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ABSTRACT

-

Thre® dimensional images, similar to depth maps, are obtained with a
trighguigtion system wusing o television cgmerg, aNd 5 deflectaple
laser beam diverged into a plane by a cylindeical lens,

Corplex objects are represented as structures Joining parts called
generallzed cylinders, These primitives ae formaliized In a volume
representation by an arbritrary cross section varying along a space
cuyrve sxls, Severa| types of JolInt structures are discussed,

Experimegnta| results ar® shown for the description (bullding of
internal computer moceis) of a handful of compiex obJjects, beglinning
with laser range data from actual objects, Our orograms have
generated complete descriptions of rings, cones, and snake~|lke
obJects, all of whhich may be described by a single primitive,
Compl{ex obJects, such ag doliis, have been segmented into parts, most
of which are weil described by programs which Implement generalized
cylindep descriptions,
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1 INTRODUCTION

Our present interest In representation and descgioiion of
curveg ovbjects arose from & desire to extend the cavabil;

the stanford Hand-gve System (Feldmanle to recognlze a wide,
ciess of objects than plane=bounded sollds, Our initlal attemots
to recognize cones, cyllInders, and spheres were not carrlec far
enouSh t0 demonstrate the usefulness of existing techniques In
recodnizing thls imited acdition to the class of recognizaole
opJecte, But thaere adpears t¢ he no Insurmountable barrier to
dofng so,

There hsve been few other attempts to recognize curved

obJects, P, Horn [Horn) reconstructed the depth contoure
of three dimenslon surfaces from ¢thelpr photographs based on
assurptions about tha light reflection charactorlst’cs of the

surface, Krakauer [Kprakauer) was able to distingulsh amona
several kinds of frult by examining the connoctiv|*y ang
structure of brightness contours in a twoedimensionsl image,

It soon became apparent that I:t? uinful pUrpoOse would ?o
sservec¢ by these technigues, nificant Improvement

performance of visfon systenms would coms only when ¢they wWere
carable of recognizling the sort of everyday obJects that =z robot
of the future might have ¢o deal wlith, To accompiish this, we
rake use of two now tools or technlques,

%

enougp to“gar?f 32: ‘d ‘ fop&aQT"'”tSSLQ"gﬁ'Sﬁﬁtlt.‘“?e§'8:1
and thelr relation to one another, The representation we oroooso
v1il allow several different models for primitives or oarts of
obJects, These models may Include orototypes of varlous_sorts,
The partlicular prototypes we emoloy, generallzed c¥llnders, are
usefu| for describing a large ciass of natural and manemade
opJects, Generallzed cylinders consist of a space curve or axis
and a set of cross sectlons described on this axls, they
cescribe In a natyral and intultive way pleces which possess

elongation, or whlch have axlal symmetry, The generalizeg
cylinders mgy be |inked togethsr In varlous ways tc form comolax
obJects, The most significant departure from previous methods of
description !'s that the representation Is essentlally a volume
representation, as opiosed tc a surface recrosentation, Chapter
2 of thls report describes In detal] representation by
generallzed cyilnders, and glves some exampies of how obJects
right be mode|led with such a representation,

* Names |In gquare bracxets denote references which may be
foynd at the end of this report,
1
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INTROOUCTION

Tne secona pew technicue s the use of direct depsh
Teastrement for rescognition, Evary twoed|mensiong| Fmag. 0f o
thre2-dimensional gcene |Ig amtlguous, In ¢nat thers are an
Infinite number of realizable physizal obJjects (or grounings of
obJects) which coyuld glve rlse to the Image, These amtigulties
Tay De resolved only by a criori assumotlions about tha nature of
the scene, The use of dlrect centh information eliminates the
need for assumptions such as squaraness of corners, requirements
that stored preototvpes ex|st for every oossibje objsct In g
scene®, or knowledge of ths reflegtive characteristics of
surfaces, Chapte; 3 descrides a ranging system, whlch obtalns

ceoth [nformation by trlangulatlion, using a iasep and g
television camera,

The test of any vislon system myst ?e how wel] j¢ deal!s with
actua| obJects, Chanters 4 and 5 describe an eXpérimentaj system
to 9enerate descriptions of phys!cal obJects, from depnih data
derivead from <the *tanging system, The system has so0 far 9lven
900d resuits In gescriblng some simpje curved cblects, and has
peen moderately successful In describlng purts of complex
cbJects, Some regujts may be seen In Flgures 5,15 through 5,28
at the end of Chspter 5, Chapter 6 contaling some sudgastions for
further ressarch,

So far we Nave not achieved our goal of recognition of
coplex obJects; we cannot yet Identify a given oblect, say, as a
huranold flgurs or 25 a hanmer, dut we hope oup method of
rebrésentation ang our work |n description of obJects has laid
the groundwork for progress In this a2rea,

»
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2 REPRESENTATION

4 fundamenta! probilem In the design of Intelligent mechlines
and  computer programs |s rcggcas@niasicoon, Prcbjem so|ving
requlres facts about tne prob oy domdla. Ongy 2 finite quaber of
facts may be stored dlrecLIy ?n a machline’s memory; other
Inforration whicn ¢the machine reculres must be decuced or
inferred from the avallahle data, We shall address ourselves
speclfically to Informatlon about solid,  three dimensional
opjects, The auesticn whish must be answered in the praliminary
deslcn stage of an Inteillgent machine Is, then, what types of
data wll| 56 stored, and how should |t be organized imn arder to
obtaln other useful informatlion?

Frequent|y, Dioblem Solving ragyjres a transformatlor ar a
serlss o? trangformaﬁ?ons batween d?*‘eront ways o? reoregentina

the sams data, For the robot «hloh must acaulre Tnformetion
atout the externa| world through sensors, this means going from
the raw Input from the sensors Irto a set of facts upon which
decislons may be based, wWe use ¢the word descclotion to_dencte
the process of deplying a high leve| representation from low
leve! data, We may also call the data structure so derived a
descriptlon,

Kepresentation and descriptlon ars Intipately related, The
form of the representation dictates the descriction strategy, A
ussfuUl representation makes description easy, But a usetul
refresentation myst &lso provide ways of dealing with and
manioulating lts desciliotlions, It must provide us with the kinds
of ‘nformation we really want for decislon making, Intelilgent
machires wiil ugljlze this information for recegnition =and
classification, for mgnipulation by externaj machinery, for mane
rachlne communication, and for graphical dlsplay or drawings,
Sectlon 2.1 spejis out some desirabie charecteristices of a
redpresentation for declision making,

Many higher level representgtijons Involva *he use .of.@ dals,
Mocelg yaro ggo ;tSm,'o$ gr?m?t ves o? which descrlotfg%g.égo

corposed, Usug|ly the m=ode|s themse|ves Dossdéss some st ucture
of ¢thel, own, Degcploglong a e bulle uo Dby soocifyinn he
relationships between orlmitTVOS. Specifylng a ropresentation
involves & cholge of what models to make uss of, and how_they are
to b® Interrelated, [n Sectlon 2,2 we outline the structure of a
mew representas on making use of geograllzed gyllodecs and other
rode|s, Generaized cy|Inders are treated In Section 2.3,

[P




2 REPTESENTATION

Cther representations have daen used and are being used In
Intelilgeng machineg fo, describing sollao obJects, In Section
2,4 we compare some of these with representation bv geaerallzod
v&'l"cPrso ano explaln how they fall tc meet the requlrements we
have set forth,

2.1 REQUIRFMENTS FOR A REPRESENTATION

A general opurpose Yalllgent maching shculd be caoable of
dealing wlith a wide varlety of Information, Speci®ically, ¢
srouid be able to ecognlze and manlpula¢® a wlde class of
obJec . |m||a ty begwden w0 o, mo_e otlecsios aNd
cotersine iﬁe relat Yorshlips among obJects withth 1ts unlVerse,
To oeslan such a machire, It Is necessery to desveldr sone
concepts of the "ghape" of a three-dimensional object,

A m nane 3 Letu
specit18§ '2REY maﬁtﬁr# §18, 62 ofsanDOOJeg %a‘ﬁgaL‘&JOf§¥& A
ane minor detal are rejated, Some oth Important a°tr: uteq

of shape are tooologlcal c0nnectodness, o|0nga*!on. length=toe

width ratlos, pregence and orlentation of egges, and symmetry,

Ar adeguate r3presentation of shape should be cacat]e of
segmer¢ing an object Into vparts, Parts may bte described
Irndecendently, then the relatlionship of the oparts may be
specified to form obJects, Segmentatlon is essential in the
descripgtion of complex oObJects, 1t allows a smal| number of
basic parts to be |inked In a large varlety of wavs, The
structure of a complex obJect Is then contained _!n the
relationships between narts, If the segmentation is done
oroperly, the parts wlill possess simpjer descriptions than the
opJest woulg without segmentetlion, wWhen the parts may be further
segmerted Into sub=-parts, a hisrarchical representation s
Obta'ned.

A Hlerarchical repre ?entatlon Isoc alligws a variadjs degres
of detall to ba *ud ec, Detalled information shouild be
availabjie for comoartson between objects which are nearly allike,
byt this detailed Informatior should not be allowed to hlce the
relavent structural Information when the detalled Infornation is
unheeged,

Yet a hiera chlcel rganizZatlon coes not comoletely sojvs the
proplem of mak avallable a varlable degres of cetall, In

3gneral, some redundant Information must be stOrod (or
Qensrated), A giyer Dart mignt contaln se,eral descriotions,

I o
3
3
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REQUIREMENTS FOR A RFPRESENTATION 2,1

successive approximations glvina greater and greater pregision,
The grosser descriptions wil| not contaln ag much information as
the finer ones, so ths additlonal storaye to keep the grosser
ones w!lll not be great,

‘Com?arison between obJects must e allowed, and the degrge of
similarlt assessed, compayison shouid be on the basis of
structural similarity flrst, and tnen on degree of simiiarity

between parts of the strutture,

Many natural and nanufactused obfects oosso s alongaf ?
Most higher orders of ((fe are distingulshed by the extrem

- [6Qgs, arms, hepds, stems, and branches, The shane of nan-made
obJects are freguently dictated oy the shape of their raw
raterial|s, thsir method of manufacturs, and theie functicn, And
where gelongation Is wresent, the clrectior of the elongation
usually bears scme useful or functliomal relatlionshis to the
obJect as a whote,

2,2 A HIERARCHICAL VOLUME REPRESENTATION

We¢ present here a hleprarchicz| representation. which we
believe to contaln most of the deslirable features set forth In

the preceding Sectlon, The representation |s essentlally a
Volume representation, whlch makes use of arm|ike orimitives, and
bulids descriptions ty relating the orimitives and thely axes in
varfous ways, The orimitives are called geparallzed cvilnders,
which &re capab,e of describlng "spay8s8t  of &rbftrlry Cross
sectlion, The representation may be extended tv the adcition of
other primitives,

rooronektailon®VihIo AooerEN1F witP88ke 1 ®nole of "27RE°5k 10185
with which a robot might have to deal, Oniy a small subset of

the representation has actually been Implemented In our orograms
and 6xperimentai work,

stru%ta a? n?orm ¥]on § Blngo% eumanlflguus{lc Th? a&?SA' 332H
as Is shown In Flgure 2, 1. Ths sux main perts which mako up the
fioure (the body, ¢two |egs, ¢two arms, and <he head) are
represented a3 |Ines or axes, Ths stpucture which the axes make
up we call the gxeletan of ¢the oblect, The siructure of the
figure |s aprarent from <the way these axes are related, Most
pgople would have Iletle difflculty recognizing the figure as
redresenting a man,

Sy e i, pr—
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242 A HICRASCHITAL VOLUME REPRESENTATION
r';b.’n ?ll
Stlck Flic,.8 of a Mar
The |lre repcesanting tna bady Is drawn broader _thar the

"Ines of the other parts, w¢ denote that |ine as tho‘anlnsl el
axls of tne flgure, The other axes yoln to the pripcipa) axls,
apd are represe tad as sulordlpals axgs, A orincipa; axls E? not
ajways definable |n an arbltrary object or part¢, but when it can
be defined, It serves to provide emphasls to a description.

, we depend op gagmentation <to olvide the picture In+c nleces
vrhich may pe simply represented, [f "“desired, each part may be

furtfer segmented fnto snaljer pleces to show a greater degree of
detall, Flgure 2,2 shows “ow we might represent the arr of ths
stlek figure, The upper &rm and the forearm constltute the
orincipal axls of the arm, The logs may be simliarly segmented
and represented,

dhat the Ilnes of the figure actually reprgsent are solld
velumes, We represent the volume ty a cross section function On
the axls, A screwdplver mey be represented by a simple straight
l'ire skeleton, with a cross sectiorn function such as that
Incicated In Figure 2,3, A forma| description of how volumes are
e¢*srated Within our descriotion fojjows in the next Section,




A HIERARCHICAL VOLUME REPRESENTATION 2.2

=

Flgure 2,2
Stlck Flgure af an Arm

[P
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Figure 2,3
’ Representation of a gcrewdriver
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2,¢ A WIERARCHICAL VOLUME REPPEZZENTATION >

Although we rappesant vo|umes, fcr a structural description
ft is conyenteny to find the center Iines of elongated warts an¢g
refer to these {nstead of to the mcre compllicated descriztlons of
the Vglumes themselves, These axes may be arbitrary scace curves
'n three dimensions, as dictated Y the velumes they represent,

Tre places where aXls segmants meet we call Janif. Joints
apd oagcplbed by <¢he nurber of oparts being Jolned, ¢he
orienrtations of the of the segments, yhlch of the segments
contalns the principal axis of the assemply, and whether the
Joint is fixed or movanl|sa,

T mopv h

wo caf|"E2c 0uTRiED, O 3280 teoRRin &’nﬁdé"{%f £?§?€Sfa%‘8? 59ngtars
a blag® Jolats whigh a| ows (8t8r23| notion !n one d man?;cn' a
§B++:au§:$¢ﬁk§t ngaxv which 8y 1p%4s atepa; mot‘Oﬂ Ta tWe
almenslons, anc a2 patatlog Jalps, iIn wnich rotactional motion of
one capt wl¢h ,egpect to the o«ne, ls alliowed, The mogy Jeneal '
tyre of jolnt Is both a balli-ande-socket Joint and a rotating

JO'ntn

The data steuctuce of our representation wil| accquet. for a
general type of Jolnt DDy sterin3d the aeapprodriate information

about each rart ccmorising the jcint, But there are ecactly
three types of joint which recur so freguently that we give them
spaclial names,

The jlmoleft type of jolnt Jjoins two parts epg=-tgeand., ,This
tybe of Joint Is pest exemp|!fied hy an eltow, as shown In Flgure

2,4, The princioal ax!s of the assembly contalns the grincioal
axes of both parts, although almost every end-tc-end Jolnt sould
be e!imlinated oy describing the two oparts together as a slingle
Genera'!lzea cvilnaer, the end-to-ond Joints are wuseful where
there is a discontinuity In cross sectlon, a sharp bend or change
Ir cupvature of the axlis, cr a mevablie connectlon,

The second cogmon type of joint occurs when ¢he end of one
part Joins the middle of another, We call the first opart the
crossbar, the second the uprlgn:t, anmd tne connectlon a I:J?lnt.
The thupb of Flgure 2,5 Is a 9god eXapp e, The pripciga; axls of
the assembly gendsa|ly foljows tha cresstbar, UJUsually ¢he cross
section of the upnright (oerpenaicular to the plane of the T) wlll
not exceed the zryss sectlion of the crossbar,

The third type of Joint, which we call a bliyrcatlon, occurs
when onme pa,t medes (0, dlivideg intgo) two gubordinate opasts, A
good example is found Where <+hes thighs meet the hlps, The




A HIERARCHICAL VOLUME REPRESENTATION 2,2

F'gur' 2.4

F|9ur0 205
A T-Joint and a Multifurcation
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A AlEFASCHICAL VOLJUME REPRESENTATION

(A}
ne

sutorglinate bpanchaes are approximately parajiel to each otror ond
to the prlincipal nrangh, A conseryation of cross sectlor holde
a+ a cilfurcations the cross sectlonms cf tne suhordinate ctranches,
tevsther, should roughiy ecual the ¢ross sectnow of the =rlncinal

brancn, Sometimes the orlncival part will divide Into =~ore than
twe subordinate trancnes; in this case we call the Joint a
rultliuccasion, Figure 2,5 also contains an exarple of a

rultifurcation,

Tne descrlotion nrocess may e Iikened to Ttt.nq end
pasting, The Image of ar ob.ect is cut into parts wh may be

cescrited as Jeneralized cylinders, Heles, notcres, and
corcavitivs are cut out from ¢tha orimitives, The casting
ogeratlion wil! oyt the pieces tocether into a framework which
describes the structure of the osojact,

Cur repre entatlon Is non-uniagye, ?egmentatlon is carrled
cut op the bas? what results in the simplest descripeion, and
cepencs on heur:stlc cholces of simcllicity and Jocal *odels.
Rcutlnes whigh compare descripti.ns of oplects must eherefore
take Into account the varlious ways which segmentation mlght be
ape|lad,

Flgure 2,6 shows T c aifferent ways In which a disk may oo
rebresentad, Tnis j{liustrates the mportance of symmetey

selezting an axis, [f we use elondation as tha sole crfterFOn
for cetermining the directlor of the skeleton, the representation
on the lefs of Flgure 2.6 s obtalned, Clearly the

representation on the rlght Is preferable, since axXig]| symmetry
ajlows a simpler azescription,

A sha]low dish or powl i
If the axls of symmetry Is ¢

S
0
t»® cross section J]s mot a s
thln-ralloc cress sectlion, W
In this case,

r giffl?ult to. represent sunca

more

ve the skalston of the objec then
impie curve, The use of a hollow.
111 provide a simple representation

Gengralized cylinders are not capable of represepting
conclsely an arsltrary degree of deta'i, A hlerarchical approach
cah improve the |evel of detall to wnich obJecss can be
represented, but bevyond a certaln point <the simclicity of the
retnogc Is lost, It would certair|y be DpDossible to generato a
nyran face with generallzed cyllndere, but to describe a ‘ace to
the Jeve| of datall necessary to dlstinguish one face from
another would exceed the lImits of practicality,

“




a4 H]ERARCHICAL VOLUME REPRESENTATION 2,2

I~

F'Quro 205
Two Representations of a Disk

There are shapds which are not very well representeg by our
rethogs, ObJjects formed from sheet metal are 1 freauently
occureing example, For this reason we allow other orimitives to
be added, the main emohas!s of this thesls Is on generallzed
cyllinders, but we may take a i1ttle ¢ime to suggest what other
ppimitives might be helipful,

Thinewalled, ho!}ow cross ections wiil be ugeful In
descrlblng a number of otJects, orincioaliy contalnors o varloug
sorts, This Is easl|y accomollished In our representation, But
to Include a wider class of thin shapes, we should allow & néw
orimitive consisting of flat sheets, A strictly two=dimenslonal
representatfon of shests wlil not oe useful because [t cannot
account for bending or warping of the sheets, Flat sheets may be
représented in a manner simllar to the way we mode| generallzed
cylinders, except that the cross secticns become one~dImensional,

Negat|ve, © ptract|{ve volum can make  descrigtlonsg much
sirpler ln 5od5|?vn9r heles and ozger concavlt?es '73 3bjocts.
Teuncating olanesg and surfaces wWl(il be ussful In descelbina
hem|spheres and the |ike, These are a special case of a

subtractive volume, wners only one surface of the truncatinag
volume need be desor!bed,
13
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2,2 A HIERARCHICAL VOLUME REPIEZENTATION

The strength of ¢tnle methoed of representation |les in
seomentation which results In simpie descriptions of the malJor
features and probortions of man-made ana natural shapes, and in
the usefuiness of <the descriptiors In 1Inferring shace and
function, The segmentation depands on a class of primitives
which allows a natu.al part-whole decomoosition and which
suydgests simpie appreximations,

2.3 GENERALIZED TEALSLATIONAL IMVARIANCE
AND GENERALIZED CYLINDERS

To describe ¢the snakallke primitives cf our system, we make
us® of the concect of generallzed transiatlioral invariance, first
formajlzed by T, 0., Binford (Blnford 713, and extended here,

The model we propose consists of!
1, A space curve, called the axis,

2, FPlanes operpendlcular to the axis, and a set of
axes On the plane,

3, A varlan|e cross section described on these axes,
These primitives we call ggpnerallzeg gylloders,

A slmqlo cylt?dor ma¥ be gensrated as ‘ollows: ?uooese here
Is an arblitrary simple closed curve |ying In an arblitrary piane,

as shown In Flgure 2,7, If the oplane Is translated In g
alrectlon normal to the plane, the |docus of the curve traces out
a portlon of a surface., The surface so traced is a cyilnder (in
the usual geomgtprlc sensa of the word), With suitable
terminating surfaces at the eonds, this oDrocess can generate a
soll0 pody enclosed by the gurface,

We can formallze the geperation of simale cyllinders as
)

followst Let C denmote the curve, P the plane in which {¢

) - -
Initlally Iles, and_p the directlon rormal to P, Let T(o,3) be a
transiatlion operator wWhich we may apoly to space curves, Such
-
that T(p,q)a«C represents the curve C after 1+ has been translated
- -
a ogistance g In the dlrection o, Tha voliume T(p,s)eC (Z<sSN),
the locus of the area Inslde C as %t is translated a afstance X\




GENERALIZED TRANSLATIONAL INVARIANCE 2.3

Flgure 2,7
A Cyllinder

in the direction nosma| to P, Is a cylindepr, 1If D s soms
-
distinguished polnt on P assoclated with C (such as <the center) \
L )
then T(p,s)sD (BSsSh\) ropresents a stralght |ine In space which
we c8i| the "axi{s" of the volume,

We genera|lze_¢thlg "simple" eylinder In ¢two ways The first
is to ajlow the directlion o? transiation to vary, Tﬁo sacond Ts

to aliow the shane of the cross section to vary,

Genera|lzed transiational |nvapiance as formulated by
Binford, qonorall}os both the transliation and the cross section
varlatlon by Includlng In the operator T & gongruence

transformation on cross sectlons, That s, the operator Wi}l
transform the trans|ated cross sectlon to force a congruence wlth
the normal cross section at the transiated position, Thls is
hasically a descriotive technlque which will be useful |f we can
find an ax!s cholges such that the conmgruence ¢transformations are
sufficlently simpje, It Is this technlaue which we follow In the
corputer dascription of primitives set forth In Chapter 5, But
for & higher leve! representation of comp|lex obJjects we prefer

13
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2,3 GENERALIZED TRANSLATIONAL INVARIANCE

th® generational technlizue which folloas, We believe that the
sebasagion of ¢he axly and the c.oes sectlon Jegc,.lptiong gives a
rore genepa| and more Intultlve representation df shapa,

Allowling the direction of <+ranslatlion to vary wi|| allow us
to ¢genarate "snakes" of constant c¢ross section, a3 skown in
Figure 2,8, In our computer=implemented represantation, the axls
Is repressntec a% a sgguence of polnts, Byt in ganmeral, we wish
tc Ccescribe the axes as contlnuous space curves, 48 choose
hellces to represert space curves of constant curvaturs, if the
curvatura of a curve varies, !¢ may pe anproximated by a sequence
of ssgmente cf the prober curvatura,

D(S)

F!gure 2.3
Gone,allzen Cylinde, with Cong«angy C;0g5 Seccion

To describs nejlcal axes, it is conveniens te introduge an
ayxllijary coordinate system, A, centered on <he distinguished

-

do0lnt, D, The curvature of the axis will be dsscribed relatlive
to this coordlinate system, 7the directicn of translia%ion will be
the Z-axls of A, The curve C lles in <the x~y ptans af A, The
orlentation of 4 wlth respect to the raest of the wor!g wWwil!l be
some functlon of apc length, s, along the axis, That 1s, the
orlentatlions of ¢he x=, VY= and 2Z=-axes of A are <+he (mutually
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; (] GENERALIZED TRANSLATICNAL INVARIANCE 2,2
[ ] - L]
opthogonal) vectorevalued functlons x(s), ¥(s), and 2(s), Ar
<
3 axls D(s) may be represented as the solution to the dlfference
- -
squation D s T D , OFr
new old
. Btg+de) = T(Z(s),ds) ® D(s) [Equation 2,13
{ In ths |Imit as ds approaches #, Or equlvalently,
- - “
dD(s)/ds = 2(s), (Equation 2.23 ,
{ .
It we zepresent the curve C parametrically in the %=y pjane of A
(although we wl]| not necessar!iy de pend o & parametrie
] rapresentation) we might ohoose the form
- L 2
( xzf (ty, y=f (%), (UZ2tSt )
' where ¢t |s arc |ength along Yhe cyrve, Then the surface C(s,t)
i ray be represented In three dimensions as
| '
{ - - -
: Ctsst) = D(sy) + £ (t) x(s) + f () y(s), €13 23 S I
X y max
(Equation 2.33
The "gensral!zed cy|inder" |s bounded by the locus of C(s) as s
( varlies from @ ¢o ),
Threo lnd.oond?nt dcrlv?tlves are necoessary to _describg the
motion D and ts coordjinate system, ([Corxeter]) contains g
dls"USQIoj of the genaratlion of hellces,) We ohoose tcrsuon. L4
(¢au), curvature K (kappa) , and an angle @ (rnetn) denoting an
ax!s of ourvature In the x=y plane, such ¢that the following
' relaticnships held:
- - - .
dx/ds = =K 2 cos § ¢+ T v (Eavation 2.4)
) * ° - .
} b dy/ds = «K Z sin 8 = T «x (Equation 2,5]
- - L)
dz/ds = K ( x cos @ + y sin 8 ) (Equation 2,6)
15
]




2,3 GENFRALIZED TRANSLATIONAL INVARJANCE

Fioure 2.5 show i
s a hellcal skeleton and a metri
‘ﬁterorctatuon of torslon and curvature for the cgae wr.f§°e :rép
PLre torslon results In rotatlion of A about lts Zepxls, Pure
curvature results In rotation of A about the a¥is of curvature.

4

curvature

Rotation in
» x .

x-axis points to\‘K

center of curvature

Rotation in
Torsion

F‘QUrO 209
Torslon and Curvature of a Hellx

Only an Inisiaj posiilcn and orlentation f ,
coordinate system A, plus sur ¢th-ee def;3é21v3°',af:;eigf;"::Z
necessary for EOUnt'OnS 2.4 throuzh 2,6 to gensrats scace CGfV.!
?hich are segments of arbltrary he||cas, 11 U is 2er0, a torus
lfn:'neratcd. It K s z8r0, the eauatlors generate a straight

]

DC!STQ’. {arlag ?fy. IRO .?chaQFOH ‘Q*! 2u577,$ ?60fd‘3.{'

syester A such tha; the contor of cUrVatUrs always n the xe-z
plans, The addlt!owal variaple aljows us ¢o sneclfy the ¢ross
soctlcn shapes mocre economically.

The secdng way we general!l2e our formal model | ¢
s t0 sllow the
shapé of the cross section to vary, Let C(s) be a cross sectione

16




GENCRALJZED TRANSLATICNAL INVARIANCT 2,3

vialueg functlion of s, That Is, gfven soma speclific value for s, |
the functlion C(s) wlll tel| us how to construct closed curve s
(or 8 famlly of non-intersecting closed curves) on the x-y plane

of A+ In specifyling +¢he form of C{s), we have chosen to use a
sral! sot of —regular geometric shapss, wlth varlable scalar
parameters to Speclfy size, prooortions, or rotatlon, These
paraTeters may be unctions of arec length s along tha axls, so
that we may generate cones, drllis, or plaro legs,

Kepresentation of cross section shaces has not been the
attention it degerves In this research, Describing cross
sectlions [s a reprasentation oroblam in two dimensions, and many
of the comments wWs nave already offered on rapresentation mioht i
oe apr|fed hers gs wWell, In particular, segmentption s
important In descriping comdoilcated cross sectlons,  Qur forma)
rodel !s cababie of extension by the addition of other means of
speclfylng cross section curves, Polar functions (radius vs,
angle) and other parametric renresentations of the cross gegtion
outline can provide a very gensra| descriptive power, But thess
a;® not entirely satlsfactory since thelr constructs do not
provige an Intuftive descrintlon of chaps,

An anomaly arises when the axls of a cylinder cucves wlth a
radlug of curvaturse |es3z thuna the "?nsldex rlglus 0 the cross

sectlon, Such a sftuatlion !s [(llustrated in Flgure 2,95, The
suclsce descrlbed py the sross section’s outiine 1Is convojute,
But the ypluma of the golld s the locus of the Inte,lor of the
Cross soctign. The fact that ¢thls |0CUS Crosses Itsolf shou,d
Introduce no diffloulty, The surface of the obJect in the
vicinlty of the bend w!il be those polnts of the object which are
adJacent to its extsrlor,

leh a su'flclfntly eneral cro?7 sectlon roorcson'?ilon.
generalized transiatlonal Invarlance wi|! generate ary reallizable

obJect, in a ¢rivial but uninteresting way, Let the axiz be a
stralght |ine, and describe the cross sectiens cut by plancs
perpendicular to the axla as a function of |ength along It, The
description of these cross sections wil| nct, In generaj, be_ easy
or elegant, The utlilty of the method of descelotlon wiil Ile in
fts olmpllcity and Its wusefulnsss In extractine slaniflicant
features, The fundamental auestion Is whether we can do this
simply for an !ntaresting ciass of objscts,
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GENERALUIZED TFAMSLATICONAL [“VARIANCE

Flogupre 2,10
Surface anomaly

2.4 COMPARISON WITH SOME OTHER METHORS OF
REPRESENTATION

Many wa¥s of cepresenting three~dimersional objests exi
ODifferent reDresentations make different kinds of [mfcoemat On
avallavle, and achleve d!fferent degrees of success In presenting
thls Information Imn a useful manner, W8 sna|| mention some Of
the more slonliticant of thase, and cempare tren with
reprozentation by genesrallzes eyllinders with rescect te how well
they describe thoge attrlbutes we call shape,

Among the mogt bas|c methods of revresenting s lld ob .~tﬁ
aré tﬁe 3Dace mas :na Lho ésctb maQ, A Space map ?s A

OimOnslond; &rray rr®spondlnd to 2 supbdlivislgn of se ace into
contlouous coily d?th a coarse ceil size, this mxdel Ts_usofu!
'n otstacle avo]daﬁc&, or In ldentification of cutareas of
special Interest in a larger scens, A depth map s a_ iwoe
dimenslona| array oontalning the Jlstances from a camsra Or
ranglng dovice to the nearest surfsce of an obJject or scens, the
fowelevel Input to mgny programs 1s organized in this fashfun

(A var'atlon on the geptn mac Is ths depth garlag, described in

18




STHEA PETHORGS N REERESENTATION <.8

fagetler 3,2.), While space =aps ond deotin rnass are@ convegiert
s1¥s ¢f craaniZing |ow=lgVel gata, tney have iiztle apri‘ aotlity

Some syrfuce dessrigrlop nethoas may be classifiea with Zectr
napss ~hep %ﬁe‘%eschc%?en substltutas depth ContoUrs ¢r_ana ¥tic
f agtiens for ihe ¢ ceilmenslonal ocecth array, Bi,ariate soline
iYttino CCocns) flts into this category, Horn cruated a cecth

congOur reprasantatlon from assumptions about iijlumination anc
reflectance craracgeerigtics [Hernl,

P T R TS HAR RN
use Of ppototypesS where the r lonshlips of faces to ¢ges an¢g
vertlces Is defings In advance a fixed number of ~rimitives,
S¢ves  mors Tlex!sle medeis rave besn used by other
researcheryg [Shiral, ~Rauagar+l), This tyce ot medel 1s mainly
sultec to opoiyhegra, dUt anoroximation of curveo cblects DY 2
facated representation has had some sugcess in ccmputer graohice
., This extension of «hat I essentlally a ~ethod for Dlane-
ngundad objects itnto the damalp of curved cbliects carnet be
zarlioys|y conesijered a reasongble candigate for sheoe
nsescription, The sody-face-edce~-vertex model descrites surfaces,
nst Volumes, And tne numder cf planes tc te deals wit= ~ahes the
~gthoc unwlaldy for curved oh_ecis,

A r 3 i 3
2obertsCTR8Be 1575357 0RR%LRE 233y
2lat

fOr

u?flel axis <redasfoeos CElum, MOtT-Smith1 bear scme
syparticlal resgmplance to representation bty ceneralizecd

cylirders, We shall| cevete a paragrach to exnlaining how mealal
ax!s transforrms are derived, tnen show why they 4o nct provioe ar
ageguate description of shape,

Ir two dimengigng, the maclal axly zrznsforn is rsometires
called a glun iranslforms The Bium teansform tor a given share is
Jgneratec ns follows! Associated with avery point in thte interior
o¢ a (two almgngional) shape or outiine, 1Is a maximal disc
~eighbsrnood, Figure 2.11 shows some polnts 1n <he interior 0of 3
rectarcle, rng  thelr naximal nelghborhoods, Tre maxifrel
~gighterhood 9f any eclint is the larcgest disc which may be
sertepred on that ooint and stiii remaln within the bouncdaries of
the outiine, The Slum trancform of the ghape consists of the
~ehters of <he maximal nejohborhooods which are ro: wholly
centalined Inm any larger neighborhoog, In Figure 2,11 the
~glghpepnood of point F is wholly Inside that of noin+ E, and
¢rat cf peoine C ts wholly inside <that of wseinet [, Only <he
~elghbcrhooas of points A, B, and £ tannot bDe wnolly conzained in
ary larger maxima] neightoprhocd:; amra those points will bo cart ot

7
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2.4 NTHER METHNDS OF REPPESENTATION : ‘

e

Maximal Nelghborhoods

the Blum transfqrm of tha rectangje, The compiate Blun wransforn
of a rectanglie is snown In Flgure 2,12,

when the Bium teansform |s axtended t2 three Imensions, the
transforms bocome no¢t Spacoc curves, but cortions f curVed

surfaces In spacé, The medial axls transform of an elifpsoid =
an e|!ipse-shapeg oisce of a flat surface, centered in the
sillpsold,

The p oz obJecflons to nedlal axis tiansforms are that
if segmen ;t on aoc |t must be dons risid manner,

that oceneration of the transforns reauires knowledsn of the
compiete object, and that the <transforms it generates are none

intulglve,

e gogmgnxatlonngs 30 a%olle‘nc Red nadl?OrﬂX'? or%n ﬁs?gﬁﬁ
bultlblo cordlitions mus:t bhe astabl'shed to olffarentaata those
branches of the ¢transform whlich represent extremities of the
coject from those which arlse fron corners, What We roally want
from a roorosentatlon s the abliity to segment firse and then
describe each nart, and that the segmentation te annluaa S0 as to
viele the sinplest dascription of each part, Wich medial axis

2%



OTHEK METHODS OF REPRESENTATION 2.4

) Figure 2,12
l Blum Transform of & Rectangie

wtll cracte extr
purious ranches o

L e o

transforms, segmentation before description
corners an'oach part, whie a?ll ?ntroduca s

the tpansform,

a
n

- S

The entire exiteot. of an_object.mugt be known In order find
the maleaY nelghhophoods, This preciudes use of the Qetﬁod on ’ {

obJects obtained from only one view, Two dimensional shapes are
usually viewsd 1In thele entirety, but In three dimensions the !
entlre surface of an obJeot Is difficult to obtain,

A non=intultlive two-dimensional medial axlis transform m?y be
ceon In In Flgurs 2,13, the Blum spansform of a rectangle with g
rotch, A minor_ varlation In the outline produces .a malor
nertUrbation In lts transform, In three dimenslons the situation
is anralogous, The medial axls transform of a coin or #lat dise

't will be a circular portion of & nlane with pimelike extenslons at
ies clrcumference,

[Pt TP 3 e e CERS L S T
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. Flgure 2,13
Blum Transform of a Rectangie with a Notch
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3 DEPTH MEASUREMENT

the recoanltion and rOnresenta*IOn of obJocts as gorformed In
the experimental portion of ¢this research raaUYres three.
dimensiona| data on whioh to operate, The primary regulrement is
that ¢he data Dbe reasonably dense and reesonably gonslstent,
while ¢he speclal characteristics of our laser trlanguiation
systor are made use of |n many of the technigues to be descrlibed,
we DO|love our methuds are generaj enough that other means of
ranglro can be substituted,

3.1 SOME METHODS OF DEPTH MEASUREMENT

"nlsurcmeA¥‘¥s 3? Reh séhabterayalogutElrnast!thoahlv thod ;
sultable of tnese are dliscussed below,

Devie exis: which are capabie of dire Tng the
dlstlncl =on thotd:v‘ca torsomo point on an'ogject Dngga ogfgro

ft, All of these davices are varlations on the baslc method of
time-of-fiight measurement of Iight, Far the distances in which
we ary |nterested, thls usually takes 2ha form of a |[aser beam
roculgted by a sinysoldel signal, and a detector and ohase
messuring clreuly which determirsz the phase shift of the
refloctea [1ght w?th respect to the omtttcd ifght, A~ example of
such an Instrument 1|s the Geodolite, manufactured by Socectra-
Physlics, Mountaln ylew, Callfornla, 1Its dspth resojutlon of &
rillimoter s probably adeauate for our purposes, Dlrect rnnglno
devices require a twoeaxls deflection system (usually a palr of
rotating mirrors) in order to scan a scene, Thc resoonse time of
the Snectra=Physics Geodol!te is one mli|isecond, w:th a
ppoperly designed mlrror scanning system, It would require only
98 seconds to scan an entlre scene With a2 raster resolutlion
comparable to our television cameras, At oresent, its cost Is
spohlblitlve, comoared wlith other methods avallabis, As
techniques In ¢thise area Improve, dlirect ranging may tecome
compo¢itive with othey ranoling megnods,

Tho amers stereo Is attractive malnly feom the g?]ni-ef view
that tates uman stereo depth percention, W . gcsqagch

uslno twc-oumo'a stere® may shed |ignt on human decth cercontion
(or, more llxely, stimulate further research In thlg arep) we
fee| two-camera svereo |s hardly the best way to measure depth by
computer when wg are Interested In sceed, efficlency, cor
accuracy, Trlanguiation by [asser (see thea next Section) recuires
on® TV camera, 1f other oharacteristics of an object, such as

23

— e~
i
E
| .
|
)
i
:
H
i
¢
i
¥
b
) Al
$
{
{
/? ‘

vl Ll 3

D TR 7 TS
—_— e




Y

3.1 SO“E METHONS CF PEPTH “TZASUREMENT

Color eor texture: are reagulired, a seoparate TV image of <¢he scene
may be obtained with Ile¢+le agdlitional cosg, In genesal, iz is
daslratle tc nave alterna<e modes of vrcerdeption for varyina
tasks,

To meagure dacth by stsraoosis It Is flest necessary to
losntify points |, each Ipage wnlch copr8spond to the gme po'nt
on the actual object, Elther some orellminary recognition must
be pepformed on the scene, Oor correlation must be operformed On
the finme texture of the scenms, Tc use a higher leval analvsis
(such as a sort of Jowejevel recognition) to contrcl the
acaulslition or processiny of Jowelevel incut Is attractive as g
dos! for future research; but to thls date such technigues have
rot been demonstrated, Correlatlon of texture elther restricts
Us t0 coarsd textured oOvJecss or requlres a much higher spatlal
resolution than |s currentiy avaliable In imaging devices,

R, K, Nevatia has used motlon stereo wlth +exture correl2tion
+0 mMea .y, % dep¢h ay geleécged doingg on the gy .face of ,ocky., Hig
mrethods vleld a deoth accuracy similar %o that of cur laser
trlangulatlion gsystem, but +the average processing time ne
estirates to be apout 13 s3¢onds per polng,

Trlangulat!icn us!ng a beam or plane of i1luant and an Inmaging
device, as outiined In ¢he following Section, aopears to be the
best opragtical means of three-dimensional scene acaulsition
avaliable at present,

3.2 TRIANGULATION BY LASER

Telangulation by |aser; (for the cgse where the lase; bean ig
rot olverged,) is geometrically similar t0o stereo, consider
replecing onez stereo camera bY a deflectable laser peam, the
korlZontal and vertical defjection angles of the baam correspond
to thes raster cocrdinates In the canera, The pcropnlem of
laentificatlon of a singje opoint In the two  "views"” is
practically eliminated, since in the remalining TV Tmage the
bplght iaser spot s eas!|y cdecected,

Data rate for t;fanqulatlon by an undlverged ?oam Aould de
rather 10w, since each oolrt measured the Jaser must d¢

cef|ected, the TV caméra myst be read, and the bright saot
lgentifled, The max!mum data rate using an undlvarged neam would
te 32 to 6% data points per second, based on the time ragulred to
read gne TV Image,
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TRIANGULATION RY LASER 3,2

A slaniflcant imnrovement In data rate s obtained oy
olve,gind ¢he |age,’'q ponci| beam Ingo a plane of |ighs, ag, fo;
Irnstfnce, by passing the beam through a cylindelecal lens Such &
fens wil| magnify or spread the Dbeam in one dimens]on only,
transforming the clrcular laser beam [nto an elonyated elllpss,
cr plane of 1lght, The angle of dlvergence of thes plane of |lght

will be equal to the dlameter of ihe undiverged beam, divided by
the foca| length of ¢he lens, An additional advantage of
diverglng the beam [s that onily one rotating mirror will be

neCesgary t0 enabje the beam to cover avery part of a scense,

To ss8 how h may be magsured with a olane of jghts 14
TaV be slnstruct?sgtto tﬁlnk o? tﬁo piane as beling co*oosca oi

reny Indlvidual rays of llght enanating from a Doint, As long as
the ravs do not cross or colnclide in the camera’s Image, each ray
s identiflable, This restriction s equivalent to the gond?t?on
that the olana of !ight (and fts infinite axtenslion) not Tneclude
the focal polnt of the camera,

T 0 | minatlon o e ne | n th ne of
Ilsht?' hgggev;T!bl?l}ﬁévnlgog Sothsthar3°Sg tga' p .3.?"rh-?e
exists a unfaue col|lneatton (on3a=to-one correscondence) between
oclnts on the pjane and polnts In the TV Image, Once the
ccliineation |s kaown, the three dimenslional coordinates of any
I{luminated point may be determined from its |ocation |n the TV

Iwage,

The denth ace of telansulation system depgnds on $he
resofution gf tﬁeufﬁgglng aev?ce and on the anjile o’ sonaratfon

between the ¢two polnts of view, (Refer ¢to Filgure 3I,i,) The
Irherent resojution of an Imaging device glves rise to a cone of
uncertalnty for any glven point In an Image, The width of the
cone at the obJect belng viewed we <cail D, The unceptalinty In
lateral poslition because of the resolution of the Imng‘nq device
1s D /7 2, 1f the angle of separation between the camera and the
D /7 2
laser Is O, then <the maximum uncertainty in position |s _--~6-.
tan
The root-mear=sqguare uncertalnty wijl be 2,727 times this, or

<RMS range error> s 2,353 D oot 0, (Equation .13

1 the width of the laser pjane Is more than one rusiei unlf.
then the wuncertainty D shouid also0 nclude the uncertajnty In

lccating  the centerilne of  the oplane, For a typloa)l
cenflguration of our ranglng systsm, the contributlion to D _dus.to
the resojution of ¢the TV camera |s about 6,05 Inches,
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TRIANGULATIZN BY LASER :

p/2

2 tan §
Cone of Uncertainty '

Ray from Laser ,

Laser

damera

Flaure 3.1
Accuracy of Ranging
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TRIANGULATION RY | ASER 3,2

Urcertalingy |In locating the |ase8r centerllne nay add an

acdig¢lonal ze 0 40 2,25 Incneg 40 ¢hlg flgy e, ig ugudlly K
about 39 degrees, ¢lvinz a Iinlting ran99 aCCUra'y of ) 83) to
2,27 Inches, calibratlon errors will add further |nac0uracy bue
these wWwl|| not chanse relative accuracy, Calvbrar.on and

callbratlion errcrs are dlscussed in gectlon 3,4 and in Appendix
A

A system simljar_to the above was lndependently designed.by
Shiraj and Suwa at @|ectrotechnical Laboratory, Tokye [Shirall,

Convenptional ootles were wused In a slit projector to orolect a i
piane of |lght,

The advantaQe using a aser OVer sing conventional
optics ure pr ac*?cal. not theoretlca?. The orunc?nal gdvantage
Is that a Dplaneg of Iight from a laser Is uniformly thin=

throughout -- hence the cdeath of flejc of ¢he source Is |ess

Ifrited, (There stil| remalns the proolem of depsh of ¢flel|d of

the camera’s optics,) In additliorn, oplacing @ narrow nardepass ‘
optical fliter In the camera opt¢lcs blocks most amblenmt Ilsht
With the flliter 1n place, our system wl|| operate I1n a sun!it
reom wlith no notlceable cdearadatlion in perfornance,

ronochfomai2ic§! 520y 90E88%seRed%80% Re P88 NaER VLS, THOD: /63
ejtner whlte or a color WIth a red component, ObJects of ather
coiors reflect j(lttle or no laser |lght, Tunable lasers or
rultlewavelengih |asers may aliminate thls oroblem in the future,
but such |asers are noWw rather expensive, and would reauire
cetectlon of the peam without a fllter,
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ERRN

or optimal dgpth crlmln lon, the plane of |lgnt should
Ce pereondfcular gottha b nne oe?fh.?'by the ?V camara.gtho laser

geflection assemd|y, and the center of the scene belng scanned,
Fcr best coverage o’ the scane, the axls of motlon of ¢the alano
of |lgnt, when !§ Is scanned across the scens, should also be
cerpérdlcular to the same plane,

in order to obtaln more complete and is?tropl$ data, scanning
takes place with twpo alfferent orlontations o olane of

Itght, The plans of Ilght In the second orlentation is at rlahe
angles to the plane In the flrst orientation, and both are at 45
oedrees Wlth respect ¢ the ortimum bplane for oest depth
accuracy, Aithough the orlentatian degrades depth accuracy for
each scan, the fact that we have two I[ngependent measurements
Ircreases the gscecuracys and the flnmal accuracy is Iideatlicel to
that computed In foustion 3,1, or 2,352 3 cot O,
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TRIANSULATION BY LASEPR .

Irn scanning a scene, the TV camepa |Is read, the plane of
'tony Ig movea by meang of a ,9;a¢ins ml, 0, ¢he TV 2ad agaln,
and the cycle receats untl| the enptire scene Mas been covered,
The cylindrical lens |s then rotated 32 degrees, anc the entire
scene scanned !n +his orlentation, A laser scap refers to one
image frem tne Ty camera, or the data derlved from ong image,
Wpen ¢he data Is converted to threee3almensioral coordinates, the
resuit Is a gJepth geld, The dlstance between successive laser
scans ls n‘ldﬁr tn:n tne rﬂso ve n of the TV rastor, For sach
laser scan 48 hy,8 2 cdecth oro?lle along a line, The deoth
oroflles form a sort of derth mao, If we imagine viewlng the
scene from the point of view of she laser cdeflection aoparatus,

Ar. Interescting possitl{ity for hign speec scanning of a sceny N
is sugsgQested by <+he work of Nll] and penrington (wWill), Their
agproach to ranging |s 0 rproj3act a unlfeem coded grld o9nt0 @
scene from 3 slide proelector. Tnis !s equlivalent to reading mMmany
laser scans in a sin3ale frams from <+he TV canera, Wlil and
Pernlrgton made Nng attemat to measure Jeot™ directly, wnlcﬂ would
have raqulred ldang]'ylng each Ilne In the Imaga, They sere able
to exXtract the normal dJdlrectlions to plane facets |{lfuminated in
thls ranner, but serformed no racocniticn op determination of the
bouncaries of the facetz, However, if one wers to uUse 3 coded
srld in which the code carrlies ooslitional laformation, the time
to scan a scens would be only tne time ¢ takes to read one Ty
Irags, Some tynes of coded Jrids they su3dest are a shifg
re9ister derlvec code plate, or the grid known In ootics _as a \
I{rear Zone piate, Additional processing would oe necessary to
lgent!fy gach Iing In the image, The technlauas to extract the
coding Wwl|| be exgsensive, but for scme app|ications, a tradeoff
of data acoulsitlion time for computat,on time may be deslrable,

3,3 HARDWARE

Tha paslic comgonents of tns laser rangling nardware are!
The |aser,

Po;lsco?e and aux!|lary nlrror{s) to bring the beam to .
tha deflection assambly,

focdss’n d?fgect;egy'?ga Tca¥ di , §|lgﬂs?fanda a'ggggiigé
TirpOr,




MARDAAIE 5.3

The Interterance f1iter,

A seleviglon camera capahble of belnp read by the
computer,

The hardware |[s located on the Hand-fye table at tke_Stanford
tetificlal 'ntellujeﬁce Laboratory, An ovepal! view of %ha 3etup

is shown In Flgyre 3.2,

The |asep | a Spectra-Physies He=Ne (aser, model 125,
exltting ped Ilsﬁt at 2 wavelength of 6328 anﬂs%rons. Rated

cevar of tnis modgl s 52 mijliwatts, but measurements indicate
an actua| powsr output of abous 35 mil|lwatts, Calculations
Ya39d on naximum eonsitiviey of the vidicon ¢tube and ¢he sptical
barareters of the system Incdicate a~ output of 19 mii|Twatts to
be the minimum for ¢thls application, Our 35 ail!liwatis apoears
~0 D® ageguate, rroviged

(1) control is malntalned of ¢he focussing of the paam, »nd

(2) an Interference fliter of sufficient auality !s uswd,

Fo‘ o?timal scannring of a scene, the angle at which the Jaser
bsam [Impinges ubon the deflectlon assemdbfy is Impursant, the

beam should be operpendiculiar <o the axls of rotatiaw o! the
rlrror, and as shown In the previous Section (Section 3,2), the
axls of ¢the mlrror snould be perpendicular to the olane
gsterrined oy the camera lens centep, the centar 07 tha ratntlna
rirrop, and the center 0f the scene to be scanned, The 3eriscope
ard aux!ilary mirpor are for Drinaing the beam from the laser,
(iocated under the table), to the deflection assembly, in the
proper orlentation, The per{scope consists of two telescoping
stecl tubes, with a front-surface mirror 9jued Into eacn end at
an angle of 45 dgQrees t0 the axls, The ¢telescope arranaom.n?
allows adJustment of the helght of the beam above the =:aole and
of the aZimuth of the beanm, The aux!|lary mireor s mountod on a
all-gnd=sacket clamp wWhich allows ar arbjerary orientation of
the beam,

Filaure 3,3 shows the eesentlal featuras of tpe Iaser
deflection assemply, The focussins |ens is necessary mainly

osecause of the poor zolf!mation of the beam, At the |aser, the
%9¢am Is a uniforn goot about 3 mi||imetars wide, This_diverces
to a complex pattern of epots and rings about 5 miilimeters wide
at the deflectlion assambly, The focussing Jens has a focal
length of S@C mijiimeters, and orings the beam to a Spot about 2
Tlil{lretepe across at the centep of <the scens, when the
cylingrlical leng is absent,
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3,3 HARDWARE

L}
Object Being Scanned
<:;\\\\\\\\ /////;7__Bar of Light
M

Auxiliary Mirror

Ray
from
Laser ;

—Deflection S ’

Assembly

TV Camerafwith
Interference
Filter

Periscoge

\_

Laser
(under table)

Flgure 3,2
Lasar Rangling Apparatus
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| HARDWARE 3,3

Lens' Stepper Motor Rotating Mirror

Cylindrica! J

Small Gear Lens Plane of Light

—— Large Gear
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Laser Beam

Focussing Lens

Gear Reduction Head
(part of Mirror's Stepper Motor)
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Flgure 3,3
Laser Doflection Assemb|y
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3,8 HARDWARE

The cylindrical lens Is a shopt
its focal lengtn {g apgproximately & m
lens c¢lverges the beam only In the glrection perpendlicular to the
axls of tha Jens, and changes the clrecular cross sectlon of the
laser peam Into ar elongated elllpse, A Stepper motor may rotate
the lens to change the dlirecticn of elongatlion,

olece of Syrex glass rod,
‘1limeters, The cylingsical
re

r

A frony=surface mirror 1is mopunted on the shaft of a go?;
recuctlun head attached t0 a stepoar motcr, Thls arrangerent s
caPatte of scanning the beam or 5lane of [ight across the scene,
The resolution of the motor-cius=-gaar~-reduction {s 1728 steps per
revolution at the output shaft,

The eontlire deflection assembly is mounted on a balleande
socket clamp to allow allgnment with the Incoming beam and proper
oplentation of the ou<dut Ijlumnination,

Tne ?functlon of the Interfereance filter ls to sgreen out
[ : arblent |ight, ang let only refjacted laser 1ight reach the
vigicen tube, Its use Is necessary only when worklng in a
carkered room is yngesirable, Je have experimented with twe
different filters, both manufactured ty Octics Technology, Inc,
The flrst has a bandpass of €,5 ansstroms, and a transmission of
agout 55 percent at 6328 angstroms, Wlth this fiiter we have had
no glfficulty obtalnlng 700d TV Imagss In caylight, Kowever the
2,37 Inch thickness of this fljter made It unsuitable for
ncorporation Into the color wWnes| of a new television camera
dresent|y being Instrumented, A thinner fl|ter purchased for the
color whee| proved wunsatisfactory, Its bandpass |s about 29
andstroms, but other calidbratlion data are |acklng, _ Lowe,
transrlssion at 6328 angstrons and higher transmission _at other
wgvelengths leave too Ilttle contrast for daylight oreration,

The prasent configuration Is trjcky and time-consuming 11 se¢
Upe. Usually about one hour s required to set up and calibrate

the eguipment, A4 more permanent setup, opernaps with the
deflection assemoiy mounted on <=op 5f the periscopes, is peing
conterpiated,

Figure 3,4 is the toelevision image of a Barble do||! in plsce
or. the tatle, reacy for scanning, 7Tne table has been covered
with a dark cloth, to suppress the background of the plcture (ths
tabletop), The laser p'ane cf |lght may pe seen illuminating the
subject, starting at the right shoulaer of the Joll, 9oing across
the right breast and the stomach, td cross the left leg near the
Kneea,




MARDWARE 3,3

Figure 3,4
Tv Image of a Bar

bie Dot

3.4 CALIBRATION

Cajibpatjon is tha nr cess Whe eby we measure ur stem
paranotecb?EI8" (15t 8s o’ reconstroat’ ¢Ry" BATee
dirensional coordina tes of oo!nts ln a scene,

Calibpatlion, at Stangrd nas come to mean the de eF f nt! on
of exact parametric or cameras and arms (manipujators),
so that ail c¢oordinates may be measured rolative ¢to a fixed

coordinate system, The ablllty to refer to and ¢o access
absolute coordinates makes cemmunication between parts of a large
syster simpler, But for a general curpose I{ntelligent machine,
ahsolute locations will not be as usafu| as relative ones, There
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3,4 CALIRRATION

ts littlea evidence to indlcate that human perception makes use of
an absolute frame of raferencs, Ratheer, L, are ayare of the
locations of objects relatlva <to 2acn other, and of our OWn
position relative <to our surroundings, Anaron GlI1 (5i11) has
shown how Vvisual servoind of a comouter=-controlled manipulator
can achleve allgnment of oparts, with referencs to absolute
positions only for injtia. positioning and ssarching,

For vrecognition of oOngects, the imporytant cues come.from
relative Information, Sizes and distances on an object are
Invarfant wWith rotation ang <¢rans|ation, Ncrmal directlons to
surfaces are comzuted locai!y, The dJlrections we comaute are,
for convenience, rejatlve ¢to some 5lobal coordlinate systsm, but
what ratters |s the relatlve orlentations of different surfaces,

Jin onsideration of <thls o
calubrat?onao? tﬁe asar rang!ng

cf perceptlion,

he emphasis of the
n reoelative azcuracy

Cailbration taxes placn In tewo phases, camera calibration and
laser zalibration,

Camera calijoration irvolves eszabiishing a cerrespondence
petween zolnts on the %ab:ctop and osolints In the TV Image, Tne
plane of |Ight is projJected cn the table top, and six laser scans
are read by the camera, in the pagtern shown in Figure 2,5, The
nine Intersections of the laser |ines are measured on ¢the table
top, relative to a local coordinate system (usually wlthr lts
centé; near the center of the calibration pattern, Stralghe
Iines are fit ¢to each laser scan in the Ty iwage and the nine
Intersections of ¢he stralght |lnes are caiculated, The PRAXIS
mirirization crogram geveloped by Richard Brent and jrwin Sobel|
deter~Ines the valyes of the camera parameters which glve the
best correspondence betwWsen the nine measUred Iintersection points
anc the nine Intersections of the laser scans In TV cocrdinates,

Five camera parameters are determineg by the caiibration
program: the camerpa’s oOrjentation with respect to our |Ocal
coordinate system (pan, tilt 2nd swing angles), and the
hcrlZonta| and vyertical scaie factcrs ©of ¢le camera,_ Three
agditional parameters, dJenotln3y <he position of the camera lens
center, are measured approximately (to the nearest inch), and are
ngld flixea during the minimjzZation oscerccess, From <¢hese eigne
parureters, It is possible to datermine a matrlx, CAMTRANS,
relating noints In the scene to tneir coordinates as oOpserved i~
the TV Imagz, The pelation !s:
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CALISRATION 3,4

Direction of Motion

of Laser

Floure 3,5
Caltbration Pattern

CCAMTRANS] (Equation 3.2)

rT<<C
1]
<

where X, Y, and rg the coordinates of the obJOct points and
the Irage noint coordunatﬁs are given by U/H and V

'
oos|%$8 P eBUS, sk, 1BOSUIRGY AN MOy REneNt 2hn the,CATSEY

apsoiute errors In Jocation of points locatard far from_the centep
of the sceme, but the rejative errors will be Iimited to a silighe
warplng or scaling of the scens.

based 1
erroritryngaliogation o z; based on  fipinizgtion ,of }shgm
or

n
rotations of the cylindrleal lens, cross ?n a scono.
determinations of den?h may be obtained for the polnt whero they
cro0ss, We cal! difference <the matchlng thOr. Laser
callbration adjusts the oarameters of the laser deflegtion system
to minimize the sum of the sauares of the matching srroras oOVer &
scen3,

O
-
o
o
c
[ 3]
au
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5.4 CALISRATION

If the position of the |aser de2flection assembly |s known,
the remainder of the laser deflecticn narameters may be_computed
from the calibration pattern ang kmown physisal oa-ameters, as we
shall show below, Thus, the only parameters whleh must e
agJusted by ihe minimiZer ar= tre poslition of tae Jaser
ceflection asseadbjy with ressect to our local coordinate system,
A rough Initlal meacuremert providus a starting point for the
ﬂ'i"iﬂ‘lzer.

The ‘"posltion cf the laser oeflection assembly™, <(or, for
br2vity, the “lasgr centé.") we take ¢o Mgan sone caint on the
surfaseg of the rotating =mireror, Tne Jaser |ight actually
eranates from a virsugl oolnt pening the mirror, sut thare is a
srall grea on the surface of the =irror throudh which aj| planes
of [lght pess, For the curposss of calicration, we agsume the
li3ht to emanate from the censer of ¢ne area, (ie discuss the
valigity of <his assumption in Arnendix i)

*
coot?|DFen  E"E00, B0 0LR, I8FeTina (2 Elane, 57° 0b3TeT8ReSss
be determined from point 3 and pgolnt H in Jyre 3,5 and the
laser center, The plane Im the horjzonta| poslition I's gatermined
from polnts O ana F and the laser certer, Polints A and 1 and tna
laser c¢enter determine a plare whigh w8 assume to be
perpendicular to ths ax!s of rozation of the rotating mirror,
(The validity of so assuming we 1iscuss in Appendlx A,)

To obtain the coeffliclents of tne plane of light wnep the
mirrcr is at somg positlon other tnan 2ero rotation reouires a
series of transfcrmaticne, These are a translatlon, T, %o
trensform the laser center to the origln of coordinates, a
rotation R to align the mirror axis c¢f rotation wlth the
Verticals g rotation M sbout the Vertical a%is correspenging to
twice the anile of rotatlon of the mirrcr, followed by rotation
by R Invers¢ and a translatlion by T irverse ¢to restore the
orlglnal orfentation of the axis and position of the |aser
center, when the rlane of 1light is excressed in horogenseous
coo0pC nates, the transforrations may bhe reprosented by mateix
rultiplications, (See ([Rove~ts 63) for an expositlon of
Rorogeneous coor,;inates and trarcformations,) To obtain the
coefficlents ot tse plane of light at a mirror rotation of @ use
the following matrix eaquagion:

-1
PLANE(B) = PLANE(D) « SHIFT = ROTATE(B) & SHIFT .
(tquation 3,32

ts




CALIBRATION

3.4

where SHIFT

i's
R, ang ROTATE(

the oroduct of the transjation T and the rotation
Y

8 s a rotation adbout the veetical ax|

o

Given the hcm°?enoous reorossn;atfon for the laser plane iIn g
specific orlentation, a system o equations may be olved te
yleid g calllnea;ion COLL gsuch ¢hag ¢he phyglcal coo;dinageg of
any point on the imgae of the scan line Is glven by

U .
CoLL » v [Equation 3,43

X <X
-

whére | and V are_ the raster coord{nates of the point, and X/H,
Y/H, and 2/H are jts physical coord nates,

The comclete caljbration data for a scens contalnsg the
CAMTRANS matrix, the eight camera parameters {the location of the
lens center, the pan, tilt, and swing angles, and the horlzontal
and  vertlcal scale of the camera), PLANE(D) (in homogensous
codordinates) for hoth horlzonta] and vertligal orientations, the
Tatrix SHIFT and jts Inverse, the |ocation of the laser center,
and the orlentation of the m'rror rotat|on axis,

Appendix A shows that errors In the calibration rincigaliy
those dus to non-oernonchutar!ty of the axls of rotat op 07 the

mlrror to the plane determined as mentloned above, cont;ibute at
least as much to the uncertalnty of range determination as the
resolution of the camera, The avarage absolute error In range,
due to ol| knoWn sourges: Is about 0.85 i[ngh,

After minimization, the matehing errors typicaily

gun l?oui
2,21 inch, Since the resolution of the TV camera and  the width
of the laser linas I.ad us to expect an absolute error {n the

reighborhood of 2,635 w0 2,870 inch,
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4 PRELIMINARY PROCESSING AND CURVE FITTING

convert the TV images obtalned with lasvr 1I[lumination, to

This chapter describes the Iow-lnyel proctsslnT ngcesgary to
useable denth information for the description routines,

The unprocessed data exists as Images on the vidjeon.. of the
Tv camera, the output 2a¢f the dreliminary oprocessing routines

will be a set of curves, which may obe combined with the laser
calibration data, to reconstruct ¢the orliginal scens in three
dirangions,

4,1 LINE EXTRACT]ION

The TV camera lg r8ad by a standard roytine from the Stanford
Hand-gye lerlr; tP.naloJ. Qutput from thTs program ?a an arrty

of four blt brightness samples, packed nine to & 36 blt PDP-1p
word,

We Tcan this array fo¢ non-zorg brlghtness bytes,  «nd ,torc
the brightness and gOOrdgnates o the nanzZero samples n an

array, One sample octuple3 one word of cate, Although tha
storage requlrements are higher for sach samoie, becauss most of
the picture Is dark, thers is « net rncducticn Iin storage requlred
of about 2@ to one as @ resuit of ¢his operation, Detegtion
typically roauires about 5,9 microseconds oar woed whlich contalins
al! Zero samples, and abdut 271 mlerQadgunds per nonzero word,
For & typleca! picture of 2387 words, 4hls oprocessing requires
about 48 m!!}lseconds, This averages %0 20 micrcaeconds oper word
cr 2.2 microsesonds per polint,

Flgure 4,1 dispjlays the nonZero samples ?otoctOd {n ono frame
of tejevision Input for the Barble doil of Figure 3,4, (The plane
of 1lght for this image passes from the ioft shoulder, scruss the
left breast and the stomach, and along the right thigh,) the Iine
apoears wlder across the body than along the 1leg, Thls is
principally because the bedy of the doil faces the |aser
deflection assembly; Iight from the deflection assembly strikes
the syrface perpendicularly, The leg Is obllgue to the |aser
ilttumination, and the total ijlumination pep unlt surface area of
the leg is smaller,

The |lines thus dotectTd are usually several raster unlts
bpoad, The breadth obtained |s princlipeily due f° a low
belghtness threshoig made necessary oy Intensity variations along
the line, The line !s generally brighter near Its middis than at

38
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4,1 LINE EXTRACTION

ooooo

$

Figure 4,1
Non«Zero Brightness Samples From Cne Laser Scan

either end, and hue and Intensity on the object being scanned
account for a great deal of varlation, In order to detect the
dirmest line In the scene a low ¢lipping lavel or threshold Is
Imposed onm the hardware, This resvits In saturatlon in the
orlghter areas of the line, Althcugh the eddes of the 1ine are
oir with respect to the centeap, the 8d0es are detected where the
line Is bright, Refocussing of elther the |aser beam or the
camerg have not bpeen found to have a significant effect on the
wioth of the |ine,

The |Ine 15 +hinned by locating Its centeriline, Horlzontal
ano vertical "slices" are made <theough the picture, For GVeory

horiZontally or vertically ccntlouous set of polnts, the
coordinates of the center of that set are placed in the array foOr
the thinned Iline, The center Is computed by welghting the
position of each sample by Its brightness, ana taklnj theirs
average, Fioure 4,2 shows tne line nf Figure 4,1 after thinning,
In thls flgure we see several points ¢tnat are not near the
centerline of the trace, principaliy whers the grace ig ngtgcl'.
These points arise from vertical sactions zassing along the edge
of the unthinned trace, The oparation which links ¢the pcints
will elimirate these spuYrious coints,

39

L4

_a—



LINE EXTRACTiON 4,1
" e
3,
i
v !
‘ e ;
s J'
s 3
L Flgure 4,2 c
4 Laser Trace After Thinnling :
1
A bpetter thimnning operation would take center|lnes only -
} oerpendicular to the arproximate direction of the |ine, However, i v
i £ no 3lngle direction of sSearch can apoiy to an entire |aser scar, !
eve, if the orie.tatlyn of the laser plane Is kpowni |Tpes may i
I1e at any orlentation, The only way to apply this would be to :
first apply & joca] analysis to the |(Ine at severa| places to :
deterrine the directlon cf the |ine, :
L

A single program controls the rotating micror and tsievision
camora, and perfoems |ine detectlon and thinning, The usual mode

of operation Is to use this program to manuaiily adjJust the camera
oarareters for optimum contrast, then to specify to the orogram
the !nitlal beam position, step increment, and nurber of steps to
scan 4 scene, The proGram wWil|| automatically step the mirror,

' read the TV camera, detect the nonzero brightness samp|es, and
store thelr coordinates on the disk, A second pass of the same
program reads the data stored on the disk for the thinnling
operdtion,

Cr. a dlgk f1le are stored, for each Ia?01 scan, the anguiac
’ cositions o! the migror and the cylindrical lens, the npumder of

co'nts detected !n the Image, the coordinates of each point, and
It ¢thinning has npt Yet been done, the brlightness of each oolnt,
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EXTRACTION :
i
;
|
|
{
Flgure 4,3 . -
_ Multiple Lage; Traces of a Barovle Doll After Tninnlng - ‘
1
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L e g

LINEL EXTRACTION 4,1

Figure 4,3 ls a composlte of all the laser traces of the
Bayble doll, afge- ghinning, Noa, the lowe, plght copney we gee
several traces where the black cloth on the tabletop has falled
te corpletely suppress the background of the fligure,  The short
horizonta| Ilne iIn the loWwer right corner is due to errors in the
Ty ingut hardware,

The Image of Flgure 4,3 containg 122 laser fraces 777 n
zgro trishtness ga%o 85 43, 5°0530c8e5°° ang foki R enalnag alter

thinning, The prodram required 8 minutes of elansed time to scan
the scene, and 1 minute, 18 seconds of CPU time, The 8 ninutes
includes some timg for user !nteraction with the program, 4 ONe=
seccnd settling timg is Imposed, after each step of the rotating
rirrcp, for Dersistence on the vidlicon to die, but this s partly
overlapped With orocessing tima, The balance of the tlIme not
accounted for by computation, waiting, or Interaction |s due to
tire sharlng on the computer, The tninning operation reculred 39
seconds of CPU time additlonal, The orogram which accomnlishes
thls runs In 27K of core on the PDP=10 computer,

4,2 LINKING THE PQINTS

Th center|lne ojnts resulting  fro the |ine ¢thienling
operation (Section %.l) are stored In tme ata strugtbr' in

raster order, that is, they are sorted by theler coordinates, In
oraer to separate |ine segments, perform curve fitting, ¢! Iminate
spurlous points, and provide a more useable structire tO the
data, contlguous seguences of points must be identified as |Ines,
and the polnts sorted In order along these |ines,

The polnts are |inked by a "max|ma| minimum distance” meth d,
Th!s 1s akin to ¢finding a miniral spanning ¢tree |inking
contlguous or nearly contiguous polnts, and finding the |ongest
path in ¢this tree, Because of <¢he linear nature of our data
polnts, we may take soms heuristic short cuts.,

1o do this we tlrst shall deflne a "minimy distance"”
between two oo‘nts In a contlguous set corresponding to the
shortest path throgugh the sat which |lnk the two polnts, The
nend polnts® of a contlguous set are the palr of points which
have the greatest minlmum clstance betwsen them, The linklng
routine orders the points of the set according to the shortest
path betwean the end polnts, and del|etes those points of ¢the set
which do not |le on this path,
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2 LINKING TWE PCINTS

Weg deflne a minlmum distance function as follows: Setween

ary ¢wo nelghbo;ing ,olngs, the "“polnt-to-poine dlsrance” iy ‘
cgefined In Table 4,1 740 2olints are neighbors (f and conly if

there Is an entry n tha table corresponding to thelr relative -
location,) For any ¢Wo pofnts, not necessarily nelghbors, &

“path dlistance” may be found bty sumalng the polnteto=poine

dlstances over some nglghbor=-to-nelgrbyr path connecting the two

polnts, In Flgure 4.4, A, 8, and C a~2 paths connecting poinmts o

and q, corresponding to path distances of 7, 6, and 7, The

"minlmum distancen batween two tolnts Is the inimum, over all

paths, of tne Dpath distance Dbetween them, In Figure 4,4 the

m{nimum d|stance petwsen D and a Is &, corresponding to oath B,

6 5 4 5 6
5 3 2 3 5
4 2 - 2 4
5 3 2 3 5 \
6 5 4 5 6
Tabje 4,1 '

Polnt-toePoint Distance (From Centeés Point)

Floure 4,4
Some Path Dlstances

To f!ng the end polints we take the flirst polnt on the list as
a startling polint, and compute the minimum distance to every other
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LINKING THF POINTE 4,2

point to which a path exists, (By Tonslderlna the neargst points
fipsts the ¢!me to compyte ¢hege digtanceg Ig Dpo00,¢ional only
{ to the number of polnts,) Assuming there are no long clrcular
paths, (and the nature of our data orecludes this,) the polne
with the greatest minimum dlstance from the starting point must
be one of the end polnts, (See Flgure 4,5,) Taking this end
point as a hew ssarting polnt, we again compute the minimum
distarce to every other bpoint, to ldent!ify the other end point,
{ (Flgupe 4,6,)

Initial Point —=—& O

End Point

FRATWET PRRTAIN PORRI® PRpat

Lines are minimum paths.

Numbers indicate cumulative
minimum distance from the K |
initial point.

A e

F'Qurﬂ 4,5 ’ f
Locating One End Polint

After one calr of end polnts has been foynd, the oolnts op .
the minimum path are copied Into a separate array In ¢thelr order
ajong the path, Al| points to which a path exlsts but which do
not |je on the minimum oath are to be considered as noise, and
the antlire contlguous set of data polnts Is deleted from the
Iist, The process |s repeated to find other |Ine segments unt i
i no polnts remaln unaccounted for, Segments contalining fewer than
f{ve points are discarded as spurlous, Ths |inksd points In each
i{ne segment are then passed on to the segmentation ancd curve
fittina routines,

Pl

G A o SAL o T Y

’ he point |1

nk i tine found two IiIn :
of Flgure 4,2, The ] ] $a3F ments |n the dat:

nes are® shown Flogure 4,7, A oa
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4,2 LINKING THE PJINTS

16
End Point

Initial 8 10 18 20 22
Point

Lines are minimum paths.
Numbers indicate cumulative

minimum distance from the
initial point

Flgure 4,6
Locating the Othepr End Polint

o

Figyre 4,7 ]
Two Lings round by the Linxking Algorithm
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LINKING THE FOINTS

in the npolnts along the  thign of the  dol|
lasngifleayion of yhe srace as a single |ine, Figyre

the tpraces of Figure 4,3 after the

linking coeration,

4,2

proévented
$,8 shows
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of a Raerdie Dol| after Linking

Flgure 4,8
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4,3 RECURSIVE SEGMENTATION

The next step in the descriptlion of objects is cueve fitting
¢t the laser data, For each line 3egment found by the sorting
¢cceratlon (Sectlorn 4,2) a curve or set of curves Is found which
nay represent or arproxinate the oolnts along the 1line segment,
clviding the segment into subseyments, as necossary, to obtain an
tgequate anproximation,

v f :

covinh Sadhasieueral adyantagss to gyrve LlEtlng the ng0tdy o300
vhich myst be handled, a comprassion usuajly o bout 4 to 1,
Curve fltting smogths the cata and rejects spurlous points, The
tegmentatlon nesessary for curve fitting s useful in
tednorcatlon of gbhjects, And the more richly structured data
tase of curves facl|ltates furthar oprocessiny, However It is
tire consuming, and 1t Introcduces a c¢ertain amount of systematic
teror,

9 ths ta Jdne
s am
t a

5.9menfat|cno ‘f the present status of our oxonrlmcnta}
resedech, |s used orimarliy to assure a good flt to the data o

the fixtec curve segments, He have found that the msthods we use
sre accurate in |ocatlny cornars In |ines, or other abrunt
¢hanges In characteristics (see Figure 7,1), Corner data are
rot presently used by oUr Drograms, but wil| be usefu] when this
research |s careled further,

Curve fltting and segmentatlon Is dome In  Ty_ raster
ctoordinates, bsfgre any use Is made of the calibration
Inforration to obiain deoth, whether this takes place before or
after conversion to three dlmensions Is only a minor
conslderation, The transformed data are planar for each laser
scans and fltting could also take oplace in a coordinate system
ajlgned on the plare 3! Ilght whigh liluninates the scens, The
oelncipal reasons ws have chosen to segment and fit in two
airengions are that the data structure is simpler In <twe
¢irensions, and that transformation of the oparameters of the
curves to three dimensions reaulres Il8ss processing than
transformlng the pcints they approximate,

The next Section (Sectlion 4,4) and Appendix B desceibe hovw a
g9lven |Ine segmen: may b€ represented by elther a stralght |ine

or bY a general second order curve, The curve fltting routines
tfind a curve Which begt flts the |Ine segment, In a |east squares
sensé,
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2, RECURSIVE SEGMEATATION

T ¢ fve sgamenter Starts with a line segment _found by
the sggtigguzgutlne (Sectlon 4,2), This line segment Is passed

tc the curve fltcer for fitt!ng by a stralight I!nol or seconde
croe. curve, If the fl¢ Is aciedorabie (see Section 4,4 for
criterla of acceptablilty), than the routine exlits, If not, then
the cupve must be broken into two rleces, and each subsagment
passed to the recursive seamenter for fitting and, if necessary,
furthepr segmentatlion, Aftse the two subsegments have ?een fit,
1 elther of the sunhseynents required further segmentation, thag
an attemp: I!s mage to merge the two sub-subsegments gon elther

sice of the original brea, Flgures 4,5 lllustrates thls, If
rergling falls or 1s unnecessary, ¢ Iy determinagd whetzgr a shift
Ir alther alrection cf the poirt of segmsntation Wwill result in a

scttepr overall flt, as snown In Figure 4,17

Segmentation made

at level 2
\\

—- Segmentation made
f / at level 1
4

Routines wilil attempt -~
to merge these two
segments

-l

Segmentation made at level 2

-

Flgure 4,9
HMarging of Curve Sogments

Two tests determine the polni at which a line gggment is
beoken: inflsceion and maXimum excursion, A "basaline" s grawn
cetweer the end points 0f the |ine segment, If the segment is Se
sragacd, (l,e,, contalns an inflectlon point or change In sign of
curveture,) then the sagment Is broken at the polint where it
crosses the basc'ine, Otherwlse it is broken at the point where
It attalng Its maximum excursion from the baseline, Figure 4,11
249 Filgure 4,12 lllustrate these <0 metndds of ssgmentation,
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¢ RICURSIVE STHEMENTATION 4.3
i
i
{
!
i X
Routines will shift point of
segmentation in order to
improve overall fit
{ .
f l
Original Point of
Segmentation
4 .
{
FIgurO 4.12 B
E ghlitt of segmentation Polnt ;
j
¢ :
Segment here
I ¢
]
n o
i Baseline
)

» Flgure 4,11
seamentation at Infisction Polnt
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RECURSIVE SEGHMENTATION

- Segment here

Flgure 4,12
Segmgntation at a Maximum Excursion

4,4 CURVE FITTING SUBRIUTINES

In every case, an attompt Is made to fit each |ine sggment by
s strajoght Iiine nefore ¢trylng any higher-order curves, A
stralght [Ine s renresented by the eguation

AXx+By+¢Cs= 9, (Equaticn 4,13
Fer a glven 1{ins segment, the constants A, B and C are
é The data

deterrined by the m.tha? of Sectlion 3,3 of Aopendix
structure for , stralght Ilne contgins the vglugs of the
constgnts A, B, and C, and the coordinates of the two end points
ct the !ine segment,

¢ n - t R
the ;lt ‘ : h ’t£‘l3?§a|$ %hlgs:g?ea a?} ie t?:dlv?duggrg;rgs
(A X & B y  C) for each point i= below anothop threshoid, and if?
there Is no systematic deviation from |inearity of the
oolnts, A =Vstem;t|c deviation from |inearity is detected

whensver five consecutive npolfnts (le on the same side of the
"hesgt flet |ine, (In the case whare the number of polnts in a
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CLRVE FITTINSG SUBRCUTINES 4,4

iine segment, N, |s less thnan tens; the number of consecutive
polnts necessary s N/2,)

. A genepral sscond ordar curve may b2 represented either in the
orm

2 2
AX *+Bxy+Cy +Dx+Ey+F =298 ]
[Equation 4,21

€r in the form

2 2
x! y' ..
oD <+ LA XL R -4 1 [EQU&%;OH 4033
M m

whepe x! 3 (x = X ) cos 8 + (y =Y ) sin @
¢

c
(y = Y ) ¢os 8 = (¥x =X ) sin ®
c ¢

yl

Equation 4,2 |s useful for determining the goQdnass of flt of the
c&rvo to 2' “data go‘n{ or the set of data oo?nts. Eouation 4,3

contains useful geometric Information about the curve, If m is
positive, Equatfon 4,3 represents an eliipse, Then M and m are
the sguares of the major and minor ax!s jengths, respectiveiy, X

c

anad Y pepresoant the coordinates of the center of the attlpse,
¢ .

and @ 040Nt ¢he ,osaglon of ¢he majos axlg clockwige f.om

r®or
the hoeronta!. 1t mIs negative, Equation 4,3 represants a
hyoerboia, and 4, m, X » Y , and @ are Interpreted simliariy,
c ¢

The method of Sectlon B,1 finds five different curves in the
form of Equatlon 4,2 which may or may not ,adoauatelY represent
the set of data points, These flive curves are ranked in order of
goodnegs of overajl RMS flt, and considered one at_a $ime,
Curves are rejocted rns uhacceptable 1f the overal| error _of the
fit ls too [arge of if any indlviduai data coint lies ¢too far
f:am +ha cgurve, In addition, checks =are performed ¢o orevent
scch pisfles s thoge shovwn In Flgure 4,13,

The data structure for a geners} second order curve contains
the six constants ¢f Equation 4,2, the five constants of Eauation

52

—— e



CURVE FITTING SUBROUTINES

Flgure 4,13 . )
gome txampies of nacceptable Curve Fits
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CURVE FITTING SUssCUTINES 4,4

4,3, the ccordinages of +he end points of the subsegnent, and <he
polar coorcinates, ralative to the principal axes, of the enc
polnte, |7 clockwise order,

Genera! se8conc ordep curves have orcVen 4 not entirely
satisfactory recresentation for curved lines, They are clumsy to
ranipulate, anc the lgast souares srocedure for evaluating their
paraTeters tergs to 3dive solutions which exhibit the srong
curvature, The curvature oproblem is discussed in cetail in
sectlon 8,5 of appendix B, Some ajternatives to general seccnd
orser curves for representing curved lines are presented in
Section B,6 iIn arpenraix ¥,

Ir the case cf the two segments an in Figure 4,7 the
fellowing steps Were necessary 10 fit H

1, The sgament on the |left ~as fitted with a hycerbola.

Th urve on the rlght cculd not Dne £l
Stragﬁht | neco; a seconc=-crder curve, and was sé

the ~lddle of the vertlcal portion,

tt
9

™

3. Thess ¢wo subsegments «ere fitted with a sczr
iine and a hyperbola, withcut further segmentation, F
4,14 shows the state of affalrs at this point,

4 The pgint © ]
aln r gure 4,15 shows the nal

shlftéc. to obt
fit,

betwe?n the two subseqmenti,was
¢, F [

Figure 4,16 is a composite cof ail the laser trages of the
Sarble Doll, after segmentatlon and curve fitting, A few of the

shorter |Ine segments, notably around tha wpists and ankles, have
been lost, because the polnt sorting routire did not find enough
ecrtlguous polnts ¢o conslider significant, At present, at least
tive cont!quous polrts ere necessary for a |ine segnent tO De
retalnea, Many of the shorter Ilne segments are represented as
stralght lines, At least siX colnts are necessary for nontrivial
splutions to the eigenvaluz eguations +o eXist, Some of the
traces of tnhe tabletop remsin in the loder right corner,
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4,4 CURVE FITTING SUBROUTINES -

o N

Flgure 4,14
Curve Flttina Without Optinization of Division Point

L m—

Flgure 4,15 -
Filnal Flt of a Laser Trace
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5 FITTIMG OF PRIMITIVES

Ar gssentlal prerequisite of the descriotlon of objects s
the aplllty to9 racesnlize and trace out the primitives cf which

the descriot!ons are compcseo, The lagentification of tha ends of
the orimitives, the nlacges whe 9 dr0ss chang®s in cross section
aceur, alds In segmgnting complex oplects into thelr par+ s, Thise
chapter describes our methods for identifylng aad tracing
9engrallzad cylinge,s,

loeally, these poutines would be used by a highes |evel
DpOgram whlch makes rypotheses about the structure of anr object,
ard calls the cylirder <¢racer to verify these assumptisns, The
structure and operaticn of such a hicher level proQram is :
suggestec [n Chaptar ¢, In rractice, an irltia]l sedmentation is !
carrled out for <ths entlre ohJect, anu the user of the oregram P!
ray speclfy which pieces will Ls traced, '

The baslc rocde of operatlon of the cylinder tcacer. Is to
accadt an Inltlal estimate as *0 tre lccation and or.entat|on of
the axls of a searent, and to elthepr improve or the e-tunata. or
refoct the estirmate as not |sading to a plausitle generallzed ’
cylinder, Tnas Inlgial guess may come from 3 two-dimgnsional
ar2|ysls of the laser scans, as described in Sectlon 5,3, or may
De supplied by a hiaher level hypoihesis dereratlion orogram for
verificatlion,

An sent functlon ¢f the. g noer acer is se |0n
of conp ax obiec t gnce an ¥%| est mate !s vgr?7
o

belcnging to part of an easlly descrlbed cyllinde the ;outina

trles to axtend tha cyiinder In both dlrections, The extension

Is termlnated where a aross change of cross section dlameter
occurs, suggesting the existence of a Jolnt between seaments,

Presenfly tne routing assume all 3enepa|lzed c¥linder; may
be approximated wlth circular 6ross sections. 1S a

limitation In +ne Implementation, hut not in the general method,
It should be passinje to characterize segments of obJects using
the clrcular assumption, and laiter to parform a more specifie
cross sectlon getermination, Alternatively, the routines which
fit zircles oauring the cay|inder tracing could be modified and
extanded to account fcr other cross sectlons, Section 6,2
oiscUuss3ds methods for and pronlems |n descrintion of arbitrary
cr0ss sgctlons,

The mathod is an [terative one. Starting with some estimate
of the axis of 3 sajment, cross sectlons are detarmined
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5 FITTING OF PRIM]TIVES

perpérdicular to thig axls, The conters of the cross gections
will (hopefully) represent an Improyement on the irjtial axig
assumption, The method |s usvally convergent, but if givergent
behavVior Is detected, steps may sometimes be taken to correct the
divergence,

5,1 CYLINDER TRACING

imate o;hoge 22. 8ff%ﬁo 8¥ne?271 'ac'T? ES?f"Y% bfl?ﬁg a*
!norovac axis esg¢ "ate by fitting circles In cross secticn olanes
perpendlicular to the inltlal axis, and using the centers of the
circles to define a new axls,

A generallized ¢yilindsr Is represented In the prograr as a
sgauerce of points in three dimensions, denoting the axls of the
cylingep, and a lingar radius functlion of the form,

RED2IUS(n) = RADIYS(2) + M # n, [Equation 5..3
where n correspends to the orcer of poliats on the axlisg,

To itlustrate thls Section and the next, we make use of the
laser Image of 3 core, Figure 5,1 Is a cnmpoeite of the curvee
fittec Ilne seaments obtalned from the laser traces, Calibratlion
data Is used to ccnvert 6acn |lne sesment Into a space curve in
three dimensionsg, n8 may compute how tnhese seqments Wwill aspear
It viewed from some polnt In scace other tham the TV lens center,
obtalning the sige view of the cone shoWn In Figure 5,2, The
re™alrger of the figures of tha cone, in thls Section an< the
next, are also slide viedas,

Figure 5,3 shows an Initial estimate of the axls of ¢the cone,
sueplled by the prellminary seamenter (Sectior 5,7),  The
scProximate oUtline of the cone !s sketched on the flgure for
ciapley,

To improve on the i{nitia] estimate, the following steps are
8x8cyiec:

1, For each p2int on the axis, a ctross section oplane is
deternlned noemal t6 the axls directlion, as exnlaires telow,

2, For eash olano, points on the syrface of <¢hs obJject
in the vigln f thre plane are found, Saction 5,4

descrlhes hod *Hese oolnts are found,
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/ Inigtal Axls Estimate

3. From the opoints fourd in s:tep 2, a osrelinlnary
estimate of +ne padius and conter of the (circular) cross
section are gontained, as descrived in Seection 5,5, Figure
5.4 shows tne clrcles obtalned, snown in perspective on their
respecrtive planes,

4, The radjus funcslon, Equation 5,1, is neterninea from
@ least sguaregs fit on tha radll founa Irn step 3,

5, Using the results of step 4, circles of procer radi]
apre f’tted to the points found in step 2, A steapast descent

alqorlthm, ayIme~ten ny :3wton’s me+thod, flnds tre center
coordlinatas Anlch minimlze tne mean square distance of the

sLrfacd polnts from tne clrcla., Figure 5,5 shows ¢hg new
circles filt,

b, Flxupg are made, 1f necessz2ry.

The ceanters .of tre clrclas fitted to the surface.should
represent sn irsrovag estimate of tha axis of <¢tne nsengralized
Cy'lﬂcef.
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CYLINLER TRACING,

Prelij~

b}
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n

Flgure 5,4
nary Rudlus an7i Center Estimates

Flgure 8,5 _ )
%ith gmooshed kadius Function
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o1 CYLINTE® TRACING

A quadratic smoctning functlon is used tn estimate the
tangenty t9 che axigsy fo, o, i2nting the ¢ ,o0sg section olane of
step 1, Fiva cecuentlal points areo transform2d ingto a two
direrslonal c¢oorcinate systea for least ssuares fieting OV a
paradela, Tha tangant to the parzbola, at tha pDoint through
which we Wish tne crosc section nlane <o pass, s transformed
032k Into three gimenslions, The ¢ross sectlion nlana s taken
ngrma| to the <angent directlion,

. . . .
arsenciMo? “olAefohinen, 200822 tXLINg2R.8° SE35T1yP00ni0 800
radidly, 32ut 4hen an error is magd> in ‘Itting one cross section,
the error mJust be detected and <corregted, or suybsecuent
acpllcations cof the curve tracer tc <78 aXis esti-ate Will
civerge t9 an incgrrect or meaningless ansver, Severa! <+ypses of
8rrors ar8 checkesg, and corpecteo whsr possibie,

The ends of cylindars are chacked first, ~The ends are
suscoctinle to grrops when extgnsion of a cylinder has been

termiratec decayse of Gr0Ss cross sSection channes, L new axlis
astimate at the angd may cauce part of the cross sectio~ at the
enc *e¢ Inelude the wrona elenent, ]f ths dlameter of ghe end
cross sectlon 4oeg not aSrde (Within a certain IImit) «ith that
oredlctad ty +he padius furctlen Equatlon 5.1, or i’ ¢the axlg
makes a sharp ber< a¢ =he aend, the end coint of the axis ie
celetegd frpom the cylircer,

For each inte-ior polnt on the axls, the dlareier of the
cr0ss sectlon s chagkesd gaalnst tnat predicted pY the radius
function, The a!.gle m™ade by that point and Its two adjecent
pcints Is also creckad; an arror exists if tnls angle Is |ess
tnan G% de2ress, 1f an error |s detected, a new cross sectlon
plane Is specifieg midway between the two adjacent axls points,
Tre caranmeter GAP, which cecntrcis the cross section determination
(ce8 Sectlon 5,4), is either Increased or decreased, depoending On
whether the diameter estimated cy Section 5,5 is s=allepr >f
larger than tha orenicted diameter, The new cross sectlon
reciaces the old, and tne rasiys functior is recomputed,

5.2 EXTEHNDING THE CYLINDER

Ysually ~an init]al axls @est:mate iacludas only a ghort
section of a lon3er Diecs thet may b3 described as a Garera.lZed

cylinoger, Extending the axis estimate finds the lon93st possible
cy!inger that may be conveniently descrlibed, and alds In
sedmentation of comblex oblects by locating 9Jross changes In
cr0ss sectlion diametsr O0f an objecs,
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EXTENDING THC cyLiugere 5.2

Extenglon s from ona end at A time, Fpeom One encd, <+hg axis
s extanded a fixed dglistange (determineq by tne average spacing
tetween planes in tha original axls estimate), and a .wgle new
circle added to the cvlinder dascription, following steps 1
through 3 of Section 5.i. A clecle of radius determined by
Equation 5,1 ls fitted to the cress section points, as in stap 5,
Ag long as ¢the extensicn s compatible with the ras: of the
generallized cylindep, addleional extensions ar® made,

Incompatibl|ity of an extension ~ith the rest of tne cyiinder
ray be glgnalled atther by a sharp Dend in the axis as a rasuit
of the wex<ensior, cr hy disadreement batween the <circle radius
estimgted by the =ethod of Sectlon 5.5 and tha radius fungtion
ggYatlon 5,4, (For our nUepcses, ths radil agree If ¢thejr ratio
le begween 08,66 ang 1,5,)

khen a disagreement or anomaly |s cetected, new constants are
ceterrined for the radids fungtion of Equation 5,5, by receatinna
steps 4 and 5 of section 5,1, ana ths extension attempted again,
1f the digagreement persists, the entire axis estimate obtained
ug tit! now ls reprocessed by the cyiinder tracer, and the
axtaralon attempted once agaln, (Tne finding of cross section
polnts Is time consumling, Thisz lIg way a flixup t0 the ragdius
function Is ¢rlgd nefore the antire axis is reprocessed,) I!f the
atteMpt to extend the cylinder agaln fallg, then extengion is
abandoned, and extension |ls started from the other end,

) + io
t1rgt®e00805399,35a0 LAESEERT 1ONF IR0, B0V |QUSLRECERD 688
ara|y¥sls of the cong after extension from both ends,
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EXTENDING TWE CYLINDER

Flgure 5,6
Comclaie Cone Analy,ig

5,3 PRELININARY GROUPING

An Inltial croucing and segmentation Is carried out. on an
Irage to ldentify candldates for representation by generalized

cylingers, and to suoply ar initlal astimate to the cvl'inder
tracer and axtendge,

Thls inltia] grouning I's carried out in TV raster
ccordinates, befors conversion of the fitsed curves to three

direnglions, Sedments of laser traces which are adlacent ang
paralle! are |Inked topether to form "groucs", The mldno]nts of
the scegments making up & group will dbe ¢the opreliminary axis
estimgee supolled to the cy!inder tracer,

Flgure 5,7 shows the group Extracted from the i~age of
Flsure 4,16, 92nrly the depth discontlnuities detecteg oy tne

ecint |Inking routine (Section 4,2) are considered to segment
laser traces; the seymentatlion performeg for curve fittinag
{section 4,3) is dispegardes, For the purposes of creiiminary
Grounting, eech sagment 0f a laser scan s representsd as a
stralght line Joining the enc oolnts of tne segnent,

64

[
.




PRELIMINARY GROUFING 5.3

/
%,

: Figure 5,7
Prolininary Groupling on the Image of a “&rble Dol
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PRELIMINARY GROUPING 5,3

Figura 5,8 clpts the nidpoints of the segments shown in
Flgure 5,7, which will te transform2d Into thrue dinensicns end
used as npreliminary estimethrs for the cylinder tracer and
extenderp,

The basic method of preliminary Jrouping is to |ink tog?theé
line secments frem consecutive laser scans on the basis of

whether or not they are roughly parallel In their Ty Images,
Seamerts fror consecu+~ive laser scans are |linked together by the
fallowing test, The end points of each segment are Jolned by a
straight line, 1f the perpendicular tisector of the ¢tlrst !ine

irtersects the gsecord |line betwaer its end points, and ths
perpendicular bisector of the seconrd similarly intersects the
first, tnen the |ines are "anproximately oparalle|", and are

lirked together, If any |lne segment can be |inked to either of
twe segments In any one las2r scanr, then no |inkages are made
Ficure 5,9 shows gsome exampies, Lines 1, 3, and § wil| be I.nkad
teCethsr, as will |jines 2, 4, and 6, and lines 7 and &, Neo
linkage =7ay be made bYetween |Ines 5 and 7, bacause the
rerperdicular bisgstor Of iine 7 does not iIntersect line 5,

A =et of segmerts linked <¢ogether Is a "gGroup"”, A check ig
n8%e for 9rgss Chepfes lp the lepetn of segments makinq up the
croup, If such a change s oetec*ed. the group is divided at the
oiscertinutey,

ﬁou gs are extracted gimujtaneously in a single pass
o

At g oin
1 cata structure,

theeough

rough estimate of the radlus of each fcss section is
eauirad for the cross section point finoar (Sect 5.4), This

iritial estimate s computed from the length of each {ine
seomert, and the anale the segnent makes with the |lne linking
the ridpolints,
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5,3 PRELIMINARY GROUPING

Flgure 5.9 .
Some Scan Sggments and thei, Peerpendicular Blsectors
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=,4 LOCATING CROSS SECTION POINTS

The cross section finder |ocates points on the surface of an
t ccJect in the icin?ty of a niane cutt?ng the oblJect, giﬁc. one
Jlane may cut a corplex oblect at several places, it iy necessAry

0
to separate the points corresponding to the genapalilzed cylunder
beind considered, from those that may bei{ong to arother nart of
the obJect,

The crogs segtion finder raJYires the coordlnates of_ a olane
(in three dimensions) and an estimate of the center and radius of

the circular cross section it is to flnd.

S e mae

Twe auxi}lary planes are introduced, parallel ¢to and on
either sige nof the cross section ciane, The distance between the

4 cr0ss section plane and each auxiilary plane is controlled by the i
distarce between consecutive points on the axls belng Dy
1 investigated, NOw every curve segment obtained from &he rande
0ata is examined to see if soms nportion Of it |lies between the
two auxiliary pleanes (Examining the coordinates of <the engd '
s0in.s of each egment eliminages mogy of the geamsnys wlgh
' little copputatioﬂ ) 1f somg partion of a curve segment |ies 4
i bgtwean the two auxlliary rlanes, the intersectisns of the '

e

secment With tng auxiliary plane are entered into a ligt of cross

section points, in a two dimensiona)l c¢oordinate system on the

cross section plane., 1f the angle at which the curve segment

intersects the auxi|iary Dlanes is smail, intermediate points are
€ also entered,

PR RN
manat,

Figure 5,17 plots the <cross section points found In a cross
cectlion agross the bocy of the doll shown {n Flgure 5,25, (The
pnints are viewed as if we were |ooking at the cross section
plane from near the feet of the doll,) Note the group of polints
L tec the left of the main 3group of points, TheSe correspond_to the
risht arm of the doll, (Te reason for the rather wlde :
scattering of tnese oo!nts is discussad In Section 5,6,) The
cross section finder muUst now separate these two groups of
pcints, bacsd on the suoplied estimate of the radius and center
of the circular cross section,

he cross section 00ints [inked ¢ Qetner {nto groups
(equlvalanre classes) y¢n the bas?s o} prox| ? to on® apother,

threshold, GtP, dagtermines the maximum dlstance between Dointq

to Iink them into the same apsup, Tha default value for GAP is
deterrined by the nean distarce between consecutive laser traces,

) byt ray be modifiea by the cylinder tracer (Section 5,1) to
cCorr8ct eprors,
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5,4 LOCATING CRISS SECTICM PAINTS .
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Flgure 5,12
Cross Sectior Pojints
Th 1 . 1
€ estimated center of the crnss section Is trarsformed onto
the two dlm?nslonal coordinate system on (he ¢cr03s secticn plane,
The rmegn distance of sach group from thg estimated center ig

CoMputed, Then || grouos having a mean dlstance

; Qreatnar than
the estimated radius are rejected,

Ir the Dpolats of Flgure 5,12, two 3Jroups we tifi
: 1 re | fied,
The gproup corresponding *eo thé doll’s arm was roJeczggntéy'tgo
gistance criterion, leaving the polnts shown in Flgure 5,11,
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LCCATING CROSS SECTIAN ONINTS 5,4
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Figure 5,11
Cross Section Polnts Retained

5,5 FAJIJS AND CENTER ESTIMATION

This Sectlon gdescribes how the known placenent of the |a?eF
and TV cameéra may be used to estimate the radius and center of a

cartlguliar cross secgtion,

Glven a clrcujar cvlinder witn 8 stralght axis, apgroximgtely
half of Its =<eurface will be visidle when viewsad in ordinary

tllurinatlion by a television camera, When ¢he same cylinder is
f{luminated by a point source of |[ight located at ¢he [aser
centep, approximatejy half of tne surface wil] be iilum!natad,
The raglius and center eoestimation 1{s based on the amount of
overlap between the {|iuminated area and the visible area,

The estimatior is based an tne following assumptions!
1, That the surface we ar® exanining may be anproxinated
by a c¢ircular cylinder,

2. That the <cross section plane whose radius wWa are

estimating is ngrmal to that cyllinder,
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5.2 RADIUS AND CENTER ETTIMATION o

3. That ths distance of V9t" the laser and the TV canera ‘
to the gu,.face Ig Jréat conpa,ed o ¢he radius we a,e to :
obtain, and

a, That laser scans are detected In the entire area
wWhich Is toth ijlyminased and vVisible,
We shall examing thgse assumotlons |atep,

we shall proceed by assuning we have & cyilnder wWhose radius
is Kncwn (let us call it R), and calculate the degree of overlap, :
Flogure 5,12 chows a normal cross section of the cyvlinder, 1In the
ficure, we ploc tha rrojactliens of the linas o? sight +fr.om both
tne camera anu +hg laser, The area from 4 counterclockwlse to ¢
is illuminated py the laser, and the area from 3 counterciockwiss
tc D is visible from tne TV camora, The area from B to ¢ is the 1
overlap, Let the anaje betwean the orojectiong of the lager ang
Tv lines of slght be called 3, Than t4e length of the |lne 2C is
siven by

BC = 2 R cos /2 (Equation 5,2)

ok

furthermore, thg lenath of the tina 04 (t¢he normal distance from K
the center 0 to the Iine BC) |s

UH = R sin d/2 (Equation 5,33

{n practice, a collection of cross sect|on points Is
subplied, on a given cross saction plane, To est mate the radius

°f the cross section, the gxtreme 2oints of the c¢ojleection are
igentified as the eng pelints, The laser and TV |lne of slght
Prejections on the cross section plane are calcuiated, and the
an@le between thex, Equation 5, Is solved to give the radius of
the cross section, and gavation 5.3 Is used to estimats the
distance of the center behinc she line 3¢,

The assumotion that the surface may be aoorOXInaiog oYy a
circular cylinder tntroduces some small error when the surface is
Conical, Fquations 5,2 and 5,3 assume the camera and laser to bDe
'n the plare of tne cross sectlon, Ia the cylindrical case; the
ar®a of the visible surfase Ig unaffacted by meving the camera Or
faser in a direction cerpéndlicular to the the cross section
plane, In the conical case this |s not nacessariiy so, rfor most¢
"rOrMal" viewing anales, the €rror  Introduced Is smal|, byt |¢
Should be borne in mind that in certain views the estimate wl||
be off by a slgnificant amoung,
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Sp0JUS AND CENTER EGTIVATION 5.5

Lines of Sight to
TV Camera

|

4

Y

-Linesibf Sighf
to Laser

Y-

Filgure 5,12
kadius and Canter £stimation

The Iterative nature of the cylinder finding coaration
cuarantees that if cvlindar finding converges, then the cross
sactlon planes wil|l waporoach %eing normal to thes axes of
cylingsrs,

Tre clgtance from the laser to tne object bagin scanned is
tycically about 3¢ Inchas, Cross sectlons of cylinders seldom
exceec 1 Insh ia radlus., The erpor Introduced by assumption 3 is
nct mcee than

gsin (1 inch 7 32 inches)

or about three percent,

The eprcr intrgdused by assumption 4, that laser |[ines are
cetected In <ne en<ire area which Is visible and illuminated, is
tne most Jifflcyis to astimate, 4Wnen a laser trace illuninates a
cylindsp, the and of tha lasar trace becomes dinmer and di=~mer as
it approaches tre jimit of iljumlnation, There ~must always exist
scte apea o7 *he cylinder In which laser ¢traces may fall, bue
will pe below tha parigheness threshold cf detection, *he width
of this uncetectahla prea will| depand, among other thi=gs, on the
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P RA21US ANT TELTER ESTIMATION

cpightness of <we lacap bean, ¢n2 color of the oabiect, the
ceNglyivligy of ¢ne camara, ana . he oriencagicn of he cylinde,
with paspect %o tn2 lacer, lr cne %est, 2 4de+acted laser trace
w39 twelva perceng snorter tran i+ snould have nean If ¢tne entire
trdace were uniformly brinht, 724+ eracause ¢f the varjab!e nature
of thils error, it revains <ne largast sinslas  contributer teo
uncertalinty of padius astimatien,

w

6 SIMC FESULTS

vy routings teng +0 00 w2l on objects descri*ala ae a
single generzlizeg gylinder, and ¢n pertions of compler oblects
wnig¢h poscess cCaynsigeradle eloncation, They give _ﬂaroinal
resulgs In the neishborhooc of T-ioints, and wnere nearby oarts
ccnfuge ¢na crags sgrtion finrder,

The results zie
dedrea of manuzr A
ngz28sary for tne o
te 3ralyza, and
fallure,

turen !n tnis Section 4epe obtained «.+th some
irection cf <the 2ro3ram’s exagutlion, 1¢+ was
parator t2 speclfy wnich areas of tn2 sicture
+*

¢ in%teerret the -esults a3 t2 s.4cLesSsS Or

This procedure ¢ould D9 carrie? out complésely under prcgram
centrel, iven a reutine to detect overfap nf Dnrspased axis
seamdnis 4lth nreviously 1dantifiad cylinders, and 2 rautine to
ogterrine success cr failure of ar analysis, Jezecting overlap
reauires oniy a twdedinensioral .aep of the i{nmaga, An Tngorrece
aralysls Is Injlcatec by circl8 diameters rary times larger Or
sraller than thosg initially predicted, and axis points which do
rot Occur alona any well-ueflined gurve,

Ir order to ppesent an unbiased oicture of :re capasliities
arc¢ [imitations of our =zragra=, the resuits presented here Were

all obtalneg with the sars version of ¢tha analvsis proqe2m, SOme
irorovement In <ng results i35t bSHe exosected Ly adjusting
caraTeters to give the nDest results for each onarticular plcture,
Fcr 8ach Image «e nave anaiyrer, w9 nave at léast once ohtained a
better analysls, Ryt the resuyits shown herg 4ara optainsed 'n the
same everlng, with no adJjustrerts tetsdeen oOne pictura and the
raxg.

Figure 5,13 is the oprocessad image of a snake made of
rocel}ing clay, rroT an Injtixl axis estimate comprisinn cerhabe

the middis thlrg sf <the figure, zne complere analysis of Figure
5,14 was obtalneoc by extension of +he ands,




. SCMe RESULTS 5.6 «

I 4 F'QU?B 5.13
Snake

Flgure 5,14
tnalyslis of 3naxs
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Flgyre 5,15
Tarus

A torus (actually, a tatheub tny) is depictec in Figure 5,15,
The Iritial axis gegnent +hich Was assigned the nignast value was

ir. tha lowar opart cof tne flgure, E£xtension #as necessary fronm
ore end only, resiiting in the recresentation shown in Figure
5,16, The pro3rax cetecten that a closecd curve nad been traced,
ard .hat extensior fro™ the Ootner AND wWas "0t rdcessary,
P cele Nae & - +n + A m § HI

tne Fa30E Rt Indt 25 TR0 0075 R0.E 1 Y0288 T0RT FISGES 811
shows the same descricticn fron a ciffzrent vieding aniyle, vhree
axis sagmgnts were necessaryY tn conplete <he gescrictian, one for
tre handgle, and one on 8ach end of <ne head ¢f the hammer, The

sescriction of ¢he Hnttor part c¢f tne head (as viewed }n F!gur!
%2,19) leaves mych to be desired, Tohe initlal axics estirmz¢e for
that cart of tne i=3g9e felloser for the n6st Dsrt tne ‘12t end of
the hgadg, Anotner sass J>f the cy¥linder tracer ~ould =ost iikely
i-brova the descrivtion, If s Te-joing ware deteczed 2 the
figure, and the hancle Jeljeted frcn the data structur® as
su9gestsd In section £,1, an acezuate dascreintion wWoulg almose
cgrt2iniy result,
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SCME RESULTS 5.6

Fpequently neapdby oparts of a complex ohjact cause the
aralyYsis of an axjs segmant to 9o 2wey, Figure 5,23 is +he image
of a glova stuffed wliw tissue naper, and Fljure 5,24 s the
ogscrintion cbtained for the glova, In the anmalysis of the fourth
fingep, pleces of the thied flnger wera Included Iin ¢the ¢ross
sectlons found, The sltuation we sea here Iis Jue to too small an
iritlal vajue for the threshold GaP for the cress section finder,
when ¢he fourth flnger Wwas anajyzed, The smal| valye for GAP
allowad the axis of the finger to be extended into the_ caim of
the djove, because cross sectlons across ¢the palm were broken
'nto smal! segments, As <he analysls proceeded, the cyl|inocer’s
radius function gradually became rather conical, When <the cone
becaTe wlae enough ¢o include the base of the thled finger,
segaments from that part were included In the cross sectisns,

The pa|m of ¢he hand Is not well represerted by a clrcular
cross section, In adglitlon, +the brightness of {he laser was no%
ac.lusted oroperly, so that sone of the lasep scans near <he wrist
werg not bridht anoudh to be Jetected, Nonetheless, the analysis
coes glve a description of the pa|m which is surorisingly good
unter the circumstances,

A ¢oy horse is deplcred In Flgure 5,22, Unfortunately, when
tre laser ~as baino set up to scan this particular object, it was

rot notlced until too late that the head of the horse was outside
the bpright portion c¢f the |asar |ine, Conseguently part of the
ngeed 1s nissing in the image, Flgure 5,23 shows the cyllinder
aralysls +vas atle ¢to ldentify saven generalized cyllnders,
ccrtprising the hody, the neck, the tail, and ¢the four legs,
Floure 5,24 ts a different view of tne same analysls which shows
the neck, body, ana tall to better advantage, poth left leqs of
the hopse are partlally occluded o2y the shadows of <¢he right
leds, For reasons that are opresent|y unciear, the analysis of
the body falled ¢o step at the rear iegs, but contlinues ¢to the
tall, (In terms of a higher leve| ropresentation, the extension
c4 the body Is desirable; but the cylinder extender |s supnosed
tec stop whare a gross change in cross scction takes place, and
let a nhilaher leya] routlna daglide if it wants the cylindser
extenged,)

lq .thls ana ysie of the horse, Dboth rligh legs were
feentified satigfacto,ily, Put tnisg Is one o the bette;
aralyses of thic image; wusually danly scme small length of the

leSs s ldentified pefore the c¢y|inder extender exlts with a
Trismatch, Our prodram {s poor at findlng thin ¢yiinders, Soms
ircication of thig may of seen in the bend in the axis of ths
rignt forelec, Thate are sevaral reasons for this deficiency,

79




ESULTS

oF

SiuT

Figura 5,24

Slove
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3LME RESULTS

F‘g;]fe 5.21
inalvsls of Glove
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SCME SESULTS

Figure 5,23
Anajvsls of Horse
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ScHT RESULTS

Figure =,24
Side Viea

inalvsis of Yorge,
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SCME RESULTS 5.6

Tre {ine linking rcutine (Sectlon 4,2) rejects shcet |ine
segmerts, The curve fitter cannot fit curved |ines to segments
of fewer than six points, The shor: lines tend to be ralatively
roisier, and tend to be fit badly by the curve fitter., Examining
tre leas of Fiours 5,22, <there is much less regularity of the
curve segmants than in the broader areas such as the bady or the
reck, And whan the cylinder tracer searches for small cross
sections, there Is iess margin for error in guesses of the
centers of cross secgtions, The result of these factors |s that
tre cylinaer findgr usually falls to0 4race the complete leds of
the barse,

Ap example of the nol?uﬂess of fltted |ine segments to thin
sedments may be 5881 fgure 5,10, whare the opoints

representing the arm of <the doll are much mere widely scattered
than thpse of the body,

. sort of error, it Will be necessary to fix the
toint linking rogutine to accent shorter Iine segments (and to put
n

up with more noise in tre rest of the ima%e), perhaps to mod!fy
the curve fitter, and %o allow for greater errors In +the cross
section finager whgn the cross sectlons being sought are small,

A . - .
the desetTafidn *5%F F9307e"04!28N0"0n, TR EL0uE" fafTed 55V 53Re'D
segmentation between the right {eg of the doll, and l+s body.
Tris is the sams sort of arror as that which caused the btody of
the hepse to extend toward the pear, The cylinder extender
mahaded to continue the analvsis of the right leg 0 Inglude the
foot., Separation batween the rlaht arm and +ihe body is good,
Tre hRead Is not wel| dascribed,

To fix this 9
]

Figura 4, 16 is rngroduced as Fligure 5,27, The resylts of the
analysis of “is picture are shown Iin frlgure 5,28, The
description of the body 1|Is roor, because of Its n0n~cy||ndrlcll
shape and because the presence of <tha lefy arm neardby confused
the cross section finder, There is |ittle separation between the
legs,» but the program found both knees, where the seoaga*uon Is
greatest, In analyzing tne rlght calf, separation between the
legs was small ensugh to cause the cylinder finder to regard both
leas together as a sin3dle cylinder, This cyllnder was extended

tpward toward the bgdy, overlarpling the previous analyses of the

krees, The short cylinder representing the left arm !s evidence
of difficulty with <hin cylinders first mentloned in con=ectlon
with the horse,
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SCME RESULTS

Flgure 5,27
Rarbie Joll|
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SHME RESULTS 5,6

Tha progra=n whigh performs the nr2|ininary anajvysls and the
¢c.linger traclng and #xtending reauires bet,een 42 and 56 K of
core on the PDP-4C computer, Thls Includes from 3 to 17 K of
data arpavs, 11 K of display buffers, and 7 K for an Interactive
cedudgling package, FAID, (See [Petlt) for a description cf RAID.)
Sirole figures such as the rling cp tne torus ray be prccassed In
ahoyt one minute of comcuter ¢time, The hanmer reguired two
rinytes to prccass, while the horse, the giove, and both dolls
eacn required betw3aen five and seven minutes,
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4 DESCRIPTION OF OBJECTS

The state of the experimantal portlon of our research may be
seen from the examples in the preceding chapter, A great dea! of
work remalins before wa may procemd fron Jaser data from an
arditrary real ooJect, to a ful! description In terms of our
redrcsentation, Tne materlal {r tuis chabter contains some
sudgéstions as to how this ilght be accompilshed in +ke nea:
fLture, anog some of the problems which Wil prodadbly be
2ncountered,

The princigal mode of operation of a description crogran
should be to bui'd a bhypothesls on the avallapie data, test the
Rypotnesls, and yss tne results of the test tc huild 2 petter
Nyoothasls, Ths hyopthesis generated wlli depand on ¢che Jata,
S5peclal purpose routines =may examine the data to ganerate
speclflc types of hyvpotheses, Faor examoie, a routine =ight
ocstulate the exigtence of "missino" jelnts on an obJect based on
structural relationships anc on oroximity, verificetion of o
hyoothesls may be a simole “ap0 - no Jo" test, such as surface
continulty in the oresent example, or mighe yield adq4itional
data, such as the existeace of previous|y unnoticed detajjs, The
results of the test, in slther case, should be placed |n the data
structure to enatls petter hvpcthesis aeneration In succesding
iterations,

6.1 LINKING STIMENTS TOGETHER INTO A SKELETON

constrBctTSRtor 12978200, DA S 2RI T" QLW 086 of°SERECh, i iRqdle
findiny routines <o ogersrate complete descriptlons of gcormplex
obJects, 4s a first cass, some Joints batwean segments _may be
discovereg lamedjately, but nigher~jeval considerations
corcérning <tha structur® and connectlvity of skele<ons wlil
sventyally have to be consigersed,

. A usefyl routine in ¢hls and later rhases vil| be one to
check surface continuity between <wo or more segments, The

aralysls routine shouid select peinte on the surface of each
segment, and ¢he continuity routin® shouid search {n a narrow
band tatween ths npolntg fo, the exlgrence and gpacing of lage,
traces, If a continuods path on the surface Is not found, the
cortirulty routine should te aDla to ~ake smal| deviations frcm
tre inftlal path, If continulizy Is not Indicated for thig
nartlicular pair of opolnts, the analvsis routine skould Dpe
5répaArad to suUggest other nolnt salrs, Heurlfstic coneiderations
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4,1 LINKING SESMENTS TIO5E742R INTD 4

[#e ]
P
m
o~
r'l
-4
o
o
{ )

tne numbher of o20int 2airs <to he analyzeg cofere
reJectes,

e
s

[P > - ISR 3
Candng:o st t%?éjg§ ?r?jolnglLul ®hile  $R3 ngengo4g{g»s,
their princiral axes Ioca cn close ¢5 ona anotner, and 1inked by “
surface continuigy, nore than $¢wo axls segrmants witw gurface
contlirulty to tne loint candidate wlll Indicat> that the Joint is

nogt of the 8na-to0-end svne, J

Sifurcations and rul*ifurcatlions wil] provaniy also ¢ 6asy

to recog9nlize, Tne g¢ongivions for a bifurpcatian to exist are .
similap to tnose for an end=-to-and Jolnt, gna ens of one

skelaton seymant wil] rave surfare cotinulty to eac~ of two %

i

e
h

cther segmants, tne "act!ve" sandy of the princlnal segmens lyina
bgtwe2en the nwactiver andy of tne subapdingts segments, The
sysordinate branches shoulad hnave ¢ross sectlons of camparable . 5
size, - \

goints will present 2 more difficult case, The |
2ass of the cylinger findep will not usually trace the nri
se3dmert (the "crcsspar") throush <he area of ¢the joing, &
of the aonrupt change in apdarent ¢rdss section whera the
suborglinate sa23mers (*tye "uprlghem) geinsg I3, Somerimes the
2rellrinary grouping analysis wil]| miss one or poth halvas of the
dprincipal segnent on either side of the Joint we wish t3 ‘ind,
Tre apalysis of the hamnmee, Figura 5,19 provices a @o0d example
of whgt ~laht pe expectec, Casas ~nere the crossbar has been \
analyzed as a sirgle continucus cylindar Will 28 gasy tc dezect, .

8Lt candidates for TeJoints will also come fro™ cases whero at -

lgast two skelaton segmeris are |In<ed by surface continuity to

ar area that ls not opart of any known skele+on segment, ‘hat 1
will gerobably he nacessary is to temporarily delete frem the data

structure any skeleton seamen<t which i3 suspacted of ceina the

"uorlgngr of a Tejoint, and reau2st ancther analysis of the .
suspected "crossbar" from the cvlindar flincer, -

Perhaps thase sstaps will orovig2 all the |inks necessary to
cescrine the complete s<eleten of an ooject, ‘ore |likely, there

wil|l be areas of the plcture wricn have no corresuond-ng sxeieton
segments, segments Wwith sJdostantial areas of overlan,
cisconnectad fragaents of skeletons, and jolirts with ambjjuous -
Irterpretations,

Of the results oresented _in the pravious chapter, tho snake
ano tna tnrus Ai'l nead no further identification, Tre hammer
anrt¢ the clove nrigne pe zuccessfully llinked fn+tc ecoyects by the
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LIVKING SEGMENTS TAGETHTA INTO A SKELETON €44

sirple methods we nave prorosed, The horse and the <¢wo dolls
will resd further analysls, 1In the case of the baby doll, ve
right axpect the ore!lminmary linking to correctly identify an
end-to~end Joling rcetwsen the head and the tody, and a T-Joint
between the laft arm and the shoulder, BRecause of the failure of
saomentation between the doll’s richt leg and its body, ¢the left
lec weuled pe incorprdctly Joinad ¢to the body/rlght Jeg in a T-
Jeint, The riaht arm would not be |inked to any other parct,

The next |ikaly step Wil e to call intu play a routing to
cucgest plausible interoretations for the data, Many of these
suigestions wlll oe sublect to verification by the cviinder

finder and the surface continuity routine, This routine might
cLGgest a T-Joint between the doil’s rlght arm and the hip, and
reloct that on the lack of surface continulty, It might suggest
a bifurcation with the rlght arn, head, and body, but reject that
hyoothesls because of the disparity betWeen cress section sizes,
s should alsc sujgest, an< settle for, a T-jolnt between the
rioht arm and the shoulder,

If at the end of this analysls we have more than one nossible
araly¥sis of the object, ancther routine should rank crder the
choices 0n the basls of simclliclty and agreement with tha data,
ar0 ejther chcose the best description, or gubnit to the next
higher Javel of control ¢hms crdered list,

£,2 CEALING WITH %0M-CIRCULAR CROSS SECTIGONS

T } m assum ion
oncolhBe2  200Y I02GTARIOORETGLET, IOTREOR BhraR R332 255070 41
rore general cross sections If 1z is to deal with a wider class
of objects,

Many of the cross sections we wlil bse ealing wish wiél be
s"all with regpect ¢ the rosplution o our data, Shage
recoanrltlon ma, be oer?ormed on large cross sections one at 2

tiTe, But to pronerly Ildentify or classify the smaller Ccross
sections 1¢ will ne necessary to consider several nelghboring
planes simuyltangoysly,

The cylinger fi¢ting croutlines already lmplemented take m?ny
cress sectlon olanesg Into account Oy fitting each orofile

lrdiviagually, then smoothing the radius functlon of exls lsnath
by a |lnear least sguaree fit, When dealing Aith arbisrary cross
secticns shapes, it may stil| be possible 1in some cases to fie
each croflle Individually, and te merge or check the results
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.2 JOALL 5 WITH “2NeCIRCJUL&R CROSS SEoTIONS

ag2inst nelghtering cross sections, 3ut %0 nandle cross section

determination correctiys 'n ceneral It wijl be necessary to9 merle
the raw oroflle gzva nefore rerforming fitting or recoqnaition,
Trnis wlll nezasgitate finviryg a <transtormation or set Of

transformations ¢; 5piny the data fron aglfferant cross section
clanes into ccorresccndance, This is direct application of
cenerallized transjational irvariance to find the primleives i¢
Generates!

Two basic cross.sectign snapes wil]

,d€count for mese of the
coTmon obJects a recegiaition system mijhe nave to deal with,
Eillpses alome «if! probanly medel quite success’ully most
arimate odbJjects, a~d witn the addition of rectanglies, ~ill handle

a large numbepr af manutacturs:d objects, RBoth ellipses and
ractanales may 2 charaecterlizag by thelr major and mimoe
dirensions, and <helr angular orientations with respect to the
skeleton, The anjular orlantation may be specifles by the
trlentatlon of ¢re auxiljary coordinate svstem mentioned in
fectlor 2,3, (Tnis Is %na firet time we have needed to uyse thisg
tuxillary zoorginate svsten, Circles are indiffereant <2 tha
er3ular orientatior of the axes on wnich tray are drawn,)

Vifferentiatine betwoen €lllpses and rectanales wil| not de
Jiffleult, For each rectandular crose secyion, alther sne face
3r iwo faces of the proflle wil] pe vigidle slnultaneously ¢ the
laser and the Tv camera, The Jlscriminating routine whil attemot
ic flt one or twc stralant |inss to tne Points of the cross
iectlon, If this fails, the gross section will pe designated an

ellinse, This sype of glffergntliztion is error prone in
frgividual cases, cut compar!son wlth the analyses of nelghboring
cross sactlons sh;u)d cancal nest errcrs,

Tre dimensiogng
rav te obtained dj

ectangles, wnere <*wo faces afe visible,

re

orly one face is vi
m

r
y from ihe cross section oprof le, Where
e, higner level conrsideragions will have
tc estimates tha ing dimansion, For el'ioses, a metnod
siTilar to that ugeg or 9stinating the raall of clreular cross
sesticns (Section 5,5), nased on the known positions of the laser
aro Tv camera, wil| gtvs the pringipal dimensions, Comnarison
®ith rajghboring cross sections will reduce the errors jnvoived,

Whera yet more genaral cross sectlons must be recognlized,
trere apm  two possivle alrecilons for the analysis to proceed,

Either ths cross section analvsis must cnoose among some finite
Set of cossible skapes, 5r assumdtions must be -made regarcing the
reSularfty of snapes invoived, The former case is a classical
Cattern racoynition reenlemn, The p9st aptroach ¢¢ this type of

e -
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CEALING WITH NGNoclRCJLAS CRISS SECTIONS &,7

aralys's woulg he tp wWrlte specliajepurpoc<e rousinegs tg isolate
feasy ¢he CLpvegs ON ahlch ecogniglon 1ay be baged, In
the 'atier case, som2 possiple regu?arity assyuptions are Nefold
rotatlonal symmetey, and ol)atsral symmetry about some
predetermined axig, {f more than one regularity assumation mav
holdy the oprogram must choose which one to arply, based on
reasUpable features of the shape of the profile,

Rouognltion of cross section snrapes need not ULe done
cingle pag A ) e| Imina_y aﬂalysls coyld aggyme cz.cula ¢
sectlons %o fin§ the Skelason of an obJect. ﬁlgker |

conslgaerations btased o0n aralysis of tne skeleton would
Influence a subsequent detailed cross section examination,

6,3 SEPARATION OF QRJECTS IN A SCENE

Whapa there are nyltiple obJjects in a scene, the ot jecs:s
0¢ separated one fpom ancther, so they may be dealt

seParately, Oup existling i{=plementation makes no attemn: ¢

this, and will deal only wizh single objects, wlth the bac<ground
(the tabletop) suppressed,

nust
Wi
(]

a «u
O T+

If the scene to be anralyzed |ls on a tahletop,
inforration wtll siva the homoaengnus coordinates of the plane of

tne table, The l.ne ssgnents corresponding to the tableton are

those that ite in or near thls Diane, and may be removed from the
sceneé with no difficuley,

calitration

Body separation ray oe done utli!iZing deoth Information, We
shall use the hypothetlcal scene of Flgure 6.1 to Tllustrate, An
edde grawing ls ma1g of the scene, as viewed from the
The edge drawing will include only tne depth discentinulities and
concave edges In ¢the scene, A depth discontinuisy exists at each
of the end polnts of the |[lne segments lsolated oy the soins
linklrg algorlithm (S3ction 4,2), A concave edge point axists at
those polnts where recursive segnentation (Section 4,3% divided a
laser ¢race, and the tangents of the ends of the seaments
concave corner (as seen from the TV camepa), (]¢ may also be
necessapy to consijder all second order curves which are concave
from the Tv camera, ano denote a concave 8dge roint at ¢the point
of highest curvature,) Flgure 6,2 shows the deoth discontiauities
apd concave 239es to b2 found In FlJure 6,1,

Ty camera,

formn a

The areas Ingide cissed curves may be isolated
Figure 6,2 coONntaing tnree closed curves which
tlock, the cyliander, and the cone,

| as 2o0dies,
isolate thre 0l{«
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6.8 SEPARATION OF JDKJZZTS §v A SCENE

e

Flzure 6,1
acend 4ith Mulglple Obyecss -
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SEPARATION OF 03.ZCTS IN A SCENE 6,3
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Flgure 6,2
Jdep<r Ciscontinulties and Concave Edges
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6.3 SEPARATION OF OBJECTS [\ 2 SCENE -

Fraquently this method wlll segmant a scene Into discrete
bodles tnat are part of the same ooJject, The hammer of Flguee
5,17 would be segmented into twe parts by this methoc, The

segmentation wWill be useful In loentifying primitives, but the -
highar |eval subroutines should have the optlon of recomblning
parts, This wili oce possidle on|y when ¢tha program has some

a prlorl kKnowledGe about the context of the scene,

6,4 OCCLUSICN -

Jdecjuslon §n a scene =may arlse in ¢wo ways, The _more
tamiliar case Is wiere 0ne ocject hldes a portion of ancther, as
s¢on from tne pcing of view nf the camera, The other_ case is
where the shagow of c¢ne object falls om another obJject, These
*w0 cCases ars manifestations of the same phenomenon: when the . §
scene Is viewad from the polnt of view of the laser deflection
assemMbjly, tn3 two cases reéverse,

The deptn ofscontinuity edges drawn for body segaration
(section 6,3) may be wused to ldentlify edoss that arise from :
occluslon from the camera, Ropeating the procedure, where the . !
Ta® takes the laser point of view, wi|l identify ¢the |aser’s
agcluslon edges, Flaurs 6,35 shows a narrow cone in front of a
snekae|jke obJact, In front of a wige cona, Flgure 6,4 shows the
sa™e 3cene, viewdc from the laser, The duallty between typss of
occluslon edges should pe arparent from these two Vigws, Where
tw0 contliguous areas (In elther view) are separated Sy a depth )
oiscortinulty edge, <that edde Is |abelled an occlusion edgs on
the obJject farther from the polint of view,

Whers occluslior eoJes are perpendicuiar to the ’XI of an
cbJect, as whers thg tiD 0f the cone nides a portion of <he snake

tn Flgure 6,3, the pleces may be Jolned by looking {2 the
contiruation of an axls segment on the other side of <he niding
olece, A more difflcult case to cover Is where <the occluding
egve |s parallel ¢to the axls of tha d0dy we are examinimng, Such
is the case where the snake hides part of tne wide cone in

Figures 6,3 and 5,4, In a contexg of clecujar Cross ssctions, we ’
right ostlnate tne radll of curvasure of the visibie porslons of
the wlds cone, and unita the two portlons on that basls, In a
sufflciontly Iimlead contexs, other forms of surface fitting may
w“CPrKy

In general, dealing with occlusion is extremely dlfficult,
3ut the wuse of three- ~dimansliona|l Iinformation gives us some

agditiona| toois for deallng with the proolem,
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6,4 OCCLUSION -

Floure 6,4
Scene ,ith Ceciusion, from Laser’s Vieypoing
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6,5 RECOGNITION OF OBRJECTS

A test of the gffectivenass of our cesgrinption pgogram will
be to put the descrintions to use in recOOﬂTtlon. Thfs invg|ves
corparing our generated descriptions agalnst stored descriotions
of the obJects amang which #e are to choose for identification,

The non=unlgugnass of our reprecsentation, as ws! as 8rrOrs
to be expected ?n tﬁe oesorlot7on, make ?f unlikelv tnat tge
gererated descristion of any obJact wljl oxactly match lts

corresponding sto-ed deserlptlon, This means it _w!ll be
necessary to devejop measures of simi|arlty between desceiotions,

Jf_ the numser of possibja identiflcations .|je smali,
similarity might be mgasured by speclal=purpose subroutinas, The

recognition phase of our Dprcgram would +hen invcive calling the
subroutine corresponding te each possible respcnse, and pesorting
whleh subroutine gave ¢he hast dedree of match, Jut as the
nurpber of possible objects Increases, thls becones insfficient,

Classificatiop of skeletons based on thelr <¢ovo'ogizal and
teometrlic oroperties w!il do nuch to reduce the search space, We
tust not place tog much rellance on the classiflcation of Joints
1ade by the descriotlon program, The same articulated Jolnt, in
tifferent attlitudes, might Iook [ike a TeJjoint one_ <time, a
tifurcation another, and an unciassifled Jeint Joinjng three
tke|ston segrments a third time, The topojoglcal classificatlion
Tust cgepend only on the number of segments at each Joint, and nog
any designation of hlerarchlical orvanizZation or orinciom! axes
for any part, wWhile this olassification will not always aive the
corr8ct answer ¢he first time, searching under siniiar
class!i?ications for matches should flina the rlcnt mateh for a
given descriotion,

An?ther tech?lquo tor croecognition Is a dosislon tree,
tpecl!fic bproperties of a dascription are tested for, and *he

results determing furtheer tssting wuntil a terming| node is
reached, Prooer dgeslgn of the ¢ree can result in gfficient
testlire, RUt constructlon of the tree Is tedlious, especlally for
t large ciass of obJects, Where parts of the cenerated
tescription are |fable to be Incorrect or oven migsing, multinie
taths must jead ¢t¢c the same termlina| nede,

;
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7 CONCLUSIONS

We have seen how repressntation b enerallze ¢ nde ma
rolel many comp.ei chvgd 3b3§c¥s. ! ﬁaverseen gow y;'csasilga
ocescrintlon program can Isoliate the parts of objects and dessribe
them |n tarms of generallzed cylinders, We have also seen sume
exambjes net we|l handled by our representation, and same

examplas where our description crooram breaks down,

Regardiess of fts shortcomings, We,ffel that <he performance
we have demonstrated proves the feas!billty of the maechog, With

Irprovements along the |ines of the suggestions in Chanter 4, It
has the potential as the nucleus of a powerful vision system,

7,1 ADVANTAGES COF ACTIVE RANGING

Ths presence. and availabl||ty of depth information ¢0 a
cescrintiorn oprogram Increases ts cacabiilty immense|y, Our
excarimental work on description of curved objects would not bs
possible without depth Information from which to farm nodels,
Shiraj and Suwa [Shiral) raport they are able to dessribe %he
class of right prisms using a ranglng system essentially similar
to ours, and some rather simpile dlane-recognizing routines,

Incorporation of depth Information Into the Stunford Hang-Eve
syster coulo speed iow=jevel processing and provide agditional
irforration for higher level routines, Werk Is presentiy under
wa¥ to provide a one~pcint-at-a~time ranging cacabilizy, using
elther the leser trlangulation system or Stereo corrsalation, to
disarbliguate between altornat!ve renresentations at +hs highest
level!,  Filgure 7,1 shows what mlight be accomp|ished {f denth
Irformatlion were used at a |Owspr |eve|, ToO generate thisz ‘iau:rc,
the =egond=order curve fitting was disabled in the curve fizzur,
£rc on|ly straight |'nes were fit, The recursive segmenter
locates the corners of <+he obJects very well, Ciqure =, plots
only the end points of each stralght |Ine segmant, This cs~nare:
rather favorably with outout fro= conventicnzl two-dine~siona’
egge followers,

A drawback +0 tne prasent system of rangling is the lorg tirma
It takos to scen a scen®, For 8ach jaser scan the TV camera nus*
te réad and the |jiae detected, and It may take anywhere fronm 22
to severa| hundred scass t3> cover an entire scene, Qut nopa
sochlsslcated hargware :an reduce ¢the data acguisition <+iré >v
ore or two Orgéps of magnisude, A coded 2arld of =+-8 5¢--
~entloned In the |ast ~aragraph of Section 3,2 wou!d ragui-e on.»~
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ADVANTAGES OF ACTIVE RANGING
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Plane-Faced Solids
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ACVANTAGLS OF sCTive RANSING 7.1

ore excosyre of the TV camera to vie# a sc?ne, dut wWould require
some fairly sophigticatdd orecessing to decode the grid,

In the future, dlrect ranging scgnenes such as time-af fliont
rgaslrement may provide a full depth grid In as [lttle tine as it

takes to read the Ty camera, These would also ellminate tne
drawbaek of the precent matnod, that planes and surfaces viciole
te the camera but occludaag from the lasep €annp¢ e setested,
another possiole technlgue might be s*ereo televigsion 4ith
hardware correlation of Images,

We §g not orocoss tna Imrediate application of any sresyntl
avallable ranging "davices to répjace existing two-dimensiona
sgchnlcues, oSut we oredlct that active ranging ~ill be utilized
Tore and more In viston research in the near future, Active
rangire will speeg the day when visual capabliitias are fecasiole
tm practical robcts, The additlonal capavlillities orovided by

3¢0th Information make these precictions viptual certainties,

7.2 WHERE DO AL CQ FROM HERE?

We are at the vaerge of a new epoch In the sciance of ccmouter
visior, The recert Interest Ir curved objects is only a opart of
tnis new era, There are Many clans for research and davelooment
of practlcal rcbots  for industrial an1 axtratsrrestrial
1pollzatlons, and vision ls sure to bpe a majer contriouter to the
negw technelosy,

To expiolt the full capabllities of visjon in 3aneral-gurooss
Intelilgent machines, much researcn must D8 done in the ar3as of
lrage acauisition, obJest descriptlion, and reprosantation taeory,

The advantages of active ranglng nave beén discussei in tne
orevious Sectlon, as well as some 2ossible gandldates for fast
and accurate threg-dimen=ional Image acguisition,

Methoos of desgrio*IOn' fror agtual data of orinj:ives and
srJects can bensfit frOm {nnovation, Axes are freguently
syd9gested by <the direction of minimum curvature of visible
surfaces, hut sensitivity of this method to noise in tn9 Jdata
ryst te constdareg, OQutllines of obJects may be conssructed from
tne depth discontinuitios In a scene (see Sectlon 6,3), We have
rade no attempt to utillze tnese outlines in dotacting cvlinders,
axcedbt In ¢he prejiminary axls determination, Tnesa nutlines are
2f obvlious value ir agulding 2 orimigtive detector ar hignar-|eval
obJect recoynlzer, And vary |ittie work has .9t heaan done in
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7,2 WHERE D0 WFE GO F70Y HERE?

detalled strategies for a hypothesiseverify nparadigm, or for
recoonliglon,

The prepressntation wWe pronose and use throughgut *his
resedrch hes been sglected and devejoped with the idea of gensral
utllity In mind, The representation we he|ieve to ba wuseful in
recoSnlzing and deaj!ing wich everyday oblects, But our icdeas of
utlllty are bassd mainly on mental exercises, We asked, "If we
were to Wrlte ga proora™ to recogniZe hand tools, what kinds of¢
information would be useful?" The flinal test of our efferts will
e the applicaticn of our representation and methods Iin e
oractical robot, We have formed a hypothesls atout how to deal
with the visuaj probjiems to be encountered by robots;
verification of tnis hypotheslis is yet to be performed, uWhren the
loop Is closed, a ~ruly practical system of representaticr angd
description can eyo|ve,

The flest practical robots wijl dea| with & Iimited universe,
The reoresentations they use wii| probably modal adeguately the
onlects with whlech ¢hey are to deal, but not have wice
appilcabl |1ty outside <helr |Imlited areas, Nonetheless, they
will oppovide vajuable experlence, A General representation
theory iust dsal with all the obJects handied by thess sceclal
purpoOse systemsg,

There !s a need, t00, to undepstand the requiremen:ts of a
redresantation {n the related arsas of graphics and man-rachline
commuricatlons, prodress has been made independentiy ir these
areas, but as the capabllities of Intelligent machines improve,
there wijl be a need to unify the representations they use,
Excerience, agaln, s the key,

he next decade wil| see groat str
1nteT 790nt machines, We are proud to

development,
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wLERE B3 ME SO0 FRov 4r2gy 7.

APPENDIX A: ERROR ANALYSIS OF RANGING SYSTEY

Two !ssuﬂD;IOns were maae In Section 3,4 whicn wWwil! affecs
tre accuracy of ra~glng, These were:

1, 7That tha area on the surface ¢f the rotati=ag mirro-
theousn Which all lasep nlanes pass may be® anproximacasd DOy a
nclint, and

Tt the unilverced jaser beam Is roflected .feon the
rotazlng m reor at rlght angles to the axls of rozatisn of

the nlrror,

The val

id
allgnrent of

?pend cn  ¢hg ivtsia

{ey a _assuy
th lager daflect th the lager 2ean,

Fos convenlence in exno?!tlon, |3 t us denote t-o .ajar rav
which passes thpough the zyllindrical lens in a straiaht  1'na tha
"grinclpal ray” of the jaser plane, The principal rav ‘ollows
tre same path the laser o00am would follow If the cviindrical lone

were rot pre<ont,

1f the oporincipal rey sirlkes <the rotating mirror a4 its
centeer of rotaticn, ¢then all olanes of |ight must pase <hrough
the point where 1t strikes, 1¢f the orlncical ray micses the
center of rotation, 4hen the siZe of the area through whiszs~ all
planes of |ight =must opass Is dependent on how clese tc the
Tirrop’s axls ¢ne princlpai ray strikes, on the angle <the mirror
rakes with the bgam, and on the angle through which ¢re mirror
will rotate, Flgure 4.1 {llustrates <¢ths gJeometry ef the
sjtus¢ion,

e ——-

Call the distance from 4he principal ray to the certer of the
TireOr A, and the ang|e made by the principal ray and ¢he mirror
(in its “certereg" positlion) 8, Suopos? the ~irrsr rc-maity
rotates over an apgje of &, and Jet us compute the apsarert sizs
of of tha area in questlion, the distance G measured =~aral'!el t;
the refiectec princiole ray In the "centered” position,

The misallignmgnt A (=« cortriniy rct more fhan 8,2 Ineches: le¢
us call I+ 2,2, and ses Fow much error ?‘ ntroduces, Tycical
values for 8 and 9 are ¢0 de3lrees arc 5 degrees, respecsively,
Sitple <trigonemetry taking Into account that the zngie =2
refiection of the oprincipal ray Is egual 2 the angle c°¢

incldence) gives a vajue of 7,715 Inch for the distance B
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APPENDIX A3 ERROR ANALYSIS OF RANGING SYSTEM

Mirror surface in
rotated positions

Mirror surface 7
in "centered" position
—

-~
~

N

Reflected

Center of prineipal

rotation \ raye
(axis) ‘
\
e A \

—+—— Principal ray from
cylindrical lens

o Flogure A,1
Error In Laser Conter Positlon
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APPENDIX A: ERRIR ANALYSIS OF RANGING SYSTEM

i

Tne plane of |ight passes through a point wnich may be as far
ag 872, o, 02,0575 Inches away f,om wha,e (he calib.agion
inforraglon zhlnks it Is, ?Igure A, 2 shoWs how to calcuiate the
rangd apror from this uncertafnty, X marks a polnt on ¢the laser
plane whose depth Is known from the callbration pattern, 4e wish
to know the depth of soma cther point In the scene located a
distance D away ferom X, The distance from the |aser center to
the polnt X Is tyelcally arout 24 inches, The scenes we scan are
ustal|y not more than 6 Inches deep, so the distance 5 is not
more than three {mches, Solution of simijar triangles gives a
cistance of C,f@1 Inch for ¢the error, C, 1a the positlior of the
clane, This nmyst pe divided by the tangent of the 3p degree
angle between the principal ray and the |Ine to the camera,
givirg an srror of about 2,322 Inches,

Tha epror caysed b the refjlecced arlncl al ray, not belng
oeruondlcular to the axis of rotatlon o the mlrror s scmewhat

larger, with the magnltude of <the angles invo|ved, the
Prederinant effect of neneperpendicularity wil! be a deviation
frem stralohtnass of the |ocus of the princlieal ray across the
table as tha mlpror rocates, The iInitial allgnment orocodUro
guarantees that the laser beam w|!| be within @,3 dearees of
bein® nerpendlicylar to the mlrpopr surface, (The cyllndr]cal |ens
arc focussiny lens are removed, then the mirror is rotated and
the deflegtion assemb |y positioned so that the beah ‘'is re'loctod
tack Into the jaser,) The mounting of the mirror to ¢the motor
shaft Is to wusua] mechan|cal telsrances, and should not be
orlented at an angle of more than 0,5 degress to Its axls, We
sha|! assune an angujar deviatlon of one Jegree,

The principaj ray will swe out a cone in space as the
mirrOr rotates, Thls cone wi Intersect the tabletos In a

ep

H
hyperbola, as shown In Flagure A,3, Over a baseline of 12 Inches,
the oeviation from Ilnearity wl|l oe 3,026 Inohes, since the
laser planes are orlonted at * 45 degrees to the base|lng, the
error In thelr position Wil se @,707 times the deviation from
llnearlty, or 3,019 inches, This wo divide by the tangent of the
angle between the laser ray and the |ine t0 the camera, to obtain
ar erpor In depth of 2,237 Inches,

There are sgme other known sources of arror _ In_ the
calibration, Errors in measuping the Intersections of ¢tha laser
scant on the table top in the callbratlon pattern are about 2,02¢
Inehe Thls, too, must be divided by the tangent of <¢the angle
cetween the laser and the camera, to yleld a deoth error of 2,010
Ineh; oQther @rrors In the camera calibratlon are rrobably less
than one raster unit, and may be Included in the 2.935 to 3,270
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APPENDIX At ERROR ANALYSIS OF RANGING SYSTEM

\X / Actual Laser Center
Assumed X

Laser Center :
Calculated position
of point

ANG
%

Actual position of point

Flgure A,2
Error In Depth Due to Motlon of Laser Center
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APPENCIX At ERROR ANALYSIS OF RANGING SYSTEM

Locus of principal ray if reflected
; perpendicular to axis of rotation

1

Lo 4
O.BKT dnch g )51 snch

-
l«—— 12 inches ——‘—l

Locus of principal ray
(Vertical scale exaggerated.)

Flgure A,3
grror Jue to Non=Pgrpendlicularity of Laser Ray

Inch figure given in Section 3,2 as the error due to resolution
In the TV camera,

Each of the errors mentfoned here are maximum ercors, Adding
them together gives a total 7aximum absolute error in range of
2,294 to 3,129 inch, or about a t~nth of an inch, But to obtai=
the average expected eorror of any depth measurement, the
Irdividual errors must be divided by the square root of two, and
they muyst be added (n root-sum-square fashicn, By this
reckon|ng, the average absojute range earror Is 2,245 ineh to
2,056 Ineh, or abou« 1722 Inth,
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APPENDIX B: CURVE FITTING

We represent two dimensional cupves Dy equatic’s 0’ <he fornm

J k
Glx,y) = g28C x y = 7, (Equasizn 3.1
J k

Curve fltting is che process of determining a set of wvagluas £a.

the coafflcients ¢ whiech minimize the mean saguare error,

Jk

2 ) .
E = S (glx , ¥y )) / N (Equarign 3.2:

over some set of cata polats (x , y ), 1 £ | € N, under sertai-
! i
tonstpalnts,

That constralints ar® required should be obvious frem <ne forr
ct the funstion &(x,y), If each of ¢the C ‘s are 2erd, S(X»y¥)
1]
will be avery,nere idenclically zero, and the minimum £ ,ill de
aiso z8r0,

The constraln: we have chosen to wuse is the “"averaga
cradlent” constraint describad In Section 8 1, One of the
crincipal advantages of this method Is tnat the result of the
rinfrization process |s Indepcandent of the coordinate systemn, a
result whigh we shall show In Section B.4, Wo know of no other
constraint or set of constraints on the coef?iclents which
cossess this property,

A problem with our meghod of curve flttina is a tendency to
produce cupves which "curl in" at the ends, An analysis c¢f this
chenorenon Is consained In gegtion B,S,

Byl FITTING OF GENERAL SECOND-ORDER CURVES

L jenaral second-ordar curve is rerresentea by the eauatlon
2 2
Gixsy) = A x +H xy<+Cy +JIx+Ey+F =12
(tquaeizn

th
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B,1 FITTING OF GENERAL SECOND-ORDER CURVES

The solutlons to this equation for fixed coeffliclents ~ through F

are the conlic sections, Flinding the "best fit" of ¢thls eguation

to a set of data polnes (x|. y') is equivalent to minimizing the

2
8rror moeasure T = 3 G(x ,y ) over the cosfficlents A, p, C» D,
{ !

€, and F,

The error measure E may be conclisely represented In meteix

redresentaticn, Deflpe the vectors V and X as

X X A .
X y B8 (Equation 8,4
X = yvy and - v = C . and
X D (Equation B,5)
y £
1 F
Then
T T -
G(x,y) 2y X =X V (Equation B,63
2 T g - ..
6 sV XX vV CEquation 8.7
2 T T T T _
E=36 =8v XX vasVv $(XX)vV (Equgtion B8,8]
1 -
E=zV PV (Equation B,9)
T

where F = X X s a matrix Of sums of powers of x and vy,

(-5

[ 8]
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FITTING OF GENERAL SECONVNORDER CURVES B,4
The coefflcients whien speclfy the "pest flt" are containec

T
in the vector V which ninimizes V P V, Clearly a cons¢raint is
ngedeg, For {f Vv s the 2zero vector then G(x,y) will be

everywhere !dentically Zero,

Before choosing a constralnt, let us ask what It is we retlly
wisn ¢o minimize, Certalnly theres are constralnts which wili
ylejd a low value of the srror measure, which we could not accépt
lntultlvely os a good flt, The Intuitive Judgment of Soodness of
f1t depends on ths dlstance of ¢the data polints from tre |ine
which approxImates thenm, This suggests we se¢arch for a
constralnt which wlll cause the serror function G(x,y) to be

proportional to the distance from the point (x'.y') to the line

3("o¥)30.

To a first approximation, the dlstance from the polnt to the
I{ne {g the valye of G(x,y) dlvided by the gradlent of G, VG, in

the nelghborhood of the point, Ideally, we should wish to

2 .
rinirize 3t G / IVG] ) . However we can approximate this by

constraining the average or rootemean-square gradient of G to be

. 2 .
unlty over the set¢ of data polnts, and minimizing 3 G under that

constraing,
113
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A

3,1 FITTING OF GENERAL SECOMO-ORDER CURVES

The magnitude of the gradient of G, ¥G, Is the sauere root of

T 2 T 2
(v X ) «tv X ), where
X y

2x ]
y X [Equation E.123
X s 2 and X E 2y and
X 1 y ) CEquation B,11)

J 1

] 4]

are the deplvatives of X with respect to X and y, respectively,
Then

2 T 2 T 2 T T T

(V6) s (V X ) + (Vv X)) sV (X X + X X))y
X Y X X y vy

fEauation B,12)

2 T T T T
S(V6) s v 3 (X X +X X)VeV QV,
X X y vy :
LEquatTon B,13)
T T .
where 0 ® (X X + X X ) Is gnother matriX of sums gnd powWwers oOf
X % y v

x and y, Reaulring the rootemean~square gradient of G to be
T .
unlty Is squivalert to requiring that V Q@ V = N, whepe N is the

numbe, of data points,

T
We wWligh to minimiZe the matrix produgt V P V, under the

constralnt that VT QV aN, 1t |s well known from LaGrange
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FITTING OF GENZRAL SECONN=ORDER CURVES B.g

rulelplles thesey [Courant) that the congtrained mirimur Is a
solution to tne generallzed aigenvajue equation
PV =XANGV (Eauation B,141]

for some value of X,

The sojutlon of this sauation 1Is descrioed In Section B.2,

Each of ¢the ¢five elgenvectors found are normalized <o make

T
vV QV

N, The mean sguare Arror of sach solution is eoual to

ts corresponding elgenvalue, since

2 T T
6 vV PV AV QV
eem = eevmme I wemmsses I X (Equation ?.15]
N N N

B,2 SOLUTION OF THE GENERALIZED
EIGENVALUE EQUATION

To implement the method of Appendix 8,1 reauires solution of

the Qeneralized ejgenvajue equation
PVEAXQV, (Equatlon 8,161
HoweVer, the mateix 3 1s singular and the matpix P s nearly
singuiart the closer the data polnts are ¢0 lying on 2 conie
sectlon curve, the closer P Is to being singular, We are
Indebted o Mr. R}chard Underwood for supplylng the foliowing

numerical method for solving the scuation,
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T

EIGENVALUE EQUATION

The Jast row and the ilast column of the matrix G are 2ero,

The matelx G may be represented by ¢he partitioned mateix

|
|
Q 3 1 ’ tEGu‘tTon 80173
<&
|

*
We may usually expegt the flve=by~five mateix Q@ to be poslitive

definite, A Chojegky decomposition will factor Q Into a lower

ciagona| matrix L, and lts transpose, { , so shat

| |
L o7 |

| @ L | 2
Q = Lt z | |

Sonvovcedawm L XL TP ¥ T X Y

1] | @ g | @
tEquation B,.181]

1f we et C peppogent the augpented matelx

»
- L | 2
L = | ’ CEquatTon B,19]
weoeoveseobooy
a | 1
then we have the result
-.1 -.T ! ﬂ
L QoL 3 | ' CEquatlon B,20)
wodvoenspgbone
2 | @
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EJCENVALUE EQUATION B,2

=T
where | denmotes the fiva-by=five unit matrix, (The notatlon L

o1
oehotes the transpose of L e

The orlginal genera}lzed elgenvalue equation, Etauation 8,16,

ray be transformed }nto

AV,
Eauatlon 8,21)

—
o
—
—
-
n
—
[»)
|
—

|
LT R ) | cr v .
| (Equation R,221]

TTT LT EY T X I

T ‘
J | « .

Q
"
—
R
| g
"

5

and letting Y be the pnartitioned cojumn vector

-~1 2
Y = L YV = w=e- (Equatlon 3,233
W

*
ylelds the represgntation

!
cr 1 u - 1 ) 3
I LN ! 5
wooooaweadbamy P X eresevoadboen -
T | |
U | «a W a | @ W

[Equatior 2,242

This wray be factored into ths two el3envalue eguations '
C’ 2 + VW = \Z {Equatlon £.25)

anmad
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8,2 EIGENVALUE E2VUATION

T
v 2 + ay =z 8 , CEqugtion 7,263

Solution of Equation B,26 vields

T
A = -« (V %)/« CEqugtlion 2,27)

which when substltuted Inte Equation B,25 glives the form

T
(C* = VvV /a2 = N2 , CEquatlon 7,281

Equation B,28 may be so|vad by usual eigenvalues methods, such

as the Q=R algori¢hm [lsaacson), The flve orliginal elgenvectors
of Eauatlion 8,16 may be recovered by applying Eauation 8,27 and

Equation B,23,

3,3 FITTING OF STRAIGHT LINES

The fitting of stralght [inas follows the same procedure as

the fleting of cupved Ilnes, Section B.1,

A stralght |ine Is representid by the eguation

Glxsy) = A x + 3y +«C =0, (Equation +,29)
vefining
A X (Equatis~ ~,32)
V = § and X =y ana
c 1 (Equation 7,312
cives
T T
G(x,y) = v X = X V (Equation 7,322
118
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2 2
The gradlent of G, YG, is the square root of , + 3 for al|

x and y, Thus

2 T
(v6) v v

o P
Q-
= an

<<

"

<

(Eaquetion 7,35)

2
The constrained minimum g6 subject to the constraint 96 = ¢
ls a gsolution to the generallzed elgenvalue equation
PVz=ANQV CEquation 3,363

fcr some valus of X\, Using the method of Section 2.2, this

ecuation may be sglved symbolical|y with the following results.,
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FITTING OF STRAIGHT LINES ' R,z
2 T T T T T
$6 = SV XX V =z ¥V F(XX)V =V Py,
C(Equation 3,33)
WhOrO
2
p3% exy  ¥x
T 2
P = 8XX = 3xy 3y 3y [Equption £.34)
ax sy N
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Lol . x
8,3 FITTING OF STRAIGHT LINES
2
2 {3x)
Let P 2 3X e eeuce (Equatlon 8,377
N
ex 3y
S = gXY @« wenea (Equation 8,38
N
2
2 (Sx)
an¢ ¢ 3 3y e eecea, (Equation B,39)
N

Then the elgenvalyes becone

) 2 2 1/2
A3 (p e+t 2l (r=¢t) + 48 3 ) 7 2,
(Equation B,42)
And the elgenvectors are glven by
Vv = Poe A (Eaquation 8,41)

s 3¢ = (p = \) 3y

Bi4 ROTATIONAL, TRANSLATIONAL, AND
SCALING INVARIANCE OF EIGENVECTOR SOLUT]ON

r thils Section ?hn Thow that the results .of curve
fitting by the me hoc c t B+.1 are Indepengent_ of ¢tne
coordinate system In whigh itting takes piace, provided the

coordinate system is an orthogena| one,

H
ec
!

To show why ¢thls peroperty |s desirable let us nside
rather obvlous exgmgle of curve ?tt?no under a constra nt'otGOr
A

than the average grudient, representation of genera! second
orpder curves commoniy ussd in curve flitting Is

2 2
G(xsy) = A x *Bxy+Cy +Dx+Ey+1c¢e0p,
(Equatlon 8,42)

Thl equivalgn to Eguztion 0 Sectlon B with the
if!c?on equaltto unlty. The m}n!m‘zat?on of tﬁ}s funct on
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INVARIANCE OF EIGZINVECTOR SOLUTION B,d¢

Ils frequently treated 1In college calculus courses, and invojves
solution of a set of flve glmultaneous |lnea, equatlong, We
observe thet G(9,2) is jdentically 13 hengce the curve ca~not pass
through the orligin of coordinates! If some of the datz coirts
napper to |le neap the orloin, tne resulting curve will bpe
grossiy dlfferent from what mlght be expected otherwlise,

Usina the notation of Sectlion B,1, suppose that for a2 set of

cata polnts there exists a vector V and a scalar )\ sucn that

T T T
2XX V. = XNg (X X +X X))V,
X X Yy vy
CEquatlion 3,432
Let there be some u=-v coordinate system relatead to the x=y
coordinate system by +he teansformation [hl, such that

X
(h)] vy = CEquation 7,44)
b

<C
n

oan

Weo

- <0

» e« x
-

we may deplve from the above that

U u aa 2ab bb 2ac 2bc cc X X

u v ad ae+bd be afecd bf+ce cf X Yy

U = vv = dd 2de ‘T 24d¢? 2ef tf » y Y
u 4] ] 2 a b ¢ X
v 2 0 e d . ? y
1 2 2 [} f ] 1 1

LEaquatlon 5,451
UszHZX (Equatlon 2,46)
where H Is an expanded transformation =matrlx rejating y and X,

Let U, and U be the derivatives of U with respect to u and v,
v v

respectively, If we can show that there ex|sts a vector V'’ and a

sca|ap )\’ such that for al! x and vy,
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8,4 INVARIANCE OF EIGENVECTOR SOLUTION

V X = V' U, (Eauatlon 8,471

ant sych that

T T T
Suu Vi o= NS OU «U U VY,
u u v \'
(Equation 3,482

then invarlanca with coordinate system #!|| have been proven,

The derivatives of U with respect to x and y are evaluated as
fol|ows,

2aax + 2aby + 2ac
2adx + (ge+bd)y + af + ¢d

u ] 2ddx + 2dey + 2df
X a
d
"}

2a (ax+by+¢) 2au
& (dx+qy+f) + d (ax+by+¢c) av + du
3 2d (dx+ey+t) s 2dv

a a
d d
P n

x aly +duvU CEquation B,49)

Sirliarly,

2abx + 2bby ¢ 2be
{ae+pd)x + 2bey + pf + ge
u ] 2dex + 200y + 2ef = buU + e U,
b

u v
; CEaquatlon B,502)
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INVARIANCE OF EIGENVECTOR SOLUTION B.4

In addltion, we sha|| need ¢he result that for (h]) ¢to be an
orthogonal| transformation requires that

2 2 2 2
a + b = d + 0 CEquation B,513

and ad + be = @, (Equation R,52)

We are now prepared to prova the maln result by deriving
Equations 3 and 4, The anjy V’ whigh will satisfy Equation B.47
I's

Ve s H-T Vv CEquatlon 2,531

T
or ¥V & H ' {Eaquetion 3,541
Substituting the above In Equation B,43 gives
T T T T T T
SXX F yr+ XS (X X H V' +X X 4 v')y=r1,
X X Yy
CEquation 2,551
Wwe premyltiply by K to get
T T . T T T 7
ZHXX H Vi e A 3 (HX X H V/  «HX X H V’y =2,
' X X y
CEquatlon 2,561
Ditferentliating Eguation B,46 vith pespect to X, or ¥ yisids
1] = H X and U s H X
y y
(Equations 8,57 and 3,581

which we use to wpite
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3,4 INVARIAMNCE OF EIGENVECTOR SOLUTION

T T T
SUU v/ xS (U U VvV/+u Yy V) =9
X X y vy
CEauation 8.59)

T T T
or SUU VI eNS(U U +U UV =23,
X X Yy v
(Eauation 8,601

Now, by Equatlons B,49, B.50, B.51, and B,52, we mauy wWrite

T T 2 T T T
Uu U +«+U U s a Y U +ady U +adi V
X X y ¥ 4 u u v vV u
2 T 2 T T
¢+ 4 U U +p5 U U +pelU U
v Vv u u y v
T 2 T
+pelU U +e0 U U
Y J R
2 2 T 2 2 T
2 (g *b)U U + (d+e Y u oy
U u v v
T T
+ (ad+*be) (U U + U U
y Vv v u
2 2 T T
= (g *p ) (U U +U V), CEquatTon B.613

u u v v

Sybstituting the above !nto Equation B,680 glves

T 2 2 T T
SUU vt +« X (a +0 y gy ¥ +« U U) V2D,
u U v
(Equation B,62)

2 2
whioh |s Equation B.48, with A/ = A (a ¢+ b)),
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8,5 THE CURVATURE PROBLEM

There Is a tendsncy for our curve fltter to fit to the data
curves which are vepy much more flattened than we would Ilike t»o

see, Flgure 4,13 shows some examp|es of this type of "error",
esceclally the upper rlght, middie |eft, and lower left zurves in
the lllustratlion, The <curve fitting subroutines check for this
kind of error, ani reject curves where the elongation s
opVious|y too great, But the tendency to fit flattened ellilpses
affects all curves, and introduces an undesirable amcuat of
systerat!c error into the fitted data,

Trhe probiem Ig accentugted by the fact that we are dealing
with only oortions of ellloses (or hyperbolas), With 2 given
short arc, a large number of curves may be construed to fit,
When gealling with complete ei|ipses, the orincipal dimensions of
the curvas necessary to fit ¢them are immediately apparent, and
only minor varlations In the flt could be ecinsidered reasonable,

i e
a1 "SeRen!Lnihgs TDatngtoidatoNItRSY e BrE0%, 0 8" B0Ss, fRSE SR SS
oolnts about a curve depends Inversely on the magnitude of the
second derlvative of the error function, That is, a curve whose
oradlent varles rapldly tends to "flt" better, In the |east
scUares sense, than one with a constant gradient,

The oproblem _is not limiced ¢o fltTIns with ¢the average
gradlent constraing, Lyle Smith ([Smith] noted the same
phenorenon, fltting curves with the constant term, F, of Eouation
8,3 constrained to unlty, we bejleve, but have been unabje to
opove, that no |inear or quadratic constraint on the coefficients
of Eauatlion B,3 can ejininate ¢the problem,

An [ljustration wii] make clear the dependence of the average
epror measure on the derlvative of the (magnitude of the)

oradlent, Suppoose that In the xey plane ¢thare exlst n points
upiformly distributed near the yeaxls between the |limjizs x z =%
apd x = 1, as shown In Flgure &,1, A one~dimensional error
function

2
F(x) = p x + 38 x +C CEauation 3,632

Glves the error Oof each point, The average error measure

n 2
6 =S (F(x)) /n (Equation 2,64)
{ ]
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THE CURVATURE PROBLEM
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A Distrlbutlion of Polints in the xey Plans

minimized over the distribution of points, We may
epproximate the error measure F by an integQral:

&

1 2 2
=/  (aAx +8x+(C) dx, CEauation B.651

-1

The average gradient constralnt ragulires that

or

34 ]

he p
ror

r
]

dF 2
-3. 11 ( ev== ) dx = 1 (EauatTon B.66]

2 =1 Ox

1 2 2 2
5T 2 ax+B) dxz8/3a° +28° =2, ‘
.1

am
¢

&
th

(Equatlon 2,673
A n ® grester th h uar r of
0 AnTeoEoRsra TR S et SEE LR 1]y saute Foot
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THE CLRVATURE FRO2LEM R, e

Tha sacond Jerivative of F(x), (which in the ¢wo diwensional
case ,ould be the cderiyatiye of the magnlitude of the 3srzadient of
Flo Is nrobortional to A, For {|lustrative npurposes, we mav
choose arpbltrary values for A, subject to the Ilmitatizn akove,
solve for B In Ecuation H,67, then find the value for C which

rinirizes the erpor measure G,

2 .
Filgure g:2 Dlots F(X) and F(x) agalinst x for three sifferent
values of 4, (This olot would require three dimensions in the
two dimenslonal case,) The Integrals of the shaded armas undes

2 -
the cueves for F(x) are G, the arpor measure, The miniru= error
occurs when A is eaual to the square root of 3/4,

Elongated elljrses, and hyoerbojas whose asymptotes cross at
rarrow angles, are characterized by a high deplvative cof the
raonituge of the gradient of thelr defining function, The curve
fltter chooses these flattenad curves oVer the more fntuitive
FuTYes e mould prafer.

A posslible solution to the problem invoives a wWeighted jeast
squares approach and an fterative method, Lyle Smithk used a
TethOg In whigh, after solving the least sauuares esauation to fing
en elllpse, he would welight each polnt by the curvature of the
e|lipse near that coint, After several| iterations, the method
converged to the jntuitive solution, But our attempts to apoly
thls method to our average gradient solution failed, It was
aifflecult to dlstinguish among the flive eligenvectors to determine
which one to use In determining the weights, Perhaps a smaller
welghting, so that the solutlons varied slowly wlith eacn
ItTrgtlon, mignt have given acceptable resujts, but thls was not
teled,
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3,5 THE CURVATURE SROBLEM
pE(x)
F (x)
A =,
F(x) = x x
G = 0.333
) F(x)
F(x)
A =V3/u
F(x) = V?/h(xg-!-x-l/m) SIS s . : x
G = 0.158 SN~
i F(x)
F(x)
A =\3/2
F(x) =V3/2(x"-1/2) x
G = 0.087

3
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! B,2
Error Measure With D

gure
ifferoant CJurvatures [mposed
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B.,6 ALTERNATIVES TO GENERAL SECOND-ORDER CURVES

Curve fletling o aeneral| seconde-order curves |eaves much to
te desired, Solution of the Ieast squares ecuations requirss
ruch computatlon, Choosing amang the three sojutions returned is
trfchky, A practical solution to the ende=curiling problgm mas noe
been found, The parameters of the curve are not dasy to
ranipulate, ve glscuss In ¢this Sectlon some riternatives to
9eperal s8cond-grde; curves which mi,imlze gome 5, al|l ,f i{hege
croblenms,

We are commi¢ted t0 general second ordgr curves ngjnly for
historlica| reasons, The curve fitting routines were originally
welttan for an attempt to detect cyllinders, cones, and spheres in
conveptional TY images pDrocessed by an edge flinder, much in the
saTe way cubés are detected in the present Stanford Hand-Eye
syster (Fejdman), In such an apdilcation, It was important thae
eflirses bs represented simply, In the present acoligation,
descrintion of threg-dimensjonal curved obJects, what we resulre
ralnly Is an effictent smoothiny operation, and a representation
cabable of carrying curvature information, But at this ociat in
tire, the paraneters and data structures of goneral second order
curves are so fiemly embedded In our programs that 1t woulg take
several weeks to convert to another repnresentation,

Nevertheless, wa suggest some ajternatives,

The easiest ¢vpe of function to compute woujd be guadratic
polynomiaje, For_  each segment, we draw a bhaseline between the

endpoints, and rotat® <the segment 30 that the ¢transformegd
baseline is the X.axls 0f the new coordinate system, This method
woUid tend to lsojate segments of uniform gcurvature, Jecause a
seUment may have unjform curvature when viewed perpendicularly in
3-space, but not anpear uniform when viswad in perspactive from
the Tv camera, it would be advisable when using this method to
transform the points to three dimensions before curve titting,

¢ polynomjals would. nead to
two ond polints, an4d ¢he three

2
coefficlents A, B, and C of ¢the functlon y = A X + B x +C,
since the coordinates of the engd points uniquely determine the
rotation of tne pofnts, thera would be no need to separately

incluge l¢,

The dafn structure for auadrat!
contain orly the coorgdinates of ¢the

A vepsion of t?s curve fitting program wusing suadrat
lals on {mp] o

ie
oglynom has be emented, and seems ¢0 give somgwhat MOre
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3,6 ALTTRUATIVES

conslistent results than flitting by general seconu-o0pcer curves,
Fl3ure By3 ghowg the torus as It wag wlgh quaoratic polynamlals,
Corpare tnis wieh Figure 5,15, Fitting Is ir TV raste
coordinates In ¢his version, Some further improvement mighe
posslktiy be expeceed were conversion to three aimansions +o0 take
place before curve fitting,

Quadratic splines are very mueh |ike gquadrat

a
with an additienal stlpufatlon ¢hat the end

tic po
n
functions representing eaach segment must colngide,

. '
ncgia

ic |y ls,
points the

,A spilne Is a fynctjon defined on an interval aivided uo nto
a ftinite number of subintervals, <the end polnts and the po nts

wWhere two subintervals joln are cal!ed noges, For an neth order
spling, the function on each suointerval Is an neth order

polynomial, Usually the function 1Is constrained  to be
contlnuous, and contindous [n Its nei derivatives, at I|ts nodes,
but other constralnts are sonetimes applied, The soline

functlions which we sucgest are second-order, and contlnuous in
zero-th derivativa (the functlon itse|f must be continuous,)

1f we draw a base|line petween the end points of the |ine ang
rotate the curve so that the transformed baseline is the x-aXis
of the new coordinate system, we may fit the line with such =
sciing, For a gliven placement of the nodes, the functlon F (x)
min
2
whlch minimizes the mean square error S(F(X)=Xx ) may be found as

the cojutlon to a (2n+1)th order system of |inear eguations,
where n s the number of subintervals,

Instead of recyrsive segmentation, we need a procedure to
systératically introduce nodes until anm acceptabls fit s
obtalned, Introducing new nodes at ths points where the
cbointwise error Is greatest, and perturbing the nodes to ImgrOVa
the overall fit, i{n a manner simllar to the method of DeScor and

Rice [DeBoor), may glve good results, but many details renain to

be wopked out, Some care must be taken not to let nodes |is too
close together, to orevent ohtaining functions which sscijlate
wlldly, Some means of distinguishing between stsalght 1inee and

curves should be Jooked Into, since stralght 1ines may nct De
fitteg separately from quadratlics,

130




AL TERNAT]VES

B,s
—— ‘_h
71 ~1TC
Y e oy AR A
L4 i y 4 ljll.lil.r‘iJ
o - 7 ) W A |
-1 + 0 ot e W R
T 1 L\ A 1
\ 1\ \‘ N :
{
i
|
?
1
3
F'QUf‘ 803
torus Flt With Parabolas
{
131 l
;
{
{
- /

- m——

. g -~




REFERENCES

(taumgart) Bruce .9 Baumaart, “GEOMED, & Geometric Edlt?r"
Stanford artlficial Intellfgence Laboratory Ooerating
Note Number 62, May, 1972,

(61uml  Harry Bjlum, "A Teansformation for Extraceing New
Descriptors of shane", symposium on Models for Perceotion
of Speech and Visug| Form, Boston, NoVemper 11e14, 1964,

(inford 771 Thomas O, B

Inford, "Telangulation by Laser",
December, 197ps» unpubilshe

hed
L]

CBiInford 711 Thomas 0, Binford, "Visua| Percention by Comouger",
prosented at the [EEE Conference on Systems and Control,
Mlaml, December, 1971,

{Coons) S, A, Coons and B, Herzog, "Surfaces for Computsr=Aided
Alrcrafy Deslign", J, alzceaft, Vol 31, No. 4 (July=Aug,
1968), pp 42406,

Ccourant) R, Courant, QIlfferentls! ap¢ lotegral GCalculus.
Inssrscionce, 1936, Volume 2, pp, 198-199,

CCoxeter) H, S, M, Coxeter, lptroduction to Geomaste¥, John Wijey
and Song, 1961, pp321=326,

(DeBoor] Carl de Bogr and John R, RIce, "Least Sguares Cuble
spline Aoproxvmutlon -~ Fixed Knots", purdue University
Report No, CSD TR 20, Apr!) 1958, "Least Squares Cubic
Splineg Approximgtion Il <« Vgarigple Knots", Purgue
Universlity Report No, CSD TR 21, Apell 1968,

(Earnest) Lester E.tiginost. "Choosing an Eye for & Comouter"”,
r

Stanford cial Jntelllgence Project Memo AlM=51,
Aprlly 1967|

CFa|k) Gllbert Falks, "Computer Interpretation of Imperie Lins
Data as Tﬁrec-D?monalonl Sccnox, Stanford xrtiilclnl

Intel|igence Laboratory Memo AIM«132, August, 1970,

{(Feidran] . Feldman, K, Pingle Binford, G_Falk, A, Kay, R,
Pauf, R, Spr6u||. 3 J: ;ononbaum: "The Uio ct VYQiOn

and Munipulation to Solve the ‘Instant Insanity’ puzzie",
Second International Joint Conference on Artiflcial
Intei|lgence, London, September 1-3, 1971,

132

P S O R ot el

- e Aiiae e

. e,




Lo f' —ﬁ——v—v———r—v——-——-—v—-———"
REFERENCES
(61§13 "visua} Feedback and Re|ated Problems in CowputeF
Controlied Hand=Eye Coordlinatlionv, forthcoming Ph,D

thesis, Stanford Un*voraltya 1972,

CHOpN) Berth?ld Kluu Paul Heen, "Shape from Shading:s A.Method
nding the shapa of a Smooth gpaque ghJect from gne
View", Ph, D. Thesis, Massachusetts Instisute of

Technology, June, 1970,

Fsasceony \EugensyisahgaRnst dohar 75,8 ah80s Ka! 1 ts 800 4 A0s
173-174,

(krakaverl L, Krakauer, Ph,D, Thesls, MIT, 1973,

(rvott=Smigh]l John Mott=Smith, unmpublished,

(pogled Phi| Pesit, "RAID" Stanfo Iticial Intel]igence
gt Laboratory 6oora¢lng fote No, §8 i, '3 sbruary, 1371'l

CFingiel Karl K., Plngle, "Hand/Eye Libpary", Stanforo Artiflcial
Inteiilgence Laboratory Cperating Note 35,1, January,

1972,

(Roberts rts, "Mgehine Perception of Three=
r ?mensugngl sol?ds" +oc cal Report No, 3J15, Lincoln

Laboratory, Massachusetts Institute of Technelogy, May,
1963,

(Roberts 65] ober "Homogeneous Matrix Repregentation
r Mtn'Du?lt? 53 n-DTnensTone cOn;tructgu 0ocument

nszzas. Llncoln Laboruzory, Massachusette Instltuto of
Technolo9y, May., 1965,

(shirall Yosh{ak! shl;al and Moto! Suwa "Recognltlo of
Polyhedpons Range Finder", §ocond International

Joint Conference on Actificlal 1Intelllgence, Londoen,
September 1-3' 1971 '

(srith) Lyle B,.Smith, "The Use of Man-Mgchlno Interaction io
Data-rlttln ﬁrobloms" Stanford Linear Accelerator

Center ROpOrt No, 96, March, 1969,
(sobe|] lewln Spbg! "Cameéra Modgls and _Mechine Percegtlion®,

Stanford Art1flc|a| Inte| ]l ioence ProJject Memo AlM=121,
May, 1970,

133

p

N rtd VD N \TEB AN b SR R SIS e S e uhﬂ'&iw'ﬁ';.:‘

ANILN

[ _J

SARE s B R m AT P S K20 SAR AN DAL e TA SR kb 3 Wowtan %,

[ o]
(% RO VL CPERINEN A

NI

- I B R VST




REFEFENCES

(S Pe M, Wiil and K, S, Pennington, "Grld Coding! A
Preprocessing Tachnlcue for Robot and Machine vislon",
second International Jolnt Conference on artificlal
Intellligence, Londen, September 1«3, 1971,

134

.




