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FOREWORD

This report was prepared by Bell Aerospace Company, Buffalo, New
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under Project No, 7342, '"Fundamental Research on Macromolecular Materials
and Lubrication Phenomena,' Task No, 734202, ''Studies on the Structure-
Property Relationships of Polymer Materials, '

The work was administered under the direction of the Air Fcrce Mater-
ials Laboratory, Air Force Systems Command, Wright-Patterson Air Force
Base, Ohio, with George F, Schmitt, Jr, of the Elastomers and Coatings i
Branch, Nonmetallic Materials Division, acting as project engineer,

This report covers the work carried out during the period from June
1971 through June 1972 and was submitted by the authors in June 1972, |

This technical report has been reviewed and is approved, [ i

WARREN %gnsom Chief

Elastomers and Coatings Branch
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ABSTRACT

An analytical approach to particle erosion of solid
surfaces is developed based on a model of erosion pit
nucleation and growth. The Hertzian theory of impact is
used to introduce the kinematic and material parameters
into this general statistical formulation of erosion
processes. In order to minimize the number of unknown
factors in the initial development of a predictive erosion
theory, the particular case of solid spherical particles
impacting directly on the plane surface of an elastic
half-space 1s investigated.

Erosion tests were conducted on the AFML-Bell erosion
apparatus in coenjunction with the modeling studies. The
erosion mechanisms in fused silica have been identified
when ercded by multiple impacts of spherical glass beads.
The erosion process for 2.8 mil beads impacting at 200 fps
was found to differ from the sequence of ercs‘on mechanisms
associated with 11 mil beads at the same velocity. The
observed erosion mechanisms could be correlsced with the
measured erosion rates,

The erosion of fused silica can be mcdeled in terms
of a preferential pit nucleation and growth process. The
quantitative evaluation of the statistical parameters in
the erosion model is being investigated. The controlled
erosion tests provide evidence for the applicability of
the Hertzian relations to the impact conditions of interest
in solid particle erosion.
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I. INTRODUCTION y

The erosion of engineering materials moving through raln,
sand, and dust environments poses serious operational and main-
tenance problems in a varlety of military and commerical systems.
To counter this problem, the Alr Force Materlals ILaboratory has
established programs of erosion research to develop advanced
erosion test apparatus, to characterize the erosion of aerospace
materials in known environments, to establish the bhéic mechanics
of eroslon - englneering materials, and to develop new aerospace

materials having improved erosion resistance.

The complexity of the loading conditions assoclated with
erosive environments and the lack of knowledge of the general
behavior of material surfaces subjected to these loading conditions
have been major obstacles to the_detailed analysis of erosion
phenomena. In order to confront this pacing problem, attention
In thls report has been focused on the slmplest combination of
circumstances which lead to a realistic model of the erosion

process for particle impacts.

‘'The development of mechanistlically sound erosion models

complements the overall Air Force erosion research effort in two

ways. First, such models, even if only approximate, will help




significantly in the extrapolation of erosion test results to

service conditions, and hence facllitate the engineering choice

of materials for use in particular service environments. Second,

the development of mechanistically sound erosion models will

allow estimations to be made of the relative importance of the

various particle, material, and interaction parameters which

influence the complex, cumulative process of erosion, and hence

ald in the interpretation of erosion mechanism studies and 1n

the design of new materials or coatings having improved erosion |

resistance in specific service environments.




The erosion of‘br%ttle mafeéials by multiple, solid |
particle impacts has been idealized as a process of pit nucleation
and growth on the surface‘of the eroding solid. An analyfical
model 1s developed based on th? assumption‘that‘the erosion pits:
are rather uniform in éepth during the initial stages of growﬁh
and that typical pits undergo appreciable lateral growth before
conjoining with other growing pits. 'The eroding'séiid fs con-
sidered to be a laminate of plates whose individual thickness 1s

o |
determined by the depth of propagation of:typical impact fru.ct,ures.l

[}
The governing equations have been programmed:for digital coinputerl

computations of the erosion rates and welght loss as functions

[ ! 1

n 1
of exposure time. '

Thé mathematical formulation requires the specification’of
& time-dependent pit nucleation probabiliéy fdnctionfand érowth'
rate for each 1a9er of Qhe laminated model of the eroding sdlid.:
The value of the theory as a predigtive tool in the.devéiopment
of erosion resistant materials debends on how mucﬁ information . !
pertaining to the kinematics of the eroding environment and thé N
materials characteristics of tﬁe eroding solid can be incorporated

into the explicit analytic,representation’of the pit nuqleation

and growth rate functions. The direct impact of small, spherical
] | J
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glass beads on the plane face of relatively flaw-free fused
silica (Corning 7940) samples was investigated in order to
minimize the number of unknown factors pertaining to the kine-

matic and material parameters. The impact conditions were

" selected so that results from the Hertzian theory for the impact

of a spherical elastic body on an elastic half-space could be

used,

The pit nucleation concept is dependent on the manner in
which the material's surface is fractured by the multiple solid
particle impacts. The nucleation of an ercsion pit may occur
thr-ugh one of several processes whose relative probabilities
are difficult to access without evaluating a detailed model.

This information was obtained through microscopic observations of
the erosion mechanisms in a series of controlled experiments using

the AFML-Bell erosion apparatus.

Three erosion tests were conducted on fused silica samples:
2.8 mil beads impacting at 200 fps; 11 mil beads impacting at 2060 fps;
and 11 mil beads impacting at 300 fps. The experimental program
was designed to obtain information on the erosion mechanisms,
to obtain explicit forms of the pit nucleation and growth rate
functions, and to obtain weight loss data for c-mnarison with the

predictions of the theory.

-l




Entirely different erosion mechanisms were found for the
2.8 and 11 mil beads. The nucleation of pits on the surface of
the fused silica specimen impacted by 2.8 mil beads was due to
the production and intersection of ring fractures which were on
the order of one mil in diameter. Material was removed from the
surface layer to a maximum depth of 10 microns by the formation of
Irregularly-shaped pits. The growth of the nucleated areas was

preferential in accordance with the erosion model.

When the 11 mil beads were used, there was & much higher
probability for the production of conical fracture subsurfaces.
The average diameter of the inner ring fracture seen on the surface
of the specimen was about 2.5 mils. As the number of damaging
impacts increased, the subsurface fractures became more obvious.
No new ring fractures were formed in the interstitial reglons
between the ring fractures produced during the early stages of
the erosion process. Instead a very dense network of internal
fractures developed with very little material removal. At a
certain point in the development of these fractured regions, mater-
1al was removed to a depth of 60 microns for impacts at 200 fps
and 90 microns for impacts at 300 fps. This was a nucleation and
growth process, although the regions observed wcre quite erratic
in their growth patterns. The interstitial material was removed
at a higher eroaiop rate than the one prevailing before this

began. After most of the interstitial material was removed, the

R E



eroded surface consisted of a continuous array of conical frustums
protruding from the bulk material. The majority of the plateau
regions were still unaffected by the particle impacts and the

side surfaces were quite smooth. At this point, material was
removed at a uniform rate by the fine-scale chipping of the plateau
regions of the frustum population. The time or occurrence of the
observed erosicn mechanisms can be correlated with the welght

loss data.

The diameters of the ring fractures in all three tests
were found to be in general agreement with the Hertzian predictions
for the impact conditions used in these experiments. The develop-
ment of a suitable fracture criterion will require further study;
however, on the basis of the resulis obtained here, the energy

balance approach 1s preferable to the statistical flaw theories.

An experimental procedure was devised for direct evaluation
of the pit nucleation and growth rate functions. In the case
of the 2.8 mil beads, a number of ring fractures with a dilameter
of 3 mils were observed on the surface of the sample and were
Judged to be the major contributor to material removal. The fine-
scale chipping due to the smaller ring fractures was considered
to be of secondary importance. At an intermediate stage of the
erosion process the frequency of occurrence of the larger rings
approached zero. It was then discovered that the fine-scale

chipping was the principal erosion mechanism. There was no growth

A




of the eroded reglons associated with the 3 mil rings. No useful
data were obtained pertaining to the evaluation of the statistical

parameters for this test., The reason for the occurrence of the

anomalous 3 mil ring fractures is belng Investigated.

The erosion behavior of the multiple impacts of the 11 mil
beads was somewhat unexpected. The experimental procedure for
evaluating the statistical parameters was not sultabtle for thils
purpose. Alternative procedures for obtaining the necessary data

for the model calculations are being considered.
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III. DEVELOPMENT OF GENERAL ERCSION THEORY

An analytical model for describing erosion processes in
materials which erode by the nucleation and growth of pits in
thc material surface is currently under development. The eroding
solid is represented by a laminate of individual plates as shown
in Fig. 1. The thickness of each plate 1s determined by the mean
pit depth for the pits which are formed at each stratum in the
solid. Assume erosion initiates through the nucleation and

growth of flat-bottomed pits which penetrate the topmost plate

b (Fig. 1). Erosion of the next lower plate proceeds through the
nucleation and growth of similar pits over that portion of the
plate surface which has been exposed to erosive impact through
regression of the upper plate (Fig. 1). Erosion of this plate
exposes a portion of the surface of the next lower plate, which
erodes in the same way to expose & portion of the surface of the

next lower plate, and so on.

Consider first the erosion of the topmost lamella of the
material. Let the thickness of the plate he D and its surface

area be A. Let the surface be exposed to erosion at time zero.

Presume that the probability that an erosion pit will be formed

in an arbitrary unit area of surface in the time interval between




(a)

AV4 (b)

{c)

(d)

Solid Imagined as a Laminate of Plates

Idealized Pit Nucleation

Idealized Pit Growth

Ideslized Mechanism of Pit Despening

Figure 1. An ldealization of Erosion through the Nucleation and Growth
of Pits in Successive Layers of an Eroding Solid




the times 1 and 1t + dt after initial exposure is known and 1is
given by the expression I;(t)dr. The function I;(t) is restricted
in that it must be integrable and must vanish in the domain t < 0,
Further assume that the pit nucle! have negligible volumes and
they grow uniformly over the surface at a constant rate G, remov-

ing material to depth D with each increment of growth.

If erosion pits are small and so dispersed over the sur-
face that they do not impinge on one another, then a pit nucleated
at time 1 will have grown to cause the removal of a volume §v at
time t.

6vi(t,t) = DGf(t-1)2 (1)

where G, 1s the lateral growth rate for the first layer. It is
assumed that the eroded area at the bottom of a nucleated erosion
pit at depth D 13 the same as at the surface. It 1s unlikely that
this will be the case in actual erosion processes. The influence
of the shape of a nucleated erosion pit on the volume of material
removed will be taken into account after microscopic observations
of eroded surfaces indicate the form of the shape factor adjust-
ment required. The volume removed at time t due to the growth of

all pits nucleated in the time interval (t,t+dt) 1s then
§Vy(t,t) = AL (1)év,(t,T)dT (2)

However, after significant erosion takes place, the uneroded sur-
face area 13 much less than the total surface area A, and so the
number of new pits nucleated 1s much smaller than the number given

by AIi(t)dtr. Also growing pits may coalesce with one another to

TN ST



form single larger pits. To account for these effects, we use
the net uneroded area at any instant t in calculating the number
Of pits nucleated .n the time interval (t,t+dt). Hence, Eq. (2)

becomes,

8Vi(t,t) = Gi(t-1)?I,(1)(V-aV, (1)) (3)

where AV (t) = DAA;(t) is the total volure eroded from the start
of the erosion process to time t and AA;(tr) 1s the eroded surface
area assoclated with the same time interval. At present AV,;(t)
is an unknown quantity. V = AD is the volume of the first plate.

Integrating Eq. (3) from (0,t),

t
AV (t) = Gf l (t=t)2I,(t)[Vv-aV,(1)]dT , (%)
0

yilelds a Volterra integral equation of the seco>nd kind for deter-
mining the total eroded volume of the first larvcr at time t due
to all the pits nucleated during the total time of exposure to

the eroding environment.

We follow a similar procedure for evaluating the volume
eroded from the second layer, except that the surface of layers

below the first is only gradually exposed to the erosive environ-

ment. PFor convenience of prerentation, let us assume that the




mean pit depth is also D for the second layer. In accordance
with earlier considerations the net exposed area on the surface
of the second layer at any time ¥ 18 8A;(¥) - AA2(V¥) where

AV (v) = DAAx(¥) 1s the unknown quantity which must be determined.
The amount of new area which 1s exposed during a time interval

(v,v+dy) can be expressed in terms of a Taylor's expansion,

(8A) (w+d¥) - BA2(¥+d¥)] - [BAx(¥)-8A2(¥)]

_ daA,(v) ddAz (¥)
Y = dy - - dy (5)

The number of pits nucleated at time v due to new area exposed

during the time interval (¥,¥+d¢y) is given by

dAA (¥)  dBAz (W)
$n(t,¥) = I (t=-9) 3% -~ dy (6)

It should be noted that a different pit nucleation function is
specified for the second layer. The total number of pits nucle-

ated at time t is

T
n(t) = l én(t,¥)dy (7)
0




Then the volume removed from the second layer at time t due to

ail the pits present at time t will be
§Va(t,t) = DGi(t-1)2n(1) (8)

where the linear growth rate on the second layer is taken to be
different from that on the first. Combining Eqs. (6) to (8) and
integrating with respect to 1, we find that the total volume

eroded from the second layer at time t is simply

t T
ava(t) = Gi l(t-r)’ [Iz(r-v)°

0 0
(9)

dav, (y) dava(y)
IV - T dydr

Or finally, Eq. (9) can be put into a more convenient form by

differentiation with respect to t,

3

dava(t) v '
, —_— " 2 Gf [(t-1) | Ia(T=-9)
0 0

(10)

CAV.(&) davz(w)>
v - v dydr




Eq. (10) 1s slightly more complicated than Eq. (4); but once

AV (y) 1s found from Eq. (4), 1t can be inserted in Eq. (10) for

evaluating dAXt(t) .

The derivation of the equations governing materilal removal
from subsequent layers proceeds in a manner analogous to that for
the second layer. In summary, the calculation of the weight loss
(or rate of erosion) experienced by a material body subjected to

an erosive environment requires solving the following system of

equations.

t
avi(t) = G} ] (t=1) 211 (1) [V-aV () IdT
0

dav (t) ) £ T >
—— = 2 G} |(t=1) | I (1=y) (11)

0 0

dav_ . (y) dav_(y)
a-1 o
Q T U ) dvdt

-
where a=2,3,....,N, and

n
AW(t) = pAV(t) = p [1 av, (t) (12)
a.

is the total weight loss at any time ¢t.

-14-
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The system of equations has been programmed for digital
computer computations. These computations are extremely effl-
cient, since a considerable simplifjcation in their numerical
evaluation was obtained through an observation pertalning to the
general form of the equlvalent system of finite-difference
equations., There is a considerable degree of flexibility in the
functional form of the plt nucleation probabilitles, the growth
rates, and mean pit depths, since the computer code is not
restricted in this regard. The explicit detalls of the devia-
tion of Eq. (11) can be readily modified when expefimental
observations indicate that such modifications are in order. The
computer program is provided in the Appendix.

Heymann(lz)

developed a conceptually-similar model which
incorporated the nucleation and growth of eroding areas in terms
of a log-Normal frequency distribution function. Heymann demon-
strated that qualitative agreement can be obtained with var.ious
forms of experimental erosion rate-time curves through proper
selection of the parameters in the distribution function. His

model can only describe the erosion data once it 1s obtained.

The model developed here could be used for a similar purpose.

The problem of analytically determining the erosion of a
materlal which behaves according to our model is reduced to the
problem of specifying nucleation and growth kinetics for erosion

pits. The value of this model's calculations as a predictive

-15-




tool in the development of erosion resistant materials depends

on how much information pertaining to the kinematics of the

erosive environment and the material characteristics of the eroding
solid can be incorporated into the explicit analytic representa-
tion of the pit nucleation and growth rate functions. It would

be satisfying to prescribe these functions on a purely analytical
basis; however, this is not possible at the present time. This
research considers the relevant analytical approaches in conJjunc-

tion with a series of controlled erosion tests.
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IV, SOLID PARTICLE IMPACTS ON BRITTLE MATERIALS
= R

The statistical parimeters required'in the erosion Fheogy
developed in phe previous section.can'be obtained by the direct
observation of pit nucleation and growth in materials which
erode in this manner; However, the predictive 'character of the
model is greatly enhanced if the kinepatic parameters assopiaéed'
with specific erosion conditions and material 6rope;t1es fo; genéral
material classeslcan'be introduced into the general formulation.

In order to accompliéh this objective, the generalreros}on model '

is applied to fhe simplest conditions of solid particle impacts

on brittle materials. The initial evaluation of ‘the erosion model ,

will be baBed on the following assumptions: o

. ' ' :
{1) The eroded solid can be represented by a semi-infinite

half- space which initially has a perfectly plane surface.
(2) The eroded solidjis a iineafly elastic material’
)

which is homogeneous and isotropic.

n ' ] . o
(3) The eroding particles are spherical in form.

(4) The eroding par.icles are homogeneous and isotropic

linearly elastic solids. i | ,
(5) The impact velocities are low enough that the Hertzian

I

theory of impact is applicable. | ' , :

(6) The eroding particles only collide with the eroded

solid in a direction which is perpendicular to its initially

plane surface.

717'
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. In order to make the analysis of the particle impacts as
manageable as possible, it is desirable to work within the domain
of the Hertzian theory of impact which is one of the few analytical
approaches to impact phenomena that can be handled without the aid
of elaborate computer codes. This choice allows us to take

) advantage of the extensive prior theoretical and experimental

f work on Hertzian impacts of purely elastic bodies.

i : Inorganic glasses were considered to be most representative

of the idealized brittle, elastic materials required in the

E ' Hertzian analysis. For the experimental studies of the erosion
mechanisms and erosion characteristics under the prescribed
conditions, fused silica (Corning 7940) was selected for the

:: glass specimens and soda lime glass beads are being used for the
impacting particles. The criteria for fracture initiation of
glass surfaces loaded by spherical indenters is also considered

in this section.

A. HERTZIAN THEORY OF IMPACT
Since much of the discussion which follows is based on
the results of the Hertizan theory of impact, the pertinent
' aspects of this theory will be presented for future reference.

k)

Hertz(3*%) assuwsed that the collision of two bodles could be

! regarded as a statical problem; the compression at the place of {
contact is regarded ac¢ gradually produced and as subsiding completely

by reversal of the process by which it was produced. Hertz theory
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of impact for perfectly elastic bodies does not account for
dissipation of energy; therefore, no loss in the total kinetic
energy of the two bodies will occur. This restriction has been
relaxed in more recent analyses of the impact of a spherical

indenter on a viscoelastic half-space.

The problem originally considered by Hertz was to
determine for the case of two elastic isotropic bodies which
touch each other over a very small part of their surface and
exert upon each other a finite pressure, distributed over the
common area of contact, the form of the common surface, the dis-
tribution of pressure over it, and a relation between the distance
the bodies approach each other and the pressure existing on the
contacting surface of each body. The results given here will be
restricted to the case of a spherical elastic body indenting an
elastic half-space. A detailed account of the stress distribution
for this case was first given by Huber(s): the specialized theory

is often referred to as the Hertz-Huber theory.
Hertz makes the following simplifying assumptions:

(a) The surface of contact is always small in

comparison with the dimensions of the bodies involved.

-19-




(b) The surfaces in contact are imagined as perfectly
smooth, i.e. we assume that only a normal pressure acts between

the parts in contact.

To apply the static theory to the impact of perfectly elastic
bodies the following additional assumptions were made by Hertz:

(¢) ...the elastic state of the two bodies near the
point of impact during the whole duration of impact is very nearly
the same as the state of equilidrium which would be produced by
the total pressure subsisting at any instant between the two

bodies, supposing it to act for a long time.

Thus, no account of vibrations present in the bodies due to impact
was undertaken, and the pressure between the two bodies is assumed
to be gradually applied even though the entire time the bodies are

in contact is relatively short.

(d) ...the time of impact is also large compared
with the time taken by elastic waves to traverse the impinging

bodies from end to end,

The problem under consideration becomes that of an
nlastic body subjected to a pressure distributed over a very small

portion of its surface. Hertz thus reduced the problem to the




the case of a body bounded by an infinite plane which is appropriate
if the dimensions of the body are large compared with those of the

area of the load.

The radius a of the circle of contact and the distance

of approach g of the two bodies are then given by

1/3

8 = (F PR (ky + k) (13)
/
o (g Bl k)Y o aw

where P is the normal load on the indenter, R is the indenter

radius, and

2 2
l1- v 1- v

are the elastic moduil for the sphere and half-space, respectively,
( v 18 Polsson's ratio and E is Young's modulus). If the magnitude
of the maximum pressure is scaled to the radius of the contract
area, the pressure dist:ribution over the contact area is shown to

be hemispherical for the particular case under consideration.

Having the magnitude of the contact surface and the

pressure acting on it, the elastic stress distribution in the

-21-
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half-space can be evaluated(6). Simple formulas for the stress
comporients can only be obtained along the axis of symmetry (the
prsitive z-axis directed into the interior of the half-space) and
over the plane surface of the half-space. The determination of
the stress components at other points in the half-space requires
numerical analysis. The radial tensile stress on the surface of

the half-space outside the contact area is
- >
o = gl L (r2 a) (16)

The radial stress is compressive for r 2 a. The circumferential
component of the stress dp is compressive over the entire surface
and of the same magnitude as o, for r 2 a. Along the z-axis

(axis of symmetry) O.,Cy , and(:z are all compressive between the
surface and a critical depth whichdeperds onv . At this critical
depth both 0 _.and Cg vanish and are tensile for all greater depins.
The ¢, stress component is compressive at all depths along the

axis,

The maximum radial tensile stress is located at the
circular boundary of the contact surface, Bq. (16), and has a

magnitude of

i} 1-2v 1/3 o-2/3 (. .
(0 Dgax WAP R (r = a)(17)
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To study the impact of a spherical body on an elastic
surface, the previous relations from the Hertzian theory are
restated in terms of the velocity of approach v instead of the
load P which is now an unknown. In order to establish a relation
between P and v, the kinetic energy of the impacting sphere 1is

equated to the strain energy at the time of maximum impression.

a
max
3y 2

v P(a)au

1(u
2'3 o™ R
0

wnere 0, is the density of the impacting sphere. Using
Eq. (14),

P X %(% "0, )3/5(1(1 +k2)'2 5 v6/5 g2 (18)

The duration of contact T between the two impacting bodies is

given by

/5 p (19)
75~

T = 2.9430 ¢ 7w, (k; + ky)] .
The results of the Hertzian theory of impact have
been investigated experimentally since the time of Hertz and have
been confirmed for a broad range of materials and impact conditions(7).
The greatest deviations from the Hertizan predictions occur in the

case of very small diameter spheres impacting on a plane surface
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which is particularly relevant to solid particle erosion. As the
duration of contact decreases, either due to impact by small
particles or high impact velocities, the dynamic effects of the

impact must be taken into account,
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B. FRACTURE OF GLASS SURFACES BY SPHERICAL INDENTERS

In a theory of erosion for brittle materials through

repeated Hertzian impacts, the dominant consideration 1s how the

Hertzian stress distribution influences the nucleation and pro-
! pagation of brittle fractures. If an elastic sphere is pressed
onto &n elastic surface containing a dense distribution of fine
flaws under steadily increasing load, no appreciable crack propa-
gation is observed until the load exceeds a critical magnitude Pc.
The evaluation of the critical fracture load for a spherical
indenter pressed against a glass plate has bzen an active area of

research since the time of Hertz.

The crack produced quasistatically in a large glass
plate by a spherical indenter appears as a ring on the surface
and spread out below the surface to form the frustrum of a ccnre,
Once a fracture is formed, however, the stress distribution is
modified, since the fracture surfaces act as free boundaries for
which the normal stress is zero: the Hertz-Huber analysis will no
longer be valid. In this regard, it is noted however that Sheldon
and Finnle(B) have provided experimental evidence that the Hertzian
expression for the distance of approach betw~en a 1/8 in. diameter
steel sphere impressing a pyrex glass plate is not appreciably in
error even after the application of loads in excess of 120 times

the initial fracture load and multiple ring fractures were formed.

-25-




The Hertz-Huber equations give an accurate representation
of the stress distribution in glass plates before fracture
initiates. PFrom Eq. (17) the maximum radial tensile stress 1is
located at the circular boundary of the contact surface for the
inhomogeneous stress distribution. In the case of brittle
materials, such as glass, a simple fracture criterion is that
fatlure will occur when a critical value of the maximum tensile
stress 1is reached. If the tensile strength of glass 1s assumed
to be constant, then, according tc Eq. (17), the load P, required
to produce cracking should vary with the square of the indenter
radius. This relation, Pc proportional to Ra, has teen confirmed
experimentally for large sphere radi!l (minimum radii on the order
of one inch). However, Auerbach(g) found that as the radius of
the indenter decreased, the magnitude of the critical load for

fracture increased in direct proportion to R. The relation

Pc/R = H (a constant) (20)

(10)  gupstitution

has be2en designated Auerbach's law by Roesler
of this relation into Eq. (17) means that the fracture stress
varies as the one-third power of the indenter radius. The
observed size effect in the fracture of glass has led to consider-

able controversy as to the physical explanation of Auerbach's luw.




One explanation of this size effect in glass is

based on modification of Griffith's criterion for brittle fracture
applied to flaws in glass surfaces. The modification takes into
account the fact that the stress required to initiat: a fracture
from a particular flaw in brittle materials depends on the size,
location, and orientation of the flaw in the inhomogeneous stress
field produced by a spherical indenter on a plate. It is then
conjectured that a larger stressed area (larger indenter radius)
has a greater probability of including a particularly weak flaw.

(10) points out, according to this reasoning

However, as Roesler
the scatter in the evaluation of the critical load should increase
as the size of the radius of the indenter decreases. This scatter
1s not observed experimentally; the scatter in the evaluation of

the critical load is the same for small as well as large indenters.
Statistical theories of fracture from assumed surface flaw distri-
butions in a Hertzian stress fleld have been advanced recently by

(12), and Fisher(13). Fisher

Tsal and Kolsky(ll), Oh and Pinnle
demonstrates that a particular form of flaw distribution 1s required
to obtain the Auerbach relation, Eq. (20). It is highly improb-
able that special forms of the flaw distribution are present in

all of the glass samples tested.

An alternative theoretical treatment of the problem

(14)

has been developed by Frank and Lawn , who employ Roesler's

10)
energy scaling criterion( . Roesler showed that the “arious




empirical relations for the production of cone cracks can be put
into the form that just before fracture the elastically stored
energy is proportional to the area of the circle of contact.

Since cone cracks are geometrically similar, scaling to the circle
of contact, Roesler suggested that .he fundamental form of
Auverbach's law is the proportionality between the elastically
stored energy and the crack surface area. Frank and Lawn(lu)
studied conditions for the instability of embedded cracks of the
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