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FOREWORD

This report summarizes the work accomplished under Contract F33615~70-C-1302,
"Development of an Understanding of the Fatigue Phenomena of Bonded and
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Force Flight Dynamics Laboratory, Air Force Systems Command, Wright-Patterson

Air Force Base, Ohio 45433. Mr. Rodman Joblove, FBC, was the Air Force
Project Engineer and Mr, A, C. Fehrle was the Lockheed-Georgia Program

Manager.

The authors of Volume I are Mr, J, N, Dickson, Dr. T. M. Hsu, and

Dr. J. M, McKinney. Mr, Dickson and Dr, Hsu are jointly responsible for
the development of the .losed form analysis procedures and the finite element
analyses performed during the program. Dr. McKinney was responsible for the

photoelastic analyses.

This technical report has been reviewed and is approved.

For internal control purposes, this report has been assigned Lockheed~Georyjia

Company Report Number ER-11319,
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ABSTRACT

This volume describes the analvtical methods thot were ganercted or used as port of this

program. The main body of this volume is divided into three chapters, cs follows:
o Closed Form Analysis Methods
o Finite Eiement Analyses

o Photaelastic Stress Analwsis

Emphasis wes placed on the development of closed form analysis procedures for honded
joints in lominated composites. A comprehensive linear anclysis method and associated
computer program (BONJO I) has been developed. Numerical results obtained with this
program are cc nparad with finite element analyses, strain goge data, and photeelastic
results. A "Plastic Zone" approach was used to extend BONJO 1 to include joints with
ideally elastic -plastic edhesive stress-strain behavior. The theoretical development of a
rigorous non-iin2ar anclysis procedure for bonded joints hos beer presented. However,

this method was not corried beyond the expioratory stage.

Finite element anclyses used to evalucre the step lap bonced joints and boited ioints are
Y P iap |
presented and discussed. Fhotoelastic stress analysis procedures used in the program are

described in the final chopter tngether with the results obtained.
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I. INTRODUCTION

This program was undertaken to develop an understanding of the fatigue phenomena of
structurol joints in advanced filamentary composite materials and to develop analytical
and testing methods to support proper fatigue design of advanced composite structural
joints. The program included the evaluation of both bonded and bolted joints. Primary
emphasis was placed on joints in boron-epoxy. However, a limited evaluation of bonded
joints in graphite-epoxy and glass-epoxy was included. Although ¢ .e sizes of the joints
for this investigation were small (one to ten inches in width) all configurations evaluated
are representative of typical structural joints curreatly utilized in advanced filarientary

composite structures.

The program consisted of three major areas of investigation:
o Analysis Methods
o Fabrication, Inspection, and Testing

o Fctigue Analysis and Failure Mode Studies

Analytical methods for determining joint stresses were divided into two major tasks:

(1) analysis of bonded joints and (2) analysis of bolted joints. Primary emphosis was
placed on the development of a closed form elastic analysis procedure for bonded joints.
This analysis was used to evaluate a number of joint variables. A “plastic zone" approach
was used to extend the closed form analysis procedure to include joints with inelastic
adhesive stress-strain behavior. The results of the elastic closed form solution were
verified with finite element analyses, photoelastic analysis and strain gage data. Finite

element analyses were used to evaluate the step lap bonded joints and bolted joints.

The experimental program consisted of fabrication, inspection and testing of a lorge
quantity of joint specimens. Fabrication and inspection methods were established which
resulted in specimens being fabricated to close tolerances and of uniformly high quality.

This provided specimens that would consistently develop siresses that were predicted by the
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analytical methods. Developing testing techniques and actual specimen testing was a
maijor portion of the program. Establishing proper specimen support was essential to
obtaining repeatable joint strengths within a specimen configuration. Equally important
was determining the proper cyclic rate for the different stress ratios and specimen configu-

rations fo preclude specimen heating and esratic fatigue lives.

Evaluation of the e<perimental results was divided into two sepcrate but related tasks.
These tasks were faiiure mode studies and fatigue analysis. The failure mode studies
mentioned were photomicrographic analyses of the failure surfaces. This failure mode
analysis does not replace but sugments the gross failure modes genetally defined within the
experimental phases of o pregram. The photomicrographic analysis conducted within this
program established failure modes related to specific joint designs, joint loading, ond
fatigue history. The fatigue analysis established relationships between specimen configu-
rations, joint variables, matericl combinations, loading conditions and stress ratio effects
for constant amplitude loading. The relationship between constont amplitude fatigue and

spectrum fatigue (block and realistic) was also evaluated for specific joint configurations.

This report is divided into three separate volumes each containing the developments
accomplished within a major area of investigation. Each volume is a self-contained
document, complementing the other two volumes but not dependent upon them for

coherence or continuity. The titles of the three volumes are:
Volume | - Analysis Methods
Volume Il - Fabrication, Inspection and Testing

Volume I - Fatigue Analysis and Failure Mode Studies

Volume | is divided into three chapters, with primary emphasis being placed on the first
chapter. This chapter, entitled "Closed Form Analysis Methods, " ceatains sections on
earlier methods and their short-comings; the development of the analysis procedure
BONUJO |; the plastic zone extension of BONJO I; and a section on numerica! results.
The second chapter is devoted tc finite element analyses of the step lap bonded joints and

mechanical joint specimens while the third chapter deals with photoelastic analysis

methods.

R i S G B = o n



Il. GENERAL DISCUSSION .

1.0 INTRODUCTORY REMARKS

¥
The increasing utilization of advanced filamentary composites in the design of aitcraft and
space vehicles has necessitated the development of more sophisticated methods of analysis.
Prior to the introduction of these new materials, the use of adhesive bonding was limited
almost entirely to secondary structural applications. The design-of bonded joints was based
largely on experimental data. Theoretical methods such as those by Goland and
Reissner (1), Volkerson (2), and Szepe (3) were used to obtam o more detailed knowledge
of the distribution of adhesive shear and normal stresses in bonded lap ioints and were
generally considered as ndequate for that purbose. '
The determination of stresses in bonded joints with laminated composite adherends,
however, is much more complex thon in those with, isotropic odherends.l This increased
complexity can be only partly attributed to ﬂ:te fact that composites are anislofropic and
heterogeneous. A large part is caused by the necessity to account for the effects of inter-
laminar shear and normal siresses in the analysis of composite joinfs. Numerical results

that demonsirate the importance of the above effects are presented in this report.

Another factor that moy be important in the anclysis of composite joints.is the presence of:
residuai thermal stresses. These stresses are caused by bonding or curmg at elevated
temperatures and subsequent cooling to operahng temperatures. Although thermal stresses
are infroduced in all multi~directional lamipufes, they become’especiolly significant when

. . ., - P - - . o' '
bonding highly dissimilar materials such as boron and aluminum or graphite and aluminum.

It is within the capability of most large finite element progrdms in existence today to
perform an analysis of virtually any degree of complexity; but such anolyses are cumber-
some and costly. In addition, the prepcration of input data and interpretation of results is

extremely time consuming. It is therefore preferable to use direct or closed form methods

wherever possible.

}
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S;nce the majority of specimens to be analyzed as part of this program were simple bonded
, lap ioints of uniform geometry, it was decided t> develop a closed form procadure for
’ composite iéints. Although it became necessary to develop a more comprehensive pro-
cedure than initiclly anticipated, for the reasons mentioned previously, the method turned
' out to be very efficient and offers fremendous cos. and time savings as compared to the
finite element method. Finite element analyses, however, were performed for some of the

step lap joint and mechanical joint specimens and for the verification of the closed form

ST Ems’iiﬂ,ﬁ%ﬁfi-?ﬂﬁ,SWE%@‘?SI}«MQ.W S

procedure.
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2.0 NOMENCLATURE

4

Symbols are defined in the text when they first appear. A list of the most important ones

is given below for convenience.

. : A,B,D Lominate Stiffness Matrices
{:

E| | l E . Young's Modulus

J G Shear Modulus

X3

2 L Overlap Length

M, M, M Stress Couples

3 x" Ty Uxy

5 !

3 N,N,N Stress Resultants

X b4 Xy

g .

; Vx' VY ‘ Tronsverse Shear Forces

% hN ‘ " Distance irom Reference Surface to Free Surface of Laminate
= i )

t . ; Thickness

E ‘U, v, W Displocements in x, y, and z directions

' X, ¥,z Cartesian Coordinates
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Superscript
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EPAR FACHN ) v

IO

S
A
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i

Thermal Expansion Coefficients
in Plane Strains

In Plane Plastic Strains
Normal Strain

Norma! Flastic Strain
Transverse Shear Strains
Adhesive Effective Stress
In Plane Stresses

Normal Stress

Transversae Shear Siresse
Poissan’s Ratio

Upper, Lower, Adhesive

th .
Reference Surface, k' Lamina, Temperature
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Hl. CLOSED FORM ANALYSIS METHODS

1.0 GENERAL

For the purpose of this report, theoretical msthods other than finite elemeni or finite
difference procedures will be defined s closed form methuds of analysis. This will
include ite-ative as well as direct solutions based on the theory of elasticity. The assump-
tions of small deformations ond uniform geometry are made throughout this section.
Additional assumptions will be discussed as they are applied. Closed form solutions are
developed for the two joint ccrnfigurations shown in Figure 1. Because of assumed sym-
metry, only one half of the single lap joint and one quarter of the double lop joint need to
be considered as shown by the heavy dashed line. The length of the joint is defined in
Figure 1 os being in the plone of the paper and in the direction of the chosen x-uxis. Tne
width of the joint is the dimension perpendicuiar to the plane of the paper (parallel to the

y-oxis}. The region 0 < x < L will be of primary interest and the governing differential

equations to be developed will apply to this region only.

2.0 PRELIMINARY INVESTIGATIONS

After o thorough evaluation ol availoble theoretical metheds, it was decided early in the
program to develop o procedure for the anulysis of simple laminated composite lap ioints
based cn the GolandReissner (1) differential equation approach. This procedure required
the removal of the imposed symmetry restrictions in the Golond-Reissner analysis anc the
substitution of gross lominate properties in place of the isotropic elastic moduli. The

Kirchhoff assumptions, however, were assumed to remain valid in this initiai procedure.

For the cuse of single lap joints with relotively flexible bond loyers and isotropic
adherends, Goiand and Reismzr obtained the following uncoupled differential equations

o o . .
for the shear stress, C g and the normal stress, o, in the adliesive:
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It might be remarked that there is an inconsistency in equotions (1). The first equation is

based on plane stress considerations while the second one assumes a condition of plane

strain.

The above equations are uncoupled as a result of the requirements that the thickness and
material properties of the two adherends must be ider:tical. If these restrictions are
removed one may, by using essentially the same procedure, obtain the two coupled dif-

ferential equations:

° 46 fi-v2 1-vA\d® 66 [f1-v2 1-42
Xz __a u L a u L

+ Xz _ _ =0
dx3 ta Eu tu EL*L dx to E f2 E t2 z
U u L'L
(2)
a%° 12 H-vE 12 6 f1-v2 1-v8\a®
z, a v, L o°+ a v _ L Xz =0
ot o \ed e8]z L \gd gl &
uu L'L U u L'L

These equations thus represent the governing differential equations for a single lap joint
with unequal isotropic adherends in a state of plane strain (in the x-z plane). Eu and EL
are the elastic moduli, v, and v are the Poisson's ratios, and tu and t are the thicknesses
of the upper and lower adherends, respectively. To obtain the relations for a plane stress

condition, the Poisson’s ratios are dropped from the above equations.

The norma! stress, a_, may be found from the first of equations (2) and then substituted

into the secend one fo yield the following sixth order differential equation ix (do: z/dx):

é 4 2 da®
d d d Xz _
(“‘6‘* Cy—ztCy— C3> ax 0 @)
dx dx dx




Y oo

G
SRR s

el

,,
[ AR

Y s s

4G At -vh
c = c v, L)

i to \Eutu ELtL
2

12E [lv? 1l

C = a u, L

2t 3 3
u

where the )\i‘s are the roots of the equation:

X6+C )\4+C ?\ZTC,.=0
1 2 3

The constants Ai may be determined from the boundary conditions.

(4a)

5

(6

The analysis for o double lap joint configuration is similor to thot of a single lap joint and

differs only in the coefficients of equation (3) and the boundary conditions. The coef-

ficients, Ci' for this case become:

4G 1—\)2 1—\)2
C.=- aQ v, L
i t E 2E.t

a utu L
126 fiy?
C,=—>[—2
2 to Et
3]
36E_G_ {A-vi 2
C.=C.C.+
37¢ & 2 \E t2)
uu

(4b)
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represents the total thickness of the plates to be joined and t is the thick~

In the above ti.

ness of each splice plote.

The differential equation {3) applies to joints with laminated composite adlierends; but the
coefficients C, will now involve the gross laminate stiffness properties. The stiffnesses

may be obtained from laminated plate theory* without difficulty. The constitutive equa-

tions for o thin lominated plate are generally written in the form:

{N} =[Al{e} - [B]{x}

(7)
{M} =[B}{c} - [D1{»]}
When the laminate is in a state of plane strain, one has, therefore:
_ )
N = Anse B
(8)

- o]
M =B P

o, . . . .
where ¢_ is the strain at the reference surface, which will for convenience be taken at the

interface of the lominate and the bond layer. The gross laminate stiffnesses are given by:

N
_ (k)
Al -*-Z Cyy by =y )
k=1

k=1 )

*Note that at this point the Kirchhoff assumptions are still assumad to ke valid.
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In the above expressions, the positive sign refers to the upper laminate and the negative

. . . . th

sign to the lower laminate; hk is the distance from the upper surface of the k layer
(lower surface for lower laminate) to the bond layer interface. For a single iap joint with

composite adherends, one now obtains:

c [ oY bt
Y e | M|
1 t U =u L =L
a \A.,D A .D

1171 11 711

_af 1 1
R (4e)
Vi Un
2
EcGo BLI’] BII-]
C3=C Gyt 7\ 5 +AL =L
a 11T 1 1171
while for a double lap joint one finds
U
c .2, P
1 t L U =u
a \Ayp Ap Dby
Eo 1
Sl (4d)
a D”
] 2
EoGa B"IJI
C3=Cy Gy 2\ 5
a 11T 1N

When the laminates are in a stote of plane stress (in x-z plane), i.e.
2 0,
y Xy yz
the gross laminate stiffness properties are obtained by replacing C](k) by 1 /S(]k]) in equa-

1
tions (9). Ch and Sh are defined in reterence 4 in terms of the elastic constants and

lamina orientations.

11
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After the coefficients, C., are determined, the roofs, Xi , can be calculated from equation
(6). Seven boundary conditions are now required to cbtain a solution and define the state
of stress in the joint. None of the conditions that were used, however, pertained to the
adhesive shear stress and as a result the peck shear stresses occurred at the ends of the
joint, as was the case in the Goland-Reissner analysis. This cannot be correct, of course,

and it will be shown later that in reality the peak stresses occur slightly inward from the

edges.

The fact that the location of the peak shear siresses in the adhesive could not be
accurately predicted was not considered a major argument against the use of the method

described here, but studies were made which indicated that the magnitude of these stresses
was considerably lower than calculated with this analysis. It was conjectured, and later
substantiated, that because of the relatively low transverse shear stiffness and normal

stiffness (through the thickness of the laminate) of most fibrous composites, adherence to

the Kirchhoff assumptionscould lead to unacceptable errors.

The above method of analysis was therefore discontinued and a more rigorous procedure

developed in which the Kirchhoffassumptions were discarded. The theoretical development

of this procedure is presented in the following sections.

3.0 GENERAL EQUATIONS FOR LAMINATED COMPOSITE JOINTS

3.1 Lomina Relations

The laminate is assumed to consist of orthotropic layers which may have arbitrary thickness
and material properties. A Cartesian (x, y, z) coordinate system is used as the plate
reference system in which the z-oxis is normal to the plane of the plate. A small splice
cut from the laminated plate is shown in Figure 2. The material symmetry axes (1, 2) of
ecch lomina lie in a plane parallel to the x-y plane but may be rotated about the z-axis

through an arbitrary angle 8. The thermal expansion coefficients are also assumed to be

orthotropic and hence:
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The linear strain-displacement relations for the k™ lamina may be written:

: RO C RN C I O
: X x yz z y
; KT O P S (10
B Yy y Xz z X
§ RCT RN I O
. z z Xy Y X

where a comma foiiowed by a symbol means differentiation with respect to that symbol.
; The constitutive relations for the |<th lamina with respect to its own grincipal (1, 2, 3)

axes may be expressed in matrix form by

©31%,3= (2% 5 e -aT) 12,3 (n

T is the temperature change from soine initial reference state (bonding or curing tempera-

ANyt AR RS R D P P O P B S R BRSSP T

ture, for instance). The non-zero coefficients of the stiffness matrix [C] are given in
reference 4 in terms of the elastic constants of the materiol. The stress—strain equations

with respect to the laminate reference (x,y,z) axes are:

5, |Y Q) 9, @ 0 o0 a, ] C, |
5, Qp Qg 0 0 Gy e,
: <Ez - Qe 0 0 Q % | 02
gyz Q44 Q45 0 eyz
Exz Q55 0 xz
ho—xy) ] Q66~ eny

Since the [Q] matrix is symmeiric, only the upper half of the matrix is shown. The actual

stress in the lamina is obtained from the relation

e @ W aMg® W (13)

X,¥,2 X,¥,Z XY,z X, ¥,z X,Y,2Z

where the equivalent thermal stresses are defined cs foliows
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0, =LC oy +C g+ Crgugdm™ +(Ca, +Coy + Coadn 1T

T 2 2

o, TLC 1y + Cpapap* Chgaghn™ +(Crpoy + Copny + Copgaghm 1T

oT =(C,.a, +C.a.+C. a7 (14)
e O X R S

cT =0T =0

yz Xz

T s N
Oy = LC1 1 ¥ Cpolag = agi - Cogy + (Cy3 - Cog) aglmnT

and m =cos8, n =sin8. The Qii are given by:

Q) =m'Cyy + 2 C) )+ n'Cop + dmin C g

Q) =mn’Cy + ' +ahc) + min’C,, - n’n’C o

Q3= m’C g+ n'C g

Q) =m°nC;, - mnfm’ -nAC, - 5n3c22 - 2mn(m - n))C
Q22 = n4C” + 2mzn2C]2 + m4C22 + 4m2n2C66

Q3= "2C13 * "‘2C23

Q26 = mn3C” + mn(m2 - nz)C]2 - m3nC22 + 2mn(m2 - 112)C66
Q3=Ca3

Q36 = mn(C]3 -C

23)

2 2
Qup=mCpy?*nCse
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Q45=-mnC44+mnC55
3 _ 2 2
Q66=m2n2C” —2m2n2C]2+ m2n2C +(m -n) C

3.2 Effect of Transverse Shear

In lap joints made of conventional metallic .naterials the effect of transverse shear
deformation on the stress distributions in the joint is generally found to be negligible

and therefore an analysis based on the classical Kirchhoff assumptions is adequate in most
cases. However, in laminated plates having relatively low transverse sheor moduli, these
assumptions are no longer permissible. The effect of transverse shear deformation on the
bending of symmetrically laminated plates has been investigated by Whitney (5). His

work has been extended for use in the present analysis.

The mid-surface of the adhesive layer has been taken as the reference surface for both
laminated plates. The adhesive shear stresses at the reference surface are denoted by

o o . h .
Oz and Uyz and the transverse shear stresses in the k' layer are assumed in the form:

Uikz) = o:z <] hN>+ [Q(k)f(z) + b 52+ o(ss)}cp + [Q(k)f(z) + b4sz + oiks)]cp
(15

L <1 - —> +1QHa) +b, 2t a(k)]cp +1QY2) + bz + ol )]cp
yz yz\ hy

where p and cpy are functions of x and y only; z is measured from the reference surface;
and hence will be negative for the lower laminate (see Figure 1). It must be noted that in
this case hN will also be a negative quantity. In cn isotropic material the transverse
shear stresses vary parabolicelly through its thickness. Whitney's assumption of a para-
bolic variation of shear stress within each layer therefore seems reasonable. With this

assumptir, f(2) is taken in the form:

16
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e) = 5 (ehy - 2) - (18 -

which is symmetric with respect to the middle surface of the lamindted plafe and goes to

zero ot the outside surfaces. The constants o( K are determined from the requirément that

the shear stresses are continuous at the mferfaces of adjacent layers, or

f'I"")— (“)+[Q“‘) Q“‘“)]f(hk) =45 k=12, .(N-1) (7)

It follows from equations (15) that:

S
o

and hence the remaining aslf) can be calculated from equation {17). Since f(0) = f(hN) =0,
. th, . . . )
one finds for the N lamina i '

N

NS o) '
|| Z Q:ii [f(hk) -f(hk-l).j
k=1

The bii follow from the condition that the shear stresses ore zero at the free surface .

(z= hN) and therefore:

i h (18)

For a laminate which is symmetrical with respect to its middle surface, og\l)

and therefore
bii will be zero.

I

¥

The transverse shear forces are cbtained by integrating the shear stresses over the 1hic!<nes§
of the laminate

N
* Vx - 7oxth * A5§px * A45cp .
(19

_1 o .
+ VY = 7oyth + A45cpx+ A44r;>y
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=1

i,i=4,5

.and

F(z) =ff(z) dz = —2—22— (3th - 222)
3hN

In equations (19), the pesitive sign refers to the upper laminate or splice plate whiie the
negative sign refers to the lower laminate (negative z-oxis). This convention will be
meintained throughout the cnalysis. Solving for the shear functions ®, and cpy from

equations (19) one obtains:

' A55 (-“:Vx "2 hN sz) * A45

[Ras Aas)_ P44 A45}
lA45 Rssl 1245 455]
'Substituﬁng (20) intc (9 yields for the transverse shear siresses in the kth layer:

Wm0 o :
%G1 O y2 83 Ve Gy

xXZ XZ
(21}

k) _gl) o ,z5k) o =k sk,

%z G5 cxz+66 ayzd.-G7 inGa \y

in which the ng)'s are functions of 2 only. They are given by:

h., 2N

— y —— 3
5,@%=1- 21y c~3(z)“"
N
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Q"()f(z) + b 5% + 0(‘}]

5% = R 1aWHa + b2+ ol + K, 10

5,0 =R 0 i+ byget o1+ B 00l + b2+ ol
5% = L S

= (k) 2 1o &y

G =1- "—z§ - 5 by Ggld)

6,0% =K 18k + b,z + a1+ B, 100 + bz + ol
Gy =&, 1QMH) + b2+ o1+ B, 1@ + b, 2 4 0y
The transverse shear strains are obtained from equaticns (12):
-1
(k) (k) (k) (k) (k)
€xz Q45 QSS Cxz I S45 s55 %2
and by substitution of equations (21) one has:
(k) - (k)—(k) (k)—(k) (k)—(k) (k)‘ (k)
Sz ~US550] * 54505 19,,* (5558 * 5458, 10,

W5, 50y, |, 1550 | sk (k)
:t:{55563 S G }V 5564 S G ]V
(23)
M- 155+ s868010 -+ 15+ 860

15680+ s86My L 1sMol+ saly

The in-plane displacements may be obtained by integrating the shear strains with respect

to z. From equations (10) and (23) one obtains, therefore:
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W_ o oalo L o oy, |~k
v =y fw,xcm-fG] °xz+G2 oyza:Ga Vx”G4 \.y

Q
(24)
z
@W.po. f W, dn* +60:° +6Me° L e¥v Ll
9%z 7 x 8 'y

v =V

Q

where:

.= [ 1s308.0Y + 555, 0 Men+ M

o
(25)

° i= 1,2,3,4

Continuity of displacements at the interfaces of adjacent layers requires that:

Goygl

M - e gy
6.m)" = e (26

From equations (24) it can be seen that G, (0)( ), cnd therefore cfl)

W,

, is zero. The
remaining constants of integration, ¢ ', may now be calculated from equation (26).
The in-plane strains are obtained from equations (10) by differentiation of the displace-
ments (24). Hence

z
(k} _ o_ (k) o {k) o (k) (k)
€x €x f W dn+ Gl cxz,x * Gz c’y:.‘,x * G3 V x = G4 Vy,
o
(27)
z

) _ o (k) 0 (k) o (k) 9
Yy Sy f d“+GS xz,y *Gg 0 ¥z, + Gy Vx.y Cg VYY
[o]
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)
e(k) =¢° -2 f w, dnt G(‘)oo + G(k)oo + G(k)co
Xy Xy Xy 5 "xz,x 1 “xz,y 6 “yz,x (27)
° (cont'd)
(k) o ~ (k) ~ (k) (k). (k).
* 62 Oyz,y x5, Vx, ¥ 03 Vx,y + GS Vy,x + G9 v)’:)’

Tke functions Gi(z)(k) thus represent the effect of shear deformation in the laminate. If it
is assumerd that the normal displacement, w, does not vary through the thi:kness of the
laminote, the integrals in equations (27) cre reploced by zw?xx; zw? ; and 22w’

1294
respectively . This assumpiion, however, is not necessary for the special cases considered

2

in this report.

3.3 Laminate Stress Resultants and Stress Couples

It will be convenient to eliminafe the normal strain from the lamina stress—strain relations
. . th .. . .
and express the stresses in the plane of the k  laminag in terms of the in-plane strains and

the noimal stress, c(zk). The normal strain follows from the third of equations (12):

() o 1 [k _ o) (k) _ k) (k) _ () (k)
2 as—g)_ [a‘z -Q 13% Q23 ey B Q3(.‘)5:xy (28)

After substitution of the above in the first, second, and sixth of equations (12}, the in-plane

stresses may be written in the form:

K = 5 &5 1 k) (= Wk » (k)
% Qy @y Qi e, Q4 Oy
=1 raY ra) (k) 1
o Quy O Gyl N5, [ *1Q(o, 1o (29)
Oy Q) Ry Qg L:xy Qs Oy

where

R TR (g W
X X 13
' BR _ T(k)
oy = cy - Q23 o,
' T
0xy ny 6-36
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and Q.=Q.-Q. -—S3 =126 =126
i i i Q33
— — Q‘a
Q.=Q,. =<~ i=1,2,6 =3
i i Q33

The stress resultants and stress couples are obtained by integrating the stresses over the

thickriess of each layer and summing the results for all layers, hence

‘ 1K)
Nx N hk Ix
Ny >=z f Uy y  dz (30)
N T s ]
xy xy
(k)
X N hk ox
M = f o, | zdz 31)
| h |
xy Xy

Equations (31) therefore represent the stress couples about the mid-surface of the adhesive

layer.

3.4 Equilibrium Equations

Consider a thin slice cut from a double lop joint as shown in detail A of Figure 1. The
surface GH for this case is not a free surface and therefore the normal stress will not be
zero but equal to GZ. The shear stress along GH, however, is zero because of symmetry.
The forces and moments acting on the upper and lower laminate of such a slice are shown

in Figure 3. Equilibrium of horizontal forces in the x- and y~directions yields

N +N -g° =0
Xu,x Xyu,y Xz
(32
N, +N ° =9

+
xL,x xyl,y xz

and

22
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+N ° =0

M -
Xyu,x Y,y yz

(33)
©

Naytox " NyLy " %2 =0

Summing vertical forces gives the relations between the transverse shear forces and the

normal strasses at the mid -surface of the adhesive

+V -0 =0
Xy, X  yuy z
(34)
. o ¢
+ - =
VxL,x VyL,y+°z % 0
Similarly equilibrium of moments in the x~ and y-directions gives
"M +M -V =0
Xu,X  Xyu,y  Xu
(35)
M, +M -V.,=0
xi,x xyl,y xbL
and
M +M -V =
xyu, X yu,y yu
(36)

MxyL,x " MyL,y - Vyi. =0

Equations (32) through (36) are applicable to both double lop and single lap joints, but for
the latter, cz in the second of equations will be zero. The sum of the stress resultants in
the upper and lower laminate represent the total applied loading for the single lap joint
and one half the applied loading for the double lap joint. All moments are again caicu~
lated with respect to the adhesive mid-surface. It must also be remembered that in @
double lap joint the lower lominate represents anly one half of the laminated plate and
that the transverse shear forces and moments of the entire plate with respect to its middle

surface are zero.
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4.0 NARROW UNIAXIALLY LOADED JOINTS

4.1 general Remarks

Most of the joints tested as part of this confract were 1.0 inch wide uniaxially loaded
specimens and therefore it appeared reasonable to assume the joints to be in a state of
plane stress. This means the stresses Oy' oxy, and oyz are assumed to be zero while the
remaining stresses are constant along the width of the plate,.i.e.
k
NI R R
X,y xz,y z,¥
The adhesive material will be assumed isofropic while the laminates are assumed to consist

of orthotropic layers (Section 3.1). Half of the adhesive layer, that above the reference

surface, will be considered as part of the upper laminate while the other half is taken as
part of the lower laminate. The stacking arrangement of the laminated plates need not be
symmetrica! about the middle surface. The joint is assumed to be clamped at a distance L]

from the splice plate. This assumption does not affect the derivation of the governing

o e

differential equations, of course, but will be used to establish the necessary boundary

conditions.

4.2 Single Lap Joints

4,2.1 Effect of Transverse Sheor

Because of the plane stress assumptions most of the exp; essions in Section 3.2 are simpli-
fied considerably. For a laminate consisting of a single layer, equations (15) may be

written:

_© z .
cxz - sz (l - F;{>+ [QSS”px * Q45wy] f2)

(37)

_ o z
oyz - c)‘)’z ( - F':;)-*P [Q45q)x * Q44pr] fz)

. o .
and since for plane stress Gyz = Gyz =0, one obtains:
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g =0 - - |+ — f(z) (38)
Xz x¢< hN> 555 X

Equation (38) may be generalized for a multi-layer laminate by writing it in the form:
£-4.0-4) 3
Xz Xz N

(k)

+ bz +

% 0] f(z2) +bz+a ®, (39)
Continuity of shear stress at the interfaces of adjacent layers gives:

1>55
(k1) _ (k) .| 1 1
a =g '+ 57-6 - m} f(hk) (40)
55 55

and as before

a(i) =0

Since the shear stress vanishes at z = hN’ one finds:

(N)

b= -S— (41)
b

The transverse shear force, Vx’ is obtained by integrating the shear stress over the thick-

ness of the laminate, or:

£V, = li Tz "t Ass 2, (42)
where:
N \
Ass =7 E:'TTU“Q Fhy, 1”+°&Nﬂ‘hbﬁ

and F(z2) is as defined in Section 3.2. Seolving for @, from equation (42) and substituting
into (39) yields:

0 -5Me 5y

xz 1 2 (43)

in which:
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61 (z)(k) =1- i - % hN 62(2)(k)

55

( ) (k)

From the second of equations (22), setting c ~ 0 ond substituting for Oy from equation

(43), one has for the transverse shear sfram
(k) (k) —(k) o —(k)
=5.506) 0 +G, V] (44)

Substituting this into equation (10) and integrating with respect to z gives the displacement,

U
Z
u(k)=uo- f W, dn+ ng)o)c:z:hG(Zk)vx (45)
[o]
where
z
) _ ) =, K & . _
G2 =S5 Jf Gt dn +c. i=1,2 (46)
[o]
(1)

It follows from (45) that the constant ¢, ’ must be zero. Compatibility of displacement ot

the interfaces requires:
6.h)¥ =c.m) =12 (47

and hence the remaining constants can be determined. Differentiating the displacement

(45) with respect to x gives the longitudinal strain:

z

(k)_ o (k) o (k)
. "%~ f Wrex dn + Gl c’xz,x * GZ Vx,x (48)
o

It must be noted that the shear funciions, -C;gk) and G?k), do not have the same meaning

os in Section 3.2,
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4.2.2 Variation of Normal Displacement

The integral in equation (48) will not be determined consistent with the assumed transverse

shear deformation. The stress equilibrium equations for narrow uniaxially loaded plates

reduce to:
ORI
X,X Xz,Z
(49)
9, 0 g

z,Z  Xz,X

(k)

Integrating the last one with respect to z and substituting for O gives the normal stress

in the kfh layer:

c(k) =g° + P(k)oo + P(k)V (50)
z z 1 "xz,x~ 2 "x,x

o. .
where o is the adhesive normal stress at the reference surface and the normal stress

functions ar= given by:

2
(kY _ =z ] (k)
P](Z) --'—I—\!""Z-ihN PZ(Z)
k 1 1 i, 2
PZ(Z)( ) = “r WF(Z) +-2-bz +O( z+ P(2)
551S
55
Continuity of normal stress requires:
1
p b)) = p )P (51)
It follows from equation (50) that (2]) =0. The remaining p (Zk) cun be obtained from the
above. Since the stresses 0( k) and O, k )are zerc, one may write for the normal strain in
th
the k' layer:
) (k) =gk (k) (k) (k)
€2 'z 513 S (52)
where:
r -\']
31 =1Qj
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Differentiating with respect to x and substituting the first of equations (49) gives:

(k) _ (k) (k) (k) (k)
'xz = "13%z,2 T °33%2,x (53)

Substituting equations (43) and {(50) one obtains after integrating:

K)_ o ,olklo . (ko (k) (k) (k) o
Weg = Wiy * P3 oxz ¥ P4 sz,xx * P5 Vx * P6 vx £ XX P7 zZ,% (54)

where:

k) _ k) z 1 k) . (k)
Py(2)"" =573 b tghy PsldT teg
P @™ =s% [P ) an+p)

o]
(K
Py =12 Tyf(wbz +p )

pya™ = s f P () dn + pg

o]

(k) _ (k) (k)
PA2) 333 2

(k) _

At the reference surface (z =0), w w, = w?x; and hence:
p?” =0 §=3,4,...7

. . k . -
The remaining constants pg ) are defermined from the condition that the slope must be equal

for two adjacent iaminae ct their interface, or

P = Pt (55)

Differentiating equation (54) with respect to x und integrating with respect to z gives:
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f w, dn= zw, P(k)cto + P(k)oo + P(k) V. oz P(k)v + P(k)oo
xx xx

8 "xz,x 9 xz,oxx 10 x,x 7 17 x,xxx = 127z,xx

o]

(56)
where
z k-1 hm
(k) (k) (m) c =
P (2" = P, dn+ P. , =3,4,...7
1502 f )™ dn > f ) an
hk—l m=1 hm_]
4.2.3 Lominate Stress Resultants and Couples
Since cik) and oil;) are assumed to be zero cnd only the longitudinal strain, e)({k), is of
interest here, one may solve for the in-plane strains from equations (29). This gives
W G G © W
x x 1 1
- &k - (k)
€y = IQI o, 122 s T, (57)
E:xy‘ ny Z3 T3
where:
= = =~ 1-1
Qp Qi G
3] Q2 Y2 G
L 16 Q26 666_
4 Q13 N 1 l";
z,t= [Ql{@,, i, l= [6]13;
231 G‘36 [T3 ny

Frem the first of equations {(57) one finds:

G _ 1 ), k) k) K
o ‘gk—)[u *Zyle, -1
i

30



A TR Ty TR S IR

. 1
L VI - -

and after substituting (48), (50), and (56), this becomes:

i

. T co_ o  _(ky:o(k)o | +rld0
Ux -3 [ex zw'xx Tl ]+Rl 0x 2 xzxxx
n

(k) o _ (k) o ky, . ok
+R3 7 z, XX RS vx,x i.,R6 Vx,xxx

(58 . .

where ’ ,
&Y =6, Pa(z>“" + 29,2y /g

™= 2, Q§'§’

-y 0™/ 3?;) |

For the case under consideration the equilibrium equotions (32) through {36) reduce to:

3 (59)

; . - | (60}

and
" (61)

Adding the first and second of equctions (59) and, (60", one hes:
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N +N =0
XU, X Xi, X (62)

v +V =0

XU, X xL,x

and therefore:

N + N |, =Constant
Xu xL

(63)
‘ V. +V . =Constant
. Xu xL
The first constant is, of course, equal to the applied axial load, Nx; while the second
constant is zero from considerations of symmetry, so that:
VxL - -qu (64
. Also by: adding equations (61) and substituting the above:
qu,x * Mxl.,x =0 (65)
which means:
M +M =M =Constant (44)
Xu xL X

With the u;e of equations (60) and (64), the iongitudinal stress (58) may be written in the

general form:
1 1

LT R T LK
x =k} ""x xx 1 1 "xz,x 2 “xz,xxx
.9
t
' (k) , o{k) (k) , o)
; * [R3 +R5 ]qu,x+ [R4 + Ré ]qu,xxx (67)

which is upphcafaie 10 both urper and lower lamincte. When the above is substituted inty

the first of equations {30) and (31), vne obtains the stress resultants and siress couples on

the laminatas:

U o u o U o U o
N =Al,e -B.w, +R..o +K. .0
xe C1iTx o 1 xx C1xz,x T2 xz,xxx

+Z + 70V ~N* (58)

Y
11 xu,x 12" xu,xxx xu




!l"“f-;’ I

185

o8 a0

"-V vl"
Lty

Qb & o _\..:‘ xRS i
?“v\f“: s 1413 i

Vo

LN M TTVL PV
Ghadis A

R AR

_.L o L o
Nl = A11E ~ Bl iWr TR

+ZLV +zL

L o L o
11 xz,x lZoxz,xxx

\" - N!*

11 " xu,x 12" xu, xxx xL

u O
Xu

M =B‘]’]e:-0”w,x +RY.6°  +RY ,°

U

+Z..V + 7Y

x 21"xz,x 220xz,xxx

(68
\' - M!? cont'd)

21 "xu,x 22" xu, xxx XU

=gk 0 _ Ll o
MXL = B”r.x D]]w,xx +R

L

+Z,.V +sz

21 "xu,x 22

where
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Z, =5, Ry R (202
=T h
N h,

Z,7% Y / R, (z 2™ 4 6(z)(k)]dz
k=1 M
N [hk

Zy =S J [Rs(z)("') R 5(2)("’] 2 dz
k=l by
N h

/ R ’ (k) + Ré(z)(k)] zdz

" Phe

Iin the above, the superszripts u ond L are cmitted for conveniance.

4.2.4 Governing Differential Equations

Differentiating equuticns (68) and substituting into the firsi of equations {62) and into

equation (65}, gives in matrix form.
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et

e R R S S B R R U R ST,

ro )
g
Xz, XX
A.. B 2 R,, Ryn Z., Z..110°
n 8n x|, Rz A Sr2) [0 ()
Biy Dof 1w} [Rop Rop Zop Zopf Vw
v
[ XU, xxxx |
where;
_ .U L
Al TAN A
U L
B” —B” +B” , efc.
Solving for e:'x and w?xxx from equation {69) yields:
fo 3
[0}
XZ,%X
o = = 0z = )
€x,x - Rll RIZ ZH 212 c’xz,xxxx
o =l_" _7 7S , (70)
Miood  Ro1 Rog Zgp Zpd Vi
XU, XXX |
in which:
- - = -]
"Rz & Zipf_ An B[R R T 4
Ra Ry 451 2y Biv Dud Ry Ryp Zyy 2y

Substituting the first and third of equations (68) into the first of equations (59) ond (61),

respectively, and using equations (70), one obtains the following two coupled differential

equations:
o * o x O % % -
oxz+RH 0xz,xx+Rl2cxz,xxxx+ Zl] qu,xx+ ZIZqu,xxxx 0
)
R* 00 +R% g° *V 78V 0

o} *n G +Z% V =
B21 Txz,xx 22 Vxzxxxx xu 20 Uxu,xx 22 Vxu,xoexx

where;
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A

T Y1 L W AT R U oty B R IA LS
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oo fE i

g A 87 St
SR IALEY i

I8 Pk WA RN

= U [V -
RYy = -R)) - AL Ry =B Ry,

* = U - U _ v =
RI9= Ry ~AnRyp =By Ry

oY _u m _nY R
R21 = “Roy =By Ryp =Dy Ry,

+ .Y v _nY @
R32= "Rop "B Ry =D Ry

N

o]
c

N

* = 7Y

n= - A

1 1 e A e i

* = _ -y _ U = _ V)
227" 127 An G2 B 4

x __ NV g5 v T
2172y By 444 =Dy 2y

« —_ N U T U
292" 2927811 212 7Py 22
Combining equations (71) to eliminate V , one has:

XU , XXXX

o o o
\' =tV +t t,0 o
xu,xx 1 xu 2°xz 3 xz,xx 4 xz,xxxx

where
t = 2*2/5
ty=- 2*2/5

—_ * *
BRI PR R

= t 3 * %* +*
= D2 424y

—p* *
=R PRI Y

Differentiating (72) twice yields:

o o
=tV +t,0 +t.0

+t,.C
Xu,xxxx 1 xu,xx 2'xz,xx 3 xz,xxxx 4xz,%XxxXXxX

Substituting equations (72) and (73) into the second of {71) gives:
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pagin s xiarrp I gt st g alnt AR S % BRI

(74)

in which:

%=-%Q/%

= _ (R* *

te= Ry T Zpatat 53t /sy
= _ {R* *

ty= - Rt Zpt3tsgty) /sy

52=l+s i

31
= 7% *
2 372 2t
% == Z* /
3 '8 ™~ “: 145
.‘{ Differentiating equation (74) twice and substituting it together with (73) into the first of
- equations (71), one obtains the following eighth order differential equation in o: :
C, o° +C, a° +C.a° +C,0°  +d° =0 (75
! T "Xz, xxxxxxxx 2 7 xz, XXXXXX 3 "xz,xxxx 4 xz,xx Xz
z where
f =
i C17% %
i } = 7%
E C27 %2ty
E =R* %*
4 C3=Ria* Zpta* oyt
i =R* *
CamR T Azt syts
;; = 7% * &
R TR TR
E The general solution to the differential equation (75) may be written in the form:
< 8
s A.X
f: o _ |
E Ty Z Ai e (76)
=1
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where xi are the roots of the equation:

8 6 4 2, ..
CyA +C AT+ CA T+ C A+ 120 (77)

By letting n = x2 and dividing through by C] this becomes

n +C' n +C T 2,¢ n+C'4=0 (78)
where
C.
c.=A1 o123
| C]
= _ 1
c4—q

In general the solution of equation (78) will yield a pair of complex conjugate, or
imaginary roots, and hence the form in equation (76) does not lend itself for numerical
computations. Considering, for example, the cese in which equation (78) has two real
roots, one of which is positive and the other negative, and a pair of complex conjugate
roots, the solution, equation (76), may be wriiten in the alternate form:
G.]X ‘Q]X
c._=A,e +A_,e +A3cosﬁ3x+A4sinB3x

a
te” (A5 cosBx + Aé sir.Bsx)

05X
te ° (A7 cosBx + AB sinBsx) {79

where c.i is the real part and Bi the imaginory part of the complex root:

A Ta, ti.
o 1
In general one may write equation (76} in the form

cp.(x) (30)

n[\/]oo

3




'where each function cpi has one of the following five forms:

a.x
e |

cosB.x
]
sinsix

a.X

e | cosBix

a.x

e 1 sinBix

For the case when the joint configuration is symmeirical with respect to the middle surface

of the adhesive layer, i.e.

Al EAN
u _ L
Biv = By
pY -pt

-7

it can be shown that Z’h ’ Z’%‘z, R’é] , and R’éz are zero and the two differential equations

(71) become uncoupled. Instead of equations (80), one now has:

4
0:z - z Ao, (x)
=1
(81)
8
V.= 2 A. p.(x)
=9
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4,2.5 Boundary Conditions and Solution

The eight constants, A; in equations (80) or (81), must be determined from the boundary

conditions of the problem. The first four boundary conditions are as follows:

022 =0° (0) =0
XZ Xz
oot =2 (L) =0
XZ Xz

(82)
Ve =v (0)=0
XU XU

Vi =v (=0

XU Xu
In other words, tha adhesive shear stress and the transverse shear foices vanish at x = 0 and
x =L, In the Goland-Reissner analysis, the adhesive shear stress would have its maximum

va ue at these points, which is, of course, a violation of the boundary conditions.

The loads and moments at the ends will provice the remaining boundary conditions. It will
be necessary, however, to determine the sirain and curvature at the reference surface

first. From equations (70), after integrating:

-5 .0 = 0 = =
x R]l c’xz,x * R12 cIxz,xxx * Z” qu,x * 212 Vxu,xxx * A9
(83)
-w, =R, 00 _+R,, 0° +Z, V. +Z.V +A
‘xx 21 "xz,x 22 "xz,xxx 21 "xu,x 22 " xu,xxx 10
Substituting this into equations (68), one obtains:
= .. R* o ~-R* o - 7% - 7%
qu R]l c)‘xz,x R120xz,xxx ZH vxu,x 212 qu,xxx
v u N
FAY Ag T By Ay~ Ny,
(84)
=Dk O *%x O *k e
NxL Rll c’xz,x-’F RlZze,xxx * Zl] qu,x Zl2 qu,xxx
L L

- NI
FANAGTB A - N
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PN TR S Ay

= _R* ~° _p* ~° T . 7%
qu R2] ze,x R22 ze,xxx 221 qu,x Z22 qu,xxx
) U Al
Bl A9t Py Ao M
M . =R**a°  +R**° 4 Z*E + 7r%
xL 21 "xz,x 22 xz,xxx 21 " xu,x 22 " xu,xxx
.+ BL A t DL A . -M

1179 “117°10 xL

where the R’.:i and Z’i"i are as defined previously, and:

L L =
N tAn 4ty 4y

L L= L=
¥ —
257 L AN 427 8y 2y

L L= L=
*k —

174 By 4t 0y 2y
z2x=7- +8b 7 +pk 7

2= %2278 41570 2y

With the additional two integration constants, A9 and A]O’ there are ten undetermined

coefficients and therefore six more conditions are required for a soluticn. Although it

appears that eight more boundery conditions (two loads and two moments at each end) are

available, only six of them are independent. Because the first of equations (62) and

equation (65) were used in the derivation of the governing differential equations (71),

only three load and three moment conditions can be specified. As shown previously:
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M +M . =M
XU xL X

N _+N
x

Xy

L=Nx

where Nx is equal to the applied load and therefore a known quantity. Mx represents the
total moment cbout the reference surface and can be determined from the condition that

the slope is zero at the ends and at the center of the joint.

In the region AC of the lower laminate (Figure 1), the strain and curvature will be

-0 —0 .
assumed constant and equal to € and Wios! respectively. The sicpe at C new becomes:

W =L W (85

XX

The load and moment will be constani also, and are given by:

N® =N =ab o gt oo one
X 1 XX

xL 1 %%~ xL
(86)
o _ gt =0 _pbt =@
MxL—Mx BH x DH Wiyx MxL
By eliminating ?:: from equations (86) a. .  bstituting (85), one obtains the relation:
M+ M -E]l:.]_(N +N! )=-‘5L w =?_|]_.]_"° (87)
A xLT L Vx o xl N Yrxx T, Vrx
A ]
1
where:
6 =D - ?i]_
11 1 n
In a similar manner one finds for region DE:
-L _ ~1.
w, == L2 W/ (88)

and:
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B DYy L
A +M -— (N N Y=y, (89)
X XU v b'e XU L x

A“ 2

An expression for the slope in region CD is obtained by integruting the second of equations

(83) with respect to x:

0 = 0 = 0 = .\ =
= - - ; -2 - - : ?C
Wrx R2] sz,x R22 oxz,xxx 21 qu,x Z22 qu,xxx wa * A]] (°0)

LR R Sk e e b o B St St e e U B tap e ot
PO AP TP i G

SR EArt) Gy e et A v N N A2 .. okl AR T T " (e 8
ol

Before matching slopes on both sides of peints C aad D, en inconsistency of minor

importance must be pointed out. According to equation (54), the slope varies through the

4 P

thickness of the laminate in region CD. However, beuin theory was used in region AC of

the lower laminate and in region DE of the upper laminate to derive equations {87) and
{ (89). 1t would therefore be better to use the average slopes of the lamiz.ates at the ends of
i

region CD. These average sinpes follow from equations (54), {60), (64), (32), and (90),

E ; hence:
E { =0 _ (ol 5 .00 L S5 WO .
Wi~ (P4AV - R22)gxz,xx * (P6AV - Z2Z)qu,xx * AH
(91
| W=, R0 Y, -Z Ve CA LA
| 'x 4AV 22) Xz, XX 6AV 722" "xu,xx 10 11
3
f where:
= _] (1) (N)
Pany =3 (P4t Pyl
=1 m, (N) )] (N)
Poay =7 [Pethy) # Pyl + PtV + P7lh)
Substituting the above into equations (87) and (89), one obtains, after rearranging:
Phy -R 0 4L -Z V0 e +L]M =
4AV "R e T Peav 229V xx T AT =T M
11
Rl W ~B%‘ (N +N!)) 92)
5L xL L X xL
N “n

and:
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U = , ol v s L _ .
Paav "R22% xx T Peav = Z29Vsy xx ~ P10t T AN

AR R AT Y

L L gY
:-TZ-MX - :u—g“ M;cu - —% (Nx * N;(u) ©3)
O bh Al

Equations (92} end (93) provide the conditions necesscry for the determination of the total
moment and the integrafion constant A; 1 Six independen? load and moment boundory

conditions are given by:
NXU(O) =0
qu(l.) = Nx
qu(x) + NxL(x) =N_
(94)
qu(O) =0
qu(l') - Mx
{x) =
qu(x) + M--L {x) Mx

Equation (82), (92), (93), cnd (94) represent a system of twelve conditions with twelve

unknowns. In mairix form one may write:
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o R R A R R B e R A R B B R R TR S S S Bl G TGO,
L3 1]

, v or y
o> (0) iy Mo -7+ Hiaz | 1™

oo (L) H2,] H2’2 H2’]2 Az‘ | ,
Viol® -7 N A3

VL - - - A‘4

qu(o) - B - A5
<T’“’(L) =] ) ) Aé& | (95;

qu ¥ NxL B ) T A7

MXU(O) - - - '?‘8

A7\XU(L) - - - M |

eq. (93) - - - A9

eq. (92) - - | - A]O

Mot M) Mz Mz2 - - - - = 2 M) (AN

The conditions involving the transverse shear force are obtained from (74} gnd those

involving the stress resultants and couples are given by equations (84). Equations ($5) may

1
be written in the compact form:

[H] {A*} ={C*} (96)
where the coefficients of [H] are given by: : ‘
H, i wi(o) '
M2, 75 |
Hy .= -xi(O)
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~
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n
(=]

o H, .=p.(0
A ‘ 8,| pl()

e ySE LA

Maime®

— (pY Y " U =2 it
H10,i= Paav ~Rpd@i () + Fyay - 24 (M)

3 . : _ L _ » L =
3 , | Hi,i = Caay ~Rad 9 @+ By - Zp2(0)

H 0

12,i

3 . = + L] iV VZ

| HIREA RO A

' . = - PRP* I _DR*%x we _ 7% [y £ '] 1"

3 M T Ry R - v - 2ot

‘E = R* nb = R* op" o ZE gt TE g - )
pi RmcpS Rzzq\i 22].1_i _22\1,!] i=1,2,...2

H.. =¢C i=1,2,3,4 1=9,10.11,12

H. o =H. ..=C i=5,6,7,8

— - U
Hg, 11 Mg 11 =Dy
Hy o =-1
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E%

§§ H. .. =0

&2 ¢,12

1 .t

g % 19,9 “gr

= L 11

B 3

g

s ; H10,10=°

;£

£l Hion =t

R =

- H10,127 1

-

w7 L]

% H = e

- 1,9 TS

E 1

% H1y.i070

A

M 70
Hip 1270
Hig,9 =1
Hy2 107 By
Hi2,11 7Py
Hig,12°0

and the coefficients of the column matrix {C*}:

C* =0 i=1,2,3,4
w = )
CS qu
* o '
Cé Nx+ N xu
C* =N +N' +N'
x xu xL

47




R AT e s P D e L R v e AP e

R BTN, S AT oy

* =% = AAS

C8 C9 MXu
£ L gY
é cr =2 me -y Ny
- ¥ 19 gy ey Y% XU
: nt n
E? 3
% c* R -?E—(N AN
1 1 ﬁleL PO
. 1 n
: ‘ = M1 '
i Cia ™Mo My

¥
K5

ke
B
=

Solving the set of simultrneous equations {96) yields the unknown coefficients A‘i‘r and

therefore Ai anc Mx'

(A*} =[H]™ (C*) (97)

After determinaticn of the coefficienis A., the shecr and normal stresses in the adhesive

3 may be calculated from equations (80) and (60), or in the symmetrical case from equations

“ (81) and (60). The interlaminar shear and normal stresses in the adherends may be

3~ obtained from equations (43) and (5G), and the longitudiral stresses in the lamincte are

‘ Jiven by equation (67).

&

4.3 Double Lop Joints

;l For the uoper laminate, the cnalysis is identical to that for the single lap joint, but some

minor modifications cre required with respect to the lower lominate. As a result of sym-

? metry, the luminated plate as a whole wii! not incur any bending and therefore it will be
r reasonable to assume the shear function, . s to be zero for the lower lcminate. With this
assumption, the transverse shecr stress will vary linearly through the laminate according to
the relation:

Mot (1) o
; :

while the shear strain :il;) becomes:

E:

IR T IELE
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(k) _ (k) z \o
€xz S55 <] - E{:)Oxz (99)

* Substituting this into equation (10) and integrating with respect to z yields for the

longitudinal displacement:

z
oK - o f W, dn+ Gsk)o: (100)

z
(o]

where
e m®os0( N, ®
(277 =555 z'iﬁ; “l

The longitudinal strain is obtained by differentiating the displacement (100) with respect

to x. Hence:

r4
k) _ o . (k) o
€ TE€ " fw,xxdnfG] oxz’x (101)
[o]

The shear force acting on the lower laminate becomes:
V., =-500_h (102)

The normal stress in the kth layer is found by integrating the second of equations (49) with

respect to z and substituting (98):
2
(ki _ o, o z
o, =0, + cxz,x -zt VI (103)

Equation (53) is valid. By substituting the expressions (98) aad (103) and integrating the
result with respect to z, one has for the slope:
W('k) - w(,) + P(l<) ° + P(k)co + P(l':)oo (104)
X x 3 "xz 4 “xz,xx 7 “z,x

where

P3(z)(k) = S(k) Zz 4 P(k)

13 hN 3
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P,( )(k) = S(k)< > 6hN>+ ng)

i LRSI b S v Lo B g o AR S Sty g S

ST EAL AR B P RN UL R RN

(k) _ (k) (k)
PADT =333 2% P7

! (k) (k) (k) . - aets

The constants P3 s Py s and p, " ore determined from conditions of slope compatibility of
F’ adjacent layers at their interfaces. From the above one obtains:
% : ()
1 __ o k) o (k) ) (K) o
: /w’xx dn—zw,x 8 xz x 9 Iz , X ]2 z,Xx (105)
e °
in which, as before:
4 z
ps@® = [ s \ f P () e
=
1 M-l m=1 b
: i=3,4,7
The equilibrium equations for the double lap joint are the same as those for the single lap
‘, joint except that in place of the second of equations (60), one has:
:? o ¢ _
vxL,x to -0 = 0 (106)
4
The longitudinal stress for the lower laminate may now be written:
E W_ 1 1.0 _ o 0,00 0o
E Tx 5“) l°x W yx Tl * Rl O%z,x * R2 XZ, XXX
*d 11
/ (k) (k)

¥ R3 vxu,x * R4 vxu,xxx (107)
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(62) still applies cnd hence:

Z
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XU xL x

e ek
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which is identical to equation (67), if the quantities P(k), (k) and R( )i in that equation

are set equal to zero. Equations (64) and (65) are no longer valid but fhe first of equations

(108)
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As mentioned previously, however, Nx in this case represents only half of the applied
load. The expressions for the stress resultants and stress couples given by equations (68)
remain valid, but the coefficients, R:'i and Z?'., must be modified in accordance with

(107). Since the slope of the lower lominate is zero for z = hN’ one has from (104), and
the first of equations (60):

W?x T P3(hN)(N) : -P (hN)(N) X2z, XX P;(HN)(N)qu,xx (109)

Differentiating the above, substituting into the first and second of equations (68), and
using (108) yields:

0 (N) (N))
Apren [ Ry + 8yt ]o Xz, [R1, 8Pyl Oz,
(N) - : '

* Z]l qu,x+ [212 il 7(h ) ]qu,xxx Nx ¥ qu+ NxL

and hence:
°=R..0 R, 0> Z,.V. +Z.V
x ]l xz,x  127xz,xxx 11 "xu,x 12" xu, xxx
+7\-]—](N +N u+NxL) (110)

where

Ry = [Ryy #8250 ™] /4y
- [Ryp+ 2Pt /4,

2= 2/A,

Z)y= - 238, P50 ™) /4

After substituting (109) and (110) into the first and third of equations (68), and using the

vilibrium equations (59) and (61), one obtains two fourth order differential equations

identical to {71). The coefficients R?i and Zz‘i for this case cre given by
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The governing differential equation (75) remoins unchanged but the medified definitions

for R?i and Z:‘i must be used to determine the coefficients C] through C4. The solution is
then again given by equation (80).

Equations (90) and (109) represent the slope at the reference surface for the single and

i O Y o Ly L AP
R L ARG | AR

et 4%

double lap joint, respectively. The two expressions become identical by setting:

; Ry ~Pal)"

: |

" i Zpy =it ™

Zn =AM An =0

for the double lap joint. Similarly, by letting:

K]]_]_ (NX * N;cu * .;L) =Ag ()
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in equation (110), the expression for the strain e: becomes identical to that given by (83)

for the single lap joint. The correctness of (111) can easily be verified by substituting

A
10
condition of zero slope at the ends of the joint (point A) is satisfied automatically, the

=0 in the seventh of equations (95). Since equation (66) is not applicable and the
last two of equations (95) are discarded for the double lap joint. By dropping the last
two columns of the coefficient matrix [H] (those corresponding te A]0 and Ai ]) a system

of ten equations with ten unknowns remuins; the solution of which is given by (97).

4.4 Numerical Results

A number of runs were made w th the computer program BONJO | in order fo verify the
numerical results and to study the effect of certain parameters. No experimental data
could be found that provided informotion with regard to the stress disiributions within a
joint as virtually all such data deals with overall joirt strength or average shear stresses.
Comparisons were made, however, with the Goland-Reissner analysis and with finite

element analyses performed at Lockheed. The results are presented and discussed below.

4.4.1 Adhesive Shear and Normal Stresses

Adhesive shear and normal stresses were calculated for a single lap joint with aluminum
adherends, using the Goland-Reissner procedure for joints with relatively inflexible
cement layers cs reported in reference 1. The same joint wos then analyzed in detail with
BOMNJO | (symmetrical version) in order to make o direct comparison between the two
procedures and study the effects of transverse shear and normal stresses in the adherends on
the adhesive stress distributions. These effects are ignored in reference 1. Curves @
and @ in Figures 4 and 5 show a direct comparison of the adhesive shear and normal

stresses between the GolandReissner procedure and BONJO 1I.

It can be seen from Figure 4 that the peak shear stresses do not occur at the ends of the
joint and that the magnitude of these siresses is considerably lower than those calculoted

with the Goland-Reissner approack. This is attributed to the fact that the transverse shear
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moduli as well as the elastic moduli through the thickness of the joint have finite values
in the Lockheed analysis. Curve @ shows the adhesive shear stresses obtained with
BONJO 1 if both the transverse shear modulus and the modulus of elasticity of the
adherends in the direction normal to the plane of the joint are made very large and it is
shown that the stresses in this case agree much closer with those of referznce 1. Curve @
represents the case when only the effect of transverse shear is’c,cCui.;n’ted for, while curve
@ takes only the normal stress intc account. A somewhat surprising result is that the
lorger part of the difference between the two procedures lies in the foct that, in the
Goland-Reissner analysis, the adkerends ore assumed to be incompressible in the direction
normal to the plane of the joint. A comparison between the two methods with regard to
the adhesive normal stresses (pecl siresses) is shown in Figure 5. Again, most of the dif-
ference is caused by assuming that the adherends are incompressible normal to the plane of

loading.

The effects of transverse shear and normal stresses in the adherends on the adhesive shear
stresses have also been investigated for an aluminum double lap joint. The joint was first
cnalyzed by using the actual isofropic material properties of aluminum. The resulting

shear stresses are shovn in Curves @ of Figures 6 and 7. These curves therefore
represent the actual shear stresses for the joint under consideration. In order to determine
the effect of transverse shear, the same joint was analyzed again after arbitrarily decreasing
and increasing the transverse shear modulus G' by a factor of 10. This is shown in Figure

6 by Curve: @ and @ , respectively. No appreciable change in shear stresses
resulted when the modulus was increased but when the modulus was ducreased from

4.0x 106 to 4.0 x 105 psi the peak shear stresses were reduced significantly. The effect

of the normal stresses in the adherends on the adhesive shear stresses was determined in the

same manner and the results are shown in Figure 7.

The effect of using finite vaiues for the fransverse shear and normal stiffnesses in the
adherends on the adhesive shear stress distribution in a composite double lap joint is shown
in Figure 8. In this case BONJO | is compared with the modified Goiand Reissner method
described in Cirapter 2.0. The magnitude of the peak shear stresses computed with the
latter method was more than 50 percent greater than those calculated with BONJO .
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' These results substantiate the statement made earlier that an analysis based on the

i Kirchhoff assumptions could lead to unacceptable errors.

3' The presence of residual thermal stresses may become important in the analysis of composite
joints. These stresses are caused by bonding at elevated temperature and subsequent

cooling to operoting temperature. The adhesive shear and normal stresses in a boron/
. : . . . . O . .
aluminum double lap joint caused by a temperature differential of ~175°F is shown in

Figure 9. Since the thermal shear stresses are positive on one side of the joint and nega-

tivé on the éfher, they will usually cause an increase of the maximum adhesive shear
stress in o loaded joint. This is illustrated in Figure 10, which shows the joint subjected
to a load of 2250 lbs. , The adhesive shear stresses due this load cre compared with those
resulting from the same load plus a temperature differential of -1 75°F. The maximum

adhesive shear stress was increased from 3550 to 5400 psi as a result of thermai effects.

Comparisons with finite element analyses (FAMAS*) were made for ¢ few lap joint con-

figurations and good agreement with BONJO | waus obtained in all sases. One of these

cases will be presented here. The joint configuration and the material properties used are
giv:en in Figure 11. The joint was modeled with friangular anisotropic constant stress
elements in the x~z plane as shown in Figure 12. Element stiffness properties corre~
sponding to a plane stress condition (oy =0, =0, = 0) were used in the program. A

Yy ¥z
comparison of the adhesive shear and normal stresses obtained with the two methods is

Aty L] W .
RECLESER Ledtoe s i v

given in Figure 13. Agreement between the two procedures was exiremely good except in

 eragdiel
TG R

the immediate vicinity of the joint edges where, us expected, it was not possible to

approach a zero shear stress condition with the finite element analysis.
| 4.4.2 Adherend Stresses
5 Axial stresses in the boron laminate and the titanium splice plate for the joint configura-

tion shown in Figure 11 were calculated with BONJO | and FAMAS for the purpose of

comparing results. The titanium was divided into four equal slices and the stresses were

*Flutter And Matrix Algebra System; Lockheed developed anclysis programs.
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calculated at the five locations shown in Figure 14. Finite element results are shown at
the outer surface, the midsurface and at the titanium/adhesive interface. The stresses
across the thickness of the splice plate are essentially uniform for a large portion of the
joint. In areas of appreciable bending BONJO I shows generally higher gradients than
FAMAS, but it appears that this is a result of the fact that the FAMAS model was not
detailed enough in these areas. Axial stresses in the boron laminate were calculated and
plotted in Figure 15 for the three locations shown. Good agreement with the finite ele-~
ment analysis was obtained. Finally Figure 16 shows a plot of the transverse shear siress
and normal stress at the joint cross section x = 0.025" which is neor the point of maximum
adhesive shear stress. Finite element results are not shown here but agreement with FAMAS

results was excellent.

4.5 Joints with Non-Linear Adhesive Stress-Sfrain Behavior

4.5.1 General

A major drawback of the method of analysis described in Sections 4.2 and 4.3 is the fact
that it is based on the assumption that all stresses in the joint remain in the elastic range.
This assumption may usually be justified with regard to the stresses in the adherend
materials, but the joint configuration is generally such that the adhesive siresses will
reach the proportional limit of the material at an early stage of loading. For this reason it
became necessary to extend the linear analysis, to permit non-linear stress-strain behavior
in the adhesive material. Several iterative type methods were investigated to solve this

complex problem. Some of these are discussed below.

4.5.2 Secant Modulus Approach

The portion of the joint defined by 0 < x < L (see Figure 1) was divided into regions and
secant moduli were calculated for the adhesive material based on the average stresses in
each region. These secant moduli were then used in place of the elastic moduli of the
adhesive to obtain the coefficients of the governing differential equations for each region .
Conditions of continuity and compatibility were satisfied between adjacent regions, which
together with the boundary conditions at the ends of the joint were necessary # obtain a

solution. This procedure was used to establish basic joint design parameters early in the
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program but it turned out to be unsatisfactory for joints in which a relatively large portion
of the bond layer is in the plastic range. Computational difficulties arise when matching
boundary conditions between adjacent regions because of the discontinuous nature of the

analysis. For this reason development work using this approach was discontinued.
4.5.3 Analysis Based on Deformation Theory of Plasticity
The theoretical work for this procedure has been completed and is describad below.

Assuming that the only non-zero siresses in the adhesive are the shear stress, o:z, and the

o . . .. .
normal stress, o,s one may write the stress-strain relations in the adhesive as:

o
€ =-g0_te
X z xp
e =-25°+¢
y E'z “yp
e ==0_+te
z E'z “zp
°
é € = _XE+ €
g xz G xzp
t
{ . . -
: wheree ,¢ ,¢ ,ande are the plastic strain components. The equivalent stress,
f Xp p’ “zp xzp

equivalent total strain and total plastic strain are defined by the expressions:

N
g = \/o + 3o
ra Xz

Y O AN SRR (A T m3)
c —%\/2[(3)( - )2+(€y - e )2+(x -gp)2+%€fzpl
which are related by the equation:
-€—=2(13+v)%+;p=_3§§+gp (114)

With the assumption that the volume remains constant in the plastic range one obtains:




(i DA M 0 L e e

I A e

- _ 112 2 1 1 2
o~ 2\/ 3 lexp ¥ ®p "3 expezp T3 exzp (13)

It can be shown that the individuai plestic strain components are given by:

-é_ ~n

e, =--£4°
xp 2‘-)_' z

s
e =-Po° (11¢)
zp 6_' z

3c
Xzp E Xz

By using @ Ramberg-Osgood representation of the stress-strain curve in the yield region

one has
1[5\
G.7

qll.cﬂl

and since n and Cq_ 7 ore constants for a given material, the plastic strain components

(116) may be determined if the stresses GZ and o::z are known.

If in the linear analysis procedure, the elastic stress-stroin ielations a-e replac=d by
equations {112) and if the plastic strains arz assumed constant through the ..ickness of the

adhesive, the two governing differential equations are ro longer homogeneous but in the

form:
o0 +RY* O +R* o° +Z¥V + 7%,V =
xz 11 "xz,xx 12 "xz,xxxx 11 " xu,xx 12 " xu, xxxx
™ exzp,xx "Ny €zp.m(x
(118)

; * G +R% o0 +V 4 ZE Y +Z5 V =
L 2! “xz,xx 22 "xz,xx0xx xu 21 “xu,xx 22 " xy,XRX%
( ™3 xzp,xx " 4 € 2p, xxx
4 whe.e
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[¢] V]
t A”(I + Au]) + B” Ba,

V)
AY Ab] + B“(l + Abz)

3
N
I
N~

11

o"f

U
B),(1+ 8a)) + D a,

3
w
B
N —
Q—f

3
S

N| =
a™

B Ab +D“(l +Ab2)

_ 1 U L u L
bay = —— [a”(an -B) -Dy Ay "An)]
Dhidn

R LN R SN S T P R TS DA

1 v L v L
bag = —— IBH(AH SAT) -ALB - Bn)]
DiAn

_ 1 v L u L
dby = — an(Dn‘Dn)'Dn(Bn‘Bn)l

_ 1 u L u L
-‘_‘an(Bn =B -AR 0y, ‘Dn)!

DA

As was done in the linear procedure, the two differential equotions (118) may be combined

into a sir.gle eighth order differential equation:

1 ozz,xxxxxxxx * 2 OZZ,xxxxxx * C3 c,::z,xxxx * C4 xz, xx xz S‘ i
-2
(119)
where
P—2 - nlexzp
§3 o n2€zp

P = * - 7%
Pa= (2 - gl

*
== (Zymy - Iy,
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i In deriving the differential equation (119), the following ex;,'xession was obtained for the
transverse shear force in place of (74) ‘

.~ qu - f5°xz * 1’6sz,xx * 7pxz,xxxx i '80xz,xxxxxx

n5€xzp,xx * 1’\éf“'zp,)gxx * n7€xzp,xxxx * n8€zp,xxxxx - (120)
where )

53

z T] = - —‘n + n '

: S 54 1 '3

: s

: 6™, 12 -

i n =_l_(.,1 2% -n 7% !

. 7 54 1722 3712

n = ]_ (.n Z*‘ -1 Z* )

85, 2722 " 4412

and S3 and s4 are as defined in Section 4.2.4.

Since a direct solution of equations (120) is not possible, an iterative procedure must be

PO ol A S DO G

used so that the plastic strains and their derivatives will be treated not os unknowns, but
as known quantities obtained from the previous iteration. Attempts to represent the plastic
strains by continuous functions such as truncated Fourier series or power series were unsuc=
>' _ cessful because of the extremely high gradients that exist near the edgcs of the joint.
Other possibilities were investigated, the most prorr;ising of which appeared to be the use

of Green's functions coupled with a numerical integration procedure. Using the latter

z approach, one may write the solution of the differential equation (119) in the form:

b 8 x 7 X

b o _ 5 (o 4 Glx - §)

4 Opr =D, A 000 + / PRAGE T 2y
3 e . dx )
e i=1 o i=2 :

2
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where G(x - ) is the Green's function ot the differential operator:

8 & 4 2
‘ s d d d d
L{-)=C +C +C +C + 1
! dx8 2 dx6 3 dx4 4 dx2

The first summation in equation (121) represents the elastic solution to the problem. The

-form of the Green's function is dependent on the type of roots resulting from the linear

solution. In general, one has:

4
Glx -8)= > K o¥(x -8) (122)

n=1
in which each of the functions :p’r'; has one of the following forms:
1) sinha(x )
2) sinalx - )
3) sinhafx - £) cosB(x - §)
4) coshalx - €) sinB(x - &)

corresponding ¢ a real positive, a real negative, cnd a pair of complex conjugate (or
imaginary) roots of equations (78), respectively. For convenience it will be assumed that

the Green's functiop contains one of sach of these forms, hence:
G{x -€) = K] sinh‘a](x -g)+ K2 sin83(x -g)+ K3 sinhas(x -E) cosﬁS(x - E)
+ K4 coshas(x -£) sinSs(_x -E) (123)

The constants Kn are determined from the conditions:

de(0) _4°6(0) _d°6(0) _

dx dx3 de
7
dx i

Higher derivatives of the Green's function are given by:
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n-1

n - -
_d_ﬂ{_ﬁ=,< o cosha (x -€)+(-1) 2 Kb, cosB,(x - &)
" 1M 1 23 3
+ (anK3 + an4) coshcx.s(x -€) cosBS(x -€)
+ (anK4 - an3) sinhas(x - £) sinBS(x -E)
m m
i-%i’:-nﬁ—) =K, a7 sinha,(x - €) + (-° K27 sinplx - )

+ (umK3 + me4) coshas(x -£) sin85(x -%)

- + (me3 - amK4) sinh as(x -£) cosss(x - £)
e where m is an even and n is an odd number, and:

3

3 a =0

-

3 % = 8% * %50,
“ %m T (SSOm-] i 0'Sbm-l)

b =1

3 (0]

. bn B BSbn—] " %5%-1

; l:m T %5%m-1 T BSbm—l

3

l Equations (125) may be written in alternate form:

§ d"G(x - € _ 5" a5

y ——-(-n—b—)- = g]n(;)e cos;85x + gzn(",)e smBsx

% dx

i - apX X
*95,8)e cosBox g, Ble T sinBox
i

,‘. *tg Sn(§) cosBax * 9 6n(§) sinfx
’ c.]x -le

3 197,6Ble " gy B)e =
g 8

7 D 5,006
. i=l
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and similarly:

where:

and:

8
d G(’:n g) _ Ay 9. (©)e.(0
dx :
=
-aS

g]n(é) =e ° (k_] cosB & 'k_z sinesé)

-Q g
_ 5 — . =
gzn(g) =e (K] sm85§ + K2 cos§55§)

o a5 .
93n(§) =e ~ (K, cosBg+K, 5m85§)
ags _

940(’5') =g (K] sin85§ - K2 cosBsg)
n-1
2
gsn(é) = (-1) Kzﬂg cosBE
_.i
2
gén(s) -( 1) suang

I n 'c‘lg
9mE Tz Ky e

ol oE

9gn) =7 Ky e

- ﬁsg

9,6 =e (--K—3 sinB,§ - K.4 cosB,:5)

-ag

gzm(g) =g 3 (-|'<_3 C0535§ - !?4 sin65§)

af

g3m(§) =e > (X, 3 5inB5 + K c0<85>)

G.S

g4m(§) =e” (K cosﬁ5§ +K smBss)

m

2 .
9, (€)= - (-)" K, 83 sing£
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m
7
9, (8) = (-1)" K, B cosBg

- F
0.13

In addition to (124) the following conditions must ke satisfied:

g—;-L(G):O i=2,3,...

dx

where L is the differential operctor defined earlier. Equarions (127) lead to the

expressions:

oo __ 2
dx’ cf
d'60) . i (2 ¢,

1 3% 713
dx C]
6o 1 2 3
E =EZ"2C1L2C3'C1‘ -C)

The solution {121) may be written in the form:

8
°© .\ r A () o
sz o '.Ai + Ai(x)—‘w'(x)

=
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where:

A(x)—z f P 8) g, @) &8

k=20

it can Le shown that the transverse shear force, qu, the stress resultant, qu, and the

stress couple, qu, can be expressed as:

8
Vi =2, (A + Bb0To 05
!
8
N =D TA, + B Gt + AT A+ B 1AL N (130)
=1
8

M= Z (A, + Abdo, (")”’ 11A9* D1 1AL - ML
=

where the functions wi(x), ui(x), and pi(x) have been defined as pari of equations (96).

The average slop= cf the lower laminate at x = 0 and the average slope of the upper

laminate at x = L are given by:

}: |} aav ~RpPwi(0) (P6AV - z22)"’"(0)]A
i=1

' _ 7%
ARt Zi g

1 L
o l‘Rzz = Paav (59,

L

1 o
Paav = ZpdR5n5 - Rz - 71,1 - by) e (131)

4
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8
L = R " . u = n -
= 2 [(P:AV “RoQei(L) + (Ppy - 222“’1“)”‘“; +Ai(”,
=
' 1 *
AL AY C, | g @y - iy

U = .
*Peay = PR30, -k 2“4)] 3t (1 +ab)) te

L u L . . . .
where P4AV’ P4AV’ P6AV' and PéAV are as given in equation (91). Instead of equation

(132)

(96) one has for the non-linear problem:
[HI{A*} = {C*} + {Ap} (133)

which differs from the linear case only in the addition of the column matrix {A }. This
matrix contains all the plastic strain terms. The non-zero coefficients of {Ap} may be
obtained by using equations (129), (130), (131), and (132) in place of the corresponding

elastic relations, in the formulation of the boundary conditions. They are given by:

8
2,2 =- > A (Do)
i=1
8
B @ == D Ay
=1
8
2 (6 = - z A1)
i=1
8
2.,(9) =- 2} A(Up.(1)
I=
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8
Ap(]0)=.Z]Ki(|—)|(R_22 PV ® () (g = P N (L
‘=

-R

e (2
l I‘Rzz Paav (@5 = Zi 0 = (Zyy = PR3, ~RYn )

1
t3 to(l + Abz)

zp, X

= 1 L * - T* {7 - L * _R*
A1) { ][(Rzz Paav)(Zogng = 2109 = (Zyp = Poay)Rng -Rigny)

]
-5 fa(l - Abz)

In order to determine the coefficients, A‘.l*, in equations (133), the coefficients, Ap’ must
ve knewn. This in turn requires a knowledge of the plastic strain distributions in the
bond-tayer. The solution to this problem may be obtained by successive approximations,
starting with the assumption that the plastic strains, and hence the coefficients of {Ap} ,
are zero. Initial values for the plastic strains are therefore obtained based on elastic
adhesive siresses. The piastic strains are computed at a number of stations along the
length of the joint, so that a numerical integration procedure may be used to evaluate the
integrals necessary fo determine the coefficients Ki(x), defined in equation (129). After
calculating the coefficients of {Ap} , new values for A’i" may be obtained by solution of
equations (133). This leads to a new set of adhesive stresses and plastic strains. The

above grocess is repeated until the desired convergence is obtained.

Although the procedure described above appears sound, a number of computational
problems dealing with accuracy and convergence are anticipated. Since the development
of a non-linear analysis program of this complexity is outside the scope of the present
contract, it was decided to develop an approximate but far less complex approach as an

interim method of analysis.
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4.5.4 Plostic Zone Approach

An analysis procedure and associated computer program was developed for bonded joints
with non-linear adhesive siress=strain bekvivior. The analysis uses a "plastic zone™
approach together with a two-stage, elasto-plastic, effective stress~strain curve. The
assumption that plastic zones develop at the ends of the cver-lap when the adhesive
stresses reach a certain (maximum) value, and then spread inwardly toward the cenfer of
the overlap when the load on the joint increcses, was reported by Douglas Aircraft
Company, inc. (reference 6). The Douglas analysis, however, ignores the presence of
normal stresses in the bond-layer and assumes that the shear stresses are constant inside the
plostic zones. In practice neither the shear stress nor the effective stress will be constant
for any appreciable distance along the bond-layer. Neverthzless, it was felt that inte-
grating the "plastic zone" concept with the linear bonded joint analysis (BONJO 1) would
provide a good approximation for the analysis of bonded joints ir, which the adhesive was

stressed above its yield strength.

The effective siress is defined accoring to the Von Mises condition as:

B 2 '"—';7
5= c +3
7 XZ

which is identical to the first of equations (113). The effective stress inside the plastic
zones is assumed constant and equal to the maximum stress obtained from a unidirectional
stress—strain curve. The siress~strain behavior of the adhesive between the plastic zones is
assumed to be linear elastic; hence, the slope of the effective siress—strain curve in this
region will be equal to 3G. As illustrated in Figure 17, the two-stage stress—strain curve
used in this procedure is obtained by extending the elastic region until the ultimate stress
is reached, ot which point the strain increases without further increase in stress. Deter-
mining the length of the plastic zones is a quickly convergent iterative process. Initially
an elastic solution is performed and adhesive shear and normal siresses are calculated at
76 locations as indicated in Figure 18. The initial lengths of the plastic zones are
selected so that the effective stresses are below the maximum stress level at all locations
situated between the two zones. After the plastic zone lengths are obtained, the shear

and normal stresses within those zones are reduced proportionally so that the resulting
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effective stress becomes equal to its maximum value, or:

o “max o o _’max o

o __ = o o= o] (134)
xzp Xz = 2z

Qal

In the next step, an elastic analysis is performed for that portion ot the joint which is
between the two plastic zones. Although the analysis itself is identical to that discussed
in Sections 4.2 and 4.3, new boundary conditions must be established for this probiem,
which may be obtained from the known shear and normal stresses inside the plastic zones.
Denoting the length of the plastic zone near the end of the splice plate (x = 0) by X, and
that near tue center of the splice plate by Xo the following boundary conditions are
defined for the center portion of the joint:

0:2 - C’Zzp(xl)

ol

-~ o -
O%z c’xzp(L x2)

L-x
%)
N° =/ co dx (135)
Xu xzp
[o]
L
NE =N - / o°_ dx
xu X xzp
L-x2
N =N ~N°
xL X XU
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ML =M - [:’o dx dx (!,35
XU x J Tz cont'd)
L-x2
For a single lap joint, th< condition
() = £ 36)
qu(x) + MXL\K) Mx 36)

is also needed in order to obtain a solution. The total moment, Mx’ moy be determinad
from the condition that the slope is zero at the ends and ot the center of the jcint. All

integrations in equations {135) are performed numericaily in the program.

The effective stresses resulting from the above cnalysis are generally as shown by the
dashed line in Figure 18. Since the effective stresses at points A and B exceed the maxi-
mum stress level, the plastic zone lengths are increased and th= entire process is repeated
until the difference between the plastic zone lengths of successive itetctions becoines

negligible.

Figure 19 shows the peak adhesive shear stresses and the final plastic zone length ot eack

side of the joint as a function of the total applied ioad, for the configuration D s.pecimen .
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IV. FINITE ELEMENT ANALYSIS

1.0 GENERAL

Finite element analyses were performed as port of this controct for the purpose of

3 evaluating the numerical results obtained with the closed form analys:s grogram, BONJO |,

These results were presented and discussed in Chapter ill, Section 4.4, In addition,

finite element cnalyses were made for some of the step joint cnd mechanizal joint spec’-

TR I Y VTR

mens, which will be described in this chapter.

YARRURTTN T

Lockheed FAMAS Program #97 was uced to perform the numerical caiculctions. This pro-
giom employs the direct-stiffness displacement methnd to perform a linear structural
anclysis ior deflecrions and internol loads of staticall, looded structures. Formuiation and

decomposition of the structural-stiffness matrix are done in double precision. Anisofropic

hiangular constont stress elements were incorporated in this program. Several options ore
available to input the material properties so that either a plane stress or plane strain
cnalysis con be made. A capobility to determine thermaily induced stresses or strains in

arisofropic structures tas recently been added to the piogrom.

2.0 STEP LAP JOINT ANALYSES

Analyses were made of two different step lap joints of the Configuration 'B' smoll scale

specimens. Detailed dimensions and material specificaticns ore given on Drawing No.
7226~130213 in Appendix C of Yolume li. The first joint analyzed utilizes o 16-ply boron
!eminate (13 specirien) consisting of 8 plies at 0° and 8 plies at +45°. The laminate is

bondel to an aluminum adherend in three steps of 0.50 inch overlap each. The adhesive

thicknass was token as 0.0042 inch, which was the apprcximate average thickness of all
test specimens. The pertinent part of the finite element model used for the analysis is shown
in Figure 20. A finer grid is used near the ends of ench step sinc.e higher gradients exist
in these areas. Figures 21 and 22 show the adhesive shear and normal stresses, respectively,

along the length of the joint. Both types of stressas pevl: ot the ends of each step and
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R s a]

kave their maximum values at the end of the last step where the aluminum to boron thick-

ness ratic is largest. The lounitudiral stresses in the aluminum adherend along three
paralie! surfaces are presented in Figures 23. These surfaces are situated so that each one
represents the mid-plane of u row of elements adjacent to the bond-layer of one of the
steps. The stresses along a g sen surface adjacent to the bond-layer build up rapidly
toword the end of the step and then drop sharpiy at the beginning of the next step when
the adherend thickness is increased. The longitudinal siresses in the boron laminate are

presented in a similar manner in Figure 24.

A modified analysis wos pertormed te investigaie the effect of recognizing the tension ties
beiween the adherends and between the adhesive and adherends at the enrds of each step.
The resulting adhesive shear stress distribution is plotted in Figure 25. For comparison,
the adhesive shear stress distritution obtained in ihe original anclysis (without tension
ties) is shown clso. It can be seen that the peck sheor stresses at the ends of the steps are
reduced significontly as c result of recognizing the tension ties and that the maximura
adhesive shear stress in the joint was cut by 30 percent. Becouse of the fact that part of
the applies load is reacted by tensile forces between the adherends, the total area under
the shear curve no longer represents the applied locd for the modifiec onalysis. A detail,
showing how the joint was modeled at the ends of each step, is presented in Figure 25.
The tensile stresses in the shaded elements range from 200C to 3000 psi, while the shzar

stresses in these elements are almost negligible.

The second joint analyzed was identical to the first cne except that titaniom was substi-
tuted for aluminum for one of the adherends. The finite element model shown i, Figure 20
therefore remains appliceble. Tension ties were ossumed to exist at the ends of each step.
The adhesive shear stress distribution for this case is shown in Figure 26. The corresponding
stresses for the case with aluminum adherends are given by the dashed line, for comparison.
The boron/titanium joint yields considerably lower sheor stresses ot the end of the last

step than the boron/aluminum one, but generally the stresses differ unly slightly.
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3.0 MECHANICAL JOINT ANALYSES

Two separate finite element models were constructed in order to perform a detailed
analysis of one of the Configuration 'E' small scale specimens. Dimznsions and material
specifications are given on Drawing No. 7226-1302IE in Appendix C of Volume Il. The
-1A specimen assembly consisting of an 8-ply boron laminate (-21 specimen) and ¢
titanium splice plate was selected. Two 0.012 inch thick titanium shims were inter-
layered with the boron in order to provide sufficient bearing for the fasteners. The first
mode! which is shown in Figure 27 is for the purpose of performing a detailed analysis
through the thickness of the joint. Isofropic triangular plate elements are used for the
titanium splice plate, titanium shims, adhesive layers, and fasteners. Anisofropic
triangular plate elements are used for the boron laminae. In order to properly account for
pin bending and to determine the bolt bearing loads on the individual layers of the joint,
the elements of the fasteners are connected to those of the joint plates with springs that

are permitted to take compression loads only.

In order to study the stress distribution around the fastener holes a second finite element
model was constructed. The latter model consists of friangular plate elements in the
plane of the joint and represents o layer of titanium or boron, Again, compression springs
between the fastener and plate elements are used to obtain the bearing stresses caused by

the bolt in the iayer under consideration. This second model has been shown in Figure 28.

Average bearing stresses in the two fasteners were calculated for an applied compression
load of 1000f. These siresses were obtained from the first model by dividing the final
forces in the springs, between the fasteners and joint plates, by their respective areas of
contact. An iterative analysis was used to assure that all final spring forces were com-
pression by successive elimination of the tension springs. The averoge bearing stresses thus
obtained are shown in Figure 29. Peripheral bearing stresses on the fasteners were deter -
mined with the use of the second finite element model. Figure 30 shows those transmitted

by the upper titanium shim as a function of the angile 6.
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Loading and unlocding of the titanium shims hos been studied. Figure 31 shows the sheor
stresses in the adhesive layer on both sides of the upper titonium shim resulting from an
applisd compression load of 1000f. Peak shear stresses, of course, occur near the
fasteners where tne loads ore introduced into the shim. The position of the fasteners is

indicated in the figwre.

Net section tensile stresses for the lovrer titanium shim and the 0° boron layer in the
cenier of the piate are shown in Figures 32 and 33, respectively, for a load of 1000 lbs.
The:ce stresst  vere determined by taking the average -tresses acting on the layers, as
obtained from o first fi ‘te element modle, cnd applying them to the second model.
The stress concentrat'on ictor appears to be significontly higher fc: the boron.
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V. PHOTOELASTIC STRESS ANALYSIS ~ BONDED JOINTS

1.0 GENERAL

An attempt wos made to provide an experimental verification of the analytical stress
analysis methodology developed under the program (Chapter 1i1). This verification was
limited to the linear analysis regime becouse of its relative importance in serving as the

foundation of the subsequent non-linear analysis.

Basically, three experimental phases were accomplished during the program. The first of
these involved the fabrication ond photoelastic test of a Configuration D double lop joint
having aluminum adherend strips and gloss splice plates. This phase is u~scribed in
Section 1.1. During the second experimenta! phase, Configuration A and D joints were
tested to determine the siress distribution at the surface of its titanium splice plates.

This second phase is described in Section 1.2. Finally, Section 1.3 describes the third
experimental phase in which strain gage results were obtained for several configuration
A and D specimens. These results were used 1o provide an independent check on the

anc lytical and/or photoelastic results.

1.1 PHOTOELASTIC RESULTS - iISOTROPIC ADHEREND

This ghase of the investigation was initiated in an attempt to verify an existing closed-
form solution for the stress distribution in a linearly elastic, elastically isotropic joint
adhesive. In order to achieve this goal, a photoclastic model of a double lap joint was
constructed. The adhesive layer was simulated by a thin loyer of epoxy photoelastic
material. A reflective coating was pointed on one side of the specimen, between the
aluminum/epoxy interface, to allow determination of isochromatic lines. Although the
optical sensitivity of glass is lov. relotive to that of the adhesive layer, a reflective
coating was painted between the epoxy/lass interface on the other side of the specimen
to determine any confribution tc the overall fringe pattern made by the gloss. A schematic
of this model is shown in Figure 34.
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The model was constructed to allow determination of the stress distribution (crx, cy, 0"Y)'

in the plane of the adhesive layer. Although the analysis of this configuration is bosed on

the assumption that these siresses are zero (for relatively "narrow" joints), it was antici-

poted that at least some sort of distribution could be determined photoelastically. No such

distribution could be obtained. Two mndels of this type were constructed and subjected to

moriotonicaily increasing sequ nces of stetic loads until the glass splice plates failed in

tension {Figure 35).
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FIGURE 35 VIEW SHOWING FAILED GLASS
SPLICE PLATES ON PHOTGELASTIC MODEL

In both cases, the epoxy used to mode! the adhesive layer was of sufficient sensitivity so
that at the recorded failure load leve!, the shear stress, S should have produced at
least one full fringe in the central portion of the bonded area. The fact that no
appreciable fringe pattern was observed in this area when the model was viewed normally,
means simply that {.:e stresses O oy, Oxy were of much lower magnitudes than was Oy
This observation is, of course, in direct substantiation of the assumption made in *he

analysis that 0 s cy, and ny can ind2ed be neglected.

Although the anticipated measurement of a detailed stress distributior: was not accomplished,
the results which were obtained do seem to achieve the desired end goal. They subsiantiate
the validity of the assumption that the adhesive stresses o, and oxy are negligible in com-

rison with n .
parison o_a d Oz
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1.2 PHOTOSTRESS RESULTS - COMPOSITE ADHEREND

During this phase of the program, an attempt was made to obtain a correlation between
analytical joint-stress predictions and experimentally determined joint-stress. The experi-
mental information was obtained by bonding pads of birefringent material to the splice

plate surfaces of several joint specimens.

.hree such specimens were considered: a 1.1"-wide specimen, a 3.0"-wide specimen,
and one having a width of 9.0 inches. All three types of specimens had 00/;\:45o boron -
2poxy adherend laminates and splice plates made of Ti-6A1-4V annealed material. The
data obtained were reduced, using the shear difference method, to obtain stress and/or

strain components at several desired locations.

1.2.1 1,1"-Wide Specimen

A photograph of this specimen is shown below in Figure 36. The birefringent pads used on
this specimen were cut from a 0.042"-thick sheet of Photostress, Inc., S~16 material.
The titanium splice plate was 0.039" thick and the base adherend was cut from an 8-ply

symmetrical laminate.

Two models of the type shown in Figure 36 were tested. The second of these models was
tested in an attempt to resolve difference between experimental and analytical results

discovered during consideration of the first model.

The experimental investigation on the first model was conducted by loading the specimen
to a 1000 lbf load level and using a reflective polariscope to obtain isochormatic and
isoclinic photoelastic data. These data were reduced to obtain the axial stress com-
ponent, o, plotted in Figure 37. The 1 KIP load applied to the model was nct sufficient
to cause appreciable yielding of any of its constituent materials. The results obtained
were therefore compared with analytical predictions obtained from the linear, closed-form

analysis developed under this program.

108




-

BORON BASE ADHEREND

T f w%a_gng
E T 32

¥ g 4,
A i . -:y.,j‘ty. ,‘a:{r‘ﬂ
o G R
~Faed - . - ARyt e

PHOTOELASTIC COATING OVER
TI SPLICE PLATE

FIGURE 36 1.1"-WIDE CONFIGURATION "D" SPECIMEN WITH
BIREFRINGENT PAD BONDED TO SPLICE PILATE

The analytical results obtained from the closed-torm analysis do not cgree with photostress
results within acceptable tolerance (Figure 37). Although the shapes of the "closed-form"
and "photostress" curves are similar, the difference in siress magnitudes is thought to be
too great to ignore. A complementing finite element analysis was done in an attempt to
help resolve this difference. The result of this analysis is also shown in Figure 37. This
latter (tinite element) analysis tends to lend more credence to the “closed-form"

analytical results than to the experimental results.

The experimental curve in Figure 37 was corrected for tensile reinforcing effect arising
from the fact that the coating material itself carries some load. The derivation of this
correction factor is based on the assumption that the coating is in a constant uniaxial
state of stress. This assumption is obviously incorrect since the splice plate undergoes
bending as well as longitudinal tension. A bending correction should therefore be applied
tn the photostress results. Since the degree of splice plate bending cannot readily be

assessed, no such bending correction can be made.
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FIGURE 37 - COMPARISON OF ANALYTICAL WITH EXPERIMENTAL SPLICE PLATE SURFACE
STRESS - FIRST 1.1" WIDE CONFIGURATION "D" SFECIMEN
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An attempt was made to further resolve the differences between the three curves shown in
Figure 37. This was done by placing strain gages at selected locations along the center-
line of the surface of the splice plate of the second 1.1"-wide joint. The second joint
specimen was a 16-ply thick laminate. After strain gage results were obtained, the gages
were removed and pkotostress material bonded to the splice plate surfaces. A photostress
investigation was then performed on the same model. These new strain gage and photo-
stress results were compared not only with each other, but with closed form analytical
results as well. The results of this comparison are presented on Figure 38. It can be seen
that these three types of results correlate much better than comparable results obtained from

the first specimen.

1.2.2 3.0"-Wide Specimen

Figure 39 shows a sketch of the 3.0"-wide specimen discussed in this section. The speci-
men was of the 3.0"-wide, Configuration "A" variety. The 00/:!:450 base adherend

material was fabricated of Narmco 5505 boron/epoxy and was an 8-ply thick symmetrical
lominate. The splice plate was cut from a sheet of Ti-6A1~'V annealed material and had

a 0.0425"-thick birefringent pad bonded to a portion of :*- ,urface as shown in Figure 39.

Photostress data obtained at each of the grid nodes were used to obtain normalized plots

of splice plate surface stress. Figures 40 and 41 show the longitudinal and transverse

stress components, respectively. The longitudinal component displayed in Figure 40 was
evaluoied along line TD (Figure 39). The transverse component of Figure 41 was evaluated

along line AB.

The obvious anticipated symmetry about lines AB and CD is not particularly evident from
the experimental results presented in Figures 40 and 41. This would seem to indicate that
the data on which these results are based are somewhat questionable. The explanation for
this apparent discrepancy may well be the bending undergone by the splice plute as a
result of the asymmetry of the joint about its midplane. In order to properly interpret the
photostress data, o correction factor must be used to account for the degree of bending
caused by this asy 'metry. Such a factor cannot readily be obtained for the situation
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herein discussed and, therefore, no such correction was made to the results presented on

Figures 40 and 41.

1.2.3 9.3"-Wide Specimen

Figure 42 shows o sketch of the 9.0"-wide specimen discussed in this section. The speci-
men was of the 9.0"-wide, Configuration "A" variety, having a base adherend fabricated
of Narmco 5505 boron/epoxy. The laminate was of an 8-ply thick, (00/1450/00)2 con-
figuration. Three pads of birefringent material were bonded to the splice plate at the

three locations shown in Figure 42.

Photostress dato obtained at each of the grid nodes were used to obtain normalized plots of
splice plate surface stress. Figures 43 and 44 show the longitudinal and transverse stress

components, respectively, evaluated along selected lines on each of the three photostress

pads.

In similority with results presented previously for the 3.0"-wide specimen, the symmetry
about the specimen centerlines is not particularly evident from the plots of Figures 43 and
44. 1t is thought significant, however, that the shapes of the curves displayed on Figures
40 ond 41 os compared with those disployed on Figures 43 ana 44, respectively, are similor.

1.3 STRAIN GAGE RESULTS

Strain goge results were obtained on ail three specimen widths. These results were
obtained by placing strain goges on the surfoce of the titaniur: splice plate to obtain data
along the same lines at which photostress data were obtained. Each such cluster of goges
wos arranged as shown in Figure 45. Gages 1 through 5 were oriented longitudinclly and
gages 6 and 7, transversely.

The results obtoined from the second 1.1"-wide configuration "D" specimen are plotted on

Figure 38. These results are compared with corresponding photostress and analytical

results. The moximum joint load of 3000 lbf was chosen to avoid yielding of either splice
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plate or oshesive. Strain readings of all seven goges weare recorded at 300 Il:'f load incre-
men's up to the maximum (3000 lbf) load level. Strain-iocd plots obtained from these
rsadings were judged to be sufficiently linear to satisfy the purpose of the investigation.

Gage No. 6 exhibited the most pronounced deviation from lin=arity. The strain-load plot
for this goge is shown in Figure 46. Figure 38 shows that the closed form linear analytical
predictions compore favorably with strain gage results along tne longitudinal centerline.

Strain goge results obtained from the 3.0" wide joint specimen are displayed in Figures 47
and 48. Comparable results obtained from the 9.0"-wide specimen are shown in Figures
49 ond 50.
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