocket (longitudinal vibrations) arise as a result of the interaction between 

the elastic construction of the rocket body, the liquid fuel, and the engine. 

The body of the rocket, the fuel lines, and the liquid fuel rocket engin» are 

the three principal component parts of the closed oscillation system which is 

schematically shown in Fig. 1.1. Using this diagram, it is possible to explain 

the perturbation mechanism of the low-frequency longitudinal vibrations of the 

Let us assume that thrust perturbation forces have arisen in the rocket. 

These perturbations produce longitudinal vibrations in the body of the rocket, 

as a result of which fuel pressure oscillations arise in the fuel lines. The 

pressure oscillations, in turn, change the fuel supply in the combustion cham¬ 

ber, and, consequently, are the reason for the change in thrust. Changes in 

the thrust intensify the vibrations of the body and the fuel pressure oscilla¬ 

tions in the fuel lines, and thus the original perturbations may be intensi¬ 

fied according to the amplitude of vibration. 

The dynamic processes of a real vibrational system of a rocket with a 

liquid fuel engine are described by nonlinear differential equations, of 

which the most complicated are differential equations describing the dynamic 

processes in the centrifugal pump and in the combustion chamber of the engine. 
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I 
Also nonlinear are the dependence of pressure in the bottom of the tank upon 

the amplitude of the vibrations in the bottom, the forces of hydraulic resist¬ 

ance upon the speed of liquid flow, and thp speed of fuel surplv in the chamber 

noon the pressure transfer in the injectors. 

With an increase in the amplitude of vibrations, the. nonlinear properties 

of the system become more noticeable, and the increasing vibrations become 

generally a stationary self-oscillating process. 

Self-oscillating systems differ from other vibrational systems princi¬ 

pally in that stationary vibrations in them may take place in the absence of 

external periodic action. In each self-oscillaiing system, three elements 

mav be distinguished--the vibration system, the energ” source, and the feed¬ 

back, through the oscillating system a?tr upon the enerar source (FI^. 

Figure ’.2 Figure 1.3 

Auto-osci1latlons are self-influencing vibrations. In some systems the 

ene^gv of perturbation should be not less than a determined quantity. Self- 

ose.-t 1 lat.ions characterize nonlinear systems. The possibility of solf-pertur- 

bation «arising mav in certain oases be determined with linearized equations 

derrribing the oscillations of the system. 

Concerning longitudinal vibrations, a rocket with a liquid fuel engine 

is a tvpical self-osci 11 afing svstem. We shall prese < a reck t with «a one- 

ermponent liquid fu'1 errine, a simplifie<i blei.k diagram of v1 ich is . hown 

in Fig. 1.3. The vibrational system is the body of the recket, the feedback 

is the fuel line, and the liquid fuel rocket serves as the energy source. 

Besides the external feedback between the body and the engine, which closes 

the system, there is nr\ internal feedback between the engine and the fuel 

line. Thii’ feedback is accomplished by means of the influence of pressure 
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in the combus ion chamber upon the velocity of fuel supply from the fuel lines 

through the injector. 

The self-oscillations in the closed system, shown in Fig. 1.3, are gen¬ 

erally called longitudinal self-oscillations of the rocket. 

Vibrations in the fuel supply in the combustion chamber take place with 

the same freqeuncy with which the longitudinal vibrations of the. body and the 

fuel in the turbo-drive take place; the thrust of the engine changes with the 

same frequency. In the self-oscillation process, all the members of the closed 

system vibrate with a frequency which is called the *self-ofdilation fre¬ 

quency . ’ 

With such a powerful energy source as a liquid fuel racket engine, self¬ 

oscillations may lead to large dynamic loads arising in the structure of the 

rocket housing which may cause damage to equipment and apparatus. It is also 

possible that damage to the rocket's structure may take place even before the 

self-oscillation process becomes stationary. 

Longitudinal self-oscillations of rockets with liquid fuel engines do 

not always arise. Everything depends upon the properties of the oscillation 

system determined relative to its parameters. By a corresponding change of 

these parameters, the nominal work regime of the system may be made stable, 

and random occurring vibrations may be damped. A rocket with a liquid fuel 

engine should have just such properties. 

Longitudinal vibrations should be considered as a potential problem 

inherent to rockets with liquid fuel. 

2* Srlf-Osclllati^ns of Separate Closed Systems of the Rocket 

Besides the examined self-oscillation system there are in a liquid fuel 

rocket separate closed systems in which self-oscillations may arise. For 

example, the system of supplying the engine from a centrifugal pump is related 

-3- 
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to such systems. During the operation of the pump cavitation (the formation 

of a vapor-gas mixture) may arise in its intake part, which cuuses a change 

in the velocity of the flow of the liquid in the fuel line, and a change in 

the pressure of the liquid in leaving the fuel line exerts an influence on 

the formation of the vapor-gas mixture; thus a closed system is formed in 

which the perturbation of self-oscillations is possible. 

The fuel line, together with the combustion chamber of the engine, also 

forms a closed system in which self-oscillations are possible (see Fig. 1.3). 

It is formed by the engine, the internal feedback, and the feed line itself 

which in this scheme is the oscillating member. 

The fuel tank with the fuel, together with the gas supercharge system, 

forms a closed oscillating system if between the tank aid the supercharge 

system there is feedback. When longitudinal oscillations arise in the tank 

with the liquid, the volume of the gas cushion over the liquid and the pres¬ 

sure in it are changed. The regulator of the pressure may receive a signal 

from this pressure change and influence the supercharging system. In this 

closed system, self-Co illations may also arise. 

In examining longitudinal oscillations of the body of the rocket together 

with the liquid fuel engine and the tuel lines, it is assumed that the body of 

the rocket performs expansion-compression longitudinal oscillations. But 

simultaneously with longitudinal vibrations, bending vibrations of the body 

may also arise. In bending oscillations, the thrust vector will be deflected 

by a certain angle, as also the tail section of the body, as a consequence of 

which the component of thrust in the direction of the non-perturbed longitudi¬ 

nal axis of the rocket will experience small perturbations with a frequency 

two times greater than the frequency of the bending vibrations of the body. 

If in this the characteristic frequency of the longitudinal oscillations of 

the body are twice as great as the frequency of the bending vibrations, then 

favorable conditions are created for the perturbation of simultaneous longi¬ 

tudinal-transverse oscillations of the rocket. A consideration of oscillations 

of this nature are beyond the scope of this book. 
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If the engine aM its fuel line are not arranged in tho axis of the 

rocket, then during the bending vibrations of the Mdy, the fuel lines of one 

engine will be lengthened, and the fuel lines of the other engine will be 

shortened. A change in the length of the fuel lines causes a change in the 

fuel supply to the combustion chamber and a change in the pressure of this 

chamber. In this manner is accomplished the interaction of the bending vibra¬ 

tions of the body with the oscillations of the fuel in the fuel lines and with 

the change of the quantity of thrust of the engine. In this closed scheme 

self-oscillations are also possible. 

3. A Closed Oscillating System 

bet us examine an oscillating system consisting of three basic parts: the 

rocket body, the liquid fuel engine, and the fuel lines. O-iitting several 

details, it mav be considered that both the body and the fuel lines arc 

mechanical-hydraulic oscillating system.. Tue hod/ cf the rocket is an elastic 

axisymmetrical structure of elongated sb^pe. Longitudinal oscillations of 

the rocket are characterized first of all by the e pansion-oompression oscil¬ 

lations of the body. The liquid fuel ir the tanks also takes part in these 

oscillations. Because the vibrati us of the body and tie iuel in the tanks 

are simultaneous and the vreight of the fuel is usually man-, times greater than 

the weight of the body, the liquid in the tanks and tht b ' 'y are ge.nerally 

combined into one oscillating system in the study of L-w-rrequency oscillations. 

The weight of the liquid fuel is transmitted to fv." dy through the 

elastic bottom of the taokj therefore the liquid, relative to the walls of 

the body, may be considered as if it were suspended on a spring. The liquid 

moves relative to the walls of the body in an axial direction not only due to 

the stretching of the bottom of the tank, but also cue to the change in the 

diameter of the shell of the tank, caused hy the hydraulic pressure. The 

elastic shell of the tank together with the liquid fcms an independent oscil¬ 

lating system which may be separated from the overall osclllating system. 

The engine is attached to the body with the ait! of a frame, and in the 

first approximation for a calculation of the shape and 1nqucncy of the 
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c aracteristic vibrations, included in the mechanical palliating system of 

t'\e body as rn elastic suspended mass. Special significance is attached to 

thp motion of the bottom of the tank and the engine relative to the body of 

the rocket in the examined longitudinal vibrations, because upon the vibrations 

of the bottom of the tank and the engine depends the change of pressure of the 

liquid in the fuel line, and consequently the influence of the forco on the 

longitudinal vibrations of the body. 

The overall parameters of Lue oody are the shape and the frequency of the 

characteristic vibrations. A calculation of the form and frequencies of the 

characteristic vibrations of the body, taking into the account the peculiarity 

of its construction, constitutes one of the major problems in the study of 

longitudinal rocket vibrations. Since the mass of the rocket decreases accord¬ 

ing to the degree of fuel combustion, from which the frequencies increase and 

the shape of the characteristic vibrations change, the calculation of the shape 

and frequencies should be conducted for variously filled levels of the fuel 

tanks. 

The thin-walled shell of the rocket body has a series of stringers and 

formers. Methods for calculating the longitudinal vibrations of the body for 

the case where the length of the wave of the oscillations is many times greater 

than its radius, are sufficiently developed. The forms and frequencies of the 

Inherent vibrations of the body may be sufficiently exactly calculated in a 

digital computer, and in this regard the rocket body is the simplest member 

of a closed vibrational system. 

We shall consider the fuel supply system from the tanks into the combus¬ 

tion chamber of the two-corapcnent liquid fuel rocket engine to consist of two 

fuel lines--the fuel line and the oxidant line. The section of the line along 

which the fuel is delivered from the tank to the pump is called the low-pressure 

line (turbo-drive), or the discharge line. The section of the line from the 

pump to the combustion chamber is called the high-pressure line (turbo-drive), 

or the delivery line. The low-pressure line generally consists of comparatively 

long rectilinear sections of low rigidity. The high-pressure line consists 

of shorter and more rigid sections than the low-pressure line. Between the 



low- and high-pressure lines are the centrifugal pumps. The fuel pump and the 

oxidant pump together with the turbine which mixes them are combined into one 

turbo-pump unit. Arising in the suction part of the pump, local cavitation 

cavities may appear even when the pressure before the intake in the pump satis¬ 

fies the condition of non-cavitational pump operation. As a consequence of 

cavitation in the suction part of the pump, vapor-gas volumes are formed which 

make a more pliable liquid head in the low-pressure line and, consequently, 

reduce the frequency of the inherent liquid vibration. The influence of 

cavitation in the pump upon the frequency of the characteristic vibrations of 

the liquid in the fuel line is generally determined experimentally. 

The fuel line forms an independent mechaniccl-hydraulic oscillating sys¬ 

tem, the analysis of which may be conducted separately. A change in the pres¬ 

sure of the fuel in the fuel line causes vibrations in the bottom of the tank, 

motion of the engine, and of the turbo-pump unit relative to the flow of the 

liquid by the oscillating pressure in the combustion chamber. For a study of 

the dynamic characteristics of the high-pressure line, it is convenient to 

combine them into one member with the engine. The pumps of both lines are 

generally mounted on one shaft and driven by the revolutions of the turbine. 

The interconnections between the lines may vary as a function of the means of 

supplying the gases from the liquid-gas generator. 

Figure 1.4 

In Fig. 1.4 a diagram is shown of the supply of the fuel components in 

a liquid fuel engine and the individual components in the liquid-gas generator. 

Perturbations of the dynamic parameters of the fuel flow in one of the lines 

feeding the liquid fuel rocket engine causes a change in the dynamic parameters 

in the flow of the other line as a consequence of the change in the load trans¬ 

ferred from the pumps in the shaft of the turbopump unit. In Fig. 1.5a dia- 
» 

jr pror^oted of the supply of the liquid fuel rocket engine with both of 

7- 



the basic components of tbe fuel delivered Lu the liquid-gas generator. In 

tlil=i ea»e the perturbations of the dynanio parameters of the flow In any line 

cause not only a change In the moment of resistance in the shaft of the turbo- 

pump unit, but also a change in the supply of the component to the liquid-gas 

generator, i.e., a change in the quantity of generated gas and, consequently, 

a change in the speed of revolution and torque in the shaft of the turbine. 

From the point of view of dynamic processes, the most complex part of the 

closed system is the liquid fuel rocket engine. In its combustion chamber and 

nozzle, chemical, thermal, gas dynamic, and vibrational processes take place. 

However, it will be shown later that for an analysis of longitudinal self- 

oscillations, the frequencies of which do not exceed 100 Hz, the dynamic pro¬ 

cesses in the engine sometimes may be presented in the form of a comparatively 

the first stage of the American payload rocket Titan-2. In the diagram are 

shown the elastic body with two tanks, the supply system, and the engine. Here 

1) is the joining connection of the turboprop unit, 2) are the fuel supply 

pumps, A) and 5) are the Initial part of the discharge line of the oxidant and 

the fuel, 6) is the outlet section of the discharge line, 7) is the fuel line, 

8) is the liquid fuel rocket engine. In order to reduce the frequencies of 

the characteristic vibrations of the liquid in the fuel line and insure the 

stability of the supply system, hydraulic dampers are mounted Ln the fuel line. 
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Such a damper, 3). schematically shown in the discharge line of the fuel, is 

the oscillating member which changes tne dynamic characteristics of the fuel 

lines. It is noted in [3] that with the aid of these dampers it was possible 

to eliminate longitudinal self-oscillations of the Titan-2. 

4. A Simplified Mathematical Mode] 

Let us examine a simplified mathematical model of a liquid fuel rocket 

with a one-component liquid fuel rocket engine. Wa shall write equations of 

motion for the divergence perturbation of the variable quantities from their 

values in the steady-state regime. Under the steady-state regime we shall 

understand the flight of the rocket without oscillations according to a recti¬ 

linear (or nearly rectilinear) trajectory. In small time intervals which are 

significantly greater than the examined periods of thi char kteristic longi¬ 

tudinal oscillations of the rocket, the fuel supply into thr combustion chamber 

the thrust of the engine, and the acceleration of all eleir. -1-.3 of the structure 

of the rocket in the standard regime are taken to be constant. 

A calculation of the parameters of the system, the conclusion, and the 

analysis of the equations, a mathematical description of the interaction of 

the individual elements of the oscillating system, and an analysis of the pro¬ 

perties of the closed dynamic system are basic problen : of the present book. 

In section 4 a simplified equation is presented for the perturbed motion of 

the basic merabers of the examined system, in order to "how the dynamic scheme 

of a rocket with a liquid fuel engine for the study of longitudinal vibrations. 

The dvnamic interaction of the oscillations of the liquid with the elastic 

shell of the fuel tank and the elastically suspended engine from the body of 

. he rocket is taken into account in a calculation of the form and frequencies 

of the characteristic oscillations of the rocket body. As a result of this 

equation the forms f^(x) are determined and the frequencies a> of the charac¬ 

teristic oscillations of the rocket structure together with the liquid fuel in 

the tanks. 



The body of the rocket vibrates longitudinally as a consequence of the 

divergence of the thrust of the engine P(t) from the standard quantity and 

the divergence of the force ^n^ * cau8e<* a divergence of the pressure of 

the liquid in the discharge line in the Intake into the pump. If the shape 

f (x) of the characteristic oscillations of the body of the n-th tone is known, 
n 
then the equation of oscillations for the generalized coordinate qn(t) has the 

same structure as the equation of oscillation of a mechanical system with one 

degree of freedom. 

We shall consider to be positive the motion of the body in the direction 

from the tip through the tail of the rocket. Then the reduced force acting 

upon the rocket body is equal to (P^n(t)fnp " P(t)fne), where f^ is the coeffi¬ 

cient of the shape of the elastic vibrations of the pump; fne is the coefficient 

of the shape of the elastic vibrations of the engine. 

The equation of the forced oscillations for the generalised coordinate 

qn(t) will have the form 

¢. + 25,.»Á+-0¾.(W)f. -^(0/.,.)- . (i.n 

Here m is the reduced mass of the rocket; Ç is the relative coefficient 
n n 

of damping of the characteristic oscillations; ion is the frequency of the 

characteristic oscillations. 

The deflection of the pressure p^ of the liquid in the bottom of the tank 

(as the liquid goes out of the tank into the discharge line) may be assumed 

to be proportional to the acceleration of the bottom of the tank: 

"b " e0H<tnbV a'2> 

where is the density of the liquid; 

H is the height of the liquid head in the tank; 

Here anl later, small perturbations (increments) of forces and parameters of 

motion shall be called divergences from their respective standard values, not 

assigning them the usual symbols A or 6. 
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f , is the coefficient of the form of elastic vibrations of the bottom 

of the tank; 

ic is a certain coefficient depending upon the relationship of the diame¬ 

ters of the tank and the discharge line and the shape of the bottom. 

The relation between the divergence of the pressure p^ upon the discharge 

from the tank and the divergence of the pressure p^ in the inlet of the pump. in the inlet of the pump. 

without taking into account the compressibility of the liquid and the elastic¬ 

ity of the walls of the discharge lines, is determined by the equation 

Plp(t) » Pb " P^it) (1.3) 

where l is the length of the discharge line; 

V^(t) is the acceleration of the liquid in the discharge line. 

We shall evaluate the volume of the vapor-gas mixture in the liquid in 

the suction part of the pump using a linearized law for an id’al gas. Denoting 

the divergence of this volume as V and the elastic constarr of k* , we shall 
p v8 

have 

The divergence of the velocity of the liquid in being dischaiged from the dis¬ 

charge line, designated by the change of the volume of the vtpor-gas mixture 

is: 

Here F^, is the area of a section of passage of the turbodrive to the pump. 

If we neglect the change in the speed of rotation of the shaft of the 

pump, then the divergence of, the pressure p, in the discharge from the pump 
l ¿P 

will be determined by the formula 

^=(1+ f- ) (1.5) 

11 



The values of the partial derivative in equation (1.5) may be obtained 

from an examination of the discharge and delivery characteristics of the pump. 

These values will be equal to the tangent of the angle of inclination of 

the tangents to the indicated characteristics in the working point. 

Taking into account only the inertia of the head of the liquid and the 

hydraulic resistance including the resistance of "he nozzles, the equation of 

motion of the liquid along the delivery line may take the form 

¢/¾ (/) - 4°¾¾ (/)=Pt, (<)-/>. (/) (1.6) 

where ü,(t) is the divergence of the velocity of the fuel entering the combus¬ 

tion chamber of the engine (p ** ) 
c p 

pc (t) is the divergence of the pressure in the combusion chamber; 

is the coefficient of resistance of the delivery line and the 

nozzle head; 

U* is the velocity of the fuel entering the combustion chamber in 

the standard stationary regime. 

We may determine the divergence of the velocity of the liquid P^(t) in 

the discharge line from the equation of discontinuity of the fJow through the 

vapor-gas mixture 

^(/)-^(/)-^(/)^/.^.(/). (17) 

where f^q^t) is the divergence of the velocity of the flow of the liquid 

in the turhodrive, caused by the oscillations of the pump. 

For low frequencies and ^mall perturbations the equation for determining 

the divergence of the pressure Pc(t) in the combustion chamber of a single- 

component liquid fuel rocket engine with an open delivery system may take the 

form [2) 

(1.8) 
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Here is the relaxation time in the chamber; k is a proportionality constant 

between the divergence of the per-second entry of the mass of the fuel into the 

chamber and the divergence of the pressure. 

If the liquid fuel rocket engine has a closed supply system, then in study¬ 

ing longitudinal self-oscillations of a turbopump unit, the liquid gas generator, 

the delivery line, and the combustion chamber are generally combined into one 

member (the engine), the dynamic properties of which may be expressed by one 

characteristic. 

The divergence of the force P is proportional to FT> the ratio between 

the divergence of the pressure pc(t) in the combustion chimber and the diver¬ 

gence of the thrust P(t) of the engine may be expressed by tie coefficient k_. 

Then we have 

/>(/)=*, A-(0, 

a■5, 

Equations (1.1)-(1.9) express a simolified mathematical »’.edel of the oscillat¬ 

ing system. 

A block diagram showing the Interaction between the different members of 

the model of a rocket with a liquid fuel engine with a two-cor.iponent fuel is 

shown in Fig. 1.7. Here, 1) is the rocket body; 2) is the discharge line; 

3) is the pump; 4) is the fuel supply line; 7), 8), and 9) are the oxidant 

supply lines; 5) is the combustion chamber; 6) is the thruot coefficient [the 

broken lines show the additional elements of the system not taken into account 

in equations (1-1)-(1.9)]; 10) is'the liquid-gas generator; 11) is the turbine 

for driving the pump. The connection between the liquid-g.?s generator and the 

turbines with the lines are the same as they are for the liquid-gas generator, 

ope.rating on the basic components (see Fig. 1.5). Through the liquid-gas 

generator and the turbine, the ,fuel line interacts with the oxidant line which 

..ignificantly complicates '.he dynamic scheme. 

« 

From <».i analysis of the linearised equations (1.1)-(1.9) inferences may 

be drawn only on the stability of the system, i.e., to establish whether the 

-13- 
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randomly arising small oscillations will die out. The amplitudes and frequencies 

of the self"oscillations may be determined only from nonlinear equations. 

Nevertheless, an analysis of the linearized equation may produce sufficiently 

complete information on the influence of various parameters and their combina¬ 

tions upon the stability of the system. Equations (1.1)-(1.9) do not take into 

account the wave vibrations of the liquid in the fuel lines and the elasticity 

of the walls of these lines. Meanwhile, if the fuel lines ha\e a significant 

length and possess sufficient elasticity, then the frequency of the character¬ 

istic oscillations of the liquid in them may be communserate with the frequency 

of the Characteristic oscillations of the rocket body. Not only the perturba¬ 

tions of the pressure of the liquid going out of the tank and into the combus¬ 

tion chamber are the sources of perturbation of the oscillations of tie liquid 

in the fuel lines, but also the motion of the pump and the combustion chamber 

relative to the flow of the liquid due to the oscillation? of the rocket body 

itself. These and other factors complicating the mathematical model will be 

examined later. 

Figure 1.7 

5. Methods of Analyzing the Dynamic Properties of the System 

For the analysis of the dynamic properties of the system and its individual 

members, frequency methods of the theorv of automatic regulation are widely 

used. Later, we shall use the Nyqulst frequency criterion of stability, the 

concepts of a complex transmission number and amplitude-phase frequency charac¬ 

teristics. We shall derive their brief determination. 
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Let .he equation of the first oscillations of the generalized coordinates 

y(t) have the form 

y(t)+2!y(t)+«iy(t)=q(t). 
(1.Í0) 

where q(t) is the external influence; 

u)q, e are the frequency and the damping Coefficients, respectively, of 

the characteristic vibrations. 

The quantities y(t) and q(t) are generally called the output and input 

coordinates of the system (element). 

For q(t) » qQe 
iblt 

form 

, a partial solution of equation (J.10) may assume the 

1 
y(t)=ye,n‘t, y-KqQ, K==-JZ (*>2 -r- 

The number K# expressing the relation of the ;iteidy-rtate harmonic oscil- 

lations of the linear system in the output to the Laiv-mir .iction in the input, 

is called the complex transmission number. Bee íusl ie th<^ .s^stiíir ';''ere may be 

certain members with varying input and output coorJimtes. then fo- differences 

in their complex transmission numbers, square brackets deri.'.'ilatln8 coordinates 

are attached to these numbers. For example, K[y, q^] deri^nates that the coor- 

dinate y is the output coordinate (the first letter ii the square brackets), 

and q^ is the input coordinate (second letter). 

Figure 1.8 

If the complex dynamic system may be separated into such elements, each 

of which is a member with onfe input and one output, then the interaction of 

the members of the system may be represented by the structural block diagram. 

Let us suppose that between the input and output member there exists a linear 

relation. Then for harmonic osci..latiuns the output coordinate y is equal to 

a complex transmission number multiplied by the input coordinate qQ (Fig. 1.8): 

V 
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y “ K[y, q0]q0. 

In the plane of the complex transmission number K[y, q^] is the vector 

(Fig. 1.9) 

K[v, <7o] M+<^H=¿H. 

where 

A(»)=1/^(0,)+1/2K tg9(<»)=IM. 
U (<U> 

In our example 

U(w)= 
4- <»X — u>2 

(wj-0,2)^.4^2 ’ 
V ((0) = 

—2.« 

(‘"õ—<u2)'+i 

The modulus of the vector A(w), equal to the model uf the complex trans¬ 

mission number shows how many times greater is the amplitude of the forced 

harmonic oscillations of the output coordinate than the amplitude of the input 

coordinate. 

The argument f(w) of the complex transmission number shows at what phase 

angle the force oscillation leads or lags (if the sign of f(u) is negative) 

relative to the activating force (the input coordinate). In ether wordt:, 

is the phase shift for the harmonic oscillations between f-he o"i;put and ':he 

input coordinate. 

The modulus and the argument of the complex transmission number are a 

function of the frequency of the external influence. Therefore if we con¬ 

struct a hodograph of the vector K[y, q^] for frequency changes in the interval 

0 £ “> <: + » (Fig. 1.10) then according to the form of the hodograph we may 

obtain the complete representation of the dynamic properties of the member 

examined. Knowing the hodograph of the vector we may determine the amplitude 

and the phase of the forced oscillations in any given frequency of change of. 

the input coordinate. ^ 

In the theory of automatic regulatior, the hodograph of the vector 

K[y, q^j] is called also the phase-amplitude frequency characteristic of the 

number (of the system). The phase-amplitude frequency characteristic is 
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equivalent to two characteristics: the phase-amplitude characteristic and the 

phase-frequency characteristic. The phase-amplitude characteristic (Fig. 1.11a) 

shows the relation of the amplitude of the forced oscillations (more exactly, 

the ratio of the amplitude of the forced oscillations to the amplitude of the 

external influence) to the frequency of the external influence. The phase- 

frequency characteristic (Fig. 1.11b) shows how the phase shift.of the forced 

oscillatlóns depends upon the frequency of the external force. 

The complex transmission number of the closed 

chain of the successively included members of the 

directed action is equal to the derivative of the 

complex transmission numbers of the separate mem¬ 

bers (Fig. 1.12a): 

K ■= K,K„...K 
1 z n .,. 

Fig. 

The complex transmission number of the parallely 

included member of the directed action is equal to the sum of the complex trans¬ 

mission numbers (Fig. 1.12b): 

K - Kx + K2 + ... 

The closed chain shown in Fig. 1.11a corresponds to the closed system 

denicted in Fig. U2c. For a closed chain the output and the input coordinates 

should be equal to each other, i.e.. 

The whole system of automatic regulation is closed. The dynamic system 

of a rocket with a liquid fuel engine, which we have examined, is also closed. 

Conclusions on the stability of the motion of the closed system may be 

made if the values of the roots of its characteristic equation are known. For 

an analysis of the stability, sometimes on the complex surface, the trajectories 

are examined by which the points move forming the roots of the closed system 

during the change of any parameter of the system. The roots on the left of the 
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half-plane characterize the stability of the motion of the system, the roots 

on the right of the half-plane characterize the instability of the motion of 

Figure 1.12 

A determination of the roots is connected, however, to a large amount of 

computational work. The laboriousness of calculating the roots of the equation 

greatly increases with an increase in the degree of this equation. At the 

present time the calculation of the roots is performed on a digital computer. 

From the point of view of the expense of machine time, it is unprofitable to 

determine all the roots of a complex multistream system by means of expanding 

the characteristic equation into its factors. Instead, the separate roots of 

interest are obtained by the iteration matrix process. 

Conclusions on the stability of the dynamic system may be drawn also with¬ 

out resorting to calculating the roots of its characteristic equation. Sta¬ 

bility criteria are used for this. 'Several stability criteria exist |9]: the 

Kuuth-Duvrits algebraic criterion, the Mikhaylov frequency criterion, the 

Nyquist phase-amplitude criterion, the Vyshnegrad criterion for third-order 

systems, etc. We shall present without proof the Nyquist phase-amplitude 

frequency stability criterion, which permits conclusions to be drawn on the 

stability of a closed system by an outline of the phase-amplitude characteris¬ 

tic of the corresponding closed circuit. Let us assume that the degrees of 

the characteristic equation of the closed system and the closed circuit are 

the same. 
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For the stability of the closed linear automatic system, it is necessary 

and sufficient that for the motion of the point N along all of the phase- 

amplitude characteristics corresponding to the closed circuit for 0 £ <d £ + o», 

the vector CN (Fig. 1.13) turns through an angle (counterclockwise). 

Here, m is the number of roots with positive real parts in the characteristic 

. equation of the closed circuit. For example: if m ■ 0 then the curve 1 con¬ 

firms the stability of the closed system, and curve 3 confirms the instability. 

. Curve 2 passes through the point C(+l, iO) and the closed system in this case 

is bordering on stability. The value of oi in this point of the phase-amplitude 

characteristic also determines the frequency of the oscillations arising in 

the closed system on the border of stability. 

The proposition presented may be given a 

simple physical interpretation. The phase- 

amplitude frequency characteristic is the ratio 

of the output coordinate to the input coordinate 

for stable harmonic oscillations. The phase- (U =0 
amplitude characteristic at the point C(+l, iO) 

shows that the output is equal to the input, and Figure 1.13 

if the system is closed, then the stable harmonic 

oscillations in the closed system will be the same as in the closed circuit. 

If the characteristic intersects the positive semi-axis left of the point C 

(curve 1), then the amplitude in the output is less than it is in the input. 

For closed systems this decreased amplitude for repeated osciillations passing 

in the chain is decreased even mere. Consequently in this case the character¬ 

istic oscillations in the closed system will always die out. On the other 

hand, if the characteristic intersects the real semi-axis to the right of the 

point C (curve 3), then during the passage of a signal in the chain the ampli¬ 

tude of oscillations is increased and, consequently, for a closed system the 

amplitude of the free oscillations will increase. Such a closed system is un¬ 

stable. For randomly arising oscillations in the closed system to die out more 

quickly, it is necessary that the phase-amplitude characteristic of the open 

circuit to intersect the positive real semi-axis as far left of the point 

C(+l, 10) as possible. 

\ 

\ 
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We note that in the work on the theory of automatic regulation, closing the 

system by the rule'q0 - -y„lB the most widely used. For this rule, the 
frequency criteria of stability are formulated relative to the point C(-l, iO), 

lying on the negative real semi-axis. 

For an analysis of the stability of a closed system, the D-partition method 

may also be used. This method is based on the fact that at the border of sta¬ 

bility, the system performs harmonic oscillations. Placing in the characteris¬ 

tic equation of the closed system D(p) ** 0 and p = íüj, wt. obtain the relation 

between the parameters of the system and the frequency of oscillations at the 

border of stability. In the system of coordinates ir. which we are interested, 

we may construct for the parameters (the rest being fixed) a border of stability 

after which we may determine in what area the parameters c rumined lie--in the 

area of stability or in the area of instability. 

Real systems and, in particular, the rocket system \-hich we are examining, 

in the majority of cases have elements of nonlinearity. . nd for a study of the 

behavior of such systems for small perturbations, tl.o fferentLal equations 

describing them are linearized, i.e., members contain in: econd and 1 igher 

degree divergences of variables and their derivatives are thrown out. Judging 

to what degree the stability determined by the linear! rd ecuation corresponds 

to the stability of a real system may be obtained fren the theorem of A. M. 

Lyapunov, the essence of which is included later [9]. 

1. If the characteristic equation of the lineari ed ;yatem has all roots with 

negative real parts, tuen the actual system will also i»t. i table. 

2. If the characteristic equation of the linearized system has but one 

root with a positive real part, then the actual system will also be unstable. 

3. In the presence of but one zer« or purely imaginary root in the char¬ 

acteristic equation of the linearized system, the behavior of the actual system 

remains undetermined. It depends upon the significance of the discarded non¬ 

linear members. 

/ 

i 

-20- 



The dynamic system of a rocket with a liquid fuel engine consists of inter¬ 

acting heterogeneous members. During the oscillation of the system, deviations 

of pressures, velocities, and acceleration take place in the members relative 

to the steady-state motion, and the members move relative to each other. An 

analysis of the dynamic properties of such a system is conducted in the follow¬ 

ing order. 

1. The dynamic system is broken down into the individual members which 

are comparatively homogeneous according to the processes taking place in tnem. 

For each member, differential equations are formulated describing the connec¬ 

tions of the deviations of the examined quantities (the d fferent'.il equations 

of perturbed motion) with a consideration of the boundarv (borderline) condi¬ 

tions arising from the separation of the system inti i.ii idual members. 

2. The equations are solved and an analysis is condi ted of the charac¬ 

teristic and forced oscillations of each member individua-îy. The analysis 

is conducted by the methods of the theory of oscillations id freq lency method 

which have been widely used in the theory of automatic reflation. 

3. On the basis of a structural block diagram of closed system ¡. .d 

the boundary conditions taken for the division of the sysf n into les nenbers, 

the members are ‘joined’ (unified) and a study is made of i'i«: stability of 

the motion of the whole system. The study is conducted will» romplrx trans¬ 

mission numbers and phase-amplitude frequency characteristic'. We shall examine 

this method of solving the problem in subsequent chapters. 

I 
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Chapter 2 

AXISYMMETRICAL OSCILLATIONS OF THE TANK WITH THE LIQUID FUEL 

1. Statement of the Problem 

As has already been noted, the longitudinal vibrations of the rocket 

body are accompanied by oscillations of the liquid fuel in the tank. During 

the oscillations, the pressure of the liquid changes as a consequence of which 

additional deformation of the tank takes place. The cylindrical tank is a 

thin-walled structure. The structure of the tank is executed in the. form of 

a thin-walled circular cylindrical shell. * The bottom of the tank is a thin- 

walled axisymmetrical shell of revolution usually having the form of a spear 

segment. The tanks may also be conical, spherical, or take the shape of a 

torus. 

The clastic shell of the tank oscillates together with the liquid, because 

the liquid and the shell form an oscillating system with an infinite number of 

degrees o2 freedom. It is expedient to separate the tank with the liquid from 

the problem of the longitudinal oscillations of the rocket body, and at first 

examine its oscillations separately from the oscillations of the body. 

We shall consider the liquid to be ideal and incomoressihle. Under the 

concept of an ideal liquid we understand such a deformable continuum in which 

there are no friction forces. If in this liquid a certain volume is separated 

bounded by the surface S, then the action of the romair.ing part of the liquid 
« 

on it leads to a standard pressure. 

\ 

The motion of the ideal liquid is described by the Euler equations |7]: 

(h>x fox i i fo’x _ V __ 1 'VL 
dt ;>x- \ ày dz Ü dX * 

ov ('Vu . tiVy , äi dVy_y_(]P_ 

l* du nt ■ x dx V Oy ‘ dz 

(2.1) 

fo* i fo* ». fot i ». fot_p_dp 
-f 7», — +V,, 

Ot * ox ¥ oy dz 
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'.'V.* I 0VV I p (2.2) 

()X Oy 'dz 

Here y^, y^, y^ are tlie coraponent& of the velocity vector y of the liquid 

particles along the axis of the coordinate x, y, z, respectively; p is the 

density of the liquid which in the case of an incompressible Liquid Is assumed 

to be constant; p Is the hydraulic pressure; and X, Y, Z are the components 

of U»e mass force vector. Consequently for the four unknowns 0 , y , y, ,p, 
x y z 

Liiere are four equations. 

The three equations (2.1) written in scalar form may he substituted for 

one vector equation: 

where 

ilv v? 1 , — = r-jjr.id //. 
tli o 

- ‘ f . 7 i «ti F •- \7 ' 1 ///• 
-u* Vti A-VyJ r - Al Iß. 

(2.1) 

We shall assume the steadystate motion of the liquid to Le vortex-free 

and consequently Irrotatlonal. Then the velocity vector Is the irrotatlonal 

vector, l.e., 

v(x, //, r. /)r urad'f 
(2.4) 

or in scalar form, 

V' = 
Ox 

, Vy à? 

<}y 
. v* 

<>2 

Oz 
(2.5) 

Here (x, y, z, t) is the velocity potential. 

in the existence of a velocity potential (2.5) the equation of discon¬ 

tinuity (2.2) for an incompressible liquid becomes the Laplace equation: 

àx- Oy* Oz- 
(2.6) 

In the existence of a velocity potential the acceleration will also be 

the irrotatlonal vector [5, 7]: 
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InserlluK this expression ln (2.1) and denoting the vector F as the mass 

force potential U, l.e. 

F ** -grad U, 

we obtain 

Hence, 

(2.7) 

This integral of the equations of motion is called the Cauchy Integral. 

Without a toss of generality, in the future we shall assume Fit) * 0. 

If we find the velocity potential <¡(x, y, 7, l) then the process ol the 

motion of the liquid will be known. 

The differential equation of the oscillations oJ the shell mav he presented 

in the form |J, 9) 

(2.«J 

Here ••• are certain differential operators; u, v, ■.> are the compo¬ 

nents of the vector of the complete motion of the shell along the axes ol the 

coordinates x, y, z, respectively; is the density of the shell material; 

h Is the thickness of the shell; X, Y, Z are the components of the vector of 

external forces acting upon the shell. 

The external forces for the shell are the force of the liquid pressure 

upon the wetted surface S, the pressure of the gases upon the unwetted surface. 

the axial compression or extension forces, acting upon the shell of the lank 

from the adjacent segments of the body. We shall assume that tire axial f«n« 
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and the pressure of the supercharge of the gases are known. The pressure of 

the liquid upon the wetted surface S Is determined by a formula analogous to 

(2.7): 

((2.9) 

where is the pressure of the gases upon the free surface. 

The solutions of equations (2.1), (2.6), and (2.8) should satisfy the 

boundary (bordering) and initial conditions. For the shell, the boundary 

condition is given in the form of geometrical or force conditions of the form: 

Q^(u, V, w) - 0 (2.10) 

Because the tank shell is impenetrable, then on the boundary of the wetted 

surface S, the normal component of the velocity of the liquid should be equal 

to the normal component of the velocity of the motion of the shell 

I n 

On s df (2.11) 

where Q is the motion of 
n 

On the free surface 

of the gases, therefore 

the shell normal to the surface. 

S* the pressure of the liquid is equal to the pressure 

(£+!*’+«),-»• (2.12) 

The conditions (2.9) and (2.11)*are the conditions of compatibility of 

the oscillations of the shell and the liquid. 

The arbitrary constants of the general solution of the equations are 

determined from the initial conditions. 

Later, we shall evaluate the stability of the mt^ion of the system by 

frequency methods which are based upon an analysis of the dynamic properties 

of the system in steadystate harmonic influences. The motions caused by the 

initial conditions are not of interest, and we shall not ascertain them. 
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Thus the problem of the oscillations of the liquid In the elastic tank 

is reduced to iindiuK a solution of the equation (2.8) satisfying the boundary 

condition (2.10) in the given line, and a solution of the equation (2.6) satis* 

fying the boundary condition (2.12) on the free surface. Both solutions, more¬ 

over, should satisfy conditions (2.9) and (2.11) on the wetted surface. 

Let us specify and simplify the problem, subjecting It to the objectives 

formulated in Chapter 1. The solution of the problem of the oscillations of 

the liquid in the elastic tank, is Important for two reasons: 1) for the 

determination of the shape and frequencies of the characteristic longitudInaJ 

oscillations of the rocket body, 2) for a determination of the perturbation of 

the pressure as the liquid leaves the tank. Let us introduce lhe following 

assumptions. 

1. Let us assume that the rocket has the form of a straight axlsymmetri- 

cal elongated body, so that in a cross-section the distribution of mass and 

rigidity in any radial direction is the same. 

2. Let us assume that the rocket executes a rectilinear flight and the 

vector of the external forces acting upon the rocket la directed along the 

axis of the rocket. Then the surface of the liquid will be situated perpen¬ 

dicularly to the axis of the rocket and the pressure of the liquid upon the 

walls of the tank will possess the property of axial symmetry. If thrust 

vibrations arise in the flight, then the elastic tank and the liquid will 

oscillate with forced vibrations. The large diversify of forms of oscillations 

in the study of longitudinal vibrations of the system, we may examine only 

the axlsymmetrlcal shape of oscillations which substantially simplify the study. 

3. Longitudinal acceleration of the rocket In a small segment ot the 

trajectory may be considered constant. Under reaction of the pressure of the 

pressurized delivery and the hydrostatic pressure, the tank and the liquid¬ 

are in a position of statistical equilibrium. We note that the forced oscil¬ 

lations of the tank and liquid take place relative to this situation of M .- 

tica. equilibrium. 
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A. We «hall consider the oscillations of the rocket body, as with also 

the oscillations of the tank and the liquid, to be small; this means that the 

occurrence of small movements and velocities may be neglected in comparison 

with the quantities of the movements and velocities themselves. 

In solving the problem on the oscillations with the liquid, it is suffi 

cient to consider only the hydrodynamic pressure of the liquid. Then the 

formula (2.7) takes the form 

5. For longitudinal vibrations, generally speaking, the transverse dimen¬ 

sions of the body change also. The change in the radius of the tank, causing 

extension or compression of the shell in the axial direction, exerts a certain 

influence on the oscillations of the liquid in the tank. However, we shall 

neglect these influences. We shall consider that during the longitudinal oscil¬ 

lations of the body, only the length of the tank shell changes, and the radius 

of the tank is changed only by the hydrodynamic pressure of the liquid. This 

assumption makes it possible to study separately the axisymmetrical oscillations 

of the liquid in the elastic tank and to find a simple mechanical for them. 

6. shall not consider the oscillations of the free surface of the 

liquid. Calculations show that in the majority of cases these oscillations 

exert an insignificant influence upon the fiequency of the oscillating system. 

7. The forces of inertia of the shell of the tank are small in comparison 

to the inertial forces of the liquid in the tank, therefore we shall not take 

them into consideration. As will be seen later, these forces may be considered 

without changes the method of solution. 

b. We shall consider the shell tank lo be thin-walled and with a zero 

1 
moment. 
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2. Determination of the Baalc Frequency of the (Jhacacteriutle Axi" 

symmetrical Oscillations by the Rayleigh Method 

If In the calculations, one may be restricted to a calculation only of 

one basic tone of the axisymmetric oscillations of the tank and the liquid, 

then it is advisable to determine the frequency of the characteristic oscilla* 

tions by the Rayleigh approximation method. The idea behind the Rayleigh method 

is generally known and may be briefly reduced to the following. For oscilla¬ 

tions of a conservative system, the sum of the kinetic energy T and the poten¬ 

tial energy n is constant. Because the oscillations in time occur by the 

harmonic law, then, given the assumed form of the oscillations from the equa- 

t^°n ^max " ^max* We approximately (with a certain exaggeration) determine 

the frequency of the basic tone of the characteristic oscillations ui^. The 

more accurately the accepted form of the oscillations coincides with the actual 

form, the more accurate will be the obtained value of the frequency of the 

characteristic of the oscillations. The form of the characteristic oscillations 

must be given in accordance with the boundary conditions. In particular, foi 

the form of the oscillations of the basic tone, cue may take the function of 

the motions for the statistical load. 

In systems with distributed parameters, the potential energy is generally 

expressed as the coefficient of the reduced rigidity k : 
cc 

and the kinetic energy of the coefficient of the reduced mass m 
cc 

where q(t) is the generalized coordinate. 

From the equality T * n we obtain the formula for determining the 
max max 

frequency of the characteristic oscillations of the system 

0)2 — # (2.14) 

mct 

We shall derive an approximate determination of the frequency of the basic 

tone for the case where the tank shell is executed in the form of a circular 

[T~ 
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cylinder, and the bottom is executed in the form of a spherical segment with 

the height of the segment significantly smaller than the diameter of the sphere 

(H24 0.2D) , as assumed by V. Z . Vlasov [2]. Besides the assumptions formu¬ 

lated in the foregoing section, we shall consider that tht kinetic energy of 

motion of the liquid is small in the radial direction relative to the kinetic 

energy of its motion along the axis of the cylinder and the velocity of the 

particles of the liquid in the direction of the axis of the cylinder does not 

depend upon the radius. 

The geometry of the tank and its mounting scheme st .own in Fig. 2.1a; 

there are also shown the statistical motions of the fill >T the bottom of the 

tank in the direction of the radius produced by the hydrostatic pressure. 

We shall designate as the radius and thickness ot the tank shell; 

as Rj, hj, the radius and thickness of the spherical shell (the bottom of the 

tank); as the heignt of the wetted part of the tank shell; as H2, the height 

of the segment of the spherical bottom; as H, the reduced height of the liquid 

head in the tank; and as y, the specific weight of the liquid. 

We snail calculate the potential energy of the shell and the bottom of 

the tank corresponding to deformation from hydrostatic pressure. 

Under the action of the hydrostatic pressure, the shell of the tank is in 

a uni-axially directed position. The specific potential energy ni£ and the 
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declination e. in the peripheral direction is determined as 

where E is the 

\_ 

2 
modulus of elasticity of 

s _7 (//-*)/?, 

'* Ehx 
the first order. 

We obtain the potential energy of the shell by integrating the quantity 

^le *-^rou8hout the volume. Setting ■ const, h^ ■ const, we get 

= 1 i i rusiv— 
1 V" 

Because the height of the segment of the spherical bottom is small, 

for simplification we note that the pressure of the liquid in any part of the 

sphere is the same and equal to the hydrostatic pressure at depth H. For a 

spherical shell under the action of a constant pressure yH the specific poten* 

tial energy is [3, 16] 

\ riu-tX -, Zli^L (2.15) 

"2 ‘ 

7///?o 

2£A2 
(l-l*). 

where y is the Poisson coefficient. 

The volume of part of the spherical shell is 

V./1/2.1/1/1,, 

where 

The complete potential energy for a declination of the bottom of the tank 

(2.16) 
.1/^12//3//7 

// .= (72.1 , =-'~—t-( I - ji). 
2l:fh 

We shall replace the volume of the liquid located in a segment of the 

spherical bottom with the equivalent volume of a cylindrical head of the liquid 

with a radius R^. Then the complete reduced height ot the cylindrical liquid 

head with radius R^, taking *into account the liquid in the bottom of the Lank, 

will be 

//, Í (2// x-xïiJx • 
/¿it 

1,1 

»«rTtiownitwi i 
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To obtain the radial compressive forces in the place of the junction of 

the bottom with the shell of the tank, a former (force ring) is noted. The 

rate of the liquid head is counterbalanced by the meridian forces Tj along 

the contour of the bottom (Fig. 2.2) 

The force T2, projected in the plane of the 

ring, produces a radial load on the ring 

The compressing force in a cross-section of 

the ring is on Figure 2.1 

<Sh — QvR\’ 

The potential energy of the declination of the ring is 

(2.17) 

where F. is the area of the cross-section of the ring, 
k 

Thus, the complete potential energy of declination is 

FI = ill T (2.18) 

The coefficient k- is numerically equal to twice the value of the poten¬ 
ce 

tial energy of the system for q(t) * 1. Therefore for q(t) •* 1 

fceè=»2/7max. 

Now we shall calculate the maximum value of the kinetic energy of the 

liquid, assuming that the liquid performs harmonic motion with a frequency 

in the direction of the longitudinal axis of the tank. The shape of the oscil¬ 

lations corresponds to the motion of the shell of the tank under the action of 

the hydrostatic pressure. 

For a visualization of the argument we note that the liquid head height 

H consists of a certain number of thin layers. The motion of any layer in the 
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direction of the axis of the cylinder may be considered to consist of two pui.s: 

1) motion in the amount with the bottom, and 2) motion caused by a decrease 

in the thickness of the underlying layers of liquid as a consequence of an 

increase of the diameter of the shell. 

An Increase in the diameter of the shell and a decrease as a consequence 

of this of the thickness of the layer of liquid is proportional to tue hydro¬ 

static pressure. Because the second part of the motion of the liquid wilt be 

the same as the compressed hçad under the action of weight, then instead of 

an incompressible liquid and a pliable shell, in determining axial motions we 

may consider a certain equivalent compressible liquid head and an absolutely 

rigid shell. The cited modulus of elasticity Errof this head should be cal¬ 

culated from the condition of the equation of motion. For determination of 

E rr, we shall examine a thin layer consisting of liquid and the shell. We 

shall take the height of the layer in the undeformed state to be unity. The 

Increase of the radius of the shell due to hydrostatic pressure is 

KH-jr)«; 

As a consequence of the increase of the radius, the height of the layer 

of the liquid is decreased by the amount 

— -^i^i_(H — x)R\ 
Al —" “v ' Ehi 

If we now consider the layer of the liquid as compressible, then under the 
2 

action of the axial compressing force, equal to y(H ~ the height of the 

layer is decreased by the amount ^ (// 7(# -r) 

A 2 — Er^R} 

Because a decrease in the height of the layer of the liquid as a conse¬ 

quence of an increase in the diameter of the shell from the pressure y(H - x) 

should be eoual to the decrease in height of the same layer as a consequence 

of the compressibility of the height A^ * A2, then 

írr ^ r,n * (2.1^) 

where E is the modulus of elasticity of the material of the tank shell. 
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In Fig. 2.1b, a model la presented of a compressible liquid head; a spring 

Imitates the elasticity of the bottom. The complete motion of an arbitrary 

layer of liquid is 

r t 

«(*)=©,+ I -J<"-*>'* =«,,+ 

V Err ^rr 

(2.20) 

where 

iHRl 

w'=—'d-i«). 
(2.21) 

2Ehi 

A graph of the function u(x>, assuming the form of liquid oscillations, is 

shown in Fig. 2.1c. 

The maximum value of the kinetic energy of the axial oscillations of the 

liquid head is 

H »2 
^ 1 l* */?lT 1 2 
^wax ~ y-*\iï{x)dx nlrrlol* (2.22) 

Ò 

where 

m 
nR 

rr 'T// (wî I I ?Éííl\ 
g 3firr + I5£’ / • 

If the tank is suspended and hung from the 

upper force rib (Fig. 2.3), then under the action 

of the hydrostatic pressure tiie stressed state of 

the shell will be bl-axlal. The stress o^ in the 

direction of the axis of the shell and in the 

peripheral direction will be 

Pi 

iHR\ , UH-x)Rl 
-’ 3'- 2h\ «i 

The potential energy of the shell in this case will be postulated from 

the formula [3, 16]: * P Í* A (* P o? 

(0,=, + ^,,),/5 -f yJI—‘'•S.. 
s. 

n 

where S is the wetted surface of the shell, and is the unwelted surface of 

the shell. Since 
Y (°i—Ia0/). e/=-J ), 
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MU* « ■K».«"-' "•i» 

then 

. 

// 

A. ^ nr« i n-\WHvR\ 

H'^ÏÈ): {^‘- '¿Wl) + 4£li, 
//2 

(2.23) 

As a consequence of the stressing of the shell In the axial direction, 

additional motion arises of the entire liquid height by the amount 

i_i li* / • ®i ij iH-Ri i « V i Tf//fpR\ 
2£/fc| ( ^)+ 2£A( 

If we consider, as before, that the liquid head Is compressible, then 

the reduced modulus of compression E (x) here will depend upon the coordínale 

X. We shall calculate It. 

. UH-x) 
A?—-Z-“T-« Ai — A 21 

Err M 

^rr (■*) 
_ £A, (H—x) 

/?, '2(H-x)-tiH 

The complete motion of an arblrary layer of liquid Is 

Err (-^) 

d x ■ 

(2.24) 

Here w^ Is determined by the formula (2.21) and E Is determined by formula 

(2.19). Thus, if the tank is suspended, then In formula (2.17) sho.uld be sub' 

stltuted from (2.23), and for determination of the kinetic energy, the function 

u(x) should be taken in the fo'rm of (2.24) 

The frequency of the characteristic oscillations will be determined as 

before by the formula (2.14). 
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3. An Approximate Determination of Forced Longitudinal Oscillations of 

the Elastic Tank and the Liquid 

Let a forced ring, to which is attached the bottom of the tank, perform 

small oscillations in the direction of the axis of the tank according to the 

law 

where u^, u are the amplitude and the frequency of the oscillations of the 

ring, be given. If the frequency m of the forced oscillations is less than 

the frequency of the characteristic oscillations of the basic tone then 

we may consider only the basic tone of the oscillations of the tank and the 

liquid and obtain an approximate solution of the problem on the assumption 

that the shape of the oscillations of the tank and the liquid are forced oscil¬ 

lations the same as they are under the Influence of hydrostatic pressure. 

As we did In section 2, we shall substitute the elastic tank and the 

incompressible liquid for a compressible liquid head with a modulus of elas¬ 

ticity Err (2.19). A diagram is shown in Fig. 2.4; here a spring imitates 

the elasticity of the bottom of the tank. X 

We shall set the motion of the arbitrary 

layer of the liquid in the direction of the 

axis of the liquid head, reckoned from the 

position of statistical equilibrium, in the 

form 

u(x, t)=zliti(l) +l{x)q(i), (2.25) 

Ur(Í) 

i 
1 
U .10 

U 
• — 1 II 

- . 
■ •» 

Figure 2.4 

where f(x) and q(t) are the coordinate of the 

function and the generalizó coordinate of motion of the arbitrary liquid layer, 

respectively, of the force ring to the function f(x), which as in section 1 

we shall select with regard to the motion of the tank shell udder the Influence 

of the hydrostatic pressure of the liquid. For the design of the tank shown 

in Fig. 2.1, on the basis of (2.20) and (2.21), we get 

X jg2 \ _ _ \HR\hi 
/W-1 + i-u ( - 

' V H 2M I 
a = 

Ü fOrçÃ.* 
(2.26) 
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where x is Che distance from the low section of the liquid head to an arbitrary 

section in the position of statistical equilibrium. In equation (2.26), the 

motion due to the deformation of the bottom of the tank (in Fig. 2.A it Is the 

deformation of the spring) is taken as equal to unity, i.e., f(0) * 1. 

For the suspended tunk, the function f(x) may be found from equation (2.2A). 

In order to obtain an equation of the forced oscillations, we shall write 

an expression of the kinetio and potential energy of the system and apply tne 

Lagrange equation of the second kind 

The Jiinetic energy of the liquid head is 

(2.27) n 

¡-“r’l/'M*-'-. 
s » 

0 0 

where m is the quantity of mass of the liquid in the tank. 

The potential energy of the system consists of the potential energy of 

deformation of the spring, the liquid head, and the force ring, and may be 

calculated by the method expounded in section 1. We may express the potential 

energy of deformation as the coefficient of the reduced rigidity 

The potential energy and consequently l^,r need not be calculated, if the fre¬ 

quency of the characteristic oscillations ui^ is known from the foregoing oscil¬ 

lations. Indeed, on the basis of (2.1A), 

The coefficient of the reduced mass n^r of the liquid head in the motions 

relative to the force ring is calculated by the formula 

It 

(2.28) 

0 
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The generalized force in the problem examined is equal to zero. 

Inserting the expressions for T and H in the Lagrange equation, we get 
* 

H 

111 

or 

krrq ^=- nKxK¡ -1- f f(x) dx 
S J 

H J f(x)Jx 

q+»\q^-biiK% b — -jr 
(2.29) 

Í P(x)dx 

We shall examine only the steady-state oscillations which are expressed 

by the partial solution of the equation (2.29): 

Au>2 
— Il. e"“’ io). .-f: toL 

(2.30) 
-- /y?'-' (*•>, / u>). 

w j — üi2 

Force oscillations of any layer of liquid agreeable to (2.25) may be 

written in the form 

0- fl+/(A')-,—W'-'. 
L •' j—,u/ J 

(2.31) 

Forced oscillations of the lower section of the liquid head (the bottom 

of the tank) are expressed by the equation 

“lO =(l ) »o''". 
\ ‘•’i — '•»- / 

(2.32) 

Forced oscillations of any layer of the liquid occur relative to the force 

ring by the law 

(// 2//-7J 4- 0 • 
^«fM (•'”* t)- ' f (.v) q (/^ =a 

Force oscillations of the bottom of the tank relative to the force ring 

are 

/ 
/ 

/ 
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i 

The axial force arising in any cross-section of the liquid head during 

oscillations is equal to the sura of the inertial forces of all layers distrlb 

uted above the section examined 

// 

(W.o llx J (2.3i> 
N(X, /)-- 

g J 
X 

The inertial force of the whole liquid head is determined from the 

expression 
// 

1 f/(A) - (/X 
«»j — (a* J 

0 

This is the dynamic force of influence on the liquid in the bottom of the 

cylindrical tank which is transmitted to the supporting shell through the force 

ring (see Fig. 2.1). When N(t) > 0, the spring Is extended; when N(t) < U, 

the spring is compressed. If ttie form of the oscillations f(x) is taken lu 

the form (2.26), then the fone N(t) may be calculated by the formula 

A. The Approximate Determination of the Velocity Potential of the Liquid 

in an Elastic Cylindrical Tank with a Rigid Bottom 
» 

The liquid velocity potentialshould satisfy the Laplace equation (2.6) 

and the boundary conditions. The Laplace equation in cylindrical coordinates 

for axisymmetrical oscillations has the form [7] 

(2.35) 

As the pattern of the first approximation, we shall .¿xamine the cylindri¬ 

cal tank of circular cross-section with elastic wa^-’s ar j a rigid bottom. 
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Later we shall also consider an elastic tank botlo-n: The tank diagram is 

presented In Fig. 2.5. 

X 

H hi Hi 

0 

Figure 2.5 

We shall write the boundary conditions on the wall and on the bottom of 

the Lank: 

(2.36) 

for • - 0 dx 
(2.37) 

where w^ « w^(x, t) is the radial motion of the cylindrical wall of the tank. 

On the free surface the pressure of the liquid is equal to the pressure 

of the gases, therefore on the basis of (2.13) the boundary condition is 

written as 

We shall solve equation (?.35) by the Fourier method. We shall write 

the velocity potential in the form of the sum of the products of the function: 

Placing this expression in equation (2.35) and separating variables, we 

obtain the following equation for determining the function X (x) and R (r)i 
s s 



(2. !■>) 

dlRs(r) , _L 

i/r2 r <//■ 
-*;/?, (0=0, Í2.4<0 

where k is a certain parameter not yet determined. 
s 

In order to satisfy the boundary condition (2.36), we shall write the 

function w^ in the form 

wherein the function Xs(x) should satisfy equation (2.39). 

Here G is an undetermined coefficient, 
s 

Equation (2.4C) for determine the function R^ir) ii a linear differen¬ 

tial equation with variable coefiiv ¡entb--a nessel equation. Because the 

function R^ir) for r - ü should be restrictc-d, the solution of equation (2.4U) 

should consist of a zero-order Bessel function of the first kind (14]. 

If the coefficient k^ in equations (2.39) and (2.40) is an imaginary 

number, then the function R (r) will be a zero-order Bessel function oi the 
s 

first kind: 

MV). 

Here kg is the modulus of the imaginary number. 

if in equations (2.39) and (2.4U) k Is a real cumber, then the functions 
8 

R (r) will be modi!led by the zero-order Bessel function of the first kind 

The modified Bessel functions are determined from the relation 

MV) ^M'V). 
where kg is a real positive number. 
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For imaginary values of ka the solution of equation (2.39) is expressed 

as the hyperbolic functions sh k x and ch k x, and for real values of k , as 

the trigonometric functions sin k x and cos k.x, whereupon 
s s 

sin ik,x = i sh ksx, cos lkax - ch ktx. 

From the expression for the velocity potential^ and equations (2.37) 

and (2.38) we find 

(-^L“0’ (2.41 

Because equations (2.41) may be satisfied simultaneously only for real 

values of k^, the solution of equation (2.39), satisfying the boundary condi- 

Hons (2.41), will take the form 

where 
A’jÍjc)—cos htx% 

h =(?£zJAi? 
* 2« * 

(5=1,2,. . .). 

For real values of k a solution of equation (2.40) ma> take the form 

(2.42) 

where 

v,^ksRi (25— !)n^| 

2H 
(5-1,2,. . .) 

Ihua we get the tuliowing expression for the velocity potential of the 

liquid and the function w, s 

Í2.43) 

a'>“Sß*CÜS(v.^)*-"'' 

4 .-1 
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For determining the coefficient D , 0 and the frequencies of the charge 
ti s 

teristlc oscillations cj , it is necessary to examine the connection between 

the radial oscillations of the cylindrical wall of the tank and the radial 

oscillations of the liquid. 

Let us examine a part of the ring cut away from the cylindrical wall of 

the tank (Fig. 2.6). For axisymmetrical oscillations, an increase or a de¬ 

crease in the diameter of the ring takes place; expansion or contraction forres 

arise in the ring. We shall take the width of the ring as equal to unity. 

When the radius of the ring is increased by a quantity w^ a stretching force 

equal to Eh^(w^/R^) arises in the ring. The liquid pressure 

W'-*“-»®),-«.- (2M) 

acts on the Interior wall of the ring. / 

The equation of the radial oscillations of the ring may be presented in 

the form • 

«»Mi =—£Ai 

Dividing all members of this equation by p^h^R^, we obtain 

?Î5! -US’ w, (/>)'-». • 
d«2 ’ K CV*1 

Here, p^ is the density of the material of the tank wall; is the frequency 

of the characteristic radial oscillations of the ring with radius R^: 
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Inserting into equation (2.45) the value (p)r - ^ from equation (2.44) and 

substituting for the functions and ^ their expressions from (2.43), we 

obtain 

g,(OW)=d;-S-Uv>; (s=i.2. . .). 
"ICO 

(2.46) 

From the boundary condition (2.46) we find 

"•[¿■'•fe)!.,. 
Since 

dr 
U(lir)=l>,lx(k,r), 

then 

jy _ Al Gt (2.47) 

' V,/,(V,) * 

Placing the expression for the coefficient D in equation (2.46), we 
s 

obtain a formula for determining the frequency of the characteristic axlsymmetrl" 

cal oscillations of an elastic cylindrical tank and the liquid 

Û2 
0>2=:--K 

Co*l vj^i (vj) 

(2.48) 

Here v is a real number determined by formula (2.42). If the mass of the 

wall of the tank is not taken into account, then the frequency of the character¬ 

istic oscillations of the tank is 

' u. _ (v.) (2.49) 

' 0*ÍMv.) ‘ 

We shall now examine oscillations of the liquid in a cylindrical tank 

with rigid walls and an elastic bottom. 
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5. An Approximate Determination of the Velocitylentlal of the 1 ¡«i 

in a Cylindrical Tank with Rigid Walla and an KlaaLlc Bottom 

The problem oí de Lee mining the velocity potential ot the liquid iri •> 

cylindrical tank with a rigid wall and an elastic bottom is a part of the moie 

general problem of determining the velocity potential in an elastic cylindrical 

tank. We shall take the cross-section of the tank to be in the form of a circle 

with a radius R^, and the bottom of the tank to be in the form of a flat spheri¬ 

cal shell with a radius R2 and thickness h^. A diagram of the tank is presented 

in Fig. 2.7. We shall designate the motion of any point in the bottom of the 

tank in the direction of the radius of the sphere as w^ * w^r, t) . 

At first V". shall select the coordinates at a distance H from che free 

surface, where 11 is the reduced height of the liquid head 

H - HJL + H2. 

Because the depth of the liquid in the spherical shell of the tank Is 

small, we shall take the pressure and velocity of the liquid at the boundary 

trom the bottom for all points of the shell as being the same as at a depth 

H, i.e., for X * 0. 

The velocity potential «hould satisfy the Laplace equation (2.35) and 

the boundary conditions 
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dJl .,0 |f°r 
dr 

(2.50) 

àj2^dw2_ for v-^0, 
dje dt 

?«=0 for A- = // 

(2.51) 

(2.52) 

We shall take the form of the characteristic oscillations of the flat 

spherical shell of the bottom of the tank with the liquid as the same as for 

the dry shell. In the case of axisymmetrical oscillations, the form of the 

i-th tone of oscillations may be presented in the form [3, 10J: 

(2.53) 

where 

with sufficient practical accuracy; where E, are the modulus of elasticity 

and the density of the shell material; w^ Is the frequency of the characteristic 

oscillations of the dry shell. We shall consider the shell boundary to be 

confined, therefore the function f^tr) should satisfy the following boundary 

condition: 

/,(0=0, /)(0=0 npH /-=/?, 
/ 

Placing the function f^ir) In these conditions, we obtain the characterls* 

tic equation for determining the coefficient 

Jo (?i) ¡i (\li) 4- f o (f1/) A (t4/)—0 (2.54) 

and the relation between the coefficients and 

We shall write the motion of the bottom of the tank in the direction of 

the radius In the form 
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^r’ f ¡w> 
/-i 

where q^(t) Is a generalized cuurdhiate. Then, assuming in (2.53) the coetfi- 

cient * 1, we obtain 

Here 

<)= V-7«(0 [a (i*/ - ‘-A (!*' Í7) ] 
1-1 

a —¿ikil. 
1 IqÍPí) 

(2/,5) 

We shall write the velocity potential in the form 

/-1 

írr*'(/'Mi'ir)sh (Íyí«r)+ 

+ 4 (0 
x—H 

*1 ’ 
(2.56) 

where qj(t), X(t) are certain functions of tiut. 

The function ^2 satisfies the Laplace equation (2.35) and the boundary 

condition (2.52). Placing expression (2.56) in the boundary condition’(2.5f), 
» 

we obtain an equation for determining 

Solving this equation we'find that X^ - 0; X^ - 3.8317; X^ • 7.0156; 

Xj ■ 10.1735. We shall select the functions <jj(t) and A(t) In such a manner 

as to satisfy the boundary condition (2.51). Inserting expressions (2.55) and 

(2.56) in condition (2.51), we obtain 

X(£) 

«. ' §«r»'<'>M“'«7)+7 
(2.5/) 
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We multiply both parts of this equation by rdr and integrate through with 

reference to r in the limits from 0 to R^. We obtain 

Y«,?,(<). [AMI- 
*! ét " 

(2.58) 

We multiply both parts of equation (2.57) by rJ_(X. and integrate through 
w j «i 

relative to r in the limits from 0 to R.. We get 

According to the condition of orthogonality of the Bessel function, 

Wl'¿r)yo(x“£)rrfr=0- (**y) 

We may write the results of integration in the form 

ch 

à it 

^/^i./ô(Xy)ch 

2/?, 

y 

-~—7T\ f r AW't—r~{xT (t*i) ]• 
'h+Xj J 

i/r> 

59) 

Finally, the expression for the velocity potential If*2» taking into account 

formulas (2.58) and (2.59), may be written in the form 

§ V, <h[ (l' ^sh (*' ^f-)+- ">] • (2, 60) 
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Now we shall move on to the solution of the more complicated problem-- 

the determination of the velocity potential of the liquid In an elastic cylin¬ 

drical container, i.e., In a tank yith ealstic walls and an elastic bottom. 

For the solution, we shall use the results obtained in sections A and 5. 

6. An Approximate Determination of the Velocity Potential of a Liquid 

In an Elastic Cylindrical Tank 

Let us examine an elastic cylindrical tank of circular cross-section with 

radius R^; the bottom of the tank is executed in the form of a flat spherical 

shell, the radius of curvature of which equals R.. The velocity potential of 

the liquid <f should satisfy the Laplace equation and the boundary conditions 

(2.61) 

(2.62) 

(2.63) 

Here w^, w^ are the motion of the wall on the bottom of the tank in the direc¬ 

tion of the radius of the cylinder and the radius of the sphere; H is the 

reduced height of the liquid head in the tank. 

We shall write the form of the velocity potential in the form of the sum 

of two functions 

each of which is a solution to the Laplace equation. Moreover, the function 

satisfies the boundary conditions (2.36)-(2.38) and the function satisfies 

the boundary conditions (2.50)-(2.52). For such a selection of functions ^ 

and the velocity potential <f will satisfy all the conditions (2.61)-(2.63). 

The functions and ^ are determined in sections 4 and 5. On the basis 

of expressions (2.43), (2.47), and (2.60), we obtain 
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(2.64) 
(2.64) 

Here in the expression for in comparison with (2.43), it is assumed 

that 

/'V Dtws (0 =Dsi*a,e 

Knowing the velocity potential of the liquid, it is possible1 to determine 

the pressure at any point of the volume of the liquid, to find the kinetic 

energy, and to write the , ;ion of the oscillations of the liquid in the 

elastic tank. 

1‘ A Determination of the Kinetic Energy of the Liquid 

The kinetic energy of the oscillating liquid is 

V 

where V is the volume of the liquid. 

According to Green’s formula, the volume integral may be transformed to 

a surface integral. For the irrotatlonal motion of an incompressible liquid, 

we obtain [5] 

(2.65) 
5 

or 

r==T 0 
5 ’ 

(2.66) 
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where S is the surface of the liquid confining the volume Vj n is the external 

normal to the surface to the liquid. 

For the lateral surface of the cylindrical tank, 

cos(/1, x) =0; cos(/i, rf = I; dS=2xRxdx. 

For the bottom of the tank, 

cos (//, x) =5 1 ; cos (/i, r) = 0; dS~ 2nrdr. 

On the free surface “ 0; therefore 

The velocity potential of the liquid is 

• <p=<Pi+q>2, 

wherein the functions and ^ are determined by the formula (2.64). 

We calculate the auxilliary expressions entering into formula (2.67): 

OB 

(?)'-», =^O>,/0(v,)cos + 

* % 

oo r 00 

SVo(,';)sh(Xi£^r) +a‘(x~H) 

r 00 

.67) 
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I 

(IL. /i(v*,cüs (v<L 
.»-i 

/-1 ^ /“1 

Keeping in mind the function (2.42), we find 

// 

// 

( cos (v.^)sl, ().,^) 

o 
0 

♦/.V — 

«.XyCl. (i, 
I # 

• ) - v. 

vüs(vl^)w(v*^)‘/Jf-° (s / *'■ 
0 

r 
i (X-A/ÍCOS^v, r/JC =--^, 

^ W)sh ().;■—-) <^=* 

=-|[sh(xD_i/íc,,(x>í)l‘ 

The integrals on the tteasei functions entering into formula (2.67) have 

the following values: 
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▼ 

f 

* 

; 

i 

We write the tinal expression for determinin« the kinetic energy 

oscillating liquid in the forni 

00 

/-1 

oo oo 

/-i*-i 

oo oo 

</,<?, f 2 y»„. 

5-1 /-1 

where 

ßwavs — •'l/^Q/fl(vj) /1 (v,) — 
/q ( Vi). 

v, Mv,)’ 

,,,,, =nW-//,j^ +|]^ .1,(,,£)(-^ + 

(2./-8) 

of the 

. (2.(,9) 

-53- 



8. A Determination of the Potential Energy of Defornatlcr» of the Tank 

In the potential energy of tank deformation enters the potential energy 

of deformation of the cylindrical shell, spherical bottom, and the force ring. 

In section 2, formulas are obtained for determining the potential energy on tha 

assumption that the form of the oscillations coincides with the form of the 

statistical motion. These formulas may be used for calculating only the first 

(basic) cone of oscillations of liquid in the elastic tank. We shall determine 

the potential energy of deformation of the tank for the case where it is neces¬ 

sary to calculate several tones of the oscillations of the liquid. 

We shall not consider the influence of the pressure of fuel injection and 

the hydrostatic pressure in the tank. This significantly simplifies the formulas, 

however, the quantity of the potential energy obtained this way is slightly 

underestimated. A determination of the potential energy, taking into account 

the fuel injection pressure, is examined in work [9]. 

We shall examine the potential energy of the cylindrical shell of the 

tank, which we shall consider to be without moment and thin-walled. For the 

supporting tank, we shall consider only the peripheral stresses arising as a 

consequence of the dynamic pressure of the liquid. Axial stresses shall be 

considered in calculating longitudinal oscillations of the entire body of the 

rocket. 
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The potential energy of deformation of the shell is 

2 o 

where E is the modulus of elasticity of the first kind; is the peripheral 

deformation of the shell; H is the filling height of the liquid. The deforma” 

tion et is related to the radial motion w^x, t) by the relationship 

, _ it¡(x,í) 
't —7:- 

whereupon in the basic expression (2.43), it may be ass.imed that 

00 

(2.71) 

Inserting the quantity et in the formula for and integrating, we obtain 

(2.72) 

We shall determine the potential energy of the deformation of the bottom 

of the tank, which we shall consider to be a momentless thln~walled flat 

spherical shell. The shell is in a blaxlally stressed situation. A diagram 

of the shell is presented in Fig. 2.8. The deformations as a function of the 

motion of the flat shell have the form [3, 16] I 

V V>2 (tv »2 

r /?2 ’ *' dr R2 * 

where W2, v are the motion of the shell in the radial and meridianal directions; 

tL* cr are the deformation of the shell in the directions around the circle and 

meridianally. 

• * 

The quantity of potential energy of deformation of the shell may be cal* 

culated from the expression [3, 16] 

(2.73) 
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The radial motion of the shell is determined by the formula (2.55) 

00 

The meridianal and radial motions are related by the function [16] 

(d^ ). 
\ 12(1-frf)/ 

Inserting in them the expression for , we get 

xfe)?1 (^)1- 
We substitute into formula (2.73) the quantities et and ef by their 

expressions and v. We Introduce the dimensionless radius Ç - r/R^. Then, 

for example 
*t 1 

o Ò 

Figure 2.8 
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After integrating the right part of equation (2.73), we write the expres¬ 

sion for the potential energy in the form 

OO oo 00 

/7,= 

* ''ä 

(2.74) 

(2) (2) 
The coefficients b and b are determined by the following formula 

qiqi qiqk 

- <!/!*,( 1 -f :»)] +2 ( 1 -11) ?’a(, + [/?(!»,)- /ÎW] [Ÿ 'WM + 

_4(1- ?)%*,/, --( I - :*> [1 - /;(:*/’] I • 
(2.75J 

where 

1 * 1 
r, = ^ yolfi,Vl 71 (iv)*/«. <7j ' - ^ 70(^/5)^11^/0^1 

o 0 



/, „ =a£*i. I K.-'iJJÉtíL[‘.V(i +n)H'V,»- 
' * 1-1*2 t ci-I*, 

O Ml M ft î1!7» M. , 1,.,/-1,,4- - 2xy*( 1 + !A)] - -¡^;j -A l^/Ä-r 

+ 2x ( 1 -f lA) (x — Y*)l "f hk\xizkcik ~~ V'khkh /*( 1 2¡a) -i- /* ( ^ -11) 4" 

4- ik\ik>ilkrnik ( ^ — 2|i.) — 2£*,^*//a ( 1 Ia) 

_ I (t*/) *(o (1^) + IM ^ (t1/) e t + 2x ( 1 -}- Ji) (x — Y»)l 4“ 
+ Ia* 

„ . T „ O - ¡ ^/1(^)/0(^)-^1(^)^(^/) ej, [f.A. 4- 
i t-frihk“ ik — ltkPl?lkn ik T 2 _ 2 ltt lk ' 

rl rk 

+2* ( 1+1») (* - Y*11 f W» ( • - ^) - 2'v I ( 1 + p) <« - 

— + —!»)?(»*/**/»)• (2.76) 

where 

¿ik^PlV-k* £i* —6¿£*‘ 

^0(^1) 

c‘=6,=w' 

glk =s j *^0(5a/') *^1 (^) 

MJ0 (^)^i 

c/*”" j JqkPi') I\(\tk')d'* 

m„—J y,(:*,'.)/„('VO'';. AtVO/itV)'«. 

/ 1 

Ô 

/,(,^)7,(V)''5. /,.= J/.(¡‘lOMVD'';. 

0 5 » 

=( -L /, (VO /, (¡‘»o '/I. '/<» = f ^ 
n C -58- ° 



The potential energy of the deformation of expansion-compression of the 

ring is determined by the formula (2.17) 

n'=Tk2nR' (5«=?-*'>• 

where is the force in the cross-section of the ring; is the linear load 

acting upon the ring in a radial direction. The load may be expressed as the 

meridicxial force T^ acting on the external boundary of the bottom of the tank 

(see Fig. 2.2): 

kJ—ir2| cos 0O. 
Here 

7W 
sin 6q 

The fo^ce T^ is determined from the equilibrium condition of the bottom 

of the tank 

2n/?,r, = 2n uph-ardr, 

where (pijp.Q i-8 the dynamic pressure of the liquid in the bottom of the tank. 

Now we shall write the formula for the calculai Ion of the potential energy 

of the deformation of the ring in the form > 

/7,= 
n/?i 

TF' 
-cttf- % [(/>),-< r ilr 

(2.77) 

The dynamic pressure of the liquid in the bottom of the tank is 

() («I 4- »0 
( P)i—Q = -ÍÍ 

dt ]r-f 

Taking into account the function (2.64), we find 
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r 

: 

C>K;»o¡V D¿,[ /„ (v, S.\rltr- 
'Í-I . 0 

» R, 

r dr 

After Integration and substituting the coefficient by its values, we 

obtain 

For harmonic oscillations with frequency u, 

• • * * *y 

'Ws = — v>‘Ws, Qi = — 

Finally, we write the expression for the potential energy of deformation 

of the ring In the following form 

/7, 
00 00 

i-1 T-T 
s+k 

s —1 

00 00 00 00 oo 

+ tS ^ S +tS b’.^' 
1-1 1-1 Ä-1 i-1 1-1 

t~Lh 

(2.7«) 

where 

S M 

nL 
Ma> 

Z?5// 
ul Uw,q, 0 ov.' * 

(2.79) 

“w 4 • " vflt 4 - • -'s 

Ine complete potential energy of deformation of the tank is 

/7 = /7,+ /72 + /7s 
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or, in the expanded form, 

where 

» t < i » -1 

/ /**1 

O 00 \ 

(2.80) 

0 n // h i fz * * / *41 

V» 

(2.81) 

9. Determination of the Shape and Frequenciea of Characteristic Axi~ 

symmetrical Oscillations of a Liquid in an Elastic Tank 

The expression for the kinetic energy and potential energy of the system 

may be written in matrix form 

7-=i-2-.w£, n = -j2'KZ, (2.82) 
• 4 

where M is the matrix of the inertial system; K is the matrix of rigidity of 

the system; Z, Z aie the vectors of the generalized coordinate and the general¬ 

ized velocity, characterizing the coincident motion of the liquid and the 

elastic wails of the tank; Z', Z' are the corresponding vector rows. 

Starting from expressions (2.69) and (2.80) and restricting in them the 
0 * 

number of generalized coordinates s“l, 2.. * = ^ 

n^, we obtain the vectors of the generalized coordinates and the generalized 

f 
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■P" • f 

where 

¡ t 

W 

Wr, 

w 

Q\ 

to 

The matrix of the Inertia of the system may be presented in the form 

,, Mm ¿.,1 

.•^:i ^221 

where is the diagonal matrix, the elements of which are un the diagonals 

^ ,s®l, 2, « « •, m w w 
£ 8 

y4|;! 

Mitt it 

i42j — 

if «•.«. av,H, a . a <1 
,r.« ' I 

ßa*, «* Mu't ti» * * * 

^«P,vA* • • • iï«'4</Â» 

^22— 

• •. • Of 

• * • a>lt<ln* 

a, ...O ''//I*'/«» 
The matrix of the rigidity of the system has the form 

K 
where 

/Mu Ä.s] 

1^21 ^22! 

R 11 

• • • bw,ws 

bu>tWt • • • bw'Ws 

bwsv% ^tpJw, • • * bvjWj 
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The matrices B21, B22 may be obtained 

’ A21’ A22 by substit,lting the elements a 
s^i 

respectively from 

by the elements b 

the matrices 

Vi 

To derive the equations of motion of the system we use the Lagrange equa* 

tlons of the second kind 

d 

dt 

! dL \ dL 

\dqn ! dqn 
=0 [L — T — ri) 

The ecjation of motion of the system in matrix form has the following 

form: 

.V/Z-f/CZ-O. 
(2.83) 

The squares of the frequencies of the characteristic oscillations of the 
2 

system ü>s may be determined from the characteristic equation 

<2.84; 

where E is the unit matrix; M 1 is the inverse matrix to the matrix M. 

Ihe determination of the frequencies and forms of the characteristic 

oscillations of the liquid in the elastic tank amounts to finding the eigen¬ 

values and the eigen-vectors of the matrix Later we shall assume that 

the roots of equation (2.84) are simple. 
/ 

Each frequency of the characteristic oscillations corresponds to an 

eigen-vector, the components of which are essentially the form of the oscilla¬ 

tions in generalized coordinates. The connection between the generalized coor- 

dwat^ Z and the normal coordinates n in matrix form may be expressed as 

Z~R7), (2.8b) 

where 

is the matrix of amplitude distribution; 
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V 

I 

L.'lfl* t wt° 

ë is the characteristic normalized vector-column of equation (2.84); 
8 

ñ is the vector of the normal coordinates of the system. Here, 

T|s =/4j((O») ^»*(0 • (2.86) 

where A (ui ) is a certain constant depending upon the frequency of the charac- 
s s 

teristic oscillations u> : 
s 

X (t) is the function of time of the s-th cone of oscillations, 
s 

We shall insert expression (2.85) in equation (2.8.0 , using the condition 

of orthogonality of the eigen-vectors (6, 15] 

• * 
(2.37) 

where 8 is the vector-row obtained by transposing the veclor-coLumn 8. , we 
k 

find an expression for the kinetic and potential energy in normal coordinates. 

(.*.88) 

(2.89) 

Formulas (2.88) and (2.89) are suitable for deriving differential equations 

of motion of the liquid in an elastic tank. 
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10. Fotced Axlsymmetrlcal Uscl1lati uns of a Liquid ln an Elaattc Tank 

Forced Obelilutione of a liquid ln a tank arise as a consequence of long!“ 

Ludlnal oscillations of the rocket body. The bottom of the tank oscillates in 

the direction of the longitudinal axis together with the body. Let us assume 

that the oscillations of the force ring in the direction of the longitudinal 

axis of the tank takes place according to the law 

«k(0 

where u)n is the frequency of the n-th tone of the characteristic oscillations 

of the body. 

The absolute motion of the liquid may consist of two parts: the migra- 

tional motion together with the force ring, and relative motion-'inotion relative 

to a sliding system of coordinates connected to the force ring. A diagram of 

the tank is shown in Fig. 2.9. 

Figure 2.9 

We may write the potential of the velocity of the liquid in migratory 

motion in the form 

== MO (* — //). 

We may write the potential of velocity of the liquid in relative motion, 

taking into account expression (2.64) and the expression for the characteristic 

normalized vector column in the form 
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(2.90) 

whe-e X(t) is a function of time; 8° is the number of calculated tones of the 

characteristic oscillations. The expression between the braces may character¬ 

ize the form of the characteristic normalized oscillations of the liquid in the 

elastic tank corresponding to the frequency w . We introduce a symbolic notation 
s 

for it 

m" 

(r)Vv^(H>f)/0|v, cos 

f * 1 ^ 

+S -£^-) r«/(^-^) • 
/-i 1 1 ^ 

Then 

i- I 

(2.92) 

The potential of the absolute velocities of the liquid .uay now be written 

in the form 

¢6-U«(/)(*-2 
i-1 

(2.93) 

The kinetic energy of the liquid is 

T-. (gi'ad tßftlV. 

Applying Green’s theorem we obtain 

rH 

r=2nQ 
2 

(2.94) 
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Inserting expression (2.93) in formula (2.94) and assuming that \ (t) is 

the generalized coordinate of the normal oscillations of the liquid in 

elastic tank, we obtain an expression for the kinetic energy 

ry -f u, y a,c 
mu : 2 

5-1 5-1 

(2.95) 

where m 
h f RM)Rs{Rx)X\{x)Jx^ 
ó 

' >?. 

2nc' j R]{r )Xs[0)X.{Q)rdri 

(2.96) 

II 

Cs — aRivj (x-//)R'<(X,)Xs(x)dx- 

+ n/yo J RAr)Xs(0)rdr-.ioí¡' Rf(r)XA0)rdr. 

The potential energy of deformation of the tank In normal coordinates may 

be presented thus: 

"=4Í 
5-1 

* (2.97) 

.2. * 
Kere Agkg is the coefficient of the reduced rigidity of the Lank for the s-th 

tone of oscillations. 

We shall derive an equation for the motion of the system. Using the 

Lagrange equation of the second kind, we obtain 

¡ — AJ' 

(s -1,2,..., s0). (2.9b) 

If we use the matrix notation method of transformation to the normal coor- 

Jina^» (section 9) , then for the kinetic energy of the liquid the following 

formula may be obtained: 
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(2.99) 

where 

mul 

j-l 4-1 

’ " ' V 

— QvW| («),) 2jt —— /, (v,) 
vi 

R7 
-0vc.,K)2jt— /,(v2) 

v2 

R7 
•Cv. K)2.t —/,(v.) 

* V,, 

R 

• Q'«’»,® (‘“i) /1 (vm») 
m1' 

QVfl, M^nAÍ// 

ov^KJa^/?^ 

Cv^oKja/.^A’J// 

Here the components of the vector F are essentially the coefficients for the 

generalized coordinates of the following expression: 

I» dV. 

The equation of motion of the system, taking into account the expressions ' 

(2.93) and (2.99) may take the form 

4" As/sKfJ-s ^ (2.100) 

Equations (2.98) and (2.100) differ only in the notation of the coeffi¬ 

cients. These are the equations of forced oscillations. For oscillations of 

the force ring the relative motion of the liquid in the elastic tank constitutes 

futced oscillations. Knowing the frequency and amplitude of the oscillations 
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of the ring by the equation (2.98) or (2.100), we may find the function of 

time ^B(t) and the potential of the absolute velocity will be considered 

determined. 

« 

Projections on the axis Ox of the dynamic force transmitted through the 

force ring to the body may be calculated as the sum of the pressures of the 

liquid in the bottom of the tank: 

Taking into account expression (2.93) we find 

rft. O 

.«-I 0 

11. A Mechanical Analog of Oscillations of the Liquid in an Elastic Tank 

The axial dynamic force arising during forced longitudinal oscillations 

of the liquid are transmitted by the force ring to the bod". Knowing the 

potential of the absolute velocities (p (2.93), we may calculate the pressure 
of the liquid in the bottom of the tank and determine the axial dynamic force. 

Such an algorithm of solving the problem may be introduced for calculating the 

forms and frequencies of the characteristic oscillations of the rocket body. 

But for a calculation of the axial dynamic force from the oscillations 

of the liquid it is convenient ^ to introduce a mechanical analog into the cal 

cuiation of the forms and frequencies of the characteristic oscillations of the 

body. Since for any tone the equation (2.100), characterizing forced oscilla¬ 

tions of the liquid in the tank, has the same structure as the formula for 

forced oscillations of the simplest mechanical system--a concentrated mass on 

a spring--then for determining the axial dynamic force of the oscillation of 

the liquid, we may substitute the oscillations of the concentrated masses on 

the springs. In such a substitution the quantity of the mass and rigidity of 

the spring should be selected so that the axial dynamic force from the oscilla¬ 

tions of the liquid is equal to the dynamic force of the oscillations of the 
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mechanical system in any amplitude and frequency of the oscillation* of the 

body. 

Lei us examine u mechanical system^ the diagram of which la presented in 

Fig. 2.10. The concentrated mass m^ on a weightless spring with rigidity k 

Is suspended from the rigid bottom of the tank, which together with the force 

ring oscillates along the axis of the tank by the law u. (t). We shall designate 

the motion of the mass relative to the force ring as A (t). Each s-th tone 

of oscillations of the liquid corresponds to its mass on the spring. 

Figure 2.1U 

The equation of the forced oscillations of the concentiated mass may assume 

the form 

(2.1Û2) 

or 

(2.103) 

On the identity condition of equations (2.98) and (2.102), we find 

or 

-/0 



Ccmatiquum ly, the rigidity oí the aprlng and the eoneentrat-gd ituihs ot the 

mechanical uyatein for the a*th tone of oscIllation ahould be 

(2.104) 
fím 

Here C and B are determined by formulf (2.S6), and u is the frequency of 
s s d 

the characteristic oscillations of the ,-th tone for the elastic tank and the 

liquid. 

With such a selection of the quantities in and k the frequency of the 
s s 

characteristic oscillations of the concentrated mass on the spring will be 

equal Lo the frequency of the s-th tone of me characteristic oscillations of 

the liquid in the elastic tank and the function X , found from a solution of 
a 

the equation (2.103), will be the same as the function In equation (2.98). 

We shall show that for a selected normalized eigen-vector (lg the sum of 

all concentrated masses suspended from the springs is equal to the muss of the 

liquid in the tank. 

Let us insert equations (2.95) and (2.97) in the Lagrange equation, netting 

0 
q » u and n ■* We obtain 

li k 

oo 

Since AC ■m , then 
s s a 

00 

(2.1U5) 

I Ind 

(2.10h) 
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I 

From a comparison of equations (2.105) and (2.J06), we ol>Latn 

oo 

^«K=«IC S'”1* 
J-l ' 

Setting / 0, ue finally find 

oo ^ 

^ ms-- m -^nR\HQ. 
f-i 

(2.107) 

The mechanical system, the quantity of the concentrated mass of which is 

determined by formula (2.104), is suitable for combining with the bod- of the 

rocket in the calculation of the shapes and frequencies of the characteristic 

oscillations. If we consider a restricted number s*"* of tones of the oscilla¬ 

tions of the liquid in the tank, then for s > sU it is necessary to set all 

k * "o. 
u 

W 
We shall verify that the axial dynamic force N, transferred to the body 

from the oscillations of lhe liquid. Is the same as the axial force arising 

during the oscillations of the mechanical system. Since (i£)^() ■= 0, then 

X (H) - 0, and 
8 H 

Taking into account this equation, we write the expression for the coeffi* 

o.ient C in the form 
a 

C.^-Zno j KlrjX.iOjri/r. 

The projection on the axis Ox of the dynamic force from the oscillations 

of the liquid may be calculated by formula (2.101). We write this formula as 

the coefficient C : 
h 00 

X (t)-~ —nRiHuUt— ^ AfC^ 
i-i 

Keeping in mind the relationship (2.107), and also the equation m - A C , 
H NS 

we get 
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<2.lu») 
A'(0^--- 2 »",((/„-|4,). 

J-l 

The absolute acceleration of the mass of the mechanical system in the 

direction of the axis Ox is equal to 'The projection on the axis Ox 

of the dynamic force acting through the spring on the bottom of the tank, on 

the basis of the d’Alembert principle is equal to 

'«i. 

The summation uf the dynamic force transferred through the entire spring 

Is equal to N(t) (2.108), i.e., equal to the dynamic force of the liquid. We 

shall now use matrix notation for determining the mass m^ of the mechanical 

system of the s-th tone of oscillations. From a comparison of the coefficient 

of equations (2.98) and (2.100) we find 

a, cy-(F;f). 

On the basis of formula (2.104), we obtain 

(?/>2 . 

VW, (2.10V) 

Calculations show that the quantity of the mass m quickly decreases with 

an increase In the number oí tones of oscillations. For example, fur a tank 

with dimensions * 2.25 m, - 1.5 m, H = 9 m, h^ * 2.5 mm, h^ ** 3 mm, m - 

■ 0.3, p/pft * 0.364, the qorntitles of mass of the mechanical system calculated 
0 ° 0 

for n =* 4 and m * 3, are equal to [11]: 

m. « 0.808 m( m„ = 0.084 m! m., * 0.027 tn, m. * 0.0119 m 
1 2 3 4 

Here m is tlie mass of all the liquid in lhe tank. The ratio m./m depends upon 

the level of filling H/R^ of the tank. 
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Chapter 3 

LONGITUDINAL VIBRATION OF A ROCKET BODY 

1. Dynamic Scheme 

We shall consider the construction of the rocket to he axisymmetrlea]. 

In the case of longitudinal vibrations, expansion and contraction stresses 

arise In cross-nect Ion of the body. Axis] symmetry signifies that in a crosr:“ 

section all radial directions are equivalent in relation to the distribution 

of masses, fluids, motions, velocities, stresses, and so forth. 

A straight nonuniform rod may serve as the simplest scheme of a liquid 

propellant rocket for determining the forms and frequencies of longitudinal 

vibration, in this case, the mass of liquid in the tanks must be considered 

to be concentrated in a section ol the body which corresponds to the locatLor. 

of the lower main 1 rame of the tank. The scheme of a nonuniform rod may be 

used for approximate calculation in the case where the motion of the liquid 

fuel relafive to I he walls of the tank it sitial 1 in the case ot longitudinal 

vibrations and muy be ignored. 

In the majority of liquid fuel rockets, and firstly in large booster 

rockets with a pump feed system, the walls of the tank are comparatively thti 

In the case of longitudinal vibrations, buckling of the bottom and bulging oi 

the tank casings are significant, due to which the motion of the liquid reluilv 

to the tank wall in the direction of the rocket axis will also be significant . 

The scheme of a nonuniform elastic rod, in the mass of which is included the 

mass of liquid fuel, fot such rockets may prove to he too crude, which will 

give an incorrect concept ol the forms and frequencies of the eigen vibrations 

of the body, in particular with a large amount of fuel in the tank. The cal¬ 

culation of elastic Longitudinal vibrations of the bodies of such rockets must 

be performed with regard to deformation of the bottom and radial deformations 

of tank casings. 

In view of the structural complexity, in calculating the dynamic- charac¬ 

teristics in first approximation it is possible to present a liquid propellant 
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rocket in the form of a spring-mas* model, consisting of a system of elements 

with lumped values. I is necessary to give particular attention to the deter 

uination of such parameters of the model as the rigidity of the pump mounting 

and combustion chamber mounting, insofar as the attachment of the pump and 

engine to the body have a very strong influence on the form of the natural 

oscillations of the body. 

For example, a spring-mass model of the two-stage tocket Titan-2 and the 

form of the first tone of the natural oscillations 19, 12] are given In Fig. 

J.l. Localized masses are as follows: - payload mass, tn? - mounting, 

bottom and 0.5 of the tank casing, m^ 

oxidizer, m^ - bottom and 0.5 of tank casing. 

m 

Figure 3.1 

i - section between tanks, m^ - bottom and 

0.5 of tank casing, m? - fuel, m^ - bottom 

and 0.5 of tank casing, m^ - rear flare of 

second-stage engine, m^ - engine, m^ 

forward casing of first stage, m]2 - bottom 

and 0.5 of tank casing, - oxidizer, 

tu , - bottom, 0.5 of tank casing ami 0.5 uj 
14 _ ç 

section between tanks, m^ - bottom, 0.5 of 

tank casing and 0.5 of section between tanks, 

m16 - fuel, m17 - fuel tank cone and 0.5 ol 

tank casing, nijg - turbine pump assembly, 

- bottom flare of engine, ” engine. 

The spring-mass model gives satisfactory 

results In calculating the forms and frequen¬ 

cies of the natural oscillations of the lower 

tones. 

In a scheme, considering the dlstrlbu 

tlon of mass and rigidity longitudinally, U 

Is necessary to more fully consider the os¬ 

cillations of fluid In the elastic tanks. 

An elastic tank with incompressible liquid 
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In place of one lucillator mechanism must be replaced by a certain system ot 

mechanical oscillators, the kinetic apd potential energy ul which in the case 

of oscillations are the same as In the case of the elastic tank with the liquid. 

The vibrations of each oscillator are a mechanical analog ot the corresponding 

tone of axisymmetrical oscillations of the fluid In the elastic tank. The 

possibility for such a replacement is shown in Chapter 2. The total of the 

masses of all oscillators is equal to the mass of liquid in the tank, the fre¬ 

quency of natural oscillations of one oscillator is equal to the frequency of 

the natural oscillations of the corresponding tone of the liquid in the elastic 

tank. The spring:* ot all oscillators are fixed onto the bottom of the tank, 

which, in an equivalent scheme, is assumed to he rigid. 

The mass of an oscillator is equal to the reduced mass of an oscillating 

fluid of the corresponding tone of oscillations. The center of the elastic 

bottom of the tank is taken as the reduction point, therefore the motion oí 

the oscillator mass in the case of oscillations of a relatively rigid bottom 

will characterize the motion of the center of the elastic bottom of the tank 

relative to the main frame. Such a selection of the reduction point simplifiée, 

the process of connecting the oscillations of the tank bottom with oscillations 

of the fuel in the pipes. 

In the case oí long!Ludinal oscillations in tank walla, expansion-contrac¬ 

tion stresses arise, as In an ordinary rod. Together with the tank vails Hu¬ 

main frame also moves in the direction of the longitudinal axis ol the rochet , 

and the main frame excites vibrations of the oscillators through the. bottom 

of the tank. 

. 

Since the engine and the turbine pump assembly are suspended from the 

body on a frame appearing as an elastic streichet, then, in the case of longi¬ 

tudinal oscillations, motions of the engine and turbine pump assembly relative 

to the body may be replaced by motions of localized masses on springs. There 

la a corresponding oscillator for each tone of the elastic oscillations of the 

engine—a localized mass on a weightless spring. 

An oscillatoiy system, equivalent to the elastic oscillations of an engine 

in the direction of the longitudinal axis of a rocket, is shown in Fig. 1.2. 
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Ilf re m and k ate the reduced i«a¡j8 and coefficient of reduced rieidity tor .He se n J 

ih«- a-tli tone of expansion-contraction oscillations of the engine. 

The mass of the engine usually represents a small part of the mass of the 

rocket, therefore small movements of this mass relative to the rocket body can 

not have any significant influence on the form and frequency of the oscillations 

of the body. The influence of the elastic suspension of the engine will be 

significant only when the frequency of the oscillations of the body is close 

to the frequency of the natural oscillations of the engine on an elastic sus¬ 

pension . 

A turbine pump assembly, suspended on a frame separate from the engine, 

in the case of longitudinal oscillations ot the rocket body, may be considered 

as a localized mass on p spring. If the turbine pump assembly is placed In 

one block with the engine, then Its mass must be Included within the mass of 

the engine. In both cases it Is necessary to add the mass of the liquid column 

included in the pipes (between the turbine pump assembly and the free surface 

in tanks) to the mass of the turbine pump assembly. 

We shall now formulate recommendations to be used lor making a dynamic 

diagram with olstrlbuted aim localized parameteis lor determining the forms 

and frequencies ot the natural .Longitudinal oscillations of a rocket. 

The rocket body Is presented In the form of a straight nonuniform rod with 

free ends. In cross-sections where the main frames of the tanks and engine are 

located, mechanical oscillators are suspended on the rod axis. These oscilla¬ 

tors, in the case of longitudinal oscillations of the rod, Imitate the axl- 

symmetrical oscillations of liquid in the tanks ami the mechanical oscillation*, 

of the engine. 

In practical calculations ol the forms and frequencies of the lower tones 

ol the body oscillations ii is necessary to consider only certain of the first 

tones of the oscillations ot the liquid in a tank, therefore the number of 

oscillators may be small (2-3). The springs of the remaining oscillators may 

be considered to be rigid and the localized masses suspended on them to be 

coupled with the mass of the main frame of the tank. 
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The following are not included in the linear mass m(x) of the rod: the 

mass of the engine, the kind f llqul^ In the fuel pipes, and the basic part 

of the liquid of the fuel tanks, which Is 

presented in the form of localized masses 

and springs. Thus, the mass of the entire 

rocket 

1 

m 
' “J fn(x)dx-f- J] ms)t 

o (/. *) 

where mgj Is the mass of the s-th oscilla¬ 

tor, the j-th section of the body. 

A diagram of a rocket with two fuel tanks Is shown In Fig. 3.3; here the 

engine is represented by one oscillator. 

r-'-'T-VI-Rr-'1 

.__£/ __ 

l 
—-—^\m(x))EF(x) 
--.- ---=-4 

jOwmv 
m ij 
kSj' Oww ksj 

,rtA mQ 
¡»A 

Figure 3.3 

This chapter gives methods of calculating the natural and reduced longi¬ 

tudinal oscillations of a rocket on the basis of a nonuniform rod with elas¬ 

tically suspended localized masses. For methodological purposes we shall pre¬ 

sent a calculation first for a nommiform rod, and then for a rod with elas¬ 

tically suspended localized masses. 
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2. Equation for the Longitudinal Oscillations of a Notmniform Hod 

Let the axiu Ox correspond to the longitudinal axis of the rod. We 

shell use tn(x) to designate the mass of a unit length of the rod; EF(x) to 

designate the expansion-contraction rigidity of the rod; q(x, t), the external 

distributed load; u(x, t), the motion of an arbitrary cross-section of the 

rod in the direction of the Ox axis. 

Figure 3.4 shows an element of a rod of length dx. The left and right 

sections of the rod act on the separated elements with the forces N and 

N + (6N/5x)dx. Using d’Alembert’s principle we compose an equilibrium equa¬ 

tion of a rod element 

r 

We shall apply Vogt’s hypothesis [7], 

according to which stresses depend not only 

on the deformation 6u/6x, but also on the 

rate of deformation (5/ôt)(ôu/óx). Then the 

normal (axial) force in a cross-section is 

Figure 3.4 

where b(x) is th. damping parameter. 

The dlf'eriiniial equation of die induced longitudinal oscillations of 

the rod will have the form 

We shall consider that 

bl^l == 21' == const. 
EF (jc) 
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0.3) 

00 

“(*• 0=2 fMiM, 

where fn(x)qn(l) are the partial solutionH of equation (3.2), which may be 

determined by fouiie.r’s method. Having substituted the partial solution (3. J) 

into equation (3.2) and having separated the variables, we obtain 

t 
m (x) f n 

or 

(3.A) 

\EF{x)f'n\^ -">lni(x)fHt 

(3.5) 

where 

The arbitrary integration constants of equation (3.4) must be determined 

from the initial coud:l r.ions, while the arbitrary intev,ration constants of 

equation (3.5) are determined from the boundary conditions, that is from the 

conditions of the .¡. • ichment of the ends of the rod. 

On each end of a free rod the force N is equal to zero. Tnerefore, with 

regard to the equalities (3.1) and (3.3) the function fn(x) must satisfy the 

following boundary conditions: 

(3.6) 

If one end of the rod is attached and the second is free (the rocket is 

located on the launch pad) then the function fn(x) must satisfy the boundary 

condition 

-Q1-. 

(3.7) 



Equation (3.5) i> nn ordinary differential equation for the expansion of 

a rod under the influence of a distributed load m m(x)f . Equation (3.A) shows 
• n n 

that the natural oscillations of a rod in the presence of damping are always 

damped. 

Energy scattering in the case of elastic oscillations of a structure takes 

place primarily due to friction between contiguous portions of structural units. 

Such friction is ususliy called structural. In order to calculate structural 

Jfiction in differential equations, Ye. S. Sorokin [7] proposed a hypothesis 

according to which internal friction in the case of elastic, harmonic oscilla¬ 

tions is proportional to the elastic restoring force, but shifted in phase 

relative to this force at an angle of n/2. If a complex presentation of simple 

harmonic oscillatory motion is to be used, then instead of (3.1) the normal 

force may be expressed thus 

where t is the coettlcleut f>l energy adsorption in lhe case of oscillations, 

equal to the ratio of energy .idsorbed after one cycle AW to the total energy 

of the system W. 

In the case of harmonic oscillations the absorption coefficient is equal 

to double the value of the decrement of free oscillations 6, so that 

Formula (3.1a) la sufficiently preaiac when 'f is a small value. 

The differential equation of longitudinal oscillations of a rod with 

regard to Sorokin’s hypothesis, instead of (3.2), will have the. form 

(1.2a) 

Ail forms cf natural oscillations fn(x) are mutually orthogonal with the 

Weight function m(x). The orthogonality condition has the form 

-82- 



Ci. H) 

I 

Í 
If the rod I*, uniform, that in, m(x) -• .i^ - const, KF(x) « EFjj - const, 

then equation (j.i>) Is simpl if led, and it will have the lonstant coefficient 

/,1-^/.=0. f- . (3.,) 

When parameter a is found, the natural frequency of oscillations a) 
n n 

may be calculated according to formula 

(0, 

a=/f. 

0.10) 

where p is the density of the rod material, u la the propagation velocity oi 

an elastic wave (the velocity of sound propagation) in the rod material. 

Che solution of equation (3.‘1), as is known, has the form 

in (x) = C,cos anx + C2sin anx. 

If one enu oi the rod Is fixed and the .second Is free, then with regard 

to the boundary conditions (3.7) ve find 

2/1- I it /2/1-] \ i| 
—jy («-I. 2....). 

The frequency of the natural oscillations of the n-th tone Is 

(2/?— I)ji a 
Ü). 

2 (3.11) 

In tlie case of an unattached rod we have 

nn 
a„ (/I — 1, 2, 3,.. .) and aÄ ==0. 

The frequency of natural oscillations where a / 0 Is 
n 

/ta ur -a 
h / * 

(3.12) 
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In the case of an Identical length of an unattached rod the frequency 

of the first tone of the oscillations is two times greater than In the case of 

a rod with one fixed end. If the function f (x) la normalized so that f (0) « 
n n 

* 0, then “ 1 and the form of the oscillations, corresponding to the value 

of U ^ 0 is: 
n 

/„(*) = cos tv:. 
0.13) 

natural oscillations of a rod are given in 

consider that u positive value of f (\) corre- 
n 

sponds to a displacement of a cross-section 

of the rod to the right, and a negative one 

to a displacement to the left. In nodal 

sections, displacements are absent, and the 

maximum contraction or expansion of the 

material takes place. 

* To the value un ^ 0 cor re;.pond lhe fre¬ 

quency of the natural oscillations ¡o ^ 0 
n 

und the form of the natural oscillations, 

the normalized value of which is equal to 

unity (3.13). This is inherent to the motion 

of a rod as a solid body. 

Thus, for an unattached rod the complete system of natural functions will 

consist of a great number of functions lfn(x) * cos Ciux](n - 0, 1, 2, ...). 

The displacement of an unattached rod ajong the longitudinal axis may he pre¬ 

sented in the form 
> OO 

«(X, 

»-1 (5.14) 

Here '»j^O 1- the dlsp]HCeOient of the center of mass of the rod or the displace¬ 

ment of the rod as a rigid body; f (x)q (t) Is the displacement relative to 
n n 

the center of mass, taking place due to expansion or contraction of the rod. 

The first three forms of the 

Fig. 3.5. We shall conditionally 

Figure J.5 
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Wi‘ bhüll iiuu I urn to ci cälculaLion ul i onus and f retjiumr f <¿s of (tu.* uutur.'il 

oscillations ot a uununitorm rod. 

-*• i. g tiú, ul Liu; Koiais r»iuJ fi cgm-uc 1 es ot i lu N Mural use IJ1 al lortf- 

ot a Nonunll->u~iii Rod by Means of Successive Approxli.iat !."¡a 

In order to determine the forms and frequencies oí natural oscillation4 

it is necessary to integrate equation (3.5) with the variable coefficient 

{¿r (X)/»]'*=-ofafix)/,,. 

ln tue case oi an unattached rod the solution obtained must sat is)y the 

boundary condition* of (3.6). With regard to these ce Millions we obtain 

/- /’ {X) /., ~ -i»-„ j til ( A' ) f um X, 

û 

- '‘(j ¿W',x • 

(3.15) 

(3. It.) 

where N. * Jm(x)f ix is the axial force in a section oi t.h coordlnafo x. ix 0 n 

The coet f it l-.Mif l> in.iy Le obtained from formula 

I x I 

iJ - - (3.17) 

fro... equation >, J.L>) where x ** l 

I 

! m(x)/a</x--0. (3.Id) 

1'fc physical s ..*< ul this equation is given by the iact that the resultant 

oi ail inertial ftree . in iVe case oi oscillations of a t ree rod, according to 

Ltie fo:'m oi any ion , ’* equal to zero. 

"I he method ot suc.esvi approximations f-a deLerm. n I ng the form of t lie 

nui.irai ose i j I j i j .ins oi the tirai tone consists oí the following. Any self 
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I 

equilibrated 

the following 

form of oscillations f(x) is taken as an initial 

function is calculated from the distributed load 

X 

r __*!/_ 

J EF(x) 
dx + D. 

o 

function and 

m(x)f(x): 

If the ratio f(x)/F is not a value invariable for all cross-sections of 

the rod, then the calculation must be repeated, taking f^ as a new initial 

function. Continuing the calculation in the same order, it is possible to 

obtain a small difference between the functions of the two successive approxi¬ 

mations as is desired and to obtain the desired function witn the necessary 

degree of accuracy. The closer the initial function was to the form sought, 

the smaller will be the number of approximations necessary for obtaining the 

given degree of accuracy. In a majority of cases the solution may be obtained 

most readily by using the known eigen form ^ oscillations of the first tone 

of a corresponding uniform rod as an initial form. 

In order to improve the process of convergence to the form f^ it is useful 

to introduce correction, although the initial form of the oscillations was 

self-equilibrated: 

/■=/?+o. 

The coefficient D Ls determined from equation (3.18) 

Çm{x)/\'lx. 
m ,) 

o 

(3.19) 

Using this method it is possible U> determine only the form of the n^tuiul 

oscillations of the first tone. In order to determine the form of the natural 

oscillations of the second and higher tones, it is necessary to additionally 

fulfill the condition of orthogonality (3.18). 

Let us first consider the order of calculation of the form of 

oscillations of the second tone f2« We shall use the 1 unction Í2* 

a total of two functions 

the natural 

the form of 

/2 —/2 f Asi/i-f 
(3.20) 
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ü 
when* ia the form of the natural oscJHattons of the second tone for u 

uniform free rod; and Ia an as yet unknown eoefttcienl, with which the 

function already known from the preceeding calculation, is introduced. 

We substitute equation (3.20) into condition (3.8) and find the value ol 

the following coefficient from its 

I f 

(3.21) 

The specific integrals, entering (3.21), are easily calculated by the 

tabular method, since the sub-integral functions are known. In many cases the 

accuracy obtained is sufficient for solving practical problems. However, if 

necessary, the function f2 found according to equation (3.20) and (3.21) may be 

more precisely determined by the method of successive approximations examined 

above. In order that the condition of orthogonality not be disturbed, after 

each approximation it is necessary to again Introduce correction according to 

equation (3.20), using the function f2 instead of f2 obtained in the last approx¬ 

imation in order to calculate the coefficient ^i* Having determined the values 

of the functions f^ and f2 with the accuracy required, it is possible to approach 

a determination of the (unction f^, for which It is necessary that this function 

be given in the lorm of a total of functions 

/3-/3 + A.n/i + A32/2 + D. (3.22) 

0 
Here f^ is the form ul the natural oscillations of the third tone for a uniform 

free rod. 

The unknown coefficients and ure determined from the conditions 

of orthogonality (3.8) 

We obtain 

I 
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A more precise determination of the function fj 

an was the case for the functions f^ and f2* 

is made in the same order 

Now we obtain a formula for determining the frequency of natural oscilla* 

tions. If the ratio f /f is constant for all cross*oectlons of the red, then 
n n ’ 

on the basis of equation (3.16) 

2 
ui 
n 

*(l /f ). 
n n 

The frequency of natural oscillations may also be determined from the 

condition that for a conservative system in the case of natural oscillations 

the maximum value of kinetic energy is equal to the maximum value of potential 

energy. We have T * P . Where q - 1 
max max nmax 

«ir«* g J m g 

n -i. 
a mu X 2 I f ■ /r 

where 

m. 

. 1 . 1 4.- 
-dx~— = 

£F(x) 2 2 

I I t 
:\m(x)/Ux, k„-^EF(x)f';jx, --11-rfjt. 

ó 0 0 

(3.23) 

Here m^ is the reduced mass of the rod; is the reduced rigidity of the rod. 

From the equality T » l* we obtain Rayleigh's formula 
n max n max 7 ° 

1 
(3.24) 

We ahali illustrate this method numerically. Curves (tables) of the dis¬ 

tribution of mass m(x) and rigidity KF(x) along the length of the rod and f^— 

the form of the natural oscillations of the first tone of a uniform free rod— 

are used as initial data for the calculation. 
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Fcr convenience, oí calculation the scales oí rÍKÍdlty and mass are usually 

introduced: 

EF^Wr.EF,, mU)^m.mu. 

The linear mana m and rlgidy ÊF of a rod art shown in Fig. 3.6, where 

N ■ 0, 1, 2, ...—the number of the croas-aectlon of the rod; the length of the 

rod l - 22.5 tn. We assume that in sections N - 1’, 23, and 25 there are located 

localized musses m of fuel in the tanks and the mass of the engine, respectively 

equal to 67.5, 135, and 10.5. In order that the calculation table not be too 

cumbersome, we shall assume the number of sections k ■ 15, the length of the 

section A * 1.5 m. 

The entire calculation ia given in Table 3.1. The Initial data, the 

ordinates of the function ËF and m taken from the graph of Fig. 3.6 for each 

section. In sections N * 6, 12, and 13 to the values oí iü, taken from the 

graph, are added the values of the localized masses, distributed along the 

section A. These values are respectively equal to 45, 90, and 7. If in any 

section the ordinate ÉF or m has two extreme values, then it is necessary to 

take the mean value of the ordinate. Calculation of specific integrals with 

the use of Table 3.1 is performed by the trapezium method. 

Í"m/? 
r~it _ 0 _ 

Correct ion in coiaran 8 is —~~ ~ k * 

2m 
0 
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The law of the distribution of axial force along sections of the rod la 

obtained in column 11. At the right end of the rod (in section N » k » 15), 

k 

doe to the accumulation of errors, the value E (10) differs from zero; there* 

0 

fore in order to complete the conditions on the ri^ht end of the rod it is 

necessary that correction be introduced. This correction may be considered 

to be linearly dependent on the length and determined according to the formula 

AyV — ■i»» 
The correction Is introduced into column 13, Table 3.1. 

According to formula (3.17), the coefficient la 

Columns 20 and 21 give the values of the function obtained in second 

and third approximations. We shall consider provisionally that the. third 

approximation satisfies the required degree of accuracy. 

We use tne function f^ of column 21 in order to determine the frequency 

of natural oscillations of the first tone. According to formulas (3.23) and 

(3.24; with reguid to scales of mass m^, rigidity EF^ und the length of lhe 

rod section t we obtain • 

1 
(ui -- 

«0*1 S'"/? 
0 

V — 
EFo JmU If 

0 

EFq 117,43 

G,752m0 51190,6 
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If wt’ assumt' 

/^0 -15 kF -ceK^/.u, a £Tj“ 108 kF, 
then 

o.? ^-27 000 \/cck* (w,«165 \h^) 

A. Detenu Lnlhr the Forms and Frequencies of Natural Pact 11 at Iona of 

a Nonnnlform Rod by Meana of the Initial Parameters 

Beside the method of successive approximations, there are other methods 

for a numerical solution of the differential equations of boundary problem.!. 

Let us examine the method of initial parameters, which is suitable for a 

numerical solution of boundary problems on a digital computer. 

The basic idea of the initial parameter method is that values of a 

function and its derivatives are given for one end of a rod, which, together 

with the differential equation, completely determine the behavior of the 

elastic system. In these calculations the initial parameters are given in 

the form of numbers and, in order to satisfy the boundary conditions on the 

other end, it is necessary to make some approximations. The initial parameter 

method is used in structural mechanics in the form of different modifications, 

presented at various times by Klebsch, A. N. Krylov, Sh. Ye. Mikeladze, N. 1. 

Bezukhov, and others [4, 5, 6]. 

As opposed to statistical problems, In calculating elastic oscillations, 

it is necessary also to estaoliah the frequency of natural vibrations, in 

order to know the coefficients of the differential equation. 
I 

We shall divide the rod into k sections, for each of which lhe coefficient 

EF(x)~EF(x)u m(x) = m(x)t 

are considered as constant. 

The differential equation (3.5) for any i-th section will have the constant 

coefficient s 
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where 

//1/ +an//«/=0, 

Mf*)/ 

EF(x)i 

(3.25) 

(3.26) 

Un is an arbitrary Initial parameter. 

As la known, équation (3.25) has a precise solution 

/,w sin a«/*/ + A cos a,,*, (3>27 

and its arbitrary constants may be determined by the arbitrary Integration 

constant of the preceedlng section from the conjugation conditions where ■ 

■ and “ Û (here Is the length of the i-th section of the rod). 

At the boundary of the i-th and the i+l-th sections we have the conju¬ 

gation conditions: 

A/—/« (/+1), 

EFifniMEFf')^ (3.28) 

Having here substituted the equations (3.27) for the i-th and the i+l-th 

sections, we obtain two equations, from which we find the dependence of the 

constants of the 1+1'th section on the constants of the i-th section: 

A+1 =- !'/ (A cos - Ut sin aJh 

A+i *-* A s*n u*// + A cos a*///. 

where 

•. -i/ <wef)> 

" («.£g)í+! V 

Using the boundary condition on the left end of the first section 

^nl^xi»0 " ° and haviu* assumed, moreover, (fnl)Xl.0 * 1 • we find » 0 and 

- 1. According to formulas (3.29) the coefficient« and will be 

obtained for all sections. 
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The boundary condition present on the ri^ht end of the last section 

/,.(/.)-0 »•*» 

is used to control the given frequency ay If the frequency ain used in the 

calculation is a frequency of the natural oscillations of the rod, then the 

condition (3.30) will be fulfilled and the calculation of the form of the 

elastic oscillations may be considered tb be finished. 

In practical calculati%n, the frequency is first given approximately, 

therefore condition (3.30) is usually not fulfilled. In this case the cal¬ 

culation is repeated for several values of the frequency and f^*(Z ) is cal¬ 

culated as a function of uj : 
n 

fñk (/*)=c* cos ajk - D* sin ajk. (3.31) 

The value of ay turning the value of f^d.) into zero and responding 

to condition (3.30), will be equal to the desired frequency of natural 

oscillations. 

After the frequency of the natural oscillations is found, it is still 

Impossible to »ay to wnich tone it corresponds. In ord.r to establish the 

numbe:: of the tone of the oscillations, it is necessary, according to equation 

(3.27), to construct the function f (x) and to determine the number of nodes, 

that is, the number ot sections in which fn(x) “ 0. For longitudinal oscilla¬ 

tions of a rod the number of the tone corresponds to the number of nodes 

(n - 1, 2, ...). , 

5* Determining the Form and Frequencies of Natural Oscillations of 

a Nonuniform Rod by the Finite Difference Method 

One of the simplest and most universal methods for numerical solution 

of a boundary problem is by reducing it to a system of finite difference equa¬ 

tions. The finite difference method is widely used for numerical solution of 

boundary problems on digital computers, since it reduces to a simple calculation 
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algorithm, and the necessary accuracy is reached by increasing the number of 

sections into which the basic integration segment is divided. 

In order to convert from a differential equation (3.5) to a system of 

finite difference equations, it is necessary to divide the integration segment 

l into k equal portions of a length h = i/k. We shall designate the abscissa 

of the points of rod division by Xj (i * 0, 1, 2, ..., k). 

We integrate equation (3.5) for x within the limits from x^ ™ x^.q5 t0 

-2 ' -1+0.5’ “her,! 1 > ü: 

? [EF (x) /»]' <tx = - “» W f",x- 
ï. 

We shall calculate the integral in the first member of the equality 

approximately and give this equality in the form 

EF (x) f n jjr, EF {X)fn [*, — —wjwi {X¡) fn¡% (3.32) 

where m(x.,), f . is tho value of the distributed mass and the value of the 
i nl 

form of the natural oscillations of the rod at a point with the abscissa x^ 

The values of the derivatives f'(x) at points, the abscissas of which 
n 

are x.^ . and x. n ,., will ne replaced by their finite difference expressions: 
i+O »5 i • Ü • j 

V, VI //1(^/4-1)-//1 (-^/) 
/4^)1^+0,5=-- 

V, V, fn(Xt)- 
/-(^)1^,-0,5 =-J- 

Substituting thise expressions into equation (3.32), we obtain 

s=s —u)flA2m(x,)/„(•</)• 

After tram formal ion we obtain 
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» • • •» 

2 
Having set the value of (on, according to equation (3.33), it ia possible 

to calculate the coefficient of the form of the "atural oscillations for any 

point according to the values of thé coefficient in the preceeding two 

points and The calculation must be performed from the point Xq to 

the point x^. 

The values of the coefficients of the form in the first two points are 

obtained from the boundary condition where x - x(i and the scale selected for 

the function f (x). We select the scale for f (x) so that f (x_) ■ 1, and 
** n n 0 

from boundary condition (3.6) 

lslí')-h\x!à.^Q 

we obtain f (x,) - 1. 
n 1 

2 
Further solution reduces to a variation of the parameter to in order 

n 
that the boundary condition (3.6) at the point xfc be satisfied: 

f nft ^ fn(k 0   Am (3.34) 
h 

For this It is necessary to calculate the numbers (id ) ^ f 
nk - fn(k-l) n 

(a) +Ao) ) and, observing (w ) (w -hAw ) for the sign of the product, to select 
nn nnn 

u>n in such a sequence as was recommended in the preceeding section. 

The sequence of solving equation (3.5) by means of transformation to 

equations with constant coefficients and the application of the initial parame¬ 

ter method is essentially identical with calculation according to the finite 

difference method, in both methods it is necessary to establish the initial 

parameter—the ftequency and to seek a value of whereby the boundary 

condition on the tight end of the rod is satisfied. In the case of the appli¬ 

cation of the initial parameter method, the number of sections may be small, 

-97 



that is, it is determined by the properties of the functions m(x) and EF(x). 

However, in the process of calculation it is necessarj to calculate the func¬ 

tion sin a .1. and cos a .1.. Calculation by the finite difference method 
ni i ni i 

Ls simpler, but the number of sections is much greater. 

If the rigidity of EF(x) or a Linear mass m(x) of the rod j.n certain 

sections with abscissas , and x^varies gradually, tlien in calculr- 

tion by the finite difference method the values EF(x) and m(x) in these sec¬ 

tions must be considered to be equal to half- totals of the corresponding 

ordinates. 

6. Oscillations of the Engine as a Mechanical System 

The engine is a source of tractive force, which is transmitted through 

the frame to the rocket body. With all other conditions being equal, the 

induced oscillations of the rocket will be the greater, the greater the opera¬ 

tion of tractive forue is on displacements of the point of application of this 

force, arising during oscillations. The engine as a mechanical system, possess¬ 

ing a mass and elasticity, oscillates together with the body and, consequently, 

influences the form and frequency of the naturel oscillations of the body. 

Therefore, an analysis of the mechanical oscillations of the enginff Js of 

important aignificance, both In regards to a calculation of the influence of 

these oscillations on the form and frequency of the natural oscillations of 

the body, as well as in regard to a determination of displacements of the 

engine relative to the body, on which the operation of the tractive force 

depends. 

• 

The simplest scheme for calculating the mechanical oscillations of the 

engine may be given by one mechanical oscillator, lhe localized mass of which 

m is equal to tue reduced mass of the engine and frame. In this scheme the 
e 
engine is considered to be a solid body, and the suspension of the engine to 

be a weightless spring. The frequency of the natural oscillations of the 

engine relative to the rocket body is determined by Rayleigh’s method. We shall 

consider that the engine frame is made of elastic rods (beams), whereby the 

engine is suspended on the frame symmetrically relative to the supports. 
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Due to the elasticity of the “ocket body shell the frame supports, fixed on 

the body, are elastic with a total coefficient of rigidity k. The scheme of 

the elastic system for determining the frequencies of the natural oscillations 

is given in Fig. 3.7. Static displacement of the engine consists of two parts: 

static sag of the supports and static deflection of the frame from the 

elastic line f(y^). The scale of static displacement n is expressed so that 

the total displacement of the mass of the engine is equal to unity, that is, 

(3.35) 

The reduced mass of the engine and frame are 

(3.36) 

Here m(y^) is the linear mass of the engine frame, m^ is the mass of the engine. 

In the case of the scale selected, the coefficient of reduced rigidity k Is 

numerically equal to twice the value of the potential energy of the system; 

The potential energy may be calculated also by the operation of the force 

of gravity. We shall have 

(3.38) 

where g is the acceleration of terrestrial gravity. 

The frequency of the natural oscillations of an elastically suspended 

engine will be calculated according to Rayleigh’s formula 

«>- = -— . (3.39) 

In the case of longitudinal oscillations of the body, expansion-contrac¬ 

tion oscillations of the engine as an elastic body may be observed. They will 
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l>i- Jgii 11 i Luat (1 ih.i auturdl frcqueai le-< ul Liiirli oui:i 11 .il lufts arc clase lu 
Uic frequencies 4.1 the ruckel hoJy ot>ci 1 l.itl4jiu>. An aiialvalu of these 
lions is of Interest for evaluating the stability of the engine and for More 
precisely detei uilniiig the reduced l f,.

Selection ol a scheme for deteriuintng the form and rreqiieU4jlea of ex|ijii- 
alon'contraction oscillations of the engine depends on the construction of 
the engine and tin- u>clhud of Ms at i jclnneiit to the frame, and also 4JI1 the 
purposes ol the (alcuKiUun Koi cxaiiiple, the frame tupether with 1 lie en>;tii4- 
may be considered to Lie an eJustli- system In the form of a ininuiii form r<xl.

The form of the nainral oscillations ol Lite first and second tones of such 
a system are given In Fig. J.«. For each l.o'if . .J' Uii un l.uro I .j‘t 1 I I h M1 .‘i: 
an equivalent system may be preaeiited by one oscillator.

If the mass of the frame is small In cump.'ii Ison with tin; mass of the 
engine, and the rigidity of the frame Is lircat, then the nalnial eApaiiiion- 
contractloii oscillations of the engJin may he analyzed I ndi y Idun IJ y , a'isuniinp 
the region where the c-iii;lne Is attached to tin- I tame to he Imim lie. In sui h 
a scheme the 1 r am.- n.uy be presented In the lonii ot an lnUJvldii.il osclllal.wy 
systen with one degiee iif Ir.-cdcMu.

0,

If
Z r \

'k ^

'^7 Ay,)

Figure 3.7 Figure 3.8

In the case of longitudinal oscillations of the body the osc11lal ions 
of the engine as a meclianlcal system may be cmsldered to he lorcej oc.i llla* 
tions caused by the displacement of the siispen.iion point. The amplitude ol

1^. •loo-



r

llltiuced v»4cf 1 I JlloiiM uf u com:t:iil rutcd iiws . ol .ut •• .1 I l lu l .ir y (wc <ls..iiuiv i| •‘It

* . T~'-(a (% / J.

“n frequency of Oi>«. U LatIona of the ausp. u-
slon point of the en)$lne; Is the frequency of noluioJ •ailiiotlons i>f flic 
■“th numbered oacilletor.

The coefflrlent f will a U.iiin cant 1 y dltler from I l.c coenicieiit 1 (k )
lints

j*

If the frequency of natural oaclllatJona of the -j^th numhvied ton.* of the
engine is close to Che frequency of the natural ostill iUoiiH of llie lorli.-i

body. In analysing the stability of u closed rocket systeu. with o Itqutd

propellant engfne, both the value and the sIkii of 1 he cocf:lcleni f ore oi
nse

^great significance. If the frequency of the luicural i.ac 1 I tal Jutia of the enyliu*
is significantly greater than the. frequency of osci 1 lot l.jii;. of the rocket i.ndy,
that is, fs much greater chon m , ..nj the mo i.s ol the engine I-r aiiiu 11 In

comparison with the mass of fuel In f lie tanks, then in the ca-.c of caUufatlug
tfie longttudlnul oscillations of the rocket hody, the elo:^iiclty .»f the engine'
suspension cannot be considered. In tills case the 'sossei of the englue and
frame must be considered Co be localized In a cros-j*section of the body with
Che coordInate « .

1:

For Che first tone of natural usd I la f ions of th. hody il..- iitt.. oi 
frequencies usually la fulfilled. Howc.-er, fur hivlirr tones th. i r.**
quencies and may be close, and then ft Is necessary 10 consider the 
elasticity of the engine suspension In uid.-i ro siudy long t tudliiai oscl Hot i-nis.

7. DeteiHiInlng the Forms and Fteiiuencleo thj^ Nalnr jI Osci 11 al i.ms 
of g Kocket Body

The model of a straight nonunifurm rod wirii t-losiiiallv suspeiidirf locill-cj 
masses is used to determine the forms and frequencies of tlie iviturol longltudi* 
nal o.'clllaCions of a rocket body. These masses on springs, appearing aa the 
mechanical analog of the osclllatloos of the anglne and liquid In elastic tanks,
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I
mw:

.III- -jitii'i-iulfil oil cli»- axl-i Hi syimiii-trv In crois'-ic-. I iinis ol tin- rod • iirreupiind* 
liiK to the locution of ttie main fieuncij ol the hottom of rlu* tanks and cin^-tnc

(see Kly.. 3.2). A luechanlcal osclilulor with a mass and a sprliiK rigidity
k^j corresponds to eacli s-th numbered tone of the osi i1Jat Ions of the fluid.
The supplementary index J designates a cross-sectlun with abscissa Xj. Pur

example. If for a one-stage rocket the upper tank Is labelled A and the lower 
B, then for the upper tank J - A, and for the lower | - b. The localized
mu isfcs and the Irequenoles of their natural oscillations are determined
bv tlie metliiKl preneiilcd In Chapter 2.

We replace the ciigJue as a loeclianlcul syulem with one iiiechaiilcal oeelllu*
tor which Is suspended in a section with absclscia x^^ (J I'.), if It bucoiues
necessary to consldei several tones of the elastic oscLllalIons of the engine,
then it Is necessary to place several oscillators In this section. We consider
that the turbine pump assembly Is rigidly coniuo-ted with the engine and Is
Included l.n the mass m : the mass of the engine, the maas of the turbine pump

a

.issembly, and the muss of the liquid fuel loc.^teil In the cmdults bi low the 
bottom of tlie tanks. The method of successive a'proxliivii j ona may he success­

fully used for determining the forms and frequeiieles of tin lower tmies of tlie 
natural oscillations of a nonunlform rod with elustlrally suspended loialiied 
masses; for high tones of the usclllatluns Che sulutlim Is derived vtry slowly.

We will use the Initial parameter method, which was ptesonCed in section 
4, In order to calculate tlie forms and frequem les of the natural n-•Illations 
of a nonunlform rod.' We divide the rod Into sect Imi.s oi .mistant il.-iJlty

tP(x) and linear mass in(x). The length of the sections / may be dllfereiit.

If between uiillorm sections 1 and 1+1 theie Is a sen ion with cl.isttcully 
suspended localIzed masses, then on the transition trum the iTh to the 1+1-lh 
section a Jump In the normal (axial) force will he observed equal to the total 
of Che reuctiuna of the oscillator springs (Fig. 3.9). The conjugation condi­

tions of such sections are

£/■■ (I,) (/,)»[££ K») /ill 1„ I + § -V
r-1
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where N is the normal force, applied to a cross-section through the spring 
J 0 

of the s-numberei oscillator; s is the number of oscillators. 

The force N&J is numerically equal to the inertial force of the s-uumbtred 

localized mass. In order to make the signs of the projections of the forces 

EFr and NsJ agree, we turn to equation (3.15). If the function f^ is known, 

then according to this equation it is possible to calculate the axial force 

in any cross-section. On the basis of (3.15) it is possible to establish thui 

f 
where Jm(x)f dx > 0 the following pressing force arises in a cross-section 

0 n 

(3.4?) 

Since all localized masses are displaced with a frequency of body oscil¬ 

lations n, then the force is 

Nsj— ^nWsffniJ* 
(3.41) 

where Is the value of the coefficient of the form of the oscillations of 

mass mgj, suspended in the j-th section with the m-th tone of the body oscil¬ 

lations. 

Figure 3.9 

The value f 
ns) is determined according to tormolu (3.33) 

» (3.441 
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of the 3-th numbered oscillator in the j-th section. 

Wc obtain formulas for calculating cosfficlcnta and of the 

section i+1 through the coefficient D. and C. of the i-th section, when the 

U 1 1 
J-th section with s oscillators is located between these sections. Bearin 

in mind that 

/nii1 l) — fn (/+1) (0) = /^(^)), 

on the basis of equations (3.27) and (3.41)-(3.4^) we find 

(3.4b) 

V (mCñln ' where 

Only one localized mass m^ is suspended in the section with abscissa 

X ^ X . Therefore lor the coefficient ft , formula (3.46) acquires the form 

(3.4)) 
(% / " •)• 

Calculation of the fonn of the oscillations proceeds from the left end 

of the rod to the tight. Having selected the scale of the form of oscillations 

so that at the left end of the rod the value of the coefficient of the form 

was equal to unity, tnat is, ^^(0) a 1 • an<^ bearing in mind that at the left 

free end f'.fO) » Ü, we find the coefficients of the first section If. ** I and 
nl t 

C. - Ü. Then according to formula (3.29), we calculate the coef1icienL 

end f°r the subsequent sections. Transition through the J-th section, 

In which the localized masses are suspeded, is performed according to formulas 

(3.45)-(3.47). The boundary condition at the right end ot the last k-th sect Ion 
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ly uaej for verifylnp, tlie correctness of selecting tlie frequency u^. Tin- 

sequence of Helecling the frequency is given In section 4. 

After determining the frequency of the natural oscillations w from 

equation (3.27) we obtain the form of the natural oscillations for all sections 

of the rod, and from formula (3.44), the value of the coefficients of the torm 

for all elastically suspended localized masses. 

For an unattached rod without elastically suspended masses the number of 

oscillations corresponds to the number of nodal sections of the rod (see Fip. 

3.5). For a rod with elastically suspended masses where iun is not equal to 

zero, forms of natural oscillations may exist whereby the rod does not have 

nodal sections. 

For illustration we shall examine the simplest example—longitudinal 

oscillations of a free straight uniform rod with one elastically suspended 

localized mass on the right end (Fig. 3.10). 

■ ‘£Fj ’H y 

The value of the coefficient of the form of the natural oscillai ions of 

mass m^ is determined according to formula (3.44) and 

fns^/M———- K /“»O. 
'-(-?) 

where w is the frequency of the natural oscillations bf the system; u> la 
n ™ 

the frequency of the natural oscillations of the mass with an immobile 

suspension point of the spring; fn(0 is the value of the coefficient of the 

form of oscillations on the right end of the rod. 

*11)5 



The elongation or the spring is equal to the difference of displacements 

(-::-) - ' 

The boundary condition at the right end of the rod may be presented in 

the form 

(/)=*./.(/) 

where ks is the stiftness factor of the spring. 

From equation (3.27) and the boundary condition “ 0 we find 

/n = Dcosa«x. 

Substituting this expression into the boundary condition at the right 

end oi the rod, we obtain the following transcendental equation for determining 

the frequencies of ttie natural oscillations of the system: 

«„sin 

Hr)’- 
cos «„/. 

2 2 2 2 fcFn 
ice w - a a , a m __ , :ir. 

n n 
sented in the form 

m0 
then the equation of the frequencies may be pru* 

•k “,/— - 
n. _ 

w* — a'kíí s n 

Here the values l, k , u , a, and in are considered to be known. 
li fi u 

The roots of the frequency equation may be determined using a trigonometri¬ 

cal tables Figure 3.11 graphically illustrates determination of the roots 

using graphs of the functions. Here solid lines are used to show a graph ot 

the function found in the left member of the frequency equation, and dotted 

linee to indicate the functions in the right member of the equation. The 

intersections of the Lines give the values of the roots of the equation. If 

the stiffness factor of the spring k is equal to zero (a rod without a local- 

ized mass), then the Jutted line coincides with the axis of abscissas, and 
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the roots of the equation, corresponding to nonzero frequencies will be 

a Z * np (n - 1 , 2, ... ). 

r 

/“■S' 

Figuce 3.11 Figure 3.12 

Where k ^ 0, the graphs of the functions for the tight tnemb* *' of the 
s 

equation ate given in Fig. 3.11 for three different ratios: 

i) 2) 
na . na n. na - 3n« 
--. 3) -<Twj<C- 
2/ ^ i ^ 2/ 

The first root of the equation, corresponding to a non*zeru frequency 

of the system, Is determined respectively by the intersections la, lb, and 

1c, the second root by the points 2a, 2b, and 2c. The forms of the natural 

oscillations of the system, corresponding to frequencies determined by the 

Intersections la, lb, and 2a are shown in Fig. 3.12. 

If a localized mass on a spring and an unattached rod are considered as 

separate oscillatory systems, the frequencies of the natural oscillations of 

these partial systems will be respectively equal to '¿-na/l, Sna/l,.. 

Where :tq 

IT <0), 3nq 

~2T 

tlien the first frequency of the system, consisting of u rod with an elastically 

suspended localised mass, is below the lowest partial frequency, and the 
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second frequency of tile system is hl^ier than (he second partial frequency. 

With an increase In the number of the tone of oscillations, the frequency of 

the system will differ even Jess from the partial frequency of the rod. 

Where 

then the first and second frequency of the system are higher than the corre» 

sponding partial frequencies (in Fig. 3.11,^the intersections la and 2a). 

The forms of the natural oscillations of the first and second tones, corre» 

sponding to such a ratio of partial frequency Is given in Fig. 3.12 by the 

graphs and f0 . In the case of oscillations of the first tone in the rod 

there will be no nodal section and in the case of oscillations of the second 

tone in the rod there will be one nodal section. 

if << then the form of the natural oscillations will correspond 

to the lowest frequency of the system, then the entire rod as a rigid body is 

diaplaced in the direction opposite the direction of displacement of the local¬ 

ized mass m^. The system appears as two masses connected with a ..pring. The 

frequency of the natural oscillations of such a system, as is knon, is higher 

than any of the partial frequencies 

Several peculiarities arise when 

and are explained by the tact that the numbers nn/2 are eigen values of the 

in Fig. 3.12. For a rod it corresponds to the form of its natural oscilla¬ 

tions in the case of an attached right end. Here we have a case wlie.e both 

partial oscillatory systems have the same Immobile point and perform oscilla¬ 

tions relative to it with the same frequency independently. The fiequency of 

the system is equal to the partial frequency of the oscillations ol a rod, 

one end oí which is fixed. The value of the coefficient of the form f of 
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cldbflc oseillatluns of a localized inasu in this cuse cannot hu calculated 

according to formula (3.44). It may be determined from the condition that 

the center of muss of the system is not displaced in the case of natural 

oscillât ions: i"0$Alx ( 0. 

Since, 

then 

/..= — 
m. 

sin 
nn 

nn • J * 3, 5, • ,.). 

Analogous peculiarities in calculation may arise even in the case of 

a nonuniform rod with elastically suspended localized masses if the frequency 

of the system proves to be equal to one of the partial frequencies of elas¬ 

tically suspended localized masses. In this case we assume m * w and 
n s*J 

determine the foro» of the oscillations, eliminating the term with index s*J 

in formula (3.46) under the sign of the total, whereby w « ui The value 
n s*J 

of the coefficients of the forms of oscillations ol localized masses for which 

“n ^ “sj iB calcula‘-*:‘l according to formula (3.44). The value of the cot in¬ 

dent of the form of oscillations f for the localized mass m . Is deter- 

mined from the condition that the center of muss of the system is not displaced 

in the case of natural oscillations: 

I 

J ffl ( v) f X HIij f nij ~ HI jj 

0 li.;) 

After determining w« more accurately determine the form of the 

natural oscillations. In formula (3.46) for (■< under the sien of the total 
n.l 

we exclude the term wllh the index s*J, and the Influence of axial force 

A’,.)—: 

from the mass m^ on the form of the natural oscillations may be considered 

by means of altering the structure of the second equality (3.4!>): 

£/+1 " (?/£/ .V^/)cos anil, -J (/„jCt — ) 

•a 

{F.Fan)ik.y n**J' 
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Having dutur mined the form ul lhe natural uaciLiai1 uns of the rod, accord* 

log to formula 0.44), we calculate the new values of the coefficients of the 

form of the elastic oscillations of the localized masses m , (except for m .,) 
sj r h*J' 

and we find a second approximation for fns*j• Further approximation is per¬ 

formed in the same order. 

If several localized masses with different partial frequencies are 

suspended from a nonuniform rod, then in order to determine the forms of the 

natural oscillations as first approximation.fur the frequency u>n it is neces¬ 

sary to assume a value less than the lowest of the partial frequencies w 

and approximation in frequency is made with the small Aw . 
9j’ 

We shall now examine a determination of the forms and frequencies of 

the natural oscillations of a rod by the finite difference method, whereby 

the linear mass m(x) and rigidity EP(x) of a rod may be variable along the 

length of a section. For a nonuniform rod the method of calculation is given 

in section 5. Here we turn our attention only to pecullarltiea introduced by 

the presence of elastically suspended localized masses. The values of the 

coefficient of the form of natural oscillations in the i+l-th section, if the 

values of the coefficients of this form in the i-th and the i-l-th sections 

are known, may be calculated according to formula (3.33), obtained alter 

Integrating the differential equation (3.5) and replacement of the derivatives 

by finite differences: 

A (/+1)=^//.3 

EF 

“ EF, ~EF, 

/-12 

EF 

/ + 1/2 / + 12 

-/,,(/-1) (¿=1.2.*-l) 
/ + 1/2 

(3.48) 

For the purposes of calculation we divide the length of the rod into k 

equal sections: the Length of a section of rod between two neighboring sec¬ 

tions is li » ¿/k. Among the k sections of rod will be those to whicli local¬ 

ized masses are suspended on springs. For these sections equations (3.5) and 

(3.48) are unuctcplahle. 
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1 EF i 

à EFni * 

I 2h 
b EFm * 

The value of the axial force N is calculated according to formulas 
SJ 

0.43) and (3.44). Since in this calculation the intégration step It is usually 

taken as small, then In these formulas, instead of the coefficient f , it is 
nj 

possible to use the coefficient f .. Then we obtain 
nl 

K / lv)- (3.51) 

The following sequence of calculations is r •commended for dutctminlng the 

forms and frequencies of the natural oscillations of a nonuniform rod with 

elastically suspended localized masses. We shalx assign the frequency of 

oscillations of the system and for each point on the rod shall find the 

values m^, EF^^. We shall select the scale of the form of natural oscilla* 

tlons so that at the left end of the rod f ^ “ 1. From the boundary condir Ion 

on the left end of the rod we find f , ® 1. 
nl 

According to equation (3.48) we calculate the coefficient f ^ sequentially 

for all points of the rod, proceeding the first j-th section with elastically 

suspended localized masses. The transition from the i-th to the i+l-th point, 

between which the J-th section with localized masses is located, ia made 

according to formulas (3.50) and (3.51). And thus up to the point when we 

reach the right end of the rod. Furth'er solution leads to finding such a 

value of (¡in whereby the boundary condition at the right end of the rod is sat- 

laiied (3.34). The sequence of determining is shown in the preceeding sec¬ 

tion. 

For the value of the frequency of natural oscillations obtained <u . we 
n 

find the values ot the coeflcients of the form of the natural oscillations 

at all points in the rod. Values of the coefficient of the form f for the 
ns) 

-112- 



e-numbered localized mass is determined according to formula (3.44), In which 

we assume f (x.) * f .: 
n J nl 

(/</</ l-i). 

We shall illustrate the method of determining the forma and frequencies 

of the natural oscillations of a rocket body with a numerical example. We 

shall consider only the first tone of the axisymmetrical oscillations of the 

liquid in an elastic tank and the first tone of the oscillations of the engine 

relative to the rocket body. For a single-stage rocket we shall use a straight 

nonuniform rod with free elastically suspended masses (Fig. 3.13) as » calcula¬ 

tion model. The localized masses m , in , and m are equal, respectively, to 

the masses of liquid in the tanks A and B and the mass of the engine. 

We assume the length of the body l, the distribution of rigidity EF(x) 

and the mass m(x) to be the same as in the numerical example in section 3. 

Such a selection of Initial data gi.es the possibility of comparing results 

of calculations for two systems: for the model of a nonuniform rod and for 

the model of a nonuniform rod with elastically suspended localized masses. 

For calculation we assume 

/ — 22,5 Eh' {x) -- EE „Eh'; m (.<)—• m„m; 

mA =:67,.)1 mD ~. 135; tnE -- 10,5: rn { A; 

nt B - m„mB\ m 1 = — 15 kE cck^/m ; 

EEq— 108 kE. 

Figure 3.13 
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We divide Lhe rod Into 30 sectluiiB (k * 30, li « //k * Ü.71» m) • 

The distribution of rigidity EF and mass m aiong the length ôf the body 

is shown in Fig. 3.6 and in columns 2 and 3 of Table 1.1. Wo shall consider 

the localized masses mA, mg, and to be suspended in the rod sections N - 11, 

23, and 25, respectively. We assume, moreover, the following values of partial 

frequencies: 

k 
H = 12000 l/s<?c2; 
m 
B 

- 25 C00 1/st 
m 

Results of calculating the forms and frequencies of natural oscillations 

fon the first five tones are given in Table 3.2 and shown in Figs. 3.14 and 

3.15. Table 3.2 also shows the values oi the reduced masses m ; the values 
n 

of the coefficients of the forms of the oscillations for the localized masses 

mA’ "'b* an<^ mE are in(licated after the line for the sections N = 12, 24, and 

26, respectively. 

The frequency of the first tone of the natutal oscillations of a rod 

are rigidly fixed Is 1.6 times greater = 165 l/sec) , therefore in the 

example under con.-Jderation the model with attached massed must be considered 

to be unsatisfactory. 

The partial frequencies uig, and are higher than the frequency of 

the system therefore In the case of oscillations according to form f^, 

the masses m^, nig, and m^ perform motion In phase with oscillations of the 

suspension points, in the case of oscillations according to the form of the 

in counterphase to the suspension point. In the case of the third, fourth, 

and higher tones of oscillations all the masses oscillate in couuterphuse to 

the suspension points. 
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Table 3.2

Rod

Section

N

Forni of oscillations

fi
1

h h /4 /s

0 1 ,(KH)U 1 .(KiOO 1 .owu 1 .OfHK) I .rtfioo

2 0.‘/0(i8 0,0032 0,0805
J

0,9631 0.8HS2

4 0,0897 0,9779 0,93(i9 0,8819 0,6571
-

(i 0.0:i2‘> 0,9210 0,7778 0.5930 -o.o:;sa

K 0.0208 0,8511 0,5856 0,2523 -0,82fi3

lU 0.K058 0,7796 0,3901 —0,0910 — 1,5628

12 0,7685 0,2495 0.-2937 —0,4989 —2.6.386

1 ..'iiioO 3,1491 —0,2416 0.0823 0,1605

14 0,7683 —0,2445 0,2932 —0,7248 —3,2073

. IG 0.6574 —0,7350 0,2826 —0.9023 -3.1336

18 0,5126 -1,4869 0,2559 -1,1182 -2,3-179

20 0,3il6 -2,2351 0,2274 -1,3189 -1,4636

22 -0,0015 -2,9777 0,1972 —1,5016 —0.5179

24 —0,0019 -4.5402^ 0,1971 — 1,8699 0,4453

—0.8427 3,()902 —0,0403 0,1677 0,0011

26 —0,0967 —5,2155 0,2037 —2,1578 0,9185

-0,1679 —60.4188 -0,1197 0.5008 -0,0476

28 -0,0074 —5,2974 0,2132 -2,3585 1.2502

30 -0.0077 -5,3248 j 0,2164 -2,4266 . 1.3675 *

%

Wfl B 1,'sec 103,37 151.27 257,08 35-1,21 . 621,90

V

7n„ :i6.=)0 . 610860 300 1760 2250
1
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If the frequency of the system Is close to the partial frequencies u>^, 

Wy, or u)£, then the value of the coefficient of the form of oscillations of 

the respective t-lssclcally suspended masses becomes larKe. This peculiarity 

appeared in the example under consideration In the case of the second tone ol 
* 

oscillations. The value of the coefficient of the form of the natural oscilla¬ 

tions for the mass nig (see Fig. 3.14) 

/^=.- (»0,41!), 

since for a nonunilorm rod with rigidly fixed masses ny, m^, and in the 

section N * 25 the value of the coefficient of the form (f^l < 1. The great 

difference in the values of the coefficients of the forms of the elastic oscil¬ 

lations of the engine causes a great difference in the values of the reduced 

forces in the case of calculating induced oscillations. This comparison serves 

as additional confirmation of the fact that in the example under consideration 

the model of a rou with rigidly fixed musses of liquid and engine Is unsatis¬ 

factory. 

8. Perturbations from Fluctuations of Gas Pressure in the Tanks 

During longitudinal oscillations the casing and bottom of a tank are 

deformed under the Influence of the dynamic pressure of the liquid. This is 

accompanied by a change in the volume of the tank and, consequently, by a change 

in the volume of the gas cushion which leads to a change in the gas pressure on 

the free surface ui the liquid and the top of the tank. Change in the gas pres¬ 

sure may also take place due to variations in the pressure feeding system. Such 

a change in gas pressure causes supplementary axial forces in the rocket body 

and therefore Influences its longitudinal oscillations. 

If the masá of gas in a tank at a given moment is considered to be constant, 

then in calculating the forms and frequencies of the natural oscillations of 

the body, the gas cushion may be replaced by a weightless spring, one end of 

which is attached to the top of the tank and the other to an equivalent mass 

m (Fig. 3.16). The stiffness factor of the spring may he calculated from 
8J 

the expression 
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where F, is the area ul effective tank surface (for a cylindrical tank F. » 
2 n Ij 

- Rj); p, V are the pressure and volume of the «as cushion in the tank; and 

Vq is the nominal volume. For the n-th tone of oscillations of the body the 

force of the spring is 

where fnsj is coelficient of the form of the elastic oscillations of the 

localized mass m; f (x, ) is the coefficient of the forms of the oscillations 
s n j a 

of the top of the tank; and is a generalized coordinate. 

A spring with a stiffness factor ky somewhat elevates the frequency of 

natural oscillations of the mass m , so that 
s 1 

•2 k*J + ky 
v>sj-~-- . 

Since the stiffness factor ky does not depend on the number of the tone 

of the oscillations, and the stiffness factor k , increases with an Increase 
aj 

in the number of the tone, then the influence of the spring atlached to the 

Lop of the tank, or. the frequency of the natural oscillations of the ma.is m 
a 

decreases with an increase in the number of the tone. The value of the 

stiffness factor ky Is significant with a small VQ and a large F^. 
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It i s not dit r I cult to calculate a ‘jprln* with a utlf ! nena tactor of 

in calculating the torms and frequencies of the natural oscillations of a 

rocket body. I.' order to do this the conjugation condition (J.41) must he 

used and even vith transition through the section with abscissa x * x corn 
J ** 

spending to the top of the tank. 

We find the coefficient of the form of the elastic oscillations of 

the .localized mass ^j* ^ calculate the force of the upper and lower springs 

(ieo Fig. 3.17) according to the followlpg formulau: 

A $)a~ by [/nsj — f *(XJo)]* 

sj = ksj [/ns) fn (•ty))* 

From the equilibrium condition of the localized mass 111 

n<) ^\'[f nsj f ni.XJf^\ ^s)\fus) f ÁX fí\ 

we obtain 

where 

fn'i~fn(Xj) ,, 
2 

as) 
fn (-^-) ~ sV 

2 2 
'"ry ~ '% 

‘•>5) = —— . W T“-- 
msJ 

5 
ms) 

Variation in the gas supply from the nominal value takes place due to 

perturbations in the pressure feeding system. These perturbations may not 

depend on the longitudinal oscillations of the rocket body, and then the change 

in the force .>f g.,j pleasure on the top of the tanl. und the surface c die 

liquid will be external in relation to oscillations of the body. If the per¬ 

turbations on the pressure feeding systems arise from the longitudinal oscil¬ 

lations of the body, then a supplementary feedback will exist in the closed 

dynamic system of the rocket, the character of which depends on the dynamic 

properties of the pressure feeding system. The pressure feeding system, con¬ 

sisting of a volume of gas, a regulator with a pressure sensor for feedback, 

and a gas cushion in the tank, is closed. The parameters of the system must 

be such that no unstable operating conditions arise in it. 
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9. Induced Oac U attons of the Rocket Body 

Longitudinal oscillations of a rocket with a liquid propellant engine are 

oscillations of a cloned system, the basic physical members of which are the 

rocket body, the engine, and the main fuel lines. If one link Is Isolated from 

the closed system, in the given case, the rocket body, then it is possible to 

examine its Induced Isolations under the Influence of a variation in engine 

thrust. 

It is methodologically worthwhile to study the induced oscillations by 

beginning with an examination of the simpler problem, that Is, the induced 

oscillations of a straight nonuniform unattached rod. Let us represent the 

external force q (x, t) in equation (3.2) in the form of the product 

* q(x.t)-*q(t)P(x)- 

We present the deflection of the rod u(x, t) in the case of Induced oscil" 

lations in the form of a series expansion (3.14) according to the form of the 

natural oscillations 

oo 

u(x, t)=«u(t)+yi/,(x)‘l,(i)> (,.5., 
(1-1 

where Uy,(t) Is the deflection of the center of mass of The rod or the delleciicn 

of the rod as a rigid body; f (x) is the form ol the natural oscillations of 
n 

the rod, corresponding to a non-null natural frequency; q^(t) is the generalised 

coordinate of the elasilc usi.j Hat ions of the rod 

Having substituted into equation (3.2), instead of u(x, t), its expression 

from (3.32), we obtain 

m wf¿.+ V /¿i.YJeFWY -'rq(t)p(x). (3.53) 

We shall integrate equation (3.33) for x within the limits from 0 to i, 

then we multiply this equation by the function where n is an arbitrary 
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fixed natural number, und we integrale for y within the limita from 0 to l. 

With regard to equations (3.53) to (3.7) and (3.18) we obtain the following 

system of ordinary differential equations witli constant coefficients for deter¬ 

mining the generalized coordinates u^U) and « (i): 
M' 

where 

UH^ 
m (3.54) 

^nMnqn , Mnqn-^„{t) (//= Î, 2,...), 
mH 

f 

m„= ^m(x)/Ux, = 
m, 

m. 
(3.55) 

/Jl,(t)z=/i^)[p(x)/l,(fx. 

The first equation is an equation of motion of the center of mass of an 

absolutely solid rod. From the second equation, in the case of the given ex¬ 

ternal force q(t)p(x) , it is possible to find the generalized coordinate q (t) 1 

of the longitudinal oscillations of the rod relative to its center of mass? 

The total displacement of any cross-section of the rod is determined according 

to equation (3.Í2). 

The value of ^(t), standing in the right term of the second equation 

(3.54), is the reduced force for the'n-th tone of the oscillations. When the 

localized forces q^it)?^ (r ■ 1, 2, ...) act on a rod, in addition to the 

distributed external force q(t)p(x), then the formula for determining the re¬ 

duced force will have the form 

• / 

^.(0=7(0 J‘ p(x)fndx + (•*.)/.(*/). 0.16) 
0 (,) 

where ln(*r) is the value of the coefficient of the form of the natural oscil¬ 

lations for that section of the rod in which the localized force q (t)P is 

applied. r r 
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We shall now examine die calculations of u rocket hotly, iiainK a nonuulior.u 

rod with elastically suspended localized masse» (sec Fit;. 3.3) us a model. Th« 

equation of the induced longitudinal oscillations of the rocket body will differ 

from equation (3.2) ly the additional terms in the right member 

'n(jc)TT--T-f£/rw-r-+t(jr)‘^rl==v(0/’(,x)4' d*2 to l d* ox dt 

+ 2 N,Mx-xi). 
U. s) 

where (x-x^) is Dirac’s function, possessing the following property: 

(3.57) 

I 

Í ?(•*)&(*“ XJ)llx — ? 
t3.58) 

The localized force Nsj» transmitted to the rod through the spring, is 

numerically equal to the inertial .force of the muss m 
*0 

(3.59) 

where u is the displacement of the mass m . 
sj sj 

In order to determine the Induced oscillations of a rod with elastically 

suspended localized masses we shall introduce a new function u*(x, t), which 

will unite the function u(x, t) and all the functions uu4(t) 

oo 

U*(x, /) —W»| (0+^ fn(x)qM (3,60 
H— 1 

Here uj^(t) is the displacement of the center of mass of the system; f*(x) is 

the torm of the natuial oscillations of the n*th tone of the rod with elas* 

tically suspended localized masses; and 1* the generalized coordinate 

of the elastic oscillations. 

0 < JC < fur the more, 

X = JC/ (5-1,2,...,5°) 
(3.61) 

In the case where x 

f (x.). f . 
n J ' nsj 

qne value fn(x)> 

x the 
J n 

(s * 1, 2, ..., H ). 

function f*(x) will bo multivalent with value» 
n 

For all remaining x this function will have 
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On the basis of (3.61) we shall have 

«ï!ifLO=±i£^.; /;•(*)=/.(*). 
dx ox (3.62) 

We also introduce the function 

m •(x)-=//1 (jc)-f 2 mtfl(x—Xj) 
(/. S) 

and the followintj rule for the integration of functions 

{u'ix,t)m‘{x)ilx=[m(x)u(x, i)¡lx-\- ^ tn,/11,,(1). 
¡j o'* o-'> 

(3.6J) 

(3.6A) 

Nov with regard to relations (3.60)-(3.64) equation (3.57) may be put 

r-u* (X, t) ó 
dfi 

- f £/*’ (JC)--(X' f)+ b ( JC) ^Xt 0 I: 
dx L ()JC r v ^ ()jcdf J 

=4(1] p(x). 
0.65) 

Where b(x)/EF(x) - 2Ç ' and q(t)p(x) - 0 the variables in (3.65) may be 

separated out and an equation obtained for determining the forms and frequencies 

of the natural oscillations 

(EF(X) f. (Jt)r = -«VW f.(X) (/1 = 1,2,..,) (,. 66) 

The function f*(x), satisfying equation (3.66) and the boundary conditions 

/« (0)=.0, /;'(/)=o 

are orthogonal with the weight function m*(x) 

I 

j 
m' (x) f'nf'm’lx=0 (« / m)- 0.67) 

The condition of orthogonality with regard to (3.61) and (3.64) may be 

put in the form / 

™(x) fn(x) f „(x)+ 2) m,//.,//0,/=0 
(/. •) 

/ 

¡ 
(3.6Ö) 
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The method of determining the functions f*(x) and the frequency u was 
n 7 n 

given in section 6; we shall consider them to be known and move to an exami¬ 

nation of the problem of Induced oscillations. Having substituted the expres¬ 

sion from (3.60) instead of u*(x, t) into equation (3.65), we obtain 

. [•. 

(3.6a) 

EF{X) % h ?"J= 
We integrate equation (3.69) for x on the section (0, l). Then we multi¬ 

ply equation (3.69) by f*(x), where n is an arbitrary fixed number and we 

integrate it for x on the section [0, ZJ. With regard to equations (3.61)- 

(3.64) and, bearing in mind that 

f '»'(•*) /«(a')=0 
0 

we obtain the following system of ordinary differential equations for deter¬ 

mining the generalized coordinates and q^it): 

where 

f 

m j 
0 

PnU) 
Ml« 

(3.70) 

I I 

m=f m*(jc)r/A= fm(x)(/x-{- ^ ,n>J' 
o Ò u. s) 

m(x)f7n'ix-\- 

PM=j p(x)/*«<tx. 

2 
U. S) 

M»asj m'(x)fH'lfX = j (3.71) 
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In the future the function »^(t) will be written without lie index (*). 

Despite the complex oscillatory system, such u simple structure of equa¬ 

tions (3.70) is obtained because the forms and frequencies of the natural oscil¬ 

lations of tha body are found with regard to the oscillations of the liquid in 

the elastic tanks as a single oscillatory system. 

Induced longitudinal oscillations of a rocket may take place under the 

Influence of external forces, that is, variations in engine thrust and varia¬ 

tions in aerodynamic drag. Variation in the engine thrust has significantly 

greater influence on the longitudinal oscillations of the rocket body than a 

variation in drag. Therefore in practical calculations variation in drag is 

usually not considered. When the discharge main is put into a separate unit, 

variation in the pressure of the liquid in front of the pump Intake will also 

create an external force In relation to the body. This force is transmitted 

onto the rocket body through the pump suspension. 

According to the accepted model (see Fig. 3.3) and the symbols introduced 

in section 5, the coefficient of the form of the natural oscillations, the 

point of application of engine thrust is designated by f^. The coefficient 

of the form of the elastic osclllatipns of the pump is designated by f^. On 

the basis of the last formula (3.71) the reduced force is 

/>„(,)=-/W.e + 'V')/ O.ii) 

the force of fluid pressure in front*of the pump Intake. 

i 

The minus sign in front of the force P(t) signifies that the displacement 

of the body from the top to the tall section of the rocket is assumed to be 

a positive variable, that is, opposite the direction of thrust. If the pump 

is rigidly connected with the engine, then f^ ■ f^ and equation (3.72) will 

have the form 

^(0 = [-^(0+/J.r(/)]/a,. 
(3.73) 
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For the first equation (3.70) the external force is 

i 

X),lx=d-P(t) I-/%(/). 

10. Determining the Form of Induced Oscillations 

Determining induced oscillations by means of representing them in the form 

of a series according to eigen functions has several advantages. The solution 

is graphic and simple to interpret. The Induced oscillations of a system are 

presented in the form of the sum of the oscillations of simple oscillators. 

Using this method it is possible to visually evaluate the influence of 

the distribution of m(x) and EF(x) on the frequency and form of natural oscil¬ 

lations, and in analyzing stability, their influence on the stability of the 

system, which is very important at the planning stage. The method is even 

more convenient when the frequencies of the natural oscillations of the rocket 
\ 

body significantly differ from one another and it is possible to make an analy¬ 

sis of stability for each tone of the oscillations individually. 

It is also possible to use another method. The external harmonic force 

may be included in the boundary conditions and induced oscillations may be 

determined in the form of the function (jXx, w)e^u)t without expanding them in 

series according to eigen-functions. Here, instead of a series, only one 

function«^(x, u) characterizes the Induced oscillations. The method gives an 

accurate solution, characterized by one function, which has advantages In 

analyzing the stability of motion, when the frequencies of several forms of 

body oscillations are very close. Application‘of this method is also very 

convenient at the final stages when the rocket is already constructed and it 

is necessary to perform tests of stability and to obtain certain quantitative 

evaluations. 

The function c{5(x, a>) may be called the form of the Induced oscillations. 

It is useful to first determine the function «^(x, u) and analyze its properties 

for the model of a nonuniform rod. 
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Let us assume tliat an external localized force P(t) - and an external 

distributed force q(x, t) - 0 acts on the right end of a rod (x » l) along its 

axis. 

We give a partial solution of equation (3.2) in the form 

w(*. /)=#(*, (3.74) 

Having substituted equation (3.74) into (3.2) and having assumed q(x, t)»U 

in it, we obtain 

. -«Pm\x)á=-^- [£/•'(jc)ÿi' + ¿(x)'V''l "'))■ 
dx 

We use the finite difference method to Integrate this equation. Having 

integrated the equation for x within the limits from x. n , to x.^ , and having 
1*U. j 1+t). j 

replaced the derivatives with finite difference ratios, 

• 0' 

xl— 0,5 A ^/+0.5 A 

where h is the length of the integration section, we find 

-10^/71(^)^=(^,+ 0,5+^/+0.5)(^/+0.5--^/)- 

(EFi-o 5+/«>¿/-o.5)(í¡6,-{¿,-i).. 

We shall solve this equation relative We obtain 

‘A+1 — (a* + ^/) 9^/ (a/ + M i) • 

where 

a ,--= — ‘ 

//,=- 

/7,= 1 + û, — r i% 

(ii—di-^r Pi\ 

^-(£/-0.5^/+0,5 + 4«2*/-0.5 */+0.5). 

‘/+0.5 

- (O+O.5S/-O.5 — £/-0.5sf+0.5), 
2.0 

A1, /+0.5 

‘•'2A2«/+0.5 

- * 
^/+0.5 

(3./5) 

(3.76) 
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I 

2A2,a3» 

P¡=- 
/+0,5 

‘/ + 0,5 

.2 ,4 i«*,! 
.'1 ;'+()_ J =—.r / + o, 5 “l ‘T*'”* C 

EF 
. / + ^ . J £f !-<).* 

‘i+0.5-. r/—0,5 -- 
ntl n/ 

. */+0.5 . . A -0.5 

i=T/í7' • 

In equation (3.75) 0^* and^ are complex numbers 

+ ¢,.,=6-,.,-/1-,.,, 

therefore this equation may be put In the form 

¢5/+1 —'-'h-it** /+1» 
where 

, U¡+i — u¡Ui — (//Vi—a¡U(/ 

V h \ — a iV il ¡U t /_|— (/¿J ¡—\, 

(3.77) 

(3.7B) 

Since the left end of the rod is free, and the external force la 

applied to the right end, then the boundary condition for the function »i>(x, u) 

will be the following: 

¢-(0. +=0, ¢-(*„ «0[EF(x„)+iwb(x,)l=P0, 

where Is the abscissa of the rod end of the rod. 

Having replaced the derivatives in these equations with finite differences 

and having divided the second equation by m^, where is the value of the 

function m(x) in a section with abscissa x^, we present the boundary conditions 

in the form 

fa'-#Q-=0t 

(fin — (^+/,2<tíí*)1=1 
”*k 

(3.79) 
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We shall determine the complex numbers according to formulas (3.77) 

iiM 1+1 
in a scale of A^e n. On the left end of the rod we assume - 1, - 0. 

Then from the first equation (3.7S^ we find = 1, « 0. Further, according 

to formulas (3.7tí) we calculate U aiu V for each section of the. rod, including 

the section on the end. The second equation (3.79) is used for determining the 

scale. The left member of the second equation (3.79) is given In the form 

)1(^5-Li-w-k) 
Hence we find 

V —2..:,(//,-/y,_,)-(-il(i/,— i/( j. ho) 

We give the scale of the complex number in the form 

4 Since all the numbers U, and V , including U . and V , are calculated in 
. , i«'M il k k 
the scale A^e n, then the second equation (3.79) may now be written thus: 

(^+/1^)(^,+,1-,=^ . 

mk 

Having divided the real and imaginary parts, we obtain 

u«u*. 
I' V 
1 -1 

\UuV^0. 

From these equations we find the value of the scale 

u -. ± fA. 
O .mk 

1 P^h 
*k' 

D=U}k+Vikt Au-\ Ul + Vl tg?,- ÍJL 

(3.HI) 

From equations (3.77) and (3.78) it is possible to determine the real 

and imaginary parts of the following complex number for any section of the 

rod; 

¢,=,0,+lV,^A0ie,,*‘, 
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which in the scale A.e^ ^ characterizes the Induced uscl Hut Inns uf the l-th 
M 

section of the rod. 

The form of the induced oscillations for a nonuniform rod may be represented 

by the total number of vectors (complex coefficients of the form) for all suc¬ 

tions of the rod. For the derivative of the i-th section of the rod the complex 

coefficient of the form 

ü)) = ^(Xít O.Ö2) 

where A (jC/, w) — AfiA*, 

?(*/, 0.83) 

The form of the induced oscillations may be presented also as the sum ot the 

real and imaginary parts 

where 

#(•*, 0))4-/1/(JC, 

u{xy 
V (A', = + 

Irrespective of whether the external force varies as P.cos mt or as 

P^sin wt, in conversion to the trigonometrical form of writing Jn equation 

(3.82) it is necessary to preserve the real and imaginary parts. 

The form of the induced oscillations^(x, in the coordinates x, U, and 

iV is a spatial curve. In order to represent this curve, it is necessary in 

each section i*0, 1,2, ...k from the axis of the rod in a plane parallel 

to the plane Z - U + IV, to construct the vectorch(x^, w) and to connect the 

ends of all vectors with the curve (Fig. 3.17). This curve will also be the 

form of the Induced oscillations with the frequency w. The higher the frequency 

of the Induced oscillations w is, the greater the angle will be at which the 

vector ct>(x^, w) revolves around the Ox axis with motion of the vector 

beginning along this axis (Uii^k). Thus, a spiral shaped curve with variable 

radius is obtained. The modulus A(x^, w) of the vector characterizes the ampli¬ 

tude, and the angle q»(x^, u), the phase shift of the induced oscillations of 

the i-th section of the rod. 

The mutual disposition of the vector A/f^, the vector A^e1^, characterizing 

the scale, and the vector A^e^*, preceding the coefficient of the form of 

the induced oscillations, is shown in Fig. 3.18. According to the number of 

half-turns of the vector^(x^ w) »■ A^e 1 around the Ox axis, it la possible 

to determine the frequency of which tone of the natural oscillations w is 



cloaeat to the frequency of the external force u>: the cloaer these frequunclea 

are the greater la the amplitude of the form of the Induced oscillations. 

An analysis of the total angle uij of rotation of the vector Is neces¬ 

sary only for representation of the form of the induced oscillations. In order 

to investigate the oscillations of any i-th numbered section of the rod it is 

sufficient to know the phase shift within the limits 0 « < 2n. 

For the function »^(x, w) In the case of a uniform tod It is possible to 

obtain an analytical expression. If the left end of the rod Is free, and an 

external P(t) * P^e*1^ is applied to the right end, then where b(x) » 0 

where 

it".A, i*>) --- CO' HX 
ul 

n ~1, 2. 

Graphs of the functions 4>(x, w) for different values 

rod are given in Fig. 3.19. These are plane curves which 

of u for a uniform 

are plotted with 

C(X) 

Figure 3.19 
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I 

flic assumption thaï I'^/LFq * l< Curve 1 corrtispoudü lo.u v u • 1 ¿I!, curvi1 i 

to >1^ ^ 0.9 n/L, curvr 3 to * 1.9 n/l. 

Where u << h/¿ ihe tonii of their oscillations varies little over the length 

of the rod. The rod performs harmonic oscillations almost as a solid bodv. 

Expansion-contraction oscillations, which are characterized by different dis¬ 

placement of sections of the rod, are almost absent since the frequency of the 

variation of the external force is significantly less than the frequency of the 

first tone of the natural oscillations of the rod. Where « Ü.9 ïï/Z and 

“ 1*9 n/Z the form of the induced oscillations is close to the form of the 

natural oscillations of the first and second tones, respectively. This is ex¬ 

plained by the fact that the frequency of the external force is close to the 

frequency of the natural oscillations of the first anu second tone« (for the 

first tone =* n/Z, for the second tone U2 “ 2n/Z). 

• An Algorithm for Calculating the Korins of the Induced Oscillations 

of a Rocket Body 

As in the case of calculating the forms and frequencies of natural oscil¬ 

lations, we use a straight nonuniform rod witli elastically suspended localized 

masses as a dynamic analog for the rocket body. 

We shall first solve two auxiliary problems: 1) we shall find the rule 

for the transition through the j-th section, to which the localized force from 

the elastically suspended masses, simulating the liquid, is transmitted, and 

2) we shall find the rule for the transition through the section with abscissa 

xj * xe> to which the engine is elastically suspended. 

We shall begine with the first problem. Let the J-th section be located 

between the sections 1 and i+1. Assuming the displacements of the adjacent 

sections X^ and Xj to be equal, i.e., u(Xj , t) » uix^, t) , wc* determine the 

displacement u^ft) of the mass in a stationary coordinate system (Fig. 

3.2U). Ihis ia a problem of tne Induced oscillations of the mass m ,, caused 
9j 

by the harmonic displacement of the suspension point 
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On the basis of Newton’s second Uw, the equation of motion for the mass 

in^ may be put In the form 

»1,1 -(h)J,-hi-^Y»(h- 0-«./W). 
where k . and h . are the stiffness factor of the spring and the coefficient 

sj sj 

of friction of the localized mass m8j* respectively. Having assumed 

«./We'"'= 
and having substituted this expression into the preceedlng equation, we obtain 

- = {ksj -f Mhsj) {$¡ - #sj). 

Having solved this equation relative to j. w« find 

#sj=&¡ 
iitjj — lt)- -f* 

(3.tíb) 

where 

2 ksj 
usJ 

ms) 
*sj 

Jhl_ 
2m ai 

The complex coefficient of the form cf* ,, expressing the induced oscilla- 
aJ 

tlons of the mass m , on the basis of (3.86) is finally put in the form 
*0 

0sl=Ut,+iV.ah • 

u*)--= UI{“¿J- Ü)-) f f Vt2tsj^% (3.H7) 

Vfl — [WjrJ (iusj —u,2j ^_4eJ^|)2j — U 

Here and are the real and imaginary parts of the complex coefficient of 

the form respectively. 

In the section of the rod, the abscissa of which is equal to x^, from 

each mass ra , a localized force N t(u>) is transmitted to the rod, which may 
sj sj 

be determined according to the formula 

ST,i(t)=-m,, dr- 
or 

iVsi (uj) = 

(3.8b) 
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We shall now examino the equilibrium uf’tlie ueutlon located between rlu 

i and 1+1 sections ol Liu- rod (Fig. 3.21) From the left aide of the rod, the 

following tensile force acts upon this section: 

NI — $ (.* ¡)(t/'¡-r tv>b ¡). (j.gy) 

The following tensile force acts from the right: 

— $ ^/+1^(^^/+1-r/^in)* (3.yo) 

Also the forces NsJ from the elastically suspended localized masses, die 

number of which is a , act on this particular section of the rod. For the sake 

of simplicity we shall ignore the frictional forces arising within this section 

of the rod. 

Figure 3.20 Figure ).21 

lhe equilibrium condition of the section of rod under examination at any 

moment ot Lime will have the form 

^/ - ^/+1 -f- ^rsj -}- 'H . 

U) 
0.91) 

According to (3.49) 

(ßl 
: _ #/+i - (ft/-1 

u - Vl 0.92) 

On the basis of equation (3.75), we obtain 
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(3.93) 

Having aubaticuted equations (3.87)-(3.90) and (3.92), (3.93) into equation 

(3.91) and having solved this equation relative to <f> we obtain 

¢6/+1 —£//+i -{-IV..,, 
f t 
(/m_ 

ai + bl 
7r[aiU ^btV ^e't.xU t_x- r/,_, V -f 

(*) 

V 
/+1 .« .* (^/^/ T^z-i ^/'r^i-ii//—f-f" 

where 
(*) 

û/ = —tf/(r/-|-r/a/ —2ï/u»7/)-rô/(2»/a»-f 25/0^1^//(//), 

A/ = ^0(1/-21/0)//)-a/(^f/U)-1-25/(0(2/4-^(//), 

(?/_i =C/d/ 2/s/0>ô/, 

(//—i = — r ¡b¡ 4 2 * /«»a /, 

a/=o -~-f/+iü/+i 4---^1 25/+^3(/+1, 
«•í nt¡ 

b) — 2î(u)— rîM,/;M _ iül„;2,(+|„t 
(H/ /11/ 

0 = ^-. r?+1=?fi±J, ■ 
'"/-I . 

2m/ ’ 
li+i 

2/II/+1 

(3.95) 

Since the values , V^, U^, U3j , and ure known, then accord¬ 

ing to equation (J.94) it is possible to calculate the complex coefficient of 

the form .. 
i+1 
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» 

We shall now examine the second problem and find the rule for the transi¬ 

tion through the section with abscissa - xe, from which the engine is 

elastically suspended. Let x^ be less than x^ be less than *i+^t where x^ is 

the abscissa of the section of the body, preceeding the section x . We shall 

consider that the external force P(t) - P0eiwt, the displacement of the engine 

thrust (Fig. 3.22) , acts on the localized mass m . 
e 

We shall first find the induced oscillations of the mass m 
e 

caused by the external force P(t) and the displacement of the suspension point 

Having assumed Newton's second law, we obtain 

* 

— = ( ¿e -r í^eKí^i — M ~l" 
From this equation we find 

fn t. (.^ — w2 -p/2cA'«) 

-f 

— 012 /2*^0» 

The force transmitted to the rod is: 

'V* =(*e -Í- — $/)- 

Having substituted the expression^ from (3.96) here, we obtain 

J /2i,>*<• 
‘+ - 

‘ — .- -r /2., 

or 

where 

■A r /¿«¿w 
r 

• * • 

A«= 

u‘ 

* *t:)3 4-' 

(3.9b) 

(3.97) 

(3.9Ö) 

- -)=+ 
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> h r 

Fleure 3.22 Figure 3.23 

We shall examine the equilibrium of the section located between the sec 

tions i and i+1 of the rod. The forces acting on this section are shown in 

Fig. 3.23. From the equilibrium condition of the rod section we find 

yV/+i = Nt — Ne — mlhoPcßl (3.99) 

Let us now move to a discussion of the algorithm for calculating the form 

of induced oscillations of a rocket body. We shall use the finite difference 

method. 

We divide the length of the body into k sections of equal length h « /k. 

The numbers of the cross-sections directly preceeding the j-th section with 

elastically suspended localized masses will in the future be written with the 

index j, i.e., they will be designated as i . For a model corresponding to a 

rocket body with two sequentially placed tanks, the symbols of the characteris¬ 

tic numbers of the sections are shown in Fig. 3.24. Roman numerals are also 

used there to show the four section^ of the rod, within which it Is possible tu 

use the finite difference method in the ‘pure* form. 

The calculation algorithm la the following. 

1. Knowing the values fc!F(x), tn(x) , and b(x) in each section of the roil, 

according to formula (3.76), we calculate the coefficients a^, d^, a*, and d* 

for all sections. 

2. The as yet unknown scale for the form of the induced oscillations of 

the section 1 is designated by ^ assume ■ 1 at the left 
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end of the rod. Considering this end of the rod to be free, from the boundary 

condition we find - 1. Further, according to formulas (3.78) we calculate 

the real and imaginary parts of the complex numbers for all sections up to 

number i^ inclusively. 

3. The localized masses m . are elastically suspended between sections 

iA and ^+1* Tran8ltion from section iA to iA+1 is performed on the basis of 

equations (3.94) and (3.93). In these equations the Indexes 1 and J must be 

replaced by the indexes i. and A. The values of U . and V . are calculated 
" sA sA 

ahead of time according to formulas (3.87) with replacement of the Indexes i 

and j by the indexes iA and A, respectively. The scale for the complex number 

4>1 +1 in these calculations remains the same as for section I, i.e., A^e1^1**. 

This same scale is preserved for the complex numbers d> ., characterizing the 
SA 

induced oscillations of the elastically suspended localized masses m_A and inOA. 
LA 2A 

a 

4. Calculation of the form of the induced oscillations for the section 

II in the case of iA ♦ 1 < i < ig is performed according to formulas (3.78). 

The scale of the complex numbers in this case remains the same as for the number 

4>1a+1' i.e., 

5. Transition from section i^ to section ig+^ iö performed on the basis 

of equations (3.94) and (3.95), in which the indexes 1 and J are replaced by 

the indexes i and B, respectively. The values of U „ and V „ are calculated 
B sB sB 
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according to formulas (3.87) with replacement of the indexes i and j by the 

indexes iß and B. The scale for the complex number^ , and also for the 

numbers remains as before. 

6. Calculation of the complex numbers for section III where i_ + 1 * i A 
B 

^Ig Is performed according to formulas (3.78). The scale of the numbers 

remains as before, i.e., \ e^IM. 

7. Calculation of the complex numbers for the sections of part IV where 

!e + 1 k is performed from the right (free) end of the rod. We shall 

obtain the corresponding formulas for this. The equation preceeding (3.75) is 

solved relative to <L ,. We obtain 
ri-l 

i + (3.ion; 

= 1,. . ., /*+2, *'a4- U 

where 

r* =— [^-0,5(^/-0,5-^^ + 0+0.5)^ 4u)-e/_o,5(0-0.5 + i/bO.sl]. 

Pi— -- [f/-0.5(O-0,5+ Oh 0.5)-0-0,5(0-0,5-^ + ^/+0.5)]. 

/■/ — -7- (0+ 0,5^ / - 0,5 + 4(02e z+o.sO-o.s), 

Dl 
. 1 / 2 2 . (3.101) 
Pi——r (0+0,50—0,5— O-0.5C/+0.5), 

Dt 

D’i = ^/-0,S-!' 4<0‘8/—0,5, 

2 / + 0,5 2 _ 
C/+ 0,5 ~-, 0—0,5=-. 

m¡ m¡ 

0+o,¡> 
’/+0.5 2b 

2/m 
0—0,5 

7-0,5 

/ 2m / 

Having substituted the complex coefficients of the form + , and 

in «quation (3.100) by their real and imaginary parts, we find 
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0.102) 

çpi-i — Ui-i /-i. 

U= nil t—pWi—riU/+1 -! - /+1 » 

r\V¡ p\UL — r¡Vi+l — p¡U¡+\. 

We assume a coelficlent of the form ^ * 1 at the free right end of the 

rod. From the boundary condition on this end we find ^ * 1. Further calcu¬ 

lation is performed according to formulas (3.102). First we find U. j ar'^ 

\-2’ t*ien t*ie remaining numbers up to and Inclusively. 
e e 

bLuce calculation of the complex numbers for section IV is made Independent 

ol the calculations tor the rest of the sections, then a scale g^IVM 

peculiar to this section must be Introduced. 

8. The two unknown scales Aj an*^ ^ are ^ctdrm^ne^ ff«111 

the conjugation conditions of sections 111 and IV. We give the force conjuga¬ 

tion condition according to (3.99) in the form 

+i = N, -A^e~rniJu»-0iC' 
(3.103) 

The geometrical conjugation condition must express the compatibility of 

displacement and may be given by the following approximate formula: 

Having assumed i lit following ratio of finite differences, 

0i —-* . 
-¾ obtain e 2h 

01 +i=2$5| — ¢5/ _|. 
*t '. > ' ■*? 

with regard to the scales assumed the geometrical conjugation condition 

will liavc the form 

A,V J:'v “tico =-- Al. t"1 " t2«6'« - 
(3.104) 

From tliis condition one scalar coefficient is expressed by the other. 

Keplacing the complex numbers • and ^ hy their real and imaginary 
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components, we find 

Alv¿'iv.= A,^»(r/»+iV:), (3.105) 

where 

+ (‘2V,, - K,e-,)]. 

^ = 571-^^-(2^-^-1)-^.(21^-^.,)1, ,3.106) 

D^Ul+, + Vl+t. 

The force condition (3.103) is used for determining the last unknown—the 

scale A_ „e^ The forces N, and N. ,, entering equation (1.103), is ex- 
X M 1.0 lg'X 

pressed by the inertial forces of the part of the rod located to one side of 

the section. We will have 

¡ ft-1 

A-, +,=/,...3/(,T'l/-) S 
e' /-,.+1 

/,-1 

X, ^ "1,¢/ !- ^ 
(3.107) 

/••0 _ 
j A K 

On the basis of (3.98) the force N with regard to the scale is determined 
e 

from the following equation: 

>",”¥iaAi»)(//; !.«v;). 
(3.108) 

Substituting into the force condition (3.103), instead of +^, and Ne, 

their expressions in the form of (3.106) and (3.107) and considering the scale 

forrf)^ , we obtain /-*--! 

h<¿A¡ue'^»(UM-\-iVM) y ///,/)5/ = 
/-/ +i 

= -0)-,4,,/^(// V m,ö5, h 2 //^/^)- 
' /-0 (s) / 

>-/l. Ä 

- (P0 f in^-01.1/ ^'T/ “)(^. -f-iV.l). 
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Having replaced all complex numbers by their real and imaginary components 

and having solved this equation relative to the desired scale, we find 

where 

aJj\+buV\ 

(3.109) 

fl- + *>1 
ayA - 

*1 + *2- 

(3.110) 

rtM = // 

-/-/, /-*-1 f-*-1 \ 

V y. <n,U,-V. ^ ^) + 
,/-0 /-/¿+1 /-^+1 ' 

(i) 

\/-o J-Ze*1 /-^+1 / 

■f 2 ^Vs^rn^j^f^vy^). 
)-A, B 

All tue values entering the formulas for the coefficient (3.110) are 

known, and the scale Aj can considered to be determined. 

9. We obtain the form of the induced oscillations with regard to the 

scales. 

For the sections of the rod I, II, and III (0 < i < i^) we will have 

«6(x„ «)A, J’l »=/•>„ 1(U,U, „ - vy, „)+/(//,!/, „+u, y,)). 

The values and are calculated according to formulas (3.78) and the 

values and according to formulas (3.110). 
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find 

For section IV where 1+1 < l c k, wlih regard to equation (3.104), we 

çí(a-„ «')A/yy,,y"= /Ju ¡[(UiUi»-V¡V,„)Uu-V*(U,Viu+ 

-1-u, „V ,)1 -!- (• [v'AUp, » - vy, J i-t/yjy, u+u, .1/,)11- 
The values oi and for iect Ion IV are cal'.e! tt ed according to formula 

(3.102), the values of and VM> according to formulae (3.106), and the values 

**JM an^ ' uCCOrdlng to formulas (3.110). The form of the Induced oscilla¬ 

tions depends on i.ho frequency of the external force and the scale of the form 

is proportional to the external force P^. 

In conclusion let us briefly examine how many elastically suspended local¬ 

ized masses mg must be located in the j-th section for a practical calculation 

of the forms of Lire induced oscillations of a body. In other words, how many 

tones of natural oscillations of a liquid in an elastic tank must he considered 

in calculating the forms of tire elastic oscillations of a body? Such a question 

also arises in calculating the forms and frequencies of the natural oscillerions 

of a body. 

The ratio between the coefficients of the form of induced oscillations 

ension point rb(Xj , or) and the eli 

0 is determined from the form , la 

for the suspension point <+>(Xj , w) and the elastically suspended mass fp (m) 

where h , 
SJ J 2 

<o 

..9 
MsJ — “2 

where d"* Is the frequency of the natural oscillations of the elastically 

suspended mass and u> i. the frequency of the induced oscillations. If the 

mass m is rigidly attached to the body, then the amplitud«! of its oscillations 
•J , , 2 

is equal to‘P(x , ,o), and the inertial force is equal to m w (x , u). The 
J s J J 

difference between the inertial forces of an elastically suspended and a fixed 

mass is 

Usjiiisp'itii.Xj, //1), ;u\d T-• 
• . — 

A difference ot inertial forces may be considered to be an error, which 

appears when calculating the axial forces N(x), if the mass iDg0 is rigidly 
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attached. This difference is great if the frequency of induced oscillations is 

close to the frequency of the natural oscillations of the mass. In order that 

the error in calculation be Insignificant the localized masses must be attached, 

0 , 
beginning with such a number s where id q >> oj. For example, if u/'¿> *= 1.5; 

s j s J 
2, then the coefficient 0ISjmsj» characterizing the difference of inertial forces, 

will be equal to -(1.8; 1.33) m . This coefficient may be compared with the 
SJ 

mass of the rod section (tn^h). The eiror from attaching a localized mass is 

equivalent to the decrease in the j-th section of the rod of some mass m^a^. 

With an increase in the number s the value of the mass m^ rapidly decreasess 

therefore the size of the error decreases not only due to the decrease in the 

coefficient a , depending on the ratio of frequencies, but also due to the 
SJ 

decrease in the mass m .. A more precise estimate may be obtained from a com- 
sj* 

parison of the forms of the induced oscillations (forms and frequencies of the 

natural oscillations) of the body, determined, for the elastically suspended 

and attached mass m ,. 
sJ 

Let us examine a numerical example. We shall determine the form of the 

induced longitudinal oscillations of the body of an imaginary rocket, a dynamic 

diagram of which is given in Fig. 3.13. Localized masses of fuel in tanks and 

an engine are elastically suspended in the cross-section i ■ N = 11, 23, und 25. 

The parameters of the system for purposes of calculation will be assumed to 

be the same as in section 7, namely: 

mA --. 67,5; m£ -135; 10,5; w0= loA-r-mc?/.«/; 

10« 
m 

2 
(U£ 

/77. 

k$; uu = 

= 12000 \/ceK'2; (« 

.4 

—30 000 l/cdK-; 

25000 \/ceK*. 
/7Ie 

The frequencies of the natural oscillations of such a rocket (see Table 

3.2) are as follows: = 103.37/sec; ujj m 151.27/sec; * 257.08/sec; to, ” 

■ 354.21/sec; and =* 621.9/sec. 

In numerical calculation we assume the logarithmic decrement of oscilla" 

tions for mechanical oscillators 6 0.1, i.e., c , 
*1 

0.1 to ./2v. We shall 
sj 
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consider the external force P(t) - l-elwt to he applied to the section of the 

body N =• 30. 

A hodograph of the vector‘Kx, <o) (amplitude*phdse frequency characteris¬ 

tic) for the section of the rocket body x0 * 0 is shown on the complex plane 

in Fig. 3.25. Calculation is completed for the frequencies of Induced oscil¬ 

lations 50 Ã <D f 800/sec. The hodograph of the vector xQ, u>) in Fig. 3.25 

is shown hy five seemingly Independent curves. Each curve represents the. 

Section 0 
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amplitude-phase characteristic close to the frequency of the natural oscilla¬ 

tions u)n of the body. In the vicinity of each of the frequencies of the natural 

oscillations the amplitude of the induced oscillations A(Xy, u>) rapidly increases 

and rapidly diminishes with an increase in u> and the phase shift varies 

by the value tt. Beyond the immediate vicinity of the frequency of the natural 

oscillations the amplitude of induced oscillations is low. The values of the 

frequencies of induced oscillations w/sec are given on the amplitude-phase 

characteristic. 

Figure 3.2b shows the amplitude-phase characteristic for the section of 

the body x, ■ x , from which the localized mass m is elastically suspended, 

and Fig. 3.27 shows the amplitude-phase characteristic of the localised mass 

m^. From a comparison of the characteristics it is apparent that where u><u^ 

the localized mass m^ performs oscillations In counterphase to the oscillations 

of the suspension point. 

The real U and imaginary V parts of the complex forms of the induced 

oscillations of the body at the fixed frequencies of m ■“ 103.5, 257, and 637 

per second are shown in Figs. 3.28-3.30. These figures also give the reaJ 

1/ 

7-/0-4 

0 

■HO’1' 

U) -103,5 //sec 
m. 

i—i—*—.-i i ■ 

/^6 S 10 12 H 16 22 2U 26 ?d JON 
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and Imaginary parts of the coefficients of the form of induced oscillations 

for the elastically suspended masses mA> mB, and n^. The forms of the induced 

oscillations are given in Table 3.3 in which, moreover, are shown the coordi¬ 

nates of the points of the forms of induced oscillations where '*> * 151/sec and 

id” 369/sec. The coordinates of the elastically suspended masses with their 

corresponding frequencies of induced oscillations are given in Table 3.A. 

The amplitude-phase characteristics and forms of oscillations, similar 

to those depicted in Figs. 3.25-3.30, give a complete presentation of the 

induced oscillations of any cross-section of the rod. 

We shall now examine the dynamic properties of fuel lines. 



Figurt 3.29 

Figure 3.30 
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Chapter 4 

INUUŒD OSCILLATIONS OF THE LIQUID IN THE FUEL LINES 

1. Structure of Fuel Lines 

The fuel components are delivered from the tanks to the combustion chambers 

of the engines along the fuel lines which are pipes of special construction. 

A characteristic feature of pressure lines is the presence of devices with 

great hydraulic resistance, such as valves, regulators, discharge collars, 

nozzles, the cooling track (for the cooling component), and so forth. The 

pressure in high-pressure lines reaches tens and even hundreds of atmospheres, 

therefore high-pressure lines are made rigid and relative short. With regard 

to these characteristics, in studying low-frequency oscillations it is possible 

to examine a high-pressure line as a hydraulic system with lumped values. Since 

the dynamic properties of the flow of liquid in a high-pressure line and units 

of a liquid propellant engine are Intercornected, it is convenient to Include 

this line in the dynamic scheme of the liquid propellant engine. 

As opposed to the force mains, the discharge mains are made of comparatively 

great length. In order to provide a given cavitation pump reserve at an accept¬ 

able boost pressure in the tanks the hydraulic resistance in the discharge mains 

must be insignificant, and hence the flow rate of the liquid must be small. 

Low-pressure lines are of large diameter and have thin walls, due to which the 

rigidity of the lines and their junction is insignificar-. The fundamental 

part of pressure losses in the discharge mains is due to local resistances— 

bends, joints, branching, pyrovalves, and so forth. 

In order to compensate for variation fn the length of the lines, to remove 

the Influence of technological and temperature misalignments, and to remove the 

influence of vibrations, bellows , possessing low (in comparison with the pipe) 

axial and angular rigidity, are located at various points of the discharge main. 

The use of a system of silphons of special construction to provide for a con¬ 

stant volume of pipeline during revolutions of the engine is also known. 
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A.! important factor determining the significant pliability of the column 

of liquid in the input main is the presence of a vapor-gas mixture, appearing 

as a consequence of cavitation in those sections where the local static pres¬ 

sure is less than the pressure of the liquid and the equilibrium pressure of 

gases dissolveu in the liquid. Cavitation is particularly developed in the 

Jet ejectors and at the inlet to the screw pumps, which are present to increase 

the pressure at the inlet to the centrifugal pumps. In the presence of a 

vapor-gas mixture at the inlet to the pump the column of liquid in the input 

main is under the influence of a localized vapor pressure, similar to the 

action of a spring, as a consequence of which the frequency of its natural 

longitudinal oscillations is significantly lower than in the absence of a 

vapor-gas mixture. 

In order to provide for stable operating conditions of a closed rocket 

system with a liquid propellant engine, the designers sometimes consciously 

strive to lower the frequency of the natural oscillations of the column of 

liquid, artificially decreasing the volumetric rigidity of the input main. 

This problem will be examined in detail below. At this point we shall only 

mention the methods which are known to be suitable for this purpose (1, 13, 30] 

lowering the radial rigidity of the pipe introducing bubbles of an insoluble 

gas into the liquid, and including hydraulic accumulators (hydraulic dampers) 

in several sections, for example at the pump inlet. 

In an analysis of the dynamic properties of the fuel mains consideration 

of the boundary conditions, which express the connection between pressure osiil 

lations and the flow,rate are of important significance. The nature of this 

connection may be established from a consideration of the hydrodynamic proper* 

ties of the units and apparatus with which the pipeline is connected. They 

may be tanks, collars, throttles, receivers, collectors, sections of pipe with 

other parameters, and, finally, a liquid propellant engine. In dynamic condi¬ 

tions the presence of elasticity, hydraulic resistance, and inertia usually 

determines a complex relationship between the pressure and flow rate at the 

end of the pipe. 
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Figure 4.1 gives a diagram of the fuel lines of a Thor-Agena rocket (19] 

with one sustainer, 3. The fuel and oxidizer mains have the same structure; 

fuel tank 1 is located in the upper, and oxidizer tank 2 in the lower part of 

the rocket. The input fuel main consists of a long low-pressure pipe, 4, which 

is united with fuel pump 7 through an elbow and section of pipe, located in 

the plane of the cross-section. The low-pressure pipe passes through the 

oxidizer tank into conduit 5. The diagram also shows: the oxidizer input 

main (short) 6, the oxidizer pump 8, turbine 9, ZhCG (expansion unkwnown] 10. 

Both mains are provided with sllphons 11, Installed near the turbine pump 

assembly and funnel damper 12 at the outlet from the tanks. 

The fuel system of the Titan-2 (1, 3] with two sustainers is shown in 

Fig. 1.6. The fuel is fed from the tanks along two comparatively short, equally 

long input mains 3, which are provided with hydraulic dampers 3. The oxidizer 

input main branches Into two branches in front of the turbine pump assembly, 

the structural parameters of which branches differ from the parameters of the 

-155- 



main before its branching. Between the branching unit (collector) and the 

turbine pump assembly there is a silphon and stresses on the collector from 

the pressure of the liquid are transmitted directly to the rocket body. 

Still more complex are the fuel mains of an Atlas rocket (13] with one 

sustainer and two boosters (Fig. 4.2). 

Here 1 is the oxidizer tank, 2 is the fuel tank, 3 is the sustainer, and 

4 is the booster. The ferding system of the second booster is not shown. As 

is apparent, the oxidizer main in the engine section branches in the direction 

of the sustainer, and then divides into two monotypical branches, feeding the 

boosters. The fuel main for the boosters also divides into two branches. All 

the mains are provided with silphons and funnel dampers, and bends in the lines 

are extensively used. 

The examples given are sufficient to show the structural complexity of 

the input mains of liquid propellant rockets. For convenience of further 

investigation we shall divide the input mains into the following typical elements 

possessing the specific properties: 

— relatively long sections of pipe with constant diameters and wall 

thickness; 

— silphons; 

— elements of pipe, in which the flow of liquid on a short section under¬ 

goes such changes as bends, branching, and change in diameter; 

— hydraulic accumulators (hydraulic dampers of longitudinal oscillations); 

— local sections of the main with.cavitating fuel; 

— elements possessing localized hydraulic resistance. 

Let us examine the dynamic characteristics of each of these elements in 

particular. We shall begin with a long straight pipe. 
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2. Equations of the Disturbed Motion of a Compresalblti Liquid In a 

Long Straight Pipe 

In the case of a long pipe (with a diameter small in comparison with its 

length) a detailed analysis of the complex phenomena occurring, at the ends of 

the pipe may be omitted and it may be considered that the dynamic processes 

on these sections are described by the same equations which describe the pro* 

cesses in the pipe itself. 

We shall consider the internal friction in the liquid filling the pipe 

in a simplified way, considering that the motion speed of the particles of the 

liquid V is equal along the entire section, i.e., assuming a plane wave. We 

shall assume the force of friction to be proportional to the value of the 

wetted perimeter and speed v. In the case of low viscosity the speed of the 

liquid is almost constant along the entire section and decreases rapidly only 

in a narrow boundary layer near the wall. If, moreover, we only consider low 

frequencies of oscillations (the wavelength of which is large in comparison 

with the diameter of the pipe), then it is possible to consider that in each 

cross-section of the flow of the liquid in the pipe all values (speed, pressure, 

and so forth) are constant, and the flow of liquid is uniform. 

Let us direct the axis Ox along the axis of the pipe. Linearised equal Ion« 

of the disturbed motion of the liquid in the pipe may be given in th .* form [18] 

dv 
dt 

dv 
+ ^0-^ + dx 

1 dp 

Go àx 
+i^o, 

(4.1) 

where and ^ are the density and.speed of the liquid in an undisturbed flow; 

V “ v(x, t), p p(x, t) are small disturbances of the speed and pressure of 

the liquid; vj is the kinematic coefficient of viscosity of the liquid; and 

r^ is the radius of the pipe. 

We shall put the linearized continuity equation of the liquid in the form 

do . dç , i't'.r n 

-T-'Ho-T' rCo dt dx dx 

-1)7- 
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We shall introduce the dimensionless values 

*0 
/, ¢= *(5, t)= 

"o 

/’(î. T) 
- P 

2 ' 
ö0'0 

(4.3) 

where £ is the length of the pipe; a.^ is the speed of sound in an undisturbed 

flow. 

Equations (4.1) and (4.2) in dimensionless form will be 

—T). -L M T> I àp(%, T) , ~ 

a» n 1-—t)=.o, 

+ M t) ,^(5. t) _n 

a» as T “dr"- ’ 

(4.4) 

where Sv*/ 

We reduce these equations to one second order equation relative to the 

variable u(£, t). Assuming 6M v0, we obtain 

a£(s, t) r Æ(;,,) 
Òtdx (h2 

(4.5) 

Knowing the velocity disturbance y(Ç, r), from the first equation (4.4) 

we find the pressure disturbance 

?(s, t)=-m?(5, T),n. (4.6) 

Solutions of equations (4.4) or equation (4.5) must satisfy the boundary 

and initial conditions. 

In the simplest case the boundary conditions may be reduced to linear 

uniform ratios between the variable p(Ç. t) and 3(^,, t) , which must be satis¬ 

fied at the ends of the pipe. We locate the origin of coordinates Ç =» 0 at 
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the left end of tue pipe, then fur the right end of the coordinate ç * 1. Under 

this condition the boundary conditions muy be put In the form 

+ t)-° «here 

¿^(5. Tl+ftJt;, 1)=0 “hrro $=1. 

Here b^, b^2i ••• are certain differential operators. 

The Initial conditions must give the velocity und pressure distribution 

along the length of the pipe. However, in the discussion below we shall be 

interested only with stationary oscillations of the liquid for which the initial 

conditions do not have value. 

In the simplest cases the boundary conditions will be the following: 

for the open end of the pipe í>(Ç, t)'= 0, 

for the closed end of che pipe #(¢, t) * 0. 

The open and closed ends of the pipe must be understood in the acoustical 

sense. Pressure at the open end of the pipe remains constant and equal to 

Pq, i.e., the pressure disturbance p >* 0. At the closed end of the pipe the 

velocity is constant (y^ => const), i.e., the velocity disturbance y = U. In 

the particular case the end of the pipe may be hydraulic closed, then y(i * 0, 

y ■= 0. 

Dispersion of energy almost always takes place at the inlet to the pipe 

and at the outlet to the pipe, which has primary significance in an analysis 

of the resonance conditions and in studying the stability of motion. 

On the basis of equation (4.6) it is possible to establish that in any 

cross-section of the flow of the liquid the ratio between the pressure disturb¬ 

ance and the velocity disturbance during oscillations is expressed by a complex 

number. Therefore, for the boundary section, the ratio p(Ç, r) may he 

represented in the form 

-’ ------= ;V/0-{-/(1. 



The complex number z (complex resistance) is usually called the boundary 

impedance. By analogy with an electrical line it is possible to consider that 

the real part of this number characterizes the ‘active’ and the imaginary part 

characterizes the ‘reactive’ resistance. In equation (4.7) î is the coefficient 

of the ‘active’ resistance, relative to the flow rate, and •» is the coefficient 

of the reactive resistance. Sometimes, instead of the complex resistance, 

the opposite value, the complex conductivity z*, is considered. Then, instead 

of ratio (4.7) we will have 

‘Reactive* resistance or ‘reactive’ conductivity arise, for example, due 

to the presence of localized elasticity at the ends of the flow of the liquid 

caused by the presence of silphons or certain.amounts of a vapor-gas mixture 

in the suction part of the pump. We shall obtain solutions for equation (4.1^) 

under various boundary conditions. 

3• The Natural Oscillations of a Liquid in a Uniform Pipe 

We shall solve equation (4.5) by the Fourier method [14]. We shall ripre¬ 

sent the functions y(Ç, t) and p(Ç, t) in the form 

(4.d) 

where s is a dimensionless oscillation frequency. 

Having substituted the function expressions y(f,, t) and p(£, t) into equa¬ 

tions (4.5) and (4.6), and having eliminated the factor els , we obtain the 

following equations for determining the functions y(£.) and p(Ç): 

(4.10) 

(4.9) 
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. Assuming tf (O - CekÇ, and (4.9) we find 

Mil, k2—n2+int2. (4.11) 

Having solved this equation relative to k, we obtain 

( 1 — M2) A2— is2S\k -|-ss—«3 =0. u 12) 

In the particular case where Ö - 0 

« 

is 

1 4* M (4.13) 

Additionally considering the ratio (4.10), we obtain equations of the 

forms of the oscillations of velocity tf( 0 and pressure p( Ç) : 

p(;)=(y*-!_0*-!. 0,. 

The arbitrary constants and C2 may be determined from the boundary 

conditions. 

On the basis of (4.14) the velocity and pressure at tae endu of the pipe 

may be calculated according to the following formulas 

7'(0)-c,+cs. 
7-(0)=0,.-0,. 

7(1)=0,/--)-0/% 

7(1)=0./--0,/-. 

From these formulas we obtain the relationship between the parameters of 

the flow y(1), tf(l) and the parameters of the flow tf(0), p(0) at the beginning 

of the pipe: 

u( I) ~ a (0) y {e*> -f e*'} -f ?(0)y 

? ( 1 )=í(0) Ÿ ^ ) + ?(0) y ie*'+). 
(4.15) 
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Relationships of the type (4.15), by analogy with electrical diagrams, are 

usually called quadrupole equations. If any two boundary conditions are known, 

then it is possible to determine the desired flow parameters at the ends of the 

pipe from these equations. For example, having established the harmonic influ¬ 

ence on a flow at one of the ends of the pipe, it is possible to determine the 

harmonic oscillations of the flow at the other end and to obtain an expression 

for the amplitude-phase frequency characteristic. 

We shall use equation (4.15) in order to determine the frequencies of the 

natural oscillations of a flow of liquid in a pipe, limiting ourselves to an 

analysis of the case where the coefficient 6*0 characterizes the friction of 

the liquid on the wall. Let us now examine several boundary conditions. 

1. p(0) * 0, VÜ) = 0 — the pipe is open at one end. 

Having substituted these conditions into equation (4.15) and considering 

that e 2 / 0, we obtain the characteristic equation in the form 

(4.16) 

The frequency of the natural oscillations, generally speaking, is a complex 

number; therefore we assume 

s = tv -f Q, 
(4.17) 

where v and Q are real numbers. 

With consideration of equations (4.13) and (4.17) we obtain 

2v 
1 —M2 

22_ 

1 — M2 

We shall write equation (4.16) in trigonometric form, having set its real 

and imaginary parts equal to zero separately: 
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Insofa, as exp(*2v/l”M^) > 0, both aquations will be realized simultaneously 

If 

V=0 H 
22, 

l-M* 
=(2/1-1)« (n— 1, 2,. .•). 

The natural oscillations of the flow of an Ideal liquid In a pipe are * 

harmonic; the dimensionless frequencies of these oscillations are calculated 

according to the following formula 

M>) (n—I, 2...). M-ll 

The dimensional frequency is 

% 
(2n— 1).1(1- 

, 2/ 
(A.18a) 

^ ™ 0 (M ■= 0), then there will be an immobile column of liquid instead 

of a flow; the frequency of the natural oscillations of the column of liquid is 

expressed by the same formula as is used to express the frequency of the natural 

oscillations of a straight uniform rod (3.10). 

When oscillations appear In the flow of a fluid (M ¿ 0), the frequency of 

the natural oscillations of the flow Is less than that of an immobile column 

of liquid. I he difference will be greater the greater the number M is. As is 

known, in a supersonic flow (M > 1) the particle motion speed is greater, the 

greater the propagation speed of the elastic wave is; therefore where Mil 

natural oscillations cannot exist. 

The motion speed of the fuel along the pipes from the tanks to the pump 

in liquid propellant rockets is small, since the number M is much less than 1. 
2* 

For such flows, the factor (1 - M ) practically does not differ from unity; 

therefore in the case of low values of M it is possible to consider M2 ^ 0. 

2. p(0) ■ 0, p(l) * 0 — the pipe is closed from both ends. 

having performed analogous calculations, we obtain 

2Q 
V—0, -=2/i« (/1=0, 1,2,...). 

* 1 —M2 ’ ’ ' 
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Or, paying attention to only the non-trivial values of the frequencies of 

the natural oscillations, we find 

s<=b(1 —M,)n. 
(4.19) 

The natural oscillations of the flow of a liquid in a pipe with closed 

ends may be compared with the natural oscillations of a straight elastic un¬ 

attached rod. The motion of a liquid flow without oscillations corresponds to 

a zero frequency, which takes during the transition of a flow to a new station¬ 

ary flow speed at the same pressure. 

3. p(0) - -MiTjjKO), p(l) ■ MÍ2y(l) — the pipe has grids at the ends— 

hydraulic resistances. Here is the coefficient of resistance referred to 

the flow speed at the entrance to the pipe; and ^ t*'6 same at the outlet 

from the pipe (Fig. 4.3). 

Having substituted these conditions into equation (4.15), we obtain the 

characteristic equation 

3. p(0) = — m5,î)(0), p(1)= AV^õí 1)- 

Having solved this, we find the neutral values of the frequencies of the 

natural oscillations 

*,,—(1 —(/1=1, 2,...) 
(4.20) 

Figure 4.3 Figure 4.4 

and the dimensionless damping coefficient of the oscillations 

1-A\gjn (l +^M) 
2 

(4.21) 
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The frequency of the natural oscillationu of the flow of a liquid in a 

pipe with localized resiatances at the ends is the aame as in the case of a 

pipe with both ends closed without resistances (A.19). 

Since is - -u + in, then the natural oscillations of the flow of a liquid 

in a pipe with resistances at its ends is damped. 

A. p(0) “ 0, V(l) ■ z^p(l) — one end of the pipe is closed, and the 

other end has the complex conductivity z* - (l/^M) + ia*. Such a boundary 

condition, for example, will take place if the hydraulic grid is elastically 

fixed in relation to the flow of the liquid (Fig. A.A). 

Since 

rVpiD + fc 

where k is the stiffness factor of the spring and FT, ¿is the aiea of the flow 

section and the length of the pipe, then for the diagram shown in Fig. A.A the 
2 

coefficient aí¡ ■ s(F,j,aQPg/kt ) . If there is a weightless piston in toad of the 

hydraulic grid, then ^ = ^ and z* « is (F^a^pQ/kZ, if ^ 1* * and k “ then 

z* - (l/5r2M). 

Having substituted the boundary condition equations into relationships 

(A.15), we ootaln the following characteristic eauation: 

1 -4- ek'~k* 
1 

: »2» 

2 
Having assumed s in the form (Ah 17) and having assumed M* 0, we tran.sfon 

the characteristic equation to the form 

cth (v— — 

Haying equated the real and imaginary parts of this equation, we obtain 

sh vch v _ J_ 

sh2 v + sin2 Ü d/2M * 

cos Q sin Q _ 

sh2v«|*sin2Q 

(A.22) 
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It Is possible to determine the dimensionless damping coefficient v and 

the frequencies of natural oscillations by a numerical solution of the 

transcendental equations (4.22). 

Let us examine the particular case where Then from the first equa¬ 

tion (4.22) it follows that v - 0 (there is no damping). From the second equa¬ 

tion we obtain 

A solution of the last equation by the graphic method is schematically 

shown in Fig. 4.5. The intersection point of the curve tan Í2 with the 

hyperbola 1/Qo^ gives the values of the roots of this equation. The greater 

is (the less the stiffness factor of the spring k is), the lower the fre¬ 

quencies of the natural oscillations of the chlumn of liquid will be. This has 

important significance for analyzing the dynamic properties of fuel lines since 

the frequency of the natural oscillations of the first tone of a column of 

liquid, one end of which rests on a ‘spring’, proves to be lower than the fre¬ 

quency of the first tone of the oscillations of a column of liquid ‘withour a 

spring*. 

When = 0 (i.e., k = “), then 

2.= 5.= 
(2n — l)fl 

This result was already obtained in (4.18) for the natural oscillations of 

a column of liquid in a pipe with one end closed. 

The forms of the natural oscillations of velocity t)(4) and pressure $(0 

are determined from equations (4.14). Since = for a pipe closed at one 

end, then on the basis of (4.14) 

k.J. i 

7„C0=C,(<•*'”■+«5" )• 

Graphs of the functions V (0 and p (0 for the first two tones of the 
n n 

natural oscillations are given in Fig. 4.6. The form of the natural oscillations 
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of velocity 0^(0 ha9 the same appearance as the form of the natural oscilla¬ 

tions of an elastic rod with one fixed end. 

Figure 4.6 

The forms of the natural oscillations "¡3 (Ç) and 0 (Ç ) are standing waves, 
n n 

since the amplitude distribution of the oscillations of velocity and pressure 

longitudinally at any moment of time remains the same. 

Besides standing waves, sometimes traveling waves arc considered, wiiich 

in our example characterize motion along the pipe of acoustical Impulses 

^(Ç, t) and ííjU, t) [12]: 

ï,(5. 
wg.T)—p(e.T) (4.23) 

2 . 2 
From these equations we shall determine v and p and substitute them into 

equations (4.4). Then having taken the sum and difference of the equations 

obtained, we obtain the two following equations Instead of (4.4) in the case 

where 0=0: 

du 
t!-+(1 + M) ^.=0. 
dx oç 



Each of these equations is integrated individually. Having used d’Alambert’s 

method [14], we give the solution of the first equation in the form 

where is an arbitrary differential function. 

In the case of ratios of moments of time x and coordinates £, which satisfy 

the condition t_( J _LM)t — t) = COHRt, 

the value u^(x, Ç) will be equal to and it may be presented visually by 

an instantaneous photograph of a wave. Let us examine the motion of the crest 

of this wave. If at the moment x = 0 the crest had the coordinate then 

the section corresponding to it (in which F. .reaches the maximum) will be dis¬ 

placed according to the lav 

$ = 41+(1 "l- 

By analogous reasoning, for the function u0(£, x) we find that 

M'. t) = Fs[S—(M—1)t], 

E = Ej+(M— 1)t. 

Consequently, the solutions found for u^(Ç, x) and x) describe the 

motion of the wave u^ and the wave ^ without changing their form in the 

positive direction of the axis with the velocities (1+M) and (M-l), respective¬ 

ly. This signifies that the wave is propogated only in the positive direc¬ 

tion at the velocity (1+M), and the wave Ü2, only in the negative direction 

(opposite the flow) at the velocity (1-M). Acoustical impulses move along the 

flow at the speed of sound plus the speed of the flow, and opposite the flow 

with the speed of sound minus the speed of the flow. According to this princi¬ 

ple Uj^ and u^ are called traveling waves. In the case of motion along the axis 

£, the amplitude (crest height) of the traveling waves remains constant. For 
i 

illustration Figs. 4.7 and 4.8 show standing (y, p) and traveling (u^, u^) waves 

at various moments of time x. 
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The boundary conditions for the functions u^ and tf. are the following. 

For the open end of the pipe p - 0; on the basis of (4.23) we have ^ - u2 - 0 

°r U1 ” “2* For the closed end of the P1?6, u ■ 0. From (4.23) we obtain 

+ U2 “ 0 or u^ = ™*u2. 

The traveling wave from the open end of the pipe is reflected for motion 

in the opposite direction with the same sign (^ - Uj), from the closed end, 

with the opposite sign (u^ = —u2). If there is ‘active* resistance with the 

coefficient M 2 at the end of the pipe, then at this end p2 - From 

equation (4.23) we find 

(4.24) 

In the presence of resistance the laW of wave reflection is expressed by 

formula (4.24). From the formula It is apparent that where < 1 the wave 

is reflected from the open end, and where > 1, from the closed end of the 

pipe. The intensity of the reflected wave where < 1 decreases (the damping 

u; 

Figure 4.7 Figure 4.3 

of the oscillations increases) with an increase in î^M. Uh^n ÍLm * 1, a sound 

wave is not reflected and the system does not have a natural frequency. We 

shall consider below that < 1. 



4. Induced Oscillations of a Liquid in a Uniform Pipe 

In Chapter 3 the problem of the induced oscillations of a rocket body was 

solved by two methods. According to one method the induced oscillations are 

presented in the form of a series according to eigen functions and according 

to the second method, the i iduced oscillations are determined without presenting 

them in the form of a series. The type of solution obtained according to the 

second method is more convenient for the analysis of the dynamic properties of 

a system in which the rocket body is only a component. Therefore, we shall 

determine the induced oscillations of a liquid in a pipe according to the 

second method. 

Induced oscillations of the liquid in fuel lines may arise due to such 

causes as: pressure disturbance during the entrance ot the liquid into the 

pipe due to oscillations of the bottom of the tank, pressure disturbance in 

the engine chamber, velocity disturbance of the liquid at the outlet from the 

pipe due to displacement of the pump in relation to the flow of the liquid. In 

order to investigate the stability of a closed system we must know the oscilla¬ 

tions of velocity and pressure of the liquid at the outlet from the pipe depend¬ 

ing on the disturbance which gives rise to these oscillations. 

In order to determine the induced oscillations we shall use quadrapole 

equations (4.15). We shall ignore the influence of small numbers M on the 

distribution of velocity and pressure along the length of the pipe in the case 

of induced oscillations, but we shall consider the influence of M numbers on 

the ends of the pipe where there are hydraulic resistances. Assuming M * 0 in 

(4.15) , we obtain 

1)=^(0)^ k -h7(0)sfi (4>25) 

/^l)=^j(0)sh k rp(0)cli 

where k *= k^ = -is. 

We shall determine the induced oscillations of pressure and velocity at 

the outlet from the pipe caused by a change in pressure in front of the inlet 
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to the pipe. Wo ahull assign,• that there are the complex rcsijtunces and 

at the inlet and outlet of the pipe, respectively. Then 

?*-P(0) + -’l»(0). (4.26) 

V(\)=.z\~p(\), (6.27) 
I 

where p* is the pressure1 disturbance before the inlet to the pipe, p(0), ff(0), 

p(l), and #(1) are disturbances of pressure and flow velocity at the beginning 

and end of the pipe; z£ is the complex conductivity at the outlet from the pipe. 

Having substituted the values #(1) from (4.27) and #(0) from (4.26) into equa¬ 

tion (4.25) and having eliminated y(0), after uncomplicated transformations we 

obtain the following expression of the complex transmission ratio: 

i 

(>+*.*;> cos s + i {*» + /J) sin s’ 
(4.28) 

where Pj * p(l). This complex transmission ratio expresses the ratio of the 

induced pressure oscillations p„ at the end of the pipe, depending on the fre¬ 

quency s, to the amplitude of pressure oscillations p* before the inlet to the 

pipe. 

A complex transmission ratio corresponds to each frequency value s (in 

the case of Induced oscillations s has a real value). The set of complex numberj 

K, in the case of variation of frequency s in the interval 0 ». s < + 'a on the 

complex plane Z, forms a hodogiaph of the vector K—an amplitude-phase frequency 

characteristic—which gives a full presentation of the Induced harmonic oscilla¬ 

tions of pressure at the outlet from the pipe. 

Let us examine the properties of the amplitude-phase characteristic in 

several-actual cases. Let z* - 0, The amplitude-phase c! aracteris- 

tic is shown In >’lg. 4.». With an increase in the frequency a the vector K 

rotates clockwlaa, and the maximum value of its modulus, equal to l/i^M, corre¬ 

sponds to the frequencies s, which are equal to the frequencies of the natural 

oscillations of a flow of liquid in a pipe with one closed end (4.18). With 

an increase in the coefficient the maximum values of the modulus of the 

vector K decrease. 
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The minimum valut of the modulus of tht complex ttan&mijslon ratio Is 

equal to unity and corresponda to frequenciea a " 0, n, 2ir, ... Where a - 0 

the phase lag C, where s ■ it, we obtain |f| ■ it. When s • s^, then the 

absolute value of (('equals n/2, and if s ■ s^, then (ifl ■ 3/2ir. 

How«let rj m Th® amplitude-phase characteristic Klp^.p*] 

for this case is shown Ip Fig. 4.10. The maximum values of the modulus of 

the vector cPrre3Pon<j to s ■ 0, tr, 2ir, ..., i.e., to the frequencies 

of the natural oscillations of a column of liquid in p tube, both ends of 

which are closed. The minimum values of the modulus of the vector corre¬ 

spond to the frequencies s ■ n/2, 3tt/2, ... The phase lag in the case of reso- 

nace at the frequency of the natural oscillations of the first tone |l'| * n, 

and at the frequency of the natural oscillations of the second tone q" • 0. 

In order to obtain the complex transmission ratio p*) we use equation 

(4.27). We shall have 

( 1 + *1*2) COS s + / (*1 -f *2) sin 4 * 
(4.29) 

The amplitude-phase characteristic Kfv^» ?*) for the flow of a liquid in 

a tube closed at both ends and having a resistance and conductivity at the 

end, respectively equal to and z* • l/^^t Is shown in Fig. 4.11{ 

where m l/J^M it differs from the characteristic given in Fig. 4.10, but 

only in scale. 

172 



The form of the amplitude-phase characteristic Klp^, p*] for the flow of 

a liquid in a tube, at the right end of which there is complex conductivity 

(see Fig. 4.4); 

• 1 , j. • __• _ ^oOo 
-=-1- /(Xj, r^e ti2 — s 

kl 

depends on the values and ratio of the real and imaginary part z*. The graphs 

in Figs. 4.9 and 4.10 may be considered as particular cases in which z^ - 0 

and z* » l/'J'^M. In the first case resonance oscillations arise at the frequen¬ 

cies of the natural oscillations of the column of liquid in a tube, closed at 

one end, and in the second, at the frequencies of the natural oscillations of 

the column of liquid in a tube closed at both ends. 

If i|> =■ ^, then resonance oscillations of pressure p^ will arise at the 

frequencies •••* ahown in Fig. 4.5. The amplitude of the pressure 

oscillations p^ where Sj “ be less than where s^ = since the con¬ 

ductivity z* is proportional to the frequency of oscillations. The amplitude- 

phase characteristic K[p2, p*] for the 

the dotted line. 

z* = ia£ is shown in Fig. 4.12 by 

Figure 4,12 

One of the variants of the amplitude-phase characteristic K[p2> p*] for 

the case when j 

*»=¡Í5í+/a* (k/«*-. <4/0). 
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is shown in Fig. 4.12 by the solid,line. Resonance oscillations arise at the 
% 

frequencies of the natural oscillations of the system, which differ from the 

frequencies determined according to formulas (4.18) and (4.19). At the fre* 

quency 82 the amplitude of oscillations is less than at the frequency s^. 4 

characteristic feature of the oscillations of pressure p2 where 1* " and 

0^ t* 0 is thp fact that the phase in the case of resonances is not equal to 

(2n-l)ir/2 or ni* (n - 1, 2, ^..), as takes place in the case of oscillations 

where a£ ■ 0 (see Figs. 4.9 and 4.10). 

Induced oscillations of the liquid in a tube may arise also due to mechjn- 

ical oscillations of the pump relative to.the flow of liquid. In the case of 

mechanical oscillations of the pump in the direction of the axis of the rocket 

the boundary of the flow at the outlet from the pipe performs induced oscilla* 

tiona; therefore the boundary conditions where £ • 1 may be presented in the form 

(4.30) 

where V is the dimensionless motion speed of the pump. Substituting the 
p 

expression v(l) from (4.30) into equation (4.25) and assuming p(0> ■ z^{$(0) 

at the left end of the pipe, we obtain a complex transmission ratio, expressing 

the dependence of the pressure at the outlet from the pipe on the motion speed 

of the pump, in the form 

K[~p„v,\= 

21 c°s s — / sin i (4.31) 

) cos s + / (rj—*i) sin s 

IV 

U 

Figure 4.13 
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The amplitude-phase characteristic K[p», i) ] where z* « O and z, » 
i p ¿ 11 

is shown in Fig. 4.13 and appears as overlapping curves. The coordinates of 

the characteristics points and and the frequency corresponding to these 

points have the following values: 

Resonance oscillations arise at the frequencies 82» which are equal to 

the frequencies of the natural oscillations of a column of liquid in a tube 

with one end closed. The maximum amplitude of induced oscillations, relative 

to the velocity of the mechanical oscillations of the pump V : 
P 

5• Calculation of the Elastic Properties of a Pipe 

The problem of the oscillations of a flow of an ideal compressible liquid 

in a long straight pipe is solved in sections 2 and 3 with the assumption that 

the walls of the pipe are rigid. In the case of rigid walls, the form of the 

cross-section of the pipe for determining the frequencies and forms of oscilla¬ 

tions of tlie liquid is not significant, and it is only important that the form 

not vary along the length of the pipe. Such a conclusion is justified, certainly, 

even for uniform straight rods. 

The results of the solution of the uniform problem may also be extended 

to the motion of a flow of a liquid in an elastic pips. This was first done 

by N. Ye. Zhukovskiy [5]. His idea is that the motion of a flow of a compres¬ 

sible liquid in a long elastic pipe can be replaced by the motion of a compres¬ 

sible flow (cf the same density, but with a lower modulus of compression) in a 

rigid pipe. In the case of such a substitution the equivalent modulus of com- 

presblon of Ine liq .id will be less than the modulus of compression of the 

liquid due to the elasticity of the pipe wall. For a round pipe with a constant 
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wall thickness the equivalent modulus of compression of the liquid may be found 

quite simply. If we consider a pipe consisting of c series of rings, subjected 

to expanBlonacontractlon, then the modulus of elasticity of a column of liquid 

E^, caused by the elasticity of the walls, is determined according to formula 

(2.19). 

2/¾ 

where E is the modulus of elasticity of the malerlal of the pipe; h, rQ are 

the thickness of the wall and the radius of the pipe. 

An equivalent modulus of compression of the liquid E with regard to the 
6 

elasticity of the pipe walls may be determined according to the formula 

F --F 1 -- , 

£, + ¾ * . &2£o * • 
* E h 

where is the modulus of compression of the liquid. 

Substituting expressions for the moduluses of compression in the form 

into this formula, where is the equivalent speed of sound, we obtain 

a a3 = J^. 

a,~VT^' ' *£ 
U.32) 

fiincw the equivalent modulus of compression of the liquid is less than 

the modulus of compression of the same liquid, then the equivalent speed of 

sou.ul will also be less tunn the speed of sound of the liquid, i.e., < Oq. 

In order to lower the frequencies of tne natural oscillations of liquid in 

pipes, sometimes pipes with a cross-section in the form of an ellipse is used 

Instead of round pipes. In the case of a change in the pressure or the liquid 

the ratio between the dimensions of the semi-axis of the ellipse changes, due 
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to which the area pipe of elliptical cross-section varies more than that of 

a pipe of round cross-section. The equivalent modulus of compression of the 

liquid and, consequently, the equivalent speed of sound in the liquid in an 

elastic pipe of elliptical cross-sect’.on is less than that in a pipe of round 

cross-section with walls of equal thickness and equal cross-sectional area, corre¬ 

sponding to an undisturbed pressure. 

The equivalent speed of sound in the liquid in an elastic pipe with a 

cross-section in the form of an ellipse may be determined according to the 

following formula (Aj 

where 

,3 (a-vn ; 
' hE I A* J 

a and b are the lengths of the semi-axes of the ellipse; u is Poisson’s coeffi¬ 

cient; h is the thickness of the pipe wall; r^ is the radius of a circle, the 

area of which is equal to the area of the ellipse. 

It is possible to significantly lower the frequency of the natural oscil¬ 

lations of liquid fuel in a pipe by means of injecting a small amount of an 

insoluble gas into the flow of the fuel. A .miform distribution of gas along 

the flow in cryogenic and non-cryogenic liquids is made using a single Jet in¬ 

jector (1]. If the surface tension of the liquid is ignored (which is justified 

in the case of a relatively large diameter of gas bubbles) and the appearance 

ot mass exchange between the gas and the liquid is not considered, then the 

equivalent speed of sound of the gas-liquid mixture may be determined accord¬ 

ing to the following formula (1] 

___^r^np.X 

*+(1-1)¿jïïfoj.+ O-^c?0] ’ 

where is the modulus of elasticity of the gas; is the reduced modulus 

of elasticity of the liquid (with regard to the elasticity of the pipe wall); 

d is the volumetric ratio of gas and liquid; and Pq are the density of the 

guu and the liquid. 
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Let us determine, for example, the equivalent speed of sound of a gas 
8 2 

liquid mixture with the following initial data: » 10 kg/m 5 

£r=il,2-10< kg/m2 0,= 100 kg'. sec2/m4 

0,=0,1 kg-sec2/!"4 P=0,01, 

Having substituted these values into the formula given above, we find 

2) 111 m/sec. This speed is less thah the speed of sound in a vapor*gas 

mixture ( 340 m/sec). Even a small amount of insoluble gas in a liquid (in our 

example IX) leads to a significant decrease in the equivalent speed of sound. 

The dimensional frequency of natural oscillations (4.18a) is proportlónal 

to the speed of sound, therefore the frequency of the natural oscillations of 

a flow of compressible liquid *in an elastic pipe, with all other conditions 

being equal, will be less than that in a rigid pipe. ' 

With an increase in the ratio of the radius of the pipe to the length, 

more precisely to the length of an elastic wave, the energy of the radial 

oscillations increases, therefore a unidimensional formulation of the problem 

may prove to be very crude. We shall give a solution of the problem with 

regard to radial oscillations of the liquid in the pipe. 

We shall examine small axl-symmetrlcal oscillations of the liquid and the 

walla ot the pipe; we shall assume the pipe to be a thin-walled momentless 

cylindrical shell of round cross-section. We shall designate small radial 

axi-symmetrical displacements of the pipe wall by w(x, t); p*, E are the density 

ana modulus of elasticity of the material of the pipe; h, Tq are the thickness 

ot the wall and the radius of the pipe (h << r^); p(r, x, t) is the dynamic 

pressuie of the liquid in the pipe. • 

t 

uec us examine the radial motion of an elementary section of the pipe, 

separated from two adjacent sections perpendicular to the axis of the pipe and 

two adjacent radial sections. The forces acting on the isolated section of 

pipe uic shown in Fig. 4.14. Having assumed Newton’s second law, we obtain 

an equation for the oscillations of the isolated section of pipe in the direc¬ 

tion ot the radius 
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01 ''o 

We shall Introduce the following diirensionless parameters 

r Q* r h 11=-, X = ^-, h 
r0 Co «=f, v!= — 2 • t 

Coûo 

x—jl '• ;=f. «-(?, 
# z ^0 

?($, T) 
PÍ^o.Jf.O 

1-1 floöo 

Here ï is the length of the pipe; and are the density of an undisturbed 

column of liquid and the speed of sound in it. 

We now present an equation for the radial axi-symmetrical oscillations in 

dimensionless font» 

x£a2?.wJhJ) +y*/iw(t.r)*=p(t, • (4.33) 

This equation is the third equatiort of the system (2.8). Due to the 

axial symmetry and the absence of longitudinal oscillations of the pipe the 

differentia] operator* Ljj * Ü, * 0, the dlf*erentlal operator is 
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2 
given In equation (4.33) by the real number y h and the Intensity of external 

forces Z Is equal to the pressure of the liquid on the wall. 

The velocity potential (n, £, r) for a compressible liquid may be deter¬ 

mined from an equation which, in cylindrical coordinates, has the form (9]: 

fl2? _ i I d'f i <^ip 

dri r. $r dxt 

In dimensionless form this equation will be 

fop i i aa/d2,P 
t] drj \ ÔÇ2 / 

The pressure at any point in the volume of liquid• in correspondence with 

(2.13), in dimensionless form will be expressed by the formula 

(4.35) 

If the pipe is open at one end, then the boundary conditions for the 

function <p will be the following 

¿9 
“—0 where E = 0, ~ ~0 where 5=^1. 
OX dÇ (4.36) 

For a pipe open at both ends: 

—0 • where 5 = 0, 5=1. (4.37) 

Moreover, .the kinematic boundary condition (2.11) is usually fulfilled on 

the walls of the pipe. In dimensionless form it may be expressed by the 

equation 

(ri=l). 
(4.38) 

Thu- the problem comes down to the following: to find the solution of 

•i^uaiiAHi (4.34), satisiylng boundary conditions (4.36) or (4.37), to find 

tu*. —luLion of equation (4.33), the right member of which is determined by 

inc potential according to (4.33); in this case the solution of equations 

(a.jJ) and (4.J4) oust additionally satisfy condition (4.38). 
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w'e K-iv«' t-l*« -solüLion of equation (4.34) In the form 

oo 

(4.39) 

/i-i 

where is an arbitrary constant; is the frequency of the natural oscilla¬ 

tions cf the system, consistinR of an elastic pipe and a liquid; R (n), X (f) 
n n 

are the desired functions. 

Radial oscillations of the pipe, described by equatitn (4.33), must also 

be performed with the frequency therefore we give the function w in the 

form 

oo 

(4.40) 

> 

The coefficient 1/u Is here taken for the convenience of satisfying 

equation (4.38). 

Having substituted the expression for the velocity potential (4.39) into 

equation (4.34) and having eliminated the variables, we obtain the following 

two equations to determine the function X (f) and R (q): 
n 

(4.41) 

(4.42) 

wliei e 

(4.43) 

Since the function R (n) where n * 0 must be limited, then the solution 

of equation (4.42) must consist of bessel functions of the first kind of zero 

order K (u n) - Jn(u n). 
On On 
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Having replaced the functions w and (P In equation (4.38) by their expres* 
slona from (4.40) and (4.39), we dtermlne the arbitrary constant

Having determined the pressure where n ■ 1 from formula (4.35) and having 
substituted It Into equation (4.33), we obtain

X* 4- 2.’ = ’^ («=.I.2.3,...). (4.44)

2 2 2
We shall limit ourselves to the cases where Q < yIko. , This Inequality 

satisfies nearly all the technical applications of the problem under considers* 
tlon. On the basis of equation (4.
Bessel functions must be Imaginary.
tlon. On the basis of equation (4.44) we conclude that the roots of the

2 2
Since a Is a positive number and is also a positive number for the

conservative system, then from (4.43) It Is possible to conclude that a < 0
2 2 ^ 

and > 0. The solution of equation (4.41) where ^ 0 may be consist of
trigonometrical functions. With regard to conditions (4.36) and (4.37) we
obtain

(I) ~ sin. OnS*

The following values satisfy condition (4.36):

(4.45)

The following values satisfy condition (4.37)

a„=nji (/i=1.2,...). (4.46)

The numbers have the same values as the dimensionless frequencies of 
the natural oscillations of a compressible column of liquid In a pipe with 
rigid wall.-..
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The coefficients u are the roots of equation (4.44). They may be deter- 
n 

mined numerically, if the frequency of natural oscillations in equation (4. 

(4.44) is replaced by its expression from (4.43): 

2 
rf (4.47) 

We obtain 

J0 (lO (¡4 V a2«?) = JM [Y2^ ~ (¡i« + ö2«2*)]- 
(4.48) 

2 2 ~ 
The values a , y , K, and < characterize che parameters of the system and 

in each actual case are known, and, depending on the boundary conditions, the 

coefficient a may be calculated accordirg to formulas (4.45) or (4.46). Only 
n % 

one eigenvalue a will correspond to each value of the eigen"value u . After 
n n 

is determined from equation (4.48) it is possible to calculate the frequency 

of the natural oscillations ft according to formula (4.47). Since the eigen- 
n 2 J 

values u are imaginary, then ft < a . 

Dimensional u and dimensionless ft frequencies are connected by the 
n n 

relationship 

U). o £o 
" / 

where is the speed of sound in an undisturbed liquid. Having replaced the 

frequency in this formula by its value from (4.47) we obtain 

We shall call the following value the equivalent speed of sound, correspond¬ 

ing to the n-ih tone of oscillations: 

a In ' 
■a0 Kl+c?,. a»,=^. (4.49) 

Then the frequency of the natural oscillations of a compressible liquid 

in an elastic pipe corresponding to the two-dimensional problem may be calculated 
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according to the usual formula 

with the only difference being that instead of the speed of sound aQ in an 

undisturbed liquid it is necessary to take the equivalent sreed of the I'.quid 

atn, which is less than Cq, «ince a^n is less than zero. 

t 

The equivalent speed of sound, determined by N. Ye» Zhukovskiy (4»j2) 

does not depend on the number of the tone of oscillations, and the equivalent 

spaed a (4.49) depends on the number of the tone of oscillations. 
r tn 

In conclusion we will give a numerical example, from which it is possible 

to establish what refinements in accuracy in the equivalent speed of sound are 

Introduced by formula (4.49) In comparison with formule (4'.32). For purposes 

of calculation we shall assume * • 2.8; h • 0.05} a ■ 0,05, and Y • 6, Then 

on the basis of (4.32) 

a’=l,u; 0,-O,69ao. 

For a pipe closed from one end: 
_ _(2n— l)n 
“a-— • 

Where n - 1, 5, 10, and 20 we shall have, respectively 

0^, = -0,525: u’s=—0,54; ¢,,=-0,575; afJ0=-0,652. 

Then 

<2,1—0,6900; a<&=0,68aQ; a<|0 7=^*65ao; a) 
# 

For eAtunple, take a pipe with a length equal to 20 radii (a - 0.05), The 

wavelength l of the first tone of oscillations for the pipe closed at one end 

is equal to 4£, the wavelength of the fifth tone o* oscillations is 0.44Z or 

8.8^, the wavelength of the tenth tone is equal to 0.21Z, which is 4.2r0. 

From a comparison of numerical calculations (a) and (b) it is apparent 

even tor a comparatively short pipe , (o 1 0.05), the equivalent speed of sound 
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a calculated with regard to the radial oscillations of the liquid, up to 
tn 

the fifth tone of natural oscillations Inclusively, practically does not differ 

In the equivalent speed, calculated according to N. Ye. Zhukovski'’’s formula. 

Hence It is possible to conclude that It is completely acceptaole to consider 

unidimensional oscillations of liquid in pipes, connecting the tanks with the 

pumps. Instead of the propagation speed of sound in an undisturbed flow 

it is possible to take the equivalent speed of sound at, calculated according 

to N. Ye. Zhukovskiy’s formula (4.32). 

6. Calculation of the Elastic Properties of Sylphons 

In order to compensate fox variation in the length of pipelines and non¬ 

coaxial alignment of the flange at the bottom of the tank, the pump and the 

engine sylphons [16], short corrugated sections of pipe with very small axial 

and angular rigidities (Fig. 4.15), are attached at one or both ends of the 

pipelines between the tank and the pump. Due to the low rigidity a sylphon 

fills the function of a compensator. The length of the sylphon is small in 

t 

Figure 4.15 

comparison with the length of the pipe, therefore we shall ignore wave processes 

within the sylphon, and consider the pressure at any point in the volume of 

liquid in the sylphon at a given moment of time to be equal. 

The radial rigidity of a sylphon is considerably less than the radial 

rigidity of a pipe made of the same material and having the same wall thickness 

as the sylphon. In a scheme with a pipe we shall consider a sylphon to be a 

localized elastic unit (localized elasticity). 
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Variation in the volume of liquid in the sylphon depends on the variation 

I of the length of the sylphon and the pressure variation p within the sylphon 
c c 
(more precisely, pressure drop)» In the general case, this relationship may be 

nonlinear. 

Let the pressure of the liquid Pcq» the length of the sylphon Zcq, and 

the volume of the sylphon correspond to the understood motion of the flow 

of a liquid through a sylphon. In the case of longitudinal oscillations of 

the body and the liquid in the pipes the pressure pc, the length of the sylphon 

Z , and the volume of the sylphon V undergo small changes. Limiting ourselves 

to a consideration of only the main linear portions of the increment of the 

values names, we shall have 

/»c = /¾+ 4" 
# * * • • 

It is possible to determine the increase in volume according to the 

formula 

>¡vt (4.50) 

where the derivatives and must be calculated where pc - pQ and 

1 • ho- 

Increase in the volume of a sylphon takes place for two causes: 1) due 

to a change in the geometry of the sylphon from a displacement of one end of 

tne sylphon in relation to the other. A gain in volume due to this cause in* 

creases with an Increase in the ratio of the mean diameter of the sylphon and 

the diameter of the pipe; 2) as a consequence of a change in pressure with an 

unchanged distance between the ends. f 

We shall introduce two parameters, characteriring the geometrical and 

elastxc properties of a sylphon [8): 

(A.51) 
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where r and r are the dimensional and dimensionless coefficients of the con¬ 

ductivity of a sylphon; X is the dimensionless geometrical chartcteristic of 

the sylphon. 

The dimensionless coefficients ? and X are convenient for «.alculating the 

influence of the sylphon on the boundary conditions for the flow of a liquid 

in a pipe. We shall show this as applied to Fig. A.15. 

We shall differentiate equation (A.50) according to time and divide all 

terms of the equation by the cross-sectional area of the pipe F^: 

J_ dV, 
Ft dt 

Having designated 

c 1 tdVr \ die i 1 /^'c y Pc 
t ^ FrX olc) dt ^ Fr\ dpc ) (tt 

± ^vu 
F, dt dt 

V, ct 

where is the deviation in the velocity of the liquid upon entering the 

sylphon; vc is the displacement velocity of the right end of the sylphon (the 
left end is immobile), with calculation of formulas (A.51) we obtain 

x’i = ( 1 -“'•)‘üc“hr 
Jpe 

dt 
(A.52) 

Assuming in this equation the values of and pc vary according to 

harmonic low with the frequency s, we obtain the following dimensionless depend¬ 

ence of the deviation of the velocity of the liquid upon leaving the pipe and 

the displacement velocity of the end of the sylphon and on the pressure devia¬ 

tion of the liquid In the sylphon: 
e 

r>-K+/^ (A.52a) 

The exit velocity of the liquid from the pipe is presented in the form 

of three components: V — the displacement velocity of the end of the sylphon 

(the flow must fill the internal part of the sylphon having the diameter of 

the pipe), liX — the velocity necessary for changing the volume of the cross- 

hatched section ot the sylphon (see Fig. A.15), caused by a change in the dis¬ 

tance between the ends; istPc — the velocity necessary for changing the volume 
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Of the cross-hatched section of the sylphon caused by pressure deviation in the 

sylphon. Equation (4.52a) is justified when 0 and Pc* 0. Where Vc < 0 

and p <0 the value of will be negative, therefore liquid from the sylphon 

will be crowded into the pipe. 

The value irt in equation (4.52a) can be considered to be the imaginary 

part of the complex conductivity z*. 

We shall use equation (4.52) below for calculating the influence of the 

elastic properties of sylphons on the dynamics of the flo/ of a liquid in the 

input mains. 

7. Calculation of Elastic Displacement of Fuel Main Mountings 

A common element in the construction of input mains is a unit in which 

the flow of the liquid undergoes significant changes—a turn in direction, 

change in cross-sectional area, and separation into several branches (Fig. 4.16). 

In these conditions supplementary pressure forces arise, under the influence 

of which elastic deformation of pipelines, mountings, and tank bottoms takes 

place. As a result ol these variations tne volume of the input main changes, 

which must be considered in analyzing the oscillationa of the column of liquid. 

A characteristic example of such a unit is a collector for supplying fuel from 

one input main to several engines. A diagram of a collector is shown in Fig. 

4i/. The input main (the cross-sectional area in front of the collector F^) 
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divides into N branches, the weight of the column of liquid (from the collector 

to the free surface of the liquid in the tank) is received by the mounting 

(in Fig. 4.17 the mounting is provisionally depicted as springs) and transmitted 

to the rocket body. This same mounting receives the supplementary forces of 

the dynamic pressure of the liquid, acting on the collector. 

Let us write an equation for the discharge of liquid through the collector. 

We assume the collector to be rigid and the volume of liquid filling to be 

incompressible. Then 

AT 

vx — i -H'i ( A) + 

T /*T 

Here is the flow speed deviation in the boundary section 1-1; tlie 

flow speed deviation at the outlet from the collector into branch i; is 

the cross-se. Llonal area of branch i; atv* are t*ie fl°w speed 

deviation in section 1-1 caused by the displacement of the collector under the 

influence of the deviation p^ and the oscillation of that section of the body 

from which the collector is suspended; p^ * p£^ is the pressure deviation in 

the collector. 

The values y^(p^) anc* ’7.(4^) are determined from the equation of motion 

of the collector as a mechanical system 

~1“ (^k) “I” A * (4.53) 

wliert is the displacement of the o~.lector in the direction of the x-axis, 

reckoned tiom the understood position; k^ is the rigidity factor of the col¬ 

lector mounting in the directicr of the x-axis, and m^ is the reduced mass of 

the collector and the column of liquid. 

We assume that the pressure deviation and oscillations of the be y take 

place according to harmonic law with the frequency w: 

P\ (0■= p>e'“‘, &(0 =£/“'. 
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Then from equation (4.53) we obtain the following equations for the complex 

transmission ratios: . 

mK (“a“ “V 

K[vu0u\=-i* 1 
1 -fc)’ ■ 

(4.54) 

(4.55) 

in which is the frequency of the natural oscillations of the collector with 

the liquid. 

We now write the equation for the discharge of liquid through the collector 

in the form 

¢,=2 AT,[k,, ftlA + KK ¢^¢,, (4 56) 
I»1 

where 
Ki\Ou ^2(1 = ^ • 

Equation (4.56) expresses the coupling of the flow speed at the outlet 

from the input main into the collector with the flow speeds at the inlet to 

the individual branches and the displacement of the collector caused by oscll* 

latlons of the rocket body and the pressure of the liquid in the collector. 

8. Calculation of Additional Characteristics of Fuel Mains 

We shall additionally examine several characteristic sections of fuel mains, 

including local sections with cavltaflng liquid, elements of the main possessing 

hydraulic resistance and hydraulic accumulators. 

» 

cavitation of the liquid arises in those sections of the flow where the 

static pressure is less than the vapor pressure of the liquid and the equilibrium 

presoure of the gases dissolved in the fuel. The inlet to a centrifugal pump 

ia uaually such a section. There are constructions in which a screwpump or a 

jet ejector is located in front of the inlet to the pump in order to Increase 

the cavitation reserve. In such constructions cavitation may arise in the 

Jet i.jt.wtoia or at the inlet to the screwpump. 
i 
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A linearized equation of the state of a vapor-gas mixture may be put in 

the form 

1/ _ ,• 
**•-«qPy* 

If the pressure increases (p^^ > 0) then the volume decreasep < 0). 

In first approximation it is possible to represent a vapor-gas mixture 

in an input main in the form of localized elasticity. The relationship between 

the pressure deviaton pv^ and the velocity deviation of the flow of liquid 

in a pipe from the boundary with localized elasticity, on the basis of the 

preceeding equation has the fojm 

(A.57) 

where 

The localized hydraulic resistance in Fig. A.18a is schematically depicted 

in the form of a grid. The grid is usually connected with some unit (including 

the pipe) and may perform oscillations relative to the flow at the velocity V^. 

The pressure drop on the grid may be expressed by the formula 

Pn~ P2*— • 

where p^ is the disturbed pressure of the liquid in front of the grid; p^^ is 

the disturbed pressure of the liquid behind the grid; £ is the resistance 

factor of the grid; is the disturbed flow speed of the liquid through the 

grid; and is the density of the liquid (we assume it to be constant). 

Deriving a linearization we obtain 

p2 - Pl - *M(y-Up) (A.58) 

where 
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Pj la the pressure deviation In front of the grid; the pres'; re deviation 

behind the grid} V^ Is the stationary flow speed; u Is the flow speed deviation 

Up is the velocity of grid oscillations in relation to the flow, In this case 

the positive direction of Dp and V is assumed to be equal. 

If a smooth pipe of constant diameter performs oscillations along the 

flow, then these oscillations will not cause disturbance of the flow. 

Figure ¿.18 

A delivery washer fixed In the pipe (Fig. ¿.18b) causes 'reactive1 resist* 

anee to the motion of the flow. In the case of motion through the delivery 

washer distorted streamlines are created In the flow and velocities appear 

which differ from the motion speed of the plane wave In a pipe without barriers, 

in the plane of the washer opening the greatest velocities appear at its edges. 

in audition to the kinetic energy of the plane wave of the flow an additional 

kinetic energy Is greater here, which Is communicated to a certain reduced mass 

m , moving at an average velocity in the opening of the washer. On the basis rw 
of Newton's second law, 

^d(Pl-mJ>7)=:zmrJ'oVm. (¿.59) 

Here V is the mean deviation of the velocity of the liquid In the opening of 
w 2 

the wasner; ui is the frequency of .oscillations; and F^ ■ i*d /4. Since 

Dw ■ D(D/d)2, 

where v is the deviation of the mean valocity of the plane wave of the flow 

in frjnt of the washer (or after the washer), then replacing the velocity D 
O 

in by its expression, we obtain 
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(4.60) P2~~ P\ io)amvt 

In this case the coefficient 

The value of the reduced mass may be calculated according to the formula 

[11, 17] 

mT ^ ’ 

where Foch’s function is 

/(JL)~_!_ 
\Dj 1 — 1,47dJD + 0,i7d3/D3 ' 

If the ratio d/D approaches unity, then the value of Foch’s function will 

approach infinity, and the value of the reduced mass approaches zero. In a 

pipe without a washer localized ‘reactive’ resistance is absent. 

Pressure drop also appears during the exit of liquid from the tank into 

the delivery main. Here, besides ‘active’ resistance (funnel damper and so 

forth), ‘reactive’ resistance also appears, caused by the scattering of a 

certain reduced mass of liquid. Deviation of pressure drop during the exit 

of liquid from the tank may be put in the form 

pl=p6 — Z6Vu Z6 =--+ /(1)00. (4.61) 

The coefficient at, characterizing the reactive resistance during the 

exit of liquid from the tank, may be calculated on the basis of the following 

formulas [11, 17] 

aA — 
Co^î 

6-—4ro/(r0(/?i) * 

^(/^) 1 — 1,47r0//?i + 0,47rJ'/?| 

Fr=ltro. 
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Here is the pressure deviation at the inlet to the pipe; pt is the pressure 

deviation at the bottom of the tank; r^ is the radius of the pipe; is the 

radius of the tank. In the expression for the value iJ^M is the coefficient 

of active resistance during the exit of liquid from the tank. 

Figure 4.19 presents diagrams of several hydraulic accumulators (hydraulic 

dampers) used to decrease the frequency of the natural oscillations of liquid 

in a delivery main. Diagram (a) is used on the fuel main, diagram (b) on the 

oxidizer main of the Titan-2 rocket, and diagram (c) on the oxidizer ratin of 

the first stage of one of the models of the Saturn-5 [2, 12]. 

.1 
Õ) 

Figure 4.19 

a) 

We shall examine the hydrodynamic properties of an accumulator with rigid 

wails, having assumed the amount and temperature of gas In the accumulator to 

be constant, and the liquid to be incompressible. We will also consider the 

liquid In the section of pipe between sections 1-1 and 2-2 to be incompressible. 

• 

if the pressure in section 1-1 increases by the value p in comparison with 

the stationary value, then the volume of gas decreases and the liquid flows 

ftuui the pipe into the accumulator. The mean flow speed of the liquid going 

into the accumulator, relative to the cross-sectional area of the pipe F^t 

V • iw(k /F )p 
ac ac T ac T *ac 

(4.62) 
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where p is the deviation of the gas pressure in the accumulators kac is the 
d c 

proportionality factor between the deviations of volume and pressure in the 

accumulator; w is the oscillation frequency. In diagram (a) the elasticity, 

along with the gas, creates a spring, therefore 

y - iu)(F^/kFT)p 
ac p T rp 

where F is the area of the piston; p is the pressure of the liquid on the 
P P 

piston; k is the proportionality factor between the deviation of force, acting 

on the piston, and the piston displacement. A certain pressure drop is neces¬ 

sary for dispersion of the liquid entering the accumulator so that 

(A.63) 
r ac 

where p^ is the pressure deviation of the liquid in the pipe in front of the 

accumulator; m* is the coefficient of the reduced mass of liquid. Having 

replaced the value p in equation (4.62) by its expression from (4.63), we 
clC 

obtain 

(4.64) 

where 

(4.65) 

In formula (4.65) the product m*k /F., is a value inverse to the square of 
r ac I 

the frequency of the natural oscillations of a certain oscillator consist¬ 

ing of a leduced »udss of liquid and en elastic element (gas). Depending on 

the relationship of the frequency ui of the induced oscillations of the liquid 

in the pipe and the frequency u> of the natural oscillations of the oscillator 
£LC 

the coefficient a* , characterizing the reactive conductivity of the accumulator 
ac 

may be positive or negative. Where approahces 1 the coefficient a*c 

approaches iutiuity, i.e., where the hydraulic accumulator is located the pipe 

is ‘closed’ in the acoustic sense. Equation (4.64) and formula (4.65) may 
2 

also be applied to diagram (a), having assumed k^ ■ Fp/k ¿n them. 
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It the walls of the hydraulic accumulator are considered to be elastic, 

then with an Increase in the pressure the volume of liquid In the accumulator 

increaaea, not only due to compression of the gas, but also due to an Increase 

In the volume of the accumulator. The mean flow speed of the liquid entering 

the accumulator, Uac» relative to the cross-sectional area of the pipe, will 

conelst of two parts: one part is caused by a change in the volume of gas, 

the other by a change In the volume of the accumulator. Then, Instead of 

equation (4.62), we obtain 

(4.66) 

where the coefficient characterizing the elasticity of the accumulator wall Is: 

Here le the volume of the entire accumulator and p^ is the stationary pres- 

sun >f the liquid in the pipe and accumulator. 

Having (replaced the pressure deviation p In (4.63) by Its expression 
ÖC 

from (4,66), we obtain equation (4.64), In which 

*ac + *yir 

(4.67) u 

The coefficient mj, entering formulas (4,65) and (4.67), depends on the 

configuration of the accumulator, the mass of liquid In It, and the cross* 

sectloual area of the pipe and, In these formulas, must have Its own particular 

value for each accumulator. ' 

« 

The deviation of the mean velocity of liquid in section 1-1 (see Fig, 

4,19) la connected with the deviation of the mean velocity In section 2-2 

by a continuity equation which, in the presence of a hydraulic accumulator, 

has the form 

(4.68) 

-196 



In first approximation it Is possible to consider that the mean pressure 

of the liquid in section 1-1 is equal to the mean pressure in section 2-2. In 

more precise approximation it is possible to calculate the pressure drop caused 

by the change in the velocity of that mass of liquid which enters the accumula¬ 

tor. The velocity of the liquid entering the accumulator decreases from the 

value ÜQ to practically zero. The pressure drop due to the change in velocity 

may be determined on the basis of the well-known theorem on change in momentum. 

Assuming disturbances taking place according to harmonic law with the frequency 

w, we obtain 

or 

p2 = P\ + (Qovo)v*ti (4.69) 

This equation expresses the relationship between the mean pressure in 

sections 2-2 and 1-1 and the mean velocity v of the flow of liquid in the 
3 C 

accumulator relative to the area of the pipe FT< 

9. Forming Dynamic Flowcharts of Fuel Mains 

In order to depict a dynamic flowchart we put the quadrupole equations 

(A.2S) in the lorm 

p2 = ^ • th ¿ 4- /?, —L_ 
ch A . ’ 

't'i—tych k—p7shkt 

(4.70) 

where p. ard ^ are the deviations of pressure and velocity at the inlet to 

the pipe; p and are the deviations of pressure and velocity at the outlet 

from the pipe* 

A delivery main usually has a complex structure, therefore it is convenient 

to combine its dements into a general flowchart according to the dimensional 

deviationj of the flow parameters 

p=ah¿pt v-a0v 
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and the dimensional frequency of oscillations (4.18a) 

ui ■ s(a0/Z), 

For the dimensional deviations of the flow parameters we shall write 

equations (4.70) by the complex transmission ratios 

Pj=s/0(/72, /7|]/7| -j-/0 (/72, ^2)^21 

Vx = K[ou Pi\ Pi^-K[v\, v2) Vj, 
(4.71) 

where 

K\Pi. = 
clt « —■ 

a0 

OqQq <*0 

A dynamic flowchart of the quadrapole, expressing the relationship between 

the flow parameters at the Inlet to the pipe and at the outlet from the pipe, 

on tha basis of equation (4.71) has the form indicated In Fig. 4,20. 

The harmonic properties of a sylphon built into the main, with the con* 

dition that the pressure of the liquid at any point in the sylphon is equal, 
# 

are expressed by equation (4.52). In the case of dimensional deviations of 
e 

the parameters we shall have 

Pi-Pu 
/Tj] /7¡j={- K I®,, &1&, 

K[vv% /72|=s/«)r; /0(17,, #c]=/u>(l-fX); 

(4.72) 

where 
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is the deviation of flow speed at the inlet to the sylphon; pL and p2 is the 

pressure deviation of the liquid at the inlet to the sylphon and the oulet from 

the sylphon; <fc is the amplitude of mechanical oscillations of the outlet section 

of the sylphon. A dynamic flowchart of a sylphon is shown in Fig. 4.21. 

The relationship between the parameters of a flow passing through a local¬ 

ized hydraulic resistance of the type of a grid (see Fig. 4.18a) is determined 

according to equation (4.58), which we put in the form 

Pi— P\ t’llt’i 
= (4.73) 

where 
K [p,. i',]= -4M: K (/7,, = 4rtM; 

i 

Figure 4.20 

pl’ p2* U1 ’ and v2 are the deviation of Pre9Sure and velocity of the liquid in 

front of the grid and after ti.e grid;^p is the amplitude of mechanical oscil¬ 

lations of the grid in relation to the flow. A dynamic flowchart, corresponding 

to equation (4.73) is given in Fig. 4.22a. 

A dynamic flowchart of a delivery washer may be constructed according to 

equatitm 

p2 = Pl + ^ÍPí* (4.74) 

17, = 172, 
where 

K[Pi, üiH—todm*. 
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pi* P2* ’ Aad v2 are Lhe d‘ivlatl-on raean Prea9ure ail(l mean velocity before 

the washer and after-the washei. The diagram is given in Fig. 4.22b. A flow¬ 

chart for determining the pressure drop in the case of the exit of liquid from 

the tank is the same, but the complex transmission ratio (see equation (4.61)) 

will be different, namely! 

, /C[p2. ülH —(^ôM-f/tùOô). 

% •• 

Here pj is the pressure deviation of the liquid after the funnel dumper. 

On the bar.is of equutionn (4.64) and (4.68) the relationship between the 

pressure deviations p^ and and the flow speed deviations and Uj 1° th® 

pipe before the hydraulic accumulator and after it may be put in the form 

where 

Pi'—Pu 
(4.75) 

r.^/qy.c, p:\p¡=l«H.cpí. 

In equations (4.75) the pressure drop, determined by equation (4.69), is 

not conaldered. A dynamic flow diagram for a hydraulic accumulator is shown 

in Fig. 4.¿ja. 

Figure 4.22 

The act Lion of the main with cavltâtlng liquid at the inlet to the centrifu¬ 

gal pump in first approximation is presented in the form of localized elasticity. 

If the cent)Ifugai pump performs oacillrttiona according to the law4> ® In 
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relation to the flow of liquid In the main, then with regard to equation (4.57) 

we obtain 

Pl = Pl, 
Vi-~v2+K[vu (4,76) 

where p^, y^, , and y^ are the deviation of pressure and velocity before the 

localized elasticity and after It; 

^2l =^nr- 

A dynamic flowchart of the localized elasticity is given in Fig. 4.23b. 

Figure 4.24a gives a dynamic flowchart of a collector, and a unit which 

is located at the outlet end of the delivery main, and therefore is a loading 

unit, is shown in Fig. 4.24b in the form of one block. This unit includes a 

centrifugal pump (turbine pump assembly), a pressure line and a combustion 

chamber. The complex conductivity of the loading unit is expressed by the 

complex transmission ratio K[y^, p^], which we shall consider to be known. 

It is not difficult to draw a dynamic flowchart of the entire delivery 

main from the flowcharts of the individual elements, shown in Fig. 4.20-4.24. 

It is convenient to draw the chart beginning with the delivery main element, 

which is an input unit. Then the output parameters of this element will be 

the input parameters for the following element, and so on up to the loading 

unit. A dynamic tluwchart for the section of the main consisting of pipe I, 

sylphon ii, and loading unit III (Fig. 4.25) Is given in Fig. 4.26. 

Figure 4.23 Figure 4.24 
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Figure A.26 

Let us now draw a dynamic flowchart for the delivery main, a diagram of 

which is shown in Fig. A.27. Sections are drawn on the diagram which we shall 

provisionally consider to be the boundaries of the characteristic elements of 

the wain. The ini'ial section of the delivery main is located between sections 

1 and 2, and further along the tluw mere are: a sylphon, a grid creating 

'active’ resistance, and a collector elastically suspended from the rocket body. 

One of the branches of the main is located between sections 5 and 6 and gas 

bubbles are indicated between sections 6 and 7, provisionally representing the 

cavitation region of the liquid; to the right of section 7 there is a unit, 

including the pump, a pressure line, and thé combustion chamber. This unit may 

perform oscillations relative to the flow according to the law4>peiu,t. At the 

outlet from the tank there is a funnel damper. 

Oscllletlons of the coilector do not directly influence pressure fall 

dev¿«clous on the gild, since the collector performs oscillations together 

«¿eh the grid. Pressure drop on the grid is transmitted only due to 

Ilow «pted deviation at the inlet to branches of the main, going 

/ 
/ 

w 

/ 
-¿02 



V 

from the collector to the engines. Velocity deviation, caused by the oscilla- 

tion of the collector as a consequence of pressure fluctuations in it, as well 

as oscillations of its suspension point, is transmitted to the flow with the 

parameters p¿ and v^. These characteristics are depicted on the dynamic flow¬ 

chart, Fig. 4.28. 

An engine, turbine pump assembly, and pressure line enter the loading unit 

for the delivery main. As applied to the diagram (see Fig. 4.28) deviations 

of pressure p7l and velocity U71 correspond to deviations of pressure and flow 

speed at the inlet to the pump. For each engine the relationship between devi¬ 

ations of pressure and flow speed in front of the pump must be completely 

determined and may be expressed by the complex impedance of the engine. In 

the general case this relationship may be put in the form 

i>ip=ATuip, piplPif* (4.77) 

where plp and ulp are the deviation of pressure and flow speed at the inlet to 

the pump; Klulp» is the complex transmission ratio of the engine (in the 

given case the complex conductivity cf the engine). The pressure deviation 

p is determined by the dynamic properties of the delivery main. In order to 

determine the deviation, it is necessary to know the complex impedance of the 

engine. After the pressure deviation in front of the pump is determined, accord¬ 

ing to equation (4.77), it is possible to determine the flow speed deviation 

Uj at the pump Intake, and to find the pressure deviation in the combustion 

chamber uccorJina to the deviation of the rate of fuel feed into the engine. 

The examples considered give a.good presentation of the method of drawing 

dynamic tlowchaiis ot fuel lines—the line.is divided into individual typical 

elements, the dynamic properties of which are expressed by quadrapole equations, 

and then the flowchart of successively *iranged quadruples are combined. 
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elasticity 

Figure 4.26 
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10. Induced Oscillations of the Liquid In Fuel Lines 

From the active section of the trajectory the fuel in the delivery aains 

is subjected to the influence of different disturbances. Some disturbances 

are of a periodic nature and cause induced oscillations of the liquid. Among 

the most important periodic disturbances are: fluctuations in the pressure 

of liquid at the bottom of the tank, vibrations of fuel line mountings, caused 

by longitudinal oscillations of the rocket body, and fluctuations of pressure 

in the combustion chamber. Oscillations of a straight pipe along the flow of 

a liquid influence the flow due to friction on the walls. However, it is 

possible to ignore this effect due to its small size. Induced oscillations 

of a liquid, for example, in the delivery main, a diagram of which is given 

in Fig. 4.27. may arise under the influence of fluctuations in the pressure 

of the liquid on the bottom of a tank pt, fibrations of the suspension point 

of the collector«^* and oscillations of the loading unit along the flow^>p. 

Induced oscillations in the delivery main cause fluctuations in the dis¬ 

charge of fuel through the pump and fluctuations in the fuel delivery to the 

combustion chamber. In a linear system the effect resulting from induced oscil¬ 

lations is determined as the geometrical sum of the induced oscillations caused 

by different external influences. If induced oscillations of pressure in front 

of the pump from any external influence, for example, fluctuation in pressure 

Pt, is presented in the form of a vector 

■■ip ■ K*!,,ip' ptlpt' 

whefj the ioc.il pleasure fluctuations In front of the pumo in the case of long!- 

tudinal oscillation of the rocket will be determined as the sum of the vectors 
9 

p* (4.78) 

ul“r' AT'I/v a! K'lPif, <&,]. *”ÍAf. 

—the complex transmission ratios of the delivery main, characterizing 

fluctuations in the pressure of the liquid at the pump intake under the influence 
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of fluctuations in pressure at the bottom of the tank, vibrations of the suspen¬ 

sion point of the collector, and vibrations of the pump along the flow (on Fig. 

4-28 Pip • v*- 

Photographs of the vectors (amplitude-phase characteristics) of simple 

pipelines with resistances or localized elasticity on the ends are given in 

Figs. 4.9-4.13. For complex delivery mains, such as that shown in Fig. 4.27, 

it is useful to calculate the amplitude-phase characteristics on a digital 

computer using dynamic flowcharts for this purpose. The form of the amplitude- 

phase characteristic depends on the arrangement of the delivery main and the 

complex conductivity of the engine, which is expressed by the complex transmis¬ 

sion ratio P^p] F1«* 4.28 “ ^71^’ 

Fig. 4.29 shows the amplitude-phase frequency characteristics of a delivery 

main K[pj^, ptl, which express the ratios of the pressure deviation in front 

of the pump to the pressure deviation at the bottom of the tank, depending on 

the oscillation frequency. The difference in characteristics is basically 

determined by the different properties of the complex admittances of the engine 

K[ jp, Pip!* connected to the delivery main. At the frequency w ■ and 

ui p u>j the admittance of an engine is small, therefore the pressure deviation 

p^p Is great, and at the frequency ui ■ Wj the admittance of an engine is great 

and therefore the pressure deviation p^ is small (Fig. 4.29a). The amplitude- 

phase characteristic, shown in tig. 4.29b, does not have these properties. 
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The amplitude-phase characteristics K(p. * oi the same main is phovm 

in Fig. 4.30. Disturbances are caused by pump vibrations. Resonance oscilla¬ 

tions appear at the same frequencies as in the case where the pressure deviation 

p served as a disturbance. The characteristics begin from the negative real 
p 
semi-axis. Displacement of the pump along the flow > 0) where u> ■ 0 de¬ 

creases the pressure in front of the pump (p^ < 0). 

A real fuel system or a model of one is used for an experimental of the 

dynamic characteristics of a fuel main. For example, a modified fuel system 

of a Titan-2 rocket engine, fixed on a stand, is shown in Fig. 4.31 [20]. A 

pulsator consisting of a piston and sylphon, placed in a hermetic casing, is 

installed on each main in front of the pump in order to excite induced oscilla¬ 

tions. The amplitude of excitation is regulated by varying the radius of the 

tank. In order to equalize the flow in the pipe a pressure impulse, excited 
» 

by the pulsator piston, enters a torus-shaped canal. The hydrodynamic properties 

of the engine are simulated by special devices which consist of the following 

items. Between the combustion chamber head and the gas generator inlet there 

are by-pass pipes, including Venturi cavitation pipes and control valves. The 

high-pressure fuel lines are so constructed that they can simulated the resis¬ 

tance and inertia of the flow of liquid, going from the pump to the combustion 
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chamber. Moreover, the high-preasure line simulates the oxidizing track of the 

combustion chamber. The cavitation Venturi pipes with pulsators regulate the 

speed of the basic fuel flow and maintain the excess pressure, which simulates 

pressure in the combustion chamber. 

It is possible to establish different cavitation reserves of the pumps by 

changing the boost pressure in the tanks and to determine the resonance frequen* 

cies and forms of the.oscillations of liquid in the lines, corresponding to these 

cavitation reserves. It is possible to record the cavitation of liquid at the 

pump intake on motion picture film through a transparent insert. It is possible 

to obtain the values of the complex transmission ratios for different oscilla" 

tion frequencies on thii experimental set"up and to compare these data with the 

results of calculations. 
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Chapter 5 

DYNAMIC PROPERTIES OF LIQUID PROPELLANT ROCKET ENGINES 

1. A Liquid Propellant Rocket Engine aa a Component of a Closed 

Oscillatory System 

A liquid propellant rocket engine is the most complex component of the 

closed oscillatory system forming a rocket with a liquid propellant rocket 

engine. The dynamic processes in liquid propellant rocket engines have, for 

a long time, been the subject of theoretical and experimental studies, but due to 

the extreme complexity of these processes they have not been sufficiently 

studied up to the present time. 

In the oscillations which arise in a rocket, the role of the engine may 

differ. If the operation of an engine is unstable and the pressure variations 

in the combustion chamber arise independently of the longitudinal oscillations 

of the rocket body, then the engine serves as a source of induce! oscillations 

of the rocket body and its individual units. If the operation of the engine 

is stable, then the engine is a source of energy (booster) in a closed system, 

consisting of the rocket body, the fuel lines, and the engine. Induced oscilla" 

tions of the fuel supply to the combustion chamber cause pressure fluctuations 

in the chamber and fluctuations in engine thrust. The dynamic properties of 

the engine as a source of energy may be expressed by the complex transmission 

ratios 

wn«.iu p is the deviation of gas pressure ^n the combustion chamber of the 
k 

engine from a stationary value; p^ and p^ are the deviation of oxidizer 

pressure and fuel pressure in front of the pump intakes. 

Moi cover, pressure oscillations in the combustion chamber cause oscillations 

of cne Bottom pressure pfcp (pressure on the stern section of the rocket body), 

which is connected with the pressure deviation in the combustion chamber through 

tue complex tiansmjsalon ratio 
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pbp “ K[pbp* pklpk- 

For the fuel mains the engine is a loading unit and its dynamic character* 

istica influence the dynamics of the fuel main. Thé dynamic properties of the 

engine as a loading unit may also be expressed by complex transmission ratios, 

which have the value of complex admittances. For a two*component engine we will 

have i 

V0p K \^oi> t P\or\/>lop+ ^ P\i^ Ptff* 

Vyp—K Pi$P] Pifr-}~ K [Vf?* P\ùf>\ Plop* 

where v and y, are the flow speed deviation of the oxidizer and the fuel at 
op f p 

the pump intakes. The complex transmission ratios Kfy^, Plfp! “1 "I-V Plop1 

characterize the interconnection of the dynamic processes in the fuel mains, 
/ 

which are performed through the combustion chamber and the turbine pump assembly. 

An engine of the simplest type, consisting only of basic units, may operate 

stably with permissible deviations of the parameters only in a narrow range of 

operating conditions and external disturbances. Therefore, in order to main¬ 

tain operating conditions in addition to the basic units and the constant struc¬ 

tural elements, automatic regulators are introduced into liquid propellant 

rocket engines. From the point of view of the static characteristics of liquid 

propellant rocket engines, maintaining a given operating condition of an engine 

is the task of the regulators. If, for example, it is necessary to provide for 

constant pressure in the combustion chamber, then in the case of a deviation 

of the actual pressure from the desired pressure, the regulator must automat- 

ically control the fuel supply and change the amount or proportion of fuel com¬ 

ponents entering the gas generator and combustion chamber. The dynamic proper¬ 

ties of the regulator may be expressed by the following complex transmission 

ratio 

6 - K[6, PklPk* 

Here 6 is a small displacement of the controlling memuer of the regulator. 

The engine may also have a regulator for varying the operating conditions 

in correspondence with a flight plan. Such a regulator is usually called an 
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engine control regulator; the input value to the regulator may depend on the 

parameters of the rocket flight, the flight time, and so forth. 

We shall assume the operating conditions of the engine to be stable and 

analyze its dynamic characteristics in the case of small deviations of the 

operating parameters from a certain stable (stationary) condition. 

2. Component Pafts of a Dynamic Model of a Liquid Propellant Rocket Engine 

Liquid propellant rocket engines are divided into two basic groups accord¬ 

ing to the method of fuel delivery to the combustion chamber: engines with a 

turbopump feed system and engines with a displacer feed system. In the case of 

a displacer feed system the fuel components are displaced from the tanka into 

the combustion chamber under a gas prassure exceeding the pressure in the com¬ 

bustion chamber. In the case of a turbopump feed system the components of the 

fuel are delivered from the tanks to the pumps under low pressure, providing 

for pump operation without cavitation of the liquid. Increase in pressure and 

further fuel supply to the combustion chamber are provided for by turbopump 

assembly, which Includes pumps and a gas turbine used to drive the pump. 

Let us examine several models of liquid propellant rocket engines [131. 

Fig. 5.1 shows a diagram of a liquid propellant rocket engine with displacer 

feed ot the fuel component. Here 1 is a cylinder with high-pressure gas, 2 is 

a gas pressure regulauoi, 3 are shutoff valves, 4 is the oxidizer tank, 5 is 

the fuel tank, 6 are the main valves, 7 is the combustion chamber of the engine, 

G and G., are the deflection ot the oxidizer feed and the fuel feed into the 
ox tl 

■ 

combustion chamber of the engiate. 

! 

Figures 5.2-5 h show schematic diagrams of liquid propellant engines with 

turbxue pump assemtxxes operating on the combustion products of the basic com¬ 

ponents. Tne diagrams differ only in the number and purpose of the regulators. 

On Fig. 5.2: 1 is the pressure regulator in the combustion chamber, 2 is the 

xemulating unit of the regulator, 3 is a two-component gas generator, 4 is the 

nAldlcwi Lank, 5 is the fuel tank, 6 is the fuel pump, 7 is the oxidizer pump, 



8 Is the turbine of the turbine pump assembly, 9 are the main valves, 10 is the 

combustion chamber, G and G are the deflections of oxidizer feed and fuel 
°8 88 

feed into the gas generator. 

Figure 5.1 

In the diagram given in Fig. 5.3, 1-10 designate the same items as in 

Fig. 5.2. However, in this diagram, besides a pressure regulator in the com¬ 

bustion chamber, there is a regulator of the proportion of components in the 

combustion chamber 11 with a regulating unit 12. Here 13 is a fuel feed gauge 

and 14 Is an oxidizer feed gauge in'the combustion chamber. 

• 

Fig. 5.4 shows a diagram with three regulators. In addition to the items 

designated on Fig. 5.3, here 15 is a regulator of the ratio of fuel components 

for the gas generator, 16 is the regulating member of this regulator, 17 is a 

sensor of fuel feed into the gas generator, and 18 is a sensor of oxidizer feed 

into the gas generator. 

In fuel feed systems with a turbine pump assembly, the combustion process 

in gas generators operating on the basic fuel components is performed with a 
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significant excess or Insufficiency of the oxidUer, as a consequence of which 

a large part of the chemical energy of the gas, expendable for driving the 

pumps of the turbine pump assembly, is not realixed, In order to make subsequent 

use of this energy it is possible to complete the combustion of the gas in an 

afterburner chamber or directly in the combustion chamber pf the engine. Liquid 

propellant rocket engines, in which after burning of this gas is performed in 

the combustion chamber, are called closed feed system engines. 

The liquid oxidixer and tho fuel, and piso the gas coming from the turbine 

with an excess or insuificiency of, the oxidixer [13, 16], are fed into the 

combustion chamber of liquid propellant rocket engines with closed feed systems. 

It is poosinic to have an envine in which all the fuel (or all, the oxidixer) 

pusses through the turbine. In this case the liquid oxidixer (or the liquid 

fuel; and gas with an insufficiency (or excess) of the oxidixer enter the com¬ 

bustion chamber. Finally, it is also possible to have on engine where the en¬ 

tile volume of both the oxidizer and the fuel pass through the respective gas 
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generators and turbines before entering the combustion chamber. In this case 

gases of two compositions—one with an excess of fuel, and the other with an 

excess of oxidizer—are introduced into the combustion chamber and thoroughly 

burned in it. Mixing and burning a gas with a liquid fuel in a combustion 

chamber is called a heterogeneous process, and mixing and burning gas with gas 

is called an homogenous process. 

As was indicated above, the combustion process in a ga'i generator takes 

pla':e with a significant excess of one of the components of the fuel and, in 

practice, leads to high-temperature gasification of this component. The second 

component of the fuel (the additive) is only introduced in an amount necessary 

to provide for a given temperature of gasification. 

\ 

Figure 5.5 

Figure 5.5 gl'’eo a schematic diagram of a liquid propellant engine with 

a closed jeed system with a two component liquid gas generator, operating on 

the basic components. As is apparent, all the fuel is gasified in the gas 
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generator; the mixing and burning In the combustion chamber la heterogeneous. 

Three regulators are Included in the diagram. Here 1-12 and 1V-18 designate 

the same items as on Fig. 5.4; 13 Is the total fuel feed deflection 

sensor; 14 Is the total oxidizer feed (G^) deflection sensor; and 19 Is the 

generator gas supply line into the combustion chamber. 

The principal methods of regulating and controlling the engine to a signifi¬ 

cant degree depend on.the method of feeding the engine and are determined by 

the purpose of the rocket. 

An engine usually has several automatic control systems [12, 13]. Some 

parameters characterizing engine thrunt are assumed as control variables for 

liquid propellant rocket engines. Usually, the systems for automatic control 

of the pressure in the combustion chamber and control of the ratio of fuel 

components are used, whereby the latter system Is often ¡ rovided for a liquid 

propellant gas generator. This Is explained by the fact that under nominal 

combustion chamber conditions the basic thermodynamic characteristics of the 

combustion products (temperature T^, gas constant R^) vary very little. In a 

liquid propellant gas generator, operating on an excess of one of the components, 

the reverse picture is observed. Therefore, the requirements for a precise 

value of the coefficient of the compone it ratio in a liquid propellant gas gen¬ 

erator are more rigid, since an Insignificant change In this coefficient may 

cause a sharp change in the operating conditions of the turbine pump assembly 

and even to a burnout of the liquid propellant gas generator walls. 

The amount of pressure at the pump Intakes is also an Important parameter 

tor the tellable operation of liquid propellant rocket engines, therefore engines 

are provided with a system for controlling this pressure. 
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The range of a rocket basically depends on the ratio of the weight of the 

rocket at the end of the active section of flight to the launch weight. There¬ 

fore it is natural for a builder to try to decrease the amount of fuel in the 

tanks, which remains due to engine operation on an uncalculated ratio of com¬ 

ponents. In order to decrease residual fuel the rocket is provided with a 

system for controlling the levels of components in the tanks. 

One of the possible methods of automatic pressure control in the combustion 

chamber is shown in Fig. 5.6. The basic interconnection between units of a 

liquid propellant rocket engine and a liquid gas generator are shown; pressure 

control in the combustion chamber is performed by means of varying the operating 

conditions of the turbine by varying the coefficient of the component ratio in 

the liquid gas generator. In this diagram: CC is the combustion chamber, OXM 

and FLM are the oxidizer main and fuel mal^ of the combustion chamber, OCM and 

FGM are the oxidizer main and fuel mein of the gas generator, p^ is the pressure 

deviation in the combustion chamber, G ? .d G-, are the deflections of oxidizer 
ox ft 

feed and fuel feed into the combustion chamber, G and G are the deflections 
og gg 

of oxidizer feed and fuel feed into the liquid gas generator, pcr is the pres¬ 

sure deviation at the regulator outlet, p is the gas pressure deviation at 
F 

the gas generator outlet (at the turbine inlet) , and pj^ are the pressure 

deviations at the oxidizer pump outlet and at the fuel pump outlet. 

A scheme for controlling coefficients of the fuel component ratio in the 

liquid gas generator is shown in Fig. 5.7. The regulator is attached to the 

fuel main and is designed to reduce the deviation of the coefficient <, char¬ 

acterizing the ratio of components, to a minimum. Here pr(( is the pressure d 

deviation at the outlet from the component ratio regulator. 
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Figure 5.8 shows ohe of the simplified schemes for controlling the level 

of fuel components In the tank. Regulation of the proportional evacuation of 

the tanks Is performed In the following wayt the regulator determines the 

deviation of the levels of oxidizer and fuel HQ and In the tanks and, de¬ 

pending on this deviation, varies the discharge of one of the components. In 

this diagram p^ Is the pressure deviation of the level of fuel components In 

the tanks at the outlet from the regulator.. 

One of the possible engine control schemes Is given in Fig. 5.9. 

One of the possible engine control schemes is given in Fig. 5.9. This 

scheme includes a regulator of the fuel component ratio in the liquid gas 

generator (regulator k), a regulator of the fuel component level H in the tanks 

(regulator H), a control system (CS), and a regulator for maintaining the 

apparent rocket velocity (ARV). A sensor, measuring the apparent rocket velocity 

vap signals the velocity to a calculator where the deviation of the velocity from 

the programmed velocity Is calculated. A signal of misalignment is adjusted in 

the apparent rocket velocity, *rhlch changes the pressure in the combustion cham¬ 

ber (and therefore also the thrust). Fig. 5.9 shows such a system for pressure¬ 

charging the tanas using liquid propellant pressure accumulators (LPA); here 

(üJM) and (FMG> are the oxidizer and fuel mains going to the gas generators 

of the liquid propellant pressure accumulator. 

I 

It Is characteristic for a liquid propellant rocket engine to have a large 

number of dynamic components, the Interconnection of which is determined by the 

uasic design of the engine. 

The dynamic processes of the engine components are described by differen¬ 

cial or algebraic equations, connecting the Input and output coordinates of a 

, 
/ 
¥ 
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component, value* characterizing the physical processes In the engine. In 

writing equations -of perturbed motion we shall consider the deviation of coordl* 

nates and velocities to be small in comparison with their values In the case of 

a stationary power setting. This enables us to linearize the equations for the 

conponenta of a liquid propellant rocket engine. 

« 

On the basla of an examination of schematic diagrams and control schemes, 

a liquid propellant rqcket engine with a pump feed system may be divided into 

the following basic dynamic components: 

— combustion chamber of the engine, 

— gas generator, 

— fuel pump, 

— turbine, 

force mains for the combustion chamber, 

— mains for the gas generator, 

. — regulators. 

We shall now derive equations for the components of a liquid propellant 

rocket engine. 

3, Equations for the Combustion Chamber and Cas Generator 

The operatlug process of the combustion chamber of an engine includes 

atomization, mixture, and vaporization of fuel, combustion and expulsion of the 

combustion products from a nozzle. 

s 

There Is always some irregularity in the combustion process In the conbus* 

tion chamber. Variation In temperature, velocity, gas composition, and other 

pwiámeters are also possible. There is always intense turbulence In the cora- 

buatio»* chamber, which is one of the causes of the noise produced by an operat¬ 

ing englue. A combustion process with small fluctuations is called practically 

regular, and a combustion process with large fluctuations is called Irregular, 

although It Is impossible to give precise definition of these terms. 

-219- 



We shall designate as low-frequency fluctuations those, the period of which 

is Immeasurably greater than the propagation time of a pressure wave through 

the chamber. The operating in the combustion chamber is idealised in order to 

analyze low-frequency fluctuations [7]. The Idealization is performed by substi 

tuting the process of gradual conversion of fuel into combustion products (atom! 

zation, heating, vaporization, diffusion, turbulent mixing, complex and diverse 

chemical reactions) by an abrupt process, whereby a particle of fuel does not 

give off a noticeable amount of energy and does not increase in volume until a 

certain moment of time, after which it is instantaneously converted into the 

end product of the product (Fig. 5.10). The time 0Q. which in the given case 

is equal for all particles of fuel, is called the conversion time (combustion 

lag time). Since the propagation time of a pressure wave along the chamber is 

Immeasurably less than the period of the low-frequenCy oscillations, then wave 

processes in the chamber cannot be considered and it must be assumed that the 

pressure and temperature at all points of the chamber vary in time according 

to the same law. 

t 

Figure 5.lb 

The process of the accumulation of gaseous products in the combustion 

cuambui uiay be expressed by the following differential equation 

(5.1) 
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where is the volune of the chamber; is the mean volumetric density of 

refuse products in the chamber; is the deviation of secondary fuel supply 

into the chember; G la the deviation of secondary gas exhaust from the chamber. 

We ghall consider the combustion products in the chamber to be an ideal 

gas i for which it is possible to write an equation of state in the fora 

(5.2) 

where p is the pressure; R is the specific gas constant; T is the temperature. 

Ip the case of a constant ratio of fuel components in the chamber, the 

temperature and specific gas constant of gaseous combustion products will be 

constant, and therefore after linearieing equation (5.1) where RT - R£T£ • 

» const we obtain 
I dp* dl* 

di (5.3) 

Here the values R£ and T£ are determined for a constant ratio of components, 

corresponding to stable operating conditions of the engine. 

The deviation of secondary gas exhaust from the chamber with the constants 

T£ and R* can be considered to be proportional to the pressure deviation in the 

chamber T^, i.e., 

(5.4) 

Here, as before, the sign (*) denotes values corresponding to a stable 

power setting of the engine» In (5.4) it is calculated that G* - C*. 

The ueviation of secondary fuel supply into the chamber is composed of 

the deviations of oxidizer feed G and fuel feed 

G, - G + Gf. 
k ox ft 

(5.5) 

-221- 



Replacing the value Y^t G^, and in equation (5#!) by their expressions 

from (5.3)-(5.5), we obtain 

(5.6) 

where 

(5.7) 

. Here is the time constant (relaxation time) of the combustion chamber; kQx 

and k are the amplification coefficients of the combustion chamber for the 

discharge of oxygen and fuel. 

Knowing the deviations of oxidlzér feed and fuel feed into the chamber, 

it is possible to determine the pressure deviation in the chamber from equation 

(5.6). Equation (5.6) is obtained with the assumption that the values R£ and 

T* are constant. Under this assumption the combustion chamber will possess the 

aame dynamic properties as in the case of a one*component fuel. Pressure varia* 

tion in such a chamber may be expressed by the total deviation of the fuel feed 

into the chamber. 

We shall express the dynamic characteristics of the combustion chamber by 

complex transmission ratios. Since the deviation in the supply of fuel compo¬ 

nents into the chamber are assumed to be derived according to harmonic law with 

the frequency* u>, then, considering the conversion time 8q, we shall have (17) 

C0, U - V=0.. (1) = O0,eta 
(j £<<»*{<“•••). 
jkV 0 fi 

(5.8) 

Assuming, moreover, that 

from equation (5.6) we obtain 

-222- 



where 

/>. = *[/>«. G0,lOu,-\-K[p„ Cr]Gr, (5.9) 

X-[A. GJ=K[P*. Gfl = 

Deviation of the coefficient V of the ratio of components leads to a chaige 

in the gas temperature in the chamber, which, in turn, influences the pressure 

in the chamber and the secondary discharge of gas from the chamber. We shall 

write a differential equation in order to determine the pressure deviation in 

the combustion chamber with regard to the deviation of the coefficient of the 

ratio of components entering the chamber. 

l+W,. ■ <5-l0) 

The discharge of gas from the combustion chambeb is determined according 

to formula 

where 

(5,11) 

(5.12) 

k is a polytropic exponent; g is the acceleration of the force of gravity; % 

is the critical cross-sectional area of the nozzle; p is the pressure in the 

chamber; R, T are the specific gas constant and the temperature of the combus* 

tion products in the chamber. 

Below we shall consider the value k to be a constant, i.e., k •• const 

(A^ - const). Then formula '(5.11) may be put in the form 

C_PF^ (5.13) 

where ß is a specific precaure pulse in the chamber. On the basis of (5.11) 

and (5.13) 

b= —ÿtfr. 
^ A» (5.14) 
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The value fi depends on the coefficient of the ratio of fuel components and 

gas pressure In the combustion chamber» This relationship may be expressed as 

psa>4aap5, Í5.15) 

where A, a, b are certain constant coefficients of the chamber under considera* 

tlon; a is a coefficient• depending on the ratio of fuel componente »nd equal 

to the ratio of the actual coefficient of the ratio of component xac(. to the 

theoretical 

Then 

(3.16) 

Within the limits of the variation p ■ 20-200 gauge atmospheres and 

a p 0.6-0.912, the coefficients A, a, and b for certain fuel components have 

the following values: 

for liquid oxygen (02> and kerosene 

A - 16.>.55; a - -0.1322; b - 0.0128; 

for liquid oxygen and liquid hydrogen (H^) 

A - 210.25; a - -0.2392; b - 0.0107. 

Considering the relationship (5.15), the gas discharge, from the combustion 

chamber is 

ü = G(p, <1)== —u-T . (5.17) 

We shall wiite the deviation of the gas discharge from the chamber 

in the form 

roo\' , Idn\\t 
Mât) (5.18) 

where is the deviation of the coefficient a 

the basis of equation (5.16) we find 

'S’l 
'ox 

»« 

from its stable value On 

(5.19) 

-224- 



« 

The vqluea of the partial derivatives toe the stable process may be cal¬ 

culated with regard to the relationship (3.17). We shall then have 

(5.20) 

(5.21) 

(f)'->-*)(““ V>‘ 

(Í2.y=^í.(_a)(pi''«í"+*,)‘. 
\ dd J A 

With regard to equation (5.19/, relationship (5.18) may be put in the form 

* a *,au;.(o's°p:) (5.22) 

... —G-ii—%). 
.,.4^ w+*/>ir r 

We find the time derivative from the volumetric density dYk/dt from equa¬ 

tion (5.2). Replacing the value RT in this equation by its value from equation 

(5.14) and bearing equation (5.15) in mind, we obtain 

lj~yAU7uu?'- (5.23 

Hence we find 
-ic.. _ v'^r • 
dt a\a* ‘ A,A 

Replacing the deviation of the coefficient ok here by Ita expteaalon fron 

(5.19), we obtain 

^ 1 - O'_i£«. _ 

topi ' _ ±-G„[t -W+ 
y,AuAU,ou ('’i f 

-_!L CJi-%)- (5*24) 

"i-,2 ,„/'•• / „2V+2/,V ltt 

We now return to equation (5.1). We replace the values Ge and dy^dt in 

it by their expressions from (5.22) and (5.24). We obtain 
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(5.25) 
». -- h P. - (< - °o)+l'r eo) H- 

I* *o» ~¡- ('o« (i - °o)+^ r/o^ 

The coefficients of this equation with renard to the fact that 

-o;f 

■re determined In the following way: 

(I - 1i)V.P. 

(I-b) Air'-O', 

Pn 

T+’ o-»)«; ' «,o-»)«.*, 
# op*0 oe 

(1 — 4)0* *,(1-4)0 
,•» 

. k 

•• 

OR ' 

hr*— 

mi 

w^p'a,. 

.,(1-4)41%¾ 
Bearing in mind that 

__ V» aI 

(5.26) 

we may write formula (5.7) for the time constant of the combustion chamber in 

the form 

v\/>: . 

• (5.27) 
A - « « 

“ .la'Vî* 

Since the coefficient b is small, the value of the time constant in 

equation (5.6) and in (5.7) ia practically the same. Variation in the coeffi¬ 

cient of the ratio fuel component has some influence on the value of the coeffi¬ 

cients k and kr1 and leads to a change in the structure of the differential 
jx f 7 

equatior. In comparison with (5.6) in the right member of equation (5.25) then. 

-226 



are additional terms promotional to the time derivative from the deviations 

of fuel component feed into the combustion chamber. 

The differential equation (5.25) for determining the presage deviation 

in the combustion chamber with regard to the variation in the coefficient of 

the fuel component ratio k has constant coefficients, depending on the volume 

of the chamber and the parameters'of-the stable operating process. Equation 

(5.25) is more precise than equation (5.6). However, if the ratio of fuel 

components in the stable operating condition is optimal, then calculation of 

the influence of small deviations of the coefficient k cannot make noticeable 

Improvements in accuracy. In such cases the dyanmic properties of the corabus" 

tion chamber with low oscillation frequencies can be determined by the simpler 

equation (5.6). 

Assuming the deviation in the supply of fuel components to the combustion 

chamber to be derived according to harmonic law with the frequency u and assum* 

ing, moreover, the pressure deviation in the chamber to be also harmonic, from 

equation (5.25) we obtain 

/^=3^ [Ac. GoJGoK-rA’lA,, (5,28) 

where 

• ' 

(5.29) 

Knowing the deviations of oxidizer supply and fuel supply Gfj into 

the qhauiUr, ana the oscillation frequency u, from equation (5.28) it is possi¬ 

ble to di I * t nine the pressure deviation in the combustion chamber. 

A gas generator does not usually operate with an optimal ratio of fuel 

components. In the first place this pertains to gas generators of liquid pro¬ 

pellant rocket engines with closed feed, in which complete gasification of one 

of the components takes place. Even a small deviation in the supply of one of 

the components into the gas generator, in particular the supply of the additive, 
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causes a significant change in the temperature of the products of gasification. 

Therefore, in analysing the dynamic properties of a gas generator one cannot be 

limite4 to equation (5.6). 
ï 

A specific pressure impulse in a gas generator (5.14) can also be appro*!' 

mated by relationship (5.15), but the values of the coefficients a and b for 

a gas generator »ust be determined with regard to the pressure and coefficient 

K of the ratio of fuel components for a gas generator In stable operation. Con 

sidering, as before, the polytropic exponent to be constant, we conclude that 

the differential equation for determining the pressure deviation in the gas 

.generator p will have the same structure as equation (5-25), Therefore, 
g 

gas generator. 

The complex transmission ratios of equation (5.30) can be determined by 

the values of the parameters of the stable process in a gas generator according 

to formulas analogous to (5.29) and (5.26). We obtain 

(5.31) 

Here 

(5,32) 

w “-V'l *t .,(1-yo" ’ 
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• I 

fr 05 

•a 

t 

In formulas (5.31) and (5.3?) the Index 'g' designates the coefficient 

for the gas generator. 

A schematic diagram of an engine combustion chamber Is shown In Fig. 5.11. 

A schematic diagram for a gas generator will be the same, but replacement of 

the Index 'k* by the Index 'g*. 

With the exception oí starting and stopping regimes, engine thrust at a 

given altitude of flight is proportional to the pressure In the combustion 

chamber (13], therefore deviation of the thrust force P will be proportional 

to the pressure deviation in the combustion chamber p^, i.e., 

(5.33) 

where is the coefficient of proportionality between the engine thrust and 

pressure in the combustion chamber. 

With a change In the pressure in the pressure in the combustion chamber 

th'jre will be a change in the pressure on the nozzle section and, consequently, 

the base pressure. The axial force acting on the rocket body changes due to 

th«. change in base pressure. .Not touching upon the essence of this complex 

pienomenon, we assume that the deviation In axial force, caused by the devla* 

Lion in bas pressure, may be expressed using the complex transmission ratio 

(5.34) 

The force P is transmitted to the rocket body through the engine frame, 

the force r. . through the stern section. 
Dt 
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Mp», g,»] 

Figure 5.11 

Zn engines with ft closed feed system the expulsion of gas from the turbine 

through exhaust pipes creates a supplementary thrust. We shall consider the 

deviation in supplementary thrust of the exhaust pipes P to be proportional 
sup 

to the deviation in gas pressure at the turbine outlet l*e*» 

(5.35) 
PS„p ' 'tTTP2T‘ 

where the proportionality coefficient between the supplementary thrust and gas 

pressure deviation at the turbine outlet 

(5-,36) “ti ■ PV1t< 

and pi- are the supplementary thrust and gas pressure leaving the turbine 
sup 

in stable operaticng condition. 

A. Equations for the Turbine Pump Assembly 

In order to derive equations it is useful to divide the turbine pump 

assembly into the following components: the flowthrough section of the turbine, 

the rotor, and the flowthrough sections of the pumps. 

Let us consider a turbine pump assembly consisting of one turbine, a fuel 

pump an'' an oxidizer pump (see Figs. 5.2-5.5). The pressure at the pump outlet 

is determined according to the force characteristic of the centrifugal pump 

depending on the number of blade rotations, and the discharge of liquid passing 

through the pump in the case of a given pressure at the pump Intake. In stable 
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operating conditions the force characteristic of the pump may be expressed by 

the following equation [12]t 

/V = V"- V'.’"“• (5.36) 
% 

Pjp* Pjp *re th* pressure at the pump outlet and at the punp Inlet) n* 

is the pumiber of blade rotations per minute) G*. la the discharge of the liquid 

through the pump; a^, b^, and c^ are the coefficients of the equation of the 

pump characteristics. 

The equation for the force characteristic of the pump In deviation can 

be obtained on the basis of equation (5>36) with the addition of dynamic terms 

conditioned by the relative acceleration of liquid dv/dt In the entire volume 

of the pump and the acceleration of liquid transportation (du/dt)coa 8 In the 

volume of a blade, where w Is the relative velocity, u Is the peripheral (trans* 

portatlon) velocity and 8 Is the angle between the directions of the relative 

and transportation velocities. We obtain 

Pi? == /^ip n — [¿yt*-f 2c^CJ^)-f T, ~—rQ~M- (5i37) 

where n Is the deviation of the angular velocity of the shaft of the turbine 

pump assembly; Is the deviation of the liquid discharge through the pump; 

Tn and TG are co*fflcient8 characterixing the time constants of the flowthrough 

section of the pump. The last two terms In the right member of equation (5.37) 

express the pressure deviation at the pump outlet due to the transportation and 

relative accelerations of the liquid. The coefficients T_ and T can be deter- 
G n 

mined according to the following formulas 
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Here ■ is a path along the flow; F^s) is the cross-sectional area of the flow; 

r(s) is the distance from the axis of rotation to an arbitrary point of the 

axis of the blade canal; (Sj, s^) is a path along the flow from the beginning 

of the intake to the end of the outlet pipe; (82» s^) is a path along the flow 

along the blade canal. 

Aa a consequence of a change in the discharge of liquid through a pump 
there is a change in the torque, transmitted by the pump shaft, which for stable 

conditions may be written as [12] : 

(5.38) 

where n* s the pump efficiency and la the specific gravity of the liquid, 
p P 

Deviation in the pump efficiency may be expressed through the deviation 

(5.39) 

On the basis of formula (5.38) with consideration of expressions (5.37) 

and (5‘.39) we find the deviation of the torque transmitted by the pump shaft* 

where 

(5.40) 

(5.41) 
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For an Incompressible liquid and rigid fuel lines the deviation in liquid 

consumption through the pump is equal to the total of the deviation in the 

consumption of a component of the fuel, entering the combustion chamber and 

gas generator, l.e,, 

(5.42) 

Let us determine the deviation in the torque of the turbine. We assume 

that there are too losses in the gas line between the gas generator and the 

turbine. The turbine torque is a function of the fuel consumption through the 

turbine, the angular velocity of shaft rotation, the efficiency of the gas (9T), 

and the ratio of gas pressures behind the turbine and in the gaa generator. For 

stable operating conditions this function may be written In the form [12] 

(5.43) 

M'jWj-aa'1- — r 

where 

(5.44) 

V*2j is the gas pressure behind the turbine; 6* Is a specific pressure Impulse 

in the gas generator; G* is the gas consumption through the turbine; a|(v^i 

a«(v*), aA)*) are the coefficients depending on the value v* and the polytropic 
d 8 ^ K ® 
component which we shell assume to be constant; the coefficient a2 ■ const. 

We find the torque deviation 

Here G_ is the deviation of gas consumption through the turbine; 6 and v are 
X 5 o 

the deviations from the stable values 0* and v*. 
g 8 

The values of the partial derivatives are found starting from the struc¬ 

ture of equation (3.43)»: 
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(5.46) . 

We shall express the deviations of v and 0 by p»- and p —the deviations 
B 8 * • 8 

of gas pressure behind the turbine and In the gas generator, and by a —the 
8 

deviation of the coefficient o, characterizing the ratio of fuel components 

In the gas generator. Expressing the specific pressure Impulse in the gas 

generator in the form (5.15), 

P,= Aajpf 
we obtain 

1 vr 
vj— — /¾.—r Pv 

'3 '3 
15.47) 

The deviation of gas discharge through the turbine CT and the deviation 

of the coefficient a may be determined from relationships analogous to (5.18) 

and (5.19). 
r ídfí\* . /dn\* G* 

0'=y v»+(-sr) V ar7^c^-zkGv ». 46) 
9 

Finally, the turbine torque is 

.WT = £l0rGu^(/ ^Oy)"T p^Pjr’T nP* (5.49) 
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, where 

If the expulsion of gas from the turbine takes place through exhaust 

pipes, then the turbine usually operates on a super-critical pressure drop. 

In these conditions the ratio of pressure behind the turbine and in the gas 
» 

generator is equal to the constant volue v*. This sane value is equal also to 

the ratio pf pressure deviations 

P2T/pg " g " con8t* 

Therefore lu the case of s super-critical pressure drop the value p2^ ■ 

* v*p , and equation (5.49) may be written in the form 
o e 

. Wt =» Æ,orG W) (/ — V ) -i- ”f* (5.49a) 

p„r)pr-\-k,,/1, . 
I 

When gas from the turbine enters the combustion chamber of the engine, 

the turbine operates on a sub~crltical pressure drop and the pressure deviation 

behind the turbine in this case will be the input coordinate for the turbine 

pump assc-OiOly. 
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The deviation of the angular velocity of the turbine pump assembly shaft _ 

la determined from the differential equation 

n j dn 
30 dt 

(5.51) 

Herd X la the Inertial moment of the turbine pump assembly shaft; Mop and 

M. ere the deviations of the torques transmitted by the oxldiaer pump and 
fp 

fuel pump ahafta. These deviationa are determined from equation (5.AO). For 

example, for an oxidizer pump, with regard to equation (3.*2), we shall have. 

Me?- o (0,, + Goj) ~ 0 *57 *P/> ^ (5.52) 

The eoeftldenta of this equation are determined according to the formula (5«A1) 

where It la peceasary to add the lettér ‘o*, baaidea n in the indexes to all 
t 

the values. Fof * fuel pump, It la necessary to add thf letter ‘g* In the 

Indexes Ip (3.40) and (3.41), and In equation (3.52) to replace the letter ‘o' 

with the letter 'g*. 

We now replace tue velues **0p* •dd ^fp equation t3.5l) by their 

expressions from (5,49) and (5.52), In this ‘-¿ea we consider that the devia- 

tion of oxidizer consumption and fuel consumption through the pumps G and 

at the moment of time t corresponds to thr deviation in o/i<lizar feed and 

fuel feed into the ga:i generator at the moment of time an<* ^”TfgM^ ’ 

where T w and T, u ere the relaxation times of the oxidizer main and the fuel 
ogM fgM 

main Kl'lnR to the gas generator, The differential equation for the deviation 

in angular velocity n of the turbine pump assemuly shaft is now written in the 

form 

- *cf 0 (G0, + Gor)— (Gj, + Gjj) \-hpQ~ (G0,-f G0j) + 

+ o - JT + *T prPrm^ kl prtPr* ] • (5.53) 

where the Lime constant of the turblnu Is: 
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(5.54) 

ß = ,,-j-— At Ä. 

Equatiuns (5.37) for che oxidizer pump and the fuel pump and equation 

(5.53) determine the dynamic properties of the turbine pump assembly. For 

harmonic oscillations, the solution of these equations is given by the complex 

transmission ratios'. 

An equation for determining the pressure deviation at the oxldlsec pump 

outlet has the fo m 

where 

P\of\Picf+K[p:of, njn+ 

+ K lP*„. G..1 G..+ K \P^, (5.55) 

K[p^, /i)=2av»*-ftopC^+far.;( (5.56) 

An equation for determining the pressure deviation at the outlet of the fuel 

pump may be obtained from (5.^5) and (5.56) with the eubstitution of the 

index ‘o* by the index ‘g’. 

We write the formula for determining the deviation of the angular velocity 

n of the turbine pump assembly shaft (the equation for the turbine) in the form 

.«-A I*. <+,!«,.,+*[*. G^Gjj (.Alt, 0,.)0,.+ 

[rt, Gjjj-f-/C [^, Pti\Ptt' (5,57) 

K\n%G^ 
Here 

Ätoj« n + n - 
5(1 + ^7-,) 

r-.+r ) 
AtW< '' "3B' ~ *„0 ^^iejO 

Kin, 00.)='"*T°~Vq 
1 MKJ fl (1+/0)7,) * 

(5.58) 
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K[n, G J. iu'kHrO-*„ra 

fl(f + /»rr) 

K In, pr]=—-l—' 
IHÏ+i'oT,)' 

Kln, p2)=-!±!2i-. 
1 21 fl(i+/.«rf) 

A structural diagram of a turbine pump assembly Is given in Fig. 5.12. 

The output coordinates are the pressure deviation at the outlet from the 

oxidizer pump P20p and the fuel pump P^fp* the input coordinates are the 

pressure deviation in front of the pump P^0p and P^£p* the consumption devla~ 

tion through the oxidizer pump and the fuel pump C and G,, and G and G , 
o* f 7 og gg1 

•the pressure deviations in the gas generator p and behind the turbine p«-. 
8 2T 

As was shown, the pressure deviation in front of the pump P^0p and ^ifp 

are aetermined from the analysis of the dynamics of the delivery mains, and 

the pleasure deviation in the gas generator p , from the analysis of crv. 
8 

uynamics of the gaa generator. Deviation in discharge. through the pum,' depends 

ou the dynamics of the force mains of the combustion chamber and the gas genera* 

tor. 
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5. Equations for the Force Mains and Reftulatora 

The force mains between the pump and the combustion chamber of an engine 

(the cooling duct of the engine also enters the force main of one of the com¬ 

ponents), and also the force main going to the gas generator, are short and 

rigid. Therefore, In first approximation we shall Ignore the compressibility 

of the liquid and .the elasticity of the walls of the pipeline, and the flow 

parameters are lumped. In order to derive an equation for the motion of liquid 

along the mains, we shall make use of an energy balance equation which may be 

put in the following form for a main of constant cross-section F: 

where p, v are the pressure and velocity of the liquid at the Inlet to the 
• jnain; p^ and are the pressure and velocity of the liquid at the outlet from 

the main; Is the area of the nozzle; d, l are the diameter and length of 
the main; C is the liquid consumption; Is the resistance coefficient of the 

main; y is the specific gravity of the liquid. 

The Kit member of equation (5.59) shows the variation In pressure energy, 

end the right member shows the variation In kinetic energy, energy expendable 

for accelerating the mass of liquid In the main, and energy expendable fur 

overcoming the flow motion resistance. 

In ordfei to simplify equation 15.59) we use the cuntlnqlty equation: 

yFv » ~ 0. (5.6Ü) 

Substituting the liquid consumption according to (5.60) into equation 

(5.59,), instead of the values of v and t^, we obtain 

P-Pl 



We derive a linearitation of this equation and write a differential equal 

tion for the liquid consumption G in deviations in the form 

7*+ 6=5 A)* 
at 

(5.61) 

vhera the time constant and the amplification factor of the main are 

equal to : 

T =— ‘ 
" 4* 

._ 

'Ml 

(5.62) 

26 11 +e 

Equation (5.61) la identical for all mains, and only the values of the 

coefficients of the equation differ. For eaample, for the combustion chamber 

oxlàlser main: 

Tu ,Ä+G.,« 
dt 

(5.63) 

In this caae it ip necessary to substitute the respective parameters of the 

combustion chamber oxidizer main into the formulas (5.62). Then we obtain 

Um K 
V T MOK ' 

OH gF> 

2gToK^ 

•’MOHI 

(fo* 
(5.64) 

lmoh 

"fell 

For the gas generator oxidizer main (assuming a gas generator operating on the 

(5.65) 

the basic compunenta of the fuel)^ 

where 

"'S gfoy ^ 

CMOj- 

2f4, + i“°sfe) -(^)1 
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The relationship between the deviation of oxidizer feed Into the combus* 

tion chamber G and the pressure deviations p_ and p. In the case of harmonic 
ox r 2op rk 

oscillations, on the basis of (5.63) is put in the form 

Go.= Kl0„.. 0*67) 

where 

K\G OK«- Pjepl 

/CIG.«. /».1= 

1 + inTfton 

1 mm • 

1 -r ('•'T’kok 

(5.68) 

For the gas generator oxidizer m^ln we obtain 

Gor=KlGoq. ^epl^ep + ^l^oj. Pj] Pj* (5.69) 

where 

K [G03t P^]— j + iutTm^ « 

K lG,5’ i +/o,r„oj * 

(5.70) 

Let us now examine flowcharts for several liquid propellant rocket engine 

regulators [12, 13]. The basic regulators of a liquid propellant rocket engine 

are the pressure regulator in the combustion chamber and the fuel component 

ratio regulator. 

Figure 5.13 
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One of the possible designs for a pressure regulator in a combustion 

chamber.with a hydraulic static servomotor is shown in Fig. 5.13. A liquid 

under the pressure pc is supplied to feed the servomotor. Here 1 is the adjust* 

ment screw of the regulator, 2 is the sensing element spring, 3 is the sensing 

element membrane, 4 is the gas supply chamber from the combustion chamber, 5 is 

the control element of the servomotor, 6 is the servomotor piston, 7 is the 

servomotor springK and 8 is the regulator control element. 

As is apparent, an increase in pressure in the combustion chamber displaces 

the servomotor control element, which causes an Increase in the croGS*sectional 

area of the discharge opening, the pressure above the servomotor piston decreases 

and the consumption of one of the fuel components (in the diagram, the fuel) 

decreases. If such a regulator is present on the liquid gas generator line, 

then the turbine power decreases, the consumption of fuel components through 

the pump will decrease, and the pressure in the combustion chamber will drop. 

' Displacement of the servomotor control element depends on the pressure in 

the combustion chamber, the signal of regulator adjustment h, and pressure pc. 

We shall consider the regulator adjustment to be unchanged, and the force 

from the pressure p on the servomotor control element to be independent of 

a small displacement of the control element. Then a small displacement y of 

the control element from the stable position will depend only on the pressure 

deviation in the combustion chamber p. . Ignoring Inertial forces, we obtain 

p d -k p. , (5.71) 
r yrk 

where k is ihs amplification factor of the servomotor control element, accord- 
y • 

lug to the gaa pressure. 
r 

A aïall change in the pressure above the servomotor piston Is proportional 

to a small displacement of the control element. Ignoring the change in pres¬ 

sure on the uoutrol element, we obtain an equation for determining small dis* 

placqmenis 6 of this element, whereby we must assume a positive displacement 

6 so that the deviation of the controlled value (in the given case in the 

case of dis charge from the regulator will be negative. We will then have 
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in — tm h 
dfl 

<rt 

dt 
(5.72). 

wh«re m >is the mass of the piston and the control element; h5 is the resistance 

coefficient; c is the stiffness factor of the spring; is the proportionality 

factor between the displacement of the control element and the deviation of 

the presáure force of the liquid on the piston. 

\ ' • 

With regard to relationship (5.71), we write equation (5.72) for determin¬ 

ing small displacements £ in the form 
y ... , 

where 

7-f 7ij& -f- I — 

In the case of haimonic oscillations with the frequency u small displacements 

6 can be determined by the complex transmission ratio 

where 

ó - K[t, pi\p Ht (5.73) 

K l?'’ /’«I “ i - T;..^ i-Tif, 

Usually It is u very small value and at low frequencies it is possible to 

22{j 
assume ^ 0. 

Deviation in the fuel supply to the gas generator C is proportional to 
• c? o 

a small displacement of the control element 

« 

G„ (V>°)- <5'74) 
In Fig. 56 the output coordinate for the pressure regulator in the com¬ 

bustion chamber is the pressure deviation p . In this case 
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or 

p^z=z — A [ppt P2a^P:»l¡* 

Pp~ X [Py, PK] Pu^rKlPç, Atgl/'îBy 

where 

K[p,, />.]=-*■>* I8- /’«l- 

Figure 5.14 shows a possible design for á fuel component ratio regulator 

(tc) [13]. The regulator consista of a membrane sensory element and a static 

hydraulic servomotor. Here 1 is the membrane of the sensory element, 2 is the 

sensory element spring, 3 is the fuel supply chamber, 4 is the control element 

of the hydraulic servomotor, 5 is the servomotor piston, 6 is the servomotor 

spring, 7 is the control element, and 8 is the oxidizer supply chamber. 

Regulator k is attached to one of the fuel mains (in the given case, on * 

the combustant main), going into the combustion chamber or the gas generator. 

On Fig. 5.7 regulator < is shown to be included in the gas generator fuel main. 

The fuel and oxidizer pressures at the pump outlet are used as values, charac¬ 

terizing the consumption of fuel components. These pressures are equalized on 

the membrane. In the case of a deviation in the component ratio from the given 

ratio the membrane -a deflected, which activates the hydraulic servomotor, and 
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che control elcinor.t chang«-? thç fuel conau^ptlon In orJer to restore the given 

ratio of fuel components. 

» ' 
In order to derive an equation for small deflections 5 of the control 

element, we use the same symbols as for equations (5.^1)-(5.74). Small deflec* 

tiona y <jf the control element may be expressed by the relationship 

' y " 'ky<p2f p ' ^op’- 

We write tne equation for determining small deflections 6 of the control 

element in the form 

where 

& == K [^, Pi*) 

K P» Pî^ — K l8* ^ep] ~ \ - + 

(5.75) 

(5.76) 

In Fig. 5.7 the output value of regulator < is the pressure deviation 

p . On the basis of (5.72) and (5.75) we obtain 
P« 

/7p» — ^pl®i 

/¾¾] ^ [8t Pî*y[Plf 

In the sc líeme shown in Fig. 5.8, the regulator for the system controlling 

the level H of components in the tanks is included in the oxidizer force main 

of the combustion chamber. The output coordinate of the regulator is the 

pressure deviation P^j. which may be determined from the formulas 

Pp„= —KV-k+^T/V«. 
í = A:[S, «oi H,+K [K H^Hg, 

where H- and H are the deviations of the oxidizer and fuel levels in the 
0 K 

tanks. 
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6. Dynamic Sri i eme of liquid Propfllant Rocket Englnea 

The dyânmic properties of the basic units of all liquid propellant rocket 

engines are expressei by identical llnearired differential equations, the 

coefficients of which depend on the sises of the unit and the parameters of 

stable operating conditions. The structure of the dynamic scheme of an engine 

depends on the method of feëdlng fuel components into the combustion chamber 

and on the engine control system.. Let us now look at a dynamic scheme for a 

liquid propellant rocket engine with a turbine pump feed of fuel components. 

We shall consider an engine, a schematic diagram of which is shown in 

tig. 5.2. The gas generator operates on the basic components, and a regulator 

of the coefficients of the fuel component ratio is located on the fuel line 

of the gas generator) the control scheme is shown in Fig. 5.7'. We cite the 

linearised differential equations for the individual units of the engine, 

obtained-in the preceedlng sections. 

The equation for the combustion chamber 

K + Pk=*..0« (< - %)+»j.Cj. (< - »o)- • 

The equations for the oxidizer and fuel mains of the combustion chamber 

(iO, OK 
MOK 

dt ^MOK {.Plop Pk)» 

T'yWa,-a). 

The equation for the gas generator. 

»/-jf f p3=^(t- 9o)+(<-e„)+ 
-I 

+£ o., (< - »«i+*" ■£- o*(/ ~ 
The equation^ for the oxidizer und fuel main of the gas generator 

/.Or —/>r). 

r-^+crS(^' 
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The equation for the regulator of the coefficient ic of the ratio of fuel 

components of the gas generator 

The equations tor the oxidizer and fuel pumps 

Pimy — P\& ■ i ^G*p) n-^-T—— 

Aacj— ~h ^ ~ T*«)— ~ 

- (*5«* + 2f^C^) (Gj. 4- Gs) - rej (Gj -f Gj,). 

The equation for the turbine (turbine pump assembly rotor) * 

^Opoi^OK I 

Figure 5.15 gives a structural diagram of the engine under consideration, 

a structural diagram of the turbine pump assembly is shown in Fig. 5.12. We 

assume that the turbine operates on a super-critical pressure drop, therefore 

the complex transmission ratio K[n, p^] - 0. The following are indicted in 

Fig. 5 15: 1- combustion chamber, 2,3- oxidizer and fuel mains of the combus¬ 

tion chamber, 4- gas generator, 5,61 oxidizer and fuel mains of the gas genera- 

*or» 7- regulator of the coefficient k of the fuel component ratio of the gas 

generator. » 

A large number of dynamic units. Interconnected with numerous cross circuits, 

is characteristic for liquid propellant rocket engines. This may be seen in 

Fig. 5.15. The atructure of the complex transmission ratios in Fig. 5.15 and 

Fig. 5.12 show the output and input coordinates for each dynamic unit of the 

engine. 
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Chamber depends on the Input coordinates—the pressure deviation at the outlet 

from the pumps pio , P2f7, and pressure deviations in the combustion chamber 

pk. Deviation of the supply of oxidizer GQg and fuel Ggg into the gas generator 

depends ou tne pressure deviation at the outlet from the oxidizer pump p2op, 

pleasure deviation at th. outlet from the regulator Pptç, and p.assure deviation 

in the gas generator p . Pressure deviation at the oxidizer pump outlet p2op 

depvuuu on the cotai deviation of oxidizer supply (Gox + GQg), pressure devia¬ 

tion at the fuel pump o, cl*c P2fl depends on the total deviatioti in fuel supply 

(G + G ), anu the deviation of the rotational velocity n of the turbine pump 

assembly^shaft depends on these same deviations in the supply of fuel components 
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Th« input coordinates for,the engine are P^0p and —the pressure devi¬ 

ations at the inlet to the oxidizer and fuel pumps. The pressure deviation in 

the combustion chamber p^ Is the output coordinate of the engine as an energy 

source. 

The^ngJne is, moreover, the loading unit for the delivery fuel main. 
The output coordinates of the engine as a loading unit will be v and t>.., 

s ' • op ft 
the velocity deviations of the fuel component at the inlet to the oxidizer and 

fuel pumps. These deviations are proportional to the deviations in oxidizer 

supply (G + C ) and fuel supply (Gr, ♦ G ). The velocity deviation V 
ox eg rr ' ft gg ' op 

is conditioned not only by the pressure deviation P^op» hut it is also condi¬ 

tioned by the pressure deviation Pj^j through the combustion chamber and gas 

generator. The velocity deviation depends on the pressure deviation P^fj 

and p 
lop * 

The Interconnection of the engine with the oxidizer and fuel delivery 

mains is shown in Fig. 5.16. 

The liquid propellant rocket engine, a schematic of which’is given in 
» • 

Fig. 5.5, has a closed feed system of fuel components. The entire fuel input 

is gasified in the gas generator and passes through the turbine (G „ - G - 
B*- 88 

* Gf, » C^). The engine has three regulators: the pressuré regulator on the 

fuel line, going into the gas generator, and the fuel component ratio regulator 

on the oxidizer line, going into the gas generator, and the fuel component 

ratio regulator on the oxidizer line, going into the combustion chamber. Fig. 

5.17 gives a structural diagram of an engine (for a structural diagram of a 

turbine pump assembly see Fig. 5.12). 

f Oxidi zer 

main 

lop 

_2E_ 

1 — 
livery 

1 rifp 
LPRE 

L 
main 

’fp 

Figure 5.16 
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un Fig. 5.17: 1* combus. i.on chamoer, 2,3" oxidizer and fuel mains of 

the combustion ehamU r, 4- gas generator, 5,6- oxidizer and fuel mains of the 

gas generator, 7-,8- fuel component ratio regulators of the gas generator and 

combustion chamber, 9- pressure regulator in the combustion chamber. The out¬ 

put coordinates of the engine as a loading unit for the delivery mains 7’ and 

Vu are not'shown in Fig. 5.17. 

s 

Figure i.17 

Linearized difi«¿rential equations of individual units of the engine are 

structurally little different from equations for the corresponding units shown 

in Fig. 5.15. The basic difference is in the values of the coefficients and 

the input coordinates. The equations for the diagram in Fig. 5.17 may be put 

in the following form. 
250 



Equation fur the combustion chamber 
** * 

+a, = k',fi o* ~ eo) + i* fto)- 
if/ 

Equation for the oxidizer main of the combustion chamber 

Tmot + G OK = ^MOW ( ^r«K 

• ^ 

We shall consider ^hat the gas pressure deviation in the main between the 

turbine and the combustion chamber is equal to the gas pressure deviation 

after the turbine, l.e., P2j* Assuming the efficiency of the gas (RT)* to be 

constant, we obtain an equation for the accumulation of gas in this main 

dP2r 

(w: at 
=G,-G nt» 

where G and G,, are the weight deviation of gas going into the main and from 
g f ï . 

the main into the combustion chamber. 

The deviation of the gas injection pressure drop is 

P21 Pk’ ^4» 
're 
Y GrK* 

The equation for the gas generator is 

dPr 

lit 

+S^S'-0“)+^^Gí(<_6o)- 
The ¿quations for the oxidizer and fuel mains of the gaa generator: 

Or -~r~ ~~ ®o) *f %) "f" , 

Tkoj ’ TG«»r ■" ^M0^(/Vr Pr)* 

T,,^-~-rG,= li.^P,p, P.)- 

Tne equations for the oxidizer and fuel pumps: 

Pino — P\ta ~\~(2a6i>n* bBpGop)n T 0 ¿7““ 
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<1n 

-A.r-Hía.X-»-0’) n+J" Tr P’Hr'"" nr 

dOf 

-{*>.<<>'-To’ 

lhe equation for the turbine (turbine pump assembly rotor): 

V 

T, ^+n= y [¢,0,0.5(^-6--7-.03) + V,('-60-^)- 

- 0 (0.. T o«,) - *¿50°,+*«p 0—(0.,+c.y+ 

+fri, 0++*v,a P«’ 

Xn the combustion chamber fuel component ratio regulator the pressure 

deviations at the oxidizer pump intake P^0p and the fuel pump Intak p^^ are 

equalized and In the gas generator fuel component regulator the pressure devia- 

tlons of the oxidizer p and fuel p , at the oilflet from the pressure regu- 

lator In the combustion chamber are equalized. The pressure regulator in the 

combustion chamber acts upon the fuel main in front of the gas generator. For 

harmonic oscillations the equations for the regulators may be put In the form 

Op»* == K [/?,,»*, />2.p] P'l&y + K i/»?««. ^Iho] Aho + K [a*k, AhjI Phy 

K ÍPpxj, Pjtf,] P2*0-)~ K(Pi>»rt Pp p *1 A P a 4- 
4-/C [Pp*r* Pp «r ]Plr «r» 

pv Pk — K[p?Pti, A-j] Ahj“f K [pp pK\ Pr 
• 

It is necessary to note that structural models of liquid propellant rocket 

engines with closed teed systems havq a larger number of internal connections 

between the units in eorap.uison with structural models of liquid propellant 

rocket en0lnes witn cl. sed feed systems. In a liquid propellant rocket engine 

with a closed feed syatem tue entire delivery of one of the components is per- 

fo. ued oy the turbine, therefore the turbinq in such an engine has significantly 

greater power than a turbine in an engine with a closed feed system. Therefore 
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the time conetant of a turbine pump assembly for an engine with a closed feed 

system is less than that for an engine with an open system. Since in an engine 

with a closed feed system the gas enters the combustion chamber after the 

turbine, then fhe volume of the gas generator and the gas pressure in it is 

significantly greater than in the gas generator of an engine with a closed 

feed system. 

On the basis of the structural diagram (see Fig. 5.17) it is possible to 

obtain an equation for determining the pressure deviation in the combustion 

chamber (the engine thrust deviation), expressed by the complex transmission 

ratios of the engine: 

Amo! Amo [ Ai» AhiJ Awr 

and equations for determining the velocity deviation of the fuel components at 

the oxidizer and fuel pump intakes: 

' % = Pup] />!.,+*(%, 

Agi K [vty A.,] Ar 

Holographs of the complex transmission ratios (amplitude'phase character* 

istics) may be obtained by calculation or experimentally. Figure 5.18 shows 

¿Vi 

Figure 5.18 Figure 5.1-9 

engine with an open system (curve 1) and an engine with a closed feed system 

(curve 2). In the raat of a deviation of the oxidizer flow rate through the 
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pump, the amplitude*phase characteristic of an engine with a closed feed system 

is similar to the amplitude-phase characteristic of an aperiodic unit with a 

lag. An engine with a closed feed system shows oscillatory properties and its 

amplitude-phase charm teristlc (curve 2) is similar to the amplitude’phase char¬ 

acteristic of an oscillatory component with a lag. 

• 

Figure 5.19 shows an example of holographs of the complex transmission 

ratio Klp^t P-L£pl an engine with an open feed system (curve 1) and an engine 

with a closed feed system (curve 2), The appearance of the hodographs is approx¬ 

imately the same, as in Fig. 5.18, however the amplification factors for an 

engine with a closed feed system are greater than for an engine with an open 

feed system. 

An example of hodographs of the complex transmission ratio K[y0p* Pi0pl» 

characterizing the dynamic properties of an engine as a loading unit,*is shown 

in Fig.. 5.20 (curve 1 —for an engine with an open feed system, curve2—for an 

engine with a closed feed system). The appearance of these hodographs, as is 

the case of hodographs of the complex transmission ratios Pi0pJ an<* 

K[pk, Plfpl. raay vm y significantly depending on the variation in the dynamic 

properties of the i.nbustion chamber, turbine pump assembly, gas generator, 

and regulatois. F-r example, by selecting the dynamic properties of regulators 

it Is possiLie to „agnIficantly change the amplitude-phase characteristics of 

an engine and thus to influence the stability of a closed system consisting of 
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a rocket, dellveiy mains, and engine. In Fig. 5.21 amplitude-frequency A(a>) 

and phase-frequency characteriatics are given fur the same engine 

with different regulators. 

7, Calculation of the Elasticity of the Walls of the Engine Head and 
# 

tha Combustion Chamber 

\ ' - 

The walls of the’ combustion chamber and the engine head possess a certain 

elasticity, the influence of which on the supply of fuel to the combustion 

chamber under certain conditions may be significant. The volume of the engine 

head and the cooling duct changes with a variation in pressure, therefore part 

of the fuel enters the combustion chamber with a certain lag. 

The influence of the elasticity of the walls on the dynamics of the fuel 

supply tu the chamber will be considered to be approximately in the range of 

the first frequency of natural oscillations, which may be determined, for e 

example, by Rayleigh's method. 

Let us now examine the engine head shown schematically in Fig. 5.22a. 

The external wall of the head is subjected only to the influence of pressure 

deviation of the liquid p^, while the nozzle wall is acted upon from one side 

\ 
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by the prepare dev i él Ion of Ute liquid P2, and from the other by the pressure 

dcviotlun uf ,■ as< a in the combustion chamber p^. 

We shall represent the ext. mal and nozzle walls with two partial oscilla¬ 

tory ayatema: 

1) we asauoe th« noizle wall to be absolutely rigid, and the external wall 

of the engine head in which, the liquid is located will be considered to be 

elastic; 

2) we assume the nozzle wall to be elastic• and the external wall of the 

head in this partial oscillatory system la assumed to be absolutely rigid. 

Aa a result 1( is potalble to represent the head by the dynamic model 

Shown in Pig. 5.2¿b, Each partial oscillatory system consists of the piston 

mees m^ and m0, a weightless spring, and a damper. 

« 

Ws.assumt the areas of the pistons for both oscillatory systems to be 

equal to the area of the pipe opening. The liquid, Included in the small 

volume V, bourded by the pistons, the nozzle wall, and the outlet end of the 

pipe, will be considered to be Incompressible. We select the rigidities and 

the springs from the condition of the equality of the deviations in the 

volumes of the engine he^d ad the dynamic model, caused by the static deviation 

of the pressure p„ and p^. 

Let thp frequencies of natural axisymmetrical oscillations of the first 

tone tor each of the partial systems to be known, and we designate them, 

respectively, and These same values must be equal to the frequencies 

of tha natural osclJlati^ns of the dynamic model. An equation is provided for 

selecting the masses and m^: 
to, 

/ÎJ, 
IU„ = h. 

m2 

With cue ..onoAtions assumed jseing fulfilled, the velocity deviation of 

the liquid in the pipe, appearing due to a change in the volume of the engine 

head under the influence of a deviation in the pressures p2 and p^, will be 

equal to the velocity deviation of liquid in a pipe, caused by piston displace- 

11K-.. b'w shawl j mboiize the piston displacements by w^ and w2 and write 
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equations for determining these displacements. We obtain 

•• ’ i 2 /% 

Wj “Mtt'l = —^2» 
mx 

(5.77) 

Wu + 2^2 +^11^2 = — (^2- Pk)* 
/712 

where and are the Ramping coefficients of the natural oscillations. 

The relationship between the pressure deviation of the liquid and 

the pressure deviation of gases In the cotroustion chamber p may be put In 
K 

the form 

a' 
P'i PK •’i* Tf ^K» 

(5.78) 

where G£ is the uupply of the fuel component into the chamber undér stable 

operating conditions; is the deviation of this value; .is the resistance 

coefficient of lue nozzle; F is the area of the nozzle. The deviation in 

the discharge of the fuel component through the main between the pump and the 

engine chamber may be determined according to an equation analogous (5.61) 

r 
(10 MK I 

Wk 
dt ^Uk"~ ^ukÍPíh Pt)* (5.79) 

vl.fct.. lue* lime constant and the amplification coefficient of the main 

j.e equal to 

. r -J-* * MK e "mk* 
. t*P 1 

^ /' .2 

1 d U* 

Here X it. the real .tance factor of the main. 

We determine the deviation in the supply of a fuel component to the 

iW.UU*.¿.t'or charAci num a continuity equation, which we write in the form 
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(5.80) 

where 

GWt -= — Y^fwi. = “ Y^i^2- (5.81) 

From equations (5^77)-(5.81) it Is possible to determine the deviation in 
s ' 

the supply of a fuel component to the cnamber defending on the pressure 

deviation at the pump outlet pressure deviation of gases in the 

chamber p^. We give the deviation of the discharges of the fuel component on 

the basis of (5.77) and’(5.79) for harmonic oscillations in the form 

(it., =/C . P-l\P2' . 

Ga, = K[0*„ ftlPj+KlC«v P''P" (5.82) 
G=K[Guk, pJPi. + KlG... P2\Pt< 

where 

K\GVi% P<^ /Wj (u)| — u)2-f |0»2tj) 

/*•»7 F\ 

K[GWt% p7] — —K[GWt, pA= — J w2 + /0,2*2) ’ 

On the basis of equation (5.78) it is possible to determine the pressure 

deviation in the cuse of harmonic oscillations from the relationship 

p^k[p2, /\1 Pk+k 1/¾• GAG*> (5.83) 

Whcie 

^ \pi> pA 

o! 
KIP, 
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On the basis uf equations .(5.80), (5.82), and (5.83) we can now draw a 

structural diagram (Fig. 5.23) for the oxidizer force main with regard to the 

elasticity of the engine head. To the deviations of the values p^, P2* Sc’ 

and we add the additional index 'o’. 

^\K[^wrpñ] — 

tf í^cxmt/tap] El% 

Pi(±\K\5c*m,p!0) » Ocxm 
.» éh4 OK 

K\GiM,p¡o] 

4] K{p?o,Gon} 
'OK 

— ^o,Pk] 
Ph 

Figure 5.23 

Calculation of the elasticity of the walls of the cooling duct is more 

complicated. The cooling duct has a curvilinear shape, variable cross-sectional 

area, variable wall thickness, and resistance distributed along the length. A 

determination of the _ asticity of such a tract is usually connected with 

laborious numericul calculations. A change in the volume of the duct takes 

place unuer tue Influence of a pressure deviation of the liquid and a pressure 

deviation of the gases in the combustion chamber. If the possible phase con¬ 

versions ot the cooling component can be ignored, then a dynamic model of a 
# 

cooling duct ouch a» that shown in Fig. 22b can be assumed. 
i 

Calculation of the elasticity of the engine head and combustion chamber 

walls allows 01. : to obtain more precise dynamic characteristics of the force 

main anu thus to more precisely determine the dynamics of the engine. An 

additional feedback between the deviation of the fuel going to the combustion 

cnamber and tue pressure deviation of the gases is introduced into the dynamic 

\ 
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•chema. However, calculation of the elasticity of the walls gives a remarkable t 

accuracy to the calculations at frequencies close to the frequencies of the 

natural oscillations of fuel in the elastic conduits and chambers of the 

engine. These frequencies are usually significantly higher than the lowest 

frequency of the natural longitudinal oscillations of the body of a large 

rocket and the lowest frequency of the natural oscillations of fuel in the 

long pipe between the tankend the pump. Therefore in analyzing the low fre¬ 

quency oscillations of Iprge rockets the walls of the combustion chamber may 

be considered to be rigid. An analysis of oscillatiôns with frequencies of 

several hundred cycles per second must be conducted with consideration of the 

elasticity of the engine walls. 

0* Unstable Processes in Liquid Propellant Rocket Engines 

• 

Experience in testing liquid propellant rocket engines shows that under 

certain conditions the operation of the combustion chamber becomes unstable 

and periodic pressure oscillations arise in the chamber. Instability of the 

operating process in the chamber is a very unfavorable phenomenon, accompanied 

by intense engine vibrations and leading to mechanical failures'of individual 

• i ementa of the engine, burnthrough, and destruction of the chamber itself. 

Observations have established th: t unstable conditions in the combustion 

chamber may be divlaed nuo two basic groups—low frequency instability (oscil- 

1«.liens at frequencies up to 200-300 cps) and high frequency instability (oscil¬ 

lations at frequencies greater than 500-600 cps). 

• 

In the case of law irequency oscillations the wavelength significantly 

CACeeO. the i\ime..axons of the combustion chamber, therefore it is possible 

to consider that thi pressure change'in different parts of the chamber takes 

place practically simultaneously. Low frequency oscillations appear as the 

re.oc.tc or the interaction of pressure oscillations in the combustion chamber 

wreu cue ruel feed into the chamber or with the burning process. 

In the case of high frequency oscillations the wavelength is commensurable 

f-ith tue dimensions of the combustion chamber, therefore pressure change in 
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various parts of the chamber lakes place In correspondence wit.i the propagation 

of the pressure wave throughout the chamber. High frequency oscil'étions there* 

fore are( often called acoustic. They are caused by the fuel feed into the 

combustion chamber and the burning process. The walls of the combustion chamber 

and the engine head participate in high frequency oscillations. 

Structural diagram^ of liquid propellent rocket engines (see Figs. 5.15 

and 5.17) represent closed control systems with powerful energy sources (com* 

bustion chamber, gas generator) and a large number of feedbacks. Low frequency 

and high frequency pressure oscillations in the combustion chamber are auto¬ 

oscillations. 

Let us examine several mechanisms for maintaining low frequency oscillations, 

tlons. 

1. The interconnection of pressure oscillations of gases with the fuel 

feed into the combustion chamber. The combustion process is considered to be 

independent of the oscillations, i.e., 0Q - const. 

With a sudden increase in the pressure drop on the engine nozzles the rate 

of fuel feed into the combustion chamber will increase exponentially due to 

the time lag of the column of liquid. The time during which an error in this 

rate in relation to tne new stable conditions decreases by e times is the relax¬ 

ation time (time constant) of the fuel main T... 
n 

In the caae of a sudden increase in pressure in the combustion chamber 

the excesa gas attd the excess pressure with it must also decrease exponentially 

with time, a characteristic of whicl) is the time constant, or the relaxation 

time of che combustion chamber 0. . 
k 

i 

For engines the relaxation time of the chamber is between 0.001 and 0.01 

seconds |7], for teed systems the relaxation time of the main, in general, is 

ou tUe same order a-> che relaxation time of the chamber; however, the longer 

tne main the ¿rtacei the relaxation time, all oth^r conditions being equal. 

xhe meciiucisi.i f i oainLaluiug auto-oscillations under consideration was 

indicated oy karmand 25]. It is based on the fact that the rate of fuel 

\ 
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feed into the chamber in relation to the injection pressure drop has a time 

lag on the order of the relaxation time of the fuel main T^, the combustion 

after fuel feed’takes place with a lag equal to the conversion time 0Q. and 

the equilibrium pressure in the chamber is established with a lag on the order 

of the relaxation time of the chamber That such a mechanism for maintaining 

auto-oscillations is possible may be qualitatively indicated by the following 

discussion. s 

Let us assume that fluctuations of pressure froto the nominal value arise 

in the combustion chamber. As a result the injection pressure drop will also 

fluctuate, passing through a minimum with the maximum pressure in the chamber 

and vice versa. The rate of fuel feed will also vary, but with a time lag on 

T in relation to the injection pressure drop. The conversion of the fuel 

present into gas fuel will follow with a time lag on Qq. The phase shift be¬ 

tween the minimal value of the rate of gas fuel formation (burning râte) and 

the maximal amount of pressure in the chamber approximately corresponds to the 

total relaxation time of the main and the conversion time (T^ + Oq) . 

On the other hànd, the influence of oscillations of the burning rate 

(the establisliraent of equilibrium pressure) appears in the chamber with a 

lag equal to the relaxation time of the chamber 6k. If the total of the two 

relaxation times (T^ + \) *nd the conversion time 90 is approximately equal 

to the half period oi u.e oscillations, then a decrease in the influence of 

burning on the amount of pressure in the chamber appears at the moment when 

the pressure in the chamber will pass through a minimum and vice versa. The 

oscillations wnich have arisen will he Intensified. The relative position of 

the oscillation curve* of different parameters, corresponding with the above 

considerations, is mown in Fig. 5.24. Thus,#an approximate condition of 

instability is that the total (T^ Vk + V mu9t be °n the °f ^ ^ 

period of the oaciJ1st ions. 

The queutitauxve relationships of the parameters determining the boundary 

Of instu-iiity m.y be ouialned from the. equations for the combustion chamber 

«lu iwel meins, loi example, for a single-component engine we will have 
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tin M< 
MK dt 

The characteristic equation of this system may be put in the form 

Since at the boundary of instability r = iu then, having separated the 

real and imaginary parts, we obtain 

I + cos .-5,, - 5./..0.5=0, 

1®K "t“ 7\J t0- ^it^MK iU% =0. 

From these equations it is possible to determine the relationship between 

the parameters of the system 0^, T^, 0Q, and and the oscillation fre 

quency w «t the boundary of instability. The best conditions for the appearance 

of instability will be where 00 T^ + Where Q is much less than TMK+0k 

the system is stable. If we assume that + 0k - 0.005 sec (which gives 

the correct order of magnitude), then the frequency of auto-oscillations will 

be approximately :>U cps. 

2. The interconnection of gas pressure oscillations with the burning 

process. It is considered that the fuel feed into the combustion chamber is 

constant, therefore this aspect of instability is usually called intra-chamber 

instability. The mechanism of Intra-chamber instability was examined by Krokko 

[7] and is baaed on the fact u.at tlje conversion time in oscillatory conditions 

is also a fiuc:.ióttn¿ value. ^ 

i.*i us asitou.; tnat ir. unstable conditions, as in stable conditions, the 

com Jibión L*— deoraa s wlta art increase in pressure and increases with a 

dectease in pressure. With an increase or decrease in the conversion time the 

burning prccei.s will respectively expand or contract in time. Consequently, 

the maximum speeu of combustion products leaving the burning zone will correspond 

to the maxime:, negative clue of the derivative d^/dt and, conversely, to rhe 
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minimum speed of combustion products leaving the burning zone will correspond 

to the maximum positive value of the derivative d0^/dt. Thus, oscillations in 

gas pressure ctu^a oscillations in the speed of combustion products leaving 

the burning zone through a change in the conversion tiitie. The resulting oscil 

lations in the burning rate must lag behind the oscillations in the conversion 

time by one*quarter, as shown in Fig. 5.25. The influence of oscillations in 

the burning rate on the pressure in the chamber appears, as before, with a lag 

on the order of the relaxation time of the chamber. 

If this effect eoi responds in phase with the pressure oscillations in 

the chamber (see Fit. 5.2^) then the most favorable.conditions are created for 

seit-excitation of oscillations. The frequency range in the case of intra¬ 

chamber instability will be the eame £s in paragraph 1. 

3. The interconnection of gas pressure oscillations with wqve oscillations 

of fuel in a long pipeii.iC. Let, for example, the length of the pipeline be 

5 m and the eq.dv^lent speed of sound in the liquid be 600 m/s. If the pipe 

is considered to be open si both ends, then the wavelength of the first tone 

of the naluiai o-«.il ia«.lons of the l iquid in the pipeline will be 10 m, and 

the uouillati m frequency will be 60 cps. For a pipe closed at both ends, the 
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frequency uf the first tone of natural oscillations will be two times smaller. 

This is exactly the order of frequencies corresponding to low-frequency auto- 

oscillations'. 

The mechanism of auto-oscillations with regard to wave processes in fuel 

mains in many respects corresponds with the mechanism described in paragraph 1. 
V» 

Let us clarify it with the aid of Fig. 5.26. We assume that pressure oscilla¬ 

tions with the same frequency arise in the fuel main and the combustion chamber, 

whereby when the fuel pressure in the front of the nozzles increases, the gas 

pressure in the cl.amber decreases. In this case the most favorable conditions 

for fluctuations in the fuel feed rate arise. If the sum cf the conversion 

time and the relaxation time of the chamber (Öq + 6^) will be equal to half 

the period of the natural oscillations of the liquid in the pipeline, then the 

pressure in the chamber will be in counterphase to the pressure in front of 

th*4 nozzles and the most favorable conditions for oscillations of fuel feed 

into the chamber will be maintained. 

Figure 5.26 
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The following qualitative conclusions may be drawn from an examination of 

low-frequency oscillations: in order to suppress oscillations it is necessary 

to Increase the resistance of the nozzle, to lower the conversion time and 

to Increase the relaxation time of the chamber It is possible to lower 

the time ^ by improving atomization md by intensification of the turning 

process; it is possible to increase the time ^ by means of Increasing the 

volume of the combustion chamber. 

As was already noted, in the case of high-frequency (acoustic) oscillations 

in view of the smallness of the oscillatory period, the pressure at each moment 

of time is different in neighboring points. The spatial distribution of pres¬ 

sure, density, and other parameters in the combustion chamber in the case of 

stable oscillations may be characterized by standing waves (the form of the 

oscillations). The standing waves may be longitudinal and transverse. Stand¬ 

ing waves characterize the distribution of pressure along the combustion chamber 

Fig. 3,4/ shjws longitudinal pressure waves for the first and second tones of 

the oscillations. T.ansverse waves characterize the pressure distribution in 

the transverse direction, whereby the pressure in the longitudinal direction 

remains constant. Iransverse oscillations may be tangential and radial. Tan¬ 

gential forms of oscillations are indicated in Fig. 5.28a; the presence of a 

junction diameter is characteristic for cross-sectional tangential oscillations. 

Radial forms of oscillations are shown in Fig. 5.28b; the presence of Junction 

areas in a cross-section Is characteristic for radial oscillations, 

first tone 

Figure 5.28 

The tiuque..«.ies ot natural longitudinal acoustic oscillations of the first 

Uue may he -pproxinuitely deteimlned according to the formula 
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connection the diatrihution of fuel feed along a cross-section of the nozzle 

wall has great significance. In refs. Ill, 18] it is noted that for combustion 

sensitive tp pressure variation, tangential forms of oscillations are stabilized 

with a decrease in the flowrate on the periphery of the nozzle wall. An increase 

in fuel feed in the center of the nozzle wall leads to destabilization of radial 

forms of oscillations. The optimal zone of fuel feed is from 0.A2 to 0.61 of 

the combustion chamber radius. 

Elastic axisymmetrical oscillations of the nozzle wall, as in the case 

of longitudinal oscillations of the entire engine, cause a change in the pres¬ 

sure in front of the nozzle and, consequently, deviation of the fuel feed in.o 

the chamber. ‘Nodes' are formed on fuel Jets, whereby the ‘nodes' are synchro¬ 

nized on all nozzles [10] in the case of the first tone of oscillations of the 

nozzle head. Vibrations of the nozzle wall cause synchronized modulation of 

the fuel flow, oscillations of the flame front, and oscillations of pressure. 

In case of a specific mixture of phases the interaction of gas dynamics and 

elastic oscillations may lead to the formation of a single oscillatory system— 

to auto-oscillations. 

If antisymmetrical elastic oscillations of the nozzle wall arise, for 

example oscillations with one junction diameter, then in this case modulation 

of the fuel feed will enable the appearance of transverse forms of oscillations 

of the gases in the combustion chamber. 

The basic conditions for removing high-frequency oscillations are the 

following, dis. upLion of the resonance ratio of the time 6q, 6^, and T^, and 

eliminating the favorable spatial disposition of the combustion zone. These 

conditions raav be obtained by means of expanding the combustion process in 
# 

tlUin ouu in space and oy changing the acoustic properties of the combustion 

chamber. 

Let us now tum tu an examination of the longitudinal stability of the 

rocket., and In this case we shall consider the engine operation to be stable*. 

-268- 



References 

1. B e 4 T p a h, <Ii p a n K o .1 b l]pe.iiKa.iaiiiie H«‘ycrofiHii<i(K in 3üh b jkii.iko* 
cthom paneTiioM ABiirate^e — «PitKeTiia« ToxmiKa h KooMonaBTiiKa», lÜGT», ,V*3. 

2. BpaMO^CTT, H o ) .io. C n k. i Icc.ie.iOBamic .niuaMiiKii Kasnraunoii- 
hux h Haiiopnux xapaKTepiiCTiiK ciicreMu iituawii jaurauMH J-2. — «Bonpocu 
paxernoH TexHimM», .V» 5, 1967. 

k ' * 

3. Top, K3ppo.i. ^IiinawHKa pery.iapyeMtro .iByxKOMiiOHeHTHoro âmjko- 
CTHoro paKCTHoro jBHraTC.iH c Hacocuoii chctcmoh noja*in. — «Bonpocu paxex* 
höh rexiiHKH», 1957, AT? S. 

4. fypoB A. ¢. PdCMeTU na npo'inocTb il Ko.ieô.iiniH b p axer hux aanra- 
Te-iHx. M., «ManiiiHocrpoeiiHC», 19G6. 

5. KaacHiiKOB A. B. Tcopim jkiukocthux jiaxcniux ABHraTC.ieft, M.t 
Cy,inpoMrn3, 1959. 

6. K on ec n n ko b K. C. HH3KO'iacTornaH HcycTOi’mHBOcTb HOMiiHa^bHoro 
pe)KHMa /K’.’ iKocTMoro paxcTiioro aBHraic.ifl. — FIMTO, M., «Hayxa», 1965, As 2. 

7. K p o k k o Jl., M^cii C n h b 11. Teopua ncycruiimiBocni ropemia b 
jkhàkocthux paxeriiux jBiiraTc.iax. M., IIJ1, 1958. 

8. K p o k k o, F p e fi, F a ^ p n. Teopua HeycTofi'iiiBOCTH ropf hiih b jkiiako- 
cnibix paxeiHux nBiiraTC-inx h ce âKCiicpHMCiiTa.ibiiaH nponopKa. — «Bonpocu pa- 
KCTiiofi TC\»niK:i». 1969, A? 9. 

•9. K p o k k o JI.. X a p b e ü., Pu paon A. Ilonepcmiue BucoKonacTor- 
nue K0.ic6annn b >kh,ikocthux paxeTiiux aBMraic.iHX. — «PaxeTiiaH TexiniKa n 
KOCMonaBTiiha», I9G2, .xî 3. 

10. a k k o p m a k. JlBii/Kyiuiifi McxamoM BucoKOMacrornofii neycrofmnuo- 
CTii ropcniiJi b KaMcpe )KPJ1. — «Bonpocu paxeriiofi tcxiiukii», 1965, Nt 4. 

11. a k k .i y p. K c n T p e .i .1, X a p t. IcopcnmccKm'i anaana b.ihhhhh xa- 
paKTcpnciiiK (popcynomoH to.iobkii na neycronmiuocTb ropeimn b »uiaKocmux 
pHKcruux jbiiiarc.inx.--«PaKcinan Tcxiiiixa n KOCMoiiaBTiiKa», 1966, A? I. 

12. Ma* 1Î II B. A., npMCHHKOB B. B c .i n k H. n. ZliinaMUKa 
iKii.iKOcniû\ pjKernux tmiraie.ieii. M., «MnmmiocTpocnHC», 1969. 

13 Mc.ibxvMOB T. M.. Me .i n k Fl a ui a e b H. H., Mhcth- 
kob Fl F.. 111 n y ko b A. F. PaKemue aBiirarean. M., «MaïuHiiocrpoeiine», 
I9fi8. 

14 M o u k n n F.. K. JlniiaMnqeeKiic iipoueccu b >KP;X M., «Mauinnocrpo* 
cnne». i9<>4. 

> 

-2t9- 



15. Msp(J)H. OcÄopH. Hcc^eÄOBaifHe npoAo^bHofl HeyeroAiHBOCTH b kb- 
Mepax cropaHHH paneTHUX ABuraieneft.—cBonpocu-paKCTHoft tcxhhkh», 1966, M?2. 

16. OcHOBbi TcopHH M pacMCTa »KMAKOCTHbix paKCTHux ABHrarexcA. nOA PCA. 
B. M. KvApflBueBa M., «Bïjcuiaa luxoAa», 1967. 

17. ilonoB E. FI. /iMHaMHKa ciictcm auTOMaTimccKoro pcryAHpoBaHHa 
AA rOCT6\I!3JflT I9Ó4 

18. PupAOH, M a K 6 p a A a, C m m r. Baiihhiic pacnpeAe-ieima pacxoAO- 
HanpH/KeiiHOCTH ua ycroAmiaocTb ropenua.-r «PaxeTBaa xexmiKa h KocMonaBTH- 
xa», 1966, Xi 3. ' V 

19. T a « h P. AßTONraTHwecKoe per>'AiipoBaHHe iipouccca ropeuna b paxet- 
aux ABiiraTe.iax.— «Bonpocu paxeTi oA TexHiiKii», 1953, X? 3. 

20. XaMMep. Aro era. PacnpocTpaHCHHe npOAOAbHWx KO.ieöaHnA b 
jkhakocthux paKCTHbix ABurare.uix.— «Paxeriiaa Texmixa h xocMOHaBTHKa», 
1964, Xsl 1. 

21. UI CB a KOB A. A. ABTOMatHKa «iBHaUHOHHUX H paKCTHUX CH.lOBblX yc- 

raHOBOK. M., «MauiHH0CTp0CHne>, 1965. 
22. Gunder D. F.. Friant D. R. Stability oí Flow in a Rocket Motor. 

J. Appí. Mech., 1950, vol. 17. # M 
23. Reardon F. H., An Investigation of Transverse Mode Combustion 

Instability in Liquid. Propellant Rocket Motors, Princeton Univ. Aeronautical 
Engineering Rept. 5o0 (June, 1961). , . ,. . 

24. S a b e r ï k y R. H.. Effect of Wave Propagation in Feed Lfnes on Low- 
frequency Rucket Instability, Jet. Propulsion, 1954, vol. 24. . 

25. Summer field M. A. A Theory of Unstable Combustion in Liquid 
Propellant Rocket Svstern. J. Amer. Rocket Soc.. 1951, vol. 21, No. 5. 

26. Wick it S The Effect ol Vehicle Structure on Propulsion System 
Dynamics end w'Tu'ilitj>, Jet. Prjpulsion, 1956, vol. 26, No. 10. 

I 

270- 



Chapter 6 

DYNAMIC SCHEMES AND STABILITY 

1. Dynamic Schemes 

The properties of the individual members of the system are examined in 

Chapters 3-5. We shall include them in the general dynamic schemes. As a 

function of the structure of the discharge lines 'and the number of engines, 

the dynamic schemes of closed systems differ. 

A consolidated block diagram of a common rocket with a two-component liquid 

fuel engine composed of physical members is presented in Fig. 6.1. Here 1 is 

the combustion chamber, 2 is the rocket body, 3 is the fuel line, 4 is the 

oxidant line. 

Figure 6.1 

Luugl tudlr al . c.. Ulai*ons.of the rocket body produce pressure oscillations 

in the fuel line a.d, consequently, oscillations in the supply line into the 

combustion chambei. in che chamber pressure oscillations arise which affect 

the fuel Hues and the ro<ket body. This Is a closed system. 

Equations of perturbed motion of the rocket body in the direction of the 

longitudinal axis are presented in Chapter 3 in two variants.’ In the first 

variant the pertutln d longitudinal oscillations of the b ly are in the form 

of a series composed of the eigen-functions: 

(6.1) 
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where are the oscillations of the center of mass of the rocket; Mx) is 

the iorm of the characteristic oscillations of the bodies; qn(t) ia the general- 

lired coordinate. 

In examining the dynamic schemes we shall assume that the turbine pump 

assembly is rigidly attached to the combustion chamber, therefore the coeffi¬ 

cients of the form of the characteristic oscillations of the turbine pump 

assembly and the engine are equal, i.e., fnp “ fne* we sha11 not consider 

the deviation of the additional thrust of the exhaust! nozzles of the turbine 

(for an open system of engine feeding) and the deviation of the ground pressure 

in the first approximation. 

When expression (6.1) is used, the generalized coordinates of forced oscil¬ 

lations may be determined from the differential equations (3.70). 

Let a rocket have one engine and a perturbation of the liquid in one dis 

charge line áignitxcancly larger than in the other,.. On this basis in the right 

members of equation (3.70) we shall calculate the deviation of pressure plp only 

before one pump. Taking into account formulas (3.71), (3.73), and (5.33), the 

equations of forced oscillations of the body may be presented in the form 

(6.2) 

where m ia the rocket mass; mn is the reduced mass of the rocket; FT is the 

area of the longitudinal section of the-low-pressurq turbodrive. 

The minus sign is placed before £he deviation of pressure Pk in the com 

buDkiou Chaim ct i/e'».uao 

dir^kt-iuu from ».¿ic ».op 

iu equations (6.2) the translation of the body in the 

r the locaet to the tail section is taken as positive. 

For -»teaily-statH harmonic oscillations yith frequency u 

".(0-«.«'-'. 7.(0=?«*'"' 
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line corresponds to the diagram shown in Fig. 4.25> The dynamic scheme of this > 

line is presented in Fig. 4.26. The interconnection of the deviation of pres¬ 

sure p, and* the'deviation of velocity V. leaving the tank is shown in Fig. 4.28. 
• 1 # JL / 

The inlet coordinates for the discharge line are the deviation of the pressure 

of the liquid leaving the tank pt, depending upon the longitudinal oscillations 

of the body. The longitudinal ospillations of the body induce also translation 

of the engine together with, the pump relative to the current of the liquid 

. Therefore the longitudinal oscillations act upon the flow of the 

liquid in the lines through the'deviation of the pressure of the liquid leaving 

the tank and through the motion of the engine together with the pump relative 

to the current. If the discharge line has the structure shown in Fig. 4.27, 

then the longitudinal oscillations of the rocket body act upon the current of 

the liquid in the line also through the motion of the collector. 

We shall assume that the pressure of the gases on tie surface of the liquid 

in the . tank during the oscillations of the rocket body remain constant and the 

deviation of the pressure going out of the tank arises only as a consequence of 

the oscillations of the bottom of the tank. Neglecting the formation of waves 

on the free surface of the liquid in the tank, in the first approximation we 

may assume that the deviation of the pressure is equal to the force of inertia 

of the liquid head 

Here pr}, H are the density and height of the liquid head irt the tank; u^it) is 

t,ie motion of the bottom of the :ank (where it is Joined to the tube) during 

Lougi.c«ui. «1 oscillations of the body; k is a certain dimensionless coefficient 

depeudiub upon i-U shape of the oscillations of the bottom. 

0 

For harmonic oscillations with p frequency w 

where f is the coefficient of the farm of the oscillations of the bottom 
usj 

ot tanh, eqial to tne coefficient of the form of the oscillations of the 

•*.»«» uf lue mechanical oscillator m^ for the n-th tone of oscillations of 

the bwd> fhe Index J corresponds to the number of the tank (j * A, b), the 
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index s ¡»how:? the iiur.iber o! lua mechanical oscillator corresponding to the 
* 

oscillations ot the liquid In an elastic tank. 

I 
»I 

* 

When the forced longitudinal oscillations of the body are expressed as 

a complex function (6.5), then the deviation of the pressure of the liquid leav¬ 

ing the tank may be written in the form 

Ü fish (6.9) 

where cj"^ is the value of the complex function for the mass of the mechanical 

oscillator m .. 
sj 

If the frequencies u>n of the characteristic oscillations of the body are 

not close to one another, then for an analysis of the stability of the closed 

system in the frequencies close to we may confine ourselves to oscillations 

only of the first tone of the oscillations of the body with .the generalized 

coordinates q . Then Instead of (6.8) we shall have 

S (6.10) 

If the frequencies u>9j of the characteristic oscillations of the mechanical 

oscillators are not close to one another, then for determination of the devia¬ 

tion of the pressure of the liquid p and frequencies close to u> ,, we may con- 
t Sj 

aider only on* s-th i<>r.e of oscillations of the liquid in the elastic tank 

(the s-th mechanical oscillator). 

We shall determine the deviation of the velocity leaving the tube 

caused by the motion of the pump and the bottom of the tank. Let us assume 
# 

that the iront end of the low-pressure tube is rigidly attached to the bottom 

of the Lank.. Then 

V2 —/U) ( 1 ~r )') $m- 
' a 

where is the value of the complex function for the pump; X is the geometric 

characteristic of the bellows. Or 
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(6.11) 1>a=/C[l’2, 0t)\0tJ% 

where 

ATK ¢,,1=/-(1+).). 

• J K{v;, ¢,,1=-/-).. 

When the forced oscillations of the body are expressed in the form of 

the sum of the oscillations by the eigen function, then for a calculation for 

only one tone of the oscillation» of the bqdy .we shall have 

^2.= Klt'2. <7..)</»«• * (6.12) 

whsre A-!«’.. ^1=/4(1-).)/ /»/I t 

The deviation oí velocity u. caused by a change in the volume of the 

bellows and the vapor-g~s mixture as a consequence of the deviation of the 

pressure P2 p, may be determined from the equation 
IP 

b’2W(,)(*^ + r)/>,p. 
(6.13) 

•here k , r are the coefficients of conductivity of the vapor-gas mixture and 
vg 

the bellows. 
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The dynamic scheme of the,closed system with the discharge line only for 

one component is presented in Fig. 6.2. The dynamic properties of the engine’ 

aa a force unit are expressed by the complex transmission number Kfp. p. ]. as 
' rkrlp 

a load carrying unit they are expressed as the complex transmission number 

MUp, Pipi* These complex transmission numbers may be obtained on the basis 

of the diagrams of Figs. 5.15 and 5.17. The diagram of Fig. 6.2 is presented 

taking into account only one tone of the oscillations of the body. 

A dynamic scheme with two discharge lines is presented in Fig. 6.3. The 

discharge lines are not shown, only the inlet and outlet coordinates for them 

are shown. 

Figure 6.3 

Ap a consequence of the oscillations of the liquid in the elastic tanks, 

cue fiequencies oi the characteristic oscillations ^ two or more tones of 

the ocdy may sometimes be close. In these conditions, in an analysis of the 

stability of motion, one should take into consideration simultaneously several 

tune? of the elastic oscillation^ of the rocket body. As a consequence of the 

deviation of t .e pressure in the chamber p^ and upon entering the pump P^p()» 

P-^pj It» each tone of the oscillations of the body it is evaluated separately, 

and the devi^tiouj of pressure of the liquid leaving the tanks of the oxidant 

and the fuel ^ » p - f-he velocity deviation of the current u0 , u_, 

shuuld be cumuatfcü from each tone of the oscillations of the body. For two tones 
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of oscillatluns with »:t:neral l/ed coordinates and q^, the diagram of Inter* 
action of the body -Itt. the disi Large line Is shown In Fig. 6.4.

h
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FlKure 6.4

If it Is nfctssary to simultaneously calculate more than two tones of 
the body oscillations, then the dynamic scheme In which the longitudinal oscll* 
latlons of the body are expressed In the form (6.1) becomes very cumbersome. 
This deficiency m.iy te eliminated If the longitudinal oscillations of the body 
are expr. ssed by tl.e complex function (6.5). The complex function (x, ui) 
consldt r uli t«>n* oi tlie osc 11 latlons.

Ir. (alco;at l..y» (i>a l..<ig' tuolnal oscillations of the body In the form (6.5) 
the oscillations of the . liar icterlstlc suctions are determined separately—the 
bottom of the tank, the collectors, the'unglne with the turhopump unit, from 
each action of the piesaures p^, p^^, p^^^. The oscillations of the bottom 
of the tanks of th* oxidant and the ftiel are determined to the values of the 
complex funcii >ns, Ifor the masset- of the mechanical oscillators

* v/ ,

The deviation ot the velocities ^2t ''^^h (6.11) la
aqual t ‘he of tiie devlatlo s due to the oscillations of the pumps and 
the Ljtiw- vt tiie L i.hs. A cl. >.ram of the Interaction of the body with the
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dieehargt linea Is aliowr ln Fig. 6.5. The deviation of the pleasure of the 

liquid leaving the tank is connected to the oscillations of the bottom of the 

tank by»th* scale coefficient 

Here the indexei ‘o’ ana ‘f* correspond to the parameters of the tanka of 

the oxidant and the fue),. 

in large carr>i.ig iockets a package of several engines is generally used 

which engines art suspended to the body from one or several branches. The 

structure of the discharge line, for example, may be analogous to that :’’own 

in Fig. 4.27. The discharge line has a collector, from which the separate 

branches of the lines to the engine proceed. Each engine has a turbopump unit. 

The action of the oscillations of the rocket body on the current of the liquid 

in tne lines it, caused by oscillations in the bottom of the tanks, the collec“ 

tors, and the pumps ot the engine relative to the flow of the liquid. 
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Tn Fig. 6.6 a dtructural diagram Is presented of a closed syatem with 

two engines; In the diagram la shown the dlscharge’llne only for one fuel 

cooiponent. The .etrucLure of the line corresponds to Fig, 4.27 but without 

» hydraulic résistant»- distributed between sections 3 and 4. The Initial segment 

of the discharge line 1« connected'through a bellows and collector, from which 

proceeds two lines to the engine. For an expression of the dynamic properties 

of the initial segment*of the discharge line and each branch, quadrapoles are 
, ^ 

uaed, the complex transmission numbers of which are composed according to rules 

expounded in Chapter 4. The pressure In the collector and the bellows are 

assumed to be the same, l.e., p. " p . The same quantity is equal to the pres* 

sure entering both tranches of the discharge linea p^ ■ p^2 • pc. 

The perturbation of the flow of the liquid in the discharge tube rises 

by the oscillations in.the bottom of the tank [pt, q^], the collector [y^, qn), 

and the engines [v^. qnl and ^42* ^ re^at^ve t0 t^ie fl°w* The complex 

transmission numbers are determined by formulas analogous to (6.10) and (6.12), 

taking into account the specific interaction of the end sections of the sylphons 
I • 

The complex transmission numbers for the concentrated elasticities K[u^, p^] 

and K[y^2» are .determined from equations analogous to (6.13). Besides the 

connections between the separate members of the dynamic system shown in Figs. 

6.2 and 6.6, connections may exist between the rocket body and the regulator 

of the t-ngine. These connections may be traced to the regulators shown in 

Fig. 5.U and 5-14. If, for example, the pressure of the axis of the regulator 

•c of the rauio of pure components (see Fig. 5.14) coincides, with the axis of 

the roCKci, .ueu the longitudinal oscillations of the body will induce oscil¬ 

lations of the control element 4 and the regulating organ 7, as a consequence 

of wJ 14.1.11 03 L i xlations arise in the discharge of the fuel. These oscillations 

may cauuc lvs>ability ot the closed system. 
f 

I 
Under certain circumstances, a connection may arise between the longitudi¬ 

nal osclixawxwMo oí the rocket and the transverse oscillations. Such a con¬ 

nection may arise ra a consequence of the presence of significant asymmetri¬ 

cally aisLiIbuted masses in the body of the rocket, and as a consequence of 

the ft.ut ikiaL cne sensitive elements of the system of angular stabilization 

may rta^. on *h* j.L. *gltudinal oscillations of the rocket. 

-280- 



F
i
g
u
r
e
 
6
.
6
 



/ 

Tlie f-te I injection '.ystem of the tanks In the j i. since of fteJoack by the 

pleasure of tlie gas 1« tie tanics ind by the regulator forma an independent 

dynamic ey^em.-‘.Thl < S'stem, neutrally speaking, ia onnected tc the longitud!- 

rial vacillations of the body, Lee ruse curing the osi lations of the body the 

volume is changed and, consucuently, tie pressure of lie gas in the tanks. In 

Fig. 6.7 is presented the diagram of the injection fuel feeding of the tanks 

of the Atlas rocket The injection system .consists d a tank uith compressed 

helium (1), a heat exchanger U), regulators (3), vdn.h regulate the discharge 

of the hell>m in each fuel tank during the operation .f the engine in relation 

to changes of pressure in the gas cushion, the inject on tules (4j, and the 

lines (5) of the measurement of the pressure of the g is in the tank. The in¬ 

jection oyatems of the oxidant tank and the fuel tank are identical In structure. 

The line for measuring the pressure of the gas ia a tibe of small diameter in 

which the dis; barge of the gas in steady-state condit ons is almost alvays eoual 

to zero. This line accomplishes the feedback of pres'ure between the> gas 

cushion in the tank and the regulator. 

Figure t>.7 
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In Hg. 6.8 a block diagram of the injection system of one of the tanks • 

of the Ati«S(system Is shown, consisting of physical members. The basic oscil" 

luting riembet oí the injection system is the vapor .tank. During the oscilla¬ 

tions of the c*a supplied to the tank, the pressure of the gas changes on the 

free surface of the liquid. If it is assumed that the free surface of the 

liquid moves in th» same wav as the mass m of the mechanical oscillator, then 
s 

taking into account resistance, the equation of the torced oscillations of the 

mass m relative to the force- ring may be written in the form 

where q^ is the motion of the ma^a ma relative to the force ring of the lower 

bottom of the tank; k^ is the rigidity of the spring, depending upon the volume 

of the gas cushion; h , k are the coefficients of the friction and the rigidity 

of the spring of the mechanical oscillator; p^t is the deviation of the gas in 

the tank; Ft is the effective area of the tank. 

On the basis of equation (6 14) the motion is 

q ■ K[q , p ]p . 
Ms a ’ 'gt Kgt 

The deviation of the pressure of the gas in the tank depends upon the 

change of the volume of the gas cushion, determined through the generalized 

to.. ui..a :cs q and upon the discharge of the gas through the injection tube: 
O 

p • K(p , q ]q + K(p , G ]G . 
>gt 'Hgt’ VHs Hgt gtJ gc 

Here G^t is the deviation of the mass flow rate of the gas discharge through 

the injection tube. This deviation is determined by the properties of the 

injection tube and depends upon the deviations of the pressure of the gas p 

in the tank and the pressure leaving the regulator 

Gjr=J 

gt 

5fr-'V[Cy, pJp^KlGfi pf\Pf 

If It is assumed that the deviation of the pressure leaving the regulator 

la ¡ lopoitlouai to the deviation of the pressure p^ transmitted to the regu- 

1 tr by ¿l.e pressure measuring l.'ne, then we may write 
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' K bp. pti\ P** 

The dynamic properties of the pressure measuring line are expressed by the 

equation 

pm=^K\pu, P$P£ 

tpresijiiTS— 
measuring •«- 

line. 

Figure 6.8 

If we assumi* that from the oscillations of the pressure of the gas arise 

oscillations of the entire rocket body, then the equation for the forced 

oscillations of the n*th tone of the body will have the form 

mHqn -f hnqn + “22^)F 6 if*tl 
«-i U) 

2. Stability ¿valuation by the D*Partitlon Method 

As was already shown, In a closed system consisting cf the rocket body, 

the discharge il..es, and the liquid fuel engine, auto-oscillations may arise. 

In spite of th»- 1 *ci that main parame.era of the system are functions of time, 

the velocity oí t It change is sufficiently small in comparison with the 

period of the exa... ned oscillationstherefore an analysis of stability in a 

specific mome i t .i time may be conducted, assuming the parameters of the system 

to be constants. For an evaluation of the stability, let us examine a non¬ 

linear quasi-statlonary model ot a system. 

Let us examine ce dynamic scheme of Fig. 6.2. To ensure sufficiently 

auooLii results, wc stuli express the dynauic properties of :he discharge line 
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and tha engine, assuming certain simplifying assumptions, which we shall give 
♦ 

in f'.e coutse of our study. 
4 

\ 

f 
We shall write the equation for the generalized coordinate of the n-th 

iene of oscillâtiui.s of the body in the form 

7-î + Qn "f ~ [FiPif (0 — (0] f nãt (6.15) m„ i 

For low-frequency oscillations, we shall consider the engine with the 

open system of feeding in the first approximation as a simple statistical 

member. Instead of the complex transmission numbers K[pk, p^] and K[u^, p^] 

in this case we «i.all use the simplest fuinctions. For the engine as an ampli¬ 

fying member 

Pk " kplp‘ * (6.16) 

For the engine aa a loading unit interesting to. us, we shall obtain a relation 

from the pressure transmission equation 

p, - p, ■ Ç pAu*u . 
rlp rk e 0 p p 

Substituting in this equation the quantity p^ by its expression from (6.1b), 

we get a formula for determining the deviation of velocity of the liquid through 

pump 

y - z* p. , (6.17) 
p e * Ip 

where the coeffiilent of conductivity of the engine is 

# 
1 

tico«’! 

The deviation of the pressure of the liquid leaving the tank is 

Pt - -hqn, (6.18) 

wlicro 

h « ç/f % 2 /«y- 
(o 
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Hifc pressure de elation going into the tube;Í8 somewhat smaller than 

the deviation of pressure as a consequence of the losses in overcoming local 

resistance and the arriération of a certain mass of liquid. On the basis of 

equation (4.t>l) we obtain 

Pi- a6vlt (619) 

where * • * • • 

*ö 

t 

W« now turn to the eqy« ¿on describing the motion of the liquid in the 

low-presaure turbodiive. In the llrst Hpproximation,"we assume the turbodrive 

to be rigid, and the liquid to he incompressible. We shall assume that between 

the low-pressure Lurbodrive and the inlet into the pump (into the engine) there 

is a concentrated elasticity In the form of a sylphon and a vapor-gas mixture. 

Since the liquid is incompressible, then we shall consider t ie acceleia- 

tion of all particle» of liquid to be identical, i.e., We obtain 

Pi "" Pi: -* i'l/i»5. (6.20) 

where l is the length of the turoodrive. 

We determine the deviation of the deviation of the pressure of the liquid 

in the turbodrive die to a change in the volume of the concentrated elasticity 

as a consequence of the deviation of the pressure, on the basis of equation 

(6.13) 

V 
■j “i* 

(6.21) 

I 

We determine the deviation of the velocity of the liquid in the turbo¬ 

drive due to the motion of the engine relative to the flow of the liquid, 

taking iatc account the function (6.12) 

(6.22) 

where 

*, -o+*)/„.->-2/../. 
^ (*) 
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So that the ayate» of e<luatlona deaerlMns the motion of the liquid In 

the diachage linea will he eompletc, It la neceaaary to add one more relation 

connecting cite deviation of preaaotea of the flow of the liquid In aectlon. 

up to and after Hie concentrated elasticity: 

w (t . 23) 

i % * * . 

Excluding from equations (6.15)-(6.21) all of the variables except p 

and we obtain the equation for the closed system 

In + + = — * , 

Äp+ 2^0),^4-(0^ == 4-0^), 

1 » «X 

IP 

(6.241 

where 

r _ 't 
*1 I 

0i2 ss.___ 

^>up (aa "t Ou/) 

«• - ' e; 
2sf r=s- -J-1_._ 

*>"P a6+Qul ' 

- ;-m 
«ynp 

(6.25] 

f.— 

^yrpiOo + C(/) ' 

^ynp(»lû+ Co/)* 

Thus the ay.tem lnv.atlg.ted leads to two harmonic oscillators, one of 

which (the bod, of the rocket) has the frequency of the characteristic oacll- 

lacions wn. and the other (tho low-pressure turbodrive with the engine as the 

loading unity ’.ü¿> a frequency tu^. ^ 

i 

The characteristic oscillations of the liquid lo the lines ate osclll.tl, 

of an Incompressible liquid head in the elastic element which. Is the vapor-ga. 

mxxture (and the sylphons). The fteqoenc, of these oscillations changes with 

an Increase In k, , which la the coefficient of conductivity of the concen¬ 

trated elasticity and the mass of the oscillating liquid (a + p Z). The 
v. to 
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relative damping coefficient ^ of the characteriatic oscillations of the 

•.liquid in the'low-pressure turbodrive depends upon the coefficient of con¬ 

ductivity of th’¿ engine z* and the coefficient of active resistance E* in the 
• e / t 

outlet of the tank. 

The, maximum valu^ of the amplification coefficient k* for the first 

oacillator will be for thei-frequency ui » u', a-nd for the second—for the fre- 
• n 

quency ««ay When the. approximation is satisfied a)n«s ojt in the frequency 

« ** u)^ «« uij, the coefficient of amplification of the system reaches the maximum 

value and herein arises the most suitable condition for the loss of stability. 

For nearly equal conditions the coefficient of amplification is larger as the 

coefficient of the form of the characteristic oscillations of the engine with 

the turbopump unit and the bottom of the tank is larger. A structural diagram 

of the closed system is shown in Fig. 6.9. 
* 

Figure 6.9 

We shall now evaluate the stability.of the system. In the limit of stabil¬ 

ity the system oscillates harmonically. We shall assume qn(t) ■ and 

" PipeiUlt and we shall place these expressions in (6.24). After exclud¬ 

ing the variables q^ and p^ and separating the real and imaginary parts, we 

find the connection between the parameters of the system and the frequency bf 

the oscillations a> in the limit of stability: 

4V;„<V°t - K - K -^)=3 
4 ^ ^ T V " », (6.26) 

(“?~ K-~ T 

From these two equations maybe excluded the frequency of the oscillations 

« and the relation between the parameters of the system at the limit of stabil¬ 

ity may be found; thereupon, the boundaty of 'jctòility may be established in 

the plane of any two parameters of the system while the rest of the parameters 

are held constant. 
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It is bURgedti fJ by S. M. Nathanson [7] that an «valuation be conducted 
» 

of the stability 01 tlie uystem by means of comparing the quantities of the 

ralatlvf daa|ing coefficient, for example Ç0 of in which the system is in 
* nr, * 

•the limit of stability with real values of the relative coefficient £ ur c . 
' ' n ’T 

In this case the criterion for evaluating the stability of the system is suffi¬ 

ciently simple: 4.f < £ , then the system is stable, if Ç° > Ç , then the 
w n n n n 

system is unstable. , ^ ... 

0 9 
Solving equations (6.26) for the quantities ■£ u and w , we obtain 

(6.27) 

(6.28) 

Calculations show that in many oases the quantity or the first component 

in the brackets of expression (6.28) is significantly smaller than one, as a 

consequence oi which the frequency of the oscillations in the limit of stability 

practically coincides with the frequency of the characteristic oscillations of 

the rocket body. Therefore a determination of the quantity in the limit of 
n 

stability may be conducted bv equation (6.27), obtaining in it w - w . 
n 

• 2 
Since the quantities oj^, k*, a, and b change in the flight process, then 

at different moments of time the values of the coefficient £^ also change. 
. X n 

From expression (7.27) it is evident that the quantity £ has a maximum value 

at therefore, as has already been noted, the best condition for insta¬ 

bility is created when the value of the frequencies of the characteristic oscil¬ 

lations of the rocket body and the liquid head in the low-pressure turlodrive 

coincide. Knowing the value of the coefficients and which practically 

do not change in the flight process, and the coefficients k*, a, b, w in 
n 

different moments of the flight time t, it is possible according to equation 

;V. k* 

ÉT a — 

"»T 

A 
“ T 

|H tin 
['-1 [;)7 (tí 

ur = ur 1-A* 
•s ’('-(tri +2t*(t 

* r 
[■ -m r-H:;)' 
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(6.27) to calculate for these moments of time the quantities Ç In the limit 
+ n 

of stability and compare them with the real values of the coefficients K • 
• n 

As an illustration, in Fig. 6.10 the results are presented graphically 

of the calculation of , where y - u. /(w )rt, and (u )A are the values of 
nn n n n u nU 

the frequencies of the characteristic oscillations of the body at the beginning 

as a function of the dimensionless flight time t for a certain hypothetical 

rocket. The calculation, is conducted for four different ratios of the frequen* 

cies of characteristic oscillations ■ 0^/(01 )q -0.9} 1.1; 1.4; 2.0, In the 

lower part is shown the dependence taken for the calculation Yn(t), and the 

values of Yn(t) are shown by the same horizontal lines. In the upper part the 

slope condition is presented for the line of the real coefficient £nYn of the 

rocket body. From a simultaneoua observation of the upper and the lower part 

it is evident that the areas of instability are in the range of frequencies 

have close values. For sufficiently small values of'frequencies 

. of the characteristic oscillations of 

the liquid, in the lines ((^ « u>n), and 

also in the case Wp » the system is 

stable throughout the entire flight time. 

where u and i 
n 

T* 

The quantity of the relative coeffi* 

•lent of damping in the limit of sta“ 

bility for u) ■ a)n • (Aj, may be determined 

from equation (6.27) 

tO_ 

* 4^’ 

Substituting in this equation the 

quantity k* and a for their expressions 

from (6.25), we obtain 

kkjg~~ FT y. 
S’ 

X |(l+M/;a.+ /»a^/.«/X 

x|ÜÜ!Mï_xl). (6.2» 
I. a6 + J J 
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From this equation it is evident that if the coefficient of the form of 
* • 

the characteristic oscillations of the engine with the turborump unit f - 0 
' ne 

(the external, forca is applied to the body in the joining section), then Ç - 0 

and for Cn > 0 the system is always stable. The circuit in Fig. 6.9 is, as it 

were, broken and a closed system comes into existence. 

Whet, the coefficient of the form of the characteristic oscillations of 

the bottom of the tank fnt is equal to zero, i.e., ][fngj " 0, then p„ - 0, but 

. (s) 
the system remains closed. Oscillations of the body act on the flow of the 

liquid in the low pressure turbodrive through the motion of the engine with 

the turbopump unit relative to the current (f fi 0). From equation (6.29) 

it is evident that thé possibility of losing the stability is increased if 

*ne l'n.J * 0 *"< decreases if f^ Ifn8j < 0| in comparison with the case 

¿^-4 " 0* Th® quantity of thé relative coefficient of damping Ç 
(s) J n 

in the limit of stability is inversely proportional to the relative coefficient 

of damping of the liquid in the low-pressure turbodrive, Therefore the more 

the pressure differential in the nozzle characterized by the coefficient z*, 

the less the value will be of the quantity in the limit of stability. 

Now we shall '•onduct an evaluation of the stability of a dynamic system 

shown in Fig. 6.2 with a more complete calculation of the properties of the 

discharge line. We shall assume the liquid in the turbodrive to be compressible 

anl all of the turbodrive to be elastic. From the physical content of the 

problem of stabiilty it follows that for the coincidence of frequencies u and 
n 

there is no significance to the form of elasticity determining the frequency 

of these characteristic oscillations of the liquid in the discharge line. 

Therefore calculation of the compressibility of the liquid and the elasticity 

of the walls of the tube, along with a calculation of the concentrated elas¬ 

ticity before the inlet of the pump, Insures a more accurate determination of 

the frequency of the characteristic oscillations of the liquid and consequently 

more exact quantitative ratios of the parameters of the system in the limit of 

stability. 

In the limit of stability of the system the ratios between the deviation 

of pressures p^ and p2 and the deviation of velocities and for the flow 
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of the liquid in the tube, on the basis of equation (A.71), may be written in 

the form - , 

n2=— Px-iia^gQ)*» ' 
y2 cha r 

(6.30) 

\ Ö0Ö0 
*% 

where the dimenaionleas frequency of the oscillations of the liquid in the 

tube Is I 
t 

where dg, Pq are the velocity of sound and the density of the liquid in the 

unperturbed flow, 

The dynamics of the remaining membets of the system are as before ex¬ 

pressed by equations (6.16)-(6.19) and (6.21)-(6.23). We shall assume that 

the reactants upon entering the tube is equal to zero (a^ * 0), Then from 

equations (6.17)-(6.19), (6.21)-(6.23), and (6.30) for the condition where 

» Pip* the dependence between the deviations p^ and q^ for the discharg 

line in the limit of stability may be written in the form 

where 

A» --= 1+ ï;** - ‘“VpfloOo tg 2. 
(6.32) 

The function X(u) expresses the^ctive part of the oscillating member, 

Y(u>) expresses the dissipative part. The quantity of the frequency of the 

characteristic oscillations of the liquid 0n in the low-pressure turbodrive 

is significantly well determined from the condition X - 0. We obtain 

(6.33) 
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* ▼ 

This formula has the same sense as the analogous on page 137 [Russian 

text], illustrated graphically in Fig. 4.5. 

Using (6.31) and the first equation of (6.24), we obtain the toUowing 
t * 

relation of the parameters of the system and the frequency of oscillations in 

the limit of staM^ity: 

(«Î - «5) a» 2-^r (o,) =• _>* +w^0(g£»]> 

K - w') yH+(«.)=tv;*,,. 

If these equations are solved for the quantities Eu snd 
n n n 

/Ac* 

'S 

XH + + A^aoCo lg 2) r («) j 
- 

we obtain 

(6.34) 

ur —tu- i—** 

ÍJL 
l cn 2 

*4 <*OCO 

bl 

*2(0,) + K2(u) 

tga )*(«)- 6 9* 
(Ú - Y (w) 

*2 (u>)+ V2(b>) 

(6,35) 

Since, as in the case of incompressibility of th'. liquid and rigid tube 

walls, the second term in the square brackets of equation (6.35) in many 

practical cases is significantly less than 1, therefore the frequency of the 

oscillations in the limit of stability practically practically coincides with 

the frequency of the characteristic oscillations of the body. Inserting into 

equation (6.34) m » m , we may determine the quantity in the limit of sta- 
n 0 — ^ 

bility. The dependence ^(t), as in the case of an incoropresilble liquid, has 

a sharply express*d maximum, when the frequency of the characteristic oscilla- 

tlons of the body Is close to the frequency of the characteristic oscillations 

of the liquid in the discharge line, l.e., when 

«0 o > •*. 

where fin is the root of the equation (6.33). 

We shall use the D-partition method to evaluate the stability of a dynamic 

system including two discharge lines (see Fig, 6.3). We shall assume that the 

crossover connection of the discharge lines is weak, therefore fer simplification 

we shall assume that 
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* IV tf Kt/^1=0. 
For aeflniteneas we shall assume the structure çf the discharge linea 

of the oxidant and the fuel lines to be the same and corresponding to the 
f 

diagram shown in Fig. 6.2. For each line the complex transmission number may 

be obtained using equation (6.31): 

-'¿oH) 

X0(«)+ />'«(-) ’ 

IQr C1*1) Mr ^)] 

^r(-)+^r(«) 

KQnV 

is i i _l,> (Or (‘") -r- IPf (w)) 
^ lAaiJ* ^«1 Ä » y V . > V t 

(6.36) 

vhera for the oxidant line 

W-Ê+V'Â.'fi-),. 

The quantities ^(oi) and Yq(ii)) are determincvi by formulas (6.32), in which 

it is necessary to Insert the corresponding parameters of the oxidant line. 

The quantitites Q^(iv), Rj(uj), X^(uí), Y^uj) are determined by the identical 

formula by means of inserting in them the fuel line parameters.* 

In the presence of fuel and oxidant lines, Instead of equation (6.16), 

we shall have 

P*~k'0Plçp -f 

Then for the body of the rocket we obtain 

where 

fr* = —^ro) /na* 
0 m* 

— Fir) f n ft: 
r m* 

• » 

The structural diagram of the closed system with two discharge lines is 

presented in Fig. 6.11. 
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The equation of the closed system in the limit of stability may be 

written in tha form 
• * • 

K A«pl K\P\ .0* i” K IVfl. AaJ ^\P\<y' 
« ' , • 

Inserting in this equation, instead of the complex transmission number, 

their expression from (6.36) and (6.37) and separating the real and imaginary 

parts, we obtain 

w+k*M{Qrxa - Krr0)=(«l - ^)(^/o - r/J - 

— ^O^r)» (6.38) 

^XQo^,+ 'i'^ 
cs((i)^ — U)2)(KçíV04“)/o^'r)"l" o)’ 

These equations as in (6.26) may be solved relative to any parameters 
0 2 

interesting us, in particular Ç u and m and may determine the quantity of 

the.relative coefficient of damping in the limit of stability. If the 

frequencies of the characteristic oscillationt of the liquid in the turbodrive 
t 

of the oxidant and the fuel (uyQt w^) are not close, then the maximum values 

of the quantity of the relative coefficient of damping in the limit of 

stability corresponds to the moment of flight time when the frequency of the 

characteristic oscillations of the body is close to or u^. On this basis 

instead of the dynamic diagram with two discharge lines, we may examine two 

dynamic schemes, in each of which there is only one discharge line—an oxidant 

or a fuel line. Of greatest importance is the moment of flight time when the 

frequency of the'characteristic oscillations of the first tone of the body 

coincides or is cloae with one of the frequencies (Aj,o or u^. 

The analytical equation (6.38) for the relationship of the parameters of 

tha system and the frequency of the oscillations in the limit of stability 

are very cumbersome, and to evaluate them in general form is rather tedious. 

In particular this relates to the complex dynamic systems in which the engine 

may not be considered a simple statistical member. It is advisable to conduct 

an evaluation of the stability of such complicated systems by other methods, 

in parltcular, by the methods of the theory of automatic regulation. 
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3. Stability Evaluation by the Frequency Characteristic Method 

Let ua, exaddne at first the dynamic system of Fig. 6.2. Combining the 
* > 

discharge line with the engine as the load unit in one member with the complex 
* » * 

transmission number <ln] * we obtain the structure of the dynamic system 

shown in Fig. 6.12. -We shall consider the member with these complex transmis¬ 

sion numbers as stable. We,shall convert the two-circuit system of Fig. 6.12 

to a one-circuit system,,the stability evaluation of which is simplest to con¬ 

duct using the Nyqulst criterion. A structural diagfam of the single-circuit 

system is shown in Fig. 6.13. Here 

' I?" rK\qHph]K\pk% px?\. (6.39) 

The essence of thé method of frequency characteristics is comprised in 

the fact that it is necessary in any point to break the circuit, construct a 

phase-amplitude frequency characteristic of the closed circuit {Nyquist diagram), 

and on the basis of the Nycuist criterion conduct an evaluation of the stability 

of the closed system. Since the construction of ph ise-amplitude characteristic 

of a closed circuit amounts to the addition or multiplication of vectors of 

the complex transmission numbers of the separate members in the specified 

values of frequency w, these vectors may be predetermined by calculation or by 

experiment by methods with the required accuracy without any sort of substantial 

simplifying assumptions. This is certainly a worthwhile method, especially in 

the caaes where reliable phsse-amplituds characteristics of certain members of 

the system maj be obtained only from experimental rasults. 

Figure 6.12 

J3'* rr? 

9« 

Figure 6.13 

We shall write an equation of the phase-amplitude characteristic of the 

closed circuit in the form 
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V/ (/tu) s=¿/(iu)-{- iV (w) 5= 

= K \p\p* Qm\ K* [qn% pXf) = A (ü>)e**t“). 
(6.40) 

Taking into account the equation (6.39) this equation of the phase- 

amplitude characteristic of the closed circuit may through the vector of the 

complex transmission number of the Initial members of the 6ystem (see Fig. 6.12) 

be written in the form . ... 

where the vectora of the complex transmission numbers of the individual members 

have the value I 

A,pe',,'>=K\q„, fljJ, 

¿„/’"—»Kï?.. Al- 

AHP/,p,‘,r Ia. Pifl. 
~K\pXf,q.\. 

(6.42) 

Here and later the dynamic coefficients of amplification A " , A , 
the nhasu rhnr zr + ari a*-i it) *r- _/- ... 

and 

the phase characteristics^^, ^ «re functions of the frequency «. 

The formulas for the complex transmission numbers characterizing the 

dynamic properties of the rocket body may be obtained on the basis of equation 

(6.15) 

The form of the phase-amplitude characteristica of the rocket body are 

presented in Fig. 6.14a, b. These are characteristica of the general oscil¬ 

lations of the members with damping.- The broken lines show the characteristica 

for tha phase *here rhe coefficient of the form of the characteristic oscilla¬ 

tions of the motor is < 0. In Fig.. 6.14c, d, the possible phase-amplitude 
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characteristics of the discharge line and the engine are presented. As a 

function of the design of the discharge line and its parameters, and also of 

the design and the parameters of the engine, the form of these characteristics 

may change to a significant degree. ’ 

Performing the addition and multiplication of vectors In the range of 

frequencies in which we are interested agreeable to equation (6.41) and re¬ 

producing the obtained results graphically, we obtain the Nyquist diagram 

(Fig. 6.15). Curve 1 corresponds to a system in which the frequency of the 

characteristic oscillations of the rocket body is close to the frequency of 

the cha-acteristic oscillations of the liquid #in the discharge line. Both 

members of this system (see Fig. 6.lj) are stable, and inasmuch as curve 1 

Intersects the real axis once to the right of the point C(l, 10), this closed 

system is unstable. 

Curve 2 corresponds to the system in which the frequency of the character¬ 

istic oscillations of the liquid in the discharge line is significantly lower 
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.; ■> Hi!t' if ■ ' 

than the frequency of the charäcteristlc oscillations of the body. The maximum 
« » 

dynamic coefficient of amplification of the closed circuit Is less than one, 

the phaee*amplitude characteristic may not Intersect the real axis right of 

the point C(l, 10), and the closed system is stable. 

Figure 6.15 

Curve 3 characterises the dynamic properties of a closed circuit when 

the frequency of the characteristic oscillations of the body and the liquid 

in the discharge line are close to each other, however by the dynamic charac* 

terlstics of the regulators of the engine in the range of these frequencies, 

it was possible to significantly reduce the coefficient of amplification of 

;he engine and thus ensure the stability of the closed system. 

The equation of the phase-amplitude characteristic of the closed system 

is simpler when the vector A may be neglected in comparison with 
HHn 

the product of the vectors A A 'exp i(<f +C ). For such a closed 
^Pk PkPn ÇPk PkPn 

circuit, for the phase-amplitude and phase* frequency characteristics, the 

equations are » 

V / <IP» PKPf yPf 

= O -La -La 

M«)=A„.A^AP'.4, 
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As seen from Fig. 6.13, for a certain frequency u • the equation 

- •, yfoa) ?gpu “I“"f* 

The closed system will be unstable if 

^ Aqp A pl. A 1. VP* P*Pfi PjÑ 

The best conditions for such a situation are those when the frequency of the 

characteristic oscillations of the liquid in the discharge line coincides with 

the frequency of the characteristic oscillations of the body. From an analysis 

of the dependence of the coefficients A , A , A upon the parameters of 
‘IPk PkPn Pn^ 

the system, it is possible to make a definite conclusion on the influence of 

the stability of the system of such parameters as Çn, 

These conclusions were formulated in a foregoing section. . 

• * 
We shall now obtain an equation for the phase~amplltude characteristics 

of the dynamic System with two discharge lines tsee Fig. 6.3). If we neglect 

the interaction of the liquid with the lines through the engine and combine 

each discharge line in the engine as a load unit in a separate member with a 

complex transmission number KfPlp£t <în] then the dynamic scheme of the closed 

system will consist of two parallel circuits (Fig. 6.16), The complex trans¬ 

mission numbers KMq^, Pi0pl* K*^n» pxfp^ may be obtained from equation (6.39), 

in which the quantity p. foi the oxidant line must be substituted for the 
IP 

quantity Pj^p. and for the fuel line, for the quantity p^ . 

Figure.6.16 

Disrupting the system, as shown in Fig. 6.16, we write the equation for 

the phase-amplitude characteristic of the open circuit in the form 
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1F(¿«))=/!(«)) «'*<*>= 

' ’ ' ^ f A1P.\p.f exP '(?*,. + rPkPmf) + 

+A"r 

Here the notation used is analogous to the notation In (6.61) and (6.42). 

4. The Role of Feedback 

According to the data of laboratory experiments, during the operation of 

liquid fuel rocket engines, the pulsations of the thrust are studied even 

when the closed system (the rocket body, the fuel lines, and the engine) are 

stable. These pulsations arise from processes transpiring in the engine. Thus 

the inducement of the pulsations is a property inherent In the operational 

processes of a liquid fuel rucket engine. 

The thrust pulsation P of the engine may be characterized by the function 

of spectral density S^(uj) and the dispersion of the deviation of the engine 

thrust 
os 

’p®* J Sp(to)(fw. 
—» 

In the active part of the flight, the rocket as a eloafd aystem experiences 

action of thrust pulsations of the engine, which are outside of the closed sys¬ 

tem. The pulsations cause forced longitudinal elastic oscillations of the 

body and oscillations of pressure, in the fuel line. The rocket itself during 

the flight time experiences feedback due to the oscillations of the rocket body 

and the liquid in the fuel line. The feedback as a function of the amplifica¬ 

tion coefficient and the phase relationships may have a great significance and, 

as was shown, In a closed system instability may arise. 

In Fig. 6.17a, the influence of engine thrust pulsations on the closed 

system is shown. Here, W(iuj) is the phase-amplitude frequency characteristic 
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of the closed circuit consisting of the rocket body, the fuel lines, and the 

engine; is the external Influence on the closed system of engine thrust 

fluctuations, not depending upon the oscillations of the body and the pressure 
* A 

in the fuel lines (for example, in laboratory experimertts); Petx are the fluc¬ 

tuations in engine thrust located in the closed system (leaving the member); 

Pex are the thrust fluctuations acting on the rocket body during flight (enter¬ 

ing the member). The delations between the fluctuations are expressed by the 

known formulas 

— f . 
=/^1^ (/(0)r 

Considering the fluctuation of the force as stationary, we shall obtain 

a relation between the.function of the spectral density Sex(u) of the thrust 

fluctuations acting upon the body and the function S^(w) of the thrust fluctua¬ 

tion In laboratory experiments: 

• S.x(w)-S.nH 
1 

\\-W (Ml* 

We shall determine in a certain cross-section x the deviation of the 

longitudinal overload of the rocket n^ caused by the action of thrust fluctua¬ 

tions upon the closed system. Studying 

W(iu,) - W. (iaj)W (lui) 
x ey 

where W (tu), W (tu) are the phase-amplitude characteristics of the rocket 
x ey 

body and the engine apparatus (the engine and the fuel lines), we obtain a 

structural diagram of the system shown .in Fig. 6.17b. Here the engine apparatus 

plays the role of feedback relative to the rocket body. 

a) 

Figure 6 

— v:Ay\uu) 

t) 

.17 
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Since -the spectral density'of an arbitrary process in the output of e 

linear system is equal to the spectral density of the external action on its 

inlet multiplied by the square of the modulus of the frequency characteristic 

of thie system then the spectral density of deviation of the longitudinal over¬ 

load Is 

Keeping in mind the relation between Sex(ui) and S^(u)) we obtain an expres¬ 

sion for the dispersion of the deviation of the longitudinal overload 

OO 00 

The transmisaibn band determined by the frequency characteristic of the 

rocket body is small, therefore in the limits of this band it may be assumed 

that the function ■ const. Then 

00 

i/u), 

If the body had no feedback, then the dispersion of the deviation of 

the longitudinal overload would be 

In a frequency range close to the frequency of the characteristic oscil¬ 

lations of the body, the quantity 11* - W(iaj)| may be less than 1, and the 

dispersion of the longitudinal overload of *he body for feedback would be 

larger than without feedback. Fo* harmonic external action the ratio of 

the deviation of the longitudinal overload will be equal to 

(n ) for feedback P 

(n^) without feedback.1" P^ " l-W(iii)) 

Feedback produces an increase in the deviation of the longituinal overload; 

it, as it were, decreases the deformation coefficient of the body. 
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Thus, in a range of frequencies of characteristic oscillations of the body 
m 

in the active part of the flight, even in the case of stability, large oscilla- 

tions of the longitudinal overload may arise and slowly dampen the transition 
/ ß 

processes- arising for example during the firing of' the engine. 
• » * 

The amplitude of the oscillations of the longitudinal overload should be 
^ * 

restricted. For pilotted siiips complying with NASA technical specifications, 

it should not be more than 0.2-0.25. 

In the Titan-2 rocket, for example, in the nose cone area of the rocket 

the amplitude of the oscillations of the longitudinal overload reached unity 

and were reduced after the installation of hydraulic dampers to A^ » 0.18. 

(Ekspress-Informatsiya RKT, No. 24, 1964.) In the spacecraft Apollo 6 in the 

126-th second of flight the amplitude of the longitudinal overload was observed 

to be An»*0.7 at a frequency w - 5.5 Hz. This is about five times greater 

than at the beginning of the flight (Ekspress-Informatsiya RKT, No. 30, 1968). 

3. Methods of,Insuring Stability 

In order that the dynamic system may be practically stable it is necessary 

first of all that in the flight process the frequencies of the characteristic 

longitudinal oscillai.ions of the body do not coincide with the frequencies of 

the characteristic oscillations of the liquid in the discharge line. Both the 

rocket body and the liquid in the discharge line have a complete spectrum of 

characteristic oscillations. The frequencies of the characteristic oscilla- 

tions of the liquid in the discharge line depend upon the length of the line 
• 

and the elasticity of its walls, the compressibility of the liquid, and the 

presence of the vapor-gas mixtura (the concentrated elasticity) before the inlet 

in the pump. These frequencies during the flight process remain constant if 

the parameters of the concentrated elasticity do not change. The frequencies 

of the characteristic oscillations of the body change in the flight process. 
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increasing smoothly in proportion to the discharge of the fuel from the tank. 
•« « 

It is moat-important that the frequencies of the characteristic oscillations 

of the ],over tone of the body and the liquid in the lines do not coincide. 
• / 

Since the line for one of the fuel components is generally significantly longer 
» 

than the line for the other component, then it is most probable that the fre¬ 

quency of the characteristic oscillations of the liquid in the long discharge 

line may coincide with the lower frequency.of the characteristic oscillations 

of the body. 

• 

If during the flight process at any moment of time these frequencies 

approach each other, then the dynamic -propelties of the discharge line should 

change in such a way that the frequency of the characteristic oscillations of 

the liquid in the line decrease or, on the contrary, increase. It is possible 

to Increase the frequency of the characteristic oscillations of the liquid in 
# 

the line primarily by a decrease in the coefficient of conductivity of the 

concentrated elasticity kcc . For this it is necessary to increase the prea- 

■ure of injection into the tank and thus improve the cavitational characteris¬ 

tic of the pump. An increase in the rigidity of the sylphons also leads to 

a decrease in the coefficient kcc , but in a significantly lesser degree than 

a decrease or a complete elimination of the volume of the vapor-gas mixture. 

It la possible to decrease the frequency of the characteristic oscillations 

of the liquid in the discharge line by several methods. A hydraulic accumulator 

(a damper of longitudinal oscillations) may be installed in the discharge lines 

(preferrably in the pump inlet). The hydraulic accumulator reduces the frequency 

of the oscillations and in this regard possesses the properties of a concentrated 

elasticity. Several diagrams of hydraulic diagrams are presented in Fig. 4.19. 

This method is somewhat feasible and reliable but has the deficiency that the 

hydraulic accumulator increases the rate of the rocket structure. 

A signiffcant in the frequency of the characteristic oscillations of the 

liquid may be attained if the tube of circular cross-section is exchanged for 

a tube of a non-circular cross-section. In Chapter 4, for example, it was 
• t 

shown that in a tube with a cross-section in the form of an ellipse the reduced 
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velocity of sound and consequently' the frequency oÇ the characterlatic oscilla* , 

tions of the liquid is less than in a circular tube. The frequency of oscilla* 

tions is decreased even more if the tube has large longitudinal corrugations. 

The use of a tube pf a non*circular cross-section does not increase the struc¬ 

tural weight of the rocket, but planning the durability and preparation technique 

of such tubes is moré complicated than for tubes of circular cross-section. 

% • 

As one of the methods of decreasing the frequency of the characteristic 

oscillations of the flow of the liquid in the line, à blast in the flow of an 

insignificant amount of insoluble gas may be used. As was shown in Chapter 4, 

the presence of a small quantity of insoluble gas in the flow of liquid insures 

a slgnlflcänt decrease in' the reduced velocity of sound. 

In a decrease of the pressure feeding of the tank, the cavitational charac¬ 

teristics of the pump get worse, a volume of vapor-gas mixture is formed or 

significantly Increases, as a result of which the frequency of the characteristic 

oscillations of the liquid in the line decreases.' But this method is least 

acceptable since when the cavitational characteristics get worse, the coefficient 

of useful action of the pump is decreased. 

From the data of the analysis it follows that the stability of motion of 

the system may be increased by raising the coefficient of resistance of the line. 
i 

One of the methods in this direction is an increase in the transmission pressure 

in the engine nozzles. 

For insuring the stability of the dynamic system, engine regulators may also 

be used. This in particular relates to* the scheme in which the engine has a 

closed feeding system. The working process of, the engine with such a system of 

feeding at low frequencies nas vibratory properties. By means of a selection 

of the characteristics of the regulators, it is possible to change the frequency 

range in which the engine hat. tue maximum coefficient of amplification, and 

succeed in significantly changing the phase characteristic of the engine in the 

necessary direction. • < 
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6. Examples of Instability Formation 

As,follows from works [9, 12], in the rockets Tltan-2 and Atlas, during 

the flight tests longitudinal instability was observed which was afterwards 

eliminated by various construction methods. In determining the instability 

by calculation methods a simplified mathematical model of this system was used 

in these works, which insured satisfactory agreement of the results of calcu* 

lated data with experimental data. The basic simplifying assumptions are correct 

for an engine with an open feeding system. We shall present the mathematical 

model of the system used in works [9, 12]. 

The equation for the generalized coordinate qn of the oscillations of the 

body may be written in the form 

Qn -f ^n^nQn + m\Qn ~ 
m, 

(0 ”1“ 2^* T jPlf 
/.-o 
1-r 

fn Ci 
(6.43) 

where the indices J * o, j ■ f correspond to the lines and (tanks) of the 

oxidant and fuel. 

Each fuel line consists of three members: the low-pressure tube (the 

discharge line), the pump, and the high-pressure tube (the delivery line). 

The deviation of pressure in the bottom of the tank may be calculated by the 

formula 

P() /(t)" QqjHj*/n 6 jQn* re L 

vh're f is the coefficient of the form of the characteristic oscillations 
ntj 

of the bottom of the tank determined taking into account one basic tone of the 

oscillations of the liquid in the tank. 

The compressible liquid in the elastic low-pressure tube is schematized 

in form of a certain elastic rod with an equivalent modulus of elasticity E^. 

In the front end of the rod a pressure deviation ptj acts; the lower end of 

the rod rests upon a spring Imitating a concentrated elasticity in the inlet 

of the pump. 
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Since thé force of the pressure of the spring, on the rod is equal to the 

sum of the forcea of the inertia of the rod, the equation for determining the 

generalized1 coordinate qf of the forced oscillations of the rod (the liquid 

in the tube) may be written in the form 

n ilf rl 

(6.45) 

where m^^, f^ are the relative- coefficient of damping, the frequency 

of the characteristic oscillations, the reduced mass, and the form of the 

characteristic oscillations of the r-th tone of the rod on the spring, wherein 

frj(Zj^) ■ 1; y2j ^ *8 t^ie ^ev^at^ün t^ie velocity of the liquid leaving 

the tube (for x - *TJ the area the cros9"8ection the tube* 

The pressure of the liquid going out of the tube may be considered as the 

stress in the end of the elastic rod by the formula 

'»m—M'-ÄI,,/ (6.46) 

We shall assume that p-. ■ p j ■ P, . 
2J *vg J Ipj 

the pressure of the vapor-gas mixture. 

• P, where p . is the deviation of 
Klo1* rVí1 

The deviation ot velocity cf the liquid going out of the tube may be 

determined from the equation of discontinuity 

v2j{t)—Vpj (6.4:) 

where v . is the deviation of velocity of the liquid through the pump; V . is 
Pi VW 

the deviation of the velocity of the liquid going out of the tube due to the 

concentrated elasticity. On the basis of (4.57) 

(6.48) 
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We shall consider the veldcity of the shaft of the turbopump assembly unit 
* 

to be constant. Then the deviation of pressure in the outlet of the pump may 
% 

be datei^ninaTt from equation 

.(6.49) 

a 

We shall assume the high-pressure tube to be rigid, and the liquid in 

the tube to be Incompressible. Taking into account the inertia of the liquid 

and the resistance of the tube, including the resistance of the nozzle, the 

equation of the motion of the liquid in the high-pressure tube may be written 

in the form 

(6.50) a . • 

tube and the nozzle head. 

We shall assume the combustion chamber to be a simple aperiodic member, 

and we may write the equation for the deviation of pressure in the combustion 

chamber in the form 

(6.51) 
U) 

where is the coefficient of amplification of the chamber according to the 

discharge of the j-th component. 

Equations (6.43)-(6.51) give a mathematical model of a closed system. 

A structural diagram with one fuel line is shown in Fig. 6.18. It is not 

6 

difficult to obtain expressions for complex transmission numbers of the members 
* * 

on the basis of equations (6.43)-(6.51). 
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Figure 6.18 » 

An evaluation of the stability of the system may be conducted by means of 

a determination of the trajectory roots z - e + iui of the characteristic equa¬ 

tion of the closed system. In Fig. 6.19 results are presented of a calculation 

of the roots of the characteristic equation for the Titan-2 rocket [9]. The 

graph shows the change in roots corresponding to the first and second* tones of 

the oscillations of the rocket as a function of flight time. The instability 

of the rocket in the frequency of the first tone qf oscillations of its body 

la theoretically assumed to be approximately between 105 and 1A0 seconds of 

flight. Approximately the same data were obtained in the telemetric measure¬ 

ments at the time of the first flight tests of the Titan-2 rocket. In Fig. 6.20 

a graph is shown of the axial overload n^ obtained in flight tests [12]. The 

oscillations began at a moment of time t ft#100 seconda and reached the maximum 

at the moment of time t 120 seconds and stopped at the end of the flight. 

The oscillations had an almost sinusoidal character with the frequency che .ging 

during the time of flight from 10 to 15 Hz. The amplitudes of the oscillations 

of the pressure are chaicterized by the data cited in Table 6.1 obtained as a 

result of a simulation according to equations (6.43)-(6.51) in conditions of 

a restricted amplitude of oscillations of the body and during flight tests. 

i 

In order to give the system stability, on the low-pressure turbodrive in 

front of the inlet of the pump, a spring-hydraulic damper was installed. A 

diagram of the turbodrive with the damper is shown in Fig. 6.21a; the phase- 

amplitude characteristic of the turbodrive with the damper in the condition 

that the liquid is incompressible is presented in Fig. 6.21b. The damper re¬ 

duces the oscillations in ti.w inlet of the pump and, as it were, breaks the 
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circuit between the fuel line and the engine. The rigidity of the spring of* 

the danger la selected such ^that the least modulus of the phase-amplitude 

ha 
180 

second tone 
of oscillations 160 

IS "ft 

m 'no 
> 

first tone of 

oscillations 

Vi'» ' 
0*11$ ^ 

60 Ms* 
flight time t 

20 

j - 1 ■ ■ 1  â a 

-J *2 -» / 2 I 
time t in sec 

Figure 6.20 Figure 6.19 

characteristic of the turbodrive and the damper v’ill be at the frequency eo.ual 

to the frequency of the charcterlstlc oscillations of the body. For a long 

turbodrive a calculation of the rigidity of the spring of the damper should be 

conducted taking into account the compressibility of the liquid and the con¬ 

centrated elasticity in the end of the turbodrive. 

• 

In Fig. 6.22 results are presented of a determination of the trajectory 
# 

of the roots z ■ t + iw of the characteristic equation for the first two tones 

of oscillations of the Atlas rocket. The roots are calculated for two values 

of the relative damping coefficient: (. ■ 0.01 and Ç - 0.02. As is evident, 
• , 

for very small coefficients of damping, each tone of oscillations in different 

moments of time may become unstable. 
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Table 6.1 

Preeeu^^evietion Calculated data of 

mathematical model 

Data of rocket 

• flieht tests 

P* I 
3,5 ‘ ‘ 4,3 

' 1 .. '-62 • • 
1,9 

• Pino 10,26 ■» 9,6 

Pino ' 
• • 

10,54* 12,66 

Pit 0,84 0.7 : 

Plnr 
0 » 

0,91 1,12 
• 

Pinr 7,03 8,44 

For the Interval of time before the eeparatlon of the stages of the rocket 

the relative coefficient of damping for the first tor;*s of oscillations were 

determined in the time of the longitudinal dynamic tests and amounted to Ç ■ 

m 0.01—0.03. 

In the flight time of the Atlas rocket in the last few seconds before 

separation of the stages, longitudinal instability arises by the first tone of 

oscillations of the body, but the amplitude of oscillations does not reach a 

substantial quantity 19]. 

In Fig. 6.23 ere presented the phase-amplitude frequency characteristics 

of the closed circuit of thj injection system of the tanks of the Atlas rocket 

for the moment of launching the rocket (the place of closing the system is 

shown by the wavy line in Fig. 6.8). The curve a is the phase-amplitude charac¬ 

teristic of tank injection of the fuel for the disconnected oxidant tank system. 
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With the change of frequency from aero to plus Infinity che curve Intersects* 

the real axle once right oftthe point C(l, 10) clockwise* Since all members 

of the ¿Losed circuit (see Fig. 6.8) are stable, the fuel tank Injection system 

(for the disconnected system of the oxidant tank) will be vnstable at a fre* 
f 

quency of ^AO/sec, which Is equal to the first tone of the characteristic oscll" 

Tlgure 6.21 Figure 6.22 

Curve b is a frequency characterLstlc^of the closed circuit of the oxidant 

tank Injection system; It Is assuped that the fuel tank Injection system at this 

time is not operating. For a change of frequency from zero to plus infinity the 

curve intersects the real axis right of the point C(l, 10) two times in opposite 

directions. Therefore »he system will be stable. 

• « 

As noted in work 19], from a simultaneous analysis of the stability of 

both s>stems of injection It Is established that the system Is unstable at a 
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frequency of àpproxlnetely 14 per second, and at a^frequency of 40 per second, * 

the system is at the limit of stability. The results of analogous calculations 

for different moments of time after launching showed t|iat the system becomes 

more stable. The limit of stability is reached in thq fifth second, after which 

the stability of the system Increases. This is explained by an Increase in the 

volume of gás levels'qpd a corresponding decrease in the coefficient of ampllfi* 

cation of the pressure deviation pft of the gas in the tank. The results of 

a calculation confirm the rocket flight test results [9]. 

Particularly great attention is paid to the study of the dynamic charac¬ 

teristics of the cosmic rocket system Saturn-5/Apollo [8]. The system consists 

of four stages: S-l, S-Z, S-3, S-4, and a lunar exploration module connected 

to one another successively. In NASA’s Langley Research Center for investigat¬ 

ing longitudinal oscillations of the Saturn-5 rocket, a dynamic scheme was 

developed and a physical dynamically similar model of the system was made at 

a scale-of 1:10. For studying the dynamic properties of the rocket construction 

an elastic mass model was used, the basic construction principles of which are 

the same as for the model shown in Fig. 3.1. In a one-dimensional mathematical 

model, the tank is considered as an isotropic ore-dimensional shell which is 

deformed by the action of oscillations of the liquid; the distribution of the 

liquid pressure in the oscillations process is similar to the hydrostatic 

distribution. The one-dimensional model has 28 degrees of freedom. 
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In a two-dimensional mathematical model, the theory of orthotropic axi-* 

symmetricai ahella is used,%taking into account the longitudinal and radial 

oacillatlona^of the shell and the liquid. The two-/iimensional model possesses 

75 degrees of freedom. For a solution of the system of differential equationa the 
' f 

Rayleigh-Rita method is used, in which the mixing function is taken in the 

form of stepped së*ies. 

* 

The force construction of the physical dynamically similar model of the 

system in basic outline is an exact geometrically similar copy of the actual 

structure. The length of the model is approximately 11 meters, the diameter 

of the first stage is approximately 1 meter. The elements of the structure 

situated above the transition of the lunar expedition module cone are geome- 

. trlcally bimilar to the prototype, but differ in respect to construction and 

the use of materials. The model of the lunar expedition module is similar 

only by the mass, the position of the center of mass, inertia, and suspension. 

For-an imitation of the fuel in the S-l stage and the liquid oxygen in all 

stages, water was used. For imitating the liquid hydrogen in the S-2 and S-4 

stages, foam plastic beads were used, having a density of approximately 60 kg/m . 

The pressure of all tanks was accomplished by nitrogen at a .pressure of 0.7 

atmospheres. 

For the test the physical model was suspended with a specially constructed 

system consistinn of four symmetrically arranged tables attached above to a 

rigid supporting girder. The length and the diameter of the cables was selected 

so that the frequency of the oscillations of the rocket model as a solid body 

would be less than l.ic frequency of the first tone of this elastic oscillation. 

The perturbation oí the phy ical model was conducted through a dynamometer and 

the pivots of the central motor. The dynamometer was used a sensitive element 

in the servosystem with electrodynamic vibrators for supporting the indicated 

amount of perturbation. 

In Table 6.Î are presented frequencies w per second of the characteristic 

oscillations of the baturn-5 rocket,- calculated for one-dimensional and two- 

dimensional mathematical models and also the experimental data obtained on the 

dynamically similar physical model of the scale 1:10. The calculated and 
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experimental data çorrespond to the starting moment of the rocket and the 

moment of complet» fuel combustion in the S*1 stage. 

Table 6.2 

« 

-¾-- 

Start # ' • Complete Fuel Combustion 

1 

Ton<¡ of 

Oscillations 

Experimental 

data of 

the physical 

model 

Calculated data 

of the 

mathematical 

model 

Experimental 

data>of 

the physical 

• model 

Calculated data 

of the 
mathematical 

model 

1-dimen. 2-dimen. 1-dimen. 2-dimen. 

First 

Second 

Third 

Fourth 

30.9 

40.2 

56.4 

71.3 

37.5 

39.3 

56.4 

71.1 

31.4 

40.7 

59.1 

74.0 

51.1 

69.5 

54.5 

71.1 • 

74.1 

1 

56.1 

72.0 

•75.8 

In Fig. 6 .24 are presented for comparison the forms of the characterla« 

tic oscillations of the first four tones, corresponding to the starting moment 

of the rocket. The results of calculations for the one-dimensional model are 

shown by the solid lines and the darkened spots; and the results of calcula¬ 

tions of ‘the two-dimensional model are snown by the broken lines. The darkened 

spots show the value of the forms of the characteristic oscillations of the 

center of mass of liquid in the tank. The experimental data are presented in 

the light circles showing the Vdloes of the forms od the characteristic oscil- 

lations of the separate points of the longitudinal axis of the rocket body. 

Basically, a good coincidence was obtaine*«! of experimental and calculated 

data for the one-dimensional mathematical model. An exception was the first 

tone of oscillations in the starting condition, when the motion of the liquid 

mass in the oxidant tank of the first stage went out of phase with the body. 

Calculations of the two-dimensional mathematical model produced for this con¬ 

dition a good coincidence with experimental data. 
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