il

LR R

tonp Eag el

n,l

AEDC-TR-72-142 _ . bbr 201972

THREE-PARTICLE COLLISION INTEGRALS
FOR THERMAL CONDUCTIVITY, VISCOSITY AND
SELF-DIFFUSION OF A GAS
OF HARD SPHERICAL MOLECULES.

PART I. THEORY

J. V. Sengers, M. H. Ernst, and D. T. Gillespie
University of Maryland

September 1972

|
. Approved for public release; distribution unlimited.

L

ARNOLD ENGINEERING DEVELOPMENT CENTER
AIR FORCE SYSTEMS COMMAND
ARNOLD AIR FORCE STATION, TENNESSEE

LM T0LCO
. 'I'V

Propait o~ . .
F40500-75-C-0004



WTICES

When U. S. Government drawings specifications, or other data are used for any purpose other than a
definitely related Government procurement operation, the Government thereby incurs no responsibility
nor any obligation whatsocever, and the fact that the Government may have formulated, furnished, or in
any wav supplied the said drawings, specifications, or other data, is not to be regarded by implication
or otherwise, or in any manner licensing the holder or any other person or corporation, or conveying
any rights or permission to manufacture, use, or sell any patented invention that may in any way be
related thereto,

Qualified users may obtain copies of this report from the Defense Documentation Center,

References to named commercial products in this report are not to be considered in any sense as an
endorsement of the product by the United States Air Force or the Government.




AEDC-TR-72-142

THREE-PARTICLE COLLISION INTEGRALS
FOR THERMAL CONDUCTIVITY, VISCOSITY AND
SELF-DIFFUSION OF A GAS
OF HARD SPHERICAL MOLECULES.

PART 1. THEORY

J. V. Sengers, M. H. Ernst, and D, T. Gillespie
University of Maryland

Approved for public release; distribution unlimited.




AEDC-TR-72-142

FOREWORD

The research reported herein was sponsored by the Arnold Engi-
neering Development Center (AEDC), Air Force Systems Command
(AFSC). The Program Element is 61102F, Project 8951, and Task 02.
The research was conducted at the Institute for Molecular Physics of
the University of Maryland from September 1, 1970 to June 30, 19871
under delivery order F40600-69-C-0002 and from July 1, 1971 till
April 30, 1972 under delivery order F40600-72-C-0002. Air Force
project monitor for this project was Captain Michael G. Buja, AEDC
(DYR). The manuscript was submitted for publication June 1, 1972,

The authors are indebted to Dr. W. R. Hoegy of the NASA Goddard
Space Flight Center for many valuable remarks during the initial phase
of this research. The authors have also appreciated the stimulating
interest of Professor J. R. Dorfman of the University of Maryland.

Dr. Ernst participated in this research while he was on leave from the
Katholieke Universiteit, Nijmegen, The Netherlands. Dr. Ernst re-

ceived a travel grant from the Fulbright-Hays program for this purpose.

Dr. Gillespie is currently associated with the Earth and Planetary
Sciences Division, Naval Weapons Center, China Liake, California,
93555,

The reproducibles used in the reproduction of this report were
supplied by the authors.

This technical report has been reviewed and is approved.

ELTON R. THOMPSON ROBERT O. DIETZ
Research & Development Acting Director

Division Directorate of Technology
Directorate of Technology -

i



AEDC-TR-72-142

ABSTRACT

The transport porperties of a dilute gas are determined by binary
collision integrals. In order to predict the first density corrections to
the transport properties, it is necessary to consider collision integrals
that account for the effects of collisions among three molecules. In
this technical report we derive and formulate such three-particle col-
lision integrals for the coefficients of thermal conductivity, viscosity
and self-diffusion of a gas of hard spherical molecules. An evaluation
of these three-particle collision integrals will be presented in a subse-

quent technical report.
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Introduction

The theory for the transport properties of dilute gases
consisting of spherically symmetric molecules is well estab-
lished. This theory is based on the Boltzmann equation,
which can be solved using a procedure introduced by Chapman
and Enskog. The transport properties are thereby expressed
in terms of binary collision integrals. Calculation of
these binary collision integrals has become a routine pro-
cedure, and tabulated values are available for many forms
of the intermolecular potential [1,2].

The validity of the Boltzmann equation is restricted
to the low density limit. In order to evaluate the trans-
port properties of a moderately dense gas we éonsider an
expansion in terms of the density. Originally, it was
envisaged that the transport properties could be represented
by a power series in the density, in obvious analogy to the
virial expansion for the compressibility factor. Subsequent
developments, to some extent discussed in AEDC-TR-69-68 [3],
have revealed that the density dependence of the transport
properties is more complicated, and that terms logarithmic
in the density appear also.T That is, the density expan-
sions for the thermal conductivity A, the shear viscosity n

and self-diffusion coefficient D are of the form

For a bibliography on the subject see Ref. [4].
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A = AotA,n+A nzlo nte s
A | 2 g

n = n°+n1n+n2nzlog Nteos (1.1)

nD D°+Dln+D2nzlog n+*

where n is the number density. The lowest order terms A,,
n. and D, are given by the Chapman-Enskog theory. In this
report we focus our attention on the coefficients Al’ N,

and D, of the contributions linear in the density. Empiri-

1
cal values for the coefficients Al and n, of a number of gases
were reported in AEDC-TR-69-68 and AEDC-TR-71-190 [3,5,6].

In order to calculate these coefficients from the theory,

it is necessary to evaluate collision integrals that are
related to sequences of collisions among three molecules [3].
Prior to the systematic developments, Enskog made an

intuitive attempt to generalize the Boltzmann equation to

a dense gas of hard spheres [7]. The Boltzmann equation

is akin to the perfect gas law in that it neglects

any correlations in the positions of the molecules:;

furthermore, the velocities of two molecules which are about
to collide are also assumed to be uncorrelated (assumption of
molecular chaos). In the theory of Enskog for dense gases

an estimate was made to account for the effect of correlations
in configuration space; they were assumed to be the same as
those for a gas in equilibrium. The assumption of molecular

chaos was retained for the probability distribution in
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velocity space.

In a previous report estimates for the complete triple
collision integrals were presented for a gas of hard spheri-
cal molecules [3,8]. It turned out that their contribution
differed by less than ten percent from the value predicted
by the theory of Enskog. This conclusion was recently
confirmed by Henline and Condiff [9].

In this report we shall show that for a gas of hard
spheres the theory of Enskog is recovered as the first
approximation, when the collision integrals are expanded
in terms of the number of successive binary collisions
between the molecules. For this purpose itéis important to
make a distinction between the effects of statistiecal versus
dynamical correlations. In the equilibrium case the first
density correction to the radial distribution function of
particles 1 and 2 is determined by those configurations
for which a third particle is overlapping with both particles
1l and 2. That is, the configurations which determine the
excluded volume are those for which the center of the third
particle would lie inside the action spheres of both particles
1 and 2. If in the non-equilibrium case the integration in
the triple collision integral is restricted to the same
configurations, the triple collision integral yields for
the first density correction the equilibrium radial distri-

bution function multiplied with the Boltzmann collision
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integral [3]. This is precisely the contribution given

by the Enskog theory and it contains, effectively, the

dynamics of only one binary collision among the three parti-

cles. Deviations from molecular chaos can then be incorpor-
ated in successive higher approximations by considering

correlations brought about by two, three and four successive
collisions among the particles. The details of this expan-

sion will become more clear in Sections IV and V.

The purposes of this report are:

a) to present a simple, self-contained derivation of the
three-particle collision integrals that bypasses the
somewhat intricate surface integration method proposed
by Green [10] and further developed in previous
technical reports [3,11].

b) to elucidate how an analysis of the statistical and
dynamical correlations, caused by the interactions of
three molecules, leads to a decomposition of the collision
integrals associated with the number of successive
collisions among three particles.

c) to express the three-particle collision integrals in a
form suitable for a quantitative evaluation of these
integrals.

The treatment is restricted to a gas of hard spherical
molecules. In this case the molecular dynamics reduces to

sequences of successive binary collisions among the molecules.
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The analysis is simplified by the fact that we do not need
to consider more than four collisions as demonstrated by
Hoegy and Sengers [12] and reported in AEDC-TR-71-51 [11].

We shall proceed as follows. Non-equilibrium statisti-
cal mechanics relates the transport properties to time
correlation functions of the corresponding fluxes [13].
Starting from these time correlation functions we show in
Section II how the first density\corrections to the transport
properties are determined by matrix elements involving a
triple collision operator. This triple collision operator
can be represented by a binary collision expansion. The
properties of the binary collision operators are summarized
in Section III. In that section we also develop a diagrammatic
notation to elucidate the meaning of the various terms in
the binary collision expansion. In Section IV we use the
binary collision expansion to decompose the triple collision
operator into a series of terms accounting for increasingly
higher order dynamical correlations. 1In Section V we specify
the corresponding three-particle collision integrals. The
first density corrections Al, Ny Dl to the transport coeffi-
cients are thus determined by a set of collision integrals
involving the dynamics of one, two, three and four successive

collisions among three molecules. The results are discussed

in Section VI.
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II. Transport coefficients in terms of collision operators.

The transport coefficients for a system of particles at
temperature T and number density n can be expressed as
integrals of time correlation functions of the corresponding

fluxes [13]

A= — lim lim \/ht e_stv_l<3A'3A(t)> '
3KT™ e+0 Vox 0

-t -1 3
N = ToEr lim lim jdt et iF F (0> ’ (2.1)
€>0Q Voo n n
0
N
nD = % 1im lim fdt ety 1 ViV, (8)> ,

e>0 Vo 0 i=1

where k is Boltzmann's constant and n = <N>/V. The average < >
is taken over an equilibrium ensemble, for which we choose
a grand canonical ensemble with temperature T = (k8) ! and

chemical potential u. Thus for any phase function X(xl,xz...xN)

= X(12...N)
r N
<X> = Z: %TE\] de:ﬂ;¢(vl)W(12...N)X(12...N). (2.2)
N =

The grand partition function 2 is defined such that <1> = 1;
3/2
the activity z = (Zﬂm/th) exp (gu), where h is Planck's

constant and m the mass of a particle; ax™ = dxl...dx is

N

a volume element in phase space and the phase X; = ‘31'21)
represents the velocity $i and the position ;i of particle

i(i=12,...,N). The Maxwell-Boltzmann factor ¢(v;) is
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defined as
¢(v) = (mB/21r)3/2eXp(-%Bmv2) 3 (2.3)
The function W(12...N) represents the statistical correlations

between the positions of the particles and is given by

N—n
W(l2...N) = exp[—B EZEL U(rij)] = :ﬁ (l+fij)' (2.4)

i<j

i<j J

where U(rij) is the pair potential as a function of the

relative distance r,, = |T, - ¥.| and £,. the Mayer function.
ij i 3 ij

For a system of hard spheres with diameter o the statistical

correlations reduce to overlap exclusions and the Mayer

function reads

), (2.5)

£i5 = W(i3)-1 = -6 (o-x

13

where 0(x) =1 for x> 0 and 6(x}) = 0 for x < 0,

The expressions (2.1l) involve correlation functions
between the current J at time t and at time t = 0. For
thermal conductivity and viscosity the current consists of

a kinetic term JX and a potential energy term gv

3= 3%3% (2.6)
with

N N
3K _ _ 125 .
B= ) 56 = ) Guideid;

i=1 i=

N | N (2.7)
3K N _ N - >
Jn = 24 Iy (vy) = Zm{vivl}s v

™)
L
[ur}
P
|
()

and
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N

U _1 '\ *_+ > = UFﬂ+

3A =5 242J U(r .)I rijaU(rij)/arij] v h z;vi 3
i3 i=1
(2.8)
3U _ 1 \ ' -
Iy = -3 E:Z: aU(r )/arij}S
#3

The symbol { }s indicates a traceless symmetrized tensor, %

is the unit tensor and h = ng + hU the enthalpy per particle.

The self-diffusion contains only a kinetic term, as shown
in (2.1).

The separation of the currents in two parts (2.6) implies
that A and n can be considered as the sum of a number of

distinct contributions
x = \EE KU, UK 0U

KK, KU, UK, UU
=n +n +n 4N ’

(2.9)

3
|

with obvious definitions for the individual terms.
The main text of this report is devoted to a study of
the effect of triple collisions on the first density correction

to the transport coefficients. For this purpose it is

sufficient to consider only the kinetic terms AKK and nKK.

The remaining terms are sometimes referred to as collisional
transfer contributions. This terminology is slightly ambiguous,

since in the original work of Enskog [7] collisional transfer

refers only to AUK+AUU and nUK+nUU. The lowest order contri-

U KU, UK

butions from AK +AUK and n +n are proportional to the
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density n. They involve the dynamics of two particles
only and are fully accounted for by the theory of Enskog.
In Appendix A we show how these terms can be derived from
a systematic density expansion of the time correlation
functions (2.1). The terms AUU and nUU account for correla-
tions between two pairs of molecules; their leading contribu-
tions are proportional to n2 and are not considered here.

In order to discuss the time dependence of the current
J(t) in (2.1) we need to consider the dynamics of N hard
spheres. The dynamics of N interacting particles can be
represented formally by streaming operators etLN, which
generate the solutions of the Hamiltonian equations of motion,
i.e. J(t) = etLNJ(o), However, for hard spheres the streaming
operators are not defined when the particles are overlapping.
On the other hand the streaming operators are always preceded
by the function W(l2...N) giving zero weight to initially
overlapping configurations. One, therefore, has the freedom
to extend the definition domains of the streaming operators
to include initially overlapping configurations.  Pseudo
streaming operators e and e N, defined for all configura-
tions, which generate for non-overlapping configurations
the actual trajectories of N interacting hard spheres, have
been introduced by Ernst, Dorfman, Hoegy and Van Leeuwen [14] ,
and will be used in this report. The operators Ly and L, are

N
given by
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N N
Ly = L°+ZZ 'rij , Ly = L°+zz Tij , (2.10)

i<j i<j
where L, is the Liouville operator associated with the free
streaming of the particles
N
Lo = Lo (12...N) = z;;*i'a/a?i , (2.11)
i=1

and where the operators Tij and Tij are associated with a

binary collision between particles i and j. The operators

Tij and Tij contain an interacting and a non-interacting term

- mi o0 . & - mi =0
le—Tij+Tij ; ij T1j+Tij ’ (2.12)
such that
i _ 2 RPN > e .
Tij =0 ‘] doijlvij oij|6(rij oij)Roij (2.12a)
V..°0.. < 0
1 “ij
describes an interacting collision,
n _ _ 2 ~ > A + >
Tiy = O ‘/\doijlvij oijIG(rij oij) (2.12b)
> « A
vij oij <0

describes a non-interacting penetrating collision, and

=T _ 2/\ ~ -> -’\ - _—>
-> A
Vii 034 >0

describes a non-interacting separating collision. The symbol

10
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aij = gij/o represents a unit vector (perihelion vector of
the collision) and the operator Ro transforms the velocities
> -> . ,lj . e - -
v, and vj before the collision into the velocities V; and vg

after the collisiont

-+ -+ > -+ ~ A

RoysVi = V1 = VimV357035)055 o

ij
-+ > - > ~ ~

R V. = Vv*¥ = v . +(v..*0..)0.. 2.13

03573~ V3 3 V3379330935 213
> -»> . .

Rcijvk = vy (i#k#3) ’

where $ij=$i-3j° Equations (2.13) describe the "hard sphere

interaction" in which molecules i and j exchange velocity

components along the perihelion vector gij'
To illustrate the meaning of these different types of

binary collisions we consider in Fig. 1 the motion of particle

1 relative to particle 2. At a given time 1 = 0 particle

1l is approaching particle 2 with a relative velocity 312

and an impact parameter b12 < g, After a time 1T = P the
center of 1 will touch the interaction sphere of 2 at

A (312¢&2<0), If the collision is an interacting one,
particle 1 will proceed along its deflected path in the
direction of $12' If the collision is non-interacting
penetrating, particle 1 will continue to move in the direction
of 612. In the latter case the particles will experience a

non-interacting separating collision after a time T = TIZ,

1.

In this report we use forward streaming operators in contrast
to a previous publication on this subject [12].

11
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Fig. 1. Geometry of a collision between two hard spheres.
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when particle 1 touches the interaction sphere of 2 at

B (Vv >0).

12 %12
Since the transport coefficients (2.1) are Laplace
transforms of the time correlation functions, it is convenient

to take the Laplace transform of the pseudo-streaming

operators (resolvent operators)

GN = l-E-LN]—l , G. = [E-EN]—:L Go = [E-Lo ]—l . (2.14)

L N !

L

We shall not indicate explicitly that L, and G, are N-particle
operators. Both streaming operators etLN and eth or GN and
Eﬁ describe the hard sphere dynamics correctly, provided

they are used in the appropriate combination with the overlap
exclusion., That is, the operator etN represents the dynamics
correctly when written behind the overlap exclusion W(12....N)
and the operator etfN when written in froant of W(12....N).
Thus, the allowed combinations are

tL tL

W(l2...Me Y =e Yw(2...n) |, (2.15a)
or
w(12...N)GN = EﬁW(lz...N) . (2.15b)

After this review of hard sphere dynamics, the kinetic
contributions to the transport coefficients will be related
to one-particle fluxes J (V) by integrating the time correla-

tion functions (2.l1l) over the positions of N particles and

13
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the velocities of N-l particles [4]

KK n s F 3y (T
A = erv¢(v)J (v) *¥, (v;0) '
3kT2 A A
KK _ —n—-fdiz' (v):J'> (3)=:‘§ (V3 0) (2.16)
N = ot J AVe VI, n'Vi ’ .

We represent the functions T(z;O) = lim W(;;e) as the result
e>0
of an operator T (V;e) operating on the appropriate flux J(s)

@i =rGofd , ¥ dieo = r@ied & . (2.17)

Then it follows from (2.1) that

N

N
> _oqs z [ . N-1 .
nI‘(vl, E) = ‘]}igz -(N—_I)—!Z— J' dx H2¢ (vi)W(12. o .N) GN (2.18)
N 1=

N
Plj
21

J

The operator Plj in (2.18) is a permutation operator
which interchanges the labels of particles 1 and j. The

corresponding relation for the self-diffusion reads
¥ (Vie) = T(Wi0)V (2.17¢)

where f(z;e) is obtained from (2.18) by deleting the sum of
the permutation operators.

In order to obtain an integral equation for the functions
¥ in (2.17) we follow a method proposed by Zwanzig [15]. A

cluster expansion of the resolvent operators leads to a formal

14
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density expansion for the operator F(;;e). Next, we
determine the density expansion of F-l, and multiply (2.17)

with the inverse operator r-t

to obtain the desired integral
equation.
For this purpose we introduce a set of N-particle resol-

vent operators
n

— -1
GN(IZ...n) = G(12...n) = [S-LQ(IZ...N)-EZZL Tij] ’ (2.19)
i3

in which collisions (T-operators) between only the first n
particles (n < N) are taken into account. Cluster operators

are then defined by the recursion relation
X =

G(lZ...n)==2L > U(l2...%)- (2.20)
2=1 1c(t]c[n)

The second summation is taken over all sets [&] of & particles
which contain particle 1 and are themselves contained in [n] =

(l1...n). For example,

G(1) = G, = {e-Lo(12...N}"1 = u(1),
G(12) = U(1)+U(12), (2.20a)
G(123) = U(1)+U(12)+U(13)+U(123),
Inversion of the recursion relation (2.20) yields
L

U(12...82) = 7(-1)’“'k Sﬂ G(12...k). (2.21)
=1 1c[k1CL2]

15
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In particular, the first few terms read

U(l) = G(1) = G, ,

u(12) = G(12)-G, , (2.21a)
U(123) = G(123)-G(12)-G(13)+G,.

We note that all operators in (2.20) and (2.21) operate on
the phases of N particles.

When we introduce this cluster expansion into expression
(2.18) for T we can start from either W(lZ...N)GN or
EﬁW(lz...N). In the latter case we define U-operators by
replacing G with G in (2.20). Due to (2.15b) both procedures
are equivalent, but the second representation is more
convenient in view of the integrations over the phases of
particles 2 and 3, to be carried out in the next section.

Next, the cluster decomposition (2.20) is substituted in
(2.18) to obtain an expansion for the operator

(=) L . 2
o -1 o
s _ n -1 -
I‘(vl;e) = Z Wfdx i];[2¢(vi)U(12,..£.)g(12...2.) Z Plj' (2.22)
=1 y=1

where we have introduced the equilibrium distribution functions

g(l2...%) [16]:

o N
n'g(12...2) = lim Z (N_EN,zfde'“ I ewpw, (2.23)
Voo . ) 1
N=4 i=2+]1
with g(1l) = 1. The reduced distribution functions g(l12...%)

can be represented by a power series in the density. Here we

16
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quote only those terms which we shall need explicitly [16]:

g(l2) = W(12)+andx3¢(V3)W(12)f13f23+..-’
(2.24)
g(123) = W(123)+.-.

The form (2.22) for the operator I' is appropriate only when

operating on functions J(s) of the velocity for which

A )
‘j ave (v)J (V) = 0 (2.25)

and this is precisely the case for the transport coefficients.
We note that the operators U(12...%) in (2.22) now operate
only on the phases of & particles. The reason is that the
terms operating on the remaining (N-%) particles give rise

to vanishing surface terms. The operator I for the self-
diffusion is also given by (2.22) provided that we delete
again the permutation operators.

We expand the operator I' in a power series in the

density

[ = T 4nl +nT 4+« (2.26)
ptnly+ni T, ’ .

with

I, =G (2.26a)

2

r, =‘/‘dx2¢(v2)U(12)W(12) z: Py (2.26b)

A i=1 3
_ 1- _
ry = dxzdx3¢(v2)¢(v3){EU(123)W(123)+U(12)W(12)f13f23}zz Py
1=]

17
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In order to write F3 in the form (2.26c) we have added a

term U(12)W(12)f which vanishes after integration

13%23%13
over $3 according to (2.25). Again the corresponding terms
for the expansion of T are obtained by deleting the permuta-

tion operators.

As pointed out by Zwanzig [15] the density expansion
(2.26) is not suitable for a calculation of the functions
¥(V;e) in {2.17), since the coefficients Pk of the expansion
diverge as s-k in the limit e+0. However, Zwanzig has also
shown that the inverse operator F-l(e) has a finite limit as
e>0, at least for the first three terms in the density expan-

sion of I 1

(e). This leads us, after inverting (2.26) and
performing a density expansion, to the following integral

equations for W(G;s):

IE) = Linl N (Vie) ¥(¥ie) = -(nL, (M4, (M+... 1Y @0, (2.27)
e>0 2 3
with
> S R |

IZ(V) = 1limG, I‘z(v;s)G° ’ (2.28a)
e+0

I, (V) = lin{e; T, (Vie)6ot-6.1r, (Vie) 6o lr, (Vie) 6o, (2.28b)
e+0

The operator G:l can be replaced with e when acting on
functions of the velocities alone. In deriving (2.27) we
have used the property that limG:lw(3;e) = lime¥(V;e) = O.
% e>0 €+0
The operator Iz(v) is the Boltzmann collision operator
which will be reduced to its familiar form in the next

section; the operator 13(3) is a triple collision operator.

In the integral equations (2.27) both operators act on a
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function of the velocity alone. For the self-diffusion

we obtain similarly the integral equation
~ _ ~ 2> > ... >
v = -{nI, (V) +n“I (V) +- -1 (v;0), (2.29)

where the operators Ik(z) are given by (2.28) after replacing
Pk with rk.
The solution W(G;O) of the integral equation (2.27) can

be written in the form of a density expansion

1

V(3:;0) = -n-l{I;]'—nI_'lI ol da@ , (2.30)

2 7372

and a similar result follows from (2.29). When the formal
solution (2.30) is inserted into (2.16), we obtain a density

expansion for the kinetic parts of the transport coefficients

KK KK

A = )\°+)\1 nteese o
nK = no4nifnees (2.31)
nD - D°+D1n+--- .

The lowest density contributions are in general of the form

- fd";d;(Tr)J(G)I;l(%)J(%). (2.32a)
while the first order density corrections have the form
[a3s ot sla @ b
J AV VIT I, I51,73 (), (2.32b)

as follows from (2.16) and (2.30).
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In order to express the quantities (2.32) as matrix
elements of collision operators we introduce the functions

3 . . .
K, B and E, which are determined by the integral equations

I,MAW = -3, @,
L, HBG = -3n($), (2.33)
LG = ¥

From (2.32), (2.33) and the symmetry of the Boltzmann collision
operators 12, it follows then that the low density values

Aes Ne and D, are given by

AO - ——l--in [A'A] (2) ?

3kT
o = ~Topm (3,5 (@, (2.34)
D, = -5 [&,8 3,

. . 3 KK KK .

For the first density corrections Al » Ny and D1 we obtain

3kT
KK _ 1 (3),

_ 1oz (3,

Dl =3 [C,E]

For convenience we have introduced a short hand notation

defining matrix elements associated with the operators Ik and

Iy
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(k)

[£,9] jpd3¢(v)f($)*lk(3)g(3) (2.36a)

[f,g](k)

de$¢(v)f($)*ik(3)g($) (2.36b)

where g(§) and f (V) are vector or tensor functions of the

velocity Vv and * indicates the appropriate scalar product.

21



AEDC-TR-72-142

III. Dynamics of hard spheres

Once the coefficients in the expansion (1.1) for the
transport properties are related to collision operators,
the problem is reduced to an analysis of the dynamics of
two, three, etc. isolated hard spheres. To describe the
dynamics we introduced binary collision operators in (2.12).
We now summarize some of the properties of the T-operators
and elucidate how they enable us to give a compact and
systematic description of collision sequences.,

The T-operators correspond to binary collisions which
may be interacting or non-interacting. The G,-operators,
defined in (2.14), correspond to free streaming of the
particles. Products of T-operaéors and G,-operators corre-
spond to sequences of successive binary collisions among the
particles, and can be represented by diagrams. The G,-
operators are represented by labeled particle lines (labels
1,2,3) indicating the free trajectories of the particles
between collisions. We adopt the convention that time
increases when the diagrams are read from bottom to top as
indicated by arrows on the particle lines. The T-operators
correspond to the basic binary collision events and are
represented schematically in Fig. 2. The collisions are
assumed to occur at a given time T = T, and in Fig 2a we
indicate that the velocities change in an interacting

collision. In Fig. 2b and 2c the velocities do not change,
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time

Fig. 2. Schematic representation of (a) an interacting collision,

{(b) a non-
interacting penetrating collision, (c¢) a non-interacting separating
collision, and (d) the condition that the two particles overlap at
time T=Tq.
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but we place marks just above/below the collision time in the
non-interacting penetrating/separating collision to indicate
that the particles overlap just after/before the collision.
Occasionally, it will be necessary to require that the parti-
cles overlap at a given time T = T,; we do this by connecting
their trajectories with marks as shown in Fig. 2d.

Using the foregoing symbolic representation, we can
construct diagrams representing sequences of collisions.
As examples we show in Fig. 3 the diagrams associated with
the various terms in the operator products T12G°T13 and

T12GeTy 3- 12

when particles 1 and 2 are in contact. The operator T

The operator T is only different from zero

13
requires that at the same time the phase of particle 3 is
such that the collision between 1 and 2 is followed by a
collision between 1 and 3, i.e. T13>T12. For interacting
and non-interacting penetrating collisions the time ordering
refers to T; and for non-interacting separating collisions to
T;, where o indicates the appropriate pair. The operators
act on functions of the positions and velocities of the
three molecules. The effect of the operator product is to
transform the positions and velocities of the molecules just
prior to the first collision at the bottom of the diagram
into those just after the last collision at the top of the
diagramt, As mentioned earlier, any penetrating

collision will be followed by a separating collision at a

TNotice that the bottom/top of the diagram is determined by the
first/last collision. The extensions of the particle lines below
the first collision and above the last collision are shown for
convenience only; they do not represent G, -operators.
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Fig. 3. Collision sequences associated with the operator

products TlZGOTl3 and T12G0Tl3.

25



AEDC-TR-72-142

later time. However, the diagrams are non-committal about

the number of and the time at which additional non-inter-

acting collisions, not indicated explicitly, will occur.

For example; in Figs. 3c and 3d a separating collision between
TIZ' but 112

or larger that TI3. As another example, we show in Fig. 4

1l and 2 will occur at T = may be either smaller

the diagrams associated with the two terms of the operator
product f23Ti2G°T13. In these collision sequences particles
1l and 2 are colliding, while 2 overlaps with 3. These
diagrams can roughly be thought of as space-time plots of
the centers of the molecules, with the time-axis vertical and
the (one-dimensional) space-axis horizontal, and they allow
a direct geometrical interpretation of the collision operator
products.

The operators satisfy a number of properties listed in
Table I. Proofs of these relations are either given by
Ernst et al. [14] or are directly implied by their results.
The relations (I.l) through (I.6) have an obvious dynamical
meaning, when interpreted geometrically. In (I.8) the
operation of time reversal is represented by the operator T
which reverses the directions of the velocities of all
particles, while their positions remain unchanged.

Any product of T- and G,-operators can be interpreted
as a specific sequence of collisions. However, some sequences

may not be allowed according to the laws of mechanics.
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(a) f,3TH 6, T (b) 13T G, T

Fig. 4. Collision sequences associated with the operator product f23TizGoT13‘
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TABLE I

PROPERTIES OF BINARY COLLISION OPERATORS

£,T, =0, T £ =0, £GT =0, TGEf =0

T GeTy = 0 , T .G,T, =0 , T ,GT =0

—— e - ———-—

The dagger represents hermitian conjugation:T is the opera-

tion of time reversal.

These relations apply also to i- and n=-collisions I.1
separately. In these xelations G, may be replaced by
GoT" Gg...T" G, if a, #a for i = 1,2...%; in addition any
%1 ] 1 .
n =N 2
Tu_(ai#u) may be replaced by Tui ;
) T = —T0 I
Tufa = Ta, faTa Tu. :1.2
fuTB = TBfa' faTB = TBfu (a#B) EI.3
£,Go + GoT Go = Gof, + G,T G, E
n =n iI'4
£,G0 + GoT Go = Gof_ + G, TG, :
_n ]
£,60 = -£,Gof, - £,G.T G, E
n :I.S
G°fu = -faG°fu - G°TaG°fa E
n - _mn _ mha =0 !
T,Go = -T Gof, = T G,T G, :
GoT! = =f GoTD =~ GoT G, TD } T8
°"a a °a °“a°Ta :
%+ 3 2 i
. . v
i j = +> > i j — .
Tij ) 0, ijidv. Tij f(xi,xj) 0 :
v, + v v + v '
* '
:1.7
-+ > > + - N '
JgrijTijf(vi,vj) = jgrijTijf(vi'vj) !
where f(xi,xj) and f(si,;j) are arbitrary functions. '
T: = TTGT-]. ’ f: = TTG,T -1 :
I.8
i
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Of course, the laws of mechanics are here extended to include
the possibility of non-interacting collisions. The defini-
tion of the T-operators implies that any operator product
associated with a forbidden collision sequence vanishes
automatically. Some of these forbidden collision sequences
are of a trivial nature and follow from the properties of

T, and T& compiled in Table I. For example, it follows from

(I.1) that

n

T,GoTy

This relation expresses the fact that a pair of particles
cannot recollide after a collision, unless the trajectory of
at least one of the two particles is deflected by an interme-
diate interacting collision with the third particle.

In addition to such obvious restrictions, there are
several restrictions which are not of a trivial nature, but
are consequences of theorems concerning the dynamics of
three hard spheres. In Table II, we present lemmas that
express forbidden collision sequences. These lemmas are
consequences of the following two theorems:

THEOREM 1. Three hard spheres (with equal masses and

diameters) cannot undergo more than four successive inter-

acting collisions. Moreover, any sequence of four successive

interacting collisions is either of the type described by

the diagram of Fig. 5, or else obtainable therefrom by inter-

29
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TABLE II

LEMMAS INDICATING FORBIDDEN COLLISION SEQUENCES

(a#B#y#a)
fYT;GoTBGOTa =0 II.1
fYTaGoTBGOTY =0 I1.2
Ty 8ol g0 TaC0 LTy = O II.3
T&GOTBGOTGGOTB =0 II.4
T&GOTBGOTYGoTa a2 0 I1I.5
T&GOTBGoTaGoTYGoTa =0 1I.6
T&GOTBGOTYGOTBGOTa =0 I11.7

The lemmas hold for the interacting and non-interacting terms
of each T - or T -operator separately. The lemmas remain
valid upon insertion of any number of additional ™ - or T -

operators. Moreover, T& may be replaced by Ta‘
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Fig. 5. . The only dynamically possible sequence of four
successive interacting collisions for three
identical hard spheres.
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changing particle lables and/or reversing the direction of

time.

THEOREM 2. In the recollision sequence defined by the

diagram of Fig. 6, it is not possible for spheres 2 and 3

to collide or overlap at any intermediate time: i.e.

+
STLT
I\ ~

r32(T)>o for T III°

Theorem 1 was stated by Sandri and coworkers [17] and
proved by Murphy and Cohen [18]. Theorem 2 was proved by
Hoegy and Sengers [12]. For further details the reader is
referred to AEDC-TR-71-51 [11].

In addition to the concepts already used in describing
the mechanics of hard sphere collisions, it is convenient
to introduce the notion of "overlap collisions", in order
to distinguish between statistical and dynamical correlations.
An overlap collision is a collision of any type (i.e. inter-
acting, penetrating or separating) between two particles
which occurs while at least one of the two colliding particles
overlaps with the third particle. The collision between 1
and 2 in Fig. 4 is an example of such an overlap collision.
The collision between 1 and 3 in Figs. 3c and 3d would be
an overlap collision in the case TIZ>TI3. We may further
distinguish between single-overlap collisions and double-
overlap collisions. 1In a single-overlap collision only one

of the two colliding particles overlaps with the third
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Fig. 6. Recollision sequence for Theorem 2.
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particle and in a double overlap collision poth colliding

particles overlap with the third particle.
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IV.. Expansion of the collision operators.

The coefficients of the density expansion for the
transport properties are determined by matrix elements or
collision integrals (2.34) and (2.35) which involve the
collision operators I, and I3, given by (2.28). In this
section we show how these collision operators can be de-
composed into terms that correspond to collision seguences
involving increasing numbers of successive binary collisions.

For this purpose we recall that the collision operators
12 and I3 are related to the resolvent operators G(12)
and G(123) via (2.26) and (2.21). From (2.19) it follows

that the resolvent operators satisfy the integral equations

G(l2...4) = G°+G°ZTGG(12...£) , . (4.1)
o

where o runs over all pairs among the £ particles. A binary

collision expansion is obtained upon interation of (4.1)
2]
bl buml s
Guz.4)=> [>GJ]G° . (4.2)
A A a
s=0 o

In particular

G(12) = Go+G,T, .G, (4.3)

12 .

In equations (4.1) - (4.3) the operators G and T may be replaced
by G and T, respectively. We also note that those terms in

(4.2) with two successive T~operators with the same index o

vanish automatically as a result of (I.1). This is also

35



AEDC-TR-72-142

the reason why (4.3) terminates after the second term.

We first consider the Boltzmann collision operator
12(3). If we now substitute equation (4.3) for G(12)
into the expressions (2.28a) for 12(3), using (2.26b) and

(2.21la) , we obtain

I, = ‘/‘dx2¢(v2)T12(1+P12) =

-»> 2 S -> . A
\/‘dvz¢(vz)° u[ 401, 1¥15701,1 (R

<0

-1) (1+P,,) , (4.4)
12 12

- .A
V129312

which is the familiar form of the Boltzmann collision opera-
tor. The operator 52(31) for the self-diffusion is obtained
from (4.4) by deleting the permutation operator P12.

In order to derive a similar expression for the triple
collision operator I3(3) it is convenient to symmetrize over
the labels 2 and 3 in (2.26c). If we then insert (2.21) and
iterate (4.1) once, we obtain from (2.28b) after rearranging

some terms

N =

3
13(31) ‘/hxzdx3¢(v2)¢(v3)T(123)2: Pii (4.5)
i=1

with

T(123) lim[ZTa 6(123)W(123)—Z"'1"a Go+

e+0 o 1l o 1
! t (4.6)
— = = -1
_ZZ (TalG°fa2+Ta1G°TaZG°)] G, .
aq #a,
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The indices ay and a, in the summations run over the pairs
(12), (13) and (23). To obtain a symmetric expression we
have added terms starting with Té3 and terms ending with

T (k#i,j); they vanish as a result of (I.7). For the

Pk

self-diffusion one derives similarly

i)

1,3 = %-jrdxzdx3¢(v2)¢(v3)T(123)' (4.7)

where T(123) is again given by (4.6). As a next step we
replace G(123)W(123) by W(123)G(123) according to {2.15b)
for N=3 and insert the expansion (4.2) for G(123). After

rearranging terms and using (I.l) and (I.4) we find [12]

>‘I'-I
T(123)=foi=' + Z fT G,T. +
a. Bya s Y

1 al#uz 1 2
(a,#B#v#ay)  (a,#v#a,) (4.8)
© L
+Zz (1+£_ )T G,T Z[Z GoT,, ]
al#az Y 9 % =1 %3 i

(o, #y#a,)

Some of the conditions on the summations in (4.8) are auto-
matically satisfied due to (I.l). It is always understood
that the limit €+0 has to be taken at the end of the calcula-
tions, but we omit indicating this limit explicitly.

Expansion (4.8) still contains many terms corresponding
to collision sequences that are not allowed by the laws of
mechanics. In the last term of the right hand side of (4.8)

the term with fY vanishes as a result of lemmas (II.l) and
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(II.2). This means that the conditions imposed by the
presence of (l+fY) are automatically satisfied. Further-
more, lemmas (II.4) - (II.7) imply that the expansion

terminates after products of four T-operators. Thus

T(123) foT+nyTGT+
YY[TGT GoT o +T,GoToGo T ]+ (4.9)

o

+ ZZ [TaGoTBG,TaG,TY+TaG°TBG°TYG°TB] ,
a

™

where, from now on, we use the convention a#B#y#a. In (4.9)
we have also omitted those combinations of three or four
T-operators which vanish according to (I.l).

As mentioned in the introduction we want to make a
distinction between statistical correlations and dynamical
correlations. Statistical correlations are determined by
those points in configuration space for which two or more
particles are overlapping. In the expansion of the collision
operators they lead to the presence of "overlap collisions"”
Therefore, we want to separate the collision sequences into
collision sequences with and without overlap collisions.
The expansion (4.9), however, is not yet in a form which
makes this distinction evident. The reason is that only
those configurations for which the particles overlap at
the time of the first collision are indicated explicitly in

(4.9) by Mayer functions. In addition, however, the collision
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sequences may also generate overlap collisions at a later
time, not indicated explicitly in (4.9). Such overlap
collisions will occur, if a particle has penetrated a

second particle and collides with a third particle before

it separates from the second particle. Thus we consider in
more detail those collision sequences in (4.9) which contain
an intermediate T"- operator. The formal analysis is most
easily carried out by using (I.6), which leads to the follow-

ing decompositions.

= n
T GoT,G,T, = T T oGoT T T 4,

aG° BG° Y T Go BG gCeTy Ge BG°fBTY ' (4.10)

i, qn o i, mn, mn R i, mn

TGGQTBGQTGGQTY = TGGQTBGOTQ_GQTGGQTY TGGQTBGQTuGQfaTY , (4.11a)
— n i
T T T =

aG° BG° YG°TB -T G TBG BG TYG TB T G, TBG fBTYG TB . (4.11b)

The terins in (4.11l) represent sequences of four successive
collisions. The last term in (4.1la) vanishes due to lemma
(1r.3) and the last term in (4.11lb) vanishes as a result of
(I.1). Since the remaining terms on the right hand side

of (4.11) do not contain any Mayer functions, we thus conclude
that sequences of four successive collisions cannot lead to
any overlap collisions [11,19]. If we substitute (4.10) and

(4.11) into (4.9) we obtain the following expansion of the
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collision operator

4
T(123) = Z T (123) (4.12)
u=1l
with
T,(123) = Z. Tz (a) = }_' £E, T, (4.13)
o
- = m - n
T,(123) = ZZ Tg(a,B) = Z; Ta{fyGo G,TYGon}TB (4.14)
a
a B
VvV T i = i 70
212LTaGoTBGoTa+TaG°TBG°TY T, Go TG ThGe T, [ (4.15)
T, (123) = ,}_,2[TRC(a’B)+TCR(G’B)+TRH(G’B)+THR(G’B)] :
a
= ZZ [T G TBG T2GoT. +T,G. TBG TYG Tq +
a B }
= |
T G TBG T 5CoT G°TY iy G0 TBG BG TYG TB i (4.16)

The first term T (a) = foyTa requires that pair a collides
while both molecules are overlapping with the third molecule.
It contains the dynamics of only one collision, which is
evidently a "double overlap" collision. This term is pre-
cisely the term given by the theory of Enskog as will be
demonstrated in the next section. We therefore refer to

this term as the double overlap or Engkog term.

To elucidate the meaning of the second term it is

advantageous to write it as the sum of three terms, using

(I.5),
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TS(GIB) = TSS‘(C"B)+TSN(G'B)+TNS(0"B) =

=N n
TYG°+G°TyG°fY}T

=T +f .
Ta{fYGon YG° 8 (4.17)

This term contains the dynamics of t¢we successive collisions
involving respectively pair o and pair f. In the term
TSS(G,B) the first and last collisions are single overlap
collisions, while TSN(a,B) or TNs(a,B) corresponds to thg
case where the first collision 1s a single overlap collision
and the last collision is a non-overlapping collision, or
vice versa. We therefore refer to term Ts(a,s) as the
single overlap term.

The terms in T3(123), given by (4.15), represent
sequences of three successive collisions to which we refer
as recollisions, cyclic collisions and hypothetical collisions.
The terms in T4(123) represent sequences of four successive
collisions, which are combinations of recollisions, cyclic
collisions and hypothetical collisions. We emphasize- that
both T3(123) and T4(123) do not contain any overlap collisions.
The geometrical meaning of the various collision sequences
will be elucidated in the next section.

The triple collision operator I3(3), which is related
to T(123) via (4.5), is a symmetric operator [11,12]). To
exhibit the symmetry we take the hermitian conjugate of the
operator T(123). Using (I.8) and the relation dt = TGC,T'-l

we find for the Enskog term
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t _ -1
T = foYTTaT ' (4.18)

and after appropriate relabeling of the particles

T . -1
TSS(a'B) - TTSS(G'B)T ’

(4.19)
t _ -1
TSN(G’B) = TTNS(Q'B)T '
t _ -1
TR(U-:B) = TTR(arB)T ’
7 (a,8) = TT.(a,8) 771 (4.20)
C r C [ [ g
t _ -1
TH(a,B) = TTH(a.B)T '
t _ -1
TRC(a,B) = TTCR(a.B)T '
(4.21)

t _ -1
Thg0,8) =TT (a,8T ~ .

Thus the triple collision operator I3(3) is symmetric in the
space of functions £(V) of the velocity which have a definite

parity (%) under the operation of time reversal, i.e.
TE(V) = £(-9) = (V). (4.22)

The functions of interest in calculating matrix elements
of above operators (4.18)-(4.21) are the solutions of the linear
inhomogeneous integral equations (2.33). These solutions
have indeed a definite parity, while the linearized Boltzmann
operator 12(3) is isotropic in velocity space. The isotropy

of I3($) in velocity space ensures that 13(3) does not have
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any matrix elements between functions of different parity.
A proof of the symmetry of the Zwanzig form of the triple
collision operator I3($) for a general potential has been

given by Ernst [20].
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V. Specification of collision integrals

The expansion (4.12) for T(123) implies an expansion

for the first density correction (2.35) to the transport

coefficients 4 4
KK 1 fe2 2. (3)
A = A =
u=l w=l
4 4
KK _ 1 N2 E 03
meo= )y = Toe ), BB (5.1)
u=1 u=1
4 4 -
- _ £ > + (3)
D, = anu =3 Z [c,cl, '
U=l u=1 )
where the matrix elements are obtained from (2.36) and (4.5),

if T(123) is replaced by Tu(123) as given in (4.12) - (4.16).
The functions K(g), 3(3) and 6(3), determined by the Boltzmann
equation (2.33), are usually given in the form of a Sonine
polynomial expansion [l1]. A numerical representation of these
functions has been obtained by Brooker and Green [21]. 1In
general, a calculation of the transport coefficients (5.1)
requires the evaluation of a set of triple collision matrix

elements of the form

[""X];P) %-fdGldxzdx?)cp(lza)w($1)*Tu(1z3) }ix(;;i) ,

n i=1 (5.2)

53’ %f d’&ldxzdx3¢<123)tp(31)*Tu(123)x(\71) ‘

(v,xl

where we have introduced the shorthand notation

$(123) = ¢(v1)¢(v2)¢(v3), (5.3)
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It is convenient to symmetrize these integrals by inter-

changing the velocity variables to yield

3
(3) _ 1 -+ -+ N\ -
[w,x]u =z J‘dvldxzdx3¢(123)z IP(Vi)*Tu(123) >_‘ x(vj) ,

- 1l j=1 (5.4)
[w,x1£3) =z er$ldx2dx3¢(123)j? V(%)) eT, (123) X (F)) )
i=1

In this section we shall investigate the structure of
these collision integrals and elucidate how they are related
to specific collision sequences. The collision integrals
corresponding to the first term in the expansion (5.1) are
obtained by substituting (4.13) into (5.4). Since the

three terms of (4.13} yield equal contributions, we may write

2 2
(3) _ _]; ' s Z‘ - = N S
[w,x]l =5 L/dvldxzclx:;fl:;f23<I>(123) ‘lP(Vi)*le Z x(vj) » (5.5)
i=1 j=1
where the terms i=3 and j=3 vanish as a result of (I.7). We

note that the operator Tiz contains a §-function which restricts

the distance I, to the value o. Using the relation

e _ 5

[derl3fl3f23 ]r S LA (5.6)
12

which is the value of the first density correction to the

radial distribution function g(rlz) at I, = 0, we conclude

wox1 1P = 3 e, 2 : (5.7)

where [w,x](z) is the well known binary collision integral
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associated with the Boltzmann equation. For the self-diffu-

sion we find similarly

lw,x]{?’) = -l—g- ﬂo3[¢.xl (2) . (5.8)

It thus follows from (5.1) and (2.34) that

_ _5_3
A1 = T3 "9 '
_ 5
”11 = -13 TG Ny ' (5.9)
_ _ 5 _3
D11 12 "9 Do '

which are precisely the contributions predicted by the theory
of Enskog [7].

We now turn our attention to the contributions for
u=2,3,4, not contained in Enskog's theory. Since the collision
integrals (5.4) are symmetric with respect to permutations of
the partiéle labels, it suffices to evaluate operators Tu(123)

for one permutation only. Thus

3
(3) _ -+ >2 -+ =
[v,x1,”" = ~}/1dvldx2dx3¢(123) _Jw(vi)*Tu(12,13)2L X(vy)

- 2 (5.10)
3
[¢.xl£ ) o ‘/‘d$1dx2dx3¢(123) Z:w(vi)*Tu(12,13)x(vi) ,
i=1
where
T,(12,13) = Tgg (12,13)+Tgy (12,13) 4T (12,13) ,
T,(12,13) = Tp(12,13)+T,(12,13)+T,(12,13) , (5.11)

T4(l2,13) = TRC(12,13)+TCR(12,13)+TRH(12,13)+THR(12,13) P
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as defined by (4.14)-(4.17). Note that in (5.10) the term
i=3 vanishes as a result of (I.7). It should be noted
also that the summation over the particles j in (5.10)
contains only those two particles which are involved in
the last collision.

The matrix elements in (5.10) contain binary collision
operators (2.12) and describe sequences of binary collisions.
In this section the collision sequences corresponding to each
matrix element will be represented by diagrams, using the
notation developed in section III, the only difference being
that we don't find it necessary to specify whether the first
and last collisions are interacting or non-interacting. In
addition the expressions for the matrix elements, which
still contain 6-functions through (2.12), are reduced to
fourteen dimensional integrals over regions of phase space,
where the corresponding collision sequence is geometrically
possible. Furthermore, we specify the integrands completely
in terms of the integrating variables. Since the reduction
of the matrix elements is rather involved, we give the
details for two specific examples in a separate appendix B,
and simply list the results here.

We consider first the single overlap term u=2, which
can be written as a sum of three terms according to (4.17)

and (5.10)

(3) (3) (3)

[lpIX]Z = [‘p'x]SS +N)'X]SN +[¢1X]I‘(]g) ' (5.12)

47



AEDC-TR-72-142

where

W'xls(.i’ = -f d%ldxzdx3¢(123)w($l,$2)*lef23cof23wl3x($l,$3) ,
(5.13a)

[w.xlég) = -f d$1dxzdx3q>(123)w(61,62)*T12f23cof’2‘3co'rl3x($l,$3),
(5.13b)

[w,x]ég) = -u[‘d%ldxzdx3¢(123)w(31,32)*Ti2G°T23G°f23T13x(31,33),
{(5.13c)

and where we have introduced the shorthand notation

NI ARRTALTA I 5. 10

X (V30950 = (V) 4x ) .

The terms in (5.13) are represented by the diagrams in Fig. 7.
In order to express the matrix elements in a compact form
we define
1w -)'*-P*_-P-)
By, VT35 = Wlv %, 0% =9 (5, V) ' (5.15)

Uij

P = -+ . ~ >
where the velocities vi* and vj* are functions of °ij' vy

and $j as given in (2.13). Using the results of appendix B
we find for the SS-collision sequence

(3) _ _[ +> +> >
(ss)

where the volume element is
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_ 2| A A > > >
df = ¢°|vy,°0,,[d0,,dr, Jdv,dv,dv, . (5.17)

The conditions determining the (SS)-integration region

are given by the diagram in Fig. 7a, and read explicitly

-5 P

Vi5°0q5 >0 ; rp3 <0 3 (5.18a)

(?13X$13)2-(cv13)2 <0 ; T >0 (5.18b)
T, < T2 . (5.18c)

The integrating variables represent the positions and veloci-
ties just after the first collision. That is, ;12 = 312

and ;13 refer to the relative positions at the time of the
first collision at the bottom of the diagram and (v) =
31,32,33 to the velocities between the first and the last
collision.

The other symbols are defined in terms of the integrating

variables as follows

- _ ++ . -+ _* = )
013 T T13™V13T) i 23 T 137932 7
_ -+ A _ 2_ > A 2 /2
Vi3Tp T "T13°V3 [° (ry3%vy3) ]l (5.19)

_ > .2 2_ > % 2 /2
V23T2 T T3 V23+[° (£23*V23) ]l
Equation (5.18a) requires that the first collision has

occurred, and that it is a single overlap collision (i.e.

r23<o). The conditions (5.18b) require that the second
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collision occurs at some T after the first collision.
The time T, is the time between the (12)-collision and
the separating (23)-collision. Condition (5.18c) requires
that particles 1 and 3 collide before 2 and 3 separate,
i.e. the (13)-collision is also a single overlap collision.
In the original integral (5.13) the integration extends
over the entire phase space of the three particles. The
§-function in the T-operator guaranteed that the integrand
would vanish for those phase points for which the required
collision sequence would not occur. However, in (5.16)
we have integrated over these §~functions, so that the
integration must now be restricted explicitly to those
phase points for which the required collision sequence
will occuz.
Next, we consider the (SN)- and (NS)-terms in (5.12),
which are represented by the diagrams in Fig. 7b,c. The
contributions of the (SN)- and (NS)-diagrams are related

through the symmetry property (4.19), which implies

lw.xlé§)= [x.ltlllf,g) . (5.20)

The expressions for the matrix elements are

(3) (3) _
[WoXlgy +1¥,Xlgg =

= -fdm(lzs){Aolzw(?rl}z)*A°13x(¢l,\73) + (5.21)
(SN)

+A XV, Vo) %A gV v)}.
012 1772 0y3 1’"3
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The volume element dQ is given by (5.17) and the conditions
for the integration region now refer only to the SN-
collision sequence as determined by the diagram in Fig. 7b,

or explicitly, by the conditions (5.18a,b) and
2 (5.22)

The diagrams in Fig. 7a,b show clearly that the conditions
(5.18a,b) apply to both diagrams, while the condition,

T, smaller or larger than Tyr distinguishes whether particles

1
1 and 3 will collide before or after particles 2 and 3
separate.

(3)
]2

The corresponding matrix elements [V¥,X for the

self diffusion can be obtained from (5.16) and (5.21)
, > > > & -+
by replacing w(vi,vj) and x(vi,vj) by w(vl) and x($1),
respectively.
The collision integrals for u=3 in (5.10) can be

expressed as a sum of three terms

wox1$3 = woxd P Frwaal? (5.23)

where

v,x143 = \/\dGldxzdx3¢(123)w(31,32)*TizGoTi3G°T12x($l,¢2L (5.24a)
18 = [ abaxgan,e (12309 @9, 4T 001600 (75,8,), (5.24b)
[w,x]é3) - —\/‘d?ldxzdx3¢(l23)¢($l,$2)*

(5.24¢c)

—_ n -1 > >
T126eT)360Ty3GeT 35X (V5,V,).
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The subscripts refer to the recollision, cyclic collision
and hypothetical collision sequences as represented by the
diagrams in Fig. 8.

After reduction the recollision term becomes

o = [ ane (1238, v Fydesgy xF D (5.25)

(R)
where the volume element is given by

dtdv.,dv.dv

~ ~ 2+ ~ ~
1279121407507 v 370, 3]do) jddv,dvyavs (5.26)

ae = o?|v

The integration region for the recollision is determined

by the diagram in Fig. 8a, or, explicitly, by the conditions

312-312 >0 5 V3853 <0 ;' 1>0 (5.27a)
(F,x¥2=vip? <0 3 1> 0 ) (5.27b)
where we have defined

84y = E 24Ty 5 Tp(2) = G50t

V] = V- (¥y3°8,3)8,5 i vy =V, ; (5.28)
visTg = -§12(2)-Giz—[oz-{;lz(2)x3i2}211/2 .

Equation (5.27a) states the condition for the first two
collisions to occur, where the integrating variable T is
the time between the first and second collision. Equation
(5.27b) gives the requirements for the last collision to

occur, where 1, is the time between the second and third

R
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collision. Primed velocity variables refer to the velocities
between the second and third collision, and ;12(2) is the
relative distance between 1 and 2 at the time of the second
collision.

We proceed with the cyclic collision term

$é) , (5.29)

(3) _ e >,
[w,x]C = \/‘d9¢(123)A0 w(vl,vz)*Ac x(v3,

(o) 12 32
where the volume element is again given by (5.26). The
integration region for the cyclic collision is determined
by the diagram in Fig. 8b, or explig¢itly by the conditions
(5.27a) and

{?32(2)x352}2-(ov52 2 .9 T, >0 - (5.30)

~a

The quantities used in (5.29) and (5.30) are defined in

terms of integrating variables by
> -> -> -+ -> -> -+
O3p = T33(2)+v3,Te 7 T35(2) = 0157034V ,T

(5.31)

oo

>, > > A A . >, _ >
V3 = Vatlvyq-0y4)05 0 vy =V,

1/2
_ _+ S _ 2_ > ~ 2
The last term in (5.23), represented by the hypothetical

collision diagram in Fig. 8c, reads

[w.x]é3) = -fdm(lza)AU
(H)

The volume element is again given by (5.26) and the integration

lzw($l,$2)*A032x(33,$2) ] (5.32)
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region for the hypothetical collision is determined by the

conditions expressed by the diagram in Fig. 8c, or explicitly

by (5.27a) and

{;32(2)X$32}2-(0v32)2 <0

-a
~
v
o

Ty > Ty . ‘ (5.33b)

The above quantities, expressed in integrating variables,

are

Qa+d
|

2 oy . T 2y =3 3 4 .
32 = F3p{204va,Ty 7 I35(2) = 05-0;34V;,T i

1/2
] (5.34)

V3T = ‘332(2)'632'[°2'{;32(2”‘632 2
vi3Ty = <2815y

Note that (5.33b) expresses the condition that the particles
1 and 3 separate before the (23)=-collision, where T4 is the
time particle 3 spends inside the action sphere of particle
1. If we would reverse condition (5.33b), i.e. take

Tg < Tyr We would recover the diagram in Fig. 7c¢ and its
corresponding (NS)-matrix element.

The corresponding contributions for the self diffusion

are
~ 2
[¢.x]é3) = f doe (123) ZAclzlpﬁi)*Aoizx(;;i) ,
(3) _ - .
(C)
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v
v,x1 43 = - jans 2318, AR TTANES

(H 12 3
In order to obtain the collision integrals involving
four successive collisions we substitute (5.11) for p=4

into (5.10) and use (4.16). We thus obtain

wox1 2 = wex1 2w Brva P a0 (5.36)

where

(3) _ - + & —_ i i B
[w,x]Rc —\j\ dvldxzdx3¢(123)w(vl,v2)*T12G°T13G°T12G°T32x(v3,v2) '
(3) _ -+ . — i i +> >

[w,x]CR -\/~ dvldxzdx3¢(123)w(vl,v2)*T12G0T13G°T32G°Tl3x(vl,v3)
w,x1$3) = - er$ dx.,dx,0 (123) Y (¥, ,¥.) *
rX1gy 19%29%3 1'V2
- i n . =n > >
T12G°T13G°T12G°T12G°T23x(vz,v3), (5.37)

lw.xléz) = 1[‘ AV dx,dx,0(123) Y (T, ,V,) +

= n =n i > >
T GoTl3G°Tl3G°T32G°Tl3x(vl,V3) .

The corresponding diagrams are given in Fig. 9. The contri-
butions of the CR-diagram and the HR-diagram are related
to those of the RC-diagram and RH-diagram through the

symmetry property (4.21)

[x.w]ég) '

(3)
[w'X]CR
(5.38)

[¢.x]é§) - Ix.w]ég)
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\

3 2 |
(b) CR-collision

2 | 3
(c) RH-caollision (d) HR-collision

(3)

Fig. 9. Diagrams for fv,xl,
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After integrating out the 8-functions in (5.37) and using
(5.38), the matrix element for the RC-collision reduces

to
wox1i 3+ w83 =

= er9¢(123)[A ¢(31,32)*A x(v3,v") +
932

o] (5.39)
(RC) 12
e > >
+A_ x(v.,v,)*xA_ Y(vi,v “)] .
075 1772 O35 3772
The volume element AR is again given by (5.26). The
integration region for the (RC)-collision sequence is
determined by the diagram in Fig. 9a, or explicitly by the
recollision conditions (5.27) and
2
- " L]
{r32(3)xv 34 (cv32) <0 ; Tpe > O . (5.40)

The above gquantities can be expressed in terms of integrating

variables through (5.28) and in addition

-+ -

> +
Gyp = T3 (405,10 1 F5p(3) = T, (204051,

-> (2) = +> = ++
32 = 07270337V ,T

(5.41)
> > ~»> o) ~ n _ >
vy = Varlvype0in)ol, 0 V3 = vy
1/2
v321RC = 2(3) v32 [o {r 2(3)xv } ]

The RH-collision sequence gives the following matrix

element
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v, x1 3+ tw,x1 43 = -f dmuzs)[ao VT V) A, X(TL,VY)
) 12 32
(RH)
TS (5.42)
+Aolzx(vl.vz)*A03ZW(v3.v2)] ;

with dQ as given by (5.26). The integration region for
the RH~collision is determined by the diagram in Fig. 9c¢,

or explicitly by the recollision conditions (5.27) and
-> +| .
{r32(3)xv32} ~-{ov! 2) ; T... >0 . (5.43)

In order to define all symbols completely in terms of

integrating variables, we need in addition to (5.28) the

relations

> -

Gyp = T3pHVh,ten 1 T3p(3) = Egp(4i,ty

> - - -

r32(2) = 012—013+v121 : (5.44)

1/2
. _ 2 o | 42 2
V32TRe = "F3243) V3 [“ ~(E3, (30x93,) ]
Note that we have not explicitly imposed the condition
-
TRH > Tl,where v12 - —20{2'3i2, as was done in the
comparable case (5.33b). The reason is that contributions

from the RH~region where T < Ti automatically vanish,

RH
Since we have shown that sequences of four successive
collisions cannot contain any overlap collisions (c.f.
remark following (4.11)).

The corresponding contributions for the self diffusion

are obtained from (5.39) and (5.42) by replacing w($1,3j)
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and x(61,3j) by ¢($2) and x(zz) respectively.

We remark that the recollisions, cyclic collisions and
hypothetical ccllisions, defined by the diagrams of Fig. 8
have a close resemblance to, but are nevertheless different
from, similarly named collision sequences introduced in
earlier papers (3,8]. In the present report we have
separated the statistical and dynamical correlations, so
that the C- and H- collisions in Fig. 8b and 8c do not
contain any overlap collisions, in contrast to the collision
sequences derived originally. Furthermore, in the earlier
formulation the diagrams representing collision sequences
had to be supplemented with a number of auxiliary conditions
[3,8]. Those conditions effectively accounted for the
contributions from sequences of four collisions. In the
present report we have shown that the latter contributions
can be reduced to two collision integrals defined in terms

of the diagrams Fig. 9a and 9c.
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VI Discussion

We have shown explicitly how the first density corrections
to the transport coefficients of a hard sphere gas are
determined by a set of three-particle collision integrals.
These collision integrals account for the correlations in
the position and velocity variables of three molecules.

The correlations are of both a statistical and a dynamical
nature. The statistical correlations refer to correlations
in configuration space irrespective of the velocities of the
particles. .For a gas of hard spheres they reduce to excluded
volume effects and lead to the consideration of overlap
collisions., In an overlap collision the center of at least
one of the two colliding particles is constrained to lie
inside the interaction sphere of the third particle. These
statistical correlations are represented mathematically by
Mayer functions (and they are the only correlations to be
considered in the density dependence of the equilibrium
properties.) In addition we need to consider dynamical
correlations brought about by sequences of successive collisions.
These correlations involve both the position and velocity
variables and can be represented mathematically by sequences
of binary collision operators.

We have made a systematic analysis of the statistical
correlations versus the dynamical correlations. This

analysis led to a decomposition of the collision integrals
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in terms of integrals associated with the dynamics of

one, two, three and four successive binary collisions

among three particles. In order to accomplish this, the

triple collision operator was represented by a binary collision

expansion. The terms in the binary collision expansion were

then ordered such that successive terms in the series corre-

spond to a decreasing number of Mayer functions and increasing
T

number of binary collision operators'. The resulting
set of collision integrals is summarized in Table III for
easy reference.

As the first term [¢:X]{3) in this ordering we recover
the coefficient predicted by the theory of Enskog. This
collision integral involves the dynamics of only one collision,
while the positions are correlated by the requirement that
both colliding particles must overlap with the third particle.
This term, therefore, reduces to the familiar binary collision
integral associated with the Boltzmann equation, multiplied
with the volume common to the action spheres of two colliding
particles.

The second term accounts for the effect of dynamical
correlations brought about by sequences of two successive
collisions. In addition, the positions are now correlated by
the requirement that only one of the two colliding particles
overlaps with the third particle. This term, therefore,

accounts for a combination of excluded volume effects and

¥ -
Note that the sequence T,G,Ty4 counts as only one collision,

since the operators refer to the penetrating and separating
part of the same non-interacting collision.
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TABLE III

Summary of three-particle collision integrals

(numb:r of

successive contributing

collisions) collision integrals equation diagram
1 [W.xl{a) (5.7) {Enskog theory)

T @ eae | e
waxLi3 + 1w, x1 A2 (5.21) Fig. 7b.
T tv,x1 ¥ (5.25) Fig. 8a.
v, x4 (5.29) Fig. 8b.
tv,x1 5% (5.32) Fig. 8c.
) s (v, x) 241w, 83 (5.39) Fig. 9a.
tv,x) 43 + 1w, x1 82 (5.42) Fig. 9c.
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dynamical effects. The corresponding collision sequences

are represented by the diagrams in Fig. 7, to which we have
referred as SS-, SN- and NS-collisions. In the SS-collision,
represented by Fig. 7a, both collisions are overlap collisions
and in the SN- and NS collisions, represented by Fig. 7b

and 7c, only one of the two collisions is an overlap collision.

Correlations caused by sequences of three successive
collisions are accounted for by collision integrals associated
with recollisions, cyclic collisions and hypothetical
collisions, defined by the diagrams of Fig. 8. These collision
sequences do not contain any overlap collisions.

Finally, the effect of correlations due to sequences of
four successive collisions is determined by collision
integrals defined with respect to the diagrams of Figs. 9a
and 9c.

We remark that the same three-particle collision
integrals were derived earlier in AEDC-TR-71-51 using geometrical
considerations [11,22]. That derivation was based on the
cluster expansion of the pair distribution function developed
by Green and Cohen [23,24]. BAn expansion of the three-
particle collision integrals in terms of the number of
successive collisions was then obtained by decomposing and
rearranging the triple collision integrals obtained earlier
using a surface-integral method ([3,25]. However, that

derivation requires rather intricate geometrical considerations

a
——
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and we prefer the more direct algebraic derivation presented
in this report. Moreover, an attempt was made to give a
complete self contained presentation, so that the results

do not depend on too many previous papers and reports.

An attempt to separate the statistical and dynamical
correlations was made recently by Henline and Condiff [9].
As the first term they also recover the Enskog contribution.
In order to assess the contribution from single-overlap
collisions, they introduce a term called EVD, This abbrevi-
ation indicates that the term incorporates both excluded
volume and dynamical effects. However, in deriving this
EVD term, Henline and Condiff consider only collision sequences
in which the particles overlap initially. As a result
their EVD term does not account for all collision sequences

that involve single-overlap collisions. It corresponds to

(3) (3)

our collision integrals [w,x]SS +[¢,x]SN , but does not
include [w,x]ég). The latter term is equal to [x,w]ég)

as shown in (5.20); it is considered by Henline and Condiff
implicitly in a term called TCl. The NS-collision
sequence, represented by Fig. 7c, is obtained from the SN-
collision sequences by time reversal, so that the collision
integrals [w,x]éﬁ) and [¢:X]ég) have the same physical
origin. The matrices of collision integrals associated

with the EVD and TCl terms of Henline and Condiff are not

symmetric. In this report we have shown how a systematic
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analysis leads to a decomposition of the three-particle
collision integrals into matrices that are symmetric.
The relationship between our collision integrals and
those of Henline and Condiff is shown in Table IV. Henline
and Condiff did not consider collision integrals accounting
for four collisions involving three molecules.

We have analyzed and calculated the various collision
integrals, derived in this report, for all three transport
coefficients. A detailed account will be presented in a

subsequent technical report.
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TABLE IV

Comparison with the collision integrals
of Henline and Condiff.

Henline and Condiff This work
EVD W) 3+ vex1 &)
TCl lw.xlég)+lw.x]é3)
T2 R U B
Lt N-':X]l(!:”
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Appendix A. Collisional transfer contributions.

In the main text of this report we have demonstrated

how the kinetic contributions AKK, nKK

and D, up to terms
linear in the density n, could be obtained from a cluster
expansion of the time correlation functions (2.1). 1In this
appendix we show how the potential energy contributions

KU + lUK and nKU + nUK can be calculated with the same

A
technique.

The potential energy contributions (2.8) to the
currents J contain derivatives of the intermolecular potential.
For hard spheres it is convenient to eliminate these deriva-

tives by writing the current J(t) as the time derivative

of a moment M(t) [29]
J(t) = M(t) (A.1)

with

=4
>
il
)
ﬂ\/Jz
— A
rof —
2
e
+
(S]]
.
M
[
R
P-
J
I
joy
Ry
e

i (A.2)

n

k423
n
)=

The term U(rij);i in (A.2) vanishes for a gas of hard spheres.
Relation (A.l) enables us to relate the current to pseudo-
streaming operators. First, we note that the correlation
function <J(tl)J(t2)> depends only on the time difference

(tl—tz), so that
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<J(t1)J(t2)> = <M(t1)M(t2)> = -<M(tl)M(t2)> ' (A.3)
and, secondly, we have in accordance with (2.15a)

[ _ 2 _ —
WM(t) = WLNM(t) = LNWLNM(t). (A.4)

The correlation function can now be expressed as

§: zN N N - tLN
<T(0)T(t)> = - Nmfdx [[viv M2, . Me YL, (A.5)

i=1

By means of (2.10) and (A.l) we can introduce pseudo currents

= Jg¥ U
LM = J° + 3, '

-E;M =gk - U , (A.6)

with the kinetic parts given by (2.7), and the collisional

transfer parts

N N
2>U 1 §ﬂ§: 1 2 2. > §ﬂ U-»>
Teon T T L Ty iTIIEy o/, Yy
i#j
N

i=1 (A.7)
‘ons X |
gg = %ZQL T..{??..?..}
M YA SR e S R S A
i#j

Expressions for JH can be obtained from (A.7) by replacing

-1
Tij by TTijT from table (I.8).

Agaln we can separate the time correlation functions
in KK-, KU-, UK- and UU-parts. The KU- and UK-parts are
equal, as can be verified with the help of the relations

in Table I. In the present theory the UU-part of the time
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correlation function can be neglected, since it contributes
only in O(nz) to the transport coefficients. Hence, to the
relevant order in the density . .we may write down a new time

correlation function for A=AKK+2AKU

and Section II applies
immediately.

Instead of (2.17) we have expressions for the complete
A and n (to the relevant order in n) which can be obtained

from (2.17) by replacing the functions ¥ by new functions y:!

satisfying

Y1 (V,e) = T'(v,e)T(V)+alv,e) . (A.8)

with

= 3
na(¥e) = 2 Z‘(T-l-_lT' fdx"'l o wpBaz...o.
2=1 ) i=2
(A.9)

© N
N
'X m\/‘de % H ¢(VJ«)W(12.--N)JU v
N=2 j=2+1

where JU is given by (A.7).
To lowest order in the density only the term (2=1)

contributes to a(%;e). It gives for the heat conductivity

> > _ _ U~ 1 2 2.
ax(vl,e) = 2G°{:h v;tn dex2¢(v2)W(12)T12 zm(vl—vz)rlz} =
_ 4 3 > -
= Gogmo nJA(Vl) ’ (A.10)

and for the viscosity
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= JY 1 +
an(vl,e) = 2G,n [dxzcb(vz)W(lZ)le f{n 2P 12}

LY

(A.11)
8

= Goys’

o ng (v ) .

In the derivation of the integrals (A.10) and (A.ll) we

have used (2.6), (2.7), (2.12), Table (I.1) and hY = p’/n =

= §n03nkT + O(nz) where p = nkT + pU is the hard sphere

pressure. In principle, the term (2=2) in (A.9) could also
contribute to 0(n), but its contribution vanishes due
to (I.2).

Next, we substitute (A.10) and (A.1ll) in (A.8), multiply

-1

(A.8) on the left with I' =, and obtain integral equations,

similar to (2.27) in which 3 (v) is replaced by (1+4n03n)J (v)

and J (v) is replaced by (l+s=n0o n)g (v) The final results

15

for the transport coefficients are then

4 3 KK
(1+§mo n)A°+nll '

)
n

(A.12)

— 8 KK L]

The terms A, anéd n, are the Boltzmann values for the hard

sphere transport coefficients, the terms proportional to

ni, and nn, are the collisional transfer contributions,

and are identical to those obtained from Enskog's theory.
KK

The terms nA?K and nn;" are the contributions from triple

collisions, calculated in the main text.
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Appendix B. Reduction of triple collision integrals.

In this appendix we give the details of the reduction
of the triple collision integrals to the explicit forms
listed in Section V. As prototypes of this reduction
we treat two examples, namely the matrix elements corre-
sponding to the SS-collision and to the recollision.

We start with the matrix element (5.13a), which can

be written as

(v, x] (3): fdv dx dx <I>(1237{ lzw (Vl'Vz)}*
(B.1)

> >

where we have taken the hermitian adjoint of the T-operator

and used the fact that T' commutes with $(123) due to (I.7).
According to (2.12), (I.8) and (5.15) one can write.

=t - > _2 ~ +'-A > > -»> -»>
Ty¥lvysvy) =0 M[‘d°12|V12 °12IAolzw‘Vl'Vz)G(r12'°1z’ '

-> A

V1201, >0 {(B.2)

->

2 A > A -+ > ->
° Jf d°13|V13'°13|A013X(V1'V3’6(r13'°13)'

& > >
13XV rV3)

> ~

Vy3°0y3 < 0

0

We further recall that G, = (e-L.,)-l = Jf dTe_ETeTL°, and that

the limit €+0 is taken in (B.l). 1Inserting the above

expressions in (B.l) and using (2.5) we find
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(3) _[+++++ z/“A+.A
[v,xlgg ] dv,dv,dv.dr,,dr,,¢(123)0° dolzlvlz °12| .

>

Vy3°035 > 0

. s> -> > > _ _* ->
6(r12-012)Aclzw(vl,vz)*e(o r23)0jpdte(o |r23+v23t|).
2f ~ -> WA -> - a

of J 80y31vy30y38(ry 34V 3705308

<0

X (Va ,¥4)

137 1773

Vo5
15 713 (B.3)

In obtaining (B.3), we use the fact that, for any function

F(+ > )
rij'vij ’

1L, > -> = -> -> >
e f(rij,vij) = f(rij+vij1,vij) 3 (B.4)

The appearance of 6-functions allows us to carry out some
integrations. Using the first 8-functions in (B.3) we

integrate over ;12, so that T has to be replaced every-

12
where by 312. The second §-function will be used to carry

out the integrations over T and G In order to do so we

13°
use the relation

2[ ~ -»> e (3) ,» -»> _* -> _
diadro ‘ dcijlvij oijld (rij+vijt oij)F(cij,t) =

3[ ~ > ~ (1) (2) »~ > ~ > -+
d do,.|V.."0, - XV, =0, XV, . ot
Jf 10 Gljlvlj cljlé (11, ) 8 %k, xvy -0 xvlJ)F(rij+vlJT,1)

i7" iy vi
0 J 3 ]
> ~
vij oij <0
_ - A -> (B.S)
= @(c—lrijxvij|)6(Tu)F(oij,Tu) ,

where Eij and Tu on the last line of (B.5) are explicitly

given by

74



AEDC-TR-72-142

0-- - r- -+ .-T
i3 7 T (B.6)

1/2
_ 2 DL 2_ -> A 2

In the first step in (B.5) the 3-dimensional é-function
is decomposed into a l-dimensional §-function for the

component of ;ij parallel to ;ij and a 2-dimensional ¢-
function for the components of ;ij perpendicular to zij'
In the second step the integrals over the time T and the

solid angle aij are carried out to yield, respectively, the

oy > A A :
conditions @(Tp) and e(o-|rijxvij|), for the 0, y~integration
we use the variable transformation b = giijij to obtain
2 (e, 1o 5,16 @ b2t -
o doijlvij oijlé (£54*V;470;%V34) =
V..*0,. <0
i) "ij (B.7)
= /‘ al2)gs(2) (B2, x%..) = 0(o-|F, . xv..|).
' 1] 13] i 13

|B] < o

After carrying out the above integrations we obtain for the

relevant matrix element
(3) _ > > > 2.7 oA ) >
v, xlgg" = Jf dv,dv,dv,o |v12 olzldalzdrl3 :
-> A _ 1 > _1z ~
0(vy57015)0(0-ry3)0(0-]ry3#V,31) ) O(T))0(0- [y x¥y, ).

+> >
©(123)A  W(Vy,v,) A

X (V. ,9.) (B.8)
12 137 1773 ' ]

where
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— + -> .
= r137%0, i
1/2
-»> ~ 2 > A 2
1371 = 'r13'V13'[° —(r)3%vy5) ] .

-> _-) +-)' .
O13 = T13"V130) i

N

23
(B.9)

These results can be put in the form (5.16)-(5.19) of the main
text, by realizing that [;12+ §Z3Tl| < ¢ is equivalent
with T < Y where T, is defined in (5.19). The reduction
of the SN -term proceeds along similar lines.
As a second example we treat the recocllision term,
defined in (5.24a). We start again by taking the hermitian

adjoint of le

recollision term can then be written as

and use relations similar to (B.2). The

(3)_,f—>++++ 2/‘,\_,.,\ .
W, x1g™" = dv,av,dv,dr, ,dr, ,¢(123) 0" d012|v12 012|6(r12 015) -

-> « N 0
Viz %2 2

- > 2 ~ -> N -> -+ _*
AolZw(Vl'vz)*U/\dTU \/‘dol3|vl3 013]6(r13+vl3r 013).
-> «n

v

13 913 < 0

. 2 “x |2 L By > > > T T
./‘ds° ‘/‘d°12|V12 0y |8(x 4V THV],s °12)Aoizx(vi'vi)

0
+l .A*
V12’91 < 0
(B.10)
where the prime on the velocity variables represents the
action of the operator R , where v!. =v!-v! and
913 ij i)
>, - -> =+_+ o N ~
i = Re 1 T 1TV 03) 03
(B.11)
Vi=R_ v, =v
2 933 2 2 -
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The first two S§-functions are used to carry out the integra-

tions over ;12 and ;13. If we introduce the notation

-> - -+ > >
r12(2) = r12+v121 = 012+v121 , (B.12)

the last line in (B.10) has precisely the form of (B.5), so
that we can carry out the integrals over s and 3{2. The

result is
(3) _ av o
v, x1g”" = dv v, dv |v12 012|d° o ]v13 13|dcl3dT.
-e(v12 12)@(1)0( vl 013)0(1 )0 (o-|T 2(2)><v 2|) . (B.13)
> =+ > >
«®(123)A_ Y(v,,v,)*xA _, (v ,v]),
G712 1772 oL P 1772
where all gquantities appearing in (B.13) are expressed in
terms of integrating variables in (5.28). Equation (B.13)
is equivalent with the results (5.25)—(%.28) of the main text.
The remaining collision integrals, corresponding to

the C~-, H-, RC- and RH-~collision can be reduced in a

similar way.
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