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ORGANIZATION OF ERROR DETECTION AND
CORRECTION IN NONPOSITIONAL SYSTEMS
IN COMPUTERS

I. Ya. Akushskly and D. I. Yuditskiy

A rather prodliglous arsenal of methods fur detecting and
correcting errors durlng information transfer has been developed
at the present time for positional notation systems (binary,
ternary, decimal, etc.). The basic idea inherent to 211 methods
i1s the introiuctlon of redundant information represented in the
form of any generallzed characteristic of the entire number which
is taken with respect to one or several modulil,

In other wards, a positional number .s accompanied by a
certain complementary integral characteristic having a pronounced
nonposgitional nature and specially organized for the purpose of
detecting and correcting errors which can arise when storing and
transmitttaing a number.

Since the representation of the numbei- itself 1s assumed
poslitional, and redundant information has a nonpositional nature,
th:e complication of the additional equipment in attempting to
control the correctness of operation execution in the arithmetic
unlit and the tremendous complexity of the equipment for correcting
a devected error 1is naturally noticeable.

FTD-MT~2/~14%76-72 1
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The situation is somewhat different 1n nonpositional
notation systems, in particular in a system of residue classes.
At the basis of such systems lies a certaln set of relatively
prime numbers called the bases [radices] of the system. Let us
designate them by Dys Pps «ees Py Number A is represented 1n

the form of residues with respect to these bases, namely
A=(al‘ ‘z» AR | au)o .
where C e m e -
a;= 4 (mod p,)

1=12,....n
Here alglits Ays G5y swes Gy due to the very representation of
the number are values independent of each other, as a result of which
a number of arithmetic operations (addition, subtraction, multi-
plication, formal division, etc.) can be carried out digitwise,
i.e., disregarding the connection between the digits of the number.
The range of the number representatlion in such a system is defined
as
s=]fn
it
Let us now introduce redundancy into the number representation in
the form of an alditlonal relatively prime base Pp+1 with the
remalining base. »f the systems. The number range will now be
defined as

s+l

P= H Pi= pPannTs
=t

i.e., the introduced redundancy lncreases the numerical range by

Pr+l times.

Number A will now be represented in the form of residues with
respect to all the bases of the system in the form

A=, 9 000y 3 T4),

FTD-MT-24-1476-72 2
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and as a result of the accepted representation of the number all
its digits, including G 410 2T€ independent. And this means that
the digit 041 of a number with respect to additional base p
subsequently called, the check base, will participate in the
execution of the arithmetic operations equally with the remaining
digits of the number. In other words, i1f as a result of the
additional base 1t is possible to check the appearance of an
error, then this check will also ke effective 1In analyzing the
result of an arithmetic operation without additlonal equipment or
program operatlons.

n+l

Let us now examine one of the possible methods of checking a
number for correctness in the presence of a check base. First of
all let us introduce the following stipulation. Let us proceed
from the fact that in the execution of a given program by a
computer all operands and the results of any arithmetic operations
are correct numbers, i.e., numbers lying in the range (0, /) — in
the initially determined number range.

Moreover, let us note that in the numerical sequence

only one number Ag with one value s = s* is located in the range
(W &) 1.e., is correct:

T R

Any other value s ¥ s* shifts the number from range “L_?) into
range { /*, /).  The examined fact is also valid for any digit oy
with respect to base by-

FTD-MT-24-1476-72 3
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This means that in considering the accepted stipulation the
arithmetic unit operates only with the correct numbers of form Ag
and any error with respect to any base changes it to an incorrect
number,

Here, by the word error or single error 1s understood the
misrepresentation of any one digit of a number with respect to
any base. The magnitude of the misrepresentation or the duration
of 1ts effect ‘does not play a role, i.e., by the word error 1is
understood both the random short duration failuré of a digit and
the total failure of a computer circuit with respect to a glven
base., :

Thus, the check for the presence of an error is reduced to
the determination of the ‘correctness of an individual operand or
the result of an arithmetic operation.

The so-called method of number zerolng can be proposed as
one of the possible check methods. The essence of thls method
consists in the following. Let us be given a number of the
following form

Bi= (0- 0. .. X} op ﬂ'-! Aigys 0o ), zlﬂ"‘))

having the first 1 - 1 digits zero.,

Let us select the sma;lest possible number of the form
Mpw=(0, 00 oo O 25 B oo B i)
It is evident that the number Mi is one of the numbers of the
sequence
0. 2% o (=N
where .
i
J=!
Let us find the difference between numbers B and Mi:

Ce=2B - M= .., L ST "‘uH).‘
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- As we see; in‘thé obtained difference the i1 first digits are
already zero. We carried out one zeroing step, as a result. of

. which one more digit of the number became zero. Let us now return

to the inltial number

. | j_—\(dl, 42‘.\. ooy B "M’l)

-

and let us carry out n zeroing steps, beginning with digit oy and

ending with digit LN
o

Then, as a result, we will obtain a number of the form’

/D=0, 0, co o O, dyua)i

kA e e

‘having the first n diglts zero.

Let us now examine, what the magitude of the greatest possidple

» ' .
sum }Bal“ being subtracted from number A is:
gl } ' .

o

(:?1 '"d)mx=(l’l"’)+(1’z'-i)p,
i-1

TR ) | TR o | Tt Lt )
=) e

That 1lg, éven in the extréme case the grend total of the

. numbers being subtracted is less than the magnitude of range .’

In other words, the zerolng process reduces to the following.
If the entire range (0, P). is broken down into P+l intervals,
anrd the incorrect number is situated in the interval

tigry (i -+ 1))

then as a result of each zeroing step, not going out of the
intérval with the number j + 1, we transform the initial number
into a number situated closer to the left margin of the interval
in question. As a result of the entire zeroing process we obtain
a number lying at the left end of the lnterval.

Thus, the zeroing reduces to the determination of the interval,
in which the number i1s situated.
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“Actually, let us examine number D

D= (0,0, «.v 0, dypr) = (duprigy) (mod pugy)

- s mwe v movaes 4 -

where Moty = the constant of a base system, and, taking into
account that the number D lies in the same interval (j7, (j--1) &),
as the initial number A, we obtain:

T = (dusrmpny) (mod pyyg)e

Selecting a base system in such a way that condition M4y = 1l1is

fulfilled, we will somewhat simplify the obtained expression:

=d"+]o
That 1s, digit dn+1 obtained as the result of number zeroing,
uniquely'defines the number of the interval, in which the
initial number was situated.

Taikting into account the stipulatlion concerning the correctness

of the operands and the results of the arithmetic operations, we
confirm the following.

If the initial number 1s correct, then the result of zeroing

can only be a zero number, 1l.e.,
dyyy =00

If the inltilal number was incorrect, then the result of
z~yoing 1s different from zero and
dyn £

Thus, the zeroing method is a method of checking a number
for the presence of a single error in any diglt of the number.

‘The word any is emphasized here, since we have in mind a digit of

a check base (taking into account the equal correctness of the
introduction of this digit with respect to the other digits of
the number).
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Let us now nove on to an investigation of the possibility of
correcting a number, if some error Ao has occurred with respect
tc the base Py In this case the number A will be misrepresented
and will have the form

Jaty, tay cea Ty 0y 0, . L
where

EPRCIE M- X R LTS O A 2 {,
Instead of the form

I' ‘~(’.'| '1_h L) ’.’clo ,.v LI DIRERE 7.,.})'. t

Let us carry out the zeroing process for all diglts of
numbers A and A, with the exception of the digit with the base Pyt
l)"‘tl'."' LYY "o :1.0 "o T BN )
’,‘ .(", Q. R ", :‘c‘. ". v e ',n!"
Since zeroing 1s carried out by subtractions, the magnitude of the
error cannot change and the following relationship 1s corrected
E‘o“ & 'h:"

The conclusion of the zerolng process should be carried out with
constants of the form

pm———— ol ke

where

L
.7;:::: o0 ..., 0, T L N

Let us select the pair Ai and A; - of such whole non-negative
numbers, so that the following condition is fulfilled

=l (mml.,'n.).

By o by (mand )

+

-

]
Multiplying the numbers Ai’ Ai by and subtracting respectively

from /), and D,, we will obtain:

~—
-

ETS Rt ;':“uﬂ P dlﬁl ("'i"l b

‘;"'m = View = 0amad g o,
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whence Picr do
.« . i Moye
g by = '———‘:;'—:—l—-— (luml [l"“),

Here division is examined as digit-by~digit division with respect
to modulus Pps1® From the rule for the introduction of values Ai
!

and Ai we will obtain

(g = bab e = G = ) oo ) = S7, el ),

Now the value Aai can be uniquely defined with the following

formula

! el =" d -
JL:---(\""""‘L‘T""LL ¢

(L)}

)(mu«l Pucsd e taned i),

Thus, in our case, if the location of the error 1s known,
then the value of the result of the zeroing of the initial number
dn+l uniquely defines, by which magnitude Aai the faulty digit
should be corrected.

Somewhat more complex is the situation, when the location of
the error is unknown to us, i.e., we do not know, with respect to
which base 1t arose. Then, 1t 1s necessary to solve the reverse
problem, namely, we must examine all the possible errors for all
possible bases and resolve the question of whether th: given
error for a given base can lead to the fact that the 1incorrect
number obtained as a result of the appearance of error will fall
in the interval with the number J + 1. The incorrect number A
and the correct number A are connected by the equality

?-'l v (' -—'(". ". "oy u. A" Ve e “’.

i.e., the number of the interval, where the lncorrect number
falls, will be defined as

1
drvm, — .
. YU A’i"’l""' .
chot : -, el vl
[ N

’D

e

Here, the square brackets designate entire side of the expression
included in them. The term & which can take the value 0 or 1,
Indicates a certain ambiguity in the number of the interval due

s
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to the dependence of the location of the 1ncorrect number on the
magnitude of the initial number.

Thus, the number of the interval and the magnitude of the
assumed error are connected by the relationship:

} = ['\a‘ iPas1

(mod p,;y) -2

Now,. we have the possibility to conslder all possible values of
the errors for each of the bases and to isolate those of them,
-whose presence could transform the initial correct number into an
incorrect number, locéted in the range '

(l“’o“(l.“i" 1)3-").3

and to compile a table corresponding to the interval number, or,
more simply, to the magnitude of the result of the zeroing of the
values of the magnitudes of the possible errors for different
bases. Then, upon detecting value dn+l from this table we can
select the appropriate alternative set of possible errors.

It has been proven in general form that with the presence of
two check bases Pn+l and Ppea @ similar alternative set 1is
contracted to one possible error value for only one possible base,
i.e., a one=to-one correspondence of values dn+1 and Aa is
ensured. But the presence of two check bases naturally requires
a larger quantity of equipment, than of one base, and it is
considerably more interesting to attempt to solve the problem
with only one check base. It turns out that on the basis of the
accepted stipulation by enlisting the dynamics of the process,
we are in a position to substantlially narrow the magnitude of the
alternative set and within 1limit to uniquely solve the posed
probiem. And, namely, if as a result of any operation the
following set of bases 1s obtained

Ay = (Page Pims + o0 Pih,
by which an error could arise which shifts the result to a given
interval with number j, then, assuming that in the computational

< \lﬁ" E‘:ﬂ. «'a

Ak B
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process the error cannot move to another base { the digits
of the number are not connected with each other), we, obtaining
another set of the bases:

m!:(l’ﬁ' Pgay oo o Pjm) )
confirm that the error éanwaniy-éxist at the intersection of
regions W, and UAs.

The modeling of certain problems shows that total contraction
is ensured as a result of the carrying out, on the averageq of
three operations. Acceleration of the contraction is ensured by
also considering, besides the location of the error, its magnitude.

Let us illustrate what has been sald by an example. Let us
take the following system of bases

p,:=2; p..,==3; pas.'); Py =2 1 o= “..

Here, base pg = 11 1s a check base. The operating range of such
a system 1s

=239 7 =s 210,

and the total range is
p=s 119" = 2310,

The minimum zeroing numbers will be defined in the
following manner:

M1, 0
=(0, 1, 4 4 )
M =0, 2, 2,2
MM (O, 0,08
.‘II},"’.—.:(O. 0, 2,5 1y

...(0 0,3 4 7);
u“‘_(o 0, 4, %, 2
A" =0, 0, 1, 1, O
u“ =(0, 0, 0, 2, ¥);

a0, 0,0, 8, 7);
"—(o 0,0 4 5)
M®=(0,0,0,5 4);

M&" =(0, 0, 0. 6, 2),
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oty A ek o R u e X IR A n e T R T g S A NI g bl o R s - B . | .

e R e S e




e e

ety g

Let us examine the distribution of the incorrect numbers
with respect to the intervals of the numerical range depending
on the magnitude of the error.

Base P, = 2. The number with an error Aal = ] falls into the

interval with the number

?-[%](modi?)-;d:(»-{-t,

1ie.; the error shifts the number into the fifth or sixth fnterval.

Basé Py, = 3. The error Au2 = ] shifts the number into the

. interval

=[5 mod ) £,

i.e., into the Tth or 8th intervals. The error Aa, = 2 shifts
the number into

a,n[f—s-"l (mod 1) +3am3 43

- the third or fourth intervals.

Base p3 = 5, The number with an error Aa3 = ] falls into
the interval

J

d,==[2~..-—q] (mod 1) -4-8=6 -3,

With an error Aa3 = 2 we will obtain

as-_-:[z'a'"](modu) |-ba=24-H,

5

With Aa3 = 3 we will obtain

38,

With Aa3 = 4} we will have

':" '
d5=[4 5 “](lllod “)-!-5-—::4 }3.

- Base Py -_7. The number with an error Aau = ] falls into

the interval "
d.’»:;[?f] (lllud"“) d bl | R
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Error Aay = 2 shifts the number into the interval
d,:,—_-[a;;ﬁ}(mml 1) bacdie 8,
day = 3 shifts the number into the interval
d,=[5’-',-’-'- (mod 11) 4+ 8 =4 2.
With Ao, = 4 we will obtain
45-[5-1#](modu)+a=-6+s.
With day = 5 we will have"
d,a[é-:"—‘](mod 1) 4 SemT L0,
Error Aau = 6 will shift the number into the interval
dan[g-'yﬁ](modﬂ)-{—ta!)-g-l.

The obtained results make it possible to compile a table,
in which the values of d5 are compared with the possible error: Aa
It 1s dogbtrul that an error with respect to a check base can
also correspond to value d5. Designating it by Ak,~we will have
value Ak - d5 as a possible error.

i.

Value Possible errors
The number is correct,
0 | there are no errors:
1 dag==1; §, =1,
d dag==2; 82 =) A, =2,
3 Azye= ) S1g=2; 82y::2; 3 =28,
4 A2, ==2; Bag=a g drg=0, Digazy) S =,
5 Az == 1) dag==d; d7y =35, 3 G,
6 An=1; Azy=ai; 2 =0 00 3 = bi,
7 Ary==ty Aag=l; 83,-=4: 32 =) '\x‘:""'?'
8 dig== iy dag=d; B3 = " ) =, .

<o

Ar3==3; A2y =6; 3, =1
A2 =6y 8,=10,

-
—
-

o
g.ptodu“db“:"apy.
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Let the incorrect number A' he glven:

A ==(1, 1, 4, LN

to which in the process of resolving the problem correct number B
is added:
B:=(0, 2,0, 4.

Let us attempt to determine the location and the magnitude

of the error in number A'. Let us carry out zeroing of number A'.

(’0 l’ 4' 10 ;)
—(Ll t L

, 0, 0 0
0, 0, 3, 0, v
T,0, 8 4 N
(u' 00 U' :’l (i)
0,0, 0, 3, %)
0,087
(0, 8, 0, 0, 5

Since d5 = §, then from the given table let us determine the
following alternative set:

- error Aa2 =')] in a digit with respect to base Pas

- error Ac3 = 3 in a digit with respect to base p3,

- error Aa“ = 5 in a diglt with respect to base Py’

- error 4, = 8 in a digit with respect to the check base.

Let us further carry out the operation of adding - number
A' to number B:

AR B4, 1, 4 6, ) 20,4, D Lo 5 .

Since, according to our assumption, the arithmetic unit operates
with correct numbers and the result of the operation 1is correct
and since it is assumed that during the time of the execution of
the operating a second error cannot appear, obviously, in the
obtalned sum the error has the same value, as in number A.

d from
e ion @)

FTD-MT-24-1476-72 13
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An error cannot move from a digit with respect to one base
to a digit with respect to another base.

Let us rero obtained sum:

—(1, 0, %, 5, 4)
(. 1,1, 0L
(0, 2,3, 4 2)
©, 2, 3,4 2
-, 2, 2,22
01,2
o, 0, 1, 2,
=, 0, 1, 4, &,

"
’

(0, 0, 0, 3, 3
—(0, b, U, 3,
(U, WL, 0ty

For the sum d5 = 9 is obtained.

Now the following alternative set of errors is possible:
- error Aug = 3 for base pg '

- error Aa, = 6 for base Py

- error Ak = 9 for the check base.

Since neither the magnitude, nor the location of the error
changes, 1t is possible to assert that error Aa3 = 3 exlsts for
base p3.

Hence the desired corrected number A can be represented in
the following mannes )

,4:-:A'—-(0, 0, 3, 0, 0):.':“, T PN

The examined example shows that if during the operation of
adding the correct number to the incorrect number the magnitude
of d5 changes, then the location of the error and its value in 2
number of cases are uniquely defined.

FTD=MT-24-1476-72 14
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The -examined example demonstrates the fact that an increase
in the informativeness of the alternative set made it possible
in one step not only to determine the location of the error, but
also to indicate its mangitude, i.e., to completely solve the
check problem - finding the location of incorrectness and
removing the error.

P

FTD-MT-24-1476-72 15

g e BTN R e




