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I

ABSTRACT

Techniques for energy separation fall into three distinct fluid

mechanical cla-s;es. One is steady flow, employed by the Ranque-lilsch vor-

tex tube (RHT). Another is nonsteady flow, utilized in the dynamic pres-

sure exchanger "divider" (DPE). The third is cryptosteady flow, wherein

the flow is nonsteady reldtive to the reference frame in which it is used

but is steady as viewed in a unique moving reference frame; the Foa energy

separator (FES) uses this type of flow. A theoretical study of energy sep-

aration is presented whose focus is the FES but which also gives contextual

attention to the RHT and OPE.

The RHT, historically the first energy separation device, is

analyzed first to establish "upper bound" performance characteristics for

comparison with the FES. The uniflow rather than the usual counterflow

configuration is addressed, after their equivalence is discussed. The pri-

mary assumption needed for the present analysis concerns the terminal flow

within the tube before output fl..4 extraction; internal flow details need

not be described for the "upper bound" analysis. It is well established

that viscosity converts the flow within the tube into basically a forced,

turbulent, compressible vortex, dnd that this transformation is responsible

for the energy separation that occurs; the terminal vortex flow is there-

fore assumed to have undergone this conversion process completely. Termi-

nal vortex and nozzle inlet conditions are related through conservation

of mass, energy, angular momentum, and axial momentum; output flow condi-

tions are obtained from the terminal vortex with inclusion of exit losses.

The axial mormentum equation and exit losses have both been neglected in

viii



previous analyses, yet both are important: the momentum equation is

required to properly relate performance to pressure ratio, and exit losses

p'•ovi to be even more important than internal losses. "Upper bound" per-

fornmance civrves are compared with the best known experimental data; these

exhibit performance generally in the range of one-half to two-thirds of

• rr,ý.oretical, and in no case violate the bounds.

A similarly definitive analysis of the complex DPE would lie

beyond the scope of its present contextual consideration. The discussion

of the DPE is therefore limited, and is based on ex)erimental data per-

sented in the literature. The data reveal excellent low pressure ratio

performance. However, cold fraction for maximum temperature drop decreases

rapidly with increasing pressure ratio; if this behavior is an inherent

characteristic of the DPE, performance at higher pressure ratios would

beco••. relatively unattractive.

The FKS is analyzed to provide more comprehensive information on

its performance capabilities and limitations than has been available before.

"Core performance" equations are developed for both the internal- and exter-

nal-separazion versions of the device, defining the dependence of perfor-

mance on salient design and operational parameters with full inclusion of

the nonlinear interactions among these parameters. Additionally, two impor-

tant output flow collection effects are identified and analyzed which are

of general significance to the external-separation configuration, where

colleccion effects are most relevant. Nonsteadiness in the collection pro-

cess is found to be detrimental, while viscous reattachment of the deflected

" ets can be beneficial.

*i x



Brief comparison of the three devices indicates that the FES

substantially outperforms the RHT, being competitive with the DPE at low

pressure ratios where the latter achieves best performance, but without

exhibiting similar deterioration in efficiency with increasing pressure

ratio.

x



PART 1

INTRODUCTION

A. Description of Existing Energy Separation Devices

Energy separation may be defined as any fluid mechanical pro-

cess in which an initially uniform flow is made to separate into two or

more flows having different energy levels, without benefit of external

heat transfer or shaft work. This remarkable phenomenon sometimes elic-

its cries of "Maxwell's demon" from the uninitiated--and, in jest, from
the initiated as welll--but it is in fact a type of process having a wide

range of potential applications. Fields as disparate as auto air condi-

tioning, cryogenics, and environmental control for high-speed aircraft

are all possible candidates to derive benefits from efficient energy sep-

aration processes.

There are three distinct classes of energy separation processes,

and three corresponding types of energy separation apparatus have been

devised. They are as follows:

(1) Steady flow (Ranque-Hilsch tube). The oldest type of energy

separation device is.the Ranque-Hilsch tube, which employs steady flow

and has the distinction of using no moving parts. Invented about forty

years ago by Ranque,2 it has been the subject of a large amount of

research over the past twenty-five years since publication of a paper by

high length-to-diameter ratio with a tangential injection nozzle and two

exit ports, the latter being disposed so that flow near the tube axis

leaves through one and the remainder of the flow through the other. As

OI
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illustrated in Figure 1, there are two basic Ranque-Hilsch tube geome-

tries: (a) "uniflow," in which the input nozzle is located at one end

of the tube and both exit ports dt the other end, and (b) "counterflow,"

in which the central portion of the flow must double back and exit

through a port located at the injection plane.

The tangentially injected fluid expands inward to fill the tube,

tending to form a potential vortex near the injection plane. As the

fluid travels on down the tube, viscous shear causes the velocity dis-

tribution to change over toward that of a forced vortex, the outer layers

of the flow gaining energy at the expense of the inner layers. Therefore,

when the inner and outer regions of the termiral flow are extracted sep-

arately through the respective ports, it is found that the average total

- temperature of the core is lower than that of the input flow, while that

of the outer annulus is higher.

(2) Nonsteady flow (dynamic pressure exchanger). The next

energy separation device to appear on the scene was the dynamic pressure

exchanger "divider," which employs nonsteady wave processes. As has been

reviewed by Azoury, 4 the dynamic pressure exchanger has been studied in

various forms for several decades; however, the birthdate of the "divider"

version apparently is marked approximately by the appearance in 1958 of

patents by Spalding5 and Jendrassik. 6

As illustrated schematically in Figure 2. the basic elements

of the divider are a cylindrical rotor with a large number of slender

axial tubes or "cells" on its surface and a pair of end plates with cut-

outs for porting purposes. Within each individual cell, a cyclic pro-

cess takes place which begins with introduction of compressed gas at theSga

I'
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(b) Counterfiow
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left end and terminates after gas has been expelled from both ends at

altered energy levels. Nonsteady one-dimensional wave processes occur

during the cycle which cause the flow leaving at right to be energized

while the flow leaving at left is de-energized. Events wit;din the cell

are controlled by opening and closing the ends according to a carefully

determined schedule and regulating the pressures to which the open ends

are exposed; for the left end, which opens twice each cycle, two differ-

ent pressure levels are experienced.

The periodic opening and closing of the ends of the cell is

effected by the end plates and cutouts therein as the cell rotates rela-

tive to them. The needed scheduling and timing is provided by adjusting

the angular width and relative angular positioning of the ports. Input

gas enters through port M (for "medium" energy-level flow), while the

high- and low-temperature outputs leave via ports H and L, which are

respectively maintained at higher and lower pressure levels than the

input flow.

(3) Cryptosteady flow (Foa energy separator). The most recent

innovation in the field of energy separation is the Foa energy separator,

which first appeared in l964.7 This device makes use of cryptosteady

flow, which itself is a new realm of fluid mechanics, having been first

recognized and described by Foa in 1955.8

A cryptostee'y flow is nonsteady in the reference frame wherein

the flow is utilized, and also in all others except a unique frame FS,

in which it appears to be steady. The advantage to be gained from flow

nonsteadiness, as has been pointed out by Dean, 9 is that it is possible

for energy exchange to occur isentropically, whereas this cannot occur
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in steady flow. Since the nonsteadiness in cryptosteady flow is the

result of a change of reference frame, and since a change of reference

frame is reversible, it follows that the basic cryptosteady energy-

exchange mode is in fact isentropic. However, use of the special refer-

ence frame FS allows the flow pattern to be analyzed as if it were steady.

Thus, cryptosteady flow confers both the efficiency advantages of non-

steady flow and the analytical advantages of steady flow.

Unlike the Ranque-Hilsch tube and the dynamic pressure eychanger

"divider," many different mechanical arrangements of the Foa energy sep-

arator are possible, examples of which have been presented by Foa in a

1968 patent. 10 This flexibility of arrangement is of considerable prac-

tical significance, since it opens the door to design optimization accord-

ing to the particular performance criteria and constraints applying in

any given application. However, the principle of operation is the same

in all cases, and will be introduced here with the aid of Figure 3. The

present description is intended only to impart a physical grasp of this

principle; a more detailed examination of the Foa energy separator is

presented later in the paper.

Consider a rotor such as that depicted in Figure 3(a), fitted

with two nozzles oriented in opposite senses relative to the radial direc-

tion and mounted on frictionless bearings. Suppose, for further concrete-

ness of the example, that the nozzle inclinations are equal and opposite,

but that nozzle A is larger than nozzle B. Then if fluid is introduced

into the rotor under pressure so that is must exit via the nozzles, the

rotor will obviously begin rotating toward nozzle B as shown. The rotor

speed established at steady state is such that the total angular momentum

~- a ~ ;-
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contained in the two flows leaving the rotor is equal to that of the

input flow.

At steady state, an observer sitting on the rotor sees a steady

past a given point in space cyclically, and is therefore unsteady.

Accordingly, the rotor-fixed reference frame will be dencted FS, the

laboratory frame FU.

Viewed in FS, the flow is steady with nozzle discharge veloci-

ties c. and cj, . If the nozzles are equally efficient and discharge

to equal static pressures, then C,.=,Cb since the nozzles discharge from

a common source. However, the magnitude L( of the discharge velor",

as seen in FU differs from XC , the value seen in FS, by vector aod..._..i j
of the rotor rim speed V , i.e. a = 4 '+V Since the nozzle inclina-

tions are in opposite senses, this leads to U andb, as can

be seen from Figure 3(a). But, as is easily concluded by considering the

flow in FS, the thermodynamic states of flows "a" and "b" are the same,

and these states are the same in any reference fran'e. Therefore, it fol-

lows that the energy level of flow "b" as measured in Fu exceeds that of

flow "a". Furthermore, since the rotor neither adds nor absorbs energy,

the energy levels of flows "a" and "b" must be, respectively, lower and I
higher than that of the input flow. In other words, energy separation

is accomplished.

Figure 3(b) illustrates a different means of achieving the same

end as that served by the arrangement of Figure 3(a). Here, there is but .

a single .nozzle, the flow from which is made to impinge on a wall as ]
shown. The flow departs from the impingement region in both directions,
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the direction of the larger "a" flow being in the same sense as the tan-

gential component of Cn,, the nozzle-exit velocity in Fs. For #I= 'b,

one has -C& = 4b = .,4 , assuming the deflection process to be loss-free.

If the flow plane of Figure 3(b) lies in the plane of rotation, then

4•4= C,-V and ub=e,,V, and one may readily verify that energy separation

is once again obtained.

it will be noted that in the arrangement of Figure 3(a), the

separation of the initially homogeneous flow into two flows at different

energy levels is completed within the confines of the rotor. In the

device pictured in Figure 3(b), by contrast, this separation process -

occurs entirely within the impingement-deflection region after the flow

has left the rotor. Therefore, the arrangement of Figure 3(a) will be

referred to as "internal separation" and that of Figure 3(b) as "external

separation."

B. Scope of the Present Study

The present study has been devoted principally to the Foa energy

separator, which will hereafter be abbreviated FES. This device appears

to have great potential, and has not as yet been subjected to extensive

study: indeed, the entire body of published technical literature on the

subject is encompassed by the original paper 7 and patent 10 by Foa and a

repo•rt by Hashem. 11  Accordingly, a theoretical investigation has been

carried out to develop a more comprehensive understanding of the perfor-

mance characteristics and potentials of the FES than has heretofore been

available. The analyses performed fall into two distinct categories,

which will be referred to as "core performance equations" and "collection



10

effects." The former embody all the most essential ingredients of the

cryptosteady energy separation mechanism, and can in most cases be applied

directly. In some cases, however, the manner in which the output flows

are collected can alter the performance in ways which are not apparent

from the core performance equations, and such effects require separate

analyses.

Core performance equations are developed separately for the

cases of internal and external separation, Figure 3. However, as differ-

ent as these two may appear at first glance, it is important to note that

they are in fact equivalent. For example, under the restrictions applied

to the earlier discussion, an internal-separation FES like that of Fig-

ure 3(a) with perfectly tangential nozzles (if this could be built!)

would give performance identical to that of a particular external-sepa-

ration device; the nozzle inclination of the equivalent external-separa-

tion model would be that for which the splashing pattern, Figure 3(a),

would give a massflow ratio equal to that produced by unequal nozzle areas

in the internal-separation design. Bur from a practical standpoint, it

is desirable to have separate performance equations for the two families

of configurations, since such equivalency relationships would be very

unwieldy in the general case, which could for example involve unequal

nozzle inclinations, nozzle efficiencies, and discharge pressures for

an internal-separation device.

Output flow collection effects can be expected to have relevance p
for both families of FES configurations, but they are of more intrinsic

concern for external separation than for internal separation. This is

because, in external separation, the collection process cannot be
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decoupled from the output-flow generation process, since both originate

within the impingement-deflection region depicted in Figure 3(b). This

contrasts with internal separation, Figure 3(a), wherein separation of

the flow into two distinct outputs is completed within the confines of

the rotor, after which these output flows enter their respective collec-

tion spaces. With these considerations in mind, then, several external-

separation collection effects were identified which appeared to be par-

ticularly salient, and these have been analyzed.

The treatment of the FES is supplemented herein with some atten-

tion to its predecessors in the field of energy separation, the Ranque-

Hilsch tube (hereafter abbreviated RHT) and the dynamic pressure exchanger

"divider" (hereafter abbreviated DPE), so as to place the FFS in proper

context. In the case of the RHT, this includes an analysis to establish

theoretical upper bounds on performance, since such do not appear to have

been developed previously and are clearly of practical interest. Where

the DPE is concerned, however, a performance analysis of similar scope

would be too formidable to undertake simply for its contextual interest,

since extensive method-of-characteristics analyses would be required.

Therefore, the material concerning the DPE is limited to an Appendix

which briefly discusses divider energy separation characteristics based

on published data, this data first being transformed from the format used

in the OPE literature to that used in describing RHT and FES performance.

For more detailed information, the reader is referred to Azoury4 and to

Kentfield. 1 2 , 13



\t PART II

THE RANQUE-HILSCH TUBE

A. H~istorical Review

1. General

The field of energy separation was born when a French metallur-

gist, Georges Joseph Ranque, invented what is known today as the Ranque-

Hilsch tube (RHT). As reviewed in an interesting account by Fulton, 14

.Ranque was unsuccessful in developing the device himself, although he

iobtained patents in France and the United States 15 and apparently formed

a small company. When he described his invention to the Soci6te Francaise

de Physique in 1933,2 he was rebuffed as--in essence--not knowing what

he was talking about. And the company itself probably went out of exis-

tence when the inefficiency of the vortex tube relative to conventional

refrigerating mnachines was realized.

Ranque's tube thus faded into oblivion until it attracted the

attention of Rudolph Hilsch, a German physicist, a decade later. He

carried out an extensive experimental study and published the results in

a paper whose English translation3 immediately aroused great interest.

The ensuing research activity was so intense that by 1954 a survey of

research on the RHT published by Westley 16 l'ted over one hundred refer-

ences on the subject. The pace of activity has slowed since then, but

the RHT remains a subject of active research. A great deal has been

learned about the energy separation mechanism involved in the RHT, but

this seemingly simple device has stubbornly defied attempts to arrive at

anything approaching a "complete" understanding of its behavior and pre-

diction of its performance.

12
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2. Review of Salient Literature

The focus of the present study was the Foa energy separator

(FES), but it was felt that the results of this study could be best judged

as to their significance if presented in context with other energy sepa-

ration techniques. The RHT especially, as the pioneer in the field and

by far the most thoroughly researched and widely known energy separation

device, demanded such a hearing.

Accordingly, the RHT literature was searched for an adequate

basis for a fair and definitive comparison. Since the FES study was the-

oretical, theoretical RHT performance predictions were desired for this

purpose, rather than experimental data which Icould in principle lie well

below theoretical RHT potential. Rather surprisingly, no RHT analysis

was found which was deemed definitive enough for the present purpose, and

a new analysis was therefore carried out. However, much was naturally

learned which was useful either in constructing the analysis or, especially,

in weighing its results. The literature discussion which follows high-

lights important aspects of some of the more important RHT literature,

while presenting that literature chronologically to give the reader a

"feel" for the manner in which RHT research has progressed.

One broad observation will be made at the outset, with the aid

of Figure 1. Ranque's patent describes both the uniflow and counterflow

configurations, but Hilsch investigated only the latter in the study

reported in his celebrated paper of 1947. It is interesting to note that

Ranque, according to his patent, believed the uniflow configuration to be

the better one from a performance standpoint, but it is the counterflow

device that has occupied center stage ever since the paper by Hilsch.
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Even wh,:n the "uniflow configuration" is examined analyticaily or experi-

mentally, one often finds on close examination that this really means

"counterflow configuration with zero cold flow"--not at all what Ranque

had in mind. It has never, to the writer's knowledge, been shown that

counterflow performance is inherently superior to--or even as good as--

uniflow performance, so this narrowing of attention is difficult to jus-

tify rationally, except perhaps on grounds of convenience of flow extrac-

tion. Fulton14 pointed out this preoccupation as early as 1950, but

apparently to little avail: to date, Lay 1 7 and HashemlI are rather lonely

exceptions to what the writer would term the "counterflow syndrome."

Turning to the chronological scan of the literature, we begin

of course with Hilsch. 3 As already mentioned, he studied only the coun-

terflow tube, carrying out a very thorough experimental programi to explore

performance characteristics and ascertain the effect of geometric variables.

As sketched in Figure 1, the cold flow in Hilsch's models exited through

an orifice and was led away by an extension of the basic tube. He found,

through preliminary testing, that the best performance was obtained when

the diaphragm was located as close to the inlet plane as possible; how-

ever, he gives no hint that he ever considered any cold-port configura-

tion other than an orifice, nor (as perhaps later investigators may have

inferred) that he ever tried the uniflow configuration.

Hilsch did all, uf his testing on models of very small scale,

due to compressor limitations. His most complete set of reported data

was obtained with his smallest tube (Tube 1), having a diameter of 4.6 mm,

with which he tested a range of orifice sizes (diameters of 1.4, 1.8, 2.2,

and 2.6 mm). Figure 4 is a replot of the data obtained with the 2.2 mm

A
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Fl
orifice; the others are qualitatively similar, but the position of the

minimum in the cold-output curve tends to shift to the left with decreas-

ing orifice size. It should be noted that the Hilsch data were presented

in dimensional form, with the inlet total temperature TiO = 68*F = 528°R,

but the presentation of Figure 4 has been made dimensionless. Hilsch

augmented his basic performance data from Tube 1 with somewhat more lim-

ited testing of two larger tubes (diameters of 9.6 and 17.7 mm, respec-

tively) in order to assess the importance of scale. He discovered that

an increase in scale was favorable to performance; he presents a plot of

maximum temperature drop as a function of pressure ratio for all three

tubes from which one may find that the gain in performance with the larg-

est tube is in the neighborhood of 10 to 15% at all'pressure ratios rep-

resented in Figure 4.

In 1948 Kassner and Knoernschild 18 published the first full-

fledged analysis of RHT performance, in which they contributed a great

deal to the understanding of the vortex tube. Their analytical model,

which was tailored specifically to the counterflow configuration, was

based upon the conversion of an initially free vortex into a forced vor-

tex through viscous shear, resulting in a radial redistribution of energy.

The manner in which they envision the internal flow in the vortex tube is

indicated in Figure 5(a), while Figure 5(b) illustrates the region con-

sidered in their vortex conversion model.

In the neighborhood of the inlet plane, an annular portion of

a free vortex is assumed to form, within which there is a core which pre-

sumably corresponds essentially to the counterflow region. Wall friction

is ignored, so that angular momentum is conserved as the vortex changes
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over to a forced vortex having the same annular extent as the initial

vortex. It is pointed out that the forced vortex can be expected to be

quite turbulent, with the result that the properties in the vortex should

obey the "adiabatic law," just as in a turbulent atmosphere. It is shown

that, for the incompressible case they consider, the kinetic energy of

the forced vortex is less than that of the free vortex, the difference

necessarily appearing as frictional heat; this calculation is one element

in arriving at the total temperature distribution of the forced vortex,

but it also exposes the dissipative nature of the RHT energy separation

mechanism.

Referring to Figure 5(a), Kassner and Knoernschild in effect

visualize the forced vortex as being peeled off layer by layer from within,

each successive layer ultimately leaving through the cold orifice. They
then reason that the remainder of the vortex expands inward to take the

extracted layer's place; this would involve some tendency to shift back

toward the free-vortex velocity profile, which would initiate some fur-

ther shearing action and outward energy flux. To take this postulated

effect into account, they make the simplifying assumption that the inner

layers of the vortex add more to the cold air temperature than the outer

layers. Thus, while the cold flow is calculated as the mass of the forced

vortex contained between ri and rsplit, Figure 5(b), the cold-flow temper-

ature is not calculated as the mass-average but rather by simply averag-

ing temperature along the radius from ri to rsplit.

Kassner and Knoernschild compare theory with experiment for one

of Hilsch's curves, as shown in Figure 5(c). It is seen that the agree-

men t s remarkably good, which suggests that their analytical approach

Jl
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has some validity. However, it should be noted that the theoretical

curve was arrived at after carrying out a numerical search for the value

of the core radius, ri, giving a maximum possible temperature drop at

zero cold flow; it is never made clear exactly what the significance of

the core in their model is, nor why this optimization process should

necessarily have physical meaning. Thus, the excellence of agreement

between their theory and the single Hilsch curve against which it was

compared must be regarded as possibly somewhat fortuitous.

Kassner and Knoernschild unfortunately do not present a set of

more generally applicable performance curves, and their analytical pro-

cedures are rather awkward. More importantly, their analysis as struc-

tured cannot be applied directly to the uniflow RHT: this would require

that the forced vortex extend all the way to the center, which according

to their core-radius optimization scheme would result in the disappear-

ance of any energy separation. This embarrassing result also casts real

doubt on the physical meaning of the optimization scheme.

Fulton published a paper 14 in 1950 which is well known chiefly

for its evaluation of RHT efficiency. The "basic" criterion he uses for

Evaluation of efficiency is that of "a reversible producer of cold gas,

such as a reversible isothermal compressor followed by a reversible adia-

batic expander." According to this criterion, he finds from the data of

Hilsch that the RHT reaches an efficiency of only about 1%; noting the

favorable effect of increasing scale found by Hilsch, he suggests that

"larger tubes under ideal conditions" might reach 2%'.

Fulton's point in using this efficiency, which pertains to the i

entire system rather than the RHT pbrtion of it, was to point out a fact A
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that was not widely realized at that time--i.e., that the RHT demanded

very large power expenditures. However, there is also something to be

said for considering the efficiency of the RHT (or any other energy sepa-

ration device) by itself, without burdening it with assumptions about the

manner in which the input flow is obtained. Fulton does this with what

he terms a "turbine criterion," which amounts to the product of cold-side

turbine efficiency (temperature drop divided by the isentropic tempera-

ture drop corresponding to the given pressure ratio) and cold fraction

(fraction of the total flow which exits as cold air). By this criterion,

Fulton finds that the efficiency of the RHT is rather insensitive to

pressure ratio, being about 13% and 151'' at pressure ratios of 2.5 and

11, respectively. The cold fractions at which these maximum efficiencies

occur are about 0.7 and 0.6, respectively.

Fulton also reported an experimental observation which provided

the first hint that the RHT really produces its maximum temperature drop

at or near zero cold fraction: this is as predicted by the theory of

Kassner and Knoernschild and every major theory since, and in contradic-

tion of the experimental results of Hilsch (Figure 4). Fulton brought

a small tube up to the mouth of the orifice, splitting the cold flow up

into an inner and an outer portion. With a nozzle-inlet total pressure

of 105 psia, inlet total temperature of 700F, and a cold fraction of 0.33,

he discovered that the outer 25% of the cold flow had a mean temperature

of +30°F while the remaining core averaged -500F. Subscribing to a belief

that the internal flow pattern was similar to that postulated by Kassner

and Knoernschild, Figure 5(a), he explained this on the basis that the



streamlines near the orifice were primarily radial, with the result that

they had little opportunity to reject energy before emerging.

Less than a year later, Scheper 19 published the first experi-

mental data on the internal flow in the counterflow tube, and in so doing

decisively contradicted the neat flow pattern description of Figure 5(a),

as Fulton himself pointed out. 2 0 Scheper found radial outflow to be

occurring in the outer regions of the core in a way suggesting a flow

pattern qualitatively like that in Figure 6 (inferred by the present

writer from Scheper's flow visualization sketches). There is apparently

an annular recirculation region of appreciable axial extent which sepa-

rates the outer annulus and the inner core which is flowing toward the

cold orifice.

Based on this flow pattern, Scheper drew an analogy between the

vortex tube and a counterflow heat exchanger. He noted that the static

temperatures in the core were slightly higher than those in the inner

part of the annular vortex surrounding the core, and on this basis con-

structed a theory of RHT operation that was solely predicated on heat

transfer. This theory led to reasonable correlations with the Hilsch

data, but this was achieved by employing an empirical correlation factor

N, which he termed the "cooling effectiveness," which was itself chosen

on the basis of the data being fitted; Scheper then examined the values

of N needed for this purpose to determine whether they "could be reason-

ably attributed solely to a heat transfer process." He found that this

could not be done on the basis of conventional heat transfer calculations,

but nevertheless considered the results to be within a close enough range

to be encouraging. However, it must be noted that Scheper's analysis

- ---# =-x---
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neglected radial mixing, for simplification and also because it was felt

to be of minor importance, despite his own observation that smoke tests

proved useless even at very low pressure ra~ios because of turbulence.

He also believed heat transfer to be the explanation for the energy sepa-

ration achieved by the RHT "since no mechanical work is involved"--a state-

ment which is not correct in light of the very definite shear work going

on between layers. Thus, Scheper's heat transfer theory itself, while

interesting, is not convincing. His experimental work, however, consti-

tuted a valuable contribution to the RHT literature.

RHT research continued, and as mentioned earlier, Westley pub-

lished a survey16 in 1954 which reviewed what was by then a very large

body of literature. The next paper that will be discussed here, however, N

is that of Lay, 1 7 who in 1959 published a two-part paper reporting an

experimental and analytical study of the RHT.

In Part I of his study, Lay presents traverse data and flow ]
visualization obtained with lucite vortex tubes two inches in diameter.

This scale was larger than had been used in most previous experimental

studies, and enabled Lay to obtain relatively detailed traverse data at

a number of axial stations. He did not, unfortunately, employ any wall

static-pressure taps or temperature probes, but relied solely on data

obtained with a traversing probe. As this probe caused significant flow

perturbations near the wall, it is therefore difficult to extrapolate his

data to obtain accurate estimates for conditions adjacent to the wall,

which would be of interest.

Lay is to be commended for his attention to the uniflow tube

as well as the counterflow device, since such attention was not and still
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is not common. Unfortunately, he did not present overall performance

data for comparison with his internal flow data, so that no assessment

of the relative performance merits of the two configurations was made.

His traverse data, which apparently was taken entirely on the uniflow

device, appears to show primarily the decay of the vortex pattern toward

a uniform state as it moves away from the injection plane; apparently,

most of the vortex conversion process occurred between the inlet plane

and first traverse station. This was perhaps what Lay intended to obtain,

following Hilsch's admonition to use a long tube to allow swirl to dis-

sipate; however, Hilsch's comment was made specifically in the counter-

flow context, so it may be that even Lay was thinking basically in coun-

terflow terms.

Some of Lay's most interesting experimental results have to do

with his flow visualization, particularly in the inlet plane. Using

water to visualize the flow adjacent to the inlet-plane end wall, he dis-

covered a "limit circle" for both the uniflow and counterflow configura-

tions. This circle, which marks the boundary between the entering, inward-

spiraling flow and the core region, has a diameter considerably larger

than that of the cold orifice in the counterflow configuration, but is

small enough that the flow must spiral inward a considerable distance to

reach it; this inward spiral pattern is also visualized in a separate

photograph. This limit circle phenomenon tends to corroborate the pat-

tern seen in Figure 6, based on the observations of Scheper; furthermore,

its occurrence for both the uniflow and counterflow tubes should be noted

well, as it will be referred to as an important link between the uniflow
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and counterflow configurations in the analysis presented below by the
S~present writer.

pres In Part II of his paper, Lay pursued an analysis of the RHT.

The bulk of the analysis is compressible, and employs superposition of

simple flows in an attempt to describe analytically the internal flow in

the RHT. However, insofar as performance prediction is concerned, he

drops back to an incompressible analysis. He shows that the forced vor-

tex existing after the action of viscosity has less kinetic energy than

the free vortex existing just after entry, paralleling Kassner and

Knoernschild; he also shows that, if the vortex spans the entire tube

radius, the tangential velocity at the wall in the forced vortex is twice

tha. in the free vortex, again reproducing a result of Kassner and

Knoernschild. However, he also points out a scheme by which the "optimum"

size for the cold orifice may be obtained: basically, this corresponds

to splitting the final vortex at the radius for which the total tempera-

ture equals the inlet total temperature. However, he misinterprets it•s

significance as giving the maximum temperature separation; in fact, it

corresponds to maximum refrigeration capacity for the nominal case wherein

any drop in temperature below the inlet total temperature can be consid-

ered as useful. This "nominal split" will also be examined in the pres-

ent writer's analysis.

In 1960 an analytical work was published by Deissler and Perl-

mutter 21 which has relevance to the present work. Like some previous

analysts, 2 2 ' 2 3 '2 4 these authors treat a vortex which is two-dimensional

in that it is considered to be the same at all axial positions. Their

analysis is turbulent and allows for the presence of both axial and radial
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I; velocity components; indeed, the effect of the radial velocity, as expres.-

sed by a turbulent Reynolds number Reo, proves to be a governing factor

in the energy separation process. However, they attempt to apply this

model directly to prediction of RHT performance; thus, the rate of energy

separation occurring in a given plane is in effect confused with the

integral of that rate--i.e., the overall energy separation occurring

between an initial and final plane. In attempting to fit the data of

Hilsch, they succeed only by adjusting Reo so as to obtain a curve of

energy separation performance versus cold fraction that is qualitatively

correct; upon doing this, they obtain a very good fit. (Actually, the A

published fit is better than the real fit, since a scale-factor error

can be shown to exist in the Hilsch data as transformed by Deissler and

Perlmutter.) The theory is not fully predictive, since there is no good

way in their theory to judge the proper value for Reo a priori, and they

are forced to assume a value for the tangential Mach number at the tip

0of the vortex.

The most significant thing about the Deissler and Perlmutter

paper for the present work is that Re0 = 2, which yielded good agreement

between theory and the data of Hilsch, also yields a vortex velocity pro-

file which is very close to solid-body rotation. A basic assumption in

the present writer's uniflow analysis to follow is that a free-to-forced

vortex conversion (a la Kassner and Knoernschild) occurs which terminates

in a turbulent vortex with essentially solid-body rotation, and the work

of Deissler and Perlmutter shows that this is a realistic assumption.

It is also worth noting that the temperature and pressure profiles (static
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and total) given by Deissler and Perlmutter for Reo = 2 are very similar

to those obtained herein for the forced vortex at similar conditions.

1962 saw the publication of a paper by Sibulkin25 wherein it

was asserted that the axial variation of vortex conditions, which is

neglected in analyses such as that of Deissler and Perlmutter, is an essen-

tial ingredient of the RWT energy separation process; note that this is
also implied in the vortex conversion concept of Kassner and Knoernschild.ll

Pointing out the difficulty of fully analyzing the complete, three-dimen-

sional steady flow within the tube, Sibulkin treats the problem instead

as a nonsteady two-dimensional problem by riding on a slab of fluid as

it travels down the tube from the inlet plane to its destination a very

large axial distance downstream. He includes wall friction in his anal-

ysis, and the final state of the fluid slab is taken to be free of rota-

tion and uniform in temperature; he notes, in introducing this analytical

model, the suggestion by Hilsch that a long tube be used to allow swirl

in the hot flow to dissipate fully before extraction. He further notes

the absence of this condition as an ingredient in previous analyses,

which he considers to have been totally unsuccessful in generating inter-

nal pressure and temperature profiles that agree with experiment.

The analysis of Sibulkin is something of a hybrid between uni-

flow and counterflow, the latter being the actual focus of the analysis.

First, the development of the vortex slab as it travels downstream is

analyzed for the case of zero cold flow, which as far as internal flow

is concerned is the same thing as uniflow; these profiles are then corn-

pared with experimental uniflow profiles obtained by Lay. 1 7 Qualitative

agreement is obtained, theory and experiment both revealing the expected
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kL. decay of the basic vortex motion as axial di.tances from the inlet plane

become large. Then, to see whether these profiles still have relevance

with nonzero cold fraction in the counterflow configuration, Sibulkin A

refers to data contained in the thesis which formed the basis for the

earlier referenced paper by Scheper.* Finding that the profiles remain

qualitatively similar to those at zero cold flow, Sibulkin .,ceeds with

his analysis.

His next step is to take note of the internal flow pattern indi-

cated by Scheper's experiments (Figure 6), and to observe in conjunction A

with this that the analysis indicates the presence of a positive pressure

gradient at the axis with increasing axial distance. He then assumes

that all of the cold flow actually originates in the constant-temperature,

constant-pressure region far from the inlet plane, and that every element

of this cold flow makes its way down the center of the core to the cold

orifice. Its temperature decreases en route as a function of both heat

conduction and pressure decrease; viscous shear plays no role here, since

all elements of the cold flow are assumed to travel down the exact center

of the core.

Sibulkin thus arrives at energy separation performance curves

which are normalized by V2/2cp, V being the maximum velocity in the entry

vortex. These are qualitatively similar to the curves obtained in other

*As of 1962, when Sibulkin did his work, Scheper was still the
only investigator to have published experimental internal flow data for
the counterflow device with nonzero cold flow More data of this sort
is now available, however, reported by Vennos6 in 1968. Vennos carried
out an elaborate experimental program which included measurement of all
three components of velocity as a function of position in the tube.
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[ •theoretical treatments, predicting maxi-mum temperature drop at zero cold

flow but otherwise appearing much like the experimental data of Hilsch

(Figure 4). However, he predicts a very strong, favorable dependence of

performance on inlet nozzle height, which is not duplicated in other

analyses, and he substantiutes this with experimental data.

This inlet-height effect, in the opinion of the present writer,

is a misconception which creeps in because Sibulkin's treatment--both ana-

lytical and experimental--is confined to extremely low pressure ratios.

The analysis assumes that the Mach number is small compared to unity

throughout the flow field, and experimental data is taken at the low pres-
sure ratio of 1.2 to satisfy this condition. As a result, a basic assump-
tion in Sibulkin's model--that the radial extent of the annular entry vor-

tex is equal to the nozzle height--proves to be satisfied in his experi-

ments, as flow visualization shows. But this is not a general result:

Lay 1 7 showed both analytically and experimentally that the inlet flow

spirals inward very substantially from the iolet nozzle at higher pres-

sure ratios. Furthermore, to the extent that the model developed herein

by the present writer approximates physical reality, a large quiescent

core like that which Sibulkin's model would give with small nozzle height

is forbidden thermodynamically at elevated pressure ratios.

As to the remainder of Sibulkin's theoretical results, one is

tempted to seize upon his qualitatively correct RHT performance charac-
teristics as an indication that his theory is basically valid, but this

conclusion is quite unwarranted. As Sibulkin himself points out in crit-

icizing the work of his predecessors, and as will be commented upon fur-

ther in concluding the present review, widely divergent theories have all

'4 -{ '. -
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accomplished this much. And the Sibulkin theory is not useful quantita-

tively, since even at the low pressure ratio of 1.5 it predicts perfor-

mance which is only a small fraction of that obtained experimentally by

Hilsch Thus, the significance of Sibulkin's theory, which differs radi-

cally from others, must be probed more carefully.

In this regard, while his unique approach to the analysis of RHT

internal flow structure evidently contains some validity, it is the con-

clusion of the present writer that the performance analysis based thereon

does not. The reason is simply that Sibulkin has confused static with

stagnation quantities, as Ranque Sas wrongly accused of doing long ago.

This results from applying an energy equation to the particle travelling

down the tube axis to the cold orifice that neglects "changes in the kinetic

energy of axial motion," in context with the assumption that the pressure

difference between the orifice and hot end is proportional to the dynamic

pressure of the exiting cold stream. The error of this approach is most

readily appreciated at CF = 0, where the temperature change is brought

about solely by pressure change, the heat conduction contribution going

to zero there. Physically, this says the particle travels from a region

at negligible velocity and high pressure (the hot end) to a region of low

static pressure where it possesses appreciable velocity (the cold orifice),

without friction, heat transfer, or doing work. This is equivalent to a

to nozzle flow, which has no effect on total temperature, yet gives maximum

temperature drop according to Sibulkin.

Before leaving Sibulkin, however, a significant experimental

finding he reported should be noted. Whereas most investigators mea-

sure cold-flow temperature just outside the cold orifice, Sibulkin uses a

SpI
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station just inside the orifice. Thus measured, the lowest temperature

is produced by the RHT as the cold fraction drops to zero, just as pre-

dicted by his theory as well as those of other analysts. In this con-

text, it is interesting to note the work of Blatt and Trusch, 2 7 which was

also published in 1962. They describe an experimental study of a device

which amounts to a zero-cold-flow RHT, which is used to provide a low-

temperature environment for a small object which is placed inside the ZP

tube, affixed to the center of the inlet-plane end plate--i.e., where

the orifice of a counterflow RHT would normally be. Provided the heat

load associated with the cooled device is extremely small, this "vortex

cooler" can maintain the device at a temperature lower than that associ- V

ated, in terms of an isentropic temperature drop, with the pressure

ratio across the cooler.

In 1965, HashemII carried out an analysis which, so far as the

writer has been able to determine, is the only RHT performance analysis

in the literature which pertains specifically to the uniflow configura-

tion. His analysis is a conceptual descendent of that of Kassner and

Knoernschild,18 in that he treats the conversion of a free vortex into

a forced vortex while conserving total angular momentum and total enthalpy

in each slab of fluid as it travels down the tube. However, he abandons

the assumption of incompressibility used by Kassner and Knoernschild, and

also structures the analysis in a less cumbersome manner. The treatment

of the uniflow RHT by the present writer is a close relative of Hashem's

analysis; however, Hashem introduced certain artifices and assumptions

which are relaxed in the present analysis. Further comments concerningI
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these will be introduced in context with the new analysis, where they

will be more readily appreciated.

Finally, two 1971 references will be cited to round out the

picture of the status of RHT performance prediction. The first is a

theoretical paper by Linderstrom-Lang, 2 8 the second a review of vortex

literature by Lewellen. 29  These seem to confirm that the counterflow

syndrome is still alive and well, and also that the literature still

does not contain truly definitive theoretical predictions of RHT per-

formance.

Linderstrom-Lang carries out a very involved, incompressible

analysis of the counterflow RHT which is predicated on the supposed

equivalence of this device to "counter-current systems with transverse

diffusion such as distillation columns and heat exchangers." This anal-

ysis is thus on the same family tree as that of Scneper, 19 though Linder-

strom-Lang considers the flow to be turbulent and follows an entirely

different theoretical approach. He first analyzes the internal flow to

arrive at a description of the tangential velocity distributions; he

then goes through a separate analysis in order to go from the velocity

distributions to distributions of total temperature. As for overall

performance, the theory is not capable of quantitative prediction with-

out introduction of some parameters obtained from experiment, and resem-

bles the Scheper theory in this respect. However, it is interesting to

note that Linderstrom-Lang succeeds in simulating qualitatively, in a

rough way, the decreasing temperature drop as cold fraction approaches

zero, specifically by permitting backflow to occur into the orifice at

very low cold fractions.

i
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The review by Lewellen concerns the whole field of confined

vortex flows, of which the RHT is but one example. His attention to the

RHT is therefore relatively brief, but seems rather pointedly in agree-

ment with the present writer's estimate of the status of RHT performance

prediction: after observing that previous efforts "although each con-

tributing to the understanding of the tube, have not met with complete

success," he carries out a very brief analysis himself in an effort to

estimate a bound on the possible energy separation obtainable from an

RHT. The bound Lewellen seeks would tell one nothing about the dependence

of RHT performance upon the controlling variables of principal interest--

cold fraction and pressure ratio--bit would nevertheless be of great

significance, establishing an absolute maximum in total temperature drop

(normalized by inlet total temperature) which could not be exceeded regard-

less of pressure ratio.

The analysis Lewellen presents is not too convincing to the

present writer, principally because he bases it upon a laminar vortex

analysis presented elsewhere in the review paper and makes the assump-

tion "that turbulent transport can be related Jo laminar simply by using

a turbulent Prandtl number." And, to be sure, Lewellen himself mentions

that such an assumption has yet to be justified. However, proceeding on

such a basis, he calculates a normalized temperature-drop bound of 0.185;

comparing this with experiment, he finds that this bound is violated some-

what, but not by so much as to indicate that the basic concept of an

absolute performance bound is necessarily incorrect. Lewellen has raised

a very interesting and potentially significant question which seems not

to have arisen anywhere in the RHT literature previously.
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3. A Comment on Qualitative Agreement of Performance Theory
and Experiment

The RHT is a perverse little device, in that it obligingly

permits the analyst to obtain correct qualitative predictions of its

behavior with just about any plausible-looking theory. As witness to

this, consider the theories of Kassner and Knoernschild, 18 Scheper, 1 9

Deissler and Perlmutter, 21 and Sibulkin: 25  these are very different from

one another in their basic concepts--not merely in analytical detail--and

yet one can hardly tell their qualitative predictions apart. Thus, while

qualitatively incorrect predictions serve to invalidate a theory, quali-

tatively correct predictions do not conversely validate it. The hapless

theoretician, forced to dig deeper, is at least entitled to ask: "Why

should this be so?"

First, some observations are possible which are completely

divorced from any understanding of the processes within the RHT, which

will be made with the aid of Figure 7(a). Consider the hot output, which

contains whatever energy has been lost by the cold flow. As the cold

fraction CF (ratio of cold output to total input massflow) goes to zero,

the amount of energy extracted from the cold flow goes to zero, regard-

less of the magnitude of the temperature drop; therefore, the dimension-

less temperature increase of the hot flow must be zero

at CF = 0. As CF increases, however, more and more energy is being I
extracted from the cold flow and deposited in a decreasing amount of

= : hot flow; therefore, -- N rises with CF. Glancing at Hilsch's data

(Figure 4), one notes that the hot-output temperature curves terminate
in a finite temperature increment at CF = 1; they are also concave upward,
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but not radically so. As a first approximation, then, suppose one were

to assume a linear variation of hot-output temperature increment with CF

to see what it implies for the cold output, i.e.:

-A: TTM
The cold-output temperature increment - Tr .fi is found from the

energy balance

where ) , the ratio of hot to cold output flow, is related to CF by

I-CP
CF -I +,•

Substituting the assumed linear variation of hot-output temperature into

the energy balance, one has

" -= T 'Jmax

which gives a cold-output curve parallel to the hot-output curve, as

shown in broken lines in Figure 7(a). Thus, we see already that there

should be a nonzero temperature drop at CF = 0 and that the temperature

drop goes to zero at CF = 1.

If note is taken of the curvature of the experimental hot tem-

perature curves, Figure 4, the picture is modified to that shown in solid

lines in Figure 7(a). Temperature drop is still a maximum at CF = 0 for

hot-output curve shapes like those of Hilsch, but is smaller than would

hold for the linear case: indeed, the magnitude of the temperature drop

I
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at CF = 0 is proportional to the slope of the hot curve there, and since

this slope is always nonzero, a nonzero cold performance is to be expected.

The solid curves in Figure 7(a) present the entire qualitative

essence of theoretical RHT performance. It is almost difficult not to

construct a theory which gives hot-output curves of this nature, and

once this element of the analysis is present, the rest inevitably follows.

Figure 7(b) presents a physical explanation as to why RHT behav-

ior should indeed be as indicated in the solid curves of Figure 7(a). On

the left is pictured a forced vortex, as generated within the tube. To

obtain a hot and a cold output flow, this vortex is split at some radius
"r" into inner and outer portions. A total temperature distribution some-

thing like that sketched exists, where'. the minimum occurs at the center

and the maximum at the outer edge. When the two flows are extracted sepa-

rately and their respective ter eratures each measured, say, in a settling

chamber, it is of course found that the temperature of the inner flow is

a mass-average value between T°(r=O) and T0 (r), while that of the outer

flow lies between T°(r) and T°(r=R). Thus, the cold flow comes from the

central region, the hot flow from the surrounding annulus.

If the flow is split at a small radius rI, the inner flow is

very cold but very little cold flow is extracted--i.e., CF is small.

The average total temperature of the annulus, however, is little differ-

"ent from the value one would obtain by averaging over the entire tube

radius, which is the inlet total temperature Ti°. Thus, two points would

be plotted corresponding to r! as shown at right in Figure 7(b).

If at the opposite extreme the flow is solit at a radius r3

only a little less than the tube radius, clearly the hot flow comes only

t
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from the hottest outer layers of the vortex, but the hot mass flow is

small: CF is near unity. As for the inner flow, the average is now

taken over almost the entire tube; the total energy contained in the few

outer layers is small, and therefore the average total temperature of

the inner flow is only slightly below Ti0 .

Selection of an intermediate split radius r2 will, of course,

give intermediate results as indicated. Furthermore, the split radius

may be made as small or as large as desired, within the range O.rcR, with-

out affecting the existence of the vortex. Thus, a performance plot cov-

ering the total range OSCFS• is generated without difficulty, and its

behavior like Figure 7(a) follows quite naturally from physical reason-

ing. Since there is ample evidence in the literature that conversion of

the input flow into a vortex of this sort is the key to RHT performance,

this explanation--which is much akin to that of Kassner and Knoernschild 1 8

-- would appear not only to be plausible, but well founded objectively.

B. Theoretical Performance Analysis

1. Objectives and Approach

Central purpose of the analysis. The present theoretical treat-

ment of the RHT was motivated by the simple desire for a clearcut theoret-

ical prediction of RHT performance that would enatL," fair, conclusive com-

parisons to be made with the theoretical performance characteristics of

the FES. A number of analyses are available in the literature, each

contributing worthwhile insights, but none appear to be adequate for the

present application. A new analysis has therefore been carried out which

yields, as its most important product, theoretical "upper bound" RHT energy
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separation performance characteristics as a function of the controlling

experimental variables, cold fraction and pressure ratio. While this is

not a "least" upper bound--i.e., it embodies assumptions which are known

to be generous--it does establish the range within which RHT performance

must fall at any selected operating condition up to a pressure ratio of

about 10. So far as is known, such performance bounds have not been

established previously.

Analytical model: uniflow configuration. Previous RHT perfor-

mance analysts have, with the exception of Hashem,II tended to focus atten-

tion on the counterflow configuration. This necessarily entails account-

ing for the counterflow internal flow pattern, Figure 6, in one way or

another. However, a complete analytical description of this flow pattern

would doubtless be too complex for full incorporation into a performance

analysis, even if it were available; therefore, counterflow performance

analyses are relatively heavily dependent upon simplifying assumptions

and approximations regarding the details of the internal flow.

However, much of the ambiguity of RHT performance analysis evap-

orates if it is noted that the counterflow and uniflow devices are basi-

cally equivalent, since uniflow analysis is much more tractable than coun-

terflow. It seems clear that, in either device, energy separation takes
place basically because of conversion of a free vortex into a forced vor-

tex--or, to reduce grounds for controversy even further, because the uni-
r reduc forw attnilt-s h

form flow injected at the inlt plane is somehow transformed within the

tube into a forced vortex. It is also abundantly clear, both from experi-

ment and from analysis (particularly Deissler and Perlmutter 2 1 ) that this

forced vortex is turbulent. And as for the reverse-flow core in the
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counterflow device, which at first blush might seem to constitute a

salient difference between the two configurations, the observations of

Scheper, 1 9 Lay, 17 and Sibulkin2 5 all are relevant. Scheper, whose flow

visualization experiments provided the basis for Figure 6, indicates

in his sketches that the core is if anything more pronounced at zero than

S~at nonzero cold flow (cold fraction in his strictly counterflow rig being

controlled by hot-end valve setting). Even more to the point, Lay dis-

covered experimentally that there is a "limit ;rcle" at the inlet plane

which marks the boundary between the inwer'.*-.spiraling entry flow and a

central core, and that this limit circle occurs in qualitatively the

same manner for both uniflow and counterflow. And Sibulkin, although his

performance analysis is specifically oriented toward the counterflow con-

figuration, begins with an internal flow analysis which pertains only

to the uniflow condition; he notes the presence of a positive axial pres-

sure gradient at the axis which would bring about reverse flow. He makes

use of this only for nonzero cold flow calculations, but the fact remains

tha. his analytical prediction of backflow arises specifically in a uni-

flow context. Furthermore, he compares predicted internal profiles with

experiment for both uniflow and counterflow and finds no qualitative

change. Thus, there would seem to be every reason to believe that there

is a counterflow core with qualitatively similar properties in both devices,

and that the energy separation process is not different in any basic way.

The only real difference between uniflow and counterflow then,

would appear to be that in uniflow the central, cold portion of the forced

vortex is allowed to travel down the tube in company with the hot outer
portion to a common extraction plane, whereas in counterflow this central

• . ' .. . A , - - - • • . . -•-; • -• •• , • • i• _. - -. .. . ......
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portion of the vortex is required to double back and leave in a direc-

tion opposite to that of the main flow. The present writer is of the

opinion that, to the extent that this difference induces secondary influ-

ences on performance, the advantage probably lies with the uniflow device.

Here, the vortex can in principle achieve a minimum of axial shear between

layers before extraction; in the counterflow configuration, by con-

trast, the existence of a strong net counter current will presumably

give rise to increased axial shear in the boundary region between the

two flows. Axial shear, unlike tangential shear, contriates nothing

to energy separation, but it does produce losses. lhus, analysis of the

uniflow configuration appears to be in keeping with the desired deriva-

tion of "upper bound" RHT performance characteristics.

The analysis below disregards wall friction; this is clearly

an optimistic assumption, but perhaps not too gross in terms of the ulti-
mate potential of a properly designed RHT. This is the case because

there is evidence to suggest that vortex conversion--the source of RHT

energy separation--is actually accomplished within a rather short dis-

tance of the inlet plane. It is true that very large length-to-diameter

ratios are normally associated with vortex tubes (Hilsch suggests 50 tube

diameters from inlet plane to hot valve), but it must be noted carefully

that this arises in the context of courterflow tubes, and has to do with

swirl attenuation rather than with establishment of the basic forced vor-

tex. One may readily discern, in the experimental traverse data of Lay, 17

the fact that the successive stations record the gradual decay of a vor-

tex pattern established quite near the inlet plane (i.e. within a diam-

eter or so). Additionally, Savino and Ragsdale 30 noted, in an experimental

A
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study of a vortex arrangement with small axial length, that flow profiles

were produced exhibiting considerable energy separation. Thus, if one

were to use a uniflow tube, it would appear that flow extraction would

be possible within a relatively short distance of the inlet plane, so

that wall friction would not be able to exert a major influence. It

must be emphasized that this is contrary to standard RHT practice, but

there is no theoretical reason against it.

Outline of the analysis. The analysis carried out below is

simple in concept, but becomes rather lengthy in execution. Consequently,

the analytical scheme is summarized in broad terms here. It is hoped

that this brief glimpse of the forest will prove a useful prelude to

the walk through the trees.

There are essentially three phases to the analysis:

1) Considering a control volume which corresponds to the
vortex conversion region within the tube (Figure 8),
apply the relevant conservation equations to relate
conditions in the forced vortex at the "terminal plane"
to nozzle inlet conditions.

The conservation equations which are required are those for
mass, energy, axial momentum, and angular momentum. An appropriate des-

cription is of course needed for the terminal vortex in order to apply

these equations, and this is done under the assumption that the vortex

is turbulent and in solid-body rotation; as noted earlier, this assump-

tion appears on the basis of the work of Deissler and Perlmutter 21 to be

an entirely reasonable approximation. As for the flow in the inlet plane,

no assumptions whatever are required for the "upper bound" performance

calculation; however, several flow models are explored as one means of

jr-dging the possible looseness of the performance bounds.
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2) Derive output flows from the terminal-plane vortex, as
a function of vortex tip Mach number (tangential) and
flow split radius, and with consideration of exit losses.

The output flows are taken to be extracted tangentially through

constant-area frictionless ducts. This, too, departs from normal RHT

practice, and should give results be'tter than standard practice.

3) Link nozzle-inlet to output conditions, and exchange
roles between the independent analytical variables
(injection Mach number, split radius) and normal inde-
pendent experimental variables (pressure ratio, cold
fraction) to present RHT performance in standard form.

As depicted in Figure 8, flow enters the tube through the

injection nozzle "i" with no axial component of velocity, but is forced

to acquire an axial velocity component within the tube to satisfy con-

tinuity requirements. As the flow spirals down the tube, it must even-

tually succeed in filling the tube, which, if the flow were inviscid,

would imply formation of a free vortex to conserve angular momentum.

However, viscosity succeeds in eliminating the shear between layers that

this would produce, and the flow eventually reaches a condition of solid-

body rotation and uniform axial velocity, at which point adjacent layers

are no longer shearing past one another. The flow in this final state

is assumed to be turbulent, so all velocities are of course mean velocities.

I It is recognized that turbulence and perfect solid-body rota-

tion cannot, strictly speaking, coexist: the tendency is for the vortex

to shift over to a laminar state as true solid-body rotation is estab-

21lished. However, as found by Deissler and Perlmutter, a vortex can

have a tangential velocity profile very close to solid-body rotation while

still turbulent, and furthermore this sort of vortex is apparently needed

in order to explain RHT performance characteristics.

. "A



The final turbulent, forced vortex is then divided at a "ter-

minal plane" into an inner and an outer portion and extracted, respec-

tively, as the "cold" and "hot" flows. As indicated in Figure 8(b), each

flow is extracted tangentially through constant-area, frictionless, adia-

batic ducts wherein uniformization is accomplished prior to the exit port

"e". (Note that one or both of these ducts may discharge to other than

ambient conditions: for example, the cold duct might discharge to a

subsonic diffuser, and the hot duct to a throttle valve to reduce the

pressure to atmospheric.)

The present treatment was inspired by that of Hashem,lI which

in turn is a conceptual descendent of the pioneering work of Kassner and
Knoernschild. 18 The latter analyzed counterflow RHT performance by con-

sidering the flow to be incompressible and treating the conversion of an

initially free, annular- vortex into a turbulent forced vortex having the

same annular dimensions; inside this annulus lay the reverse-flow core

containing fluid moving toward the cold orifice. Hashem applied a simi-

lar concept to the uniflow configuration, but treated the flow as com-

pressible; he also calculated output temperatures strictly as mass-aver-

age temperatures (as in Figure 7) instead of applying a contrived weight-

ing scheme like that of Kassner and Knoernschild to magnify the importance

of the cold inner layers.

The physical description of the postulated forced vortex at

plane II as used below is the same as that of Hashem: solid-body rota-

tion, uniform axial velocity, and uniform entropy brought about by turbu-

lence. Certain simplifying assumptions utilized by Hashem, however, will

be abandoned here. The most striking one is that he assumes the inlet
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flow to form a free vortex which spirals in to the radius at which the

static pressure would theoretically drop to zero, and then replaces the

vacuum core with a solid core which extends the length of the tube with

constant radius. As this does not correspond to normal RHT geometry, it

will be dispensed with here. It is worth noting that one could build an

RHT with such a central core, but its performance would presumably be

degraded because the innermost layers of the vortex would lie at a finite

radius and therefore, in solid-body rotation, retain some kinetic energy

that would be absent at zero radius.

I Hashem also assumes the static pressure at the wall to be the

same at stations I and II, basing this on the experimental traverse data

of Lay. 1 7 This would at best be a rough approximation, since Lay obtained

no wall static tap data, necessitating extrapolation of his profiles

toward the wall, near which his data are clearly affected strongly by

probe interference. A more serious objection, though, is the fact that

Lay's data is taken too far downstream to give information on the vortex

conversion region, showing instead the gradual decay of the forced vortex.

Thus, in the present analysis, the axial momentum equation is used instead

of any assumptions about wall static pressure variation.

An additional, perhaps subtler facet of Hashem's analysis is

that he follows a vortex slab "of unit length" from plane I to plane II.

Examination of his treatment reveals that he thereby, though perhaps unin-

tentionally, constrains the total volume (or equivalently, the mean den-

sity) of the vortex to be the same at I and II. Since the pressure ane

temperature distributions are very different at I and II, and since there
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is in addition an entropy rise, the tacit assumption of equal mean den-

sities is not a valid one unless by happenstance.

2. Entry-Plane Flow Conditions

Flux equations. Conditions in the "terminal vortex" at plane

II will be related to nozzle inlet conditions through application of the

conservation equations to the control volume of Figure 8(a). For this

purpose, the "flux" of each quantity to be conserved--massflow, angular

momentum flow, total enthalpy flow, stream force--will be expressed sepa-

rately for planes I and II in terms of appropriate variables. Then,

application of the conservation equations will consist of requiring that

the flux of each quantity be the same at both planes.

Consider conditions in plane I, where the flow enters the vor-

tex tube through nozzle "i". As sketched in Figure 8(b), flow enters at

the mass-average radius ri ! rt where rt is the tube radius and the equal-

ity holds only in the limit of vanishing nozzle height. All fluxes at

plane I are determined by nozzle injection conditions except for stream

force, which depends upon the entry-plane flow pattern. That is, we

have:

• Mass (1)

Momenitum (2)

Enery (3)

while the stream force at plane I, where there is no axial velocity, is

just the integrated pressure force:
.. 4 ,

* V
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Ot #I.", f • )(}a 1 Axial Stream
7=

SForce (4)

where j denotes pressure, c( flow area, and ; = normalizedrt
radius.

The analysis will be carried out assuming that the nozzle

height is small enough to assume, to an acceptable degree of approxima-

tion, that the flow exiting the nozzle is one-dimensional. Then, with

the aid of Foa, 31 p. 42, we may write immediately

/1' t "Fv #i 4(10'4

where the notation ( )o denotes stagnation quantities, R is in ft-lbf/

slug OR if English units are used, and Di is in accordance with Foa's

definition of D :

Mi

Diz

Then, since

I
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and w, may be written as

t 13 : -_t M

where the notation 4Wf1)= Ie•Jb7 is introduced, there follows

fcMi) (C W)rA (2')

in which the similar notation /l)=6*(-M ris introduced. Similarly,

C TO

which gives

=vq: (3')

As for the calculation of the inlet-plane stream force ,

note that the information needed from the inlet flow pattern isA =-t

i.e. the ratio of the area-average inlet plane pressure to the nozzle

pressure. As will be shown later in the analysis, "upper bound" RHT

performance characteristics of the type sought can be arrived at without

any attention to the specifics of the entry flow pattern; however, it is

instructive to consider several simple models for the entry flow for the

physical insight they provide. This is accordingly done next.

Each of the models considered below is comprised of an annular

region wherein the inward-spiraling flow is considered to form a free vor-

tex, and a core region with different properties; according to the experi-

mental finding; of Lay, 17 this model is well justified physically. Imposi-

tion of different physical assumptions about the nature of the core leads

to varying results as to the size of the core and the pressure distribution
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w ithin it, and consequent alterations in the value of 9. For each

model, however, the injection Mach number Mi is the controlling variable.

Free vortex. The postulated free vortex will first be analyzed,

since a part or all of it is a component of each model. Consideration of

the radial equilibrium wherein outward-directed inertial (centrifugal)

force on a fluid element must be balanced by inward-directed pressure

force leads to

where r' is the radius of curvature of the particle path. If the height

of the spiraling stream tube is negligible, the path at each point is essen-

tially circular with radius equal to the distance from the tube axis, and

one may write

4r()

Also, due to conservation of angular momentum, the velocity distribution

must be given by

j ~fr: ~(6)

One may combine equations (5) and (6) with the perfect gas equa-

tion of state and the stipulation of constant total enthalpy per unit

mass to arrive at the variation of Mach number, and hence pressure and

temperature, as a function of radius; this has been done by Hashem. Alter-

natively, one may note that under the conditions for which (5) is valid--

negligible stream thickness--properties within a given stream tube vary

insignificantly between the inner and outer boundaries of the tube.
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Therefore, one-dimensional flow relations mav he applied as follows to

reproduce Hashem's free vortex description.

Define a dimensionless velocity

/* -__

= a

where a.* is the speed of sound torresponding to expansion from the given
0

nozzle stagnation condilUons isentropically to Mach 1. With this defini-

tion, equation (6) may be rewritten

M*C F) -_ - ~- (

The item of concern is the static pressure distribution, for which in one-

dimensional isentropic flow one may write

- -MF)

From Shapiro, 32 p. 81, one has the inverse relationships

2 +1*I- M*l• MIf

whence one readily obtains

Thus, the static pressure distribution is given by

[ ,4PCF) I - M *CP),

or, applying equation (6') and the second of the inverse relationships
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above, the final expression for the free vortex pressure distribution

becomes:

Z (I - .41M- (7)a rto

Equation (7) describes, for a given injection Mach number Mi,

the static pressure distribution acting on plane I over the annular region A

wherein free vortex flow applies (i.e., outside the core region). The

smallest radius to which this free vortex flow can penetrate is that at

which the pressure drops to zero. Ideally, it may be shown from equation

(7) that this radius is

(8)

where the "vac" subscript indicates that the region within this radius

would be a vacuum.

Figure 9 presents static pressure distributions from equation

(7) for a range of injection Mach numbers from 0 to 5. The sign;ficance

of this upper value of Mi will become apparent presently. The pressure

distributions are plotted against r (proportional to area) rather than

r , so that the significance of low pressures in contributing to the

integrated pressure force is seen directly.

Model A: a priori upper bound. An immediate, if overly gener-

It
ous, upper bound for -, is obtained by assuming that the entry flow from

the infinitesimal-height nozzle makes only one revolution (adjacent to

the tube wall) before moving off downstream, rather than forming an inward

spiral. In this situation, the core region would extend all the way from
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the center to within a vanishingly small distance - of the tube wall,

dr being the height of the entering flow filament. Therefore, the pres-

sure at the core boundary differs only infinitesimally from the injection-

nozzle static pressure b (measured at the tube wall), and if the core

is assumed in addition to be quiescent (l =const), there follows:

(••)A =I(4A')

regardless of MI . Note that this is precisely the model that one would

postulate for a vanishingly small nozzle height on the basis of Sibulkin, 2 5

if one were to assume his treatment to retain validity beyond the range

of his specific analysis and experimentation, which is limited to the

case of very small Mach number.
Model B: estimated lower bound. The opposite extreme from

Model A, wherein the influence of the free vortex region on is negli-

gible compared with that of the core, i, the model wherein the free vor-

tex flow completely determines -• r zhis case, the flow spirals all

the way in to the vacuum radius, equation (8), and the integrated pressure

force reflects not only the low pressure of inner layers of the vortex,

but 4ndeed a central region or core at zero pressure. It is difficult

to think of a plausible physical model for the inlet flow that would give

a lower value for than this one. Note that this is the model used

by Hashem as his inlet flow model, except for his replacement of the

vacuum core by a solid rod of the same dimensions.

Substituting the pressure distribution from equation (7) into

equation (4) and noting that the region 0 -S F,, contributes no pres-

sure force, model B gives:

"g~
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=;I[ -)] (4B')I

where a. is given by equation (8), and the integral will be evaluated

graphically.

Model C: weak backflow. It would not seem plausible that the

vacuum core at plane I could sustain itself, given the fact that the ter-A

minal vortex spans the tube with nonzero pressure; therefore, one would

expect from the present model that some backflow should occur to fill up

the core, and in so doing establish a modifiec core. That this indeed

happens seems well supported by the experimental findings of Scheper 1 9

and Lay. 1 7  The strength of this backflow is, howe'-.er, in question, and

one model each will be used to simulate weak and strong backflow.

As a minimal effect of backflow, suppose that the core at plane

I is a forced vortex with a centerline pressure of zero. This reflects

S* the tendency of the free vortex to generate zero pressure in the center,

while not permitting a finite area at zero pressure to exist.

The overall inlet-plane flow pattern for model C is obtained

by matching the inner boundary of the free vortex to the outer boundary

uf a forced vortex. This must be done in such a way that the pressure,

temperature, and velocity is the same for either vortex at the boundary

and so that the centerline pressure is zero. Assuming the forced vortex

"to be turbulent, thanks to its presumed origin downstream where turbulence

L. indeed exists, the generalized description for a forced vortex developed

for the terminal plane may be used. It will be shown that the pressure

distribution in such a vortex is given by
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Ivor ex•

where 4a is the pressure at the tube wall and Met is the tangential

Mach number at the tube wall. •

At plane 1, the forced vortex is contained not by the tube wall

,A

but by the core boundary. Adapting the above equation to account for

this gives, with "0b" denoting "core boundary":

A

Requi ring =0 at 0 then gives

(Me)oh: 6 /- (10)

Equation (10) shows that the core-boundary tangential Mach number is

always ,or r5 for =h .Thus, when Mi reaches 15"

the core will according to this model fill the tube; this is the reason

for choosing J5" as the largest injection Mach number considered in

Figure 9, since larger values of t1,• will no longer give a nonzero area

of zero pressure at the tube center.

The iz the vor radius bmay now be calculated as a

function of injection Mach number M f:

r ....
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2 j, (T#-;) /

which with equation (10) gives

or, noting equation (8),

It is desired now to determine 7F for model C, i.e.,

. --

)•)

where the pressure distributions are given respectively by equations (9)

and (7). The second integral will be evaluated graphically; for the first,
A

however, it is convenient to define r_ and rewrite the core inte-

gral as

4reb ±2 )

ca r*, C
"r : r CO,
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where, in terms of the new variable, equation (9) may be rewritten A

This pressure integral is evaluated in closed form in the section below
pertaining to the forced vortex at plane II; for 04,p)€, =6

this gives

r :-

Using equation (11) for v*,b and equation (7) with r =r for

, one may thus evaluate the core integral in closed form so that

becomes, for model C:

Fr4-1 ; 31 _I( r~(.)~ M 3 6* M) + L'

where, of course, the lower limit for the graphical integration over the

free vortex region is given by equation (11).

Model 0: strong backflow. Qualitatively, one might presume

that the effect of stronger backflow--with an attendant stagnation point

at the centerline and outward radial flow within the core region of plane

I--would be superimposed on what is still basically a forced-vo:,tex core.

The result would be to raise the pressures in this region relative to

model C.

To obtain a very rough grasp of the possible influence of this

stronger backflow, it will be assumed for model D that the core region
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is the same size at any given injection Mach number N., as the core in

model C, but that the core has a constant pressure equal to that at the

core boundary. Thus:

and for model D there follows:

AI

t -'l -=- " (40'

where the integral over the annular free vortex region is identical to

that for model C.

Figure 10 presents as a function of M9; for all four entry-

plane flow models, and in addition includes an upper bound on :F. which, as

will be shown subsequently, is imposed by the second iaw of thermodynam-

ics. It will be noted that model A (quiescent core spanning essentially

all of plane I) violates this thermodynamic bound except in the limit as

Mi goes to zero. Model B (vacuum core) lies a comfortable distance

below this bound, but follows its behdvior qualitatively. Model C, which

allows for weak backflow, is hardly distinguishable from model B below

an injection Mach number of about 1.0, but the strong backflow posited

in model D has a pronounced effect, leading indeed to violation of the

thermodynamic bound at MZ ' .5 . It is interesting, however, to note

the qualitative similarity between the shapes of the bound and model D

at high inlet Mach numbers: physically, the thermodynamic bound apparently
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corresponds to rather vigorous backflow, though with its strength depend-

ing on Mach number in a different manner from any of the simple flow models

considered.

3. Terminal-Plane Flow Conditions

Flow parameter distributions. It is assumed that at plane II

the flow is in pure solid-body rotation, with uniform entropy and axial

velocity. Denoting the tangential component of velocity %r, , equation

(5) gives

tAr

¢(5' r

and for solid-body rotation,

:ca~ (12)

where W) is independent of r- . Combining equations (5') and (12),

S- e(13)

From the assumption that )= constant, where .3z denotes the entropy

per unit mass in the terminal vortex, one has:

where Ai, and Am are constants. Equation (13) then becomes

zAl

AT 2 n.
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But

One therefore obtains, in terms of the normalized radius '" ,

T R (14)

Integrating inward from the tube wall:

f r ~ f2

-V R.rt

Defining the tangential Mach number

the static temperature distribution is thus:

j.. .L ~t (-~)(15)

and because of the uniform entropy, there immediately follow also the i

static pressure and density distributions:

f aa
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II

[1J(16)

I- :I- MOA - (17)

The total temperature at a radial location r is given by

-r%•)VCP --- %r . .

~W =t -r +• , Va÷

i where tr is the axial velocity. With the axial Mach number M.-
I the total temperature distribution nondimensionalized by wall static tem-

perature is found, wlth the aid of equation (15), to be given by:

T. C

+ i • M z•, n (18)

Introducing the ratio of static to total pressure at the tube wall, the

normalized total temperature distribution follows:

a t.

i+~±[.aZ~~)1 ~
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and because of the uniformity of the entropy, the normalized total pres-

sure diso• 'ution is:

S(20)+j

Finally, from the definition of tangential Mach number and equations (12)

and (15), the tangential Mach number distribution is readily found to be:

Ote) -__ (21)

For the "upper bound" performance analysis, the case of small at

(compared to both unity and NW.t ) will be of interest, since kinetic

energy of axial translation raises the total temperature of the core,

wh "h one wishes to be as cold as possible. For this case, indicated by

tne notation ( )(), equations (18) through (20) reduce to:

"" = I tM.r ( ' (1'') '(

ArO 4 .OO1 (%0') " *

S• The distributions of equations (15) through (17) and (21) are unchanged.-~~~~- -- , ," , - '" ; .... .. I I " I- a ...... (191)•'' -' ,, •....... ....... .... •.. .... •.



65

"Figures lla-lle present plots of the radial distributions of

flow parameters at plane II versus normalized radius r" for several

values of Met , the tangential Mach number at the outer edge of the

vortex (the tube wall), ranging from 0 to , the latter being the

value which results in a centerline static pressure of zero. Figures

lla and llb present static temperature and pressure distributions; the

density distribution lies between these two and looks qualitatively like

the pressure distribution. The radial distribution of tangential Mach

number appears in Figure llc. These three Figures are valid regardless

of the magnitude of the axial velocity; Figures lld and lle, however,

which present total temperature and pressure distributions, apply to the

case of M,4. small and are obtained from equations (19') and (20')

respectively.

Flux equations. Next, the information on flow-parameter dis- I

tributions is used to develop the terminal-plane flux equations. Con-

sider an annular element of flow area of height d at radius r the ?

massflow through it is

d~A v): (r) ujr 2.7rd

The total massflow through plane II is then

r r~: e~f(

1*7?'
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Defining

Fr z

and noting that

v- 1-6 .T

RTt

the equation for total massflow through plane II may be written:

aw ±t 4.,OtQ Mass (22)

Similarly, the angular momentum per unit mass is

and the flow of angular momentum through the annular area element is

there fore

Noting from the definition of tangential Mach number that
O ,
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there follows

[°" Defining

r so

the total flow of angular momentum through plane II may be written:

Angular
Momentum (23)

In like manner, the flow of total enthalpy through the area

element is

-A C-) • 1NA

where (W-s,) = C "r6- is the total enthalpy per unit mass locally.

One readily obtains

.o --.. 4(

Defining

utft

the total flo,' of stagnation enthalpy through plane II is given by:

_ .L
'L2
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or

-• Energy (24)

Finally, for the axial stream force one may write

from which

Defining

•Jand noting the mass flux integral Q( ,4 the total axial stream force

".•(at plane II may be expressed as:

!-

I •=•e •'1:( ÷ '• • )Axial StreamSForc_.e (25)

i and notingThe flux integrals l - , the t and Qai are eval-

uate Wpth the aid of the distributions given by equations (16), (17),

and (18). Defining M0

Sy _=I - - M°4
I
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the flux integrals become:

IY =,(-'-] (26a)

'at

2. (26b)

[4 )- ILY -

(26d)

Examining equations (26a-d), it is seen that all but the energy flux

integral QW are strictly functions of Mot , and that ( consists

of a part dependent only on Not (first bracket) and an additional part

which depends upon both M#t and Mt. Clearly, the dependence on

#Mja is negligible if M., is sufficiently small. and in this case

the second bracket of equation (26c) may be neglected. Numerical anal-

ysis reveals that the error in QM which results from this approxima-

tion is always less than 2% so long as MIt satisfies both of the fol-

lowing criteria:

ii) Mat . 0. •

Furthermore, the accuracy of the approximation improves with increasing

Mot for a given value of " From here on, the small-M,, approx-

imation will be used.
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It is now useful to examine the flux equations (22) through

(25) in anticipation of application of the conservation equations between

planes I i- II. The values o' and tmay

be regard.-( -nown, since they are to be obtained via the conservation

equations. r.'e geometric parameters Cf. and ' merely reflect the tube

size, which may be choser arbitrarily, and V and R are gas proper-

ties. Therefore, the flux equations are four equations in the four w ri-

ables 4 , "it , M0 t, and Mat. Before solving for these va.iables,

it is convenient to eliminate the tube size dependence, thus:

S(22')

A r it7 (246)

where the underline in is to emphasize that it is divided by the

product of tube area and radius, rather than tube area alone.

From equation (24') one may write

4 - (27)
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From (23'),

-r ~(28) -
Alternatively, jI may be obtained fromr. (22') and (27) as

A6¢

Equating the right side with that of equation (28) leads to

i

(29)

the left side of which is a function of M.e only (under the small-M.t

approximation). From (25'),

ArI

Substitution for *j from (28) leads to

IM17-+[ 4- =0

the solution to which is

M -IM 1 (30)
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Equations (27) through (30) are the solutions of the flux equa-

tions for the desired reference flow parameters evaluated at the wall,

T , , and t (the solution being implicit rather

than direct in the case of M,9t ) in terms of the flux parameters A ,

=• , J , and c01 , which are conserved from plane I to plane II.

From (29) is obtairned Net , which then enables calculation of "It

from (27) and M.t from (30); having Met and Mgt +t may be

found using (28).

.xamination of equations (27) through (30) reveals that the

foilowing funin-ons of Mpt are relevant to the numerical analysis which

will ultimately be req'uired:

These functions are plotted in Figure 12, together with Q" which appears

in the equation for P . With the definitions above, equations (27)

through (30) become:



78

Fiur 12
Anltia.u---t'n of in



79

#4 (28)

(281)
Air •'= i-;> = x;(29)1

(30')

where (28) remains unchanged but is repeated for ease of reference.

4. Application of Conservation Equations--Plane I to Plane II

Dependence of terminal vortex on injection conditions. Con-

sider now the transition from plane I to plane II of the control volume

defined in Figure 8. Mass is neither added nor subtracted between planes

I and II of the constant-area, adiabatic, frictionless tube, nor is there

any shaft work. The conservation equations are therefore simply:

j •,Continuity (31)

I • Angular
Momentum (32)

""Eeg (33)

SMoetm(Axial
A y~Momentum (34)
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or, if the dependence on tube size is eliminated as done for equations

(22') through (25'), one has equivalently:

"•; Z Ah (31')

Air (32')

[ A; :5; (33')

4,5 (34')

where the corresponding fluxes for plane I are given by:

* ~ 0(11

Ottj (2,,)

(4")

Note in equation (2") that - is the normalized mass-average radius

at which the injected flow enters the tube; this will be taken equal to

unity in the remainder of the analysis, since this leads to maximum per-

formance. As for (4"), the value of is a function of M4 and the

inlet flow mociel used, and is obtainable for a given M4  from Figure 10.

The flux equations at plane II, (22') through (25'), could now be

used with those at plane I, (1") through (4"), together with the conserva-

tion equations (31') through (34'), to relate conditions in the terminal

vortex to injection conditions. :owever, the writer has chosen instead an



equivalent approach making use of equations (27') through (30'), in whI'ch

it is noted that the flux groupings therein are the same at planes I and II

by virtue of the conservation equations. The groupings required, which are

evaluated with the aid of equations (!") through (4") are the following:

IV.

Substitution of these into equations (27') through (30') gives:

~ (P*~): Al.(35)

(4z4 N~f)Z/V i"(i~/4~~ j(36)

( 4 /#;,V - ------ 2(3(i

;i.- 4 •r(37)

(38),! €(.•} M,&t M.at ,'
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A simpler expression for Mtt is clearly desirable, since

equation (36) is unwieldy. This may be obtained with the aid of the bino-

mial expansion, provided is sufficiently small that

4

holds. In this case, one obtains

a1 t A ~

or

zN

Inspection of the behavior of the two solutions indicates that they are

conjugate in nature, the first being supersonic and the second subsonic.

Only the latter will be considered further, the other being inconsistent

with the small-Mit approximation embodied in the rest of the analysis.

The approximate, subsonic solution for 14t above may be expres-

sed equivalently as:

A IN (36-)

(fe -

' I
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This approximate expression tends to underestimate bItt by an amount

which depends, for a given injection Mach number, upon Ott . By con-

sidering the criterion used in applying the binomial expansion, it may

be shown that the error in At#,t is not larger than 2.5% relative to the

exact solution provided--• does not exceed the value calculated as

follows :*

S: " (39)

Also, with the aid of (36'), (38) becomes:

- 1. (38')

Noting from (35) that Aie+ is a function of M,• only, all factors in

(38') except -- are strictly determined by MA. , independent of the

inlet flow model. Thus, for any given Mý , %" is directly propor-

tional to
tip

The terminal-vortex tip tangential Mach number Mot is deter-

mined as a function of MA by means of (35), thereby establishing also

the values of 7 , 73 , 7. , and aL. The latter enable #W

a, nd - to be found using equations '36'), (37) and (38'). The

*It will be shown in Figure 15, after the thermodynamic limit
on 4z/lm* has been defined, that the error in Mvt as calculated by
(36') is quite srmall for values of 4 likely to be of practical
interest. Furthermore, such error as does exist is in the direction
which will produce overestimation of RHT performance, and therefore
introduces no inconsisten.y into the "upper bound" RHT performance
analysis.

,1
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state of the vortex at plane II is now fully determined as a function of

inlet-plane conditions; other particular relationships between injection

and terminal flow parameters -may be constructed as needed, with the aid

of the equations developed above and the equations for the flow property

distributions within the terminal vortex.

Of most direct concern for performance prediction are the changes

in stagnation temperature and pressure from the point of injection to

points within the terminal vortex, since this information is needed to

calculate energy separation as a function of pressure ratio and cold frac-

tion. With respect to stagnation temperatures, one may write:

TO V) TCF) -T T41
ý .(40)

where the first factor is found fror.; distribution equation (19'), the

second is a function of Mt• which is found from (35), and the third is

obtained from (37). Similarly for stagnation pressures:

- -. -. -(41)

where the factors are evaluated with the aid of (20'), (35), and (38'),

respectively. Another item of interest is the change in wall static pres-

sure; using (38') and noting that .= , one finds:

pi ~*/Im0Z (42)Mo, t

L i--
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Figure 13 indicates the manner in which Mgt varies as a func-

tion of M,. on the basis of equation (35). The Figure gives retn,•
directly, so that Figure 12 may be entered for solution of equations (36'),

(37), and (38'); in addition, the ratio l-' is shown. The latter shows

that as the injection Mach number tends toward zero, the tangential veloc-

ity at the rim of the forced vortex tends to twice the injection velocity

(since at low Mach numbers the Mach number is essentially proportional to

velocity). This recalls analogous results obtained under the assumption

of incompressible flow by Kassner and Knoernschild 18 and Lay. 1 7 As the

injection Mach number MZ increases, however, this ratio drops off sig-

nificantly: the decrease in velocity ratio is a shade less than that in

Mach number ratio due to increased static temperature at the rim cf the

forced vortex (about 3% at Wl= 1.0), but the trend is Zimilar.

Thermodynamic upper bcund on .z/L Equations (36') and

(38'), and of course any subsequent relations built around them, involve

a dependence on , the value of which depends upon the nature of

the flow pattern in entry plane I. Figure 10 presents the results of

calculations based on several simple entry-plane flow models, but

se'>ction of any one of these models would introduce ambiguity which is

not acceptable for the intended purpose of deriving "upper bound" RHT

performance characteristics.

However, one unambiguous stipulatior is available which has not

yet been applied: namely, that th,. flow froP' plane I to plane II not

'tiolate the second law of thermodynamics. Noting the uniformity of the

entropy at plane II, this nmay be expressed as

I
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(F)- J to (43)

where F may be chosen arbitrarily between 0 and 1. The entropy change

may be written in terms of stagnation quantities as

() ") (44)'53t ~• M• f "-IL---(4

A particularly convenient value of "• for the present purpose,

and one having further significance as well, is what will be termed the

"nominal" radius o , defined by:

TO(:0 T (45)

The total temperature in the terminal plane is everywhere less than TI,

for FP <g and greater than T"r for F >) . With the choice of r = ,

the first term in (44) vanishes, and the entropy increment is a function

of the total pressure ratio only.

The most favorable assumption, of course, is that the internal

flow between planes I and II is isentropic, i.e., }
32(F) -3 =0o (43')

This gives

or, as the thermodynamic limit condition:
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Thrmdynam!icLiit (46)
I C~~ondition (6

An alternative form of this condition is expressed in terms of the vortex

stagnation pressure at the wall,

( •,•,,• • =-(461)
IT

Since r. is a function of Met only [or equivalently, of M4 by vir-

tue of equation (35)], and since the total pressure distribution is also

[equation (20')], it follows that and hence i. is a func-

ton only of . The expression for V. is found by writing

S-&. -rt

where use has been made of equations (18') and (37). Solving for

gives:

/ A# .. L....M NominalF. + V•, e adiMu-s' (47)

Figure 14 provides a plot of e. and as a function of 11

I
I.-
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The thermodynamic upper bound on may now be found as

follows. From equation (41), one may write

The first two factors are functions only of M-t(, the first being 72

obtained from (20'), and for the thermodynamic limiting case the left

hand side is unity by equation (46). Denoting the product of the first

two factors on the right by ?CAI.*), chen, one has

'4

S------ (48)

But from (38'),

which with (48) gives:

This limiting value of L has been plotted as a function of (1 in

Figure 10.

Figures 15 and 16 are presented to indicate the importance of

the gap between the thermodynamic limit, equation (49), and model B, equa-

tion (4B'); within the limitations of the present analytical model for the

At
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RHT, the actual solution should fall somewhere in this range. Figure 15

illustrates the effect on the wall static pressure: interestingly, if

the inlet flow approximates model B (or model C, there being little

effective difference on as seen in Figure 10), the assumption by

Hashem11 of equal wall pressures at planes I and II is surprisingly good.

However, if the centerline backflow is more vigorous, there is a signifi-

Scant rise in static pressure from I to II. Figure 16 shows the effect

i I on the axial Mach number at the wall Mt based on equation (36'), and

also indicates the ratio of nozzle to tube area for which the plotted
values would underestimate PIt by 2.5%. It is seen that the difference

between model B and the thermodynamic limit is considerable as regards

the kinetic energy of axial motion at plane II, this kinetic energy act-

ing to degrade RHT performance.

5. Output Flows and Losses

Tangential flow extraction. As depicted in the right-hand por-

tion of Figure 8(b), the output flows are assumed to be obtained by divid-

ing the terminal vortex into two concentric regions and extracting them

tangentially through fri-ctionless, constant-area ducts. The inner por-

tion produces the "cold" flow and the outer annulus the "hot" flow, the

boundary between them defining what will be termed the "split radius"

and denoted nondimensionally as . Referring to the discussion of

Figure 7(b), it is clear that for a given 4, (hence Met) both the I
energy separation and the cold fraction are determined by ,'.

The analysis of the RHT output flows will proceed in two steps.

First, the "hot" and "cold'" portions of the flow in plane II will be

:- -. -
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characterized ir 'erms of the controlling variables M and .

Then, losses associated with removing and uniformizing the outputs will

be calculated for te given flow extraction scheme. It is important to I
note, although it appears to have been largely ignored in the literature

'.•retofore, that sub;tantial exit losses are an inherent feature of RHT

•. lperation eI c;n be expected to significantly influence overall perfor-

d,ance. "!;y arR inherent because they spring from the nonuniformity of

the flow cn-:.ated within the vortex tube; and they influence performance

by increasing the pressure ratio required at a given cold fraction to

produce a terminal vortex having a specified value of Mat.

In harmony with. the "upper bound" orientation of the present

study, the flow extraction scheme has been chosen to reflect what would

probably be the practical ultimate in flow extraction techniques. Some

other process, such as constant-pressure mixing, might theoretically be

capable of somewhat better results, but could not be implemented without

enormously greater understanding of the details of the uniformi.ation

process. Indeed, even the constant-area duct configuration as applied

in the analysis below implies variable geometry, since the duct areas

are always chosen to suit the amount of flow they are to pass. The con-

trast between this degree of flow process optimization and the normal

(counterflow) practice of exhausting the swirling cold flow through an

axially-directed orifice is considerable.

Output flow parameters at plane II. Appropriate mean values

for the total temperature and total pressure are needed as functions of

#Wt and in order to characterize the "hot" and "cold" portions

of the flow in plane II. Let "C" refer to the cold flow, "H" to the hot
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,:low, and "j" to a generalized flow which lies between any two normalized

radii ni and ; it will be convenient to develop many of the equa-

tions which follow for the generelized flow "j" and then specialize them

to C" and "H",

Considering total temperatures first, one may write the mass-

average total temperature

where capital script symbols refer to the total flux of the given quan-

tity through the subscripted area--"II" referring to the entire tube cross-

sectional area at II, "j" to that portion of it pertaining to the output

flow in question. Noting that

-As
7 lr7?

one has

For the cold flow (j C), noting that OV'r = CF ,this gives

(50C)
"1. CF

Sip
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while for the hot flow 0= H), one has

.LL - (50H)
70 CF

Noting that %(F) = constant by assumption, the overall total

pressure level of each flow may conveniently be characterized by an "isen-

tropic average" defined thus:

TIT

tr (

"Physically, this is the total pressure the given flow would have if

brought isentropically to a uniform state from its nonuniform condition

in plane II. Rewriting,

(4) (~7/T2)-R

Using (37) with (40) and setting F - 1 gives

.LL t(52)

One therefore has for the cold and hot flows respectively

' 

--
/V 

(51C)

- - (51H)

07,t
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where the needed total temperature ratios are given by (50C), (50H),

and (52).

Examining the above equations, it may be seen that CF and

are needed as functions of 14&t and ' to enable the out-

put flows at plane II to be fully characterized. Returning to the devel-

opment of equation (22), which gives the total massflow through plane II,

it is easily seen that a parallel development for the "cold" portion of

this massflow yields

• •: ~ t•t t •, (53)

where 9.,,Cg) is the cold mass-flux integral, defined as

fr

0

Similarly, the "cold" total enthalpy flow is obtained in parallel with

(24) as

where is the cold energy-flux integral, defined as

Using (531 and (22),

S~ ~~~................... ••.i)-••,•li- ;,.•- ••,.•.,•...•..
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CF: (55)

while with (54) and (24),

S-- - (56)

All of the flux integrals in (55) and (56) are of course functions of

t ,but only the additional dependence of the cold flux integrals

on R. is emphasized in the notation.

The cold flux integrals may be evaluated with the aid of dis-

tribution equations (17) and either (18) or (18'), (18') being appropri-

ate for the present small- MA.t treatment. Defining

as before and

equations (55) and (56) then become

0-)T-- Y•
CF= . •. -(55'))y

-y A

and
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ýW 21.-1I (56'

CF and • are plotted against norm ed cold flow

area at plane II) for various values of Mg.t in Figures 17 and 18 respec-

tively. As M~t tends to zero, both curves become linear because the

density and total temperature become uniform; as Met increases, both

curves bow out in the direction of increasing radius. In Figure 17, this

is strictly an effect of compressibility, centrifugal force causing den-

sity to increase with radius. In Figure 18, the curves reflect both this

tendency of mass to concentrate in the outer regions of the vortex and

the radial migration of energy which has occurred from inner to outer

layers of mass.

Noting the qualitative similarity of the curves in Figure 17

and 18, it is reasonable to question whether perhaps the compressibility

effect largely washes out when the area variable r. is eliminated in

favor of CF, the variable of experimental interest. This question would

seem particularly pertinent in light of the fact that it is not uncommon

to carry out RHT analyses on an incompressible basis (see, e.g., Kassner

and Knoernschild, 18 Lay 17 as regards performance-related items, Sibulkin, 2 5

and Linderstrom-Lang 2 8 ). As one means of assessing this, the character-

istics of an incompressible forced vortex were considered for comparison

with those of the compressible vortex considered in the overall analysis.

The incompressible analysis will not be repeated here, as it parallels

_____ ____ __ - -- S
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the compressible analy;is conceptually. However, some observations itI •afforded will be mentiorn.d here; the overall comment to be made is that

i while incompressible treatment of the RHT can indeed yield insights into

its operation, it can also lead the analyst into significant errors.

i) One cannot simultaneously specify uniform density and uni-

form entropy in the forced vortex: the first gives "CP))--j((J, the
second "CF) "4=CF The former is simply an approximation, and is

imposed for analytical convenience; the latter, however, is an analytical

means of reflecting an important and well established feature of vortex J

tube flow--i.e., its turbulence.

ii) The quantitative errors in performance estimation induced

by the constant-density assumption for the forced vortex grow rapidly:1 with pressure ratio. For example, the centerline pressure of the forced

vortex goes to zero when M1~ 1.2 ; the value from the compressible

analysis is r5. Furthermore, the radial gradient of entropy in the

incompressible vortex is positive, so that the entropy of the cold flow
is underestimated relative to the compressible case. It should be noted

in this regard that S..•C) = constant is no doubt generous itself, in

that the innermost core is probably laminar and suffers more from inward

heat conduction than is assumed; the constant density assumption thus

pushes the analysis further away from physical reality.

Continuing now with the compressible analysis, equations (55')
and (56') enable the output total temperature and total pressure param-

eters at plane II to be calculated by means of equations (50C,H) and

(51C,H). In particular, a cross-plot of energy separation performance--

.•/T! and 1 /T, -- versus CF may be generated for each value of Met
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represented in Figures 17 and 18, and this is done in Figure 19. A gross I
similarity between Figure 19 and typical RHT performance plots may be

noted, as well as substantial differences; however, it must be kept in

mind that the curves of Figure 19 are for constant M1 rather than for

constant pressure ratio.

Exit losses. Consider the extraction of the generalized flow

"j" defined earlier. Neglecting the influence of axial velocity, which
has been assumed small, only the velocity component in the plane normal

to the tube axis will be accounted for in calculating losses incurred

by the tangential extraction scheme of Figure 8(b). The equations devel-
oped in Foa,1 Chapter 7, for flow uniformization in a constant-area

frictionless duct will be used for this purpose. Adapting the notation

therein as needed for the present purpose, define:

"+ei static pressure at exit of duct "J" I
# = Mach number of uniform flow at exit of duct "j"

= cross-sectional area of duct "j"
= stream force of output flow "j" in direction of

exit duct axis

= total massflow through duct "j"

C = mean total enthalpy per unit mass of flow "j"

and 4
1 (57)

The losses incurred by flow "j" due to uniformizing are reflected in the

total pressure recovery factor 21i

+;V A
-~----~~A
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4:4 -(58)

where the first factor reflects the uniformization process, the second

is just a function of M#. , and the third is obtained in inverted form

from equation (51C) or (51H). The first factor may be written as

From Foa, one has

with which one obtains

¥I. + (59)

ejI

As may be seen by inspection of (15) and (59), and as would be

expected physically, the mdgnltude of the exit loss incurred for a ter- :

S~minal vortex of given Met depends on whether the flow is extracted

"+ 
t Q 8
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from inner or outer layers of the vortex and on the fraction of the total

vortex massflow being extracted. To find c' , consider an annular

element of the vortex at radius r and of height d- , which must
leave via an exit-duct area element of height -Ir and width The

flow through the annular area element is

dbv~ r) :C Cr)u LI* rd

while that through the duct area element is

Equating the two elemental massflows gives for the duct width

But, by virtue of the solid-body rotation of the forced vortex,

which leads, with the aid of the definitions of Mee and tIt , to

Mot

R or, normalizing:

% A 3 2 _7 _ (60)

~rt MOt 4X
and the duct area for flow "j" isi-1

- ... . •+.+.+ 3 , = I+... + *• 2 (61)•",-- ....... "-+ ••"S~' l I ',-•.V
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(9) Equation (60) shows that the exit duct width is independent of

radius--that is, that it should be rectangular in shape--for the present

model wherein the axial velocity is uniform. One may also note that a

given duct width is only correct at one value of Meat (or equivalently,

Mi ). Thus, a given choice of exit port sizes defined by r. and

W-j corresponds to a specific CF at a particular pressure ratio. This

implies that operation of a g';ven, fixed geometry at any other pressure

ratio or CF (e.g., by constricting the hot exit flow with a valve) con-

stitutes "off design" operation.

The stream force Li is also needed:

or, in terms of the terminal vortex distributions and normalized radii:

+%M_ - *, (62)p.,

where the distributions of equations (16) and (21) are used to evaluate

the integral in (62). Specializing "j" to "C" and "H" in (62), plots

of # and 40* respectively are generated and plotted in

Figures 20(a) and 20(b). Note that the plots in this case are against I
rather than • , since exit-duct area is linear with radius.

Finally, U.: quantity is needed in order to evalu-

ate , given by (57). Writing

IJ

'% •. . ,••.' -: ....: ;: :_L,. : .. ..S .--• ... .. ....Z .... ;i•.• --"---. r-=•'":: -, -- - " -'. • --- -
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NILO i

one has

~2

Also, using c€ - r='/•• together with (60) and (61),

Swhich, upon substituting into (63) and simplifying, gives

2I. 2. 2

!I •

= ' '; - &~ T oI (63')

-. ( ,a jf___

?~
Alo sn 'L\ oete ih(0 n 6)

-La
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The portion ý-f (63') inside the bracket is a function of both M.t and

while the factor multiplying the bracket is a function of Mot

only. If the bracketed quantity is referred to as K , i.e.,

,1A

use of (639) in (57) yields 6

Use of equations (37), (50C,H), (55'), and (62)--the last two of which

are plotted in Figures 17 and 20(a,b) respectively--enables to be

found from (64). Use of equation (59) with (62) and (64):then allows

determination of the total pressure recovery ratio, equation (58), for

either exit flow at any desired 11 and I's

Comparison of internal and exit losses. The vortex tube takes

what is initially a uniform flow and converts it into a nonuniform one--

the forced vorLex. The tangential exit ducts must undo this, returning

each output flow back to a uniform condition. Therefore, it is reason-

able to wonder if exit losses, even under the very fdvorable flow extrac-

tion conditions assumed analytically, might be of the same order as the

internal losses. The internal losses will, of course, be neglected

altogether in the "upper bound" performance calculations, but some esti-

mate of the actual losses is of interest.

Consider the "nominal split" case, where F5 = ,r

being defined by equation (45). Also, consider only the subsonic solution
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for exit flow conditions at each port. The total pressure recovery fac-

tor for each flow in this case is presented as a function of MI in

Figure 21, and it will be noted that for the "nominal split" case the

exit losses are partcularly severe for the cold flow. The contribution

to the cold exit loss corresponding to the normal shock which differenti-

ates the subsonic from the supersonic solution is indicated, and it is

seen to be minor: most of the loss is solely attributable to the nonuni-

formity of the flow. 0 i)

For comparison, the total pressure recovery factor

which characterizes the internal flow (compare the thermodynamic limit

condition, equation (46)] is presented as calculated on the basis of

inlet flow model B, which will be recalled as the one which would give

the most severe internal losses. It is seen that the exit flow losses

for the cold flow are of the same order as the internal losses, and

indeed excecd the internal flow losses at elevated values of MZ even

for this severe inlet flow model. Since centerline backflow presumably

reduces the magnitude of the internal losses below that shown in Figure 21,

and since exit losses in typical RHT configurations can be expected to be

worse than those in the present analytical model, it may be concluded that

the dominant losses in the RHT are likely to be those incurred in output

flow extraction.

6. Theoretical "Upper Bound" RHT Performance

"Nominal split" case. The "nominal" radius as defined

by equation (45), is that at which the total temperature in the terminal, V
forced vortex equals the total temperature of the flow injected at the



3!

113
1.0

Total 
+ 0•

Pressure N

Recovery Net %ý
Factors

0.8-

•,h:1

04-

exe+

0.+

o .S 9. 0 I.S 1.7 &

Figure 21
Comparison of Internal and Exit Losses for "Nominal Split'" Case



114

nozzle in plane I. If the split radius I's is chosen equal to r*

the "nominal split" results wherein all portions of the vortex having a

total temperature lower than that of the inlet exit via the "cold" port

and all having a higher total temperature depart via the "hot" port. For

a vortex having a given value of Mt. , this is the split which would

give a maximum in refrigeration capacity.

It is instructive to examine the theoretical performance char-

acteristics at nominal split and to compare them with experiment. Define

now the "driving pressure ratio"

*hc

this being the pressure ratio referred to in experimental data such as

that of Hilsch3 (Figure 4). For the "upper bound" performance calcula-

tion, no exit losses beyond those incurred in output uniformization will

be accounted for; in reality, some additional loss is a certainty even

if the tangential flow-extraction ducts discharge into good subsonic dif-

fusers, so here again is a strictly optimistic assumption. Then, for the

"upper bound" calculations,

DPR

Now

6 (65)

where
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iI

since internal losses are neglected in the "upper bound" analysis;

and the inverse of -• is obtained from (50C); and the inverse of

FL is obtained' from (58). Thus, DPRu may be found as a function

of Ml• for any given split radius Or' , and this is done for the

"1nominal split" case in Figure 22, both for the "upper bound" analysis

and--for purposes of comparison--with inclusion of internal losses cor-

responding to inlet flow model B.

From equations (55C,H) with Figures 17 and 18 (obtained from

equations (55') and (561)], energy separation performance in terms of

hot- and cold-flow temperatures may be calculated as a function of MVl

and .This has been done for the "nominal split" case and these

temperatures plotted against M;. alcong with CF in Figure 23.

Having generated Figure 23, it is a simple matter to crossplot

energy separation versus cold fraction for the "nominal split" case,

thereby generating Figure 24. The position on this "nominal split oper-

ating line" is a function of Mj; or, by virtue of Figure 22, DPRub as

indicated. Points corresponding to DPRub = 1.5, 3.0, 6.0, and 10 are

•- noted, these being the pressure ratios in the Hilsch experimental data

of Figure 4.
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It is worthy of note on the basis of Figure 24 that, as pres-

sure ratio increases, a smaller and smaller share of the total massflow

ends up at plane II with a total temperature below T , the inlet value.

If one considers the effect of this on maximum refrigeration capacity, J

which corresponds to the maximum value of the product CF* . , one
70in

notes that the "cold" branch of the operating line in Figure 24 is steep

(CF dropping only slowly) up to a pressure ratio of around 6; in this

region, the rapidly increasing magnitude of - with pressure ratio

dominates and refrigeration capacity increases. At higher pressure ratios,

however, the curve becomes shallow, the magnitude of A-r increasing

only slowly with DPRub while CF drops rapidly. There must, therefore,

come a point at which the maximum refrigeration capacity actually decreases

with increasing pressure ratio, this despite the fact that the optimum tem-

perature drop is becoming larger with pressure ratio.

Indeed, Figure 24 hints at the existence of an absolute bound

on RHT energy separation performance, as was suggested first by Lewellen2 9

from a different analytical perspective. Referring to Figure 7(a) and the

accompanying discussion of qualitative RHT characteristics, note that

after the two branches of the nominal split operating line in Figure 24

"turn the corner," so to speak, they are essentially linear for the remain-
der of the range of calculations. Furthermore, the upper branch appears

to be aimed rather squarely at the origin. If one simply extends-tte

upper branch to the origin as a straight line, then recalling the "linear"

case discussed in Figure 7(a), the lower branch is extended parallel to

it, and gives a value of A at CF = 0 of about -0.44. This is a great

deal larger than Lewellen's bound of -0.185; however, it will be recalled

SV
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that his bound was arrived at on the basis of a very abbreviated treat-

ment which was basically rooted in a laminar vortex analysis, and also

that his bound is in fact violated experimentally.

The writer must hasten to emphasize that any conclusions drawn

from this extrapolation in Figure 24 must be regarded as strictly tenta-

tive and suggestive in nature, and that they must be interpreted cautiously.

The "bound" found from the lower branch extrapolation is not quite equiva-

lent in meaning to that of Lewellen: it corresponds to the point at which

refrigeration capacity goes to zero rather than as a lower envelope below

which A cannot dip regardless of CF or DPR. Further, the extrapola--rO;

tion in Figure 24 may be challenged on the ground that it extends into an

operational regime which the writer has not directly explored analytically.

However, the discussion of qualitative RHT performance characteristics is

felt at least to lend sufficient plausibility to the matter to suggest,

in context with Lewellen's independent conclusion on this score, that the

question of an absolute bound on RHT performance deserves further attention.

One further point should be made regarding the meaning of the

"nominal split" condition. It was stated earlier that this is the divi-

sion which, for a forced vortex having a given value of Me.+ , gives
the maximum refrigeration capacity. However, it must be borne in mind

that at a given DPR, Mfl is itself a function of the split radius r ,

Met tending to increase as F$ increases. An increase in M.

increases the overall energy separation existing in the vortex; therefore,

although increasing • above the nominal value • will begin admitting

some vortex fluid elements at a total temperature above Tr , this may

be outweighed within some r. range by the increased vigor of the vortex



i - , • , " ... •• •.• a• '•.'• • .• *' • -• •-••'•-••z-• •., •._: • t-7_-• - ... . ---- - -:2

I. 121 L

an4 the concomitant lower mean temperature of the portion within r .O

Thus, while the trend in maximum refrigeration capacity should follow

qualitatively the nominal split operating line in Figure 24, the actual

values of CF involved would be expected to be somewhat larger.

Standard-format performance plot. The equations have been devel-

oped herein, together with c.uxiiiary plots of certain key functions, so

as to enable calculation of "upper bound" performance at any pressure

ratio DPRub and any CF, provided the combination of these does not lead

to a vortex having a value of MPt outside the range over which calcula-

tions were performed. However, this is only carried out here to the

extent of generating approximate curves for DPRub = 1.5, 3.0, 6.0, and

10.0, these being the pressure ratios for the classical Hilsch data. The

present analytical scheme is rather arduous in application, and therefore

the approximate curves have been generated using only three values of CF

per value of DPRub: the points obtained from the nominal split operating

line, Figure 24, and the end points at CF = 0 and I.

At CF = 1, the temperature drop is zero, as discussed in con-

nection with Figure 7. As CF approaches zero, the nonuniformity of the

cold flow tends to zero; also, since the kinetic energy becomes negligible

at the center of the vortex, there is no occasion for shock losses. There-

fore, the temperature drop calculated for CF = 0 is that associated with

isentropic expansion over the pressure ratio DPRub. Note here the opti-

mism built into the analytical neglect of internal losses for "upper

bound" purposes, since there is in fact an entropy rise from plane I to

plane II and the isentropic temperature drop certainly cannot redlly be

attained. Furthermore, it must be borne in mind that the cold exit port

"I
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is assumed always matched to the magnitude of the cold flow, which implies

vanishing port size--yet without viscous exit losses--as CF goes to zero.

In sketching the curves, considerable aid is obtained from the

fact that the points extracted from Figure 24 for the selected values of

DPRub occur over a range of values of CF. Fairing the curves, Figure 25

a is obtained. It doubtless contains minor deviations from the curves that

would be obtained from a point-by-point application of the calculation

scheme, but there is no reason to suspect such deviations to be of major

significance as regards cold output performance. With regard to the hot

output, however, it should be mentioned that for DPRub = 6 and 10, the

"upper bound" analysis leads to such a vigorous vortex that Met exceeds

r5 , the limit included in the calculations, at CF = 1. The hot-output

curves are therefore sketched in with broken lines as being similar beyond

the "nominal split" condition to the curves at lower pressure ratio, but

could of course be in substantial error quantitatively.

C. Comparison of "Upper Bound" Theory with Experiment
Nominal split. Figure 26 presents a comparison between theoret-

ical "upper bound" performance along the nominal-split operating line and

corresponding experimental performance according to Hilsch. 3 Points are

indicated on the theoretical operating line at which DPRub= 1.5, 3.0,

6.0, and 10.0, these being the pressure ratios for which Hilsch reported

data as in Figure 4. The experimental points corresponding to a given

I pair of theoretical points are obtained by reading from the curve in

SFigure 4 at the given pressure ratio (say, 3.0) and at the value of CF

S! read from the theoretical curve (0.45, for pressure ratio 3.0).

IT
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Figure 4 presents data obtained by Hilsch with what he consid-

ered to be the overall optimum orifice size tested, but he also presented

similar curves obtained with one larger and two smaller orifices. TheIApresent theory contains an implication, mentioned earlier, that off-design

performance effects will occur for any fixed geometry RHT, and of course

these will depend on orifice size; however, these should be (and are, from

a simple look at Hilsch's plots) of a secondary nature, and in any case

all should be bracketed by the present theory. Therefore, readings were

taken in the manner described above from all four sets of Hilsch data,

leading to the data bands shown for each combination of DPR and CF in

Figure 26.

It is seen that the "upper bound" nominal-split operating line

does easily bracket the experimental data. In addition, experiment seems

to support the physical mechanism of RHT operation assumed in the analysis,

since the qualitative behavior of the nominal-split operating line is dis-

cernible in the experimental data as it should be. First, this is seen

in Figure 26: the broken lines were obtained simply by multiplying the

theoretical curve by 0.5, and it is seen that these lines constitute a

rather good fairing of the Hilsch data. Second, the behavior of the

"turbine criterion" efficiency as observed by Fulton 14 is entirely as

would be expected theoretically, this efficiency being directly related

to maximum refrigeratio, capacity. Fulton observed maximum turbine-cri-

terion efficiencies based on the Hilsch data of 13% at DPR = 2.5 and

CF = 0.7, and 15% at DPR = 11 and CF = 0.6. Thus, maximum refrigeration

capacity occurs at CF values somewhat larger than the theoretical "nominal

split" values, but with these CF values dropping with DPR; that this
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should be expected theoretically was pointed out earlier. Also, refriger-

ation capacity increases with DPR, which is entirely to be expected within

this moderate-pressure ratio range.

Overail performance. The analysis of RHT performance carried

out herein has been structured so as to arrive at "upper bound" charac-

teristics which would define the range within which RHT performance must

fall as a function of the controlling variables, DPR (driving pressure

ratio) and CF (cold fraction). No attempt has been made to define least

upper bounds, as this would be a very much more formidable task; but at

least bounds which are meaningful and not capable of violation have, it

is believed, been arrived at.

It is of course extremely important to compare the "upper bound"

RHT performance theory with the best known experimental results, so as to

obtain an objective check on their success. To this end, Figure 27 pre-

sents a comparison of the predictions of the theory with experimental data

from three different sources. The theoretical curves of Figure 25 are

repeated in solid lines, while broken lines and diamonds pertain to exper-

iment.

First, the Hilsch data of Figure 4 have been augmented by 15%

to reflect approximately the gain in performance Hilsch observed with the

larg,-st of the tubes he tested, which had nearly four times the diameter

of "Tube 1" used for the data of Figure 4. Comparing each experimental

curve for a given pressure ratio (DPR) with the corresponding theoretical

curve (DPRub), it is seen that the Hilsch data are well within the theo-

retical bounds.

''S.•
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Second, the diamonds in Figure 27 have been located on the basis '1
of optimum-performance data from Westley,3 cited by Lewellen29 as "(o)ne

of the best sources of data for determining optimum performance of the

tube." Lewellen reproduces a curve of Westley for maximum temperature

drop as a function of pressure ratio, as obtained with experimentally

optimized geometry. Maximum temperature drop was obtained in the range

0.15 - CF S 0.35, but CF correspondi.ng to the optimal point for any given

pressure ratio is not cited. Data from the Westley maximum-temperature-

drop curve are therefore all plotted at CF = 0.35, since this provides

the theoretical bounding curves with as severe a test as possible. Com-

paring pressure ratio for pressure ratio as before, it is seen that once

again the data lie well inside the bounds.

Finally, recent performarnce data published in a brochure34 by

the Vortec Corporation are included as most probably being representative

of the forefront of the vortex tube art. The vortex tube is the entire

focus of activity of this company, which was founded eleven years ago by

a well-known researcher in the field, C. D. Fulton. Tabulated "tuned"

performance data (that is, with configuration optimized for each data

point) presented in dimensional form in the brochure have been nondimen-

sionalized and plotted in Figure 27. It is seen that these data, too,

are contained within the theoretical "upper bound" curves.

A new interpretation of the meaning of theoretical RHT perfor-

mance curves. It is well known that conventional, fixed-geometry Ranque-

Hilsch tubes may be depended upon to behave experimentally as reported

by Hilsch (Figure 4), exhibiting a maximum temperature drop for any j

given DPR at an intermediate CF and zero drcp at CF = 0 and 1. It is

AMV
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equally well known that theory persistently predicts nonzero temperature

drop--indeed, maximum temperature drop in all the theories examined by

the writer--at CF = 0. There is experimental data, as has been mentioned ]
earlier, which indicates that the theoretical prediction is indeed mean-

ingful--that, for example, if the cold flow temperature is measured just

inside the orifice it reaches its coldest as CF tends to zero, as found
25by Sibulkin 2--but this still is not completely satisfying. One could

argue that the tiny net outflow occurring through the orifice with CF just

greater than zero accomplishes some cooling whether one properly measures

its temperature amidst the local recirculation pattern or not, but this

would seem rather academic: if extremely low cold fractions are accept-

able, then it is not refrigeration capacity but temperature itself that

is at a premium.

To the mind of the writer, the most proper interpretation of

the significance of theoretical RHT performance characteristics is that

they correspond to an envelope for any given pressure ratio, which (if

they were sufficiently exact) would have a point of tangency with the

performance curve for any given fixed-geometry RHT at its design point.

This concept is readily illustrated with the ever-reappearing data of

Hilsch, who presented data taken on his smallest tube with four differ-

ent cold orifice sizes. He noted that there was a tendency for the posi-

tion of maximum temperature drop to shift to the left (to lower CF) as

the cold orifice size was reduced, an effect which is readily interpreted

in the light of the present theory as simply shifting the design point by

matching the cold port size to the cold massflow, and which also bespeaks

an envelope effect. In Figure 28, the cold output portion of Figure 4 is

_.A
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reproduced, and the locus of minima as obtained with the aid of the two

.ata sets involving smaller orifices than that for Figure 4 is indicated

for each of the two highest pressure ratios. At lower pressure ratios,

the curves are so shallow that these loci become hard to define precisely,
but they are clearly present. These loci, which are envelopes locally on

the experimental data, appear to be aimed toward decidedly nonzero tem-

perature drop at CF = 0, just as theory predicts. The Vortec experimental
data plotted in Figure 27 should also be noted in this context, since the

"tuned" performance data describe envelopes of exactly this sort, and it

is seen that the behavior of said experimental envelopes is predicted very

well by theory.

tI
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PART III

THE FOA ENERGY SEPARATOR

A. Historical Review

The historical preface to the analysis of the Foa energy sepa-

rator (FES) must be a brief one, for a very simple reason: the FES, as

the most recent entry into the field of energy separation, is so new that

most of its history presumably still lies ahead of it. The Ranque-Hilsch

tube, for example, lay dormant for about fifteen years before it kindled

major interest; the FES, by contrast, has begun generating increased
interest 35 in a fraction of that time, but is as yet in the infancy of

i ts development.

The first technical discussion of the FES was a paper 7 published

by Foa in 1964. The basic theory of FES operation is presented, an anal-

ysis is performed for the performance of the internal-separation configu-

ration [see Figure 3(a)], and initial experimental data are presented.

This paper has remained the principal source of theoretical information

on the FES up to the present time, although in 1965 HashemII gave brief

attention to the FES in the same paper in which he analyzed the RHT.

Finally, a patent 10 was awarded to Foa in 1968 which, while it of courserj

does not delve deeply into the theory, describes the principle of opera-

tion together with a wide range of possible embodiments of the device.

Several possible applications are also described in the realm of heating

and air conditioning.

In the analyses which follow, two aspects of FES performance

characteristics are explored. The first and most basic has to do with

132
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"core performance equations," meaning the equations which delineate the

fundamental behavior of the FES. The work in this section, which is at

root an extension and generalization of that in the original paper by

Foa, is patterned after Foa's approach as much as possible. However, the

present analysis is broadened to include effects not treated originally--

including, in particular, the important effect of prerotation--and has

been carr;ed out for both the internal-separation and external-separation

configurations. As pointed out in the INTRODUCTION, the two configura-

tion types are equivalent in principle, but from a practical standpoint

call for performance equations which are tailored to them separately.

In the second section, which deals with "collection effects," the analyses

have to do with matters lying outside the scope of previous FES literature.

B. Core Performance Equations

1. External-Separation Cynfiguration

Analytical model. Figure 29 is a schematic representation of

the external-separation FES configuration introduced in Figure 3(b), with

salient analytical items noted. Flow "i" is that introduced into the

rotor, which may in general possess prerotation Ui , defined to be posi-

tive in the direction of rotation. The rotor contains a single nozzle

(or more generally, a set of identical nozzles arranged so as not to inter-

fere with one another), through which flow exits at an effective radius

R from the center of rotation; a radial-flow arrangement is depicted,

but the flow could in principle be axial instead. The angular velocity

of the rotor, which may be subject to a resisting torque L , is CO

S4 and the tangential velocity of the nozzle exit is therefore V = cR
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The nozzle axis is inclined at an angle 5 relative to the radial direc-

tion, and the effective static pressure at the nozzle exit is 4 .

The static pressures 4jL and +b to which the deflected flows discharge

may be unequal, so that K and all other flow parameters as measured

at the nozzle are appropriately defined mean values. Finally, as illus-

trated in the lower half of Figure 29, the plane in which the flows dis-

charge may in general be misaligned with the plane of rotation by what

will be termed the "offset angle" E , which is normally small but of

considerable significance nonetheless.

It may be noted from Figure 29 that in some cases of practical

interest, the radial height of the annular collection channel may be a

non-negligible fraction of the rotor radius R . As pointed out by

Foa, 7 this will cause the flow impingement angle at the wall to differ

slightly from the nozzle inclination, the relationship between the value

at the wall and P. at the nozzle exit being given by

The massflow ratio )4$ ,0• a primary parameter in describing FES

performance, is determined by (3, rather than (, ; the difference

in total enthalpies of the two deflected flows, J -- m , is also deter-

mined through (3,, provided Cm, (the nozzle-exit velocity in FS) is

known. However, Cv, is dependent upon the nozzle pressure ratio

and (b , rather than (3w . It is thus to be expected ti.at the per-

formance equations would be complicated considerably by full inclusion

of this effect, and yet it is of less intrinsic concern than the others

considered below. Therefore, while it is noted here as a matter which

• ,-s. . ..
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would require closer examination should designs be con.idered with very

large channel heights, this effect is neglected in the performance equa-

tions to follow.

Analysis. The difference in the total enthalpies per unit mass

of the two deflected flows is

Here, u denotes flow velocity as measured in the unsteady (laboratiy")

reference frame FU; velocities as measured in the steady frame FS will

be denoted by c . The static-enthalpy difference included above a- ,zes

only if there is a difference in static pressures across the jet; this

"pressure differential will be denoted by

Sb~
and therefore the static-enthalpy difference will be written as -

Now,

(L~GV

where V is the vector velocity of Fs relative to Fu. Since I4=- U4 ,t"•

one obtains

z 2 = 1 -2•

Noting that

1V :+C V Cos E

A4
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the total enthalpy difference is given by

-4LJ3  Sf £('Cf.*iC1.) 4('C4' C*V C03e (1

where the notation cE- cb-'Ca is used to highlight the fact that the

velocity difference is due to S) .

If attention is restricted to the case of small, the

effective nozzle exit velocity in F is essentially equal to the average

of the two deflected velocities, i.e.,

2

Therefore, (1) becomes in approximation

Referring to Figure 30, the tangential momentum equation may 1
be written as

+ F

where A.i is the massflow through the nozzle, Fi is the tangential

resisting force, and a;,, and U,,, are the tangential components of

velocity entering and leaving the nozzle, respectively. Since

UI =~ u•-(prerotation)

and

+,,(1



_ -337r'3¶ ýT--C-77ý

138

A

'-Ir

IU

FIj 30

V U 'ge

Inlet andEi e-ct rage tNzl



ft*~ti#,ecA'~n7-7f- -W,. -I!
'1

139

the momentum equation is

Multiplying by and noting that . and R ,one

obtains

V, ,C; (2)

Next, it is necessary to relate the stagnation enthalpy as mea-

sured in Fs to that in FU. Stagnation conditions in FU, where the flow

is ultimately utilized, will be denoted by ( )o, while those in the mov-

ing reference -irame FS will be signified by ( ). Conservation of energy

in FS during passage through the nozzle may be written as

where •i and c.,u are as shown in Figure 30. Considering the velocity
triangles for the flow entering the nozzle,

where "i is the prerotation component of if. . Hence,

t.-2 + __ " U. {•V

2.2

2. = • -•;
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Since

A :Ji÷

there follows finally

~ (3)

Now,

(A ~ 3 +

where Lm is normal to the plane of rotation. Then taking 14 UIa

one obtains

=- + LCa - VCO. + Va)

and similarly for the "b" flow,

Adding,

2e.
If attention is once again limited to sufficiently small to enable

the effective value of any given flow parameter at the nozzle exit to be

approximated as the mean of the values in flows "a" and "b", one may write
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2 
1

b 'e

Introducing these approximations into (4) produces

.1~~~~~'~ +A- ~*~*~ca~.V

SI which with the aid of equation (3) gives finally

A* 2,._ . V2 ) - .2 V . cE (4,)

Now define:

T O (5a)

±4,14

(5c)

Lw (5d)

The velocities V, and C'Wo in (5a) and (5b) are, respectively, the dis-

charge velocities which would be produced with a locked rotor discharging

isentropically from the stagnation conditions within the rotor to the

cold-output static pressure f and to the nozzle-exit static pressure

* The former defines the driving pressure ratio DPR =

Laa'"4 _
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which is of thermodynamic significance; the latter, however, defines the

nozzle pressure ratio NPR = , which governs the rotor speed. Equa-;11

tion (5c) is the nozzle efficiency, while (5d) expresses the removal of

energy from the rotor by shaft torque, e.g. due to friction.

Equation (2) may be divided by ".• to give a dimensionless

equation:

4VV' WeV -

which, with the aid of " and ) defined above, becomes:

t i;e" ¢.sE - + T =.-PA (2')

A dimensionless version of (3) is also needed. Rearranging,

a~VI

Dividing by and using the definition of 7 yields:

'÷b 
(3')

Equations (2') and (3') are to be solved for and "..

Defining 
21

m gas

•Se
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I.•

U) equation (2') becomes

4, & -'- -

Squaring, substituting for in the resulting equation by means of

(3'), and collecting terms, one obtains

(~~; r~+(.)faYa -CeJ 41- (5)

where

Ce - 8e

Equation (5) is a quadratic in 6-) whose coefficients, alas, are them- -
selves functions of V if prerotation is present. For zero prerota-

tion, the solution for will be in closed form; otherwise, the

solution becomes iterative.

Defining

Cei

- -) -4 4J'" "~b "i:>e '?'i

the solution for is found to be

Vf
(6)

and that for (2) follows as

-= Aie~) - Z..~Y~ 7
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Dividing equation (1') by ud., gives

"Do- I" , I (l")

and (4') yields similarly

- ts Q -Ia

Adding equations (1") and (4") and subtracting- - , one obtains

-M -f C46i1j~s waft -Cl off C8)

while subtracting equation (1") and AOL from (4") gives

AL•~6 +-- vz- 'es .. .. •sK V.!(9)

Equations (8) and (9) contain the dependent quantities L4 and

expressions for which remain to be derived. An analysis is carried out

below for the effect of SII on the massflow ratio /4 wherein it is

also shown that, for small,

and

"- -

• I
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[ -K) Noting that

14,f,

one may rewrite F as

Substituting fnr r and in equations (8) and (9) and noting with

the aid of (5b) and (5c) that

there follows

"t " [%&.. 'N -(r..'I- v s

and

Energy separation performance is obtained in the desired form by

S. * ll (10)

where "j" may refer to either flow "a" or flow "b" and the first factor

comes from equation (8') or (9'). The second factor reflects the influence

--------------------------
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of 9 , being equal to unity when 0 = 0; from (5a) and (5b),

where - = ? may be written, for i- small, as

2

Thus, the differential-pressure factor becomes for -E small

The third factor is a scale factor dependent upon the driving pressure

ratio, and is seen from (5a) to be
l,<',= • •" •-k •% =1 _ Ep•) 'V-~

Thus, the energy separation is given by

where ki.$ and KeA are as given above.

Effect of pressure differential &i. in impingement region. If

there is a pressure differential across the jet issuing from the nozzle,

Figure 29, the effect is felt not only in the output temperatures as

{ I explored above but also in the massflow ratio A If, for example,

_ K
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Sthis will cause the jet pattern to shift toward the "a" flow

direction.

Figure 31 depicts the analytical model which will be considered

in assessing the effect of on .,I . The collection channel curva-

ture is neglected, and the flow is considered to be two-dimensional,

inviscid, adiabatic, steady in FS, and free of body forces. The deflected

flows "a" and "b" are assumed to be uniform as they leave the control

volume shown in Figure 31; the flow entering from the nozzle, however, is

necessarily nonuniform, the velocity at the left edge being C& and that 1
at the right edge being .Cb . It is assumed that wall proximity does

not significantly affect the nozzle exit velocity profile; judging from

theoretical flow patterns for two-dimensional jet impact presented by

Taylor,36 this assumption would appear to be reasonable for channel heights

approximately equal to the nozzle height (as measured in the plane of Fig-

ure 31) or larger.

The momentum equation in the tangential ("x") direction for the

control volume is

where flow area 0= kr•W , W'being the dimension normal to the plane

of Figure 31, and

0
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(._9 is the jet momentum at the nozzle exit. The continuity equation is

where

is the total nozzle massflow.

Attention will be restricted to the case of -, small, such

that it is an acceptable approximation to write

for the mean value of any flow property of interest at the nozzle exit

(e.g., -", f , orC ), this mean value being adequate for both the con-

tinuity and momentum equations. Then

and the momentum and continuity equations become

4&, A . (121)



150

Equations (11') and (12') are to be solved for and

to enable ,,A to be calculated. The momentum and continuity equations

may be rearranged as

'"-(12")

The density ratios and nd the velocity ratios and

are needed as functions of . For any flow parameter )C

•'K= •b -A( }(3

(13)

i- - =

and is small by virtue of - small. Since the flow is hompntropi c,

hence, in approximation,

Y (13a)

(13b)



151

K- The velocity change across the jet is found, neglecting the slight density

variation, from the Bernoulli equation:

CI
where 4% =-- has been used, or

•J,

__ * ___(13c)

Note that equations (13a) and (13c) were utilized earlier in deriving

equations (8') and (9').

Equation (11") may be rewritten, with the aid of (12"), as

feb4.4C.6 01, P# f~b'eb -110 OI f S
Kt k 4w Q; "- , -

or, with (13c),

Noting that 4,,'-• and rearranging, j

•a.
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a E ~ Aw 4  .,(14)

or, with the aid of (13), (13b), and (13c),

a ~ -(14')

Similarly, one may obtain

(I~s3 ~ j (15)

or

"'.= I'r°•P +. •, ,+.. 6• (15')

Equations (14') and (15') may be used to calculate the deflected

flow areas. To find the expression for ,AA however, it is convenient

to use (14) and (15):

A
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so that

or, after some rearrangement:

I 1 - '..L ? (16)

Note that if 0= , the massflow ratio reduces to

A (16')

as given by Foa 7 for that case. An alternative version of (16) is

I.i

Since energy separation performance characteristics will be presented as

a function of cold fraction CF, it should be noted here that

CF= - (17)

By using equations (6) and (7), (8') and (9'), and (10') together

with equations (16) and (17), energy separation performance characteristics

may be generated as a function of DPR (driving pressure ratio) and CF, with

inclusion of the effects of prerotation, rotor torque, nozzle efficiency,

offset angle, and unequal discharge pressures.
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Baseline performance. The basic nature of FES energy separation

characteristics is revealed most simply by the idealized "baseline" case,

wherein:

Prerotation " =o

Nozzle efficiency 7 =!

Torque LTO (18)

Offset angle C-o

Discharge pressure differential SJ•,o

For this case, equations (6) and (7) reduce to simply

V=

U0 0.

and (8') and (9') become

. = .. +, 23 t

WjOA

where it is noted that U0." = L4* • The massflow ratio is R/ , given

It is seen that baseline performance is a function only of the

;,,ezle inclination and the driving pressure ratio, the latter deter-

mining the magnitude of (4,. . The effect of P is both to determine

the cold fraction CF [equation (17)] and to establish the velocity of
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reference frame FS relative to FU, this change-of-reference-frame effect

being the whole key to the FES energy separation mechanism.

The performance is modified for better or worse by each of the

effects neglected in the baseline case, and these effects will be explored

below. The equations as developed permit the cumulative influence of any

combination of these effects to be assessed all at once, with inclusion

of the nonlinear interactions among the several variables, and this capa-

bility could be of practical importance in design optimization studies.

For the present, however, each effect will be examined separatel; .s to

the manner in which performance is altered from the baseline case, and

all paranm.ters except that being studies in a given instance will be taken

equal to the baseline values. It may be noted that linear superposition

of the perturbations induced by departure of the parameters in equations

(18) from their baseline values is an acceptable procedure for estimation

of cumulative effects, so long as these perturbations are small.

Figure 32 presents massflow ratio and cold fraction as functions

of ' for the case of 0j, =0, which of course is satisfied in the

baseline instance. Figure 33(a) shows baseline energy separation perfor-

mance as a function of CF, with an additional scale for (3 along the

abscissa, while Figure 33(b) indicates the corresponding variation of

rotor velocity. The curves in Figure 33 are independent of pressure ratio;

those of Figure 33(a) yield normalized energy separation performance

a nd and ) by applying the scale factor Ika, accord-

ing to equation (lO'). KpA is plotted for a range of driving pres-

sure ratios in Figure 34.
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It is seen from Figure 33(a' '-hat for the baseline case, wherein

there is no prerotation, the minimum obtainable CF is 0.5, corresponding

to 0 = 0. No energy separation occurs at this condition, since the rotor

velocity is zero. The jet emerging from the nozzle splits isentropically

into two jets (Figure 31) of equal size which, since the nozzle is station-

ary in FU, also have stagnation temperatures equal to the inlet value "I

As P is increased, both CF and energy separation increase rapidly: at

the modest nozzle inclination of 30*, CF = 0.75 and the cold output exhib-

its a total temperature drop that is already 67% of the maximum that is

possible thermodynamically for any given DPR. As (0 tends toward 900,

CF tends to uni ty and the total temperature drop tends to the thermody-

namic maximum: the residual kinetic energy in flow "a" vanishes, "7= "r ,

and therefore one has in the theoretical limit at 900

"-I -I

(TvZ r)( -V (Je T

This theoretical limit cannot actually be reached, of course, since both

the hot output total temperature and rotor velocity tend to infinity as

(3-* 900; however, it is clear that the optimum value of CF for the FES

is necessarily large, and there is every reason to expect the total tem- -*

perature drop at the optimum condition to be a large fraction of the isen-

tropic value based on DPR calculated above.

When the various effects pertaining to equations (18) are intro-

duced, the principal effec. are seen in the cold output; the hot output

and rotor velocity are of course also affected somewhat, but this is of

less direct concern for the present discussion than the cold output effect.
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Therefore, the influences of the various effects explored next will be

summarized primarily by means of the cold-output (lower) portion of the

energy separation performance diagram.

From here on, the term "temperature drop" will be used for brev-

ity in discussing the cold output, but it is to be understood that this

always refers to total temperature.

Effect of prerotation. Figure 35 shows performance as modified

by prerotation, together with an auxiliary plot of the effect on rotor

velocity. Several values of the dimensionless prerotation c-c are indi-

cated, and it is seen that positive prerotation is beneficial,, except at

very large values of (• an optimum prerotation exists fo;' any given

(3 such that (*4= 0, hence T& = T& . Smaller ttZ leaves cc,>o while

larger A' causes %L<o. Thus, a given magnitude of t-rperature drop

can be achieved at a smaller P with prerotation than is required without

it; since there are practical physical limitations on the values of t•

which can be built into a real device, this in effect means that prerota-

tion can enable greater temperature drops to be attained than would be

possible otherwise. It is seen that prerotation also increases the rotor

velocity at any given P (hence, CF), but it is worthy of note that a

given temperature drop is obtained at a lower rotor speed with prerotation

than without. A penalty is, however, paid for this in a reduction of CF,

sice • is reduced.

Effect of nozzle efficiency. The nozzle efficiency 7 enters

into the performance equations in a variety of rather complicated ways

if the other items in equations (18) differ from the baseline values, as

one ma. see by glancing back through the analysis, and it would be well

_-__ _ _ _ _" _ _ _ _ _ _ _ __i Ii... 'i+""i i'"++ .. + + ,+,-..+ < ... + ., ........ .. , .. :+ I
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to remember this for design optimization. However, when 9 is considered

alone, its effect on the temperature drop could hardly be simpler: temper-

ature drop is directly proportional to . This can be seen by inspect-

ing equations (6), (7), and (9'), and is depicted in Figure 36. A

Effect of rotor torque. Figure 37 presents the effect of rotor

torque for several values of the rotor torque parameter A . The effect

is seen to be distinctly nonlinear: for small values of A ,the cold

output temperature is degraded but little, but the sensitivity to A

increases as A does. It is also to be noted that the larger (S (hence _j

CF ) is, the less sensitive the performance is to rotor torque.

It will be noticed that the curves for , f 0 terminate in a

line of maximum power extraction, rather than at zero temperature drop.

This does not mean that the region above this curve is not physically mean-

ingful, since obviously it is. Rather, the explanation may be seen with

the aid of the auxiliary sketch of A versus L , wherein Ljth is the A

torque necessary to lock a rotor having a given (3 and operating at a

given DPR. The parameter A is proportional to the produc. ,* L and C&I

and hence goes to zero both when the torque is zero and whrAp " large

enough to lock the rotor (4, = 0); in between, there is a maximum, cor-

responding to maximum shaft power extraction. One may therefore define

a maximum power extraction line like that shown. If it were desired to

cover the entire torque range 0 _ L <L.I,•, this could be done by

simply considering both branches of the A curves. However, since rotor

torque is considered in the present context as a perturbation presumably

caused by bearing friction, only small values of torque are considered
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relevant, and therefore only the low-torque branch of each A = constant

curve is included.

Effect of offset angle. As will be seen in the portion of the

paper dealing with collection effects, a nonzero offset angle OE is rele-

vant both for the avoidance of nonsteadiness and for minimization of the
t influence of the boundary layer on the impingement wall, which is moving

"as viewed by an observer in FS. Figure 38 depicts the influence of

on performance.

It is seen that a nonzero E causes the temperature drop curve

to take on a qualitatively different character at large values of (•

(hence CF). Instead of tending to maximum temperature drop at CF = 1, the

maximum occurs for some CF which is large but less than unity, with the

temperature drop decreasing to zero at CF = 1. If 6 is small, which

would presumably be the case, the curve remains very close to the E = 0

curve up to a CF very close to unity, whereas for larger values of 6 I
both the magnitude of the maximum temperature drop and the CF at which it

occurs are more markedly reduced.

Effect of unequal discharge pressures. The effect of a discharge

pressure differential 8'P enters analytically by three routes: (i) by

the last term of equations (8') and (9'); (ii) by the differential-pres-

sure factor Kg$ , defined with reference to equation (10'); and (iii)

through modification of the massflow ratio /A according to (16").

Consider again Kg 1 . Since is taken to be small,

Also, note that

} I.

.-4
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UOA 4J0 % U0C6

so that

'4.46

or

• In Figure 39, • is plotted as a function of DPR and Thus,

in assessing the effect of a pressure differential, one may stipulate the

ratio (•,"j in plots of energy separation performance nondimensionalized

by •r 9  and then, at any given DPR, use Figure 39 to determine the

dimensionless pressure differential to which this corresponds.

Noting the definitions of k~p. and k V, t!e bracketed por-

tion of the coefficient of ' in equations (8') and (9') may be written

Here, k-p follows from the stipulated val,: of ( . • q. is always

near unity given the re,,triction o" the analysis to small , and 1= 1.0
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for the present case, so the bracket may be written approximately as

t • R-i1

Therefore, equation (9') reduces for the present case, noting that CL;?-6 0

and to= S4(3, t

As for the influence of the differential pressure on p. , (16")

reduces to a very simple form if all items in equations (18) have their

baseline values except, of course, for - Since is small, (161)

way be written as

where MO denotes the nozzle-exit Mach number in Fs which would be obtained

at the given DPR with no pressure differential across the jet. With zero

prerotation and a loss-free nozzle,

where

mo 1

i ,
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"Substituting for MO and noting that I•s'= -s;onS

where M., is as defined above. Equation '15"') applies if all conditions
except • are "baseline," and in this case it is seen 'hatj4 rather

remarkably is independent of p .Figure 40 presents a plot of the base-

line differential-pressure sensitivity,

as a function of DPR and the channel-height factor . It will be

noted that the larger the channel height, the greater the sensitivity to

a pressure differential, as would be expected physically; and this channel-

height effect is a very strong one.

Combining equations (16"') and (19) and using the definition of

tpp,& . the DPR dependence in 2 drops out to leave:

(20)

Thuz., by treating the differential-pressure effect in terms of
2.

, it proves possible to suppress all dependencies on DPR except

that contained in the basic scale factor 1 . Generalized performance

plots for the effect of unequal discharge phessures may now be drawn.

Figure 41 shows the effect of unequal discharge pressures for

two values of and three val.us of the channel-height factor
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•' -' It may be seen that the effect of a positive S -- i.e., flow "b" dis-

charging to a higher pressure than flow "a"--is to shift the performance

characteristics to the right. This comes about through the combined

effects of a slight reduction 1 the magnitude of the temperature drop

and a pronounced increase in the cold fraction. For a given, fixed-geom-

etry energy separator and a given driving pressure ratio, therefore, use

of an elevated back pressure for the "b" flow would result in increased

refrigeration capacity with only a minor penalty in the magnitude of the

temperature drop.

2. Internal-Separation Configuration

Analytical model. Figure 42 depicts schematically the internal-

separation FES configuration, compare Figure 3(a), with important analyt-

ical parameters indicated. As in the external-separation design, Figure 29,

flow "i" is introduced into the rotor with, in general, some prerotation

tt; which is positive if in the direction indicated. There is a pair

of nozzles (or more generally, a set oT such nozzle pairs) which discharge

in topposite senses relative to rotation, flow "b" being the one discharged

in a positive sense. For the sake of diagrammatic simplicity, the two

nozzles are drawn as if they discharged in the same plane; in reality, they

would be arranged so as to discharge into separate collectors, which is

readily accomplished by placing the two nozzles in different planes. Both

.zs;zles are assumed to discharge at the same effective distance K from

the center of rotation, so that the tangential velocity at each nozzle

exit is V = PIR . As wit. the external-separation design, a radial-

flow arrangement is sketched, but the flow may be axial instead; indeed,
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internal-separation devices have been built in both radial and axial forms.

As in the external-separation analysis, allowance is made for the presence

of a resisting torque L and for inequality of the discharge pressures

d and I'.

In the external-separation device, it will be recalled that the

nozzle inclination ( was of prime importance, governing (with modifica-

tions due to the other effects considered) both J'. and the rotor velocity,

hence energy separation. In the internal-separation device, an equivalent

role is played by the ratio of nozzle areas. The analog of the offset

angle • which appears in the external-separation device is seen .,. the

internal-separation configuration for the case of F. -- • 900 -

consideration of unequal nozzle inclinations Pa, and which will be

included is equivalent to considering E to be different for the "a" than

for the "b" discharge in the external-separation case. The effect of the

overall .evel of nozzle efficiency is also included, as was done in the

external-separation analysis; however, it is additionally relevant to

consider here the possibility that ?.f '4 , since for example turning

losses may be more serious for the "b" nozzle than for the "a" nozzle.,

Analysis. In the external-separation analysis, it was necessary

to take explicit account of the impingement-deflection process whereby

the single flow emerging from the nozzle is divided into two flows "a"

and "b". It was natural in that case to develop the basic energy separa-

tion equations (8') and (9') and the massflow ratio equation (16) with

reference to mean conditions at the nozzle exit, and then to apply the

adjustment factor I%. in arriving at energy separation performance in

the desired form, equation (10'). Further, it proved useful to restrict

' = = = • ., . . . . -- • •,' • , ' • 'l r - +•= • " ,:• •'•; • :• ÷...-.
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the analysis to the case of small differences between the discharge pres-

sures in order to simplify the analysis.

Where the internal-separation configuration is concerned, how-

ever, flows "a" and "b" are of course not the products of an impingement-

deflection process. Therefore, the mean between the "a" and "b" discharge

conditions no longer retains the same physical significance, and one might

as well take the reference discharge condition to be that of flow "a".

Also, the difference in discharge velocities 4., and X4, (which in the

internal-separation case reflects differences in both discharge pressures

and nozzle efficiencies) need not be restricted to small values, and this

requirement is therefore dispensed with for the internal-separation analysis.

The equation for the total enthalpy difference is

=b + 'o+

where

V V ' 3

Thus, one may readily arrive at:

Noting that

"" ~~4 "A b A , ,
05

-A ',- _ __



178

the last two terms cancel leaving

The tangential momentum equation may be obtained by noting the

equivalence of the internal-separat'lon rotor to two dissimilar external-

separation rotors, mechanically connected in such a way that one (corre-

- f sponding to the "a" nozzle) dri%-es the other backwards. This equivalence

may be traced with the aid of "l'lure 43. Part (a) of the Figure illustrates

the conceptual division of the rotor into two single-nozzle components,
each of which is subjected to a torque such that the resultant rotor veloc-

ity is the one that occurs in the real rotor. This reflects the fact that

the two halves of the internal-separation rotor exert equal and oppositv

torques on one another at steady state, except as modified by bearing fric-

tion. Figure 43(b) points out the fact that rotor "b" as it emerges from

Figure 43(a) is physically equivalent to its mirror image, which may then

be compared with the definitions made in Figure 29.

It is also worth noting parenthetically here a further implica-

tion of this equivalence: namely, that an impingement-deflection pattern

like that of Figure 29 can well occur for each flow, "a" and "b", after

it leaves the nozzle. For example, a design which is attractive for its

simplicity uses a radial-flow rotor with perhaps two "a" nozzles in one

axial plane and two "b" nozzles in another. The flow from each nozzle

strikes the outer wall of the annular collector and splits up in a manner

similar to that in Figure 29. Of course, this has no effect on the net

total temperature of the flow as it is removed from the collector, since

the subflows come back together to depart via the common port; but losses
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due to mixing and other effects may take place within the collector,

thereby reducing the total pressure at the collector exhaust port. An

understanding of the behavior of the impingement-deflection pattern gained

in the external-separation context thus would previde an important start-

ing point for analysis of collection effects in this type of internal-

separation FES. Should such losses prove significant, one corrective mea-

sure would bs. simply to have many nozzles (or in the limit, an airfoil

cascade) arranged around the rotor, so as to eliminate the impingement-

deflection flow pattern.

Continuing now with the derivation of the internal-separation

tangential momentum equation, it may be seen that for image rotor "b",

Vb- -v

A111: -(4

L-b >0 (torque is in "resisting" sense)

Rotor "a" is already oriented properly in Figure 43(a) for comparison with

the definitions of Figure 29, and it is seen that

Va V

LA> 0 (torque is in "resisting" sense)

Tangential momentum equation (2'), developed for the external-

separation analysis, may now be applied to each of the components, rotor

"a" and image rotor "b". Assuming that the flow from each nozzle Mis-

charges in the plane of rotation, LE = 0 for both component rotors. Also,

the mean flow conditions at the nozzle exit, denoted in the externai-
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separation analysis by ( ). , are exactly what are desired here for each

nozzle, so the ( )w notation may be replaced by ( )• and ( )b respec-

tively. Then:

P .b VIO 4 , -6

or

obtained by combining eqiations ('va) and (2'b) according to the torque

relationship that exists between the two components. From the definition

in equation (5d),
44% __ -( -)_ _ _ 4I

eta •; 2. ,(-(21b)

enet torque L experienced by the internal-separation rotor at the be
btae
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top of Figure 43(a) is

or

L6: L, -L

Substituting for L6' and introducing A 6 becomes

Ab ~ -J L w/*%, L w leo;

or, defining the overall torque parameter for the internal-separation

rotor as

Lw

one obtains for AID

or alternatively, for

- -4 )

Substituting for )= in equation (2'a) gives

- - ~
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A

Replacing " by its equivalent by means of (2'b) and rearranging,

one may obtain

'CaV ng /V~X~2
ud~a~~ -A(22)

where

But with the definition of nozzle efficiency, equation (5c), one may

write S]
whence 1. Thus, the interna,-separation tangential momentum equa-

tion is

/ Cb

I +/
(4 1/ (.'s• O,' V(.•el ••- - 2--o.; (22')

The relationship between stagnation enthalpy in FS and that in

FU led, in the external-separation analysis, to equation (3'). The anal-

ogous equation needed for the internal-separation configuration may be

obtained by again noting Figure 43 and writing for component rotor "a"
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(V) 2. CI 4VD

or

The total enthalpy sum equation is arrived at just as in the

external-separation case by noting first that

where from the internal-separation geometry,
4

t(dS;+ V) 4 -16 (K. cog

A A

where the unit vectors Lx and '. are in the direction of the rotor

velocity V and in the positiv,. radial direction, respectively. With

A= c. and proceeding as before, there follows

4o) c( (24)

V ' 4

Equations (22"' (23) must be solved for va. and

This parallels completely the external-separation analysis, and the man-

ner of solution is the same. One obtains a pseudo-quadratic in
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£OA)7 (4L)& Ste^t: (25)

where b!

C4v /,,,s;U..

Defining also

zG-

the solution of equation (25) is

('p: Z (26)

whence also, using (23),

S(27)

Dividing equation (21) by UAo gives

I~b"V

U IL '"1 (211)
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and similarly equation (24) gives

Adding equations (21') and (24') and subtracting ,

U.2. *W (28)

Subtracting equation (21') and •-- from (24'),
2.1

Finally, dimensionless energy separation referenced to inlet stagnation

conditions is found from (28) and (29) together with

where .?j" may refer to either flow "a" or."b" and I<,, ,, is

plotted in Figure 34.

It is instructive to pause here to take note of the extent to

which the internal-separation analysis draws upon and parallels that for

the external-separation configuration, as this illustrates the basic

equivalence of the two devices. The physical equivalence of the external-

separation device to an internal-separation device with 90= (0 = 900

Sand the same A was noted in the INTRODUCTION; an inverse equivalence

. relationship described in Figure 43 has been utilized in the internal-
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separation analysis. Also, the analyses progress in exactly similar ways,

as can be seen by comparing equations (1) through (10') with equations

(21) through (30). Equations (26) and (27) are identical in form to equa-

tions (6) and (7); the groupings Cý , , and M" are identical in

form to Ce , De , and Me , while 68 has a different appearance from

B•e but plays exactly the same role. Indeed, si.% in the definition

of 8. has the same physical significance as cwsE in Be ; the ratio

would correspond to considering 6& # 61, in the external-separa-
I44

tion analysis (which was not done); and the presence of z reflects the

fact that the internal-separation analysis is not restricted to small dif-

ferences in X& and A* and the fact that the reference discharge condi-

tion is "a" rather than a mean condition "n" between discharges "a" and

"b". This last item is also responsible for the asymmetry in the last

terms of equations (28) and (29).

As in the external-separation analysis, the solution of (26)

for • is iterative if prerotation U.' is nonzero, through the entrance

of groupings CC and D.* in iiý . Additionally, the internal-separation

solution becomes iterative even for zero prerotation if 1 1: apply-

ing equation (3') to the component rotors one has

- ( +,)v.t() - " 2

-2-

2. t
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from which one may obtain

_ / ). 1 (31)

It is seen from (31) that if there is a difference in discharge pressures

S(wo/•, #1) or a difference in nozzle efficiencies ( AA 1)/t ),

becomes a function of c•4,, which by equation (23) is a function

Of _V this of course being the item to be solved for by equation (26).

Baseline performance. Following the pattern of the external-

separation analysis, the basic characteristics of the internal-separation

device will be presented for a set of "baseline" conditions, after which

departures from baseline conditions will be examined. The equations as

Sdeveloped allow simultaneous inclusion of all the effects treated, with

C full inclusion of the nonlinear interactions among variables. These

interactions can be expected to be of considerable practical importance

in design optimization, but for present purposes only the most fundamental

effects will be explored by presenting the effect of perturbing each param-

eter'alone from its baseline value. It should be mentioned here that Foa

previously has carried out unpublished analyses which assess the individual

effects of nozzle inclination, prerotation, a;nd differences between nozzles

S"a" and "b" with respect to inclination, distance from the center of rota-

tion, and discharge pressure; 3 7 however, no analysis has been available

heretofore enabling examination of the nonlinear interactions cited above.

It may also be noted that inclusion of effects in addition to those con-

sidered herein--e.g., Raki g , U-6, £'( -- would represent a straightfor-

ward extension of the analysis utilizing the equivalency concepts of Figure 43.

- n. A
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Baseline conditions for the internal-separation configuration

will be defined as follows:

Nozzle inclinations b

Prerotation U;

Nozzle efficiencies .7 (32)

Torque L*o

Discharge pressures +b

It will be noticed below that for P0= (0, = go0, the performance is

identical to the baseline performance for the external-separation device,

as it should be since the internal-separation nozzle inclination is really

analogous to the external-separation offset angle. One might therefore

reasonably choose 90= 0•, = 900 as part of the baseline definition,

noting that then the baseline would be the same for the internal- and

external-separation configurations. However, from the standpoint of

actual fabrication, the nozzle inclination is just as relevant in the

internal- as in the external-separation configuration: j = 900 in a

flush-exit nozzle can be approached no more closely in real internal-

separation hardware than in real external-separation hardware of the same

family (consider Figure 43). Therefore, a family of "baseline" curves

will be considered in the case of internal separation, there being such

a curve for every value of nozzle inclination.

Figures 44(a,b) present baseline energy separation an;d rotor

velocity curves for the internal-separation configuration. As already

noted, the curves for • = (b = 900 are identical to the external-

separation baseline curves, Figures 33(a,b). Curves for lesser values

of nozzle inclination exhibit reduced performance, behaving like the

- ~ j
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external-separation curves of constant offset angle to which they are

equivalent, Figure 38.

Figures 44(a,b) are drawn for completeness to include the whole

range of nozzle inclinations from 00 to 900, at 150 intervals. However,

it is clear that the largest possible nozzle inclination should be used,

so the curves for small inclinations are of minor practical interest.

At the same time, it is also clear that the 900 curve cannot be reached

physically with a flush-exit nozzle except perhaps with the aid of the

Coanda effect. (The latter possibility has not been investigated.) Thus,

of the curves included, those for 75' in Figures 44(a,b) are perhaps in

the range of greatest practical interest for a flush-exit nozzle design;

it is relevant to note, indeed, that an axial-flow internal-separation

FES has been built which in fact has •= (1, = 75". The case of 750

will therefore be used to exemplify the effects of perturbations from the

baseline conditions of equations (32). As was done in the external-sepa-

ration case, discussion of these perturbations will center around the

cold output curves.

Effect of prerotation. Figure 45 illustrates the effect of.

prerotation on performance, which is seen to be very strong and basically

favorable. The maximum temperature drop increases dramatically, from 0.74

to 0.80 in dimensionless terms, with introduction of the relatively small

dimensionless prerotation value of 0.1. Further substantial

gains accrue with increasing prerotation, though at a decreasing rate. The

beneficial effect on maximum temperature drop is accompanied by a tendency

for the cold fraction at maximum temperature drop to decrease, this effect

I'X11



IL3

g~ --

\\\06

LL. 4_

10O 0

- ~ L.
1 ___ I __ _ 0.a

'aj

oL,

0 o 44

> _ _ _a

~ 3



, F7__M PM. F_7_77=7

194

becoming more pronounced at the higher values of prerotation. It will

be noted that, for any given cold fraction (i.e., ratio of nozzle areas)

there is an optimum prerotation just as in the external-separation case;

for CF = 0.90, where the temperature drop without prerotation is great-

est, this optimum prerotation would appear to be in the neighborhood of
M = 0.3.

It will also be noted that whereas the minimum CF achievable

under baseline conditions is 0.5 (corresponding to M( = 1.0, equal nozzle

areas), prerotation causes the minimum CF to drop to something less than

0.5. This is of little practical concern in the present discussion, wherein

maximum refrigeration capabilities are the focus, but might be of interest

in applications utilizing the "b" flow, wherein a large hot fraction (hence

small cold fraction) might be desirable. It should be noted here and in

subsequent curves for which CFmin c 0.5, detailed calculations have been

carried out only over the range 0.5 - CF-< 1.0, and CFmin found by using

the momentum equation (22') to find A/,..,,(where _i-- = 0).
'(4

The effect of prerotation is not, of course, all "gravy." One

naturally pays a price for increased performance, and this is seen in the

auxiliary plot of rotor velocity in Figure 45: prerotation has the effect

of increasing rotor speed, which is unfavorable structurally. Structural

considerations can therefore be expected to impose limitations upon the

amount of prerotation that can be used.

Effect of nozzle efficiencies. Departure from the baseline con-

dition of 7j = L 4 = 1.0 can come about (i) as 7 # 1 0, (ii) as

• I , or of course (iii) as a combination of (i) and (ii). Figure 46

illustrates all three cases. The effect of overall efficiency level is as V
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before, performance being directly proportional to nozzle efficiency;
7/b.

this holds provided the ratio x is held constant, whether cr not this

ratio is unity. The effect of • 1.0 is seen as a shifting of the

minimum CF, with the rest of the curve up to about the point of maximum

temperature drop adjusting accordingly; for cold fractions corresponding

roughly to the maximum temperature drop and larger, the effect of 1.0

ceases to be discernible.

It will be noted that only the case of - < 1 is assessed

in Figure 46; the rationale here is that if one rides on the rotor, he

observes the flow entering nozzle "a" without any great fuss, but having

to negotiate a near reversal of direction in order to exit through the

"b" nozzle. Thus, while there is no reason to anticipate difficulty in

achieving high "a" nozzle efficiency, there could prove to be significant

limitations on "b" nozzle efficiency.

I Figure 46 shows that if the nozzles are sized such that the CF

obtained corresponds to the maximum temperature drop as calculated for

- 1, there will be no noticeable effect on performance if the "b"

nozzle actually has a lower efficiency. Indeed, it is seen that at lower

I cold fractions the performance is actually increased somewhat relative to

the equal-efficiency case, a result which sounds strange: one expects to

pay a penalty somehow for such inefficiency. And one does, but the penalty

is a structural one rather than a direct performance effect: the lowered

efficiency of the "b" nozzle results in a higher rotor speed than would

occur for 7e6 = V . However, if structural considerations are not a

dominant factor, the net observation to be made is that inefficiency in

the "b" nozzle is of little importance to cold output performance.
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The initial stipulation of the preceding paragraph concerning

proper sizing of the nozzles must be noted carefully, as it implies that

whatever %b turns out to be, it is taken account of in the design. If

this is not done, the results will be very different. For example, sup-
pose one were to build a device with = -750 and with the nozzles

sized so as to give CF - 0.90, with the assumption that the nozzle effi-

ciencies were equal. If it should turn out that in fact <'?a , the

inefficiency of nozzle "b" will be reflected also in decreased "b" mass flow.

Thus, F obtained experimentally will rise above the design value of 0.90.

This will be accompanied not only by a rise in rotor speed but, as seen

from the shape of the curve in Figure 46, a decrease in temperature drop

as well. To rectify the situation, the "b" nozzle area must be increased,

so as to reduce CF back to the proper value.

Effect of unequal nozzle inclinations. While efficiency of

the "b" nozzle was seen above to have little impact on cold output per-

formance capabilities, it is obviously very relevant if the total pres-

sure of the "b" output flow is of interest, as it would be in pressure-

boosting applications. One way of increasing "b" nozzle efficiency if

turning losses should indeed prove important would be to reduce Pb

thereby reducing the extent of turning undergone by the flow discharged

through the "b" nozzle. It is therefore of some intevest to consider the

effect on performance of choosing IF < 1. (Since . should be made

as large as possible, the opposite situation of > 1 does not appear
to have much practical relevance.)

Figure 47 shows performance as modified by reduction of P10 to

600, 450, and--as an extreme case--O°. Qualitatively, the effect is
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similar to that of having an inefficient "b" nozzle, which is reasonable

since in both cases the tangential momentum of the "b" flow is reduced
S~below baseline values. The maximum temperature drop is neither improved

nor degraded, and the cold fraction for which it occurs is not altered

greatly; such effect as does exist, however, is to decrease the optimum

CF. It is interesting to note, again with possible uses of the "b" flow

in mind, that by reducing Pb it is possible to maintain good energy

separation performance at much lower values of CF than is obtained with

equal angles: for example, with (Pb = 00, the temperature drop at CF = 0.5

is still 83% of the maximum drop, whereas with equal angles the temperature

drop at CF = 0.5 is zero. Indeed, for = 00, CFmin = 0; the broken

part of the curve indicates the presumed qualitative behavior over the

range 0 - CF 5 0.5, but as mentioned earlier detailed calculations were

not carried out in this range.

Effect of unequal discharge pressures. The effect of unequal

discharge pressures is shown in Figure 48. As was done for the external-

separation case, the discharge pressure differential is reflected in the

ratio (,) ; Figure 39 may be used to relate the curves to correspond-

ing values of at any given driving pressure ratio. Also as in the

external-separation case, only " is considered in the curves, this V

corresponding to inducing an elevated back pressure on the "b" flow. It

is seen that the qualitative effect is similar to those found earlier in

connection with unequal nozzle inclinations and efficiencies: the effect

on maximum temperature drop is nil, but the curves are shifted to the

left of the maximum temperature drop. The physical common denominator

in all these cases is the reduction of tangential momentum of the exiting

F ... .
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"b" flow, which causes the rotor to speed up and also enables operation

at CF < 0.5.

It should be noticed that the effect of a differential in the

discharge pressures is not the same for the internal-separation and exter-

nal-separation configurations: compare Figure 41. In the external-sepa-

ration case, the rotor velocity is governed by the average discharge pres-

sure at the exit of the single nozzle; this is raised with an increase

in • , causing rotor velocity to decrease rather than increase, con-

trasting with the internal-separation device. Thus, while CF is increased

by ij'4a in both devices, the effect on output temperature is different.

Effect of rotor torque. The effect of resisting torque is pre-

sented in Figure 49, the behavior of which is generally similar to that

for the external-separation configuration, Figure 37. Several lines of

constant .1 are shown; the higher values of A give curves further to

the right in the plot, reflecting the fact that as the ratio of "a"- to

"b"-nozzle area is increased a higher level of torque can be tolerated.

As before, the constant- ?k curves are carried only for the low-torque

branch of the power extraction curve, as described for the external- sepa-

ration case in Figure 37.

It will be noted in Figure 49 that the maximum temperature drop

obtainable in the presence of a resisting torque is scarcely different 1

from that with perfect, frictionless bearings, but the CF at which this

maximum drop is attained is increased. However, the shape of the curves

in the vicinity of the maximum temperature drop is such that little penalty

in temperature drop is suffered even if the design assumes zero rotor torque i
and there tuins out to be significant friction: at CF 0.90, the

I
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temperature drop is not greatly affected even with ? as large as 0.3.

Thus, it is seen that perfect bearings are by no means essential to

acceptable FES performance.

C. Collection Effects

1. Selection of Effects to be Examined

A wide variety of FES configurations and applications are pos-

10sible, and in the case of the internal-separation design at least, there

is no rigid prescription as to the technique that must be used in flow

collection. External separation, however, involves the impingement-deflec-

tion process which, as pointed out in the INTRODUCTION, causes output flow

generation and collection to be linked intimately. Accordingly, two out-

put collection effects of general significance for external separation are

treated below.

The collection process may be steady, if the "a" and "b" fiows

are led into separate collection spaces by guiding surfaces mounted on the

rotor; the offset-channel scheme of Figure 29 is one configuration which

accomplishes this. With steady collection, the deflected flows of Figure

31 will tend to mix with the regions of deadwater (in FS) alongside them; 14

if the confining channel is sufficiently long, this may bring about vis-

cous reattachment and uniformization of the "a" and "b" flows, with poten-

tially marked influence on performance. If the flows are diverted by vanes

mounted on the casing, however, unsteadiness must result. One particularly

simple flow collectiov 'cheme for the external-separation design utilizes

such stationary vanes, and the character and significance of the resultant

unsteadiness is analyzed.
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2. Viscous Reattachment Effects on External-Separation FES Performance

Introduction. If the impingement/collection channel mounted on

the rotor of an external-separation FES is long enough, significant mix-

ing of each deflected jet with the region of deadwater (in Fs) beside it

will occur. Figure 50(a) illustrates the limiting case in which the flow

on each side oecomes reattached to the channel wall containing the nozzle

and--assuming frictionless walls--terminates in a uniform exit flow.

The present simplified analysis has been carried out in order

to obtain a grasp of the physical essentials of the problem, and to deter-

mine whether such mixing effects are beneficial or detrimental to perfor-

mance and how major they may be. An incompressible treatment is used, and

the offset angle C between the plane of Figure 50(a) and the plane of

rotation is neglected.

Analysis. Denoting stagnation quantities in FU and FS respec-

tively by ( )o and ( ), one may write for a given point • in either flow:

where "i and ci denote the fluid velocity at point • as measured in I
FU and FS respectively, these velocities being related through

U -I.4-V

Adopting the conventions noted in Figure 50(b), this gives

&.a = ,4 -V

% O t
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Figure 50A

Analytical Model for Viscous Reattachment
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At any point in the "a" flow, therefore:

T-T

V

S=___

T- "I' V• @

and similarly in the "b" flow:

T T + .:-

Due to conservation of energy in FS,

where ( )n refers to the jet issuing from the nozzle [Figure 5 0(a)]. Also,

in the absence of prerotation, the change of reference frame from FU to FS

gives according to equation (3)

- V

71* -- ?.

where ( )i refers to the flow introduced to the rotor. Thus:

T?' .V

or

L CP (33a)
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and similarly

TT0b, " O• -T - ( V-• (33b)

In the case of no mixing, which will be denoted ( )o, there is

obtained at a given pressure ratio E -1 being the discharge

pressure, Figure 50(a)] a rotor velocity V. and fluid velocities in FS

,, lc-- * . If there is neither prerotation nor rotor torque, one

may write from the velocity triangle of Figure 50(c), with or without mix-

ing:

V

Thus, one has for the case of zero mixing:

1, A,
VTO -10 (33a')

d ,)

bo C- (33b')

In the opposite case of complete constant-area uniformization,

Figure 50(a), the output temperature increments obtained at the same pres-

sure ratio are

ATO (33b)

ai
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where both the rotor ve.ocity and the fluid velocities will in general

differ from the zero-mixing values. Focusing attention on the cold out-

put, (33a") may be rewrit, .n:

V (

The factor = 1 if the jet pressure differential, i9 =

is zero. Looking at Figure 50(a), one can see that £4 cannot in fact

be expected to be strictly equal to zero in general, since the "a" and

"b" flows undergo different area changes during the transition from sta-

tions "x", where they have the same total pressure in FS, to stations "y",

where they have the same static pressure +o (considering only the case

of subsonic terminal flows). Furthermore, it is possible for P0 to be

either positive or negative, depending upon the particular combination of

Sand A considered. However, it is to be expected that within

some domain of geometric combinations V'4 will be small compared to the
nozzle pressure drop, - for example, the smaller (P becomes,

the more nearly equal @afx and cbr. become, which implies that 1

and # also become more nearly equal to the mean nozzle-exit pressure

Or, if 13 is large but !ý--- is not too much less than unity,

is again small. Therefore, for the present rough analysis, the
approximation will be used that
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• Also, from incompressible continuity,

Therefore, notin% also the velocity triangle again,

I

Dividing equation (33a''') by equation (33a') gives

4-1-;4
V

or

where Ftemp is the ratio of cold-output temperature drop with reattachment

to that obtained in the inviscid case.

It will be convenient below to use the abbreviated notation

V
U-V0

NOWN4
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in terms of which equation (34) may be rewritten as

Item ( -,. (34')

Note that:

Ftemp >I indicates that viscous reattachment is beneficial
to performance

Ftemp < 1 indicates that viscous reattachment is detrimental
to performance

insofar as cold-output temperature is concerned.

If 2" = ±_ = 1, the "ax" flow fills the duct, and there is

no chance for mixing in the "a" flow. In this case, 'V & -, = 1, and

equation (34') gives Ftemp 1--i.e., "no-mixing" performance is obtained,

as it should be according to the present simplified model. Decreasing X

to some value slightly less than unity will cause 'V to rise, thanks to

the depressed static pressure at the nozzle exit and the resultant higher

discharge velocity - ; however, the product Xl/would presumably change

relatively little. Thus, Ftemp > 1 is expected when X is less than,

but close to, unity: that is, viscous reattachment should enlarge the

cold-output temperature drop.

To verify this, and to carry the analysis further, it is neces-

sary to have more information on the effect of X on ". This is there-

fore examined next.

Referring again to Figure 50(c), one may write

1W" +
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"and hence

V U.

For incompressible flow without nozzle losses, the Bernoulli equation

gives

or, with the notation • j Z +

UI
Hence,

Vo (35)

since the nozzle-exit pressure is in the absence of mixing.

In order to be able to calculate " , the manner in which

mixing causes 4., to differ from must be known. To this end, con-

sider the mixing of the "a" flow, referring to Figure 50(a). The momentum
euqation is:

or 
-f

or
2. Oa
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Continuity gives

substitution of which into the momentum equation gives:

' ' (36)

Now,*: ( :- (4 - )

or, with (36),

2. oi'o CIA
I- -W. (37)

The Bernoulli equation in FS gives÷.2.

while the change of reference frame gives
÷•4.

+=# + eva

Therefore,

- -I 2.

4 1Ua -X""(V-

, 'Cap
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where the velocity triangle and the approximation - 1 have again

been used. Rearranging,

6.

and substituting into (37),

A

or

ti

A46
Solving for - gives:

"": ) (38)

In order to relate - to -• consider two extreme cases:

A. Small p.
As (6 --P 0, the flow pattern in Figure 69(a) approaches a

symmetric condition, with -AK = . Therefore, take

& # air (39A)

for the "small (3 " case.

B. Large (.

-. - At large values of (3 , /A tends toward zero if f 0;
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therefore, becomes very small and the pressure rise from station

"bx" to station "by" becomes negligible.* Therefore, take

for the "large j " case. This leads to:

or

+ ~ (39B)

Using the and notation and defining also

equation (38) becomes

p [P - J x('-x (38')

*Note, therefore, that there is in this case a 4j > 0--a condi-
tion tending to further reduce the amount of "b" flow. Hence, the "large

solution probably is approached even at nozzle inclinations as
moderate as, say, 300.
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From equations (35) and (39A),

(40A)

while from (35) and (398),

S+ 'V• =(40B)

Consider now the situation in which 1 +AX where i

is negative and O< 1. one may write

41(" (41)a,

With (38),

Using (40A),

while from (40B),

Therefore,

Ao (41A)
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and CA 4, =Cz<÷)• • o • •
3

:(.) (418)

Evaluating at 1 = 1, note from (38') that

so that:

IN

and

(41 B')

In the vicinity of X =1, one may write in approximation:

'V 1+ ) . A (42)

Referring to equation (34"), it is clear first that 1V 1 if

X < 1 as expected, since AX is necessarily negative ( o4v cannot

-Iv
exceed 0) and is negative for both cases A and B by equations

..............................
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(41A') and (41B'). As for XV, one has

" + ri ,• & (43)

For case A (small ( ), equation (43) gives:

- ;(43A)

I - $p

According to (43A), (XIOA is close to unity since A has been cho-

sen small and the solution itself is for small ( . Therefore, for case

A, equation (44') gives in the vicinity of X= 1:

z<I

The expected favorable effect of viscous reattachment is thus seen for

case A.

For case B, equation (43) gives:

= |- ; (43B)

For a given P < 90o, • may be chosen small enough to give (1R

which therefore leads to
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LI
-V >1

confirming that here again the effect, at least for X near unity, is

favorable.

However, with continued reductions in x, (or equiva-

lently, increases in the channel-heIght factor - ), it is clear that

the effect of mixing cannot remain favorable indefinitely. The physical

reason for the beneficial effect of viscous reattachment is that the

kinetic energy in FU of flow "a" is reduced: U& C - V is

reduced below the zero-mixing value U4 both because V is increased

and because the fluid velocity in FS, Icav , is reduced. The optimum

condition would therefore presumably be that for which = V , giv-

ing U O 0. Beyond that point, U" would become negative as defined,

but of course the kinetic energy per unit mass L 4 would again rise.

The present analysis yields results that are in agreement with

these physical expectations. The cold-output temperature factor, Ftemp,

may be calculated as a function of P• and X = '"" by means of equa-

tions (44'), (48'), and either (40A) for "small " or (40B) for "large

(I -" The small-( solution is likely to be valid only for nozzle

inclinations of a few degrees, since the splashing pattern described by

equation (16) departs very rapidly from a symmetric condition as P is

increased. For some range of (3 values, the solution would presumably

tend to lie between the small-p and large- (3 solutions, with the

latter probably being reasonably accurate by the time (3 reaches 300 or

so, as already noted. Figure 51 presents the results obtained at 300
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Figure 51
Effect of Viscous Reattachment on Lold-Output Temperature Drop
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according to both solutions; only the large- (3 solution is considered

meaningful here, but the small-(3 solution is also presented for quali-

tative comparison. The small-( solution predicts a more pronounced

effect of mixing on temperature drop than does the large- solution

because the static pressure is lowered on both sides of the nozzle exit

in the first case, whereas in the second it is essentially lowered on

only one side.

Whichever solution is considered, it is seen (i) that the peak

beneficial effect is rather sharply defined, and (ii) that reduction of

S(or increasing the channel-height factor , ) very much beyond

the value corresponding to peak benefit can result in serious net dera-

dation of performance. As for the magnitude of the peak benefit, it

should be noted first that for (3 = 300 the "baseline" performance with-

out mixing [Figure 33(a)] is two-thirds of the isentropic temperature

drop associated with a given DPR; therefore, values of Ftemp up to 1.5

are not ruled out thermodynamically. The small-( solution violates

this thermodynamic barrier grossly, which is not surprising since the

small-(b solution is not valid at this large an angle. The large-n

solution, however, should be meaningful in an order-of-magnitude sense,

and the bound is not violated in this case. It is interesting to note

that the peak value of Ftemp from the large-a solution is about 1,3,

or roughly halfway between "baseline" (inviscid) performance and the

thermodynamic limit.

Thus, the conclusion which emerges from the present simple anal-

ysis is that viscous reattachment potentially can improve the cold-output

performance of a given external-separation geometry, but that use of too
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large a channel height can lead inste'ad to detrimental performance effects.

It should be noted, however, that the performance improvement is associ-

ated with increased rotor velocity and a decrease in /U , the former

effect being undesirable (for structural reasons) while the latter is

favorable (to refrigeration capacity) provided the "b" flow does not dis-

appear altogether due to the effect of -'4 [equation (16")]. Therefore,

it would appear that further study of the viscous reattachment effect is

in order.

3. Nonsteady Collection Effects on External-Separation FES Performance

Introduction. Up to here, it has been assumed both in develop-

ing the core performance equatinns and in the consideration of collection

effects that the flow is cryptosteady--that is, steady as viewed in the

special reference frame FS attached to the rotor. However, at least one

collection scheme is attractive for its great mechanical simplicity wherein

the strictly cryptosteady flow pattern is not maintained, the flow instead

being interrupted by turning vanes mounted in FU whose purpose is to lead

flows "a" and "b" into separate discharge regions. This configuration is

depicted in Figure 52.

As shown in Figure 5 2 (a), the flow enters an external-separation

rotor, is oischarged through a nozzle lying in the plane of rotation, and

is collected in an annular channel as shown. The oppositely deflected

flows "a" and "b" proceed in opposite directions in the channel toward

their respective exit ports, which are located on opposite sides of a

baffle at a "flow extraction station," w.hich is shown in Figure 52(b) as

it would apF.•.ar viewed from the center of the rotor. Only a single nozzle
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External-Separation FES with Interrupted Collector Channel
{,Ii ... . .. ....
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and flow extraction station are indicated in Figure 52; an actual device

could of course have several such nozzles and extraction stations arranged

around the periphery, but its behavior would be the same.

Every time the nozzle travels a distance of L. = .' R/*,

where R is the rotor radius and N is the number of extraction stations

(which will be assumed equal to the number of nozzles in the nonsteady

flow analysis), it passes a flow extraction station. Thus, unwrapping

the collector into its linear equivalent gives a picture like that in Fig-

ure 5 2 (c); note that if there is only one extraction station, both ends

of the cell shown in Figure 52(c) are actually the same station. Using

as a marker for nozzle position the stagnation line which the impinging

flow would have if unperturbed (c.f. Figure 31), one notes that the nozzle

region looks rather like a two-directional source, moving along the duct

at the rotor tangential velocity V . This "source" enters the duct

from the left, traverses it to the right, and exits at the right while

simultaneously re-entering at the left.

For the present analysis, no attempt will be made to treat

explicitly the effects of flow turning at each end, nor to assess the

wave-reflecting characteristics of the port-and-baffle region (presumably

a function of baffle angle and port size). Rather, the nonsteady duct

flow analyses which will be presented involve as a parameter the "effec-

tive" port areas for flows "a" and "b". In general, these effective port

areas may differ from the duct area; however, the basic wave-diagram anal-

yses are carried out assuming they are equal to the duct area. Based upon

the insights thereby obtained, it is possible to discern the qualitative
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effects which would be produced by ports having areas different from that

of the duct.

In order to see how nonsteady effects come about in the collec-

tion process, consider Figure 53, which depicts an initial sweep of the

source through the duct and the beginning of a second sweep, as seen in

both reference frames. The progression of events is presented in a pair

of pictorialized time-distance diagrams, since the analytical version of

such diagrams will be used below.

The first sweep of the source is assumed to be purely crypto-

steady, after which the second sweep is examined to see whether it too

could possibly be free of nonsteady effects, and if not, the nature of

the necessary nonsteady phenomena. Focusing attention on Figure 53(a),

the source is seen to travel to the right at a steady velocity V ,

arriving at the right end of the duct ( ' = Lo ) at the end of the

first cycle ( t = tca ). As it leaves the right end of the duct, it

leaves behind a slug of fluid which fills the duct and is moving leftward

uniformly at the velocity LU&o

An instant later, the source enters the duct again from the left,

and is no longer present at the right end. An "initial transient" pattern

ensues, consisting of a shock at the left end and a rarefaction accompanied

by inflow at the right. The shock is clearly necessary because the source,

which is trying to eject "b" fluid to the right, is confronted head-on by

a leftward-rushing slug of fluid moving at the velocity (in FU) of A(a.

The inflow is necessary in order to fill up the void that would otherwise

develop at the right end of the duct as the slug moves off to the left,

and a rarefaction occurs which both accelerates the ambient fluid in
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through the right-hand port and also decelerates the rightmost elements

of the slug to make their velocity match that of the leading elements of

the inflow.

The character of the initial shock and the accompanying pertur-

bation of the source-region flow can be ascertained most readily by refer-

ring to Figure 53(b). As viewed in FS, the source is stationary while

the duct moves leftward at the constant velocity V . At the end of the

first cycle, the entire duct is to the left of the source, and is filled

with fluid moving uniforriy at the velocity C4 0 , which is the same

as the velocity go of the fluid ejected from the nozzle. An instant

later, this same duct full of leftward-rushing fluid lies ahead of the

source, and the aforementioned initial shock forms. Now, to determine

whether the source still succeeds in generating any "b" flow behind the

shock, consider the possibility that a hammer shock forms, so that no "b"

flow emerges but the slug fluid is arrested by the source. In this case,

"* = • = , where K is the hammer pressure. But, if the

Mach number Mao - of the slug is not excessive (larger than about

2.14 for air), + > -i•o , which implies +*I >+ao . This con-

tradicts the known fact that + ' = - , which is based on the

isentropic, isoenergetic (in FS) splashing of the nozzle flow into the

deflected flows "a" and "b". Therefore, it is clear that the shock can-

not be as strong as a hammer shock, which means that while the slug fluid

is decelerated, it is not brought to rest in FS: some slug fluid must

leak leftward through the source. Thus, the splashing regime of Figure 31

is replaced by one in which the flow from the nozzle is totally swept in

4
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the "a" flow direction, with leakage flow from the slug passing between

the deflected jet and the impingement wall.*

It is thus seen that a cryptosteady collection flow could not

be maintained with the present collection geometry even if it could be

initiated, and that the nonsteady perturbations are not minor ones. The

nonsteady collection analysis presented herein deals with the "second

cycle" which theoretically would follow such a cryptosteady first cycle.

As ,ill become apparent, this "second cycle" analysis enables one to iden-

tify all of the most basic phenomena which would be present in subsequent

cycles, and therefore to arrive at meaningful conclusions concerning the

impact of nonsteady collection on external-separation FES performance.

Nature and scope of the nonsteady collection analysis. As with

the effects of boundary layer and mixing, the orientation of the nonsteady

collection analysis is toward evolution of a physical grasp of the non-

steady effects and their impact on performance, including some estimation

of the possible magnitude of these effects and their dependence on salient

variables. To this end, it is evident from Figure 53 and the discussion

thereof that the most appropriate analytical tool is that of one-dimen-

sional nonsteady flow analysis, and this is utilized. However, noting

from Figure 31 that the flow in the channel is not really one-dimensional,

there are clear limitations on the quantitative accuracy to be expected

*The conclusion concerning the shock strength and leakage through
the source was arrived at here on a one-dimensional basis. If account is
taken of the non-one-dimensionality of the separated flows in the channel
(Figure 31), the conclusion is reinforced: in F§, the larger "a" flow has
more momentum than, and hence overwhelms, the "b flow trying to emerge
from the source region.

:rI
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of the analytical results. With this in mind, finite-wave diagrams have

been used, rather than characteristics diagrams which would take account

of wave spreading and the distributed nature of some compression waves.

The crux of the nonsteady collection process is the interaction

between the fluid already in the duct and that issuing from the nozzle,

and an appropriate description of this interaction is therefore also the

key to the analytical treatment. Once this is available, the wave dia-

grain analysis can proceed in relatively straightforward fashion. There-

fore, the analysis of this source-region interaction with the duct flow

and translation of the results into a format convenient for wave diagram

analysis will be described in some detail. It is worth noting that the

source-region analysis is carried out in FS, whereas the nonsteady duct

flow is analyzed in FU, to which Figure 53 (a) pertain5c as a result, a

change of reference frame is incorporated into the auxiliary cur' s which

are ultimately generated for use in the nonsteady flow analysis. The

detailed steps in the wave diagram analysis will not be recounted, as

these merely represent an application of the techniques described in Foa, 31

Chapter 6, and in Rudinger; 3 8 the diagrams themselves, however, are

included as Appendix B, and their features will be discussed in connec-

tion with the description of the nonsteady collection process that emerges

from the analysis.

As already mentioned, the wave-diagram analysis focuses on the

"second cycle" which follows an alleged cryptosteady first cycle. As may

be seen in Figure 53(a), tne source path as viewed in FU divides the time-

distance plane into triangular halves. The right side pertains to fluid

lying between the source and the port for the "b" flow, which will be
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referred to as the "hot" port; as is clear from the "initial transient"

which starts off the second cycle, this region on the "hot" side of the

source experiences pronounced nonsteady phenomena. The region on the left

side of the source contain-, fluid on its way from the source to the "a"

or "cold" port; the principal nonsteady effect which occurs here is a

depression of the static pressure below ambient. This effect arises spe-

cifically because the flow is not in fact one-dimensional, and is a con-

sequence of a retreating-piston effect of the jet issuing from the moving

nozzle. The pressure depression effect is not incorporated into the wave-

diagram analyses, which focus on the strong nonsteady phenomena on the

"hot" side; with the results of these analyses in hand, however, an

assessment is made of the pressure depression effect so that this could

in principle be accounted for iteratively in constructing subsequent

cycles.

The overall thermodynamic cycle of the FES as a whole is taken

in all cases to be such that the total temperature 7"of the air intro-

duced into the center of the rotor is equal to ambient. Prerotation and

rotor torque are considered to be absent, while the nozzle efficiency is

taken to be unity. A set of 27 candidate "cases" -- combinations of nozzle
•' (Figure 31), and

inclination ( (Figure 29), channel height factor (

nozzle-exit Mach number Aq%• (Figure 31)--is presented in Table 1 which

constitutes the catalog of conditions to be addressed analytically. Note

that if P and MK chosen, the nozzle pressure ratio NPR = •- is also

defined: considering the velocity triangle of Figure 50(c), one may write

NPR I+

LC
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TABLE 1

Combinations of (t tb Analyzed

CASE Nozzle Inclination Channel-Height Factor Nozzle Mach Number
(3 CjA

1 300 1.0 0.50
2 0.75
3 1.00

4 1.5 0.50
5 0.75
6 1.00

7 2.0 0.50
8 0.75
9 1.00

10 450 1.0 0.50
11 0.75
12 1.00

13 1.5 0.50
14 0.75
15 1.00

16 2.0 0.50
17 0.75
18 1.00

19 600 1.0 0.50
20 0.75
21 1.00

22 1.5 0.50
23 0.75
24 1.00

25 2.0 0.50
26 0.75
27 1.210
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"This equation is plotted in Figure 54 for Mk = 1.0; it is seen that a1l

of the cases analyzed correspond to a low-to-moderate range of pressure

ratios.

"Source" boundary condition on duct flow. Figure 55 illustrates

the manner in which the source region is visualized to interact with the

duct flow to its right. The flow in the duct is of course nonsteady,

but the flow within the source region is assumed to be quasi-steady in

FS. This assumption is analogous to that employed in the more common

case in which the end of the duct is open to ambient conditions, with or

without a constriction.

Three source flow regimes are depicted in Figure 55. Part (a)

illustrates the supercritical regime, wherein the jet is swept leftward

and is accompanied by some "bypass" flow coming from the right; as dis-

cussed above, this regime is established by the initial shock. However,

the high pressure in the right side of the duct is eventually reduced by

wave processes; hence, at some point critical flow occurs wherein the

jet just seals the duct [Figure 55(b)], after which further lowering of

pressure +,b allows the normal subcritical or "splashing" flow of Fig-

ure 55(c) to reassert itself.

Regardless of the source flow regime, two conditions must hold

at every instant:

Z ,(44a)

"•b" b (44b)
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where "b" denotes the right-hand portion of the source region and "*"I

denotes the boundary between the nonsteady duct flow region and the source.

This pair of specifications constitute what will be referred to as the

"massflow compatibility" boundary condition at the source end of that por-

tion of the duct lying between the source and the hot port. (For brevity,

this segment of duct will be referred to below as the "hot duct.") Notice

that during outflow of fluid from the left end of the hot duct through

the source region, Figure 55(a), it is as if the left end of the duct is

open to a back pressure which is not constant, but which instead is depen-

dent upon the amount of outflow taking place. This contrasts with the

more usual situation of open end with subsonic outflow, wherein if

is the back pressure surrounding the duct exit, equation (44a) still applies

but (44b) is replaced by +h = constant.

That the massflow compatibility condition of equations (44a, b)
will indeed lead to a solution in particular for the initial shock and

associated bypass flow is readily seen physically. For a given nozzle

Mach number Mo (and hence slug Mach number, MOO = to= Il )

and geometry, it is clear that the leftward flow through the source region

4U•jb =f•wb, increases with increasing 4 b whereas the amount of mass-

flow that is able to exit leftward from the hot duct through station "*"

decreases due to increasing strength of the initial shock. Therefore, .

some unique nonzero value of +1 fm is required in order for equa-

tions (44a, b) to be satisfied.

Analysis of supercritical flow in source region. An analysis

has already been carried out for the subcritical flow regime of Figure

55(c), in connection with Figure 31. This cannot be applied to the
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supercritical regime of Figure 55(a), however, and a new analysis for this

regime is therefore needed.

Figure 56 depicts the analytical model employed for the super-

critical analysis. It is assumed that a uniform pressure 1a exist-

on the left plane of the control volume, while a higher uniform static

pressure +4 exists on the right boundary. Also, in order to calculate

the jet momentum and massflow injected through the nozzle, the local static

pressures on either side of the nozzle exit must be specified, and these

are also taken to be to and '• respectively. Note that on the left

side, fluid which is stagnant in FS is assumed to fill the space next, to

the upper wall, and since viscous effects are ignored, the assumption

that local nozzle-exit pressure is +& on this side is natural. On the

right side, the pressure felt in the corner formed by the upper wall and

right edge of the jet would be in inviscid flow, but as fio is

always small, the error this introduces is insignificant for present pur-

poses.

Development of a simple, closed-form solution for n•% as a

function of 9P and the other controlling variables is facilitated if

the perturbations in nozzle massflow and mean exit velocity due to

are ignored. That is, take

"i- 'C%0

This is consisteni with taking ' " . , noting which one may addi-

tionally write:
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The overall effect of this approximate approach is to treat the jet as if

it were somewhat "stiffer" than it really is--that is, able to withstand

larger values of the pressure differential S for a given bypass mass-

flow than is actually the case. The resultant quantitative errors, which

for the most part are not large, are in the direction of overestimating

the strength of the nonsteady processes; therefore, there is no danger of

being led into incorrect qualitative conclusions due to effectively "assum-

ing away" some nonsteady phenomena.

The continuity equations for the nozzle flow and bypassed flow

are I

(45a)

,A (45b) -

The momentum equation for the control volume is, neglecting wall friction,

whcre F4 and Fa , the values of the stream force at stations "A" and

"B", are

F ,,ol ) b
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With the continuity equations (45a,b) and the "stiff" jet assumptions,

S(+- 5 ÷- -.-x• fvi . C& I. -, $41 (46)

The energy equation for the bypass flow is

T. T

or, noting that

+,b

one has

2r
2. t ''' Ic (47)

Equations (46) and (47) are to be solved for " Glancing

at Figure 56, it is noted that o(•, <V=d, so that '<i,<< •1bl. An

approximate solution, therefore, may be obtained by neglecting <,, in

comparison to c6,,. Equations (46) and (47) give in this case:

-1" (46')

Using (47') in (46') gives

(8
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For the nonsteady analysis, Mb is more convenient to use than

V "

where ; ,o has been used in the expression for ,AcE.. Substituting

for and flC in (48):

which may be rearranged to give

V r - (49)

The value of which produces critical flow [Figure 55(b)] is that for

which 0. = 0; this is found by setting Lthe numerator of the fraction in

(49) to zero, since the denominator at the critical condition is nonzero

and finite. This gives:
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where ( )+ indicates that the calculation is as based on the supercritical

analysis. With (50), (49) may be rewritten as

~ [ -(490)

Equation (50) gives ( Ii, ). as calculated from the super-

critical analysis. A value for (, /fA )& may alternatively be cal-

culated from the subcritical analysis by setting = 0 in equation (16"),

which gives (noting that M% may be replaced with M. in this linear-

ized analysis):

6 ;LIS
or

b) _ 1 .+( 4 4 (51)

where ( )_ identifies the subcritical analysis as the source of this cal-

culation. Comparing (50) and (51), it is seen that the two values for

S( •/P.)js will in general differ somewhat, the tendency being for

(4' < but with this being offset to some extent by the
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greater sensitivity of :-' to the channel height factor C4

Table 2 presents as calculated from both equations (50) and (51)

together with their ratio, and it is seen that while the two analyses do

differ at the critical condition (not a surprising result considering

that each is a linearized treatment specialized to the regime under con-

sideration), they are in agreement as to general trends and approximate

magnitudes.

In the nonsteady analysis, of course, the source region begins

the "second cycle" in the supercritical regime and later passes through

the critical condition into subcritical flow as wave processes relieve

the elevated pressure on the right side of the source. This transition

must be accomplished without a discontinuity in ($.Jksuch as would

result from using equations (50) and (51) separately for the supercriti-

cal and subcritical regimes, respectively. To this end, note that (16")

may be written instead as (again using I'. in place of 9I•, )

0 - (-6"")

where - is as given by equation (51). The basic character of the
subcritical flow solution is not changed if e), is obtained instead

from equation (50), there being merely a minor reduction in the sensitivity

to St' that is ascribed to the massflow ratio . This will therefore

be done, so that the behavior of the source over the range of all three

regimes in Figure 55 is described by means of equations (16""), (49'),

and (50).
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TABLE 2

Values of (.~from Subcritical and Supercritical Analyses

CASE__ 4

1 0.75 0.26 0.26 1.00
2 0.59 0.59
3 1.05 1.05

4 0.50 0.13 0.18 0.75
5 0.30 0.39
6 0.52 0.70

7 0.38 0.088 0.13 0.67
8 0.20 0.30
9 0.35 0.52

10 0.85 0.18 0.18 1.00
11 0.39 0.39
12 0.70 0.70

13 0.57 0.088 0.12 0.75
14 0.20 0.26
15 0.35 0.47

16 0.43 0.058 0.088 0.67
17 0.13 0.20
18 0.23 0.35
19 0.93 0.088 0.088 1.00
20 0.20 0.20
21 0.35 0.35

22 0.62 0.044 0.058 0.75
23 0.098 0.13
24 0.18 0.23

25 0.47 0.029 0.044 0.67
26 0.066 0.098
27 0.12 0.18
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Initial Fnock conditions. The initial shock conditions are

determined on the basis of massflow compatibility, with the assumption

that the entire duct to the right of the source is filled with leftward-

moving "cold slug" fluid (see Figure 53), i.e. that the duct flow is one-

dimensional; this assumption also applies to the construction of the wave

diagrams which describe the ensuing nonsteady duct flow phenomena. Thus,

the determination of initial shock strength is illustrated in Figure 57(a).

Of course, the slug does not in fact fill the duct; therefore, the amount

of massflow calculated to bypass through the source region must in effect

contain a correction to satisfy continuity requirements as depicted in

Figure 57(b), which amounts to multiplying nvi (hence ri1, ) by the

ratio . Ordinarily, this continuity correction takes care of

itself in the wave diagrams, since only a certain fraction of the left-

ward-flowing "cold slug" succeeds in exiting through the source region

and the duct area does not enter explicitly at all. However, if the duct

height is small enough, the leftward-swept jet issuing from the nozzle is

forced to adhere to the wall as shown in Figure 57(c); the shock strength

must in such a case reflect the area constraint on the leftward flow from

the source region, and in accounting for this area constraint it is nec-

essary to consider the continuity correction of Figure 57(b) explicitly.

Consider now Figure 57(a) and the determination of initial shock

conditions by application of the massflow compatibility boundary condition.

As depicted in Figure 55, a station "*" will be thought of as the junction

between the source region to the left and the "hot duct" to the right.

On the source side, equations (49') and (50) describe the manner in which

Mb depends upon ; note that all dependence upon configuration
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(a One-dimensional Massflow Compatibilityi-6 = -÷..--

m ~(b) Continuity Correct~ion

.0- 9to

(c) Area-constrained Condition

Figure 57
Supercritical Flow an Initial Shock Conditions
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( (• , ) and operating condition M Ii) is contained in the expres-

sion for equation (50), so that a set of generalized curves may

be generated for various values of (•4, after which these may be

entered for any given combination of • , • ,and Mo.. On the duct

side, define:

= a reference speed of sound

Aa, = dimensionless speed of sound in the cold slug, .. /at.f

= dimensionless velocity in FS of the cold slug, -X-.A

= dimensionless velocity in FS of the flow exiting from
the duct through plane "*", -ie6/ere-

Note that and Ui. are defined as algebraic quantities, whereas

iC and 0% are just magnitudes of velocity; hence the minus signs

enter, reflecting the sign convention of velocity positive to the right

(in the direction of the "hot" port). If d,.ef is chosen as a.. and

A =V 4 -U, , then one may readily obtain

(51

or, with MN : -b U

A Mo - (52)

The magnitude of the dimensionless velocity change across the shock, -'-

may be found as a function of -K from tabulations in Rudinger, 8 the

case of Y = 1.4 being presented in Table la.

Using equations (49') and (50) for the source-region flow and

equation (52) together with Table la of Rudinger for the initial shock,

the curves in Figure 58 may be generated for the cases in Table 1 wherein

Sb •r
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the area constraint is absent. For each case, the intersection of the

source-region curve with the initial-shock curve for the given value of

MA. gives the initial shock solution. The case corresponding to each

solution is indicated.

Consider now the area-constrained circumstance, which occurs

when X is in the neighborhood of unity. Generally, an area-constrained

flow pattern might occur for ± = 1.25, say, but by the time the chan-

nel height factor is as large as 1.5 it no longer occurs. Therefore, of
04

the cases in Table 1, only those with 7 = 1.0 happen to be affected.

The general requirement which must be met by flows "a" and "by"

is that
0+

+ (53)

If a separated region is left above the flows as in Figure 57(b), the

inequality applies, and the duct area is irrelevant. If the situation of

Figure 57(c) occurs, however, the equality applies in equation (53), and

in general this will cause the bypass flow to be less--and the initial

shock stronger--than would be the case if the area constraint were not

present.

The following procedure has been used to account in a rough way

for the area constraint effect, which is incorporated into adjusted source

flow curves.

(1) Calculate

o
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or

where the continuity correction of Figure 57(b) is applied and

is as obtained from continuity for Figure 57(a),

Note that

since , due to A4, small. 1

(2) If 1 1, there is no problem. If - > 1, assume

that the "a" and "by" flows are in the same proportion as they would be

if unconstrained, but that both flows are reduced in area--hence, flow

rate--by the factor Since A, is small, one has at any given

value of

where primes denote values adjusted to account for the area constraint; or

It is seen that in the area-constrained case, M6 will be smaller at any

given value of than would occur without area constraint.

(3) The intersection of the area-constrained source flow curve

with the appropriate initial shock curve gives the initial shock solution

- 4--- -4
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in a manner similar to Figure 58.

In the present analysis, the only area-constrained cases are

those with 1.0. Since the approximate analysis used for the

source region takes o, =4, , this implies that if any bypass flow

occurs at all, an area constraint adjustment must be applied in these

cases. Now, o/b. is proportional to roDl and hence to AM1, ; there-

fore, for the present analysis with = 1.0, one has

At

The constraint correction curve is similar in shape, in other words, to

the unconstrained source flow curve involved in step (1). The resultant

area-constrained source flow curves and corresponding shock solutions are

presented in Figure 59, and it will be noticed that the curves in Figure

59 are flatter than those in Figure 58.

Figure 60 summarizes the initial shock solutions obtained from

the intersections in Figures 5R and 59. It is seen that the Mach number

#'.1o (to which A% , M& , and /I&O are all equal in the present

analysis) is the most important variable in determining the shock strength.

Channel height also has an appreciable influence, whereas the effect of

iozzle inclination is relatively weak.

Perturbation relief transient: supercritical phase. Conditions

'tIe igt-hand boundary of the source region will correspond to the

inoial shock solution until subsequent waves arrive from the right to

alter conditions there. For the situation being analyzed, wherein the

r effective "hot port" area is equal to the duct area, a rarefaction is

generated at the port as part of the initial transient, Figure 53, and
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Figure 60
Initial Shock Solutions
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this will begin reducing the pressure . The initial shock, when it

arrives at the hot port, will be reflected as a strong rarefaction, and

when it arrives at the source sometime later it will further reduce 4 •.

Referring to Figures 58 and 59, then, rarefactions will cause the source

flow condition to depart from the initial shock solution and move left-

ward down the source flow curve that corresponds to any given case, reach-

ing the intersection of the curve with the MiD = 0 axis when ý, is

reduced to the critical value.

To analyze this transient, it is necessary to carry out a wave

diagram analysis of the phenomena in the hot duct. This is best done by

expressing the characteristics of the source region in terms of auxiliary

curves analogous to those comrnonly used for outflow through a partially

open end. Define:
4'. : ambient pressure, to which the pressures -4#4 of the

"cold slug" and -+, in the cold duct (to left of

source) are assumed equal

42 = value of • established by initial shock

= value of j, for which source flow is critical

a. = reference speed of sound, taken equal to that of the
"cold slug"

A dimensionless speed of sound, O/a (54)

W dimensionless velocity in FS, -/•,

g= dimensionless velocity in Fs, c/a
U = dimensionless velocity in FU, "/R

"P Q. = Riemann variables

= dimensionless distance, , /g 0

S= dimensionless time, a./L-
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[ -' The Riemann variables are defined by

- + "(55)

A- -If (56)

During outflow from the hot duct through the supercritical source,

(3.)

U I b M 10 A*

with which the Riemann variables in FS may be written at station "*" as

((56)

The alteration of the pressure t'* from its initial value 1, behind

the initial shock to a subsequent value takes place as the result of a

series of isentropic disturbances, whence

Therefore,

(S) -x ~. ) -2-iM
A s) '. ( 5

() -(56")

Note in particular that critical source flow occurs when the Q-character-

istic arrives which produces t o s. and hence 0 0. For a
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given case being analyzed, this characteristic may be identified as

Finally, note that
A(J:A(s)

where IX. is the dimensionless rotor velocity as measured in FU,

V

Applying the Riemann variable definitions in FU, one therefore obtains

with equations (55") and (56") and the change of reference frame,

Si7- - A, b (57)

Using equat-Icas (57) and (58) together with Figures 58 and 59,

ar auxiliary plot of versus may be generated for each case

to be analyzed, covering the supercritical transition from the initial

shock to the condition of critical source flow. Figure 61 presents these

auxiliary curves for all of the cases in Table 1. Their most outstanding
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Figure 61
Auxiliary Plots for Supercritical Perturbation Rcli4ef Transients
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Sfeature is their shallowness: the change in P4q= that is occasioned by

a given change in is small. In other words, any incipient wave

•,from the right is reflected only very weakly. This is analogous to the

situation wherein a partially open end of a duct can reflect an incipient

wave weakly or not at all if the opening is sized properly; in the present

case, the qualitative tendency of the source is to continuously adjust

itself so that the effective opening (the bypass flow area) results in

very little wave reflection.

Perturbation relief transient: subcritical phase. The super-

critical phase of the relief transient begins after the initial shock has

established supercritical flow, Figure 55(a), and terminates with the con-

dition of critical flow, Figure 55(b). Further lowering ot /"j leads to

a re-emergence of the "b" flow from the source region, as shown in Figure

55(c).
At the critical flow condition, Figure 55(b), the boundary con-

dition on particles just to the right of the jet is that they move at the

velocity of the source, V (or in dimensionless terms, U* ). Reestab-

lishment of the "b" flow as shown in Figure 55(c) causes a thin layer of

fluid to be sliding along the wall underneath the main column of fluid,

but the left end of this column still abuts the main jet issuing from the

nozzle. Thus, so long as wave effects do not raise f back up to a

high enough level to reestablish supercritical flow, the boundary condi-

tion which the source provides for the main column of fluid in the hot

duct is that of a piston.

Thus, as the source travels from left to right through the

d'ict, it starts out as a leaky piston thanks to the disturbance associated
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with the initial shock. It becomes less leaky as it progresses to the

right, due to the action of rarefaction waves from the right which lower

and eventually it becomes equivalent to a solid piston. Simul-

taneous with this development, it begins ejecting "b" fluid which, accord-

ing to the present model wherein viscous effects are not considered, slith-

ers along the wall without greatly influencing the continued wave phenom-

ena taking place in the main column of gas in the hot duct.

Description of the nonsteady collection process. The physical

picture of the nonsteady collection process that emerges from the analysis

is portrayed in Figure 62, while Figure 63 illustrates the wave diagrams

developed in the course of the analysis; the actual diagrams are contained

in Appendix B. A number of key phenomena are noted in both Figures 62 and

6 3(a) to help in grasping the nature of the process.

In Figure 62, sketches (a) through (d) illustrate the crypto-

steady first cycle that is assumed to occur. As indicated in 62(a), sub-

critical (splashing) flow exists in the source region, and the pressure

in the duct is b. , the ambient pressure; primary attention, however,

is focused on what is happening on the left side of the source. Since the

leftward-flowing jet does not fill the duct, it follows that the region

above the jet must be filled by fluid which, in FS, is "deadwater." How-

ever, Fs is attached to the source which is moving to the right at the

velocity V (or, in dimensionless terms, IT.+ ); hence the deadwater is

moving to the right at velocity V.* in FU, as indicated in 62(b). The

jet itself, of course, has a net leftward dimensionless velocity UT* in

FU, as is also indicated in 62(b). Finally, the height of the jet is

0= 14 L , as obtained from equation (15') of the splashing

.•a.
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Legend for Figure 62

IIZ I Cryptosteady flowj

W Nonsteady flow which originated at
the source (nozzle)

Nonsteady flow drawn in through the
hot port

Pumped flowJ

Noxale

Port I SouIrce Port

) Cryptosteady cold flow

•) Unsteady cold flow

SPumped cold flow

& Cryptosteady hot flow

& Unsteady hot flow

(• Additional unsteady hot flow (inflow/outflow) '1
S- • Pumped hot flow A
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Figure 62
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Legend for Figure 63 
1
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Quasi-cryptosteady particle path

-...- Nonsteady particle path 1
Interface between "cold slug" and

inflow fluid
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Inalysis for the case of = 0 (no pressure differential across the

jet). In 62(c), the source is just exiting from the duct, so that at the

end of the cycle the situation is as pictur' i62(d): the lower por-

tion of the duct is filled with a slug of flu, •.Auced by the source

and flowing leftward, while the upper portion contains a slug of fluid

which is stagnant in FS, hence rightward-moving in FU. The ter slug will

be termed the "deadwater slug," while the lower body of fluid will be

referred to as the "cold slug" since its properties are the same as those

of the cold fluid which has been ejected out the ieft port.

The remainder of Figure 62--parts (e) through (l)--depict the

sequence of events comprising the "second cycle." Figure 63 also pertains

to this 'second cycle," and it will be useful to correlate the phenomena

shown in Figure 62 with the corresponding features of the wave diagram.

The diagram is divided by the source path into two regions--one ahead of

the source and the other behind it; the region ahead of the source will

be referred to as the "hot" side and that behind it as the "cold" side.

The "hot duct"--that is, the region ahead of the source--is where the

strong and significant wave processes occur; hen.ce the lower-right half

of the '-T plane is explored by wave diagram techniques. Figure 63(a)

illustrates the basic wave diagram that emerges, with regions of uniform

flow labelled ana with attention drawn to several points in the diagram

which will be correlated with Figure 62. Figure 63(b) repeats 63(a), but

adds several particle path lines (including two on the cold side) that

have special significance. Figure 63(c) is a truncated version of Figure

S63(b), and--with the aid of insight- gained from the more complete diagram--

is all that is needed for a rough estimiation of performance.
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In Figure 63(a), attention is first called to the initial tran-

sients at both ends of the duct, this being item (i); these events are

also depicted in Figure 62(e). At the left end, the source appears and

is moving rightward at the velocity 7,T ; it is producing a jet which

encounters the leftward-rushing "cold slug," with the result that a shock

is produced whose strength is dependent upon the "massflow compatibility"

boundary condition discussed earlier. At the right end, inflow must occur

to prevent the development of a vacuum behind the right end of the "cold

slug" as it travels to the left; the initiation of this inflow is accom-

panied by a rarefaction. Thus, it is seen in Figure 62(e) that a shock

has begun moving rightward into the (leftward-moving) "cold slug" while

a rarefaction is moving into the slug from the ooposite end, which is

adjacent to a body of foreign fluid drawn into the duct through the hot

port. The unshaded portion of the "cold slug" still possesses properties

identical to those of the cryptosteady cold flow; the shaded portions,

however, have undergone nonsteady effects which have altered conditions

there. Also, note in Figure 62(e) that the shaded portion to the left of

the shock is squashing down against the lower wall and sliding past the

.iet; due to the pressure rise behind the shock, which is weaker than a

hammer wave but qualitatively similar, this shaded flow has a higher total

pressure than the cryptosteady jet and hence expands to a higher velocity.

Finally, an additional item is present which lies outside the scope of

the wave diagram--i.e., the pumped flow which is being forced out ahead

of the cryptosteady jet. No attempt is made to take account of the detailed

history of its passage, but it is clear that it must exit via the hot port,

and that it must do so at a velocity which is of the order of the source

LL - ••......i41 "-"i . . , ••• :i 'T • .... "' '°' :• +t..... '...... J•w ... ..... . -• •'' .. ,-• Y'''
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velocity Uq . In the sketches, it is merely treated as if it were

pushed out at a continued uniform velocity U.4

Item (ii) highlighted in the wave diagram, Figure 63(a), is the

arrival of the initial rarefaction at the source; this is also shown in

Figure 62(f). The initial rarefaction is a weak one, and the supercriti-

cal source reflects any incident wave very weakly, behaving rather like

a conventional partially-open duct end (see Figure 61). As a result, the

reflection is so weak that it is neglected.

Item (iii), also shown in Figure 62(f), is the arrival of the

shock at the interface. The shock is strong enough to reverse the direc-

tion of travel of the interface, so that this point marks the maximum

penetration of the duct by inflow. It will be noted that no reflected

(Q) wave is drawn where the shock strikes the interface; this is because

the strength of this reflected wave (a rarefaction) is negligible for

present purposes.

Of course, it is not until the arrival of the shock at the hot

port--item (iv)--a short time later that the fluid surrounding the port

yets the news that it is no longer welcome. At this point inflow is

replaced by outflow and the shock is reflected as a strong rarefaction.

As with the shock, the reflected wave at the interface is neglected.

Item (iv) is picturei in Figure 62(Q).

The timing of items (v) and (vi) may be as shown in Figure 63(a),

or reversed, or about equal, depending on the combination of ,

and 14# ; therefore, they are depicted together in Figure 62(h). Item

(v) is the arrival of the interface at the hot port, at which point reex-

pulsion of the inflow fluid has been completed and the basic nonsteady hot
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flow is about to emerge. Item (vi) is the arrival of the leading elements

of the reflected rarefaction, which begin to "relieve" the high pressure

prevailing to the right of the s,.urce and thereby cause the flow pattern

in the source region to start changing in the direction of critical flow

(leftward-swept jet just sealing the duct).

The strength of the rarefaction and its effect on the source

can be appreciated by noting that region 4, Figure 63(a), is little dif-

ferent from region I (conditions behind the initial shock), Whereas if

the exit flow is subsonic, region 7 is at ambient pressure . There-

fore, subcritical or "splashing" flow is reestablished partway through

the rarefaction/source interaction--item (vii)--with the remainder of the

rarefaction being fully reflected from the side of the jet issuing from

the source, which now behaves essentially as if it were a solid piston

with respect to incident waves. (So long as subsequent wave action does

not raise the pressure to the right of 'he source above the critical level,

it vill continue to be true that fluid on the right side of the source

and experiencing wave phenomena cannot pass through the source region, and

hence the source will behave as a "closed end" in FS, which is the same

thing as a piston with velocity UA in FU. If the pressure ý.4 ever is

raised back above the critical level, then of course the "piston" condi-

tion breaks down, and supercritical-flow source behavior obtains instead.)

Figure 62(i) illustrates the freshly reestablished subcritical

flow condition and what amounts to a partial reflection of the overall

incident rarefaction. For correlation purposes, one may shift attention

from Figure 63(a) to 63(b) and note that point "CR" is d singular point

on the wave diagram where a number of important things happen. Events (vi)

-AU
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and (vii), which are separated in reality by a finite time, are compressed

analytically into the same point since a finite-wave diagram is in use

rather than a characteristics diagram. In this representation, then, com-

parison of Figures 62(h) and 62(i) reveals that the body of fluid which

started out as the "cold slug" .s in effect chopped in two at point "CR".

This phenomenon will be a basic ingredient in the final conclusion of the

present analysis that nonsteady collection has an inherently detrimental

effect on external-separation FES performance.

Looking at Figure 63(b), notice that point "CR" is common to all

four of the particle paths which are sketched in addition to the interface

path. Consider first the nonsteady particle paths (long-dash lines):

"CR" is the destination of the "cold slug" critical partic e, and the

origination point for the "tail" of the "au" slug. Looking at Figures

62(h) and 62(i), it can be seen that the critical particle path pertains

to the point in the "cold slug" at which the slug is destined to be chopped

in two after undergoing some wave processes. Looking at Figure 62(i), it

is clear that the particle just to the right of this dividing line leaves

the "CR" point adjacent to the jet, and its particle path is therefore

identical with the source path. The particle just to the left of the

dividing line, however, is the "tail" of the "au" slug, marked in Figure

62(i) and Figure 63(b).

As for the two cryptosteady paths (short-dash lines), look again

at Figure 62(i). Subcritical flow is established at point "CR"; hence, the

leading particle of the "bc flow emerges from point "CR" en route to the

hot port, as shown in Figure 63(b). At the same time, the area of the

cold flow is dp.'-sed, since the jet is no longer totally swept to the
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left; this is represented in Figure 62(i) as a "neck" in the "ac" flow, A

and it is the path of this "neck" that is traced in Figure 63(b).

Figures 62(j), (k), and (1) illustrate the situation in which

both the "au" "tail" and the "ac" "neck" leave the cold port before the

end oi'the cycle, the "au" "tail" being the first to leave due to the

higher velocity of the "au" flow. (Note that in this simplified analysis,

the "au" slug is treated as if it were a solid body moving at the uniform

speed Ua# which characterizes the majority of the slug. The elements

near the tail doubtless move at a reduced velocity, but accounting •.

this effect would introduce considerable complication without enhancing

physical insight and probably without greatly affecting the quantitative

outcome of performance calculations.) If the "au" "tail" and "ac" "neck"

do indeed depart before the end of the cycle, it is seen that the final

state in -he duct, Figure 62(l), is qualitatively similar to that follow-

ing the (fictitious) cryptosteady first sweep, Figure 62(d); and indeed

if the pressure-depression effect associated with the inflow of "ap" fluid

is neglected, they are exactly the same. In this case, to the extent that A

the simplifications of the analysis itself can be accepted, the "second

cycle" performance calculations provide a good measure of the cyclically

"steady" state performance. It turns out that for small Z" ( 300)

these conditions are approximately satisfied, though there is some adverse

effect of fM .

For larger (% , however, the situation is more as pictured

in Figure 63(b). Here, the intersection of the "ac" path with the Pt =

line at a positive value of $ indicates that a segment of the thickened

portion of the "ac" jet, generated during the supercritical flow regime,
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is trapped within the duct. If this occurs, the mass of the cold slug at

the end of the second cycle exceeds that deposited by the first sweep.

Therefore, the next interaction between the jet and the slug, Figure 62(e),

will be altered (shock strength and bypass flow increased), and it follows

that the third cycle will differ somewhat from the second. However, it

would appear that a moderate amount of this effect can be tolerated without

drastically altering performance. Matters rapidly become more complex if

in addition the "au" slug fails to be fully ejected, indicated similarly

by intersection of the particle path at a positive I on the T = Zc6

line. The relatively simple situation of Figure 62(e) is replaced by one

in which the jet issuing from the nozzle encounters both a thickened "cold

slug" and an underlying, high-energy layer of "au" fluid during the early

portion of the cycle, with this tapering down to the basic "cold slug"

toward the right end of the duct. This situation is clearly more severe

than that of the second cycle, and more complicated as well.

If either or both of these effects occur, obviously there is

more mass (ignoring pumped fluid' in the duct at the end of the second

cycle than at the end of the first: in other words, some net mass storage

has taken place. This implies some adjustment in the nonsteady flow pro-

cesses during the third cycle, probably with some additional net mass stor-

age, and so on until a cyclic "steady" state is reached in which no fur-

ther net mass storage occurs and the pattern of mass storage is the same

for succeeding cycles. Therefore, a check on the probable quantitative

significance of the "second cycle" performance calculations is provided by

calculating the net mass storage during that cycle: if it is negligible,

the calculations probably provide a good approximation to "steady" state
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performance (within the limitations of the analytical model), whereas if

it is large the approximation is doubtless correspondingly poor.

With reference to the performance calculation problem, consi&cr

again Figure 63(b), which presents the typical or basic wave diagram struc-

ture as it emerges from the nonsteady analysis. iAbove point "CR" a suc-

cession of compressions and rarefactions is seen to occur in the "hot duct"

(to the right of the source).* In )e basic pattern which occurs at low

to moderate values of Mo , regions 8-9-10-11 constitute a sequence

which is then repeated in diminishing scale for the rest of the cycle; it

will therefore be termed the "termi,,al sequence." Region 8 is below ambi-

ent pressure '1 , so that M >#.At ; region 9 is at to , region 10

is above #0 so that M<1 4o , and region 11 is again at t. . Consider-

ing regions 8 and 10, it turns out that even if the magnitude of the pres-

sure fluctions about +#o is large, the fraction of the total nozzle flow

that emerges during the "terminal sequence" is essentially equal to the
I +s;.qa

cold fraction in unperturbed cryptosteady operation, C1o 2 .

As MO increases, the wave processes become more violent, this

being accentuated if the channel height factor is small. Indeed, for

S= 1.0, the wave diagram analysis indicates in some cases that the pres-

sure in region 10 rises back up to a value slightly in excess of the criti-

cal value, therefore reestablishing supercritical so)urce flow. Whether

this is a real effect or simply a consequence of analytical approximatUns

has not been determined, but its impact on performance is insignificant in

*The ripples these would cause in the "ac" flow [broken wavy
line, Figure 62(j)] are ignored in the present analysis.
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any case: the source is just barely supercritical and the total leakage

corresponding to region 10 is negligible, and the flow adjustment accom-

plished by this slight leakage is such that supercritical flow does not

recur in subsequent cycles. Therefore, the estimate of bypassed flow "au"

obtained as shown in Figure 63(b) is still very nearly correct, and the

average rate of "ac" flow emerging from the source is still reasonably

estimated by CFO.

Finally, if ( and/or 1%. are large enough, sonic outflow

occurs in region 7 and the simple "terminal sequence," if it occurs at all,

does not occur until a long period of adjustment whose description would

require a full-fledged characteristics analysis. In this case, point "CR"

is located as the point reached by the "critical ray" of the Q-rarefaction

which extends from region 4 all the way to the exit plane (1 = 1.0); deter-

mination of this critical ray is based upon knowledge of the value of Q

needed to produce critical flow at the source following the initial shock.

In this situation, 'rCR proves to be such a large fraction of Zicy that

the outcome of the performance calculations is not too sensitive to the

precise value of CF attributed to the source for the short period from "CR"

to the end of the cycle; -ccordingly, CFO is used in this case also.

Having decided that CFO is to be used zo estimate the fraction

of source flow directed in the cold-port direction from point "Ck" onward,

the details of the wave diagram beyond point "CR" are no longer needed.

Indeed, if the performance analysis is carried out using information at

the cold port, the only data needed from the wave diagram prove to be

I CR, 3 CR, and mass storage information from the "ac" "neck" and "au"
"tail" particle pat:is. Accordingly, the T-' diagrams developed for
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ithe actual performance analyses (Appendix B) are in the truncated form

indicated in Figure 62(c).

It may also be observed that the only effect of the interface

on the data needed from the wave diagram is due to wave refraction, which

is slight; these diagrams are therefore drawn with the initial shock hav-

ing its initial slope all the way to the hot port, and with the reflected

rarefaction havinv a uniform slope equal to that bounding region 4. Thus,

even regions 3 and 5 need not be shown or analyzed; however, the interface

path is included as shown in Figure 63(c) to avoid possible confusion in

physical interpretation of the diagrams.

The performance analysis, then. utilizes a wave diagram in the

highly simplified form of Figure 63(c). The flows, or better the slugs

of fluid, defined in Figure 62(l) are also elements of the analysis; the

cold flows "ac", "au", and "ap" are used for the basic analysis, while

discussion of the effects seen at the hot port naturally takes flows "br.",

"bu", "bu'", and "bp" into account.

Performance analysis. Refore presenting a synopsis of the pro-

cedure used for quantitative performance estimation, a few key observa-

tions are possible which lead one to the conclusion that nonsteady collec-

tion is inherently detrimental to performance.

Consider first the effect on cold fraction, CF. As illustrated

in Figure 62, a large fraction of the fluid which leaves the source region

in the "a" direction as the source sweeps along the duct does not escape

out the cold port, but instead is trapped within the duct at the end of

the cycle. This leftward-moving "cold slug" is then confronted with the

source as it reappears at the left, with resultant strong nonsteady effects.
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The overall effect of these nonsteady phenomena (as far as massflow is

concerned) is that this slug is chopped about in half, after which one

portion leaves via the cold port--its original destination--and the other

porticn is forced instead to leave through the hot port. Obviously, this

phenomenon tends to reduce the fraction of the total Tlow that exits via

the cold port--i.e., the cold fraction. Admittedly, if one compares

Figures 62(d) and 62(1), a countervailing effect caused by supercritical

flow can be discerned: the "ac" slug in Figure 62(l) has a greater mass

than that which one would calculate from Figure 62(d), in which the slug

has its normal (cryptosteady) height but is merely reduced in length.

However, this compensatory effect of supercritial flow is much smaller

than the mass storage effect, and so the net effect on cold fraction is

still to reduce it below the cryptosteady level.

In addition to the storage effect, if the channel height factor
Ol- is appreciably greater than unity, there is a "pumping" effect by

which cold fluid is transported to the hot port instead of the cold port.

This acts to further reduce the cold fraction.

The temperature drop in the cold output is also degraded. The

two fragments into which the cold slut. is divided emierge as flows "au" and

"bu" [Figures 62(j,1)], and these flows contribute less effectively to

energy separation than the basic, cryptosteady flows "ac" and "bc". On

che cold side, denoting stagnation quantities in FS by ( )e, j ic

due to the initial shock which creates supercritical flow in the source

region. However, the ttropy 5:c s , by virtue of the isen-

tropic shock, and therefore G 4 * = Q . Since the "au" flow

has the same speed of sound as the "ac" flow but a higher Mach number due



277

to higher total pressure, c,,, >t•, and hence itu > ct . Noting

that t•1T and Crgm are equal to the Mach numbers in FU of the respective

flows C Q. being used to nondimensionalize velocities), one has

.2
Ta' T

Clearly, "r'A >Toc ; therefore, the net cold flow which is a mixture

of the "ac" and "au" flows cannot be as cold as the basic cryptosteady

flow "ac" alone.

On the hot side, similarly, flow "bu" achieves a lesser temper-

ature rise than the basic "bc" flow. "Cold slug" fluid is isentropically

brought to rest in FU, except for pulsations produced by pressure differ-

entials between conditions at the source and the region surrounding the

hot port; see Figures 62(i) and 63(a). Thus, the mean velocity of flow

"bu" tends to approximate lZ•. Looking at Figure 63(a), one may note

that during outflow from region 7 the "bu" exit flow velocity exceeds V,1

by a considerable margin; after that, the mean velocity of flow "bu" is

essentially lIT , although the alternating compressions and rarefactions

cause UXb• at any given moment to either exceed or fall short of if,

Due to the adjustment period in region 7 and the subsequent pulsations,

the effective mass-averaged velocity of the "bu" flow actually exceeds

tA* by some amount, but not enough to change the conclusions being dis-

cussed here. For, consider flow "bc", which flows along on the floor of

Si 1the channel in a quasi-steady manner in the present inviscid model. It V
maintains j' = constant from the nozzle to the hot port, where it exits

-== -- t-i. -_
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at a velocity corresponding to the local static pressure -- i.e., it

exits at the same velocity that would pertain to flow "b" of the corre-

sponding fully cryptosteady device. This velocity is

and since for 2- = =0

there follows

7b b C. for any e4" 900

Thus:

Since flows "bu" and "bc" exit to the same pressure + with the same

entropy, they have the same static temperature. Therefore, since'

Ll b > Lbs , it is seen that r c < -Tr -- the nonsteaay com-

ponent of the total "b" flow is not as hot as the basic cryptosteady

component.

The qualitative effect of nonsteadiness on performance, then,

is not in doubt: it reduces both cold fraction and the magnitude of the

temperature drop achieved in the cold output. However, it is still of

importance to have some estimate of the magnitude of these performance

penalties, and to see how these penalties are affected by geometric and

operating variables. The performance analysis described below is addressed

-- ---- ---
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to these quantitative purposes. Major symbols to be used here are as

follows:

?I = total mass of the subscripted flow involved in a given
cycle. Flow "i" is that entering the rotor; other
flows are defined in Figure 63(l).

1T"° total temperature increment relative to rotor inlet
conditions, ( -r- - o )

C "• measured at the source

C ~: measured at a port

C ),= stored during a cycle

S( = conditions corresponding to cryptosteady flow dis-
charging to ambient pressure •4 )o=stagnation conditions in FU

stagnation conditions in Fs

Three performance measures will be utilized, which present the

ratio of net performance with nonsteady collection to performance in nor-

mal cryptosteady operation. The performance measures are the following:

COLD TEMPERATURE FACTOR (Ftemp)

where

COLD FLOW FACTOR (Fflow)

C.F,
CF.
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where

(9N43)A +N*',4)46  7nCF"#+ (60)

REFRIGERATION CAPACITY FACTOR (Fcapy)

A simple definition for refrigeration capacity is the amount of

heat absorbed by the cold flow from the cooled space, per unit of total

flow entering the rotor, if the cold flow exits from the cooled region at

ambient temperature. Noting that for the present analysis the rotor inlet

total temperature T is assumed equal to ambient, the refrigeration

capacity defined in this manner is modified by the factor

FF

where Ftemp and Fflow are as calculated above.

For actual performance calculations, it proves convenient to

nondimensionalize mass flows by I 4 , whence (59) and (60) are replaced

by

(N'ti a 0ý0eo;(59')

*ao.

and

, ;- '(60')

-41-4k
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Consider the total teniperature increments of the "basic" cold- i
flow components "ac" and "au", which are needed for equation (59'). Flow

"ac" is taken to be quasi-steady in FS (or quasi-cryptosteady), discharg- I
ing to j, (the cold-side pressure depression effect being neglected).

Then

- - I - . . .I!

"- -r. * • jI (61) -

Now

where the fact that the magnitude of 13ac is the Mach number of flow "ac"

in FU has been used. Similarly in FS,
UI

a- - &CToobai T--- -

To obtain , note that if there is no prerotation,

!+!

z -i

CQ

I

But, since prerotation and rotor torque are both taken to be absent in

the present analysis,

C., S (64)

-tf
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so that

4. 2.• 1 I-

or, collecting quantities in FS on the same side of the equation,

l2.

has been used. Thus,

T•.- •÷ • •.• , -•.•)(65)

Use of (62), (63), and (65) with (61) gives

I - g.C- :O

whre ntheg facth theat d of (64) ishassmdfrtesuc-einaayi

hasU bee used Thus
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and that No = N. , one arrives at:

2.

TI (61)

+A

Flow "au" is considered to depart leftward from the source region

with a uniform velocity equal to that corresponding to isentropic, steady
A

flow in FS from the conditions just behind the initial shock to the pres-

sure prevailing to the left of the source; see Figure 62(e). Neglect-

ing the entropy rise across the shock, it is noted that flows "ac" and "au"

both have the same entropy 6 , as well as the same static pressure •o;

it follows that they have the same static temperature To also, and it

may be observed that

-r. "r" 7. dr

The amount by which the total temperature - differs fronm i"f is

".-... . .. - (66)
T'. -rT -T '-!

in which the only factor differing from those in equation (61) is -

Therefore, one obtains:

__- 1-
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or

AT2~1* -ivj~.I 5 ~I'\U~~ -I(66')

Comparing equations (61') and (66') and noting that > I, it is

clear that _. is more positive, or less negative, than -- i.e.,
40

that the "au" fluid is not as cold in FU as the "ac" fluid.

Consider now the mass conservation during a cycle. For the

cryptosteady fluid:

h?: Wa.)..v~.~3  b (68)

For the cold slug fluid:

For the hot-port inflow fluid:

- ~ 0(70)

Note that this flow contributes nothing to the net massflow during a cycle,

though it does effect a net transport of energy out the hot port. Finally,

for the pumped flow:

(71)

where m is tne number of the cycle being analyzed.

At the cyclic "steady" state, no net mass storage occurs from

one cycle to the next. Specifically:

----------
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A

i~40 - Nel: 9*#" , ,• - . (72 a) •H "I
( d "2,0 (72b)

(72 c)

E the cortext of the "second cycle" analysis, (72a) states that the cold

slug left at the end of the second cycle [Figure 62(1)] has the same mass

as that left by the (fictitious) cryptosteady first cycle [Figure 62(d)];

(72b) states that none of the "au" fluid generated during the second cycle

is trapped, or stored, within the duct at the end of the cycle; and (72c)

expresses the fact that at "stezdy" state the amount of fluid pumped is

the same during each cycle. These conditions are approximately satisfied

by the second cycle if P and Me are not too large ( ,j 300,

M. < 0.5-0.75).

Using (72a) with (69) and (72b) in (68) gives the steady-state I
continuity equation for the "basic" flows--i.e., those which originate

strictly as part of the rotor-inlet flow and which are present with or

without pumping--as:

( = (68')I

or, identifying ]
and 7'7 bi_)e (73a)

2~1j eas.~~ ~'(73b)
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one has equivalently

' ' •IQ•,1 + .•, I '• (68")

Note that each of the two "basic" output flows is comprised of a crypto-

steady and a nonsteady component.

For ti'e performance figures to be presented below, one set of

calculations in each "case" (combination of in effect

assumes the absence of mass storage and hence steady state. In addition,

wherever equation (72b) is violated according to the •-T di-•gram, a
second calculation is carried out in which is adjusted to reflect

this mass storage. As for violation of equation (72a), this can be noted

wherever it occurs in tne wave diagrams, but it is not explicitly accounted

for because (i) at 300 it is not a major effect according to the "ac" "neck"

path lines, and (ii) at higher angles the ratio of cold to total crypto-

steady flow is close to unity, so that again the effect is small relative

to that of "au" fluid storage.

With regard to the "additive" flows--the pumped flow and the

flow which is sucked in through the hot port early in the cycle and then

expelled--equation (70) is valid whether or not steady state obtains, while

with the steady-state condition (72c), (71) becomes

S-. ~(71 '

The particular massflows needed for use in equations (59') and

(60') are , , - and The method of

calculating these is described next.

- -----------
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?Mae ex

- e -t (74)

where, as already stated, equation (72 a) is assumed to hold in all cases

for calculation purposes.

Referring to Figure 63(c), assume conditions at the source from

S0 to "t : CR to be uniform and equal to those in region 1,

behind the initial shock; denote this regime at the source by ( )CR-"
Treat conditions at the source from 'CR to the end of the cycle

as if they were also constant, anJ equal to mean conditions there; denote

this phase by ( )CR+" Also, denote the total rotor-inlet mass flow that

would occur during a cycle with the nozzle-discharge pressure equal to

0 as . Then:

NOW,)

a Now,

where A : bypass flow area correction
S=,factor; see source-region analysis.

1 if flow to left of source fills
duct ( • 1.0 cases)

A( 1 otherwise ( • = 1.5, 2.0 cases)

I since nozzle flow is totally swept to left
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and from the wave diagram analysis,

S-°~

(%CV)a4  C 0

Thus (75) reduces to

• ~(75')

The stored portion • of the total unperturbed flow 'k. is given

by [see Figure 64(a)]

2 a V

": CE:" sa"3 (76)

Therefore,

)- ( _ i_ .--

C& S; (77)

Rewriting (74) as

and introducing (77), one obtains

"•~I•



289

4-UOIt v At

(a) Cold Slug Storage

'Ct
/Irj

(b) Expanded Length of "au" Slug

A-To

ciao

(C) Mass of Pumped Flow

Figure 64
Auxiliary Sketches for Performance Analysis

;ii
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Mae (78)

Note that CFO = (1 + s;.( )/2; is determined from the massflow

compatibility analysis which establishes the initial-shock strength; and

CR and Tcy are read from the wave diagram.

Inspecting the wave diagram, e.g. Figure 63(c), one notes that

I if the "au" fluid all escapes before the end of the cycle--i.e., (72b) is

satisfied--one has simply

However, if the "au" "tail" does not escape, is reduced correspond-

ingly. As shown in Figure 63(c), the dimensionless length of the stored

segment of "au" fluid is ( au)s, this being expanded "au" fluid travel-

ing at velocity Dri"iw . The expanded length of the entire "au" slug,

au, is most easily obtained by backward projection of the "au" "tail" 2

path through point "CR" to the '= 0 line and reading • au on the

axis, as depicted in Figure 64(b). From the wave diagrams, • au is typi-

cally at least twice and often several times A CR.
IA

With the expanded lengths of the complete "au" slug and the stored V

"portion of it determined from the wave diagram along with • CR, one obtains:
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____ ~4..(79)

'e. : / eo •(80)

The numerator is found in a manner exactly similar to the devel-

opment of equation (75'), except that this time the cold fraction factor 3

is absent. Thus:

or

tO (I-(81)

Note that = 1.0 unless I differs from unity, which occurs in

the present approximate analysis only in the cases [Table 1] for which

*/a = 1.0. 3

The denominator of (80) is given by (76). Thus:

IkI

C-Fa (82)
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Considering Figures 62(d) and 64(c), one may write

-- (83)

Here, the area assumed&to be available for the pumped cold flow "ap" is

based on the presence of a cold slug having mass and volume equal to that

deposited in the first sweep, which implies no net mass storage and no

volume change due to the pressure depression which occu ; here on the zold

side of the source. (The latter approximation can be supported somewhat

by observing that, according to the linearized analysis of the source
region in the subcritical or "splashing" regime, the area of the "a" flow
is relatively insensitive to small changes in ,the differential

pressure across the jet.)

Now,

o49" 2. o~t

so that

oi 2. aCA
Ot"• t +a &.&le (84)

2. C44

As for the density ratio, consider a model in which the "ap"

fluid is drawn in from the surroundings at the cold port, 1 la Figure 62(b).

Then one may write, with ( )C denoting cold-port ambient:

01 M (85)

j--
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A

Assume isentropic, quasisteady inflow through the port to the uniform A

internal .-elocity, ,and internal pressure f .

From the energy equation:

7o~4

''(A

~ (86)

and since the inflow is assumed isentropic,

-)tC .i (87)

Also,

L J'*CTIi -

= C• -, ?(88)

Substituting (87) and (88) into (85) gives

U1I (89)
CI

Fall*( ,,



294

Using (84) and (89) in (83) gives

- Ufkr -CL
•- = -- ,,_e-• (-, • 'C•'' (90) •

Note here that

.7..,
- - -

| I

TO
"and

"- [by equation (65)]To. + -, " (,,

" * WM

Rc. •J is selected to reflect the state of the cold pumped
-' fluid; considering the recirculation arguments which

will be discussed in connection with Figure 71, the
most reasonable choice is probably -

where is found by use of equation (59').

To summarize, equations (59') and (60') are solved with the aid

of the equations whose numbers are indicated:
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c ) +C ) (59'

+( ÷ )- (60'

Additional performance-perturbing effects. The performance cal-

culations described above neglect the effect of the cold-side pressure

depression (except in calculating 2", ), and also assume that the rotor

velocity is unchanged from the value which holds in cryptosteady flow,

wherein the nozzle discharge pressure is . While the impact which

these effects would have will not be assessed in terms of quantitative

performance changes, an estimate of the magnitudes of the perturbations

themselves will be provided.

With respect to the pressure depression, use of the isentropic

quasisteady inflow model for the pumped flow gives with the aid of equa-

tion (86)

and since = and =, there follows:

A first approximation for the alteration in rotor velocity which

is occasioned by di-parture of the effective nozzle discharge pressure
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from its ctyptosteady-collection value of •. may be obtained as follows:

1. Calculate the time-average value of the mean static pressure

at the nozzle exit, where

Note that exceeds on the average, due to the initial shock;

however, is less than 0. due to the pressure-depression effect.

2. Calculate the value of mean nozzle-discharge velocity C,,

corresponding to the modified value of calculated above,

with rotor velocity still = Vo, thus:

and

which leads to

- 1_.(92)

3. Noting that V c cn • , take the ratio of perturbed to

cryptosteady rotor velocity to be:

Lmk_-
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1~

I, • _" •__ . -(93)

Results of performance calculations. The "cases" chosen in

Table 1 for the study of nonsteadiness effects were selected so as to span

a range of values for each variable that appeared to be of practical inter-

est and did not invite obvious analytical complications. The majority of

these cases (20) survived all the way through the final performance cal-

culation phase, but most of those having , - 1.0 did not. Cases 1,

2, and 3 were deleted because the simplified analysis for the supercriti-

cal source, which overestimates the "stiffness" of the jet relative to

its ability to support a pressure differential, leads in these cases to

a value for the critical differential-pressure ratio 7 that exceeds

the total pressure of the nozzle flow (measured in FS)--a situation which

can be shown to be physically impossible.* Cases 10 and 19 through 21

are represented by wave diagrams, but did not survive through all the steps

of the performance-calculation process. In these cases, the channel-height

factor is again 1.0, and the leftward-swept nozzle flow and the bypass flow

not only fill the duct but must produce a reduction in nozzle flow rate in
the process, according to the source-region model employed. However, a

*It has been confirmed with the aid of a more exact supercritical
source analysis that this is strictly the result of errors induced by
approximations, rather than any basic difficulty with the physics of the
analytical model. The more exact analysis is not included herein because
it is considerably more complex, cannot be obtained in closed form (i.e.,
requires numerical solution by computer), and gives results which do not
differ greatly from those of the simplified model on the whole.
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rather rough-shod procedure is used to describe this modified situation,

and in the face of increasingly severe mass-storage effects as (3 increases

the source-region treatment proves too inaccurate in these cases. In cases

11 and 12, however, results are obtained which do appear meaningful. (Note

that in these two cases, the intermediate value of (• = 450 is such that

mass storage effects are overall much less than at 600, while the elevated

Kk values of 0.75 and 1.00 are favorable to improved accuracy of the

simplified treatment of the source region in supercritical flow.) Copies

of the working wave diagrams for all cases except 1, 2, and 3, which were

deleted, are presented as Appendix B.

As was pointed out with the aid of Figure 54, the entire set of

cases analyzed for nonsteady collection effects pertains to a fairly low

range of pressure ratios. The possibility exists that the performance

penalties micht be less severe at higher pressure ratios than those explic-

itly analyzed, and indeed the performance data presented below suggest

this. However, it must be realized that nonsteady flow collection pro-

duces some additional phenomena which have been neglected in the present

analysis, but which will also have an effect on performance. Several of

these additional phenomena are discussed in a separate section below;

taken together, they appear to dim the prospects for substantial perfor-

mance-penalty reductions at higher pressure ratios.

The basic results were of course obtained as a function of P• ,
4,

, and Ala (which is taken to be the value of M,% in the simplified

source-region analysis used). However, DPR = -• is of more direct

rele,',.ce to performance analysis than Io , and plots vs. DPR at con-

stant have been generated. It will be noted that at 30° a single point
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is obtained for each datum, whereas at 450 and 600 some uncertainty is

expressed by an error band. The uncertainty springs from the fact that

at the higher ( 's the mass stored in the duct during the second sweep

is calculated to be greater than that stored during the first (assumed

cryptosteady) sweep. The two extreme values for a given datum were obtained

by ignoring the net-mass-storage effect for one calculation and taking it

into account via a correction in the other.

The effect of nonsteady perturbations on temperature drop is

shown in Figure 65. In 6 5 (a), the performance factor Ftemp is piotted

against P) at constant Mo for -1 = 1.5; straight-line fairings are

used rather than curves, given the uncertainties in the high- calcu-

lations. Using the curve fit values from 65(a), a replot against DPR is

obtained as in 65(b) with the .aid of DPR = function ( (b , Mo ) for

each point. Figure 65(c) inedicates the effect of channel height.

Figure 65(b) indicates that as the pressure ratio increases, the

temperature on the cold side tends to approach the value that would be

produced in cryptosteady operation. Thus, it would appear that'as far as

temperature drop is concerned, the penalty associated with nonsteady col- .

lection might be tolerable except at very low pressure ratios. in addition,

the effect of increasing ( at a given pressure ratio is to cause the
nonsteady-collection performance to approach the cryptosteady performance

more rapidly; hence, the sensitivity of temperature performance to (b is

even more pronounced with nonsteady collection than with cryptosteady oper-

ation. The trends depicted in 65(b), which suggest the qualitative behav-

ior shown in the inset, do not change qualitatively even if quite different
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"fairings are chosen in 65(a) so long as the fairings themselves look

reasonable.

Figure 65(c) indicates that the effect of channel height on

Ftemp is very weak, unless it is reduced to something close to the nozzle

width (measured in the plane of rotation)--at which point Ftemp tends to

fall off. Noting the Mo = 1.00 curves, however, it would appear that

even this effect may be less pronounced as pressure ratio is increased.

The effect on cold fraction is shown in Figure 66, with the pre-

sentations in parts (a,b,c) analogous to those in Figure 65 for the case

of temperature drop. Two effects are at work to reduce cold fraction:

one is that of Figures 62(i,j) wherein the "cold slug" is chopped into

components "au" and "bu", the latter portion being obliged to leave via

the hot port rather than the cold port. The other effect is that of pump-

ing, which reduces the net flow out the cold port while raising that out

the hot port.

Figure 66(b) shows that Fflow gets worse with increasing (3

at a given channel-height factor and pressure ratio. The effect of pres-

sure ratio tends to be favorable, but the curve flattens out rapidly toward

a value which, for I = 1.5 at least, is well below 1.0. Figure 66(c)

shows in addition that reduction of channel height cannot bring Fflow a

great deal closer to unity, because as the pumping effect is reduced the

nonsteady effect of Figures 62(i,j)--exacerbated by reduction of total noz-

zle flow due to wall proximity--becomes more serious. Note from Figure

66(c) that there is evidently an optimum channel-height factor insofar as

Fflow is concerned; this optimum value of is slightly larger than

unity (the exact value unquestionably depending upon ( and probably DPR),
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and corresponds physically to the condition wherein the impingement wall

is cloze enough to cause the 'eftward-swept source flow and bypass flow

to fill the duct and eliminate pumping, but not so close as to reduce the

source f. w rate appreciably.

For channel-height factors exceeding the optimum value, the

pumping effect is a very strong function of - • for example, with

450 and M. = 1.00 (i.e., DPR = 1.40), the entire cold flow con-

sisting of "ac" and "au" combined would be lost to the pumping effect at

a channel-height factor of around 2.0. A further increase in would

result in a net pumping of fluid from the "cold" side to the "hot" side.

The manner in which refrigeration capacity is affected by non-

steadiness is summarized in Figure 67. Considering Figure 67(b), it is

noted that Fcapy is very low at low DPR's, reflecting the 1.ehavior of

Ftemp [Figure 65(b)], is favorably affected by increasing pressure ratio,

but starts levelling off rapidly at a value well below unity, reflecting

the behavior of Fflow [Figure 66(b)]. The qualitative behavior which

appears to occur is indicated in the inset of Figure 67(b); however, the

sensitivity to ( may be noted to be relatively small. Figure 67(c) is

dominated in its behavior by massflow effects, and so looks very similar

to 66(c). However, the drop-off in Ftemp as - is decreased toward 1.0

results in shifting the optimum channel-height factor toward a larger value

than that indicated in 66(c).

Cold-side pressure depression and rotor velocity perturbation.

The depression of the pressure + below the ambient value #. may be

calculated by means of equation (91 ). This effect has been accounted for

4 only with regard to estimating the magnitude of the pumping effect, which
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was done by assuming isentropic quasi-steady inflow through the port to

a uniform velocity equalling that of the source. However, there will in

fact be two additional effects, ignored up to here: (i) the net pressure

differential 5'# across the jet in the presence of the initial shock will

be increased, thereby causirng increased bypass flow, which is undesirable;

(ii) the velocities -C4  and 4 of the flows "ac" and "au" in frame

FS will be increased, leading to higher values of T4Lt and

hence poorer cold-temperature performance.

Figure 68 gives the ratio of the depressed cold-side pressure

level to the nominal (ambient) pressure level fto , as a function

of and the nozzle pressure ratio NPR = -- ,where f, is the effec-

tive mean static pressure at the exit of the nozzle. It is seen that the

magnitude of the pressure depression is not too severe for small (I 's up

to moderate NPR's; but as goes up, the pressure depression effect

rapidly becomes a major one. This effect is directly related to that shown

in Figure 54: very high rotational speeds are produced at quite low pres-

sure ratios if e is large. -

As for rotor velocity, the nonsteady effects have been analyzed

which would follow an ideal, cryptosteady first sweep of the duct by the

source, the source velocity being assumed to remain unchanged during the

second sweep. However, it must be noted that if the time-averaged value

of t .o during the second sweep, this implies that at cyclically

"steady" state the nozzle exit velocity will be changed and the rotor veloc-

ity along with it.

The analysis assumes zero prerotation and shaft torque, and under

these conditions the rotor velocity V and the mean nozzle-exit velocity

3*
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,, are related through

V;

and hence if the time-average value of C,, for a whole cycle is used,

V -_

A first approximation for the adjustment in V which must come about is

obtained by calculating the time-average value of +, during the "second

sweep" which has been analyzed and, using the value of • that corre-

sponds to V = V., to calculate a value for 4, to use in the above

expression. The reason this is only an approximation is that, as the

rotor slows down, the wave processes will be altered and f will decrease;

nevertheless, this estimate is probably of the correct order of magnitude.

The pressure depression on the cold side (Figure 68) tends to

decrease • ; however, this is overbalanced by the very strong increase

in #, (just to the right of the source) due to the shock as long as

supercritical flow exists. When the pressure is at last relieved, it is

only relieved sufficiently to give $, - for the remainder of the

cycle. As a result, the net effect averaged over the cycle is a signifi-

cant increase in and a concomitant decrease in V. Figure 69 presents

estimates of 0 obtained in the approximate manner mentioned above.

Suprisingly little sensitivity to Mt (or, for a given e ' DPR) emer~ges,

but there is some slight sensitivity to channel height as shown. Clearly,

the rotor-velocity effect is a very noticeable--and detrimental--effect,

given the fact that FES performance varies roughly as V2 .

C J
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Anticipated effects of exit plenums. The wave diagrams and

associated performance analyses were carried out for the case in which

the flows discharge to ambient conditions, as might be the case for exam-

ple in a simple experimental setup. In practice, however, one or both of

the outputs may discharge to exit plenums: a confined space to be cooled

by the cold output constitutes such a plenum, for example, and a plenum

might be used for the hot output to enable mass-average total temperatures

to be measured accurately. It is therefore relevant to inquire into the

effect these would produce on performance. It will be assumed that the

port discharge pressure is as would be the case without a plenum;

the effects sought are those due to communication of the nonsteady flow

patterns with surrounding fluid at an altered temperature level.

COLD PLENUM. Physical reas,"ing suggests strongly that the S

presence or absence of a plenum on the cold side is of little moment.

This is because, although Figure 62 depicts the pumped inflow "ap" as

coming from the surroundings whose temperature would be affected by a /

plenum, in reality this deadwater probably is obtained from recirculation

of fluid peeled off from the upper layers of the leftward-moving combined

mass of "ac" and "au" flow, as is depicted below in Figure 71. Indeed,

this expectation is incorporated into the performance calculations by

assuming that A -

HOT PLENUM. Based on the physical picture of the nonsteady-col-

lection flow process that emerges from the nonsteady analysis, three mech-

anisms suggest themselves by which the presence of a hot plenum might affect

performance: (1) altered timing of the wave processes; (2) altered strength

of the initial rarefaction, which is associated with the inflow through the
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hot port; and (3) altered energy transport by the "bu'" flow (which is

inducted through the hot port, energized, and re-expell during the ear-

lier portions of the cycle).

(1) Wave-process timing. This is the easiest to dispense with,

since as the wave diagrams show, refraction of the incident shock and

later the strong reflected rarefaction is so mild that it can be neglected

altogether without significantly affecting the timing which is calculated

as a result.

(2) Initial rarefaction strength. Here, it should first be noted

that the initial rarefaction is quite weak for all the conditions analyzed;

its effect is accounted for in the wave diagram through its influence on

the interface velocity and the particle velocity in region 4, but the

slight pressure reduction at the source is not accounted for in calculat-

ing performance. Even so, it is relevant to ascertain the qualitative

effect of the plenum on this rarefaction, on the chance that it might make

the rarefaction more important.

For this purpose, consider the right end of Figlure 62(e). The

undisturbed portion of the "cold slug" is moving leftward uniformly at A

dimensionless velocity "aso ; there is however a rarefaction (moving left-

ward relative to the slug) to the right of which elements of the slug are

moving leftward more slowly, at velocity IUx (the interface velocity),

which is equal to the velocity of the elements of inflow to the right of

the interface. Pressure at the interface is = (I = t , where

subscripts 2 and 3 refer to the corresponding regions of the wave diagram,

Figure 63(a). Stagnation temperature in the plenum surrounding the hot

port will be denoted 70
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"At the port itself, there is quasi-steady flow from the reservoir

surrounding the port to the pressure .' and velocity (4 . Therefore,

T3 `"• 3

or in dimensionless variables,

and if the inflow is assumed isentropic,

where the approximate form is justified by the weakness of the rarefaction.

Now designate conditions without a plenum by ( )' and those with
a plenum by (".Also, define Ate P- o and AUX = U%•-UO

Note physically that if AOx= 0 there is no rarefaction and therefore

0= ; conversely, if 4& U % > 0, there has to be a rarefaction

and < 0--in other words, the magnitudes of •(4• and j
are directly related. Suppose one were to assume " Ug' then

and . -

or
A.)

TO,,
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which implies also that

A '<

contradicting the assumption U = (4 . The solution, therefore,

is one for whi:h has a smaller value than the above and A4.f <L4

-- i.e., the rarefaction is wea'.er with the plenum than without it. (Note,

this conclusion is also physically obvious: the fluid surrounding the hot

port has the same total pressure with or without the plenum, but a higher

total temperature with the plenum; hence, the inflow Mach number engendered

by the piston-like action of the right end of the cold slug must be lower.)

Qualitatively, the weakened rarefaction will allow the inflow to

penetrate slightly further into the duct before having its direction reversed

by the shock; however, since the rarefaction was weak even without a plenum,

this further weakening has an insignificant effect quantitatively. There

will also be a tendency for the strong supercritical flow at the source to

be relieved even less, prior to arrival of the strong rarefaction reflected

from arrival of the shock at the hot port, but again this effect is very

minor.

(3) Energy transport by inducted flow "bu'". Let AFI,'

denote the net total enthalpy transported out the hot port when it is

expelled [region 6 of the wave diagram, Figure 63(a,b)] and use the same ]
notation as before to denote conditions without and with a hot plenum.

Then

( C.
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According to the discussion of item (2) above, the distance , to

which the inflow penetrates the duct is affected little by the plenum.

Also, the strength of the transmitted shock which separates regions 3 and

5 is changed little by the plenum's presence ( . is increased about

2.5% in Case 6, where this effect is the largest), and hence the reflected

rarefaction also maintains about the same strength it had in the absence

of a plenum.

There is, to be sure, a slight increase in the exit velocity

X'f, ; however, this increase in kinetic energy per unit mass is offset

by decreased density, hence less total mass. Tracing this analytically,

note that since 1W , and since the shock strength is essen-

tially unchanged, the interface path is the same as before and therefore

Therefore,

NMI)

But

The first two factors are functions of the change in shock strength, and

are therefore essentially unity. Therefore, the density effect is given by

' FI

i•". -r-.
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As for Aw" , what is needed is the effective or net total-temperature

rise above T' I
-r*G T * T

7&, TO, TO.

The quantity in parentheses is dependent upon the transmitted shock strength,

and is therefore essentially the same with or without a plenum. (Note, how-

ever, that if the shock strength were accounted for, the effect would be in

a favorable sense.) Therefore,

(Asa"-- o - --

is the effect on temperature rise. Bringing together the effects on den-

sity and temperature rise, the net effect on total enthalpy transport by

flow "bu' is

(1+- - -~
-"• T',

In other words, to a first approximation, the plenum has no net effect on

energy transport by flow "bu'".
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Thus, the overall conclusion would appear to be that the pres-

ence or absence of plenums to receive the hot and/or cold flows is of

little importance to the actual performance of the device (though the use

of a hot plenum will have a very strong effect on the measured hot-output

temperature, serving to make the temperature measurement more meaningful).

This is based upon rather rough analysis, but there appears to be little

reason to expect the picture to change dramatically with more precise

analysis: for example, the slight beneficial effect due to shock strength

increase in item (3) would tend to be offset by the minor detrimental effect

on flow in the source region due to the weakened rarefaction in item (2).

Anticipated effects of exit port area changes. The wave-diagram

and associated performance analyses were done for the case in which the

cold and hot exit port areas, 4 and Oij respectively, are both

equal to the duct area 4 . Given the complexity of the total flow

pattern that occurs with nonsteady collection and the analytical difficul-

ties that arise even in this geometrically simple situation, the effects

of altering the exit port areas have not been examined by direct extension

of the basic wave-diagram analysis. Instead, qualitative effects of port

area are deduced on the basis of the salient physical features of this

flow pattern.

HOT PORT. If the effective hot-port area 41, is reduced, the

reflected rarefaction produced by arrival of the initial shock is reduced

in strength. When it arrives at the source, therefore, it will not rees-

tablish quite as vigorous a subcritical (splashing) flow as occurs with

= 1.0, and additional wave action will be required to bring the

pressure • (immediately to the right of the source) down to . The
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upshot of all this is that the total amount of "be" flow produced during

the cycle will be reduced, degrading performance since "bc" is the most

effective of the hot flows. Further reduction in WbI will so weaken

the reflected rarefaction that subcritical flow will not be reestablished

at all by its arrival, and further wave action will be needed even to

reach the critical condition. This will further reduce the total amount

of "bc" flow produced durirp the cycle and in addition will increase the

amount of "au" flow, which pollutes the cold flow. Further reduction in

0c*b will cause the shock to be reflected as another shock; when this

point is reached, supercritical flow continues for the entire cycle.

The trends corresponding to this process of closing down the

hot-port area are clearly decreasing cold-temperature performance (or

Ftemp) and increasing cold fraction (CF), the latter because less and less

"bc" flow occurs and more and more bypass flow occurs. Conversely, if

is increased by causing the flow to diffuse to a larger area, a

reduction in cold fraction and an improvement in cold-temperature perfor-

mance should result, due to increasing the velocity of the hot flows and

biasing the pressure difference across the source in such a way that the

average "bc" flow rate after reestablishment of splashing flow is greater

than normal. Things can only be carried so far in this direction, however:

as soon as sonic flow occurs at the end of the constant-area duct, further

changes of port exit area are meaningless. Since sonic outflow occurs

after arrival of the shock at the port for many cases examined (involving

combinations of the larger Ait and r values), effective increases in

o@ probably are not possible for most conditions of practical interest.

a~:1
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. -, Figure 70(a) illustrates the qualitative effects of hot-port

area changes deduced above. Note that the reasoning above with respect

to decreasing 0 16 leads, in the limit of = 0 , to CF = 1 and

Ftemp = 0. This is clearly the correct limit if the whole energy separa-

tor is viewed as an adiabatic black box: fluid is introduced at the cen-

ter of the rotor and all exits via the cold port, hence 1 = 1 and

"7= 7" (no tc)tal-temperature drop).

COLD PORT. If 0( is decreased, the recirculation considera-

tions alluded to earlier suggest that there woul.. be a range over which

decreases irn area would have little effect: one would simply be enclos-

ing the recirculation pattern depicted in the sketch of Figure 70(b). As

soon as the port area dropped below that normally occupied by the net exit

flow, however, the constriction of the flow would tend to raise the pres-

sure within the duct and to the left of the source. The reduction in

"available exit flow area would clearly reduce the cold massflow; however,

the rise in pressure on the left side of the source would tend to offset

the high pressure due to the shock on the right side of the source, thereby

reducing the amount of bypass flow and improving cold temperature perfor-

mance. As the area Cý04 tends toward zero, Ftemp should approach 1.0;

however, the cold massflow is approaching zero, so that we have the hot

fraction (HF) approaching 1.0 and the hot temperature approaching 'T

To increase the effective value of :., , it would be neces-

sary to contour the exit nozzle in such a way that the net flow shown in

the sketch of Figure 70(b) would attach to it, and then diffuse this flow

to a larger area; or some sort of ejector effect could be used. However,

there would appear to be little incentive to go to such lepgths: this

-3
-34

i ;•.d



318

CF

fr (sonic ;iow)
0

0±
6"

(a) Influence of Hot Port Area

Id

44A

(b)Inlunc o CldPot4re

Ef Iflece of Corlde Portangea



319

would depress the pressure in the duct to the left of the source, increas-

ing the net pressure differential S across the jet produced by the ini-

tial shock and resulting in more bypass flow, which is undesirable. Thus,

the possibility of increasing 04. by such means will be ignored.

Figure 70(b) illustrates the qualitative effects of cold-port

area changes postulated above. Note that the effect of decreasing area

is predicated on thp presumption of a recirculatory flow pattern some-

thing like that sketched; if instead the pumped flow is largely drawn in

from the surroundings with the bulk of the basic cold flow emerging as

in Figure 62, decreasing the cold-port area would interfere with this

inflow and have quite different effects perhaps. The basic trend once

So/, is le$s than the net flow area in the sketch of Figure 70(b)

should, however, still be valid.

Influence of effects neglected in basic analysis. The present

analysi!, has been simplified in a number of ways, and it is pertinent to i
ask how the theoretical results thus obtained may be expected to deviate

from reality. Several of the more important effects which have not been

analyzed explicitly are therefore discussed briefly below.

MASS STORAGE BUILDUP IN SUBSEQUENT CYCLES. As pointed out ear- I
lier, under certain conditions the mass of the "cold slug" stored during

the second sweep of the duct by the source is greater than that during

the first (cryptosteady) sweep. Under more severe conditions, there is

in addition a failure of the bypassed slug "au" to escape completely out

the "a" port, a portion therefore being trapped in the duct at the end of

the cycle. If one or both of these effects are present, the total massI

of fluid (excluding the pumped flow) present in the duct at the end of the
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second cycle is greater than at the end of the first; this implies that

the third cycle will have to differ in quantitative terms from the second,

probably with a further adjustment in mass storage, and so on until a

cyclic recurrence of conditions (dominated by mass storage) signals the

attainment of "steady" state.

This mass storage buildup effect increases fairly rapidly with
ilo , and much more rapidly with at 300, it is absent at Ro = 0.50

and 0.75, minimal at 1.00; but at 45' and especially at 600 it is severe.

This effect is the source of the uncertainty bands in Figures 65 through

67.

Qualitatively, referring to Figure 63(a), it may be noted that

since more mass which started out life as "ac" flow is being stored, more

of it will be transformed into "au" and "bu" flow components; thus, the

mass-storage buildup phenomenon would appear to imply deteriorating per-

formance in succeeding cycles as the "steady" state is approached. There-

fore, the "second sweep" performance calculations are presumably optimis-

tic wherever this effect is present. Because of this, the favorable influ-

ences of ( and DPR seen in Figures 65 and 67 are to be accepted with

caution: 45' may indeed be better than 300, but it is entirely possible

that by 600 the mass-storage effect wipes out the gains expected on the

basis of second-sweep calculations.

ENTROPY INCREMENTS DUE TO SHOCKS. At the conditions considered

in the wave-diagram and performance analyses, the shocks produce relatively

small entropy increments, and these are therefore ignored. However, con-

sider the "Comparison of Hammer and Stagnation Conditions" on page 157 of

Rudinger:38 two facts stand out. First, note that the largest value of
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Mo considered in the present analysis is 1.0, and that the ratio of

( •hammer/ #stagnation) is a maximum at approximately this Mach number.

As Mvc is increased further, therefore,, the decreasing ratio of /

implies that the pressure 4% established to the right of the source will

come closer and closer to the hammer pressure, which implies that the

shock is more and more nearly a hammer shock. (Indeed, at t = 2.14,

if the basic splashing pattern still behaved as it did subsonically, the

"b" flow would have a total pressure equal to the hammer pressure, and

the shock would be exactly a hammer shock At still higher . ,/'

and the shock strength would correspond to that ahead of a piston moving

rightward in FS from the source toward the leftward-moving cold slug.)

Second, note with the additional aid of Rudinger Table la that the entropy

increment associated with a hammer shock at (say) Mach 1.5 is several times

that at Mach 1.0; thus, shock-produced entropy increments increase to

appreciable levels rather rapidly as DPR is increased above the level indi-

cated in Figure 54 for any given . Looking at Figure 54, these effects

could become significant at pressure ratios around 2 to 3, and even much

lower for high IS.

Of course, all of this is only significant if the initial com-

pression formed when the shock appears at the left end of the duct at the

beginning of the cycle actually coalesces into a shock. Conceivably, the

effect of finite port width in combination with the dynamic behavio,- of

the jet itself could lead to a distributed compression wave which vwould

be isentropic. No detailed or comprehensive investigation in this respect

has been carried out, but in the one case in which this was examined (300,

Mo = 0.5) it was discovered that coalescence of the shock could not be

3.
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completely prevented unless the effective port-opening width amounted to

a little over 10% of the complete length of the duct. Realistic numbers

would seem to be a fraction of this--say 3-5%o--which implies that a con-

siderable amount of shock coalescence is to be expected. In the case

cited, full coalescence would appear likely by " 0.5 or before.

WAVE PROPAGATION THROUGH STRATIFIED MEDIA. T.hK most basic, per-

vasive departure of the analytical model from physical reality lies in

the application of nonsteady one-dimensional flow analysis techniques to

a problem wherein .ae flow in the duct is actually stratified. This

would also be by far the most difficult effect to assess analytically,

but it clearly calls for comment. The expectation of the writer is that

this effect would not change the qualitative nature of the nonsteady col-

lection process, but that the magnitude of the penalties would not be as

large as those which have been calculated. In particular, the flow strat-

ification would presumably lead to formation of what would basically be

an oblique initial shock rather than the normal shock implied in the anal-

ysis; this would involve a lesser rise in f.* , and would also lead to

somewhat earlier perturbation relief because of higher propagation veloc-

ity. Thus, in this respect at least, the results of the present analysis

are probably on the pessimistic side.

The general suggestion that emerges from this exploration of

effects not included in the basic analysis is that the estimates of per-

formance are probably somewhat on the optimistic side, although the strat-

ified-media wave propagation effect may be an offsetting factor. Further-

more, these additional effects tend to become more important with increas-

ing pressure ratio and especially with increasing ( , which implies that

--I~-
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the favorable influence of these factors on performance is not as strong

as indicated in Figures 84 and 86 (or more properly for Figure 86, the

detrimental effect of ý is stronger than that calculated).

Summary of principal nonsteady collection effects on performance.

The basic conclusion reached on the basis of the nonsteady collection anal-

ysis is that nonsteadiness in the collection process is inherently detri-

mental to performance. This conclusion is rooted in the fact that during

each cycle, or sweep of the duct by the source, a portion of the "a" flow

is trapped in the duct at the end of the cycle. During the next sweep,

this slug of fluid is essentially chopped in two by nonsteady effects on

the source flow, after which one fragment leaves via the "a" port and the

other is forced to leave via the "b" port instead; this reduces the net

massfiow out the "a" port below the cryptosteady level. Furthermore, the

fragment leaving via the "a" port has a higher total enthalpy than the

cryptosteady "a" flow, and that leaving via the "b" port has a lower total

enthalpy than the cryptosteady "b" flow, with the result that the degree

of energy separation effected is reduced. In addition, if the collector

channel height is appreciably greater than the nozzle width (measured in

the plane of rotation), there is a strong pumping effect which increases

the flow out the hot port while reducing that at the cold port.

Figure 71 summarizes salient features of the flow phenomena

revealed by the nonsteady-flow analysis. In 71'a), all the flows are

depicted except flow "bu"', which is inducted and reexpelled at the hot

port during the early portion of the cycle. The source flow "n" is, in

effect, divided into four flows--the cryptosteady components "ac" and

7 -."bc" and the unsteady components "au" and "bu". Flows "ap" and "bp" are
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"pumped" fluid: the slug "ap" drawn in from the left during one sweep

of the source is expelled at the right as slug "bp" in the next sweep.

In Figure 71(b), the flows which originated at the source are

lumped into "basic" flows "a" and "b", while the distinct character of

the p"-'iped flow is still indicated. Since energy separation is a process

in which an initially uniform flow is divided into two (or more) flows

having different energy levels, it is clear that the "basic" flows inso-

far as energy separation is concerned are those so denoted in Figure 71(b).

However, the energy level of flow "a, basic" is decreased below that of

the fluid introduced into the rotor not only by the energizing of flow

"b, basic" but also by two additional effects: (i) the indrafted flow

"bu'" (not shown in Figure 71) is energized by wave action and therefore

transports more energy out than it came in with, aad (ii) the portion of

the jet between slugs "ap" and "bp" does work on the pumped flow, behav-

ing in that region like a pseudoblade in a bladeless pump.

The cold massflow rate produced is reduced below the cryptosteady

value even without pumping, and is reduced a great deal further by pump-

ing. The first statement can be understood by looking at Figure 71(a):

the shaded slugs "au" and "bu" would both exit as part of the uniform,

cryptosteady "ac" flow in cryptosteady operation, but of course in non-

steady operation the "bu" slug is pushed out the hot port instead. As

for the effect of pumping, consider Figures 71(b,c). Figure 71(b) depicts

the idealized, inviscid situation in which flow "a, basic" leaves while

cold-ambient fluid is drawn in next to it to fill the space behind the

rightward-moving source. However, it is suspected that in reality the

flow pattern is more like that depicted in 71(c)--the upper layers of the
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basic jet are peeled off in sufficient quantity to fill the deadwater

region, leaving only a fraction of the flow to actually emerge from the

port. The picture in 71(b) was used as a model in order to estimate the

pumped massflow, with -r"*€ (the cold-ambient temperature) taken to be

equal to the total temperature of the cold flow in FU.

Figure 71(c) depicts the "net" flows which appear at the ports

and would be measured experimentally. At the cold port, the stratifica-

tion of flow "a, basic" seen in 71(a) is not accounted for, and therefore

-- " # = (T'a)nt . (Note that the effect of stratification

would be to degrade cold-temperature performance further, since the upper

layers which would be peeled off consist of the colder "ac" fluid.) The

pumped flow subtracted from the cold flow is added to the hot flow, but

its total temperature even after being energized somewhat by the pumping

action is much less than Tor basic; thus, the mass-average temperature

( tj ),t of the total flow emerging from the hot port is considerably

reduced by dilution.

Finally, then, it is instructive to compare the flow pattern in

Figure 71(c) with the pattern in 71(d), which would be obtained in crypto-

steady operation. In cryptosteady operation, the cold flow is a large

fraction of the total flow entering the rotor, and may fill most of the J

cold port if is small; the hot flow is a small fraction of the total

flow, fills only a small fraction of the port, and is very hot. The con-

trast with the nonsteady situation in 71(c) is dramatic: here, the cold

flow is much reduced and occupies a rather small fraction of the port area,

while the hot flow fills the port and exhibits a greatly reduced mass-

average temperature.

W4
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"Furthermore, the measurement of this hot output temperature

presents a different problem than in the cryptosteady case, because the

hot flow is both stratified and undergoing strong wave processes, includ-

ing an inflow phase. As a result, the wave diagrams show that major errors 4

in hot-temperature estimation can easily result experimentally if the

port--a technique which is quite acceptable for cryptosteady operation

(aside from matters of probe error related to heat transfer 'etails). In

particular, if the hot port discharges to ambient (rathr than a plenum),

ambient temperature is felt during the inflow phase, and this further wors-

ens the error in indicated hot output temperature. It is worth noting in

this context that when a configuration similar to that of Figure 71 was

tested several years ago at Re'sselaer Polytechnic Institute, tne "a" out-

put was quite cold but the "b" output temperature as measured with a probe

in the exit port was anomalously low, relative to what would have been

expected on the basis of strictly cryptosteady operation; output massflows,

however, were i:-t measured. That relatively good temperature drop on the

"a" side should have been obtained together with practically no indicated

temperature rise on the "b" side is entirely consistent with the results

of the nonsteady collection analysis.

Finally, it is interesting to observe that Figures 71(c) and

71(d) provide a handy physical picture to aid in remembering the effects

of port area changes with nonsteady collection. It has been reasoned, on

the basis of various details of the flow process, that a small cold port

and a large hot port are desirable; and this is exactly the sort of con-

figuration that suggests itself most directly simply by glancing at Figure
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71(c). It is also, it should be noted, the exact reverse of what one

would have thought on the basis of purely cryptosteady flow, pictured

in Figure 71(d).

4

F /
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PART IV

DISCUSSION AND CONCLUSIONS

A. Review of Principal Findings

The present paper has been devoted primarily to an examination

of the performance capabilities of the Foa energy separator (FES). How-

ever, an attempt has been made to place this treatment in its proper con-

text within the field of energy separation as a whole by giving attention

also to the predecessors of the FES, the Ranque-Hilsc. vortex tube (RHT)

and the dynamic pressure exchanger "divider" (DPE). In the case of the

RHT, this includes a new performance analysis of a sort appropriate for
-I

the present contextual interest. A similar treatment of the DPE was infea-

sible, however, and the open literature on its performance characteristics
A

is quite limited; therefore, the discussion of the DPE is confined to

Appendix A, where performance characteristics are transformed from the

format usual in DPE literature into one which is more convenient for

present purposes.

1. The Ranque-Hilsch Tube

It is of interest in the present case to have an estimate of the
performance bounds within which RHT performance can always be expected to

lie, in order to permit meaningful comparisons to be made with the pres-

ent theoretical findings regarding the FES. No theory was found in the

literature which would serve this purpose, and a new analysis has there-

fore been carried out.

In contrast to most previous analyses, the present treatment

deals with the uniflow configuration rather than counterflow: it is

329
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"observed with the aid of experimental internal flow data reported in the

literature that the two devices are basically equivalent, and that such

minor differences as do exist probably give a slight performance advan-

tage to the uniflow device. This choice enables an analytical model to

be employed wherein--for "upper bound" performance calculation purposes--

nothing at all must be assumed about the internal flow details (aside

from ignoring the influence of wall friction, the justification for which A

is discussed). Instead, it is assumed on physical grounds that the ter-

minal flow condition within the tube before flow extraction is that of a

turbulent, compressible forced vortex with uniform axial velocity. Then

the conservation equations for mass, angular momentum, axial momentum, and

energy are applied to relate these terminal conditions to those of the

flow entering through the injection nozzle. The axial momentum equation

has not been utilized in previous theories, and yet is a fundamental key

to defining the relationship between performance and pressure ratio; as

a result, earlier theories must supply the missing information by means

of questionable assumptions or empirical constants which are not needed

here. q

Exit losses that are inherent and peculiar to the RHT are also 2

taken into account, after which overall performance characteristics are

generated as a function of cold fraction and pressure ratio. As with the

axial momentum equation, exit losses have not been introduced explicitly

into any previous theory known to the writer, and these too are of funda-

mental importance. Indeed, it is found that they are likely to be the

largest single source of loss in the RHT, outweighing the internal losses;

and they are inevitable, because they spring from the necessity to uniformize
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a flow whose nonuniformity is an essential feature of the RHT energy sepa-

! ration mechanism.

Consideration of exit losses also leads to the observation that

"[ any given fixed-geometry RHT has a definite design point, and off-design

operation will lead to losses over and above those considered in the basic

analysis, which corresponds to a performance envelope rather than a pre-

diction for any single geometry. The theoretical implication is that the

classical experimental behavior wherein the temperature drop goes to zero

as cold fraction is reduced to zero (Figure 4) is strictly an effect of.

the mismatch between orifice size and cold flow rate. In the writer's

view, this is also firmly established by experimental observations extant

in the literature.

The theoretical "upper bound" performance curves predict, as do

several previous theories, the qualitative and approximate quantitative

performance of the RHT. The qualitative aspect is relatively inconsequen-

tial, as has been discussed in some detail. The quantitative results are

more to the point, however, and here it is pointed out that the present

predictions are achieved with a minimum of simplifying assumptions and

without any usp :if empirical "calibration." Furthermore, wherever it has

been possitle to check various detailed implications of the theory against

experiment, the two have proven to be in harmony: for example, the exper-

imentally established presence of a core with recirculation near the inlet

plane is to be expected theoretically, and the experimentally observed

behavior of maximum refrigeration capacity as a function of pressure ratio

is entirely consistent with theoretical expectations. Finally, the theory

succeeds in bracketing the best experimental RHT data known to the writer,
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which as an "upper bound" treatment it must do if it is to be of signifi-

cance;, and it does so by a margin wh4cn looks entirely proper: overall,

the "upper bound" performance is a little less than twice that obtained

experimentally. It is concluded that the present theory reflects the

energy separation mechanism of the RHT with better fidelity than previous

treatments, both on tne basis of the success of the present analysis and

in consideration of the shortcomings in previous analyses that made the

present one necessary.

On this basis, it is also concluded that the limitations on RHT

performance which have been recognized for at least two decades are indeed

inherent. Additionally, presently achieved experimental performance is

a large fraction of the ultimate potential of the device, since part of

the favorable performance of the "upper bound" curves is traceable to

analytical assumptions which could never be fully achieved, For example,

noting the fact that exit losses are more important than internal losses,
the latter are neglected altogether, whereas in fact there is an apprecia-

ble entropy rise associated with the internal flow process. Another fea-

ture of the analytical model is the assumption of uniform axial velocity

at the terminal plane, whereas typical exit flow boundary conditions (axial

extraction) cause the flow to depart very considerably from this state.

Improved extraction techniques can, in the writer's expectation, improve

the uniformity of the terminal-plane flow very considerably, but complete

uniformity is not to be anticipated. Thus, the "upper bound" curves do

not represant least upper bound performance, but rather are strictly gen-

erous to some extent. The writer's feeling is that the true limit on
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achievable RHT performance probably lies about halfway between the best

achieved to date and the "upper bound" curves.

Of course, the "upper bound" performance theory is a two-edged

sword: it establishes definite limitations--and optimistic ones, at that--

on the performance potential of the Ranque-Hilsch tube, but it also con-

tains elements suggesting that considerable incremental gains over present

performance are possible within these limits. For example, the uniflow

configuration with improved output flow extraction techniques might well

be capable of performance 25% to 50% better than that achieved heretofore

with the standard counterflow configuration.

2. The Dynamic Pressure Exchanger "Divider"

A few brief observations concerning the DPE may be made on the

basis of Appendix B. However, it must be remembered that the data base

here is very narrow, consisting of experimental data only. The extent to

whicl' the fundamental capabilities and limitations of the DPE are fully

reflected in the data is not known; however, it is presumed that the orig-

inators of the data would have pointed ouc major discrepancies between

experiment and theory if such were recognized to exist. This is not done

in the literature examined by the writer.

The peak cold-output adiabatic efficiency (equivalent to turbine

efficiency) found experimentally is about 80%, a rather high value, and

this tends to occur at a relatively high cold fraction. Therefore, at low

pressure ratios at least, the performance of the DPE is very good. How-

ever, as may be seen in Figures A-5 and A-6, the reported experimental

behavior of the DPE includes a strong adverse dependence of optimum cold
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[ • ) -~fraction (i.e., CF corresponding to maximum temperature drop) on pressure I
ratio: by a pressure ratio of 1.4, the optimum cold fraction according

to Figure A-6 is already down to about 0.6. Clearly, this effect alone

is potentially sufficient to degrade overall performance very substan-

tially at somewhat elevated pressure ratios if the trend continues. The

extent to which it does so must remain a matter for conjecture since the

reported data are limited to low pressure ratios, but it shows little

sign of abating within the range of available data.

3. The Foa Energy Separator

The basic equations needed for prediction of FES performance,

termed "core performance" equations, have been developed for both the

external-separation and internal-separation configurations. In both cases,

the dependence of performance on driving pressure ratio and cold fraction

(through the massflow ratio AA = • ) is of course a basic ingredient,

the geometric control variable for both being nozzle inclination for external

separation and the ratio of nozzle areas for internal separation. The

effects of nozzle efficiency, rotor torque, prerotation, and inequality

of discharge pressures are also assessed for both designs; in the external

separation case, the matter of uneoual discharge pressures necessitated

an analysis for the impingement-deflection region to enable assessment of

the effect on .,i , and this introduces a strong dependence on the channel

height factor, • . The effect of diverting the deflected flows "a"

and "b" into separate collection spaces in a cryptosteady manner is treated

for the simple external-separation geometry wherein this is accomplished

by offsetting the plane of flow from the plane of rotation by some small
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angle. The equivalent of this in the internal-separation design is the

no/zle inclination, and the effect of nozzle inclination is included.

Additionally, the effects of unequal nozzle inclinations and nozzle effi-

ciencies are considered for the internal-separation device.

The equations are developed in such a manner that the nonlinear

interactions among variables are included, which renders them suitable

for detailed design optimization studies. For present purposes, however,

their application is illustrated by first considering "baseline" charac-

teristics which display the basic behavior of the FES, and then assessing

the performance modifications brought about by the other variables when

introduced separately.

Baseline performance characteristics show that the FES is inher-

ently a high-cold fraction device, and that maximum temperature drop is

a large fraction of the limiting value set by thermodynamics. Prerotation

can further substantially improve performance, though not indefinitely:

for a given configuration and with other variables held constant, there

is an optimum prerotation corresponding to minimum velocity (in FU) of

the cold output flow.

Cold output performance of the FES is insensitive to small

amounts of resisting torque, though larger torques have a detrimental

effect. Therefore, moderate amounts of bearing friction can be incurred

without significantly degrading performance. Of course, this comment

does not also apply to the hot output, since whatever energy is removed

from the cold flow as shaft output (frictional or otherwise) is not avail-

able to energize the hot flow. Therefore, if the hot output is of direct

,ii,
IL
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use, such as in pressure boosting, rotor torque becomes a more signifi-

cant matter.

The effect of nozzle efficiency, in the absence of other per-

turbing effects and with equal efficiencies in the case of internal-sepa-

ration, could hardly be simpler: performance is linearly proportional to

m .i~ Furthermore, it is found that in the internal-separation case the

maximum temperature drop obtainable is essentially dependent upon the "a"

nozzle efficiency alone. The "b" nozzle can be less efficient (as it may

inldeed be, due to turning losses) without causing any decrease in obtain-

able performance; the only penalty paid in cold output performance is

structural, in that a higher rotor speed is involved.

An application wherein "b" nozzle efficiency would be of more

intrinsic concern is that of pressure boosting. Presumably, the "b" noz-

zle efficiency could be improved, to the extent that it may be degraded

by turning losses, by reducing its inclination. It is found that a large

Sreduction of Pb below has the effect, when considered by itself,

of shifting the point of maximum temperature drop to a lower cold fraction

and causing substantial energy separation to be maintained well below the

baseline lower operational limit of CF = 0.5. Since in an application

utilizing the hot output an appreciable hot fraction is needed, the reduced

cold fraction capabilities are entirely relevant.

Finally, it is interesting to observe the effect of unequal dis-

charge pressures on performance, particularly since the effect is not the

same for the two forms of the FES. A positive + ( b larger than

causes the external-separation rotor to slow down due to the increased

average pressure at the nozzle exit, whereas it causes the internal-separation
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rotor to speed up due to a decrease in the tangential momentum of the "b"

flow. In both cases the cold fraction is increased. In the first case,

this is accompanied by a slight decrease in the magnitude of the tempera-

ture drop, thanks to the rotor leceleration, but the effect on cold frac-

tion is very much more pronounced; therefore, a given configuration oper-

ating at a cold fraction less than the optimum value has its performance

improved overall by increased "b" flow back pressure. In the second case,

the increased crId fraction is accompanied by an increase in the tempera-

ture drop if initial operation was at a cold fraction less than the opti-

mum, so again the performance is improved. In either case, however, if

the device is initially designed to operate at the theoretically optimum

cold fraction, the effect of a positive •j, will be detrimen.al, since

it will cause the operating point to essentially start moving upward with

increasing cold fraction toward the zero-drop condition which holds at

CF = 1.0.

In addition to the core performance equations, consideration

was given to two collection effects which appear particularly salient

for the external-separation configuration. One such effect was the possi-

bility of viscous reattachment of the deflected flows through mixing with

the deadwater region, which could occur if the channel is long enough.

It was found that this can produce a gain in performance, resulting from

t decreased final "a" flow velocity in the laboratory reference frame; this

is brought about by increased rotor velocity and a decrease in the "a"

flow velocity in the rotor-fixed reference frame. However, if the chan-

nel height is made too great, the effect is not beneficial but detrimental.

Second, an examination was made of the effects of flow non-
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steadiness in the collection process, brought about by the use of turning

vanes in FU to separate flows "a" and "b". It was found that the non-

steady effects so produced are very large, and that they are inherently

detrimental to performance, reducing both the magnitude of the tempera-

ture drop and the cold fraction. The most basic problem is that a large

fraction of the total "a" flow leaving the neighbo, hood of the nozzle dur-

ing the time it sweeps from one turning vane to the next fails to escape

out the "a" port, being trapped instead within the channel. During the

next sweep by the nozzle, the nozzle flow interacts with this slug of "a"

fluid in such a way that it is effectively chopped about in half, part of

it progressing the rest of the way out the "a" port and the other portion

being forced out the "b" port instead. This brings about a substantial

reduction in cold fraction; furthermore, the half of the slug that suc-

ceeds in eventually exiting by the "a" port has been energized by wave

action so that its total temperature is higher than that of the crypto-

steady component of the "a" flow. An additional effect which acts to

further reduce the cold fraction is a pumping effect, which transports

fluid from the "a" side to the "b" side. This effect is a strong func-

tion of channel height: it may be of little importance if the channel

height factor is close to unity, yet is theoretically capable of com-

pletely eliminating any net "a" flow in some cases if the channel height

factor is in the neighborhood of 2.0.

Thus, it is anticipated theoretically that nonst-ady collection

will cause some degradation in temperature drop and, much more dramati-

cally, in cold fraction. As a result, the output flow may be quite cold--

though not as cold as with purely cryptosteady operation--even though the J

M _ _ _
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Y, hot output is not very hot. Furthermore, if the attempt is made to mea-

suri the hot output temperature with an ordinary probe placed in the exit

port, substantial reading errors are to be expected due both to the fact

that there is a period of inflow at the hot port and to the fact that the

exit flow is highly nonuniform; and these errors are in the direction of

underestimation of the true temperature. These considerations appear to

explain the experimental observations made on a device of this type sev-

eral years ago, wherein very cold air was indeed produced but the hot out-

put temperature as measured with a probe in the "b" port was hardly dif-

ferent from ambient. This appeared to be in violation of energy conserva-

tion, since the cold fraction to be expected on a cryptosteady basis was

large; but it is seen that due to nonsteady effects, the cold fraction

must in reality have been small, and substantial measurement errors were

doubtless also present.

B. Some Comparative Observations

1. Foa Energy Separator and Ranque-Hilsch Tube

In comparing the merits of machines which are candidates for

application to a given task, two considerations of great importance are

those of performance and mechanical simplicity. The importance of per-

formance is obvious, but if this is purchased at the expense of inordinate

mechanical complexity in a given device, this can quite easily override

performance considerations. Simplicity in a device is an important key

to the achievement of important features such as low cost and reliability.

In this respect, there would appear to be definite tradeoffs to be made

between the RHT and FES.
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First, with regard to performance, there can be no question that

the FES is markedly superior to the RHT. To support this statement, a

comparison will be made between the "upper bound" theoretical performance
of the RHT and an internal-separation FES having nozzle inclinations of

750, an "a" nozzle efficiency of 0.9, and no prerotation. Thus, in order

to establish conclusively the performance superiority of the FES, the

present comparison is made on the basis of a strict overestimate of RHT

performance potential in conjunction with a version of the FES which lies

well short of the theoretical maximum. Additionally, since the present

paper has not treated FES performance perturbations which may arise at

high pressure ratios, the comparison is confined to relatively low pres-

sure ratios where RHT performance is at its best in terms of efficiency.

The comparison will be made in terms of Fulton's "turbine crite-

rion" efficiency,14 which amounts to the product of cold-output adiabatic

efficiency and cold fraction. For the FES configuration considered, use

of Figure 46 (interpolating easily since temperature drop is proportional

to • ) gives a peak value for cold-output adiabatic efficiency of 0.67,

occurring at CF = 0.90, so that the peak turbine-criterion efficiency is

0.60. Using the RHT "upper bound" performance curves of Figure 25, it is

found that at a driving pressure ratio (DPR) of 1.5, the peak turbine-cri-

terion efficiency is 0.39 (obtained at CF = 0.58) and that at DPR = 3.0 I
the peak efficiency is 0.33 (obtained at CF = 0.55). Thus, at DPR = 3.0

the theoretical peak performance of the conservatively selected FES is

about twice the "upper bound" peak performance of the RHT. Noting the gener-

osity of the "upper bound" RHT performance predictions and the expectation

that proper design and development of the FES can produce performance bet-

:!
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ter than that assumed, the true disparity in obtainable performance of the

two devices is probably given more nearly by a factor of anywhere from 3 to

5, depending upon the pressure ratio and perhaps other variables.

With respect to mechanical simplicity, however, the RHT has no

peer: the FES has only one moving part, a rotor which itself is simple,

but the RHT accomplishes energy separation with no moving parts. Better

than this, one obviously cannot do. Therefore, in any application wherein

power consumption and airflow rate (or more generally, gasflow rate) do

not impose significant constraints as compared to the desirability of an

ultimate in mechanical simplicity, the RHT largely retains the advantages

it has always had. Wherever there is a premium on efficient performance,

however, the slight increase in mechanical compikxity that goes with the

FES rapidly becomes acceptable. In this regard, it is suspected that major

applications of the FES will prove to be in areas which simply cannot be

served by the RHT in any case due to its inadequate efficiency.

2. Foa Energy Separator and Dynamic Pressure Exc, nger

Any quantitative comparison here would be hazardous for several

reasons. For one thing, the comparison would involve theory (FES) against

experiment (DPE), which may inadvertently penalize either device relative

to its true performance potential. Furthermore, the data base for the

DPE is very narrow, both due to its restriction to very low pressure ratios

and because the data does not extend to a high enough cold fraction to

accurately locate the maximum "turbine criterion" efficiency point (Figure

A-5). The most that can be said, therefore, is that at a pressure ratio

in the neighborhood of 1.5, the DPE and the FES configuration selected

above would appear to be comparable. The strong trend of optimum cold
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fraction decreasing with pressure ratio in the case of the DPE (Figures

A-5, A-6) suggests that with increasing pressure ratio, peak DPE perfor-

mance would probably tend to drop below that of the FES, so that the DPE

is most interesting at low pressure ratios such as the range for which

data is presented. It is worth noting in this regard that the DPE is

stated in the DPE literature13 to give best performance at low pressure

ratios, staging being possible if larger overall pressure ratios are needed;

the basis for this statement is, however, the adverse effect of increasing

pressure on the product efficiency (product of turbine and compressor effi-

ciency) which expresses the efficiency of pressure exchange.

Thus, from a performance standpoint, the DPE does not possess any

clear advantage over the FES, and indeed the opposite would appear to be

the case. Therefore, it is particularly significant to note that the DPE

is also much more complex than the FES, both mechanically and analytically.

As a result, while realms of application may exist that favor use of the

DPE rather than the FES, it is not at all clear what these applications

would be.

3. The Generalized Energy Separation Performance Plot and Its
Special Cases

Figure 72 sunmmarizes the qualitative behavior of energy separa-

tion devices, part (a) presenting a generic plot while part (b) illustrates

each of the three special cases. As seen in Figure 72 (a), the hot-output

temperature rise is zero at some minimum CF which signals the lower oper-

ational boundary of the device, and rises with increasing CF to some finite

nonzero value at CF = 1. The cold-output temperature drop is zero at CF

but increases as CF is reduced until a maximum occurs for some value of CF;
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further reductions in CF result in a decrease in the temperature drop. At

CF = 0, the temperature drop may or may not be nonzero; if the hot-output

curve emanates from the CF = 0 origin with a nonzero slope, then nonzero

temperature drop occurs here. If CFmin is greater than zero, however,

the temperature drop at CFmin is necessarily zero by virtue of the energy

balance between the hot and cold outputs.

In Figure 72(b), the first sketch is for envelope performance

(theoretical or experimental) of the RHT. CFmin = 0 in this case, and

here the temperature drop is not only nonzero but a maximum for a given

pressure ratio. Temperature drop decreases steadily in magnitude as CF

is increased. The second sketch is for the DPE; the solid curves refer

to the range within which actual data has been examined, while the broken

line extensions are based on presumed behavior. It is seen that in this

case, the value of CF for which maximum temperature drop is obtained is

large, tending toward unity as the pressure ratio tends to 1.0; a nonzero

temperature drop at CF = 0 appears likely. The third sketch pertains to

the FES, whose basic performance characteristics are best represented by

the solid "baseline" curve: CFmin in this case is greater than zero (equal

to 0.5), and the maximum temperature drop occurs at a very iarge cold frac-

tion. As a result, the hot-output temperature curves are very strongly

concave upward and steep overall. A striking practical difference between

the FES and the other two energy separation devices is indicated qualita-

tively by means of the broken lines: due to the availability of a number

of control variables, the basic operating characteristics of the FES may

I actually be shifted around dramatically. Indeed, while there are unques-

tionably practical limitations on this, there is no region of the cold-

IH
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t output portion of the performance plot that cannot, in principle, be

reached with an appropriate FES design. The inmplication of this is that

in terms of flexibility and applicability to widely varying tasks, the

FES is unisurpassed.

gI
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APPENIDIX A

OBSERVATIONS ON THE DPE DIVIDER

Introductory Comments

As explained in the INTRODUCTION, the principal focus of this

study is the Foa energy separator (FES), but the attempt has also been

made to place it in proper context within the field of energy separation

as a whole, and in so doing to present a more unified view of this field

than would seem to have appeared previously. There is an entire body of

literature on the Ranque-Hilsch tube (RHT), and another--evidently much

smaller--body which deals with the dynamic pressure exchanger "divider"

IDPE), but never the twain do meet. Even the format for presentation of

performance data that is standard in the DPE literature is totally dif-

ferent from that used for the RHI. Adding to this situation the fact

that very little has been published at all on the FES, one can readily

see that it is desirable to pull some loose ends together.

The purpose here is to carry out a translation of some repre-

sentative DPE energy separation data into the desired format, and to make

a few observations on that basis. The data used below to this end have

been extracted from Azoury;4 additional data were not felt to be necessary

for this limited objective, but it is also worth noting that the open lit-

erature seems to contain little such data. For example, Kentfield, whom

Azoury credits as the source of the experimental data he presents, him-

self discusses pressure-boosting performance in a paper published in 196813

but includes nothing on energy separation. It is interesting to note in

passing that both of these papers discuss the divider as one possible
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configuration in which the DPE can be used, other uses being discussed

also (e.g., Azoury discusses its use as an "equalizer," as a gas generator,

as a thrust generator, and as a thrust augmentor); thus, the context in
which the divider is presented might be characterized as "the set of pos-

sible distinct uses of the DPE" rat sr than as "the set of possible dis-

tinct techniques for achieving energy separation," the latter more nearly

describing the present context.

Transformation of DPE Performance Data into "Standard" Format

Energy separation characteristics are normally presented as a A

function of cold fraction CF at constant values of driving pressure ratio

DPR (compare Figure 4) and this format has also been used for-,the FES.

It is therefore desired to transform the DPE data into this "standard"

format.

Performance characteristics of the DPE divider ate normally pre-

sented in a very different fashion, utilizing the plane depicted in Figure

A-1. The ordinate and abscissa are, respectively, the ratios of hot-out-

put total pressure p, and cold-output total pressure +* to the input

total pressure . The slant lines are for constant values of the

"overall" pressure ratio, fH /f.

Figures A-2 and A-3 present experimental divider performance.

Figure A-2 pertains to pressure-boosting performance, the performance

criterion being the combined efficiency 11, (equivalent to the product

of a compressor and turbine efficiency); Figure A-3 presents cooling per-

formance, and is therefore the one relevant to the present discussion.

The lines of constant overall pressure ratio shown in Figure A-i have
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been deleted, since they are not needed for purposes of the present dis-

cussion and the clarity of th^ olot is improved; lines of constant enter-

ing M~ach number contained in the original pressure-boost map of Azoury '

have also been deleted for the same reason.

Figure A-4 illustrates the manner in which DPE cooling perfor-

mance data has been extracted from the cooling performance map for trans-

formation into the standard format of Figure A-5. Art expanded qualita-

tive picture is shown for a portion of the cooling performance map of

Figure A-3, which has two families of curves: cold output temperature

curves (solid) and refrigeration curves (broken). The point of maximum

•/ib• on each temperature curve is located as nearly as possible,

and a line of constant •/ drawn tangent to it. Readings are then

taken at each point where this vertical line intersects a refrigeration
e1

curve: the value of ¢.'- is read directly from the refrigeration

curve, while the value of •r-r is interpolated between the two adja-

cent temperature curves. Where the vertical line strikes the )i•/j" = 1.0

axis, which will be referred to later as the "cutoff" point, both n'•.'•
and ¢•.•r-r,-

an Vare necessarily interpolated.

Transformed DPE Energy Separation Performance Plots

Figures A-S and A-6 have been generated with data thus extracted

from the map of experimental DPE cooling performance. Figure A-S basically

presents the lower half of a standard (a la Hilsch, Figure 4) plot of DPE

performance; data for what would be the upper half is not present in the

original performance map, but could of course be readily generated by

assuming an adiabatic system (presumably a reasonable approximation) and
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using conservation of total energy from input to outputs. Figure A-6 per-

tains to conditions at the minimum of each constant- ,'/e plot; the

locus of these minima is indicated in Figure A-5. In each Figure, the

raw readings as extracted from the original map are indicated as well as

the fairings, to help the reader gauge the reliability of the fairings.

Referring to Figure A-5, it will be noted that the complete

cold fraction range 0 - CF ! 1 is not covered for a given value of I/•.

It can be seen in Figure A-3 that as CF-el, the range over which data

was obtained is exceeded ( 09'/•' increasing), whereas as CF--0, the

"cutoff" point 1• • .0) is reached before CF = 0. For the CF---*]

condition, it is clear that the fairing must be qualitatively as shown,

with temperature drop vanishing at CF = 1, since otherwise the tempera-

ture of the fluid trapped within the DPE would tend to inf.iity. The

fairings may be in considerable quantitative error, though, since no data

is available in that region. As for the "cutoff" condition, this would

appear to reflect the influence of viscous effects and the like, since it

is easily showrn that for equal inlet and hot-port opening times (a condi-

tion which is approximately satisfied in the configuration on which the

subject data was obtained) the cold fraction should go to zero at

ew•= 1.0. Indeed, it is inferred that this is the reason for select-

ing 1.0 = 1.0 as the lower limit for the performance-map plane, Figure 1.

It is presumed, both on physical grounds and by observing the behavior of

Figure A-5, that nonzero temperature drop most probably occurs at CF = 0;

however, the "cutoff" line is simply indicated, rather than extrapolating

the curves.

I
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In Figure A-6, the cold fraction CF opt at the minimum of the

constant- j/j,• curve of Figure A-5 is presented as a function of

/PO-Ac ,as is the value of the maximum cold-side adiabatic efficiency

c 1c)"ex which occurs at the same point. For each temperature curve,
i Figure A-3, the rightmost point of the curve was selected by eye as in

SjFigure A-4 and the value for CF calculated; points thus obtained are

plotted in both Figures A-5 and A-6 as clear circles. The fairing of

these points shown in Figure A-6 is taken as the actual estimate of CFopt;

note that the "CFopt locus" fairing in Figure A-5 has been made to corres-

pond to the fairing in Figure A-6. The value for (Z)- 1 x was calculated

with the actual temperature drop noted on the temperature curve and the

ideal temperature drop based on the value of e7/111 pertaining to the

tangent vertical line depicted in Figure A-4.

Discussion

Looking at Figure A-5, one notes that at least at low pressure

ratios--the only regime where data is presented--the maximum temperature

drop occurs at a large value of CF. This is in marked contrast to the

RHT, which achieves its maximum temperature drop at a low cold fraction

(of the order of 0.3 for a typical counterflow device). It is qualita-

tively similar in this respect to/the FES, which produces maximum temper-

ature drop at large cold fractiog's.

Figure A-6 shows furthermore that, except at very low pressure

ratios, the cold-side efficiency is relatively high: above about

14- = 1.2, the efficiency at the point of maximum temperature drop

(hence maximum adiabatic efficiency) is about 80%. If this persists to
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'.igher pressure ratios, the DPE is superior here too to the RHT; however,

it is important to note in this regard the low pressure ratios at which

all the CPE data were taken. The maximum driving pressure ratio f./j

pertaining to any point plotted in Figure A-3 is about 1.5, which may be

compared with pressure ratios of 1.5, 3, 6, and 10 in the Hilsch RHT data.

Calculating cold-side efficiency for the Hilsch data at the maximum-tem-

perature-drop points, one finds behavior which is qualitatively the inverse

of that plotted for the DPE in Figure A-6: RHT efficiency initially drops

off with increasing DPR, but tends to flatten out at around 40% by a pres-

sure ratio of about 3.0. At a pressure ratio of 1.5, the peak cold-side

adiabatic efficiency from the Hilsch data is also about 80%--i.e., about

the same as what one would get for the DPE by projecting the curve of

Figure A-6 to DPR = 1.5. This near identity is a coincidence, but points

out that it is operation at higher pressure ratios that is of primary

importance in distinguishing between the two devices as far as adiabatic

efficiency--hence, maximum temperature drop at a given pressure ratio--

is concerned.

One important question about the DPE arises from the behavior

of CFopt as a function of DPR. It will be noted from either Figure A-5

or A-6 that the experimental data displays a very strong, adverse effect

of DPR on CFopt which, if it is an inherent feature of the DPE energy

separation mechanism (rather than occasioned by experimental factors

capable of correction), would severely degrade the overall refrigeration

performance of the DPE at higher pressure ratios. It is not known to

the writer whether this effect has been explained theoretically, although

it may be noted that both Azoury4 and Kentfield1 3 specifically refer to
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the DPE as having acceptable performance -at low pressure ratios and men-

tion that cascading units may be employed to achieve higher pressure

ratios overall.
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NONSTEADY DOLLECT ION WAVE DIAGRAMS1
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APPENDIX C

NOMENUCLATURE

Major symbols are defined below; additional notation utilized

for particular analyses are defined in the text.

Symbols

General

CF Cold fraction (ratio of cold output to total flow rate)

DPR Driving pressure ratio (see page 114 for RHT, page 141 for FES,

page A-9 for OPE)

HF Hot fraction (ratio of hot output to total flow rate)

SEnthalpy per unit mass

M Mach number

- Pressure

r Radius

R Gas constant

T Temperature

&To Stagnation temperature increment relative to the input value,

UA- Velocity

SFlow area

"19 Ratio of specific heats

/4 Massflow ratio (ratio of hot output to cold output flow rate)

C-1
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Ranque-HiIlsch Tube[o Total stagnation-enthalpy flow through tube or specified portion

thereof

Total angular momentum flow through tube or specified portion

thereof

hi Total mass flow through tube or specified portion thereof

r Normal i zed radius, r/r t

Total axial stream force over tube area or portion thereof

Foa Energy Separator

t Flow velocity measured in FS

FS Reference frame wherein flow is seen as steady

Fu Reference frame of flow usage, wherein flow is nonsteady

KOPR Pressure ratio scale factor (see page 146)

K, Differential pressure factor (see page 146)

.K Baseline differential-pressure sensitivity (see page 171)

L Resisting torque

NPR Nlozzle pressure ratio (see page 142)

8* Discharge pressure differential, --

U Flow velocity measured in FU

ui Prerotation velocity

U Reference discharge velocity (see page 141)

V Tangential rotor speEd, measured at effective nozzle discharge

radi us

-• Channel height factor

* • (• Nozzle inclination (see Figures 29, 42)
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Offset angle (see Figure 29)

X. Torque parameter (see pages 141, 182)

"i? Nozzle efficiency (see page 141)

Subscripts

Ranque-Hilsch Tube

C Cold output flow

H Hot output flow

i Input flow

t Tube wall at station II

I Flow injection plane

U "Terminal vortex" plane in tube

Foa Energy Separator

O. De-energized output flow (moves counter to rotor velocity)

b Energized output flow (moves in direction of rotor velocity)

4l Deflection channel

L. Input flow

71 Nozzle exit

_ Source boundary (see Figure 74)

Superscripts

o Stagnation conditions as measured in FU

• Stagnation conditions as measured in FS

(5) Measured in Fs

(0) Measured in Fu

i1
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