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ABSTRACT

The performance capability associated with resolving and
incoherently combining multipath arrivals is investigated, as a function
of the signaling bandwidth, for a generic communicaticns system. The
performance measure used is a deflection criterion of receiver output
signal-to-noige ratio. I is shown tha’ resolution and incoherent
combination is a form of diversity which yields a measure of safety, in
that drastic losses in performance become far less likely, The exact
behavior of the signal-to-noise ratio depends on the detailed medium
impulse response; several examples are investigated.
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RESOLUTION AND INCOHERENT COMBINATION
OF MULTIPATH ARRIVALS

INTRODUC TION

The time-varying impulse response of the ocean medium between transmitting
and receiving points is often composad of several psaths of varying strengths and
relative delays. If a narrowband signal is transmitted through such a medium,
the signal may encounter a deep fade and, thereby, seriously degrade communica-
tion performance. On the other hand, if a broadband signal is transmitted, the
multipaths may be resolved at the output of a receiver matched filter, yielding
a sequence of sharp pulses of varying strengths and relative delays. Incoherent
combination of above-threshold pulses may improve the system detection and
communication capability, without the receiver having toknow the precise struc-
ture of the curreni medium impulse response. Here we investigate the system
performance capability measured by a deflection criterion of receiver output
signal-to-noise ratio, for large signal time-bardwidth products, as a function
of signaling bandwidth and a verygeneral model of the medium impulse response.

PROBLEM DEFINITION

A block diagram of the system to be considered is given in figure 1. The
transmitted signal* Re{x(t) exp(i2wfyt)} is a broadband signal centered on a
carrier frequency. Its duration is T seconds and its bandwidth is W hertz;
the signal time-bandwidth product TW is assumed to be much larger than unity.
For example, x(t) may be a pseudorandom sequence. The energy of the real
transmitted signal is Ex.

The medium impulse response hp(r) is of duration L, and the medium
transfer function has bandwidth Wp,. Thus significant changes in hpy(t) can
cccur no faster than every 1/Wy, seconds; they may occur much slower. The
medium impulse response is very slowly time-varying; that is, medium fre-
quency spread B satisfies the inequality B~1> T. There is assumed to be no
Doppler shift batween transmitter and receiver. The detailed multipath structire
of the mediuin is not known to the receiver. However, signal duration T is as-
sumed to be much larger than multipath spread L.

*Complex notation is employedin the linear portior ~f the system infigure 1;
gsee appendix A in reference 1, for example. Also, all functions are centered at
the origin, for convenience, without loss of generality.
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MEDIUM ADDITIVE RECEIVER - AVERAGING
IMPULSE NOI*E FILTER e FILTER

]
{
RESPONSE } DETECTOR
|
|
|

je———————— COMPLEX ENVELOPE NOTATION ———————=
Figure 1. System Block Diagram

We assume that the additive noise n(t) is stationary Gaussianand white over
the passband of the receiver filter hp(t). The noise (double-sided) spectrum
level is Ngq watts/hertz.

The receiver processing filter hp(t) is selected as the matchea fiiter to
transmitted signal! x(t); i.e.,

b.@r) =x*(T), (1)
H.()=X"(O) . 2)
The envelope-squared detector is characterized mathematically by
et = |zn]?, @)
since z(t) is a complex envelope, whereas e(t) is a real low-pass waveform.

Averaging filter hg(T) has an impulse respounse duration L,, which should
approximately equal the medium multipath duration L. Several choices are
available for hg(t). If it is a simple unimodal function, the averaging filter
merely adds up all resolved multipath s{gnal outputs from the detector, in addi-
tion to the noisy intervals. If hg(T) werechosen instead tobe a set cf impuises
of different areas and delays, the averaging filter would sample the detector out-
put at several relative time delays, weight them, and add them. If the averaging-
filter delays correspond tothe actual medium path delays, then a near-optimum
incoherent combination of multipath arrivals would take place. A practical
approximation to this processor (which. does not require knowledge of the
medium path delays) is achieved by subjecting the detecied output et) to a
threshold and passing only those values above the threshold to the averaging fil-
ter. However, if any noise pulses exceed the threshold, they toco would be
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accumulated. Here we shall analyze only the perforincuce of the simple unimodal
averaging filter without thresholding. Later we shali comment on the performance
of the thresholding technique.

For a given medium (L, Wp, detailed multipath), a given signal (T, Ey),
and a given receiver (matched filter), we wish to investigate the performance
capability of the system in figure 1, as a function of the signal bandwidth W.
Should W be chosen larger or smaller than 1/L, and by how much? What are
the trade-offs of the various choices, such as the increased noise allowed thi-ough
the matched filter for larger W, and the effect of resolving individual multipath
arrivals when W > 1/L (i.e., 1/W < L)? How much of the medium bandwidth
Wm should be used? (There is no point in transmitting a signal of bandwidth
greater than Wp,, and, in fact, W may have to be chosen much smaller than
W to avoid interference with other nearby transmitters and receivers.) It
should be noted that since receiver processing filter hy(r) is matched to trans-
mitted signal x(t), the receiver also changes with W, in addition to the trans-

mitted signal changing.

A plot of a typical detector output waveform e(t) is depicted in figure 2,
for W>1/L. The central region of extent L is the important region for sig-
nal detection. In this region, the standard deviation of the output noise is the

e | e

VA, a

L-'/w AMBIGUITY \ J

Figure 2, Detector Output Waveform

limiting factor. (The mean of the noise output raises ihe average output but does
not limit detectability.) Accordingly, the performance measure adopted at the
detector output for the system of figure 1 is the deflection criterion

eg(t)
SD {en(t)}

whkere subscripts 8 and n denote signal alone and noise alone, respectively,
and SD denotes standard deviation. Equation (4) is a function of time and can
have several peaks if the medium multipsath is resolved (W > 1/L); see figure 2.

de(t) = (4)

e Pk = - e - A am . -
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The corresponding performance measure at the averaging filter output is

rs(t)
d ) = —_— 5)
SD {r_(t)}

[
i
N
!
1
!

!

Both (4) and (5) are of interest here and will be investigated for several multi-
path profiles,

RESIi; ™ f

The derivations of (4) and (5) are presented in appendix A, and are available
generally from (A-€), (A-7), (A-16), and (A-~17), We now specialize these general
! results to particular cases. A very general model for the medium impulse re-
sponse hp(v) is afforded by a sum of spaced complex Gaussian pulses:

N
- _ 23,2 '
h (r)=W_ k=Z-N A, exp [n(wm—r ) ] . (6)

The area of each pulse is A; and is a measure of the voltage attenuation of a
component path, By proper choice of N and {AQ a wide variety of impulse
responses can be realized. The derivations of 4) and (5) for the model of (6)

F’ are presented in appendix A, along with some simplifying assumptions made for
mathematical tractability. Equation (4) is given by -
4 2 2
k (Wt 3
Ex 1 ‘E 4 Wm
d (t)= Ay exp |- )
e 2 ’
Ny w2 | k=-N 1+
Le—5
w " Ui} 4
m
while (5) becomes
w2

1+412 w2 —

; Ex Wi
dp(t) = x
8N4 w2 w2 . ] i
14— | [1+— @+202w?)
» [ w2 w2 wy
m m g
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- 2 1 T 2]
w | 3 w
—— Wt~ = (k+4)—
N 3 w2 R ( g ¢ )wm)
Z Ak AI exp | - — T (k-0)“)exp |-2w
- 32 w2 w2
kx=-N 14— 1+ —[1+212 W2
W?n w2 a m
b - o - m -
N 8)
The fundamental dimensionless parameters are N, {Ak}_N . LW, and
La/ L. All other parameters depend on these:
_ 3
LW, =1+ 3 N (from (6)},
L, Ly, 4
LgWp === LW, =— (1 + SN), and
L L
w LW Lw (9)

Wy LWy 1+ 3N

Signal duration T and detailed waveform do not appear in (7) or (8), because of
the approximation made to the signe! autocorrelation funct on {see (A-2} through
(A-5)); however, the limitaiion TW >>1 must a2lways hold. The multipath dura-
tion L can be made much larger than the inverse medium bandwidth W;n by

choosing the number of terms N in {6) large.

As g basis for comparison, the maximum possible value of defleetion dy(t)
is used. This is the value attained by a hyp~ihetical receiver which knows the
medium impulse vesponse, in addition to the {ransmiited signal; also, the trans-
miiter 18 presumed fo have kmowladge of the medium impulge response. The
maximum possible value is given in (B~-12) from aprendix B:

B, 2
o, = max Enm(f)l . {10)
8Ny

The maximum i8 reaiized by concentrating the transmitied signal spectruin at
the peak trangmissice frequency of the medium. The results to foliow pertain
to the ratios of deflection criteria

dg(t) dp(t)
and ——— . (i1
d o]
e, °,

B T s St edne v e o e . - . -

.

ot satlinn buate, SiRAC i —

LN

Wl

£33

Yo o B

"ol

Ihn bt

&%@%ﬁ%iﬁr“‘éw"“ Sl oo eI ARG 3 R




)k Binaad

= -~ v - T -

TR 4481

Before we embark on the detailed numerical investigation of (11), some
useful insight into good medium utilization can be obtained from: (10). Suppose
the medium transfer function is such that |Hm(f)| 2 s fairly flat in frequency;
for example, suppsse the peak-to-average ratio of |Hp, ()| 2 js of the order of 2.
Then, since a significant change in IHm(f)I?' can occur in an interval of
1/L hertz, the transmitted signal will encounter the average transfer value if
W >>1,/L, and values of (11) in the neighborhood of 1/2 can be anticipated. Thus a
spread signal spectrum with W> 1/L is a form of diversity which avoids encoun-
tering solely a deep fade in the medium. Values of (11) inthe vicinity of 1/2 indicate
good utilization of that particular medium, considering that the detailed impulse
response is not known to the processor under investigation here. Of course,
values of (11) much smaller than unity are realized when the medium transfer
functior: has at least one frequency of large gain; however, this frequency would
change with time and be unknown in most practical situations. Thus values of
(11) much sma!ler than unity do not necessarily indicate a poor processor, but
rather a medium that would require continuous measurement and caharacteriza-
tion for optimum utilization.

The first {impulse response considered consists of two positive pulses, *
as indicated in figure 3A. Plots of the normalized deflections

ds(t) drit)
and —- (12)
mzéx de(t) m%x dp.(t)

are given in figures 3B and 3C, respectively, for WL = 1. 4. The envelope detec-
tor output deflection in figure 38 is beginning to he resolvediatetwo components;
for larger values of W, two distinct pulses occur in dg(t). The ratios of de-
flection criteriua, (11}, are plotted in figures 3D and 3E, respectively, for WL
in the range (0, 8). It is seen that the best value of signal bandwidth W {for this
impulse response {figure 3A} is zero. This is in agreement with (10}, because
the largest value of the medium transfer funciion occurs at f = 0. There is no
point in resolving the multipath strusture when the complex envelope of the
medium impulse vesponse har the same phase for all values of -.

However, a slight change in center frequency, fg, of the transmitted sig-
nal or the diifererce of mediwn paths delays, T4, can cause a significant phase
shift of components of hy{?). For exampia, in appendix C, it is showa that a
change in fg 7d of 1/2 causes the two pulses in figure 3A to have opposite

*Absolute levels are not important ir the impuise response and therefore
are not indicated.
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Figure 3A. Medium Impulse Response

{ | ] J Wt

4 Wi
-2.2 2.2
Figure 3B. Normalized Leflection Figure 3D. Ratio of Deflection Criteria,
d (t)/max d () WL = L. 4 max d (t)/d
Flgure 3C. Normalized Deﬂectxon Fignre oE. Ratio of Deﬂection Cnterla,
dr(t)/mf.x d_(©); WL = 1.4, La/L =1 m:i.x dr(t)/dez; La/L =1

Figure 3, System Performance for & Unipolar Impulse Response
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polarities. This case is considered in figure 4A. Thec normalized deflections,
(12), are plotted in figures 4B and 4C, respectively, for the case of WL = 1.6,
where the two paths are well resolved. The ratios of deflection criteria, (11),
are given in figures 4D and 4E. It is seen that best performance is attained for
WL approximately equal to 1.6 for this example. If W is chosen too small, the
two paths in figure 4A are not resolved and combine destructively. As W is in-
creased, each path contributes separately (figure 4B), but if W is made too
large, too much additional noise is allowed through receiver filter hyp(r) in
figure 1, and performance degrades, as indicated in figures 4D and 4E. The
peak ordinates of 0.25 in figures 4D and 4E indicate rather good utilization of
the medium; furthermore, the peak is fairly broad.

A third impulse response is indicated in figure 5A. It consists of two weak
long-duration paths and two strong short-duration paths. The two normalized
deflections, (12), are plotted in figures 5B and 5C, respectively, for WL = 2,0,
The ratios of deflection criteria, (11), which are depicted in figures 5D and 5E,
show that, as WL is increased from zero, the weak long-duration paths are
resolved and performance improves. However, once these paths are resolved,
additional bandwidth allows in more noise, and performance degrades. But if
the bandwidth is increased still further, so as to resolve the strong short-dura-
tion paths, performance is again improved. However, sufficient bandwidth to
attain this performance may not b2 available.

DISCUSSION

The performance of the system considered here de 'ends on the precise details
of the medium (complex envelope) impulse response, which has been modeled
as a deterministic linear filter, unknown to the transmitter and receiver. Un-
less the medium is continuously n easured and characterized, signal design ought
to be accomplished for the "average'" medium behavior rather than attempt to
exploit some short-term behavior, with possible drastic fades and degradations
in performance. For a medium with impulse duration L, the signaling band-
width W should generally be taken larger than 1/L, the exact amount depend-
ing on the particular impulse response. For toolarge a value of W, the receiver~
matched {ilter passes too much noise, which can not always be overcome through
multipath resolution and incoherent combination. Also, interference limitations
with other transmitters and receivers may preclude large signal bandwidths.

For W <1/L, the medium acts like a single path with strength |[dTh.,(7)],
which may be strong or weak, depending on the relative strengths and phases of
component paths. That is, constructive or destructive addition can occur. This
precarious situation can be alleviated by choosing W > 1/L; this is a form of
diversity that makes drastic performance losses far less likely.
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Figure 4A. Medium Impulse Response
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Figure 4B. Normalized Deflection Figure 4D. Ratio of Deflection Criteria,
de(t)/max de(t); WL=1,6 max de(t)/d o
t t 2
! 22~

Jo\

2.3 o ¢
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Figure 4C. Normalized Deflection Figure 4E. Ratio of Deflection Criteria,

s = = d H =
dr(t)/mz:x dr(i:), WL = 1.6, La/L 1 mz:xdr(t)/ e, La/L 1

Figure 4. System Performance for a Bipolar Impulse Response
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Figure 5A. Medium Impulse Response
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Figure 5B. Normalized Deflection Figure 5D. Ratio of Deflection Criteria,
de(t)/max d (t); WL = 2.0 max de(t)/de
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Figure 5E. Ratio of Deflection Criteria,
mz:x dr(t)/dez; La/L =1

Figure 5. System Performance for a Distributed Impulse Response
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The incoherent combination of resolved outputs e(t) in figure 1 is accom-
plished by averaging filter ha(r), which was chosen here as a simple unimodal
filter of duration approximately L. The results of figures 3E, 4E, and 5E in-
dicate that the deflection values have not been increased above those before in-
coherent combination. The reason for this behavior is that the noisy intervals
at the detector output have also been accumulated by the averaging filter, in ad-
dition to the signal contributions. If the envelope-detected output e(t) were
subjected instead to a thresholding operation, and then passed through the aver-
aging filter, the output deflection would be given approximately by

LS detty (13
—_— k’ » }
M T

where M is the number of threshold excursions, and dg(tk) is the deflection
criterion of the k-th excursion. For equal deflections, (13) increases propor-
tionally with ~M; thus incoherent combination can yield significantly better
performance,

The main assumptions in this investigation are summarized below:
T™W > 1,

B-1>T>L, (14)
no Doppler .

Thus the medium must be under-spread, BL must be less than 1, and signal
duration T must be appropriately chosen to fit the medium parameters., The
conclusion drawn here for the real impulse responses in figures 3 through 5
apply equally well to complex impulse responses.

11/12
REVERSE BLANK

- - FEEN . MeTamames s v % - -

LR R TR PR
- I e

Comu

PO

ks

“WMMM4Mr~wW»-ﬂ"‘“"‘*“‘“‘“‘“‘“‘““"“"“”‘"""‘"““ [

oo il




TR 4481

Appendix A

DERIVATION OF DEFLECTION CRITERIA
SIGNAL-ONLY OUTPUT

then

ZE) = THOYE =1 HDH. XD,

20 = +h, B e [hw e ),

(A-1)

The time function hp(t)@ x(t) measures the respoise of the receiver process-
ing filter to the transmitted signal. If the receiver processing filter is matched
to the transmitted signal, then, using (1) from the main text, we have

N{QG x = x*(-t)w xE) =Sd1: xt) x*(t-t\) " ‘Hf),

where ¢{t) is the autocorrelation of the signal x(t). (For a Doppler shift,

$(t) would have to be replaced by the ambiguity function of signal x(t).) Then
(A-1) becomes

(A-2)

z = %h.@®¢‘9)

{4-3)
where

bl = 5& Ixw)* - 2E, . (A-4)

Here E, is the transmitted signal energy. A sample plot of ¢(t)/$ (o) is given
in figure A-1.

The autocorrelation ¢(t) is composed of two types of components, the sin-
gle large peak of width 1/W and the small sidelobes; recall that TW >>1. The
convolution of the sidelobes of ¢(t) with the details of hp(t) in (A-3) will not
yield a significant contribution in comparison with that due to the main peak,

13
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d(1)/ ¢ (o)

N =
R T

T

Figure A~1, Aufocorrelation of Signal

since contributions :rom some positive sidelobes are cancelled by some from
negative sidelobes. Hence the sidelobe contributions are ignored. (Actually this
is a pessimistic assumption for signal detectability because these low-level com-
ponents, after detection and low-pass filtering, constitute a broad increase in
the average output above that normally due to the noise; see figure 2,)

In this case. we have, using (A-3), (A-4), and figure (A-1),

~ L -5
gk) = 4})"‘90 ?&'), (A-5)
where pulse p(t) is as shown in figure A-2.
2E,
—— -—1/W

Figure A-2. Pulse Approximation to Autocorrelation
Then, using subscript s to denote the signal-only output, we have

e, k) = }2“:7\2 = ‘,‘;‘\ h.iBe PK')\:) (A-6)

and (no factor of 1/2 now because we use real waveforms instead of complex
envelopes)

o0 =hbeeh=hbe \h,ll-)@y“)r.

(A~7)

Equations (A-6) and (A-7) are the main results for the signal-only output.
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NOISE-ONLY OUTPUT

For noise only, z(t) is a complex Gaussian process, with spectrum

e e ot e A G B PR L 4 1R £
R Y R e

&) - L TG = N WO, a-8
where Ng is the double-sided spectrum level of the real received noise. Now
el = Ja)’, (A-9)
The correlation function of e(t) is (see reference 2)
Rfe) = eBlek-d) = [zBlR k-0l ;
(A-10) ]
= R + IR, @), -
The spectrum of e(t) is therefore %
Getf) = [dT expliznin)Re IO ;
(A-11)

=R 08 + G & & 6.

The dc componeni of e(t) does not hinder signal detection; it merely raises
the bias level. The important quantity is the standard deviation of e(t); thus

consider
Var $ e} = j‘df‘[%ff) ® G',.“)]
- (of Saw 660 Gy = [Jora ]

z [Na S of | Hr{'f')ﬂz.

B W M b N

Ba 3 Boemip R o e

(A-12)
Therefore, using (2) and (A-4), we obtain

sp{etd] = Na o IR = Ny JOFIXIDN = Ny 28 (a-13)

This quantity is independent of the signal bandwidth W; the independence is
due to the choice of receiver processing filter Hy(f) as the matched filter to
the transmitted signal.
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The spectrum of the output r(t) is, using (A-11),

&t = ) 6.0
- HOT RosH+ 6 e G0)] A1

The dc¢ component in r(t) does not hinder signal detection. So we coneider the

Vqr({fta} = S&F lHa"Q\z [G'e&)a G‘,“‘}]
= N [ IHa 0| {]M)\" ® M)ﬂ
= N; (o ol [Ixiof ® XO]

(A-15)
upon using (A-8) and (3). This variance can depend on signal bandwidth W.

Putting on subscript n for noise alone, the main results for the noise~only
outhut are

sple ) = 25N, (A-16)

5Dt 3 = Ny £ fof [P LIXBP @ T} (a-17)

These two relations, combinzd with (A-6) and (A-7), afford evaluation of the
deflection ecriteria in (4) and (5).

CHECK CASE
Consider h;,(t) to he a broadband filter with unity real gain. Then hy, ()

approaches 2§(t), a single-path medium. Now let Z{t) denote the real wave-
form corresponding to complex envelope z(t): Z(t) = Re {z(t) exp {i2n{,t)}. Then

mp 32 ) = woxflazl} - e

- p3 r 1‘ 2
= cl2pl = 7 105Y - &, (A-18)

using (A-6) and (A-4). This value cculd be realized only by a phase-coherent
receiver. Also.
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Var{Z.0] = E{EMY = LE7)2 01
- si® e =L {FNIXGP = NEs,

using (A-8), (2}, and ;A-4). Therefore,

- 2
[_&Z_fl’f_] . & a2

(A-19)

SDZi.({')} Ny ’

which is the standard result for a phase-coherent matched filter for a single-
path in white noise, since Ey is also the received signal energy in this case.
There also follows

wax 3¢, 16} _ me 0l - Ex .,y Ex.
spje ) SDYmBIY  2ME T M

(A-21)

The factor of 1/2 is due to the squared-envelope detector; the denominator is
twice as large in this latter case (see (B~9) through (B-11)).

IMPULSE RESPONSE MODEL AND SIMPIIFYING APPROXIMATIONS

A general model of the medium impulse response h, (t) is affordea by a
sum of spaced complex Gaussian pulses:

N &
h, [0 = W, x-zio A, exp[-w(W,T- 2 )} (A-22)

The spacing of the component pulses is illustrated in figure A-3. The non-zero

A7

Peofuscnnannd]

Figure A-3, Spacing and Oveilap of
Component Pulses
{Ak} extend only over an interval covering L seconds, where (from A-22)),

17

- o= — = P e e e e S e =

i

3
X

iy

FAL e e e

n nnda e K s BN IR i ekl 2

Ao i RN b 70

fi




—————

et e ey BB W8 o &

R A Sy A

TR 4481

L= 'E (l + %N) (A-23)

Medium impulse response hp(t) can change significantly every 1/Wp, seconds;
however, it does not have to, if several adjacent Ay are approximately equal.
The medium transfer function is given by

N
Fulf) = exple /WD) Z A opl-ize i 3K) (A-24)
The signal autocorrelation pulse p(t) in figure A-2 is represented as
pl0) = 2B, enp(-TWE), (A-25)

and is depicted in figure A-4. The energy density spectrum of signal x(t) is

1

. /'\\
/ —_ 456
1 1
1 1 ]
— w
Figure A-4. Autocorrelatioa Pulse Shape

then given by

\gdf exr(—ilﬁﬂx‘gr

Sd‘t exy(—-i2rf~1) blr)
4 jd‘t exp (—ih-fl') r’r)

X

- 25 explrf W),

(A-26)
using (A-2), (A-25), and figures (A-1) and (A-2). Thus the approximation of sig-
nal correlation ¢(r) by pulse p(r) is tantamount toignoring the detailed wiggles
in the energy density spectrum |X(f)]2, which are of width 1/T, and consider-
ing |X(f)]2 to be a broadband flat functioa with bandwidth W. This is a good

approximation to energy density spectra of pseudorandom signals x(t) with large
TW product, for example.
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The averaging filter h,(t) is represented by

‘, ) = QXP( TT‘/L‘)
Helf) = e’*r(-*r 16), (A-27)

and is indicated in figure (A-5).

Figure A-5. Averaging Filter Characteristics

All necessary scale factors have been included in the medium, signal, and
filter characteristics sbove. We now begin the evaluation of (A-6), (A-7), and
(A-17). From {A-22) and (A-25),

h e rm lq—;—-r“""'—l'—-“" .Zm_ﬁ,‘exr - let‘}- %K%)- (A-28)
w, N ’ .

I*
S e,,,[,w L_J_w,i (A-29)

Then (A-6) yields

+ ‘-}-ﬂ‘- Ke~N
Substitution of (A-27) and (A-28) in (A-7) also yields

Exla
(i T 1+2qu_)>‘% A

From (A-26), we find

XOF ® IXO)" - 225 e T ), =
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Then employ (A-27) and obtain

[ of 107 [ %0 8 IX0F] - —(-‘%7,— (a-32) .

Substitution into (A-17) yields

a

2ExN, .
D% “’)}. - ’(n«“:w‘*)" (A-35)

The deflection criterion dg(t) in (4) follows from (A-29) and (A-16):

| 2. 0Y * ‘
o E > ex?[-'rr (we-Reql) ] (-39

LIRE - |+

The deflection criterion dp(t) in (5) follows from (A-30) and (A-33):

h |
E, [ (r vz 22 )
we 1+ Xa+ﬂ,—(;+2u W) o

et v o A o

B en- e Mok 2 - HD) |

g

k3 3
KgeH 2 1+ w/wa P (1203 )
(A-35)

: As 2 check on (A-34) and (A-35), let all the Ay =0 except A, =2, and

i let Wy, >>W. Then hy(r) - 26(7), and :

i 3

3 A & EL L Ex . - :

i’ &e oj= 2 Ny 2 0) 2 Nni (A-36) ;

& The first relation in (A-36) checks (A-21), as it should, :

H 3

3

’ The fundamenta! paramseters in (A-34) and {A-35) are N, { Ak} N’ Lw, ;
t and L / L. Al other parameters depsnd on these: ;

' LW, = 1+ &N (from (A-23)), o
; . LW = 54 LW, ;

W - L-W..
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Appendix B
PERFORMANCE OF THE OPTDMUM PRCCESSOR

In the system of figure 1 in the main text, instead of choosing receiver fiiter
h,.(T) to be the matched filter to the transmitted signal x(t), let us choose it as
the filter that maximizes the signal-to-noise ratio at the filter output, This
will require knowledge of the medium characteristics, and is therefore often
not a practical alternative; however, it serves as a worthwhile standard with
which to compare practical processors.

The peak value of the real signal cutput of hp(r) in figure 1 is
mex 2,16 = mex| 20| = mox | (4 expliznf) XONDRD|, (m-1)

The variance of the real noise output of hp(r) is

Var {20} = LE[l=IY = L[of 6,6) = N, [ & W00, (B-2)

using the upper line of (A-19) and (A-8) from appendix A. The signal-to-noise
ratio adopled at the output of hyp(r) is

ol o Pleteoxonon

SNR ¢ p = =
Vor{Z®) N [ O
This quantity is maximized by the choice of receiving filter as
Hy. 1) = Ho DX Dexp (i 2v88), (B-4)

where t, is the time at which the signal peak is desired. The maximum value
of SNR is

SNR, = g JoF XL M (55

Now let us further maximize (B-5) by the choice of the transmitted signal
x(t). Since

Jaflxwl - 28, (26
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from (A-4), the best signal energy density spectrum would be one concentrated
at the frequency of maximum transfer of the medium,. * The resulting signal-to-
noise ratio is

Ex ) 2
SNR, = 43 B {B-7)
This is the ultimate value of signal-to-noise ratio attainable through design of
both hte transmitter and receiver, where both have knowiedge of the medium

characteristics.

For the ideal single~path medium with unity real gain, we have

h D= 2500, Haih= 2, (B-8)

" and (B-7) yields the standard value >f E,/Ng (see the check case in appendix

A).

Since the envelope-squared detector in figure 1 is characterized by (3) from
the main text, we observe that

Ma e ) = wax|2,) (B-9)

Var {e.,(é)} = EZ)?..IL-)\*} _Ezilé..lé)\’} = E’{)afelz}) (B-10)

where w2 have utilized the fact that z,(t) is a Gaussian complex-enveloupe process
(see reference 2). The peak of the deflection criterion at the envelope~detector
output can be expressed in terms of SNR as

Mol v |zl
i)  Ef|abi]

max d6) = = 1 SN, (B-11)

employing (B-1) through (B-3). Forthe optimum receivingfilter of (B-4), (B-11)
becomes

de, = -g%- max | H.,6] (B-12)

*This wouid require 1/T <<1/L; i. ., signal duration T raust be much
larger than the multipath duration L.
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This is the maximum possible value of d.(t) defined in (4) and is used as a

standard for comparison with actual processors that are ignorant of the medium
: impulse response.

[

The following rclations enable an illuminating conclusion about the behavior
of (B-12). The medium transfer function satisfies

Rl = |Joe explizet D]’

‘ = Sdu exp(—i 214:&«) ., W),

where ¢p,(u) is the autocorrelation of the medium impulse response:
4

} ‘}’,la) = 561: Vi hﬂl: ft-u). (B-14) )

Now if hm(r) were, for example, a pseudorandom sequence of the numbers +1,
then ¢,,(u) would possess a single large peak at the origin, and small subsid-
iary peaks of different polarities and sizes elsewhere. Then |Hp(f)]| 2 being
a Fourier transform of ¢, (u), would consist of a number of peaks, each of
. approximately equal value, but would possess no dominant peak. For example,
|Hm(0)}2 = |fdrhy(r)|2, which is much smaller than [ fdr]bm(r)|]2 for this
pseudorandom example; this latter quantity is obtainable for a medium with like-
: polarity peaks. Therefore, (B-12) for the ontimum processor would not be ex-
pected to be much larger than deflect .n criteria (A-34) and (A-35), for this
particular realization of the medium. More generally, if hy(v) has no pro-
nounced periodic behavior in v, and if it has values of hoth nolarities (actually
complex values generally), then (B-12) is expected to be fairly closely attained
by the suboptimum processor investigated here. This follows if the signal band-

width W can be made large enough to resolve all the individual multipaths; this ;-
may not be possible in a practical situation.

(B-13)
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Appendix C
PHASE SHIFT OF THE COMPLEX-ENVELOPE IMPULSE RESPONSE
Consider a medium with real impulse response
hal) = &i0) + ale-TQ), (€-1)

where 7g is the difference in delay between two paths, each with identical re-
sponse ¥(r). Then the real transfer function is

ﬂ.(‘) = A H‘)[H exy(-i hfﬁ)], (C-2)

and the complex-envelope transfer function is

Mol = 2U G+4) A, l6+4)
=2 Ul ) AlF+f) [H op (i ti+6)T2)]

< A [\+ exy(—-i?'(f*@n)] , (C-3)

where f0 is the signal center frequency, and U(f) =0 forf<0, 1for f>0.
The complex envelope impulse response follows as

hofB = al) + ale-T) expl-i 206, T). (C-4)

Now if fy Tq is an integer, the exponential in (C-4) is +1. However, if forg

is a half-integer, the exponential is ~-1. Therefore a change in f, vq as small
as 1/2 can cause a phase reversal in component pulses of the complex impulse

response; thig holds regardless of the polarity or complexity of component re-

sponses a(r).

25/26
REVERSE BLANK

S AT A AR e it 2 7

PR

AT

o B el

e

TN




}

e

*,

TR 4481

ﬁ%ﬁﬁﬁ“; :i“ﬁ{ﬁé&y 3\

Wy

IS

LIST OF REFERENCES

A. H. Nuttall and D. W. Hyde, Operating Characteristics for Continuous
Square-Law Detection in Gaussian Ncise, NUSC Technical Report 4233,

3 April 1972.

A. dH. Nuttall, "High-Order Covariance Functions for Complex Gaussian
Processes, " IEEE Transactions on Information Theory, vol. IT-8, no. 3,

April 1962, pp. 255-256.

L T R T R e T LY et ol W Bkt
o I £ Wbl

w ki

27/28
REVERSE BLANK

w w dmm,u, MM&W i LA




