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1. Introduction. The distribution of the characteristic roots of Slsi

R T Y T R e TR

ON SOME DISTRIBUTION PROBLEMS CONCERNING THE

-1

2 UNDER VIOLATIONS

CHARACTERISTIC ROOTS OF SIS

oy

K.C.S. Pillai and Sudjana

1

under certain violations was obtained by Pillai [12]. In the present paper
Pillai's distribution has been used to derive the following: 1) the density
function of T, a constant times Hotelling's Tg, 2) the moments of T,

3) the moment generating function of T, 4) the m.g.f. of Pillai's trace,

5) the distribution of Wilks' criterion and 6) the density function of the
largest root in two forms. These results are useful in studying the exact
robustness of at least two multivariate hypotheses, namely, a) MANOVA under
violation of the assumption of a common covariance matrix and b) equality of
covariance matrices of two p-variate normal populations when the normality
assumption is disturbed. The exact robustness comparisons will be reported

later.

2. The density function of T. In this section we will derive the density

function of T = A tr SISE1 where S (p x p) is distributed W(p,n},I,,9)

i.e. non-central Wishart distribution on n d.f. with non-centrality 2 and

-~

covariance matrix I, and 82 (p x p) independently distributed central

1
Wishart W(p,nz,EZ,O) where n,n, 2p and ) is a positive real number,




1

i In the case of n, <p ve have only n, non-zero roots of SIS} and the

density function of T can be obtained from that for n, > P if in the

latter case the substitutions (“1’"2’P) -+ (p,n1+n2-p,n2) are made.

1 1 1 1
1 1.7 2 MR 1.2 "2
1 Let us write A =z 8 I} 7 and Ap=3 S,y © s then
f ? applying (29) of James [6] we get the joint density of A1 and A, as:
? -tr 0 %"2 -tr A A2 %{nz-p-l) %{nl-p-l)
c,(pin) e ClATTe 77 1A, Al
ez -
. f e -~ |z| exp(-tr(I-W)A) dZ
Re(2)=X, - P -
E | 1 1
u 3p(p-1) pe)
‘ where C,(p,n,) = 2 /[(2mi) Pp(-z-nz)] ’
1 1 1 1
} A= Ef 2;1 Zf , W= ﬂz Z'1 92 and Z =X, +iY with X p-d. symmetric

matrix and Y a non-singular real symmetric matrix such that (I-W) is non-

singular. Note that the roots are invariant under the above transformations
1 1

and also under the following transformation §1 = (E-@)ilél(z-!)z and

1 s
Bz = (I-W)2 AZ(E-W)Z. Using these, we obtain the joint density of B1 and

§2 as follows:

3 1 1 I
) -tr @ =n, -tr B (n,-p-1) =(n,-p-1)
Ll 2 Sy, 1241 242
(2.1) Clemp e CIAT e 18, 1B, |
1 1
tr Z -0 -5 3
a 21 2
] . f e "z | 1-w|
Re (2)=X, ) T

1 1
(n;+n,) =% o)
exp(-tr(I-W) A(I-W) Bz)dZ

Now the Laplace transform of T = A tr SISE1 = ) tr BIB;1 is given by

E(exp(-t A tr 81851))' So, to find this transform multiply (2.1) by




d -
| e . e~
exp(-t A tr BIBEI) and integrate B1 out, we get the Laplace transform of
T in the form:
1 1
-tr @ 3n, - =pn
. 2 -
C,(p.nyuny,Ne  T|AIC Ct
FLi o= ';‘“1 ALY %'(“1’"2“"1)
: e ~|z| | 1-W] |8, |
B)>0 Re(2)=X,
-1, ';‘“1 ) %‘ ) %
< [T+ ()78, ] exp(-tr(I-W) “A(I-W) °B,) dB, dZ ,
i 1 1
?E-D (PO gy
where  C,(p,n;,ny,A) = 2 ‘p('f‘\l)/[(z'"l) A rp(i“z)] .
1 1 11
N . 2 ? 2 ,2 .
ow letting 132 = I~\ (I-!) I_B (.I_-!) l~\ , the above expression becomes:

] -tr 9 - %nl -tr D, -;-(nllrnz-p-l) 'R
(2.2)  Cyp,n,n,,) e T[A| [ e ] q
i 2 1’72 . 52 E
i D.,>0 i
4 2] b %

tr 2 - algnl 1 | = C %nl

. e “lz| “ |1+ (tA)TT(I-W)A Dzl o, dz . 3

Re (2)=X, - - A I .

Further, let us urite
o>

] 1 -1 -1

- ® C (A (I-WA™" D,) b
A ] b 1 -k SR 3
Ite @y taamnln ] Fla 1L gap 07 —hy 2
- = =2 2 k=0 «

i
L}

S

in (2.2) and integrate term by term with respect to t for sufficiently

e

N T R W R

large values of Re(t) and then integrate out D2 making use of (12) of

Constantine [1] to obtain the density of T in the form:




o S i ot L e

LR g ey

<

A el A o LB A D e o SR L N SRR A i A i

1 1
-tr Q - 5“1 -z-pnl-l

1 :
Co(Pony sy T G(nyny))e (4 T

1 ISyt k
trz M G0 Gy np)) (D

1 Can ™ (1M1
Re §=)_(O k=0 « k! l‘p(-z-pn1+k)

which is convergent for |T/M1l <1, where )\1 is the minimum root of A
(see (8]). Now (AI\)'1 being sy~metric, can be diagonalized by an orthogonal
transformation H e O(p) and perform the integration over 0(p), then

finally apply (17) of Constantine [2] to get the density function of T as:

1 1
7{11 -tr Q -z-pnl-l

@3 £ = MGom))/r Gl Tle -7
1 k -1, 70D
C§ oy S (T GO (®)
k=0 K ki T (gpn, +k) C (D)

Formula (2.3) will give special cases as follows:

. c e . Y _ 1l -
a). For S} 9 which implies an(?) = (inl).< CK(E) where y = 2(n1 p-1),
we have the result of Khatri [8] formula (9).

b). For A =1 and X =1 we have Theorem 4 of Constantine [Z].

3. The moments of T. In order to obtain the moments of T, we note that

k -1,k k -1 . :
T = (A tr B)B,7)" = A Z C.(B;B,"), vhere By and B, are as in Section 2

and we shall use the joint density of B1 and B2 in (2.1). The kth moment

~

of T is E(Tk). Multiplying (2.1) by AkZCK(B,BEI) and integrating out
K

first B2 using (8) of Khatri [7] and then B1 using (12) of Constantine [1]

~

we have:

B s

s o R A




-tr Q

k k -

E(T) = Cl(p,nz) A e ¥
:
) ™1 2 -1 |
- f e |z| |1 w| 2 T (—-n rT, &n, 0c [ar-w) 1z . 3
272 2 1 K i i e i 7 1
Re Z=X 11
~ -0
4
;

Now transform A +H AH where H e O(p) and integrate over O(p), then
the right hand side in the above expression becomes ‘
-tr @ C (A1)
Cl(p’nz)e z r (—ﬂl,k)r (-nZ’ K) m )

DR '%"1 '%“1 -1
- f e "zl |1-W] (1IN &
Re: &=l
1 1
2

Replacing W by 2 z”! 9° and noting that cK((I-W)‘l) = C (I +0(2-0)" 1y

~ o~ .

and rearranging the necessary variables,we obtain

C (M\)
B(T) = C,(p,n)) X B (-ﬂlsK)T (—nz. -K) “C—(_IT

tr U - %-nl -1
- f e ~|uj C_(I+qu ")du ,
Re U>0 - K= E= -
where U= Z - 0. Now using (17) of Constantine [2] we have the kth moment
of T
1
5(n,-p-1)

(3.1 BT = [nGnl™ It LGnye-C OBLE T @/C, (1)

Finally using the fact that I‘p(t,-m) = [(-l)kI‘p(t)]/(-t+ -;-(p-rl))'< , we get

kth moment of T as




: f

C () Li(nl-p-l)( Q)
(3.2) (T = (-)F ] =X =, |
Kk (z(p+l-ny)) C (I) :

which exists only for n, > 2k+p-1.

2

Formula (3.2) will give special cases for special values of 2 and A,

T L T T Yy A O 5 S Ao Do S R Sy

If we let Q = 0, (3.2) gives

™) = (D] Gnp, € ON/ G, N
K

which is the result of Khatri [8]; except that his formula contains an error

in the denominator. His denominator is (%(p-nz-l)) J and the right one is
(-;-(p-n2+1))J. Substitution of A = I, A =1 in (3.2) will give the result of

Constantine [2] formula (38).

4. Moment generating function of T. Pillai [12] has obtained the joint

density function of the roots Tiseres rp of S S;l which has the furm:

|
-tr & - %nl %(nl-p-l)
4.1) C(p,n,,ny)e ~]A] [R] M (r;-t.)
p - i>]
n § .1 -1
. C, (@ ® D" g, |, Gnyn,) (0 CR)
Lo L1 L C.(1) nl ’
k=0 "(5“1).<C.<(f)k’ n=0 v,§ St

where gﬁ , are constants (Constantine [2], Pillai and Sugiyama [i4]),
H

I3=d1ag (rl,..., rp) with 0 <r) <. <rp < o, 61 + ...t 6p= k +n,

8 = (61,...,6p) and

1 2

4.2 Cnn) = o8 1 Gaen))/ I Gapr dor &
. Poyamy) = m Ty (Gny )}/ [T G T, G T GR))




To obtain the m.g.f. of T = Atr S S'1 we shall take the expected value of

122 ¢
exp (t A tr R) with respect to (4.1), since under the transformations employed i
by Pillei [12] to get (4.1), “r SISEI = tr R. Now transform back R + H R H' 3

=5 - N - - t
where H e O(p) and the latter matrix R is symmstric, then perform 3 ]

the necessary integrestions (i.e. use (44) of Constantine [1], and integrate

out R > 0), we get:

-tr @ - %n

Blexp(t © tr R)) = C (e ne  “la] 2!

n §

© 1
C (™) - D" g, G,

nl

1
k=0 x (inl)x k! CK(E) n=0 v,§

tr(tAR) %{nl-p-l) -1
| e “ IR C,(AR) &R,
R>0 EL e

1 1 LI A
where Cl(plnllnz) = rp(i'(n1+n2))/[rp(?)l)rp(Enz)J
Let us now apply (12) of Constantine [1]. Upon simplification we finally

obtain the m.g.f. of T as:

1 1 -tra - ™
(4.3) E(exp(t X tr R)) = [Fp(i(“f“z))”p(i“z” e - ]-t A /~\|
® C, (@) » (1" (Gn) 5 Gy 1) g8 ol (1) 47Ty

) 1 n!
k=0 (inl)x k! CK(I) n=0 «,§
Again, as before we can put special values of R and A to get special
cases. Making a substitution 2 = 0 in (4.3) and noting that gg o 1,
~ ~ ’

§ = v we have:

- In
2™

(4.4)  E(exp(t Atr R) = [T (3(n;*n))/T (Gny)]|-t A A

11 -1 ,-1

7




while letting A =1 and A =1 and v = 0 which implies x = & we

obtain:

] 1 - %pnl -tr Q
(4.5) E(exp(t tr R)) = [rp('z'("l’"z))”p(i“z”(") ° )

'1Fo(%(“1’"2)‘ -7 R
or in an alternative form:
1 | .

1 ] -3y g - glneny) -tr @

(4.6)  E(exp(t tr R)) = [T (3(n;*n;))/T ()1 (-t) 1ot "n e

5. Moment generating function of V(p). To obtain the m.g.f. of Pillai's

criterion V(p) which is defined by V(p) = tr[(AR)(I*AR)'l] where

. -1
B = diag (rl,..., rp), Tiseees rp being the roots of Sl 5,7, we start from

the following joint density of roots of 51851 (Pillai [12]):

“p-1) - 3(nen

-tr Q
|1xR| 2

)
- 2
C,(p.n ,ny)e |§| n(r;-r

i>j

1 1
tr Z
e || 7“11 Fo(3(n,+n,); 1 w2 a2 ey Y az

- %“1 ';'("1
IR] §)

Re Z>0

where 121 1
ALV 3p(p+1)
C,(p,n;,n,) = 17 2 Pp(}-(nlmz))/[(hi) ( 2)r (—p)]

Let L = XR(I+AR)-1, then the above density gives the joint density of

roots f.,..., & of L as:
1 p -

-tr Q - %nl %(nl-p-l) %{n2~p-1)
C,(p,ny,m,y)e “|aA| IL| |1-L] no(ey 2 )
- £ i i>]
S %“1 1 RUR ; -1 %
e |z 1FoGny+n,); I-2 (i-W)“ A" (I-W)°, L) dz

o R R S e A

e



where 0<9.l<£2<...<2 <1,

The expected value of exp(t V(p)) with respect to this density is

wra

NCERES IR VT

PR O T

1 1
I t trl: |Ll-z-(nl-p-l) ) |7‘-,-(n2-p-1)

|1-L n (‘1"3)
L>0 - - i>j
1 1
) < 21 1 ) 3 WY JES I

e o ® T oty 1Tt a4

Now use (31) of James [6] and rearringe the order of the integration to get

1 1 ]
(p-1) 3p(p+1) -an, -tr @
E(esp(t VIP))) = [2§p P ey gl 21 -

1 1
-tr § -2-(n +n,-p-1) tr Z - =n
- ) " 2
] e |s] / e "z
$>0 K Re 2>0 £
1 1
L A, T -1, o7
« [~ expltr (tI+S{I-A""(I-W)°A™ (I-W)“})L]
L>0 o N ey s 5

1

1
5(n,-p-1)
I1-L|? 2 " aL az ds

-~ -~

1
5(n,-p-1)
2\

L]

After integrating out ! wusing (47) of James [6] we get:

) -tr Q - %nl tr Z - -%nl
' E(exp(t V7)) = C,(p,n,ny)e  “aA| ) e “~|z|
- Re 2>0 -
tr§ gngnyp-l) ) T
f e s] 1F1GAps5ng+n,) s t1eS{I-0" " (1-H) “A™ " (1-W) “}) dS dz

S>C

~ o~

| where




(G Gt Aol i i |

i L ase s TR YR S TYT

R et b et oo £oasctiaid g i (ool gt bt | 32 o >

1 ) |
(p-1) (p+1)
C,(p,n;,ny) = (2> rp(én,)l/uzm"’p r}_(§(n,*n2))1 .

Now expand 1Fl in terms of the series of zonal polynomials and use the

relation:
i
(5.1) N = a C.(A)/C (I)
e d=0 § k,8 6. K.

where a, , are constants (Constantine (2], Pillai and Jouris [13]), and
’

then integrate out S to obtain:

1 1 1

29 (p-1) P(+1)  -an -tra
E(exp(t VP))) = [2 rp(énl)l/[czwi)z 12| LRI

1
trZ -:=n, = ( ) C (I) k
- o -z 2! 7"1 I a st G o),
Re 2>0 k=0 « klcf(nl+n2))x d=0 §
1 1

c. (- ta-mita-md

$
CG(' =

Finally, applying (5.1) and transforming A -+ H A H' and integrating over

-~ - -

O(p) and using (17) of Constantine [2] we obtzin the m.g.f. of V(p) as

follows:
= (3n)
(5.2) E(exp(t V(P))) = e |AA, 7n1 ) 7“%.‘
x=0 x kl(z(n +n)))
1, 700y P-1)
X . d a_  C (-A A )L (®)
'dzo § 8 g Gpmy))g 5 ] p -
. - ns0 v ), C,(D € (1)

For @ =0, (5.2) gives the result of khatri [8] with a correction of his
expression given by Pillai [11]. Another special case which can be derived

10




R W TN P A T

b

e o

TP L

from (5.2) is formula (3.5) of Pillai [11] if in (5.2) we let A=, A =1

AL Al Bl s T AR S oo Tt K ARG

F,

s

and we use (Constantine [2]) i
3(n,-p-1) . D%,  C @ 4

5.3 L @ = Gny), € (D) i Z {3
50 5 (), o1 '3

and finally we let 6 = v = o . 1
{3

i;

6. The density function of W(p). In terms of the characteristic roots

ri(i =1,2,..., p) of SIS2 , the Wilks' criterion N(p) is defined by
W(p) = |I + ARI-I. However, in the derivation of the density of "(p) we
consider "(p) = II - LI, i.e. we let L = AR(IHR).1 in the formula (3.7)

Theorem 2 of Pillai [12]. The joint density of characteristic roots

ll, 22,..., lp of 5, then, is
-tr Q M %{nl-p-l) %{nz-p-l)
(6.1) C(p,n;,n,) e I)\Al L | 1-L]
Z Z 1402 C (L)
mo(2;-2;) ( )
i>j ] k=0 « 2 k'
>(n 17P-1
k o a, C (- l)Lf ()

d=0 & (2 Ps Cs(1) (D)

where C(p,nl,nz) is as in (4.2).
To obtain the density function of W(p), first we find the kth moment
of it and then use the results on inverse Mellin transform [3,4,5]. The kth

moment of H(p) with respect to (6.1) is

11




R T R e T e T R IR T Side Lot 1t i R R D U B i Ll i R T kb ik L s ol 1 b

-tr Q - l4n
EWP)M « cponpny e | 2!

1 1
I (n,-p-1) (n,+h-p-1)

S T EA i PR LA m(2-2.) §
L>0 - - i>j j %
® np*ny)  Ce(L) |

kgog_ =9, -~ @ |
z(“1 -p-1) '
k a5 ColxInh i @)

)

S (7“1)6Cc(5) Cs(D)

Now transform L + HLH', where HeO(p) and L is a symmetric matrix.

-~ o~ o~

Integrating out H wusing (44) of Constantine [1] and then L using Theorem 3

of Constantine [1], we obtain the hth moment of W(p) in the form:
( ) h -tr - %nl
(6.2) EWP)" = [r) (5(n 1*n /Ty Gn)l e |l
T r(eed
s () Gnp), € (1) T TR
k=0 x ki P
I r(rea;)
i=l
>{(n -p-1)
k aK'G Co(-A" A 1)L2 1 @)

SUG (2“1 s C(1) Cs(D

1 1 1
where r = 30, + h - 7(p-1), b; © -2-(1-1) and a, -2nl p- .ielt bi'
Finally, on (€.2) we apply results on inverse Mellin transform [3,4,5] to

obtain the density of W(p) of the form:
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1
-tr Q - =N
(p) 1 1 . it
(6.3)  E£NP)) = [T Grlny+n))/Tplznp)l e RYN

1 1 1
I (3(n ), Gy, 6 (D (w(p))'f(“z""”

k=0 « ki
c+iw . P P
Cnyt [ )T M r(eeby)/ 1 T(reay)]dr
c-i= i=] j=1
-1,-1 3P
koo o8 g Celd 8Ly @

' 1
d=0 §  (zn))s CsD) Co(D)

The density function (6.3) can be expressed in terms of Meijer's G-function

since the integral in (6.3) is expressible in terms of that function [10]. The

density function of W(p) is therefore:

(p) . 1 -tr 0 - %nl @) -;-(nz-p-l)
(6.4)  £ONP)) = [T (Gln 370} /T (gnp)] e MLV I o)

1 1
(7(n1+n2))< (Enl)x CKQ) Gp,O (w(p) al""’ap)
k! P,P bl""’bp

k=0 x

1
=(n ..p..l)
-1,-1,,2%1
k aK,G CG(-A {.\ )Ls ((3)

d=0 § (%“1)6 Cs(1) Cs(D)

As in the previous sections, formula (6 4) will give special cases as

follows:
= Y = 1 = -.1— )=
a) If we let f} 9, l_.s((}) (inl)é CG(!) where vy = 2(n1 p-1),
and after making use of (5.1) we obtain formula (4.7) of Pillai,

Al-Ani and Jouris [15] for testing the hypothesis Hy: yA=1,

A > 0 being given.
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b). For XA =1 and l~\ = E, and after making use of (5.3) we let
k= § =0 (0 being the paratiiion of s in the expansion of LG)’
then ve have formula (5.2) of [15]. Note that in this cave
2.1,9.2,..., 2p are the roots of determinantal equation

S, - 2(S,+S.)| = 0, and W(p) is the Wilks' criterion for
1 2122

MANOVA,

7. The density function of the largest root. In this section we derive two

expressions for the density function of the largest root rp of SISZ1 In
obtaining this density we start from the joint density of the roots Tyseres rp
which is given in Pillai [12] by the formula:
1
-tr 0 - ) 7(“ -p-1) p
C,(p,n;.m,) e ~|A| |R| mo(ry- j)
N i>j
1 1 l 1
trZ - 30 - =(n,+n,)
- f e -lz] *1ly 2P| LohRH" (1- W)fA (1-W) LI AR NI
Re 2>0 - o(p) i S -

where R, Z and W are as in the previous sections,and

C,(punony) = 2 £ G3n on,))/ [(2r1) T Gny)]

Now use lemma 2 of Khatri [8] by taking g(F) = rp and also apply formula

(44) of Constantine [1], then the second integral in the above expression

becomes:
12 1 1 1
2P 1 Z,-1 7 7(nmy)
[x* /r @RI+ (- A (-0 x|
oy -1
) 1 S | W Zxerowny 2 -15-1 )
1Fo(ginymp)s xp (Lo (I-W) "MW "y mp I-R)
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Let hi = ri/rp. i=1,2,..., p-1 and H = diag (hl""' hp-l)’ then the

’

joint density of rp, hl' hz,.... hp-l' where 0 < rp <

0 < h1 < h: SRS hp-l <1 1is given by:

1 1, E

71 3(ng-p-1) ‘
H I ,-H| T (h,-h

rp |~| |~P"1 '|i>j( i j)

A s

1
-tr 0 - g0
% 1
C,(p,ny,n)) e [A]

o i

P ¥

e |z
Re Z>0 -

—

1

1
=8 = = (n -n )
s awminta-w? | 1

-
2

1
1 - K -1,-1
Folgloyngds (Letl-w) a0 =™, 1 o) @z,

T T DR T O oy

where Ip-l is the identity matrix of order p-1 and I is that of order

p and

%p(p'l) %’92 1 .';TP(P*” ) 1
C,(p,ny,n,) = 2 m I‘p(f(nl'fnz))/[(m) rp(‘z‘“z)rp(?’)]

Expand lFO in terms of zonal polynomials and for integration with respect

to H upply lsmma 3 of Khatri (8], then we obtain the density function of the

largest root rp of the form:

-tr Q- %nl %pnl-l
(7.1) C5(p,nyum,) e |l~\| D

°Z° ) (%‘("1*"2))&;-1(%’”1"‘) Cellpy)
ks0 kK I‘p_l(-;-(n1+p+1),v<) (D)

1 1 1 1
trZ - 3n 5 = - =(n,+n.)
e -|z| 2 III o (I-W)ZA l(I-W)z r_| 2 T2

1 1
cC [+ (1w 2wy 2

-~ o~ o~

-1,-1
dz ,
rp} ] Z
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where

1 -{p 1)?
Cs(pinlinz) = cz(plnlDnz)rp_l('z-(nl-l))r ( (p 1)/"

Now, the integral in (7.1) can be written as:

1 1 1 1
tr 2 1.~ F(ngen,) - = 5 - 5(n;+n,)
{ e “lz| Enl|(1 W D[ARZaalissd |1+ (1-W) 2 lyaewy %) 2102
Re Z>0 - - <. -
&> 1 21
C _[{I + (1-W) 7-r A(z-wy 27 dz

Applying (12) of Constantine [1], the above integral becomes:

1
-1," 3(n,+n,)
Irl\ll212 tr Z -;1 -%(n1 )
) e -|z| | 1-W]|
rp(i("l’"z)"‘) Re §>(_)
1 1
=3 3 Z(ny*ny )
« [ exp[-tr{S(I+(I-W) r h-w )}]lsl
S$>0 D T
* € (S) dS dz
1 1 1
7 "7 7(P+1)
Let B = (I-W) S(I-W) and compute its Jacobian, which is J(S;B)-lI-Wl

After making a substitution and necessary rearrangement, the above expression now

can be written as,

1
i _(n +n )
-1 241 2 1
lr_A ® n s tr 2 - zn
2 - - 1
(7.2) —B= I D 188 7 e -zl ?
I‘p(i-(nlmz), ) n=0v 8

-1 tr B 2(n +n
] expl-tri(ler MBI e B C,[(1-W)B] dB az ,
B>0 - - - ~ S o c
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where g: , 8re constants (see Khatri and Pillai [9]) and L Gi =k +n,
]

§ = (61,...,6p). The second integral in (7.2) equals

-1 1
w 138 C (I+r “A) C (B) trB 5(n,+n,-p-1)
(7.3) I z Z ( i% a‘. 4%721) A ._ . .IBIZ 172

B>0 a=0 a -

c,[(-mB] B,

~ o~ o~

~ -~

where now (I+r;1A) is a diagonal matrix. Transform B +- H B Li' where

H € 0(p), then the volume element

P
7.4 dB = I (b,-b, n db,(dH) ,
(7.4) S DERREAC)

where bi’ i=1,..., p, are the roots of B. Making substitution in (7.3)

and integrating over H, (7.3) now becomes:

-1 1
w (-1)? Catz+rp A) C,(B) trB >(n +n,-p-1)
as0 «a all =
B T Bb) S B a
o 1>j SR MY B i’

where now E is a diagonal matrix ? = diag (bl,..., bp).
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Now let us transform the diagonal matrix B back to the symmetric matrix B

and use (7.4) then integrate out H Then we have

- tr B (n +n,-p-1)
/ exp[-tr{(I+r 1A)B}] e "IBIZ Lg
B>0 = P
Cs(B) CG(E-Y)
Cs(1)

dB

Cs(I-W)
i

CA¢Y tzogal_ E

- 5(n,+n_-p-1)
] expl-tr{(Ters'mBH B2 Y 2T Copy ap |
B>0 - P e e

~

where g: are constants and I My o= ZGi +t, us=s (ul, e, M )
Applying (12) of Constantine [1] to the above integral, we see that (7.2)

becomes:

1
-1, 7 *n,)
|I+rA1| 27172 tr Z -%nl
B~ e |z Cs (1-W)dz

r (zfn +n2),x) Re Z>0

~ o~

[c, (01! Id I g, LGy n) e (et

1 1

5 5
Replacing W by 92 Z = 92 and making use of (17) of Constantine (2] and
combining the result with (7.1), we obtain the density function of the largest

root rp of s.571

1°2 as:




1 1 1
-tr @ - 30 - 5(n,+n,) 5pn,-1
S ™ -1," z(ry*mp) Py
(7.8)  Cle,npunyde  C[A] T LA 5
1
1 1 i A R
. o (59‘1).((7(?‘1))‘ E z g_lzn Z 36 8 (~)
!
k=0 & kI(G(n +p+1)) Gp) n=0 v ™ 5 OV (3n))C,(D)

P 1 M 1 -1,.-1
. - 1 1 A s
tZO E t! E 36,1 (2(n1+n2))u Cu[(-+rp -) ]
where

PTG )T (Gp+)

(7.6) C(Ponlsnz) - 1 1 1 1
TEPIT AT, G )T, (G, +p+1)
Note that in obtaining (7.5) and (7.6), the relations rp(a,x) = (a)Krp(a)
and € (I,_,)/C (1) = (3(p-1)) /(3p), have been used.
The density in (7.5) will give (16) of Khatri [8] if we let Q =0
and x = § = .

Alternately, starting with (7.2) and directly integrating the last

integral there using (12) of Constantine [1], we get

1

(7.7) i
rp(;(nl+n2),x) n=0 v

n
-1) )
( ;l % Ee,v I.p(%{“l‘mZ)’G)

tr Z - %n
e ~|z|

Lo (1) (x_ a7ty 14z
Re Z>0 == P i

Diagonalizing (rpA'l) by an orthogonal transformation H and integrating

over O(p) and finally applying (17) of Constantine [2], we obtain the density

-1

function of the largest root rp of Sls2 as:
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tr g - an %pnl-l « (%p*l)x(%(p-l))‘

(7.8) Clp.npnde Il Pl

P k=0 « kl(%(nl+p¢1))‘(%p)x

]
- n,-p-1)
%‘“1’“2))5(:6(”1:’.‘ I)LZ( : (2)

(%"1)6 Ce(D)

Ty,

n=Q v

where C(p,nl,nz) is as in (7.6).

For @ =0 and « =§, the density of rp is

1 1 1 1 1 -1
- = n.-1 = ( n,+n )) (—p#l) (—(p-l)) C (r A7)
2 2 2
(.9) £Gx)) - Cpany i) 14| 2 1r'2p9 1 3{n, . Pt : “k\p
: ke0 & kI (5(n,*p*1)) (3P, ;
- ln %pn -1 -
21 1 1 1 1 : '
= c(pnnlnnz)lél rp st(?(nl*nz) nip*l!-z'(p'l);

1 1 -1
?(nl’p’l)o 79: l‘pA )

-~
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