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WEAK HARNONIC-SIGNAL DETECTION
IN GAUSSIAN NARROW-BAND NOISE
USING THE STATISTICS OF INTERVALS
BETWEEN ZER)ES

I. N. Yerizichoy and V. M.
Kcshevoy

Engineers

Recently there have appeared many works devoted to receivers

in which a rigid limitation at: the input is used. Systems for

detecting a harmonic signal, which use optimum phase treatment

of the input process [6], the numbers of passages through "zero"

in a given time interval [1, 5], and moments of passage through
"zero," were examined.

Let us examine the question of the optimum detection of a

weak harmonic signal in narrow-band gau-sian noise using the

statistics of Intervals between "zer;•es." The problem Is solved

based on the theory of checking Tatistical hypotheses.

Beginning with the p-oposition of the nondependence of the

access elements y = y.2l, Y2-1 "'' Yn), let us write the probability

ratio

- .
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Let us determine the density of the probability of intervals

between zeroes for the case of the presence of the useful signal.Let M() be the normal random process which Is the sun of

harmonic signal Am cos w t and narrow-band noi:.: n(t) with a zero

average and dispersion

The interval betweL., adjacent zeroez invu-ves a derivative
• from the phase of the random process by the following ex.ression

, " [71:
, (2)

i where

4'= *C + ,

Since the probability of negative values q, is very slight

SP(0'< 0) Z 0 [2], then

i Instead of T it is more convenient to examine the random
iW

magnitude y = . where w0 is the c'entral frequency of the

"noise power spectrum.

V% 
2 +"= _t (3') A

where -• is the average square width of theW, a

2

noise spectrum, and k=: Lq: = is the standardized dehuning

of the signal frequency from the central frequency of the noise

spectrum.

Using equation (3') we can express the density of the

probability of a random value of y in terms of the density of

FTD-HT-23-894-72 2



random value x

The expression c," "e prcbability closeness tz(x) for random

process (1) is shown in the equation [,1:

~~~~~~r ofsgalpwran osepwr 2 * (5)

i of whee Besl n exponntia fucions, equtin( an
0 (m(3') ) + 0(q)w c is the ratto

of signal power and noise power.

STheproblowisigydnsiyo tnal-to-nois ratiste <<), singetheexpansioes

of the Bessel and exponential functions, equation (5) can be

-ewritten as follows:

(40 , (jfIa(2+ ±~' (6)

H ~Using f'ormulas (3'), (11), and (6), we cr'n write the prob-

~ 1 3

~~1'~ailThe proabiity dftensity dof stagndrized he r beye:zre

in the absence of useful signal

FTD-HT-23-8914-72 3



The obtained probability density coincides with Byaliy's

results [2], while for low signal-to-noise ratios it coincides

with the result obtained in work (7].

Using equations (7) and (8), let us write the logarithm of

the probability ratio

Shi(if)-- In +--a 1---- + )-1+ -

3q
k >,- C. (10)

where C is the threshold selected in accordance with the accepted
criterion, n = 2TAF, where n is the volume of independent

Eselections of the instantaneous values of the process, T is
observation t.me, and AF is the width of the output-process

erergy spectrum.

ZyIf we limit ourselves to the first terms of the expansion In

1(y) (which is admissible for low values of a), expression _10)

is rewritten in the following form:

where b is the ratio of the interval of the nondependence of

scattering durations to the magnitude 1 12AF*

Let us designate the expression under the sum sign in formula

(11) by f(yi). Then the optimum procedure of the treatment is
written

£.• •.,,)=.c,.(12)



If the access volume is large (bn >> 1), the distribution

of the sum of independent random magnitudes - is close to the

normal value with the average

( f13)

if there is no useful signal, and with the average value
(114)

when there is a useful signal, where

A

and with dispersion if there is no useful signal

an M3 4 owk17)-.1) 17)

Since a << 1, dispersion (17) as aszumed to be identical

for the cases of the absence and presence of a signal.

Using formulas (13), (14), and (17), we can write the

probability of a false alarm P,., and correct observation P,.,:

______ (18)j

where FZ,=i

From equations (18) and (19) we can find nn (th access

volume necessary to observe a signal with probability p, with
a given value of p and .ESE

x • l r I -P" ) - arg F (l - p .J ( 0i
~ (20)

4 5
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where arg F(z) = t, if F(t) = z.

For the optimum amplitude (square) detector the access

volume is written in the following form [63:

(21i,..• lagq r, 0 -- Pa. ;1-- g "F ('I -- •Ps . (21)

The relative asymptotic effectiveness [3) of the Interval

optimum detector relative to the amplitude optimum is written as:

113 0 .= AL 0 11 .a. 0,a'l- l (22)

The results of calculating the standardi.ed relative
asymptotic effectiveness bz° m , and %(V); for various values

of 4 and k = 0.01 (for 0.01 and 0.001 the results practically

coincide) are shown in the table.
tI

The graph shows the dependence of the standardized relative

asymptotic effectiveness "on detuning the signal frequency relative

to the central frequency of the noise energy spectrum.

The dimensionless quantity c is plotted along the horizontal

axis from -1.8 to +1.8, while the dimensionless quantity ,

is plotted on the vertical axis from 0 to 11. The figures 3, 6,

and 9 are to valves of the corresponding points of the verticalI axis. j

From the above graph it can be seen that with an increase in

the absolute detuning value, the noiseproof quality of the in-

terval optimum detector increases. To quantitatively evaluate

the noiseprcof nuality of the interval detector it is necessary

to know the value of b.

To calculate b it is necessary to find the correlation functioni

of the intervals between zeroes.

FTD-HT-23-89 J-72 6
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- .- l1 we assume that the interval
n.L 10 -of independence for intervals

LOIW 1j 100 .0 between zeroes and the phases

0.415 I'M V9 Eo. of the random processes coincide
0.46t 1.1X• x 0. ±0.2
0.464 U1.4' 091 ±0.3 (b = 2), for the signal coinciding
o.7 1.0384 o.M4 ±0.40.826 0,474 0.73 ±0.5 with the edge of the square
1.03 0"9 017 ±0.6
1.31 0.99 0.345 ±0.7 frequency characteristic curve
1.59 O.9= 0.40 ±W,1.5 J146 0235 ±0.9 of the filter (q = +1. 76),
2.009 1.199 0.05 = 1 -
2.93 15,5M -0.15 ±1.1
3.54 J.959 -0'! ±1.2 1.0. A. =4.,5L
4.2 2.597 -0,623 ±1.3
4A &4%6 -0.9 ±1.4
6.05 4.512 -1.175 ± . Thus, under this assumptionS7.14 S" -1.48 ;L1.67.1 7.751 -1.0A .1 the noiseproof quality of the

9J 0 -- *15 ±1.9 optimum Graph of the dependence

of the standardized relative

asymptotic effectiveness on detuning the signal frequency.

I I I I I I I

-z4':5 -£2 -4S9-46 -43 0 43 404.9 U2 £5

Interval detector is substantially
higher than the noiseprooft' quality

of the amplitude detector.
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