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Pillai was wholly and of Sudjana partly accomplished on Project 7071, 

"Research in Applied Mathematics", and was technically monitored by 

P. R.  Krishnaiah of the Aerospace Research Laboratories.    The work of 
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Program No.  36390. 
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ON SOME DISTRIBUTION PROBLEMS CONCERNING THE 

CHARACTERISTIC ROOTS OF    SjS^1    UNDER VIOLATIONS 

by 

K.C.S.  Pillai and Sudjana 

1.    Introduction.    The distribution of the characteristic roots of   S.S« 

under certain violations was obtained by Pillai  [12].    In the present paper 

Pillai's distribution has been used to derive the following:    1) the density 
2 

function of   T,    a constant times Hotel ling's   T-,    2) the moments of   T, 

3)  the moment generating function of   T,    4) the m.g.f.  of Pillai's trace, 

5)  the distribution of Wilks' criterion and   6) the density function of the 

largest root in two forms.    These results are useful in studying the exact 

robustness of at least two multivariate hypotheses, namely,    a) MANOVA under 

violation of the assumption of a common covariance matrix and   b) equality of 

covariance matrices of two p-variate normal populations when the normality 

assumption is disturbed.    The exact robustness comparisons will be reported 

later. 

2.    The density function of   T.    In this section we will derive the density 

function of   T = X tr S.S"     where    S    (p x p)    is distributed   WCp^.,!.,«) 

i.e. non-central Wishart distribution on   n.    d.f. with non-centrality   fl   and 

covariance matrix   Z.    and    S2 (p x p)    independently distributed central 

Wishart    W(p,n2,E2,0)    where    n. ,n2 ^p   and    X    is a positive real number. 

^ 
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In the case of n. < p we have only n. non-zero roots of S.S.  and the 

density function of T can be obtained from that for n, 1 P if in the 

latter case the substitutions (n-.n^.p) ■* (p.n.+nj-p.nj) are made. 

Let us write ki ' Jzi2 s\ li2    and A2 " I Zl 2 S2 ^l 2 ' then 

applying (29) of James [6] we get the joint density of A. and A2 as: 

-tr «  4n, -tr A A.   ^.(n -p-l)   i(n -p-1) ,,4K 2 Ä   - >2,A |2 2     |Aj2 1 
C^P.nj5 e 'V ^ll* 

/ 
Re(Z)-X0 

etTZ'  \Z\' ri  expC-trCI-W)^) dZ 

^PCP-D     ^)(P+1)   ! 
where CjCp.n^ » 2Z    /[(2iri)z     T

v^2)]      ' 

A ■ zj E^1 ^i . w " n2 z'1 V2   and Z » XQ + i Y with X0 p.d. symmetric 

matrix and Y a non-singular real symmetric matrix such that (I-W) is non- 

singular. Note that the roots are invariant under the above transformations 
1      1 
I      2 

and also under the following transformation B. ■ (I-W) A. (I-W)  and 

B2 » (I-W) A2(I-W) . Using these, we obtain the joint density of B. and 

B- as follows: 

-trn  in2 -tr B   ic^-p-l)  .Wp-l) 
(2.1)  C^,^) e   -|A|Z 2 e   ^JBj2 1    l^j2 

tr Z  - "in.    - j(.ri.*T\0)                     - j          - j 
.   I                e  -|Z| Z ^I-Wl Z 1 J  exp(-tr(I-W) ZA(I-W) %)dZ 

Re(Z)-X0     - - "   

Now the Laplace transform of T ■ X tr S.S" » X tr B.B"  is given by 

E(exp(-t X tr B^"1)). So, to find this transform    multiply (2.1) by 

i 

— 
MililMIMliaiMiin liilTl" '-■A^-.J.-'--.J   *.    ^ 
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exp(-t X tr B.B" )    and integrate    B.    out, we get the Laplace transform of 

T    in the form: 

C2(p,n1,n2,X)e JA]        t 

tr Z      - -k. - yCn.+n.)       4(n ♦n.-p-l) 
• / / e      -|Z|    2 Ml-Wl    2    1    2  \*2r    '    2 

B2>0    Re(Z)-X0 - - . 

'.In . L - i 
• |l ♦  (tX)'1B2|    

2 1 exp(-tr(I-W)    2A(I-W)    2B2) dB2 dZ    , 

|P(P-1)       i ^(P+l)   öPn,        , 
where«      ^(p.nj.^.X) - 2^ ^(^^/[(Zni)^ X^       rp(in2)]      . 

11 2.   .L 
T ' T "22 Now letting   D- ■ A (I-W)        B,(I-W)        A ,    the above expression becomes: 

-tr 0     - ^n. -tr D-       jCn.+n.-p-l) 
(2.2) C  (p,n ,n   x) e       -JAl     ^ 1 / e       ~£\D \£ 

111 - D >o -l 

Re(Z)-X0 

1 

e       -jZl     *   l|l +  (tX)"1(I-W)A"1 D,|    2 1  dD. dZ    . 
tr Z     - -^n. 

/. 11 

Further, let us write 
i 

1 

|I  ♦  (tX)'1(I-W)A1D2|     
2 1 

k»0    K 

k    C^CX'^I^A'1 D2) 

 n^—s~ 

in (2.2) and integrate term by term with respect to   t    for sufficiently 

large values of   Re(t)    and then integrate out    D2   making use of (12) of 

Constantine  [1]  to obtain the density of   T   in the form: 
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C2(p,n1,n2,X)rp(i.(n1+n2))e       -|A|     Z ! TZ   1 

/ 
Re Z=»X0 

tr Z     - ■=« 
e      -|zi 2"1    ^    r ^iW"!4^^^      .  r.,£.4-i 

k=0 K       k! r  (^piij+k) 
c r(XA)"xci-w)]dz 

which is convergent for    IT/XAJ < 1,    where    Xj    is the minimum root of   A 

(see  [8]).    Now    (XA)"   being symmetric,  can be diagonalized by an orthogonal 

transformation   H e 0(p)    and perform the integration over   0(p),    then 

finally apply (17) of Constantine  [2] to get the density function of   T    as: 

i i - -sn.    -tr n   ijpn.-l 
(2.3) f(T) = [F d(n1+n2))/r (|n2)]|XA|    2 1 e       " T2   1 

1 k -i -i     jCn^p-l) 

k»0 ic kl  r (^pn +k) C (I) 

Formula (2.3) will give special cases as follows: 

a). For  ft - 0 which implies LJ(0) = (.fi^x  ^(1) where y = i^j-p-l), 

we have the result of Khatri [8] formula (9). 

b). For  A = I and  X = 1 we have Theorem 4 of Constantine [2]. 

3. The moments of T. In order to obtain the moments of T, we note that 

Tk = (X tr B.BlV = 'k ,-1. 
1^2   '     ' x    I CK:^B1B2 ^'    where    Bi    and    B2    are as in Section 2 

,th and we shall use the joint density of   Bj    and    B2    in (2.1).    The   k        moment 

of   T   is    E(Tk).    Multiplying (2.1)    by    Xk [ C (B^I1)    and integrating out 

first    B2    using (8) of Khatri  [7] and then    Bj    using (12) of Constantine  [1] 

we have: 

mmm |^|jjart|ji|ja||h|taAMtaj[^^^jM tim -, rrriTiinnir'MBMHHMM 



E(Tk) = CjCp.np Xk e 
-tr JJ 

f e^ -Izf ^ll-wf ^1 I r (ln2rK)r (in    K)C  [Ad^^ldZ 
Re Z=Xn " "  ~ K   p ^ ^        p 

Now transform    A ■*• H A H'    where   H e O(p)    and integrate over   O(p),    then 

the right hand side in the above expression becomes 

•tr n 
CjCp.n^e       * I T tyvK)T ty2,-K)    -g-^fy 

Kv-' 

Re Z=X, 

tr Z     - |n. - ^n, , 
e      -\Z\    2 1 I-W      2 1 C ((I-W)  l)  dZ 

1_ l_ 

Replacing   W   by   Ü2 Z-1 fl2    and noting that    ^((I-W)'1) = (^(1 + «(Z-Ji)'1) 

and rearranging the necessary variables,we obtain 

C (XA) 
E(Tk)  = CjCp.n^ I V  &IVK)T  fy2t-<)    -Z-fi 

tr U     - -rfi. . 
• / e     -|u|    z 1 C (I+OU'^dU    , 

Re U>0 - K , .,        . 

where    U = Z - n     Now using (17) of Constantine  [2] we have the    k       moment 

of   T 

jCVP-D 
'pv2"2'   "^K"-"-^« ^"-K^ 

(3.1) E(Tk)  =  [Pp^)]-1  I rn(K.-<)C^XA)Lj    ^ (fi)/C,(I) 

Finally using the fact that T (t.-O = [(-l)krp(t)]/(-t+ j(p+l))K , we get 

k  moment of T as 

iirmiiüiüiilrr .^i^.mi,^..  
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(3.2) Jc.      , „k    v   C
K^^  

L< 

f(nrp-l) 

Hen - (-ir I -^ 
(-") 

K    (f(p*l-n2))(c CK(I) 

which exists only for   n« > 2k+p-l. 

Formula (3.2) will give special cases for special values of   Q    and   A. 

If we let    ß » 0,    (3.2) gives 

E(Tk) = (-l)k I    (in1)(c C|c(AA)/C^(p+l-n2))(c    . 
K 

which is the result of Khatri  [8];    except that his formula contains an error 

in the denominator.   His denominator is    (y(p-n2-l))T   and the right one is 

(jtp-n^l))-.    Substitution of A = I, X ■ 1    in (3.2) will give the result of 

Constantino  [2]  formula (38). 

4.      Moment generating function of   T.    Pillai  [12] has obtained the joint 

density function of the roots    r,,.,., r     of   S.S"     which has the form: 
1 p ~1~2 

-tr 0     --k.     ^(n.-p-l) 
(4.1) C(p,n .n )e       ~|A|    

2 ^R]
1

    
1 n (r.-r.) 

it . > i>j    1    J 

C (A) 
.n    6    A 

I    I— 
k=0 K^p^Cpkl n=0 v;6 

- i-ir Cv(f(VVWA ^C6(R) 
L     I r rr"» nt * C6(T) nl 

where    g are constants (Constantine  [2], Pillai and Sugiyama  [14]), 

R » diag (rj,..., r )   with   0<r1<...<r    <«.,    6. ♦ ... + <5   ■ k + n, 

6 m (6-....,6 )    and 

1 2 

(4.2) CCp.nj,^) = u2     rp(i(n1+n2))/[rp(|n1)rp(|n2)rp(^P)]      . 
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To obtain the m.g.f. of   T - Xtr S.S'     we shall take the expected value of 

exp (t X tr R)    with respect to (4.1), since under the transformations employed 

by Pillai  [12] to get  (4.1),    tr S S"1 - tr R.    Now transform back    ?l + H R H' 
1M X ■> £ -V a, ^ ■, «■ 

where    H e 0(p)    and the latter matrix    R    is symmetric, then perform 

the necessary integrrtions (i.e. use (44) of Constantino  [1], and integrate 

out   R > 0),    we get: 

tr fi      - ^ 
E(exp(t ,\ tr R)) ■ (^(p.n^n^e        -|A 

I i    jiSJ        I   i ^ !Lv ^£.6 
k-0 K  (in1)< kl CK(I)    n-0   v,6 

tr(tXR)     T(n -p-1) 
/ e -  |Rr 

R>0 
C.(A AR)  dR      , 

where C^p.nj,^) - rp(^n1*n2))/[rp(^1)rp(in2)]      . 

Let us now apply (12) of Constantino  [1].    Upon simplification we finally 

obtain the m.g.f.  of   T    as: 

-tr n 
(4.3) E(exp(t X tr R))  -  [r (j(n1*n2))/r  (±n2)]  e '  |-t X A| 

1 
-2*1 

•Mr 
c (n) .n,l    v  ,1 l.-l. 

k-0 K  (in1)K kl C^I)      n-0    K.6 

- C-D"^),^^))^^^-^)  -A M 
L L n I 

Again,  as before we can put special values of   0    and   A   to get special 

cases.    Making a substitution   ft   - 0    in (4.3)  and noting that   g.      - 1, 

6 =   v    we have: 

(4.4) E(exp(t Xtr R))  -  [^(ifn^n^)/^^)] j-t X A| 

1 
2"! 

2F0(Inl' l(Vn2);     ^tX)"1 A"1)       , 

ii——i^ ii.-wrfr  ■   '   i—--"   -t    ■■-     ■ •>.*.^..' >   nitf 
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 1 1 .„ -■ ■ ~' 

while letting      A -  I    and      X ■ 1    and      v - 0    which  implies    < 

obtain: 

6    we 

(4.5) E(exp(t tr R))  -  [? fyn^))/?^)]^) 
- -^pn.    -tr ü 

•iFo(i(Vn2); ■t"1 ^ 

or in an alternative form: 

' I9"),      -1   ."  2(nl*n2)  'tr . (4.6) E(exp(t tr R))  -  [y^nj^n/Fp^m-t)    ''   ' \Un^ul 

5.      Moment generating function of   V^ .    To obtain the m.g.f. of Pillai's 

criterion    V^    which is defined by    V(p)  - tr[(XR) (I* XR)'1]    where 

R ■ diag  (r.,...,  r ),    r.,..,, r     being the roots of    S.3'  ,    we start from V    *1 'l~2 
-1 the following joint density of roots of    S S"       (Pillai   [12]): 

1 1 

C1(p,n1,n2)e 
tr fi     - ^»j     yOyp-i) - 2(-ni*n2) 

|I+XR| n  (r.-r.) .   .    i    y 

tr Z In 1 1 

•  /             e      -|Z|    ^.F-CyCn.+nJ;  I-x'1(I-W)IA"1(I-W)I,XR(l*XR)'1)dZ 
Re Z>0 - i u z    i    /        

where 

C1(p,n1,n2) *2    22 r ^(n1+n2))/[(21ri.)2 ^2)^)] 

1 Let    L ■ XR(I*XR)    ,    then the above density gives the joint density of 

roots    I.,...,  t     of   L    as: 

-fcr n        - -rn       7{n -p-1) yCn^-p-l) 
C1(p,n1,n2)e        '[XA] ^L^ \l-L\Z    " n    (l.-l.) 

i>J 
i    }' 

I e      -| 
tr Z     - -^n 

e      -|Z|     2  1    *   A 

Re Z>0 

1_ I 

1F0(y(n1+n2);   I-x'^I-W)2 A'^I-W)2, L)  dZ 

*•■•*—- •■ ■'■      ■ --i,iiM^[ i .1'-     jiHuk ii'm 'ii [tn.ai'' 
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where   0 < i.  < I- <  ...  < I    < 1  . 
I        2 p 

The expected value of exp(t. V^')    with respect to this density is 

■tr n 

1 

1 

Cl(,p,nl,n2) e 

I        t tr L       fCvp-l) j(n -p-1) 

L>0 ' "  " i>j     1    J 

tr Z 
e      -I2| 

Re Z>0 
2 1 iFo(i(ni*n2); ?'rlc?",!,)Y1(?'ü)2'I:)dl:d? 

Now use (31) of James  [6]  and rearrange the order of the integration to get 

(v) TPCP-1) ^CP*1)   ,      - i«,    -tr U 
E(exp(t VlpJ))  -   [2Z /(2iri)^ JJXAJ    Z  1 e 

-tr S     T(n.*n0-p-l) 

S>0 " Re Z>0 

tr Z      - ^ 
e      -Izl    2 1 

I                                               i             i 
/-      exp[tr (tI+S{I-X"1(I-W)2A"1(I-W)2})L] 

L>0   

i i^rP'15,    .i^-p-1) ILT ll-LT dL dZ dS 

After integrating out    h   using (47) of James  [6] we get; 

E(exp(t V(p))) - CjCp.nj.n^e 
•tr n       -in. 

-|XA|     2  !  / 
tr Z      - ~n. 

e      'Izl    2 1 

Re Z>0 

1 
tr S     yCn.+n.-p-l) i i 

7       e        "|S|2    1    2 1F1(^n1;j(n1+n2);tI*S{I-X"1(I-W)2A"1(I-W)2})dS dZ 

where 
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5P(P-1)        , 5PCP*1) ! 
C2iV,nltn2) - [2Z rp(^n1)l/[(2i»i)^ rf (ydij^))]    . 

Now expand    .F.    in terms of the series of zonal polynomials and use the 

relation: 

(5.1) 
C (IM) k 

K    - d-0    5 

where    a    .    are constants (Constantine  [2],  Filial and Jouris [13]), and 

then integrate out    S    to obtain: 

fni       ^p-1)   i h^K,  r ¥i ■trn 
E(exp(t V^))  -  I2Z F (^1)l/[(2wi)<£ ]|XAl    '     O        - 

tr Z 
7 *      -iZ| 

Re Z>0 

in.    -       (in.)    C (I)    k      ^ ... 

k-0 ic kl^nj+nj))   d-0 «       ' 
*n2»6 

1 1 

c fi-x'^i-toV^i-w)7) 
rrdr--- dZ 

Finally, applying (5.1) and transforming   A -•• H A H'    and integrating over 

0(p)    and using (17) of Constantine [2] we obtain the m.g.f. of   VlpJ    as 

follows: 

(5.2) E(exp(t VCp))) - e "^K.ri0!     r    v    W<
C

K^ XA I    I 
>0 K    kl(y(n1*n2))(c 

-1-1   T^VP-I) 
k . .   .    d a       C (-X XA ^r    1 (fl) 
r     r ,1, ^^    ^k-d    r    r       K.V    V _        V . 

'I    I    \ 6  ¥
nl+n2))6 t L    i  1  d-0 6      S6    ^    i    ^    ö n-0 v ^^ c^n ^^j 

For   fl - 0,     (5.2)  givei the result of Khatri  [8] with a correction of his 

expression given by Pillai  [11].    Another special case which can be derived 

10 
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from (5.2) is  formula (3.5) of Pillai  [il]  if in  (5.2) we let    A - I,  A - 1 

and we use (Constantme  [2]) 

(5.3) 
iCVP-D !_     n    r  (-1)S av 6 Cg(Q) 

W ' falK W    I   11 
s-0 0  ^l^o CoW 

and finally we let    6 ■ v ■ o 

,(P) 6.      The density function of   Wvtv.    In terms of the characteristic roots 

r^i - 1,2,..., p) of   SjS^1,    the WiIks'  criterion   W(p)    is defined by 

W^p^ ■  11 ♦ XR]"1. However, in the derivation of the density of   irpJ    we 

consider    W^  -  |l - L|,    i.e. we let    L - XR(I+XR)*1    in the formula (3.7) 

Theorem 2 of Pillai [12].    The joint density of characteristic roots 

i., I.,..., 2.      of L,    then, is 1'    2        '    p _' 

-tr n 
(6.1) C(p.n1,n2)  e        -|XA 

- -rfi       ^(n.-p-l) y(n -p-1) 
2 ^Ll2    1 |I-L|2    2 

"l*^. C  (L) 
ic  . 

i>j J    k-0 K 

-i -i i^rP-^ 
k a    . C-(-X ^ ^L^    1 (fl) 

d-0 6 (^i1)6 C6(I) C6(J) 

,(P) th 
where   C(p,n1,n2)    is as in (4.2) 

To obtain the density function of   WVF'',    first m find the   k 

of it and then use the results on inverse Mellin transform [3,4,5].    The    k 

moment of   trp^ 

moment 

th 

with respect to (6.1) is 

11 
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E(W(p))h - CCp^.rij) e 
■tr fi       - ■=n1 

-UM    21 

I iCn.-p-l) i(n ♦h-p-1) 
/-     |L|2   1        |I-L|2   2 n a -i) 
l>0    - • - i>j ■' 

n.+n.)      C (L) 

-i.-u i^i-p-1^ 

d-0 6      (^n^^CJ) C6(I) 

(") 

Now transform    L -•■ H L H1,    where   H e 0(p)    and    L    is a symmetric matrix. 

Integrating out   H    using (44) of Constantine [1]  and then    L   using Theorem 3 

of Constantine  [1], we obtain the   h*     moment of   *rpJ    in the form: 

(6.2) 
-tr «        - Trfi, 

-IXAl     2 1 E(W(P))h -  [rp(i(n1+n2))/rp(|n2)] e 

I    I 
k=-0 K il    r(r*a.) 

i-1 1 

^ - v«c<(-x r)L6 
-i.-u.^i-P-^ 

d-0 6       (ln1)6 CÖ(I) C6(I) 

(n) 

where    r » ^n2 ♦ h - j(p-l),    bi = j^1-1)    and   ai " ^i^p-i+i* ''i* 

Finally, on (6.2) we apply results on inverse Mellin transform [3,4,5]    to 

obtain the density of   W^    of the form: 

12 
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-tr n ^1 

(6.3)       f(W(p)) - [rpCjCn^n^)/^^)] e 

k-0 K 

rzni)"1 /       (w(p))'r  n rc^bj/ n r^a^ldr 
c-i« i-1 i-1 

i   i  TK-P"1) •l.-U.Z    1 /-o-» 

\.6 V-X    *    >^ 
dto 6 (^^5 C6(I) C6(I) 

The density function (6.3)  can be expressed in terms of Meijer's G-function 

since the integral in (6.3)  is expressible in terms of that function [10].    The 

density function of   Vrp^    is therefore: 

(6.4) f(W(p)) 
-tr fi        - in,     f x j^z'P"15 

- [rp(Wr.2))/rp(|n2)l e       ^    7l(W^)2 

CfCn^n^ (g^ScW    Gp.O  fw(p) 

-i.-iJ'V'-1» 

I l  n p.p 
k-0 < 

ai V 

k 

I    I 
a, C5(.X ^A ^)L6 (0) 

d-O  6 (lni)6 C6(I) C6(I) 

As in the previous sections, formula (6 4) will give special cases as 

follows: 

a) If we let  ft ■ 0, LY(0) - (^n^ C6(I) where  Y «= -^(n^p-l), 

and after making use of (5.1) we obtain formula (4.7) of Pillai, 

Al-Ani and Jouris [15] for testing the hypothesis H0: yA ■ I. 

X > 0 being given. 

13 
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b).    For     X ■ 1    and      A • I,    and after making use of (5.3) we let 

K ■ 6 ■ o (a   being the paratition of s    in the expansion of     L^), 

then we have formula (5.2) of [15].    Note that in this csme 

l.,l7,..., I     are the roots of determinantal equation 

|S   - ^(Sj+S^l  » 0,    and   W^    is the Wilks«  criterion for 

MANOVA. 

7.      The density function of the largest root.    In this section we derive two 

expressions for the density function of the largest root    r      of   S.S. .    In 

obtaining this density we start from the joint density of the roots    r.,..,, r 

which is given in Pillai  [12] by the formula: 

-tr fi 
Cjtp.nj.n^ e       -|A| 

^i. t¥
ni-v-v P 

R n    (r4-rj 
i>j 

i 'j- 

tr Z br 
Re Z>0 

/            2"P|l*HRH'(I-W)V  (I-W) 
O(p)   

1 ) 1 

i.-i„ .Jr 2(n.i+n2) 
dH dZ , 

where    R, Z   and   W   are as in the previous sections,and 

i?(p-l)        , 2P(P+1)        1 
CjCp,^,^) » 2^ rp(i0vn2))/[(2irir ^C^^ 

Now    use lemma 2 of Khatri  [8] by taking   g(F) -> r     and also ipply formula 

(44) of Constantine [1], then the second integral in the above expression 

becomes: 

12 1 11,, 
"5P i T i 7       " 7(ni+n5J 

I*      /r (ip)]|l * (I-W)^A ^I-W)^ r | 1    l 

pi ~ ~  ~     ~       ~   - V 

i i 
•  jFp^nj+n^; r'^I ♦ (I-W)    2A(I-W)   ^p1)"1.    rp I - R)    . 
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Let    hi - rj/rp.    1 - 1,2,..., p-1    and   H - diag (hj,..., h    j),    then the 

joint density of   r, h., h,,..., h^ .,    where    0 < r    < », 
p      1      ^ p-1 p        ' 

0 < hj < h: < ...  < h       < 1    is given by: 

-tr fi      - in      -spn.-l     i^n.-p-l) 
C^p.nj,^) e        '|A|    21 r2

p    
1    |H|?   1 |lp_rH|  n fr^) 

•/            e'^lzf^llMl-wA-Vw^rl"^1"23 

Re Z>0 ■  P 

- i - i 
' iFo(i(Vn2); (l^l'V 2^l-V Irp1)'1' Vr^ dz • 

where I   is the identity matrix of order p-1 and I is that of order 

p and 

CjCp.n^n^ 2      ^ rp(i(n1+n2))/[(2Tri)
Z     T (far fy)]    . 

Expand    JFQ   in terms of zonal polynomials and for integration with respect 

to   H   apply lemma 3 of Khatri  [8], then we obtain the density function of the 

largest root   r     of the form: 

-tr Q     - -L     *pn,-l 
(7.1) ^(p.nj.n^ e        -|A|    2 1 T^ 1 

k-0 K       k!  Tp^icnj+p*!)^) CJ1) 

I            e^lzl'^llMI-wA^Cl-W^rr^^ 
Re Z>0 -  P 

1 1 
2    -1,-1, 

' Q<[{1 * V-W        ^I'V       rp }    ] dZ    ' 

15 
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where 

CjCp.nj.n^ - ^(p.nj.n^r      (i(nrl))r      (^(p-l)/n 

Now, the integral in (7.1) can be written as: 

Re Z>0 

tr Z      - -an, .  - ^n.+n,) " T   i " T " 7(ni+n-)) 
e      '|2|    ri|(I-W)r A-1!    2    1    2  |l*(I-W)    V^CI-W)    2\    2    l    2 

--P- .-. p.~, 
.1 . i 

C  [U ♦  U-W)    ^r'^d-W)    ^"^  dZ    . K    -       - - v - - - 

Applying  (12) of Constantine  [1], the above integral becomes; 

P-     '  T, T  (jin^n^.K) Re Z>0 

tr Z      - -jn - jin *n ) 
I e      -|Z|    2 Ml-Wl    2    1    2 

/       exp[-tr{S(I+(I-W)    2 r^ACI-rf)    2)}]|S 
S>0 - -    >  < p . . . 

2   -l.,T .r I^.^WP-13 

• C^CS)  dS dZ    . 

Let    B -  (I-W)    * S(I-W) and compute its Jacobian, which is    J(S;B)»|l-W| 

After making a substitution and necessary rearrangement, the above expression now 

can be written as. 

(7.2) 
r A 

LB: 
■ir^W 

2,    Z. „i      Z 8,, ., ; 
r  (j(n1+n2), K)      n-0 v n!      6 "K v   Re Z>0 

tr Z      - -rfi, 
e     -Izl    2 1 

1, 

/ exp[-tr{(I*r"iA)B}] 
B>0 -   P - - 

, tr B     ^(n.+n -p-1) 
I*r"1A)B}l  e      - BT C6[(I-W)B]  dB dZ    , 

16 
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where g   are constants (see Khatri and Pillai [9]) and Z <5. ■ k + n, 

6 ■ (ö,,..,,* ). The second Integral in (7.2) equals 

(7.3) 
r    y   r M)» ^K^j Ca^^  

tr ? n iCn1+n2-p.l) 

B>0 a>0 a 

Ca[(I-W)B] dB  . 

where now (I+r'^A) is a diagonal matrix. Transform B -»• H B 11' where 

H e 0(p), then the volume element 

(7.4) dB - n (b.-b.)  11 db,(dH) , 
i>j i J i-1 

where    b,, i a 1,..., p,    are the roots of   B.    Making substitution in (7.3) 

and integrating over   H,    (7.3)    now becomes: 

/.../ I     I   ^ 
aaO a 

a! 
^^p1^ Ca^B)  tr B  j(n1+n2-p-l) 

ca~(i)    
e * ? 

C6(I-W)  p 
c*™ ^ 'hiV ttir ^ dbi 

where now B is a diagonal matrix B » diag (b.,..., b ) 
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Now let us transform the diagonal matrix B back to the symmetric matrix B 

and use (7.4) then integrate out H. Then we have 

/B>O    expt-trU^V}] a'' V^VV^ 

C5(B)  C6(I-W) 
dB 

C(I-W)        « 

' / exp[-tr{(I+r 1A)B}1  B 2    1    2 
CuCB) dB  , 

where g. ^ are constants and Z u. = Efi. + t ,  w =» CM, ,.. .> u„). 
O, T 11 1 p 

Applying  (12) of Constantino [1] to the above integral, we see that  (7.2) 

becomes: 

-     P~. tr Z     -in 
e      "■ Z     z Vd^dZ 

Re Z>0 s - 
—J    y  y  izDl  y   «    r tr z 

4(n1+n2).K)       n=0 v       nI      % *<.- }
Re z>0 *     " I 

Replacing   W   by   J z"1 n2   and making use of (17) of Constantino [2]  and 

combining the result with (7.1), we obtain the density function of the largest 

root    rp    of   SjS"1   as: 
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(7.5) 

1 -(n -p-1) 
L 2 1 (0) 

0 

where 

(7 .6) 

ote that in obtaining (7 .5) and (7.6), the relations r (a,K) = (a) r (a) p K p 

and C~(~p-l)/CK(~p) = (~(p-l))K/(~)K have been used. 

The dens i ty in (7.5) will give (16) of Khatri [8] if we let n = 0 

and K = o = lJ . 

Alternately, starting with (7.2) and directly integrati~ the last 

integral there using (12) of Constantine [1], we get 

(7. 7) 

Diagonalizing 

1 

tr Z - ~ 
· f e -jzj 2 1 C

0
[(I-W) (r ~~-l ]dZ 

Re Z>O - - P-

(r A- 1) by an orthogonal ~r~nsformation H and integrating 
P-

over O(p) and finally applying (17) of Constantine [2], we obtain the density 

func~·on of the largest root as: 

19 
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-tr fl 
(7.8)      Cip,nl,n2)e       '\h 

'P k-0 K kl^iyp*!))^) 

-UM*!'*'" 

n-0 v 
nT i gK v  r—  

(«) 

where    CCp^-.n.)    is as in (7.6) 

For   0 ■ 0    and    < "6,    the density of    r      is 

(7.9)    f(rp) C(p,n .n,) A| r 11  r ^ ^  
1    2    ' P k-O K kl  (|(n1*p*l))(c(^))K 

C(p,n1,n2)|A " K IP"!"1 
^(^(n^n^.ip*! i(p-l); 

y(VP*l). ^P:    tpA"1)    . 
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