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ABSTRACT

Motions and dynamic forces imposed upon a moored hioy system by the

oceanic environment are of vital interest to the user of the system. If instru-

mentation for monitoring the environment is motion sensitive, it is of little
value if its response to platform motion is greater than its response to the
changing environment. The buoy system designer is also concerned with

-

motions and forces in buoy systems in order to design for the highest probebil-

ity of system survival under extreme conditions.

In recponse to these needs. this study investigates digital computer
simulation of buoy system dynamics for simple buoy systems, i.e., a surface
buoy moored on a single mooring line. The buoy systein can be excited by
winds, waves, and currents. Winds can act from any compass direction, and
currents can vary in strength and direction as a function of depth in the water
column, Wind waves are simulated by first computing their properties with the
Sverdrup-Munk-Bretschneider method and then by using Borgman's energy
partitioning scheme on a two-parameter Bretschneider spectrum to compute
compcnent sine wave amplitudes and frequencies. Since the component
Stokesian waves are linear, the principle of superposition can be used to sum
component magnitudes in order to cc mnute v ater particle motions.

Equations of motion for the huoy are developed for six degrees of freedom-~

three translational and three rotational. Hydrostatic and hydrodynamic forces
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and moments acting on an oblate spheroid moving on the free surface of an
infinite body of water are investigatd in detail. The set of integro-differential
equations for buoy motions are reduced to a set of nonlinear, ordinary differ-
ential equations with nonconstant coefficients by using the Haskind hypothesis
to evalua‘t?. the hydrodynamic force and moment integrals and to represent
them as frequency dependent coefficients. Buoy motions are coupled through
hydrostatic, hydrodynamic, and mooring line forces.

Cable dynamics are also investigated. A set of coupled, hyperbolic,
partial differential equations for cable motions are developed, and character-
istic equations are derived to effect 4 method of characteristics solution.

A un,que numerical method of characteristics technique, based upon Hartree's
method, is developed for the solution-of the cable equations in the time-space
domain. Buoy motions, which are dependent upon the cable tensions, serve as
the upper boundary conditions. ‘ Lower boundary conditions are prescribed at
the anchor, where there can ‘be no motion.

For certain buoy syséems, where many mass discontinuities exist along
the cable, or for shallow water moorings, where slack cable conditions can
exist, a lumped-mass method of computing cable dynamics is developed as
opposed to the finilf;-difference method just described. In general, for cable
dynamics the lumped-mass numerical method is an order of magnitude faster in
computation time than the finite difference method.

The equations of motion developed for the buoy were solved numericelly

in the time domain using a fourth-order, Runge-Kutta integration method. Cable
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. equations can be solved either by finite-difference methods or by integrating
et with the Runge-Kutta algorithm fcr the lumped~-mass model.

In order to validate the numerical models developed, two buoy systems
were instrumented and deployed in Block Island Sound. The motion data from
these experiments, along with data published in the literature, are compared
with simulated buoy motion data. This comparison indicates that steady-state
buoy system forces and configurations can be predicted within approxirately
5 percent and that buoy system dynamics can be predicted within approximately

50 percent, There are some indications that the surge and sway hydrodynamic

forces acting on the buoy are being underestimated by the computer modei.
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d

D

max.

min.

g

M X, ¥ 2
«, 8,7

1/3

Fluid mass density

Air mass density

Anguiar frequency of buoy motion
Significant wave pariod

Dimensionless significant period parameter
Cable transverse tilt angle

Velocity potential

Angular frequency of wind waves

Buoy rotation matrix

Viscous drag

Drag

Hydrodynamic
Coordinate system
Lift

Maximum

Minimum

Static position

Static position of center of gravity
Surface

Wave

Coordinate directions

Buoy rotations

Statistically significant
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“ Cable Dynamics
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DT
Ch
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Re

e} 3

Cabie section radius

Transform matrix from inertial to cable coordinates
Normal drag coefficient

Tangential drag cuefficient
Characteristic velocity

Current velocity vector

Cable diameter

Viscous drag

Hydrodynamic inertia force
Gravitational constant

Cable loading function

Node separation in grid

Cable loading function

Direction indices

Cable loading function

Time step size in grid

Linearized tension - strain derivative
Hydrodynamic mass

Force vector on a cable segment
Vector from origin to point on cable
Reynolds number

Stokes number

Time

Tension vector
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U, Vv, w
w
C

X, Y, 2

X, Y, 2

Subsoripts_
A

B

Velocity components

Cable in-water weight per unit length

Spatial coordinates

Force components on cabie
Strain

Cable tilt angle

Characteristic velocities

Cable structural mass per unit length

Kinematic viscosity
3.1416 . . .

Fluid mass density

Cable transverse tilt angle

Angular frequency of oscillation

Point (i, j) in time-space grid
Point (i-1, j) in time-space grid
Buoy

Point (i-1, j-1) in time-space grid
Point (i+1, j) in time-space grid
Point ({, j~1) in time-space grid
Point i+1, j»1) in time-space grid
High

Space
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< Subscripts (Cont'd)

<%

Tede

N

Time

Low

Normal

Point between B- A i grid for tensile characteristic
Point between A-D 1n 2rid for tensile characteristic
Point between B-A in grid for iransverse charagteristic
Point between A-D in grid for trsnsverse characteristic
Point (i, j*+1) in time-space grid

Current velocity

Tangential
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I, INTRODUCTION

Clean, green, windy billows notching out the sky,

Grey clouds tattered into rags, sea-winds blowing high,

And the ships under topsails, beating, thrashing by,
And the mewing of the herring gulls.

Dancing, flashing green seas shaking white locks,

Boiling in blind eddies over hidden rocks,

And the wind in the rigging, the creaking of the blocks,
And the straining of the timber hulls.

John Masefield
"Cardigan Bay"'

This study is concerned with the analysis and simulation of the dynamics
of simple oceanic buoy systems. The analysis must include the effect of the
significant forces that act on the buoy system and are imposed by the ocean
environment — wind, waves, and currents. Because of the highly nonlinear
nature of the problem, numerical methods are favored in order to provide a
realistic simulation.

Buoys have been employed by mariners for centuries as aids to naviga-
tion and to support mooring chains. In this country, navigational buoys were
in scrvice in the Delaware River in 1767 and in Boston Harbor by 1808. At
present, the United States Coast Guard maintains over 24, 000 buoys in the
navigable waters of the United States and its possessions. Navigational buoy
system design is largely a matter of employing "rules of thumb" evolved over

decades of experience with these buoys. The vast majority of navigational
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buoys are moored in waters less than 100 ft deep, and the most common cause
of failure is collision with a vessel. Thus, these buoy systems are charac-
terized by massive steel buoys moored with heavy chain to large concrete
clumps. They are servi.ed on a regular basis and are recovered and over-
hauled annually.

In recent years, oceanographers have used buoy systems to support
current meters, thermistor chains,and other oceanographic instrumentation.
The state of the art in oceanography has advancad to the point where oceanog-
raphers are no longer satisfied with data taken at a single point over a rather
short time duration. Multiple measurements to be made simultaneously over
wide areas of the ocean or long-duration measurements are made most econom-
ically with a buoy system equipped with self-recording or telemetering instru-
mentation. This economy can be realized only if the buoy system is designed
to have a life on station greater than the desired measurement time,

The kasic design philosophy of deep-sea oceanographic buoy systems is
quite different from that of the navigational buoys: OCceanographic vessels are
usually small and are not equipped for handling heavy objects over the side at
sea; thus, the buoys and mooring line components must be of relatively light
weight. The mooring lines are miles long and thus preclude the use of heavy
chains (except at the bottom) and tend to be made. up of light, high-strength
wire ropes or of synthetic fiber ropes. Designers of oceanographic buoy
systems are faced with the near-impossible task of designing a lightweight,
highly compliant structure to survive for periods of a year or more in one of

the harshest environments known to man,




Isaacsl describes a mean time between failure (MTBF} of 121 days for
the taut-moored Scripps Institution of Oceanography "Catamaran" buoys. The
observed system failures were due to parting of the nylon mooring line near
the surface. The writers hypothesize that high tensile loads in the nylon line
are caused by tensile waves propagating up and down the cable, Rlchard.sc.\n2 of
theWoods Hole Oceanographic Institution (WHOI), anchored 106 buoy systems
between Cape Cod and Bermuda. The MTBF for these systems was found to
be about 90 days. The WHOI buoy system failures were attributed to mooring
line failures, fish bite of synthetic mooring lines and theft. In 1967, WHOL
get nine long term buoy moorings of which only one was recovered on station
after 60 days. Three of these were found adrift, WHOI was more successful
in 1968,4 when only 3 of 14 long-term buoy moorings failed.

All the oceanographic buoy systems described above were taut-moored
systems, the majority of which utilized synthetic rope in their mooring lines.
Their short life on station and their low recovery rate indicate a need for an
accurate enginezring method of computing the dynamic response of the buoy
system to the ocean environment.

Slack moored buoy systems have a much greater MTBF and are more
reliable. The catenary of the mooring line provides the necessary compliance;
thus, dynamic tensions in the mooring line are reduced. Navigational buoy
systems are slack moored and are very reliable. Smith5 cites a long history
of successful moorings in the Gulf of Mexico for the NOMAD buoy system.
Over a 5-year period, a number of the NOMAD buoys were kept on station for

periods of a year or more. Smith also describes fifteen, 25-ton barges that
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were slack moored for 8 months in water depths over 12,000 ft with no
failures.

Oceanographers are also concerned with the effects of buoy system
motions on their instrumentation. For example, instrumentation fastened to
the mooring line of a slack-moored system will undergo depth excursions that
are dependent on the current structure. Webstere’ 7 discusses errors in self-
recording current meter data due to buoy system motion. Webster shows a
current energy spectrum developed from a current meter that is attached to
the mooring line of a buoy system (figure 1). The energy introduced into the
current data by the buoy system motions is far greater than the energy of the
currents themselves.

Marcus8 compared anemometer data taken from a NOMAD buoy in the
Gulf of Mexico with other meteorological observations in the area over a
6-month period. The mean error of the wind speed data was 0.2 knot with a
standard deviation of ths error of +4.67 knots, Huff9 shows a power spectrum ‘
of anemometer data taken from another NOMAD buoy system moored off
Fermnda. Thls spectrum (figure 2) indicates that a large amount of energy
was introduced into the spectrum by the motion of the buoy. Huff also shows
an increase in the average wind speed deviation from the mean with increasing
mean wind speed lhat levels out at high wind speeds. This variation is char-
acteristic of sea surface slopes, which have an upper limit due to gravity. This
upper limit implies that the wind speed error is due to the pitch and roll mo-

1
tions of the buoy. Day 0 found that wind data sampled every 10 min from a
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Figure 1. A Current Meter Energy Spectrum
(From Webster, reference 7.)
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(From Webster, reference 9.)
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buoy-mounted anemometer had to be time averaged over a 2-hr period to

remove errors due to buoy motions.

The two-dimensional, steady-state configurations of buoy cable systems

11,1

have been investigated by Wilson. ™™’ 2 Wilson constrained the upper end of

the cable to be at the mean ocean surface and did not consider cable elasticity.
Patton,  as part of this digsertation research, developed a numerical method
to determine the equilibrium configuration of buoy cable systems. The three-
dimensional configuration for any current structure (currents may vary in
strength and direction as a function of depth), as well as the buoy draft, is
computed. The elasticity of the cable is considered and the stretch is also
computed. Martin14 developed a numerical method similar to Pattonts, but

it is restrfcted to two dimensions. Martin also experimentally investigated
the elastic properties of nylon rope and the drag of buoy models. 8mlth5
presented a graphical method for two-dimensional buoy system configurations
but neglected tangential drag and elasticity.

The study of the motions of bodies floating on the ocean surface and being
excited by waves originated in 1749 with Euler15 in his classic work, Scientia
Navalis, Froude16 was concerned with the rolling and roll stability of ships.
Froude recognized the nonlinearity of the problem and included viscous resist-
ance in the equations of motion, Kriloff” investigated ship motions and wrote
coupled equations of motion. Both Froud~ -nd Kriloff assumed that the ship
did not influence the waves, which allowed them to treat the hydrodynamic

properties of the ship as a body oscillating on a free surface. By far, the
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" allowed computation of three-dimensional hydrodynamic characteristics from ]

single greatest problem in ship dynamics is the description of the hydrodynamic

x 1
forces acting on the ship. Lewis 8 introduced the "strip theory" in 1929,wt . .

two-dimensional theory. Haskindlg’ 21 assumed that the hydrodynamic equations |
could be linearized in such a mamer that velocity potentials could be super-

imposed. This method allowed the use of three velocity potentials: (1) incident

wave potential, i.e., the velocity potential of the waves alone; (2) diffracted

wave potential, i.e., the velocity potential of the body fixed on a iree surface

exposed to waves; and (3) forced heave potential, i.e., the velocity potential

of the body oscillating in still water. Na}val architects currently favor the

Haskind hypothesis as opposed to the earlier Froude-Kriloff hypothesis, which

assumes that body dimensions are small compared with the waves,

Johnzz’ 2 wrote complete sets of coupled equations of motion for floating
bodies in harmonic waves and considered the influence of the body on the waves
(after Haskind). John also included an external force term that could be used
to describe a mooring cable. Heave and surge motions of a sphere were
computed for various wave frequencies.

St. Denis and Piersonz4 linearized the decoupled equations of motion for
a ship and investigated ship motions in confused seas by summing the ship's
responses to sine wave seas of different frequencies. Korvin-Kroukovsky?“‘s-2'7
used the "strip" method to compute the hydrodynamic characteristics of the
ship and included cross-coupled hydrodynamic forces. A complete discussion
of the state of the art in the prediction of ship motions is presented in the

proceedings of the fifth symposium on naval hydrodynamics.28 Current
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research indicates that cross-coupled hydrodynamic forces are the same order
of magnitude as other hydrodynamic forces and can not be neglected.

A large oceanographic buoy was built in 1965 by General Dynamics/
Convair Division, As part of the design process, 29 model tests were conducted
in a towing tank for various buoy hull shapes, and buoy motions were simulated
on an analog computer. The analog computer simulation considered the dynam-
ics of the planar motions of the buoy alone; the mooring line was treated as an

elastic spring. The following quote is from reference 29:

+The simulation was not fully successful; some results are
considered inconclusive. Due to the difficulty in obtaining
reasonable agreement with the model data, the analog

computer study was terminated short of its goal.

The 40-ft-diameter "MONSTER" buoy described in reference 29 has proven to
be a successful ocean data station. At sea motions of this buoy are described
by Devereux30 and Uyeda. 31 Gaul and Brom132 correlated buoy heave accel-
eration power spectra from the "MONSTER" buoy and from a small wave
sensing buoy.

Paquette33 developed a two-dimensional, lumped-mass analog computer
model for buoy system dynamics. The buoy was assumed to follow an elliptical
orbit (major axis vertical and equal to the wave height), and its motions were
not integrated as part of the system dynamics. The lumped-mass cable elements

were acted upon by tensions on adjacent elements, weight and buoyancy forces,

and velocity~-squared drag forces. Cable hydrodynamic masses and linear

ot Ry S AV

!
&
X
o
n B

ST AN e

o A T X S T M

Ni.h\..a PO




%
4
st
3
it
%
5
”
o
¥

[ SN PROPN

Pl b SR

- e 2y
S M Y et ) Ao o kI e o8 e et e eyt e b g aa e eu

damping forces were neglected. Paquette concluded that at least ten mass
elements are needed for a deep-sea mooring line to adequately describe the
system dynamics in the band of ocean wave frequencies that were considered
(0 to 0.5 Hz). The coupling of tensile waves into transverse waves due to the
steady-state curvature of the cable was also noted.

Bivens and Swann34 also developed a two-dimensional, lumped-mass simu-
lation of buoy system dynamic- but included the buoy dynamics. However,
hydrodynamic cross~coupled terms were neglected. Rudnick35 measured
motions of the "FLIP" spar buoy at sea and compared motion power specira
with the power spectra predicted from a linear, decoupled buoy motion model.
Blumberg and Osborn36 developed 2 digital computer simulation for submerged
buoy motions. The mooring line was considered to be a rigid, massless, and
dragless link. Hydrodynamic forces acting on the buoy included no cross-
coupled terms,and the equations of motion were linearized. Millard37 describes
tension measurements made at sea as part of the Woods Hole Oceanographic
Institution buoy reliability program. Tension amplitudes were correlated with
recorded currents and wind speeds. Millard's data indicate that the tension
amplitudes are attenuated with length down the mooring cable., A very compre-
hensive study of buoy system dynamics has been conducted by Prof. Nath, of
Oregon State Universit:y.38 The two-dimensgional motions of a buoy and its
mooring cable were considered. Buoy motions were solved by use of recur-
rence formulas and served as boundary conditions for the cable. Cable dynam-

ics were solved by using a numerical method of characteristics solution.

AT




£ R WA A S S L L A ST ML) Bk AR NS ARyt V% £,

T T T

R TR T R T L T T TR ST I

TR Ay

AL it o R - i

10

Hydrodynamic forces acting on the buoy and cable were included,and nonlinear
stress-strain properties of the cable were used. Transfer functions between
wave spectra and line tension spectra along the cable were developed and
compared with MONSTER buoy data.

Hsu and Blenkarn39 utilized momentum flux equations to compute the
hydrodynamic forces acting on a moored ship, Equations of motion were solved
numerically, and the mooring lines were considered as elastic springs. Each
wave was assumed to impart an impulse; thus, the forcing function was composed
of a series of impulses acting on the ship. Burke40 assumed that a set of linear
response functions for the vessel were known and developed sets of statistical
relations for vessel motions in a random sea. This technique was applied to
predict drilling vesszl motions, and the results were compared with drilling
vessel motions recorded at sea.

The present investigation has produced a three-dimensional, numerical
model for buoy system dynamics. The model includes cross-coupled hydro-
dynamic forces and can be excited by wind, current, and wave forces., Cable
dynamics are investigated with both finite-element (lumped masses) and finite-
difference (distributed mass) methods. In this study, finite-element methods
were found to be attractive because of their relative economy with regard to
numerical computational time. Finite-difference methods, while more rigorous,
are more involved numerically and require relatively large amounts of computer
time.

The deterministic model is excited by a numerical wave model having the

same spectral characteristics as the ocean waves. The computed buoy system
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% response is then sumpled to provide motion spectra by using Fast Fourier
b
Trausinrm (FFT) techniques. 4
v To validate the model, two oceanographic buoys were equipped with 4

motion sensing instrumentation and installed in Block Island Sound. Buoy

motions were monitored and recorded for various wind, curreat, and wave

‘ conditions. These data are compared with buoy motions computed with the

‘; numerical model for the same environmental conditions.
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II. PROCEDURE

In order to predi~t the response of the buoy system (figure 3) to the ocean
environment, a deterministic model of the system dynamics must be constructed
and excited by a random model of the oceanic conditions. The two major struc-
tural components of the system (the buoy and the mooring line) are treated

separately and then are combined to form the deterministic buoy system model.

2.1 System Dynamics

Buoy motions can be described by the equations of motion for a body with
six degrees of freedom floating on the free surface of a fluid. 28 The major
problem encountered in the solution of the set of six, coupled, elliptical, differ-.
ential equarions of motion is the description of the hydrodynamic forces acting
on the buoy. In their most rigorous form, the buoy equations of motion would
be integro-differential equations since the dynamic pressures must be integrated

over the immersed surface of the buoy. Analytical solution of these equations

of motion for an arbitrary body in a random sea state has not been accomplished /

up to this time. If the hydrodynamic forces can be expressed as variable coef-
ficients in the equations of motion, the equations can be written as a set of six,
ordinary differential equations that can be solved by using the approximate
methods of numerical techniques. The problem now is to define the variable

hydrodynamic coefficients. If the fluid is assumed to be incompressible and
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irrotational, the hydrodynamic properties of certain simple two- and three-
dimensional bedies can be computed. Also, if the waves on the free surface

of the fluid are deterministic and linear, the velocity potentials for various
body motion modes can be superimposed to construct the case of a body floating
on a free surface and responding to waves propagating on that free surizce.

This study employs the technique described above. Equations of motion
are written as a set of six, coupled, ordinary differential equations with variable
coefficients; hydrodynamic coefficients are computed by assuming that the fluid
is incompressible and irrotational and that velocity potentials can be super-
imposed; aerodynamic and hydrodynamic viscous forces are assumed to follow
a velocity-squared law; and the body is assumed to be axisymmetric about a
vertical axis (as are most oceanographic and navigational buoys), which simpli-
fies the computation of the hydrodynamic coefficients.

Dynamics of cables are investigated and simulated. The most direct
approach, i.e., solution of the cable equations of motion by a finite-difference
method, is developed first. Since the cable equations are a set of nonlinear,
hyperbolic, partial differential equations, analytical solutions ure intractable,
and a numerical method of solution is devise. Althcugh more accurate, the
finite-difference method can be very expensive with regard to digital computer
time. A lumped-mass simulation of cable dynamics is also investigated and
developed. Lumped-mass inethods offer significant savings in computational time
at the expense of truncation of the higher frequency cable dynamics.

The buoy equations of motion and the two sets of cable equations (finite-

difference and lumped-mass) are then coupled and solved numerically on a
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UNIVAC 1108 digital computer. A numerical model of ocean waves is used to
excite the buoy system dynamics model. Steady-state buoy system configura-

tions are solved as the zeroth-order case of buoy system dynamics.

2.2 Experimental Validution

In order to validate the computer model, two oceanographic buoys were
equipped with motion sensing Instrumentation and were monitored. The recorded
buoy motion data have been reduced in statistical form and will be correlated
with buoy motions predicted from the computer models. Aiso, buoy motion data

reported in the literature have been used to validate the computer models,
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III. ANALYTICAL DEVELOPMENT AND DISCUSSION

3.1. Buoy Dynamics

Consider an axisymmetric buoy having six degrees of freedom, floating
on the free surface of a fluid, constrained by a mooring line, and exposed to
wind, waves, and currents (figure 4). The buoy is being acted on by the
following:

Inertial forces and momenis

Hydrostatic forces and moments

Hydrodynamic forces and moments

Wind forces

Mooring line tensions,

The inertial forces can he separated into those due to gravity (weight)
and those due to the motion of the buoy. Hydrostatic forces can be obtained by
integration of the hydrostatic pressure acting on the submerged surface of the
buoy, Likewise, hydrodynamic forces can be obtained by integration of the
hydrodynamic pressures acting on the submerged surface of the buoy. Hydro-
dynamic forces are classified as inertial or dissipative. Energv is being
dissipated through viscous effects, radiation of pressure waves, and radiation
of surface waves generated by the motion of the buoy. Energy is introduced to
the system through hydrostatic and hydrodynamic forces due to currents and

surface waves.

16
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Figure 4. Buoy Coordinate Systems
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Wind forces acting on the exposed surface of the buoy also introduce
energy into the system. Mooring line tensions indicate a path of 'energy removal
from the system. If the buoy were treated as a "black box'' that transforms
energy from one fofm to another, we can draw a schematic as shown in figure 5.

From figure 4, it is seen that four sets of coordinates must be considered.
It is desired to solve for the coordinates of the center of gravity of the buoy in
inertial coordinates, (xog’ yog’ zg g)’ but the hydrostatic and hydrodynamic
forces and moments are due to fluid motions relative to the buoy. Any point in

space has coordinates X yi’ Zi relative to Ri (i=0, 1, 2, 3); therefore,

The only difference between Rl and R2 is a space rotation about the

axes of the buoy. Thus, we have

Xe X,
a|=d4- |y
z?; z:

1)
where L is a 3-by-3 orthogonal rotation matrix,

[COS ¥ CoSB  —CoSYSIHBSINX  COS ¥ SINBCOSOX |
+SIN ¥ cosox +SIN Y SINSK

,ﬂ. — ~SIN¥ cos B SINT SINB SINo¢  ~SIN ¥ SINScosK
- +COSY coS o¢ +COS ¥ SINX

| ~SIN.B - COS B SINx COSBcoSX |. (2)
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ENERGY IN > BUOY -
WIND BLACK BOX »
WAVES ENERGY TRANSMITTED
CURREMTS (CABLE STRAIN ENERGY)

ENERGY DISSIPATED
1.) PRESSURE WAVE GENERATION :
2.) SURFACE WAVE GENERATION {
3.) VISCOUS DAMPING

MATRIX EQUATIONS OF MOTION
MQ =MG-B-H+W=T

WHERE:
M - MASS MATRIX
Q - ACCELERATION VECTOR
G - GRAVITY VECTOR
B - HYDROSTATIC FORCE & MOMENT VECTOR
H - HYDRODYNAMIC FORCE & MOMENT VECTOR

W - WIND FORCE VECTOR
T - CABLE TENSION VECTOR

Figure 5. Energy Flow in Buoy System
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-1 T
< Since S is orthogonal, we see that n =0 ; thus,

-cos sCosp ~SIN ¥ COS B ~SINA

=l —COSTSINBSINK  SINY SINBSINX  -COSBSINK
ﬂ = +SIN ¥ coS +C0S ¥ COS X

COS Y SINBGOSX  ~SIN ¥ SINBCOSX cosBcOSX
| t+SIN ¥ SINX +603Y% SIN

)

The spatial coordinates become

o
emn 32 MR AT ORI DO TR AT

Xo = Xog + Xo COSY¥ COSB =% SINYCOSB = Z, SING (4A)

T «a’vrmi‘s—ﬁw-)ﬂrﬂl s
G

Yo = X%g *Xa (-cos ¥ SINB SIN ¢ + SIN D’COSo()

+¥ (SN ¥ SINBCOS o + cos ¥ Smec) + Fp (~cosBSIN) | (4B)
and

S AT o SRR L

2y = Zog+ X, (coszr SINBCOSoX + SIN Y SIN)
+% (-sW¥ SINA cosec+cosT SN or) +2,(cosp cosx). ()

The center of the coordinate system, which is aligned with the waterplane
area, is located directly above the center of gravity of the buoy. Motions of
fluid particles due to waves are described relative to this coordinate system.

The dynamical equations of motion will be written in buoy coordinates, but

displacements will be transformed to the Ro coordinate system in order to

solve for cable tensions.

s rin " o D

Using the free body of the buoy (figure 4) and applying Newton's Second ‘

Law, we can develop the equations of motion for the buoy. In matrix form, the

l:’%‘;ﬁ,’w’. b S at et e fE mavmea DToe e Tewn
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equations of motion for the buoy are

& a
N

vo

MR@=MG-B-H-W-T, 5)
e where

is-the structural mass matrix

is the acceleration vector

is the gravitational acceleration vector

is the hydrostatic force vector

is the hydrodynamic force vector

is the wind force vector

g9smwo oX

is the mooring line tension vector.

“j Each of these forces will be considered in turn.

Using a coordinate system with the origin located at the center of gravity
E: of the Luoy and including moments and products of inertial, we can write the

structural mass matrix as
. r
P < o
0
0

S O ©
S QO

Iococ Ioce Iott
Ine Lns Las
I |

(6)

© OO0 3 o o

I
S O O O O 3
© © 0 © 3 o
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> If the coordinate system is aligned with the principal axes of the buoy,
L 1
the structural mass matrix is
- R
m O 0 0 0 o)
O m o o0 O o0 :
M O 0 m ©0 o 0
0 0 0 L, O O
0 0 0 0] I 88 0 i
0 o o 0 0 Iy
: 4, U]
The acceleration vectors are
%
- ..7 - -y ‘t
G CoS¥ CosR
Y -G SINY CoSB
g = nd G = |G
& 0
A 0
K 0 (8)
- L. -
3.1.1 Wind Forces
'The wind force vector is now considered. For an axisymmetric buoy about
; the Xy exis and assuming a velocity-squared viscous drag, the drag and lift
forces acting on the body are given by :
)
D=4 G A WV° (9) 3
2Yn H0 7\ j
i
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and

R ;
L“E’JQCLAzW' ) :
where
is the drag force

is the lift force

is the air density

W RA
M

is the lift coefficient (subcritical, W_T.,m <5 x10%)
A

is the drag coefficient (subcritical, <5x0% )

>nasH - o

is the vertical projected area
Aa is the horizontal projected area
WV is the wind velocity
My is the absolute viscosity of the air
B is the buoy width .
Because of the axial symmetry, the drag and lift coefficients of the buoy are the

3

same in the Yy and z_ directions. Given wind velocity components WVyo and

2
WVzo in the Ro coordinate system and assuming that the wind velocities are
an order of magnitude greater than the displacement velocities of the buoy, we
can transform to the R2 coordinate system and can compute the wind forces

and moments. For forces acting on a point that lies on the axis of symmetry of

the buoy, the transform from inertial coordinates to buoy coordinates is inde-

pendent of « rotations.




- v
Qs

17 Gk ke

24

E
)
>
E

(11)

Neglecting the small wind velocity component acting along the axis of symmetry,

the magnitude of the wind velocity in the R 9 coordinate system is

WV;, = (W + WV

and the wind forces become

(12)

W,',a s R G, A, WVg, IWVRJ (13)

i

and

W, = éﬂq CL Aaw\/;*alwa‘,

(14)
2

{Note that velocities squared is written as the prcduct of the velocity and its

absolute value in order to maintain the sign convention.) Resolving the wind

drag force into Yo and z2 components, we find that

—
pe—

= . W (15)
2 WVR?. Pe.
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A and

WVe,
sz = WV'Rz

The wind moments are computed by usit.g the wind forces and the moment arm:

) WD:. . (16)

.V\fa< = Q0 (17A)

Ws, = ~We,* Ha a

and

Wxa = - Wyz ’ HW

(17C)

where Hw is the height from C, of G to the wind force center of pressure.

In the Rz coordinate system, the wind forces and moments are

-wxz
Wy,

2

Wz

a

kS
Il

(18)
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i 3.1.2 Mooring Linec Forces

26

Mooring line tensions are acting on the buoy at the mooring line termi-
nation point. This point is taken to be below the center of gravity and along the
axis of symmetry a distance HML from the center of gravity. If the space

orientation of the cable is described by angles & and ¢ relative to the Ro

coordi_nate system (figure 4), we can develop a 3-by-3 orthogonal rotation
matrix to trarsform from inertial to cable coordinates. The inverse of the g
matrix can be used to compute the tension components acting on the buoy. This

rotation matrix, (A), is developed in the next section on cable dynamics but is : )
used here, e

The tension components at the buoy end of the cable are

|
I
>,
o
I
B‘_}

- Ll . (19)

In the R2 coordinate system, they become

L 2, (20)

'T:x,, =0 (21A)
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T = Tay Ha

2

Ty

2

= TYa . Hm. (21C)

ALY

3

The forces and moments due to cable tensions are then

LR AN AL e S S

- -

T
Ty,
Tey |
0

2

3
K
33
v
A3
4
i3

—]
Il

TT (22)

J3.1.3 Hydrostatic Forces

The hydrostatic forces are considered next. If the displacements of an
elemental volume of fluid just below the free surface and in the immediate
vicinity of the buoy are given relative to the inertial coordinates (11'), and if
the slope of the free surface above this particle is also given (g), the buoyant
forces and moments can ve computed. The assumptlions that the buoy diameter
is small relative to the wavelength and that the presence of the buov does not
influence the shape of the free surface (Froude-Kriloff hypothesis) allow

representation of the sea surface as a plane intersecting with the body volume.

g e T A - 2~ Prony ]
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;, :‘;1: Most oceanographic buoys have axial symmetry, and their shape can
2 %
; be approximated by an oblate spheroid. Consider an ellipsoid of revolution
{figure 6) with a major diameter of 2b and a minor diameter of 2a, The
equation of the surface is
e
2 2 2 ‘
1z Iz 23 i
2 Let a plane intersect the oblate spheroid at a height H d from the gecometric
oy Vs
: center at an angle & . The incercepts of the plane are
:
X=-h,
; Y = ©O :
Y /
7 z =-H,/ tan B, f
‘ The equation of the plane becomes :
X =z .
3 -t 4 b - = { (24) i
, ~H, -H,,/tan B
;L or
/
Xb + Zb t’qn /8 + HD - O o (24A)

The intersection of the body and the plane is therefore given by ]
3 2 2 2 !
£ X " Z) ! ?
by by Zx -1 =X, + 2 tan B +H, (25) j
A b b 3

E b monsm—
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Figure 6. Immersed Volume of an Oblate Spheroid i
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or
2 2 2
X M/ Z, ' -1 = 925A
—ﬁz”‘”"ﬁz”'?“xb’zbt""’ﬁ H-1=0, (254)

which is an ellipse. In order to compute the volume of the "'cut" oblate spheroid,
the area of any section parallel to the cutting plane must be defined. In the

X, - plane, we find that on the ellipse

b~ %
2
2
X, = Rh® - %.Zf (26)
and on the line

2 __ 2 2 At 4 2
X, =Z ten?8'+ 2H, 2z, tan B+ H, | -
Equating (26) and (27), we can cempute the z coordinates of intersecting points

Pl and P2 by

(tnnzﬁ + "‘;ba)zf + 2z H tan g+ (H:— W) =0

s {28)
Solving for zb , we find
-Hytan 8" £ H/[,/batnnaﬁ'+ HZ~ H,
Xz, =
& (tan*s’ + n2/2) (29)
For Pl , the coordinates are
z ~Hy Tan B' + Wy /ba tan®B’ + K? - H:'
5=
(30)

(tan?8’+ w2/ 17
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@ and
&«
!
Ry = - & tan B - H, ; (31)
for P2 , the coordinates are
) 1 2 2 8’ 2 _ l_{z-'
-H,tnn.B - Y, L tan"8' + A D
= (32)
b2 (tan28"+ MAle)
and
Xy = = Zp, tan B'= H, (33)
thus,
2 H/b [ba tan®B’+ K2 - sz
zl’l - Zl’z. = 2R/ 2 34
(tnn/g'f'"’/g‘) i (84)
The b' axis of the intersecting ellipse is
L= L (2, ~ 2ip)
2 cos B’ .
From equation (34), we substitute and find
Vo /B tan* 8’ + R® - H? "
- 35

cos B'(tan®B’+ B*/}?)
The z coordinate of the center of the elliptical section is

~H, tang’
(Ern28'+ %Y} (36)

E = zbl* E’COSﬂ, =
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The x coordinate of the center of the elliptical section is
2 /
X H, tan“.8 I
c = D . (37)

(tan2.B8'+ W2/
The dimension of the a' axis of the intersecting ellipse is one-half the y

dimension at the center. The y dimension at the center is

, 2"
Y, = + 2_ H:Z-'nnaﬁ - _E; HD tgy{“g H

b (tnn‘,B’+ n7a 2 R\ (ten2R'+RY ) I’/ (38)

)

and the axis length is
2 7
Hl — Ba _ HD

- (tan®B'+ RY)2) (39)

The area of the intersecting ellipse is

LR g T R Y R
(ta *ﬂ+%) Cos B (Ean* Bt Fp2)

or

2
A - I Ab 1 — H»
—a— 3 [ 3
Cos B' | (tan?pR’+ Wa)t b*(tan>8'+ "*ﬁgz)’é (40)
L ]
The volume of the "cut'' oblate spheroid is given by
/
Hp
7/
V= A dH (41)
~Hio ’

i et e o o o
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The lower limit of the integral can be found by setting the area of the cutting
plane equal to zero (A =0) . The deepest draft is
H, = /btan*s +n*
L = n 5 (42)

thus, with this lower limit, the volume is
Hp cos B’
V= TTrb 1 _ H'>Y cosa8’ J H/
cos B’ \(tan8'+ g L(Ennp'+ R

A
~cosB /B tai BtR
or, when inftegrating, it becomes

)

al 2 H N
= TRb | £ + . - 2
14 3 (Btanr st 3(Btan*s+nd)% | @)
[ 4
The location of the centroid is given by
Y H dv
Expanding, we find
Hy cos B
H’ _ 1 [arrb 1 _ H’/cos 28’ H AH
v =V | con 8 \Tomesn gt Ber s g
L]

cos [P T TR

Thus, carrying out the integration, we see that the centroid location becomes

2 ' Y
COSﬁl[Ha __.(b tnn’ﬁ + Ha) - Hp ]

H," - 2 2(b*tan’R'+n?)
CB‘.‘ 1 3
2 JPtaniBe Rt 4, - H,
[ 3/ K 3(btan’ g+ W) (44)
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The H dimension of the centroidal plane is
l Hy H‘aq- (5*Enn®8’ + R?) ]
H = 2(b*tan* B +r?) ' 2
7
2 fla, _ap/ -2 — (45)
[3\/:tﬂnje+ﬂ +Hp 3kb t‘nn’,8+n")]
The x coordinate of the centroid is
tan® B’
X, = -1).
cs8 (tnnzﬂ'-f n}b") HCB ) (46)
The z coordinate of the centroid is
2, = (——tns ) H (47)
(tan2B'+ Bja) ) °c8

The moment arm for the buoyant force is

d=d +d,,

where the distances dl and d2 are given by

2 ! ’
a(,zfxca + B, cos(ox'+p') ,

or
d = Z.p cos B+ X, sn B,
and

942 = ch, SUVBI

The angle o<’ is defined as

= g A,
AR e P



35

The moment arm is

d = Z,, cos B’ + (Heg —Xeg) WA’

48)
For the special case of a sphere of radius A, the immersed volume is
vV 1]2 4 Ho cos 8’ Hy 6083,8'] 49
The height of the plane intersecting the center of buoyancy is
4 2 ’
H = -2 [ cos8 - 215 + v 52c24]
g 3 ap’ (50)
Y [2 n-Sec 8’ + 3H) - %cos ,8] ‘
The coordinates of the center of buoyancy are
a ’,
Xey = =co8" B Heg 1)
and
— ’ /
Zep = —SWRB CoS B Heg | (£2)
The buoyancy moment arm is then
[4
d = EGS COSﬁ,"f‘ <HCG—XCB)S,~/80 (53)
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If the buoy is pitched and rolled with angles & and & and the sea
surface slope at the buoy is A, and 2;, . the slope of the sea surface
relative to buoy coordinates is G =8-8, and ¥ =~y . The
angle between the sea surface plane and the buoy vertical axis is
/8 ' co s-' ( cos ys coS /83 ). With the buoy tilt angle defined, along
with the location of the buoy center of gravity relative to the sea surface, the
bu‘oyant force and moment can be computed for an oblate spheroid. The buoyant
force B acts normal to the plane of the sea surface through the center of

buoyancy. In buoy coordinates, the buoyant force vector is

il

BR& —B SIN b’s 3
~B cos ¥ sw}?sj

(54)

o b

The _,8 buoyant moment becomes

M,B = (B cos % cos /35)(;-_-. o 05 oc)-(Hw-»Xc,)(B cos ¥s sw,&))(ss)

and the ¥ buovant moment becomes
Mb’ — (B cos XS COSﬁ.s)(ZCB SlNd)"“ <HCG—XCBX B SN U$> \ (56)

The same transformations as used above can be applied to any axisymmetric

buoy if the buoyancy can be defined as & function of the draft and tilt angle of

}
b
L}‘Jﬁ",}}: e+
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the buoy. The angular stability of axisymmetric buoy hulls, as defined by the

locations of the centers of buoyancy and gravity, is discussed in appendix A.

3.1.4 Hydrodynamic Forces

| The hydrodynamic forces acting on the buoy that are due to the waves
incident on the buoy and the motion of the buoy in the fluid must be included in
the equations of motion. Ideally, the computation of these forces should be made
for a buoy moving in a viscous fluid exposed to a random sea state. However,
the solution to this general problem is not tractable and the forces acting on a
buoy moving sinusoidally in an ideal fluid is considered in this study. These
forces are considered as being composed of two components — inertial and
dissipative. Energy is dissipated from the buoy, which {s moving in an ideal
fluid, by the generation of surface waves that radiate cylindrically to infinity.
Dissipative forces due to viscosity will be included in the equations of motion as
separate force components.

The separation of dissipative forces into those due to surface wave gener-
ation and those due to viscous drag is supported by Havelock, 41 who concluded
through dimensional analysis of the decay of oscillations of a prism on a free
surface that the viscous damping is an order of magnitude less thanthe damping

due to surface wave generation, Ogilvie28

cites other model experiments which
support Havelock's conclusions, Ogilvie also lists generalized equations of
motion for ships in a seaway in which the viscous damping is either neglected

or included as a separate force term, which is the current practice among

naval architects,

Ao

|
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The analysis of the motion of floating bodies conducted by Johnzz’ 23
illustrates the computation of the hydrodynamic forces. Consider a mechanical
system consisting of a liquid and a partly immersed body B. The liquid is
assumed to be incompressible and to have irrotational motion. The free surface
extends to infinity in all directions (figure 7). The body B is assumed to be
rigid and to describe a forced motion unde: the influence of external forces.

The state of the liquid is described by the velocity potential ¢(x, Y, 23 t)
which satisfies LaPlace's equation. The boundary condition that the normal
velocity of the particles along with the pressure is continuous across the surface
must be satisfied. In addition, the pressure on the free surface is assumed

constant and equal to the atmospheric pressure. Under these conditions, energy

is gained or lost by the system only through waves arriving or departing at
infinity or through the external forces.

The difficulties arising from the fact that the velocity potential, ¢ , 18
a solution of the potential equation determined by nonlinear boundary conditions
on a variable boundary force linearization of the problem in order to make it
tractable, Restricting the analyJis to infinitesimal motions, note that the bound-
ary conditions become linear conditions for the potential function ¢> on fixed
surfaces corresponding to the rest or equilibrium position. The average free
surface lies in a horizontal plane, and the average immersed surface s° for

the body B is for a position of equilibrium for B. On the average free

surface, y =0, the wave equation is

¢tt + g(py =O'

(87)
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On the average immersed surface, we find

"

/ "
g%':XtH*YzF; +ng +6, 9, +6, 9. % 9, , 68
where
X,Y, Z are the coordinates of the center of gravity .f B
9', o, 6" are the angular displacements of B
N is the onit normal of S°
F’D‘ are the components of n

gk are the components of the moment of n about the center of

gravity.

Six differential equatiors of motion for B must also be written. For small
perturbations, they are linear, second-order differential equations in x, y, z,

'
6; 9’) 0" with constant coefficients and integrals of ¢ in the inhomogeneous

part. They are of the form

M 1/} ’
7 Yt ="// 1 dS - g [IA(Y‘K)”;@ ‘I:G] 9)
S’ )

where
M is the mass of B
P is the fluid density
I isthe area of A , the intersection of the body and free surface
A LA
Ix ) 15 are the moments of A about vartical planes

§ is the acceleration of gravity.

{
3
I
1
4
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The integral expresses the hydrodynamic forces, whereas the right-hand term
represents the kydrostatic forces.

For a buoy undergoing simple harmonic oscillations, ¢ can be defined as

o v o z) ﬂ-ia't
(}5()(,)’,2525) = Re[V(’\';7>Z/ € ] ) (60)

where
O~ is the angular frequency of the osciliation.

For an incompressible fluid, V is a solution to

VV(X7.E)=0 in ¥<oO0,
where V is complex valued. For small oscillations of the buoy, the amplitude

of induced wave motion will be small compared with the wavelength. Thus, the

linearized dynamic condition for ¢ on the free surface is

97.2.().()251:) + cbt(g’OJgSt) = 0 5 (61)

where

?Z is the frce surface elevation.
Equation (61) with the linearized kinematic condition,

()?, Z 31‘»‘) , yields

¢7 (2) 0,Z; t) = 72

t

Jo

V(X,0,2) -~ kKV(X,0,E)=0 eny=0,
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where
2 A

K is the wave number, K = 0'/9 = 27"/2 )

3. is the free wavelength.
The normal velocity across the immersed surface of the buoy is continuous;
thus, we find

3 (X,7,2 S SxF

== X E3T) = -+ xP )N

which is equation (58) restated in veztor form where

Q is the position vector of the body C. of & ; Q=‘~ Xﬁ +Y’az +Z)03 ,
’ " "
© is the rotation vector of body B; € =6 9, * e 9, *+ (o %9 ,

r is the position vector of some point on the immersed surface of the

body.

The kinematic condition is to be satisfied on the immersed surface in the

undisturbed position, i.e.,
6

— e - > 5 s\ . =0 ’,_ Wi
7aél.ﬁ’\/“(x,y,z)~_-_- SV (%78 = -ic[@n+6Fxn)] o,

J: [

j=1
Applying a Sommerfeld radiation condition at infinity, we find that a disturbance

in the finite region should only produce an outgoing wave at a It ge distance:

- — e y+ikd -
V(U‘,V: )f) "A(V‘)"( éek k——->0 As d —» oo 3 (65)
where /
(XB+ Ea)/g

d =
YV = tai' (/%) ,
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fgt
S To put the equations in dimensionless form, let
A= ﬁ k the frequency
X= X/Rn
Y= ¥/n space variables
EZ=Z2/R
Q = (y /A the épace parameters,

where a is a typical buoy dimension. Introduce the pressure function

by
[ Vi (R7.8)/6AQ; =AU (%, %2) j=1,2,3 (sa)
and

].0".‘/;()?,7,2)/5‘5 9; =R Uy‘(XJGE) ‘J=‘f,5,5‘ (66B)

The boundary value problem is to find a potential J ( X, y,z), J= 1,2y, 6

that is continuous in the fluid space in such a manner that

ViU (X,%2)=0 in y<0

’ % U; (x,0,2)= RU;(X,0,2)=0 ovtside S’

%’! uj (XS )’,35)': h3 (X,Y,E) oh So )

uJ(G(f)IG y) - Aj('}"‘)d(“}“’enwiHiAO RS o~ oo

where RN 5 represents the prescribed function that depends on the mode of

J

)

oscillation, The hj are given as

ha(x,y,2) = h, Po(X,y,2)=EN, - XN,
hs(X,7,2) = Ny he (X, ,2) =xn, - yny,

[y
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{ﬁ »

The source potentials G of unit strength in the lower half-space which satisfy

the sets of boundary conditions are

Gnzsdn,t) = R+ R -mn e[S mana)-i2Gea)
QHr+m) ~%
~2h Ym/& (/0( ) 0(/“,(67)

where

7= [wg)‘i(y-n)a]% | O= [(x-t)ﬂ«(wvz)”]}‘”‘
R=[(v"-+(a-:)‘*]'/‘°‘> R'=[@"% (=- s‘)]

S,(ré3) is the Struve function of order 0

J; (gl )’Y;(nﬁ) is the Bessel functions of first and second kind of order 0.

The solution to the boundary value problem is now in the form

uJ(x,Y,Z)=#ﬂ£(§>mg)(}(x,y,z,-g,,L’ ) d.S , (68
S

where f is the strength of the distributed sources over the immersed surface
and is a continuous complex function. If the forces and moments are written as

components in phase with the acceleration and velocity, we find that

=~ -pA*MQ -,oo-;quQ j=1,2,3 (9

For simple harmonic motions, the body vectors become
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Q; () = Re[ Q7 (1) eﬁ.ﬂ_] i=1,2,3

and

@J(t) = Re[@ (t) amt] j=45, 6

(70)

The moments are

G -JDH"I ”--—-fO"H HG J':V)5>G

Then, M. and N are the hydrodynamic mass and the linear damping coef-
ficients, and I and H are the hydrodynamic mass moment of inertia

and rotational damping coefficients. The dimensionless coefficients are

Re[//%(x Y, 2) N 0(5] J=1,2,8 , (1)

N =j§5:,"§~3 = Im[\/l’uj(x,%?-‘-’)h 0(3'] i=1,2,3 5 (72)

M =

:m Zi

Z]

I = 7—%7 = Re[ﬂuj(x,y,z)'(rxn)ﬁ] AN
Aand . g
___.._;;}%:?-: Im[féud(X,y,Z)'(Pxn)dS] qj":%ssé (74)

Kimq‘2 has evaluated these integrals numerically for spheroids of various
aspect ratios and has plotted the dimensionless hydrodynamic coefficients versus
the frequency parameter. Barakat43 evaluated the Fredholm integrals with an
approximate analytical solution for the case of a sphere on the free surface.
Kim's dota are shown in figures 8, 9, and 10. A curve-fitting program

{CUR FIT) built into the Government Services Administration remote terminal
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Figure 8. Hydrodynamic Mass and Wave Damping for
Swaying or Surging Oblate Spheroids

(From Kim, reference 42,)
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5 3
Ny Ny/paf\

0 1.0 2.0 3.0 490
FREQUENCY PARAMETER — A

Figurc 9. Hydrodynamic Mass and Wave Damping for

Heaving Oblate Spheroids

(From Kim, reference 42.)
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Figure 10, Hydrodynamic Mass Moment of Inertia
For Pitching or Rolling Oblatc Spheroids

(From Kim, reference 42.)
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¢ computer system was used to develop approximate equations for Kim's data for

,‘ a sphere. Program CURFIT fits six curves to the data by a least-squares fit of
3

’? the candidate curve's linear transform. The six curves are of the following

g types:

? Y = A+ B-X

y = Ae?

Y = AX°®

] Y =A+B/X

§ Y = 1,/ (A+Bex)

@ Y= X/(A+BX) ,

% Coefficients for each curve and an index of determination (best fit) are computed.
g Kim's data for the sphere are approximated by the following functions:

é Sway-Surge

HYDRODYNAMIC MASS

; M,=M, = 1,087+ 0529Rn’ o<n<o7i (154)

= 1/(-0.0313+0.954R")  O7M<r< 34 (75B)
DAMPING

N,=N,=0 o< A'<ol (T64)

=-0.069+07 B’ Ol< K< 137 (76B)

= 1,595 e-o.ws' g 1,37<1K'< 3.4 (76C)

Heave
HYDRODYNAMIC MASS

M, =135 0<n'< 0l (174
= 1,024 Ol<n'<34 (17B)
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T DAMPING

N, = 0126 + 1.7H’ O<Rn'<o%  (T84)
1,18 e-a,s.?n' 04<n'< 3y . (78B)

i

Dimensionless hydrodynamic mass and wave damping coefficients for a sphere
based upon Kim's study along with the above approximate curves are shown in
figure 11, The set of approximate functions will be used in the computer simu-
lation of buoy dynamics for a spherical buoy.

Birkoff44 has investigated the influence of body symmetry on the hydro-

dynamic mass dyadic. An oblate spheroid possessing an axis of symmetry has
five hydrodynamic mass values along the main diagonal: heave, surge, sway
(same as surge), pitch, and roll (same as pitch). For an ideal fluid, the yaw
hydrodynamic mass is zero. However, Lamb45 studied the rotational motion of
a sphere in a viscous fluid and identifies a force proportional to angular accel~
eration that can be considered as a yaw hydrodynamic mass. For a fully
immersed oblate spheroid in an ideal fluid with the centers of gravity and
pressure coincident, all the off-diagonal terms would be zero. However, for
;1 half-immersed oblate srtheroid, the following hydrodynamic forces are coupled:

Surge-Pitch

Sway-Roll

Pitch-Surge

Roll-Sway.

Thus far, hydrodynamic mass and wave damping have been computed for

heave, sway, surge, pitch, and roll. Using Lamb's analysis for a rotating

sphere, we can approximate the yaw hydrodynamic niass for an oblate spheroid

Moo s s s e
e —
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\ Mz =1.089+.529A 0<AL.74
(] =2 1/—-0318+ .954 A) .14 <AKL34
| Vs
\ s Nyy =0 0<A<.
=3 Z,X .
15 X =—.069+.710 A 1<AL137
= 1.595(e) = .415A 137<A <34
Nzx
\\
\
A ]
0 1.0 20 30 4.0
| FREQUENCY PARAMETER — A
20
HEAVE
My My =185 0<AL.
15 \ =102 A—-256 1ZALZ34
My Ny =.126+17 A 0<A<4
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1.0
Ny
5
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Figure 11. Least-Squares Fits to Kim's Parameters
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in a viscous fluid:

- Y4 s, 1+.8R
M. e 1+28n+28%RK" (79)

The viscous damping in yaw is

3 3+6.8R+ ¢3n%+2.8°m°
1+28n +2.8%°K*

N, = -g-rr/u A (80)

)
where

is the major diameter

is the fluid density

is the viscosity

is the kinematic viscosity

is defined as / 0‘/2 1/

is the axpmlar frequency of oscillatory motion.

I L XY B

Since the center of pressure and center of gravity of the buoy do not
necessarily coincide, force components due to hydrodynamic mass or damping
will induce moments ahout the center of gravity. The projected area of an
oblate spheroid in the y-x or 2z-x body planes is a semiellipse. For H_-< 0,

D

i.e., less than half immersion, the center of pressure is located a distance

Hep = Tga— '% \/(‘qz-H:)s

below the centroid of the oblate spheroid. For HD > 0, i.e., more than half

(81)

immersion, the center of pressure is located a distance

N &
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3
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4
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, -1 H —y
b, = (Enb o/ rbs ) 5 4 /G )

Tab+2h, /a0 +nb sinlfteta) (62)

below the centroid.

In the coordinate system shown, a positive y acceleration will induce a
negative ¥ moment and, conversely, a positive J acceleration will induce a
negative y force if the center of gravity is below the center of pressure. Thus,

the coupled roll-sway hydrodynamic mass moment of inertia is

My, =M, =~M,, (Heq~ He), )

Also, a positive z acceleration will induce a positive )9 moment and

vice versa. Thus, the coupled pitch-surge moment is

Mhﬁz = M"u = -M‘hu <Hcg" HC,,) , (84)

Summarizing the inertial hydrodynamic force coefficients, i.e., the

elements of the hydrodynar .c mass dyadic for a palf-immersed oblate spheroid,

we find
m o o 0 0 ©
XX
o m, o O o m,,
M _ 0O @) mhu O m,,aﬂ O
h @) o O Ih 9) o
© o M, o L, O
°c m, 0 o o L (85)
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3;; For the special case of a sphere, the elements of the dyadic are

R G R
T g ey, 9 e BRI 5,

m, . = 135 pn’? O<A<Ol
= (1.02 H"o'z“)fﬂa O < R'<3Y
My, = m, = (1.089+0.529 K’ ))on 0< KB'<07
-(1 0/-0.02:3+0.9548) pr®  O.M<R'<3H
T _ Ywped 1+8h
I‘*o«x ’wf by = 3T K 1 +28n +28%1*

mhw = mh7y= ‘-m;w (Hcg.'" HCP)
mhzﬂ = mhﬁz'-"- m;,u (Hcg." HCP)

where .

is defined as RO

[y
is the sphere radius
is the angular frequency
is the fluid density

is defined as  /O/2V

4/ is the kinematic viscosity

Y% § 3 I

HG".»HC Pare locaticns of centers of gravity and pressure.

In a similar fashion, the dissipative force coefficients due to surface wave

generation are

n, © o o0 o O]
o h, 0 o0 © Ny,
0 0 fu O Ny o
N= 10 0 0o 0o o o
C 0 hng O Ny O
o n, 0 0 o0 n, (86)
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Again, for the special case of a sphere. the elements of the dyadic arc
Ny = (0126 +1.7-R’) po-nA’ 0< n'<oM
~0.134° ,
=(113€ " ") _po-n’ oM< R'<3Y

Nyy=Neg =0,/ O< R'<01
=(-0.067+0.11R°) po-p° 01< R'<137
=(1575e"""™) pop? 1.37< R'<3.4

Ngg = Nyy = O

nyr = 5’]77 = -~ nyy ( HCG - HCP)

nzﬂ = n,az = Ngz (Hcs- - HCP) R

Dissipative forces due to viscosity are assumed to follow a velocity-

squared drag law. There is some question as to the validity of representing
an unsteady force with a coefficient based upon steady flow experimental
measuraments. Marl:in46 has found that the mean drag coefficient for a plate
started impulsively from rest is an order of magnitude greater than for steady
flow. However, there is no general, analytical method available to compute the
viscous forces for a fully turbulent, oscillatory flow. Schlicting47 cites use of
a method of successive approximations for unsteady laminar flow. Since viscous
forces, f(az), are an ocrder of magnitude less than hydrodynamic inertia and
wave damping forces, f(a3), and becsuse steady currents are acting on the
buoy, the viscous forces are assumed to follow a velocity-squared drag law for
subcritical Reynold's numbers.

Analagous to the hydrodynamic mass dyadic, the viscous force matrix will

contain ten elements. The viscous force coefficient matrix is

wdd

S L B S SRR S AR G AR

P —ry

246 Ay ST

2 WTAAA A Yl

B

S
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il
de 0 o0 0 o0 O ;g
o 4, 0 0 0 d,
D _ 0 0 dzz o d—’-‘) 0 ;
0 0 dgz O dgy 0 |
L.O U(Xy 0 0 0 ”{b‘r (87) % ;
< ‘ {
where ‘ fﬁ
,
O(XX = 7 G A |
_ 2L
dyy = dgz = 2 Cps As
_ 32 3+6ﬁﬁ+€,8)‘1+28 5
Aocor = lgp=clyy Tr/“ i 1+28r+2R2A% {
O(Yb’ = 0{7)/ = '—0()/)’ (HCG-”HGP) :
0{23 = dpg = s (Hcc - HC")
The projected area in heave is
2 i

AH = Trb (88)

and in surge or sway is !

AS b H \/ H + Hb S’n . (89) :

For half<:nmersed spheroids, Hoerne & shows plots of drag coefficient

(surge or sway) versus the ratio of vertical to horizontal axis dimensions,

Db LR IR A T
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Hoerner's plot for a subcritical drag coefficient is fitted by the function

CDS = 0,354 R/b Re < /055 subcritical

R

for various spheroids. The drag coefficient in heave is approximated with one-

¢ ‘ . . =0.3. ,
half the value for a sphere, CDH 3

3.1.5 Ocean Waves

In order to compute the magnitude of the hydrodynamic forces with the
coefficients just derived, the relative motion of the fluid surrounding the buoy,
relative to the buoy, must be computed. A mathematical model of the sea state
must be developed.

The following hypothesis offered by St. Denis and Pierson24 in 1953 has

-
49,50 Gerritsma, 51 and others for the motions of ships

heen verified by Dalzell,
in a random seaway:

1. Assume that the sea can be represented as the linear sum of
elementary waves, each traveling in the manner described by the
classical Airy formulas of linearized water wave theory. Each
component wave train will have random phase.

2. Weight the compon~ * waves to have the same spectral
characterislics as the observed sea state.

3. Assume that the body response to a random sea is the sum
of its responses to the various frequency components.

Within the constraints imposed by the assumptions made in the derivation of

the hvdrodynamic coefficients, i, e., body dimensions are small compared with
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a wavelength, the St. Denis-Pierson hypothesis should be better suited to the

case of 2 buoy, with dimensions on the order of 10 ft, than to ships, with
dimensions on the order of 100 fi. (For example, as a worst case, a 10-ft

buoy in waves with 100-ft wavelengths would only cause a peak error of

3. 3 percent in the computed elevation of the mean waterplane. This error will

decrease as the wavelengths become longer.)

From the Airy formulas, water particle motions in deep water for waves

traveling along the z axis are described as follows:

Wave Height

X, =R, SiN (kz ~o-t)

Vertical Velocity Component

>'<w=-lq-"5'§,—k- cos(kz - o t)

Horizontal Velocity Ccmponent

¢

£, =Bk gy (kz - ot)

Vertical Acceleration Component

X, = ~Ru§ K SzN(kz -~ o-t)

Horizontal Acceleration Component

0

£,=-n, 6k cos(kz~ot)

(90A)

(90B)

(90C)

(90D)

(90E)

e e
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Wave Slope

Bu = -TAN”(HWK cos(Kz-o‘t))
= -n,k cos( ke -ot)

Angular Velocity of Free Surface

(90F)

ﬁwé-n,,kcr SIN(KZ-o't) (90G)

Angular Acceleration of Free Surface

B, = A K o-* cos (ka-ot) (90 H)
where

K is the wave number ( K= 21/ Lo)

L, is the wavelength

o~ is the angular frequency

t is the time.

The assumption that body dimensions are small.compared with wavelengths

implies that body displacements are small compared with wavelengths. Thus,

we find that

X, 2 -A, SIN ot (914)
X, 2-R,0 COS Gt (918)

Z, 2-h,0 SINOT (91C)

.
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" 2.
= 91D
X, Aw O SIN oL, (91D)
£, % -p,0%cos ot (91E)
R, & R, K cos ot , (91F)
> 2 - K t 1G
/8\9 = ~RyKO0 SINOT , (91G)
and
" - 2
)3, £ -ako"cosot (91H)
Transforming the water mass velocities and accelerations to tody coordinates,
we see that the velocities are
-. -y r~ '. "']
Xwa W
sz, = n ’ O
2 E
| 2] LY, (92A)
and that the accelerations are
e ] " e ]
Xwa Xw
.l =L |0
0y i
| Fwe | W

Lot (92B)
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The location of the intersection of the free surface and the "'vertical'' axis

of the buoy is

H, = Xos COSB COSY +Xx, ~ X, COSBCOSY . (93)

In order to develop a random wave model, the statistical properties of
the sea state must be described. The development of wind waves on a body of
water is either limited by the distance to land in the direction from which the

wind blows (fetch limited) or by' the length of time during which the wind acts on

61

the water surface (duration limited). For the fetch limited case, Bretschneider52

normalized the original wind wave forecasting relations of Sverdrup and Munk53
and included much additional data. Bretschneider's dimensionless curves have

been approximated by piecewise linear functions by Patton.54 The approximate

functions are as follows:

Significant Period

T, = 2.MT «10° F<20x0" o)
L06 Ty, =-1136+0.283L06 F  2x6°< F<izxi0® p1)

7—',‘/3 = 2,0 Fslax10®  (940)

Significant Ieight

= Y

Hy, = 574 x10° F<tgxio® 658

2y 20 w2 A SRR AP

s

O N
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LOG ﬁ% = 2.5+ 0,415 LOG F Lexi02< F<50x10" (95B)

F{% = 2,82 x !O-' E>5‘,0x10q , (95C)

55
Weigel = extends Bretschneider's dimensionless curves to the case of
duration limited wind waves. These curves are approximated by

Significant Period

LOG ?:‘3 =-02 + 0,224 L0OG D (96)

Significant Height

—

Lo Hy =-2,272+0.3282 LeD ©7)
where

——

= -Q-—EL—- the dimensionless significant period
2m W, en P

&3

H, = & Ny H 2 the dimensionless significant height

L)
\n

the fetch parameter
)

!
f

R g

the duration parameter
)

ol
]

et g

1 O S




T{/’ is the significant period

H Y is the significant wave height
F is ‘he fetch

D is the duration

G is the gravitational constant

WV is the wind velocity

In order to determine if the waves are fetch or duration limited, the
minimum duration for a given fetch must be cetermined. From Bretschneider's

curves, the minimum duration is given by

LOG (M} = 1,477~ 0.255 L0G F . (98)

If the duration (D) is less than the minimnm duration (D.,..) the waves are
duration limited; if greater, the waves are f.etch limited.

For a given wind speed, fetch, and duration, the significant wave heigh.
and period canbe computed by using the above equations, Longuet:--Higgi.ns5‘6 and
Bretschneider52 have shown that the distributions of wave heights and squared

periods can be represented by Rayleigh distributions. Thus, the wave height

P S e
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distribution is

HZ
Ta

p(H) = TH o
and the wave period distribution is

. (T) = ’;,:3 e-o.crs({r)

. The mean wave height and periods are

ﬁ = 0,625 H'/s

and

P

Ocean wind wave amplituce spectra are of the form

-8
SHz(OJ) = A w" e "

B el
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(99)

(100)

(101)

(102)

(103)

57
Pierson and Moskowitz analyzed 54 data sets and evaluated A, B, m, and n.

The exponent m was set equal to -5 and n was found to vary between 2 and 4

depending on the wind speed. Kcttler58 optimized th2 parameters by using a

least-squares fit of each data set used by Pierson-Moskowitz and proposed the

form

T

S,

W""’"’“xh ot e
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es bba™)
SHz (w) = 10-w “*e + G R (104)
where )
-~4,305°
b= (L75x10°) WV
;
(0.154 « WV)
G = 0.03054 € )
The Bretschneider spectrum, given by
Y
g i
~0.675 (2 :
S (w)=ocg'w” e Ww’i) ) (105) 'z
where
sH
=W %
o= sT
2 T amww
2 f
X = 3437 —-E-

BT

was chosen for this study since it closely resembles the optimized spectrum and

[

is integrable.

St. Denis and Pierson24 proposed a random wave height model in 1953 of

the form

il Aot e

X, (t) ==‘[cos(wt+€(w)) -/SHg(w) dow ; (106) :

i PN
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where € (W) is a random variable whose values are equally probable for any
value between 0 and 2797 . The integral is not an integral in the Riemann
sense since the function is discontinuous because of the random variable. The
expression indicates that the random wave heights can be represented as a
finite number of cosine waves of different frequency, each having random phase.

Let the spectral density Sﬂz [OU) be partitioned into N frequency bands

(figure 12) in such a manner that

O<w,<w,<w, » <wy =W,

where the spectral density is essentially zero if W) is greater than W .

The width of the nth band is

Alp = Wp= Wy | (107)

and the mean angular frequency of the nth band is

1 !

G, = 4 (sn ),

The random wave height model is now defined as

N
Xy (D=2 [En@)at,  COS(Bb+E,) |

A=y
where €n ,n=1,2,3,+00,N are independent random
.
variables distributed uniformly over the interval 0 to 27 . IBorgman')9
indicates that an equally spaced subdivision AW, =W / N will

result in X, (t) repeating itself with period 271/ @ . Borgman

Gaiangh .o,

e Tade v
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MEAN WAVE HEIGHT — 1.1819 ft
MEAN WAVE PERIOD ~ 4,318 sec
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, 1 12 sl6|7] 8 9
So(e ) = 0.01 f1%
H2( c,) soc >
1 [l I 1 il | 1
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Figure 12. Borgman's Energy Partitioning in a Bretschneider Spectrum
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partitions the spectrum on an energy basis using the cumulative spectrum given

by
w
S (W) = Ef Spe (W) dw 3 (109)
e
thus,
hence,

N
X, () = én /S,',dw.,)-S;,,(wn..) cos(w,t +6,,), (111)

The periodicity is avoided if the set of (v, values are chosen to make

st ( Wn) - SHz (Wn..,) constant for all n. Let

—— ——

S () ~ Splon) = W

S (112)

then, the instantaneous wave height is

Ny
X, (E) =-‘7%2 coS (Wnt +E,) . (113)
Y]]

The frequencies, w,, , are given by

—~ n
SHZ(WH) == "N_"' SHZ (oo) V):_’l"?_).-- >N ) (114)
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which corresponds to an equal subdivision of the energy coordinate axis for

SHz (w)

Using the Bretschneider-Pierson spectral density of the form

w0 3 (115)

RN S &AL RS 546 10 5 ST L S A
e S A L AR e SR N A A e A

w :
Vel B B - B/ 4
S (w) = 2/—53- e ds = —'3 A . (116)
0 3
i
Integrating out to infinity, we find that §
SHR(OO) = "Aa— )
and
w0, =|—B__1"
" = | Toe, (N/h) : (117) y
g
where the coefficient is given hy t 3
1
B G 4 i
=-0,675 --——-—~> (118) ‘
wWv F/,

Next, we define the varicus elements of the rander: sea state model:

Wavq__{ieight

i e KT O VTR e 0 NS 1Y

N

Xo(t)= %2 = [Set@)aw, SIN(@,t+E,) (119)

n=|

[
JERPL VP

5 et
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Vertical Velocity Component

N
)= % 5 =[S a()a0n COS(EnT +E,)
h=t

Horizontal Velocity Component

2,(t)= ?_Z ﬁnz(wn)amh SIN(w,,t+e)

h=y

Vertical Acceleration Component

N
X, (%) 5{2
ha

Horizonta! Acceleration Component

(w,,)Aw,, SIN(&@,t +€,)

‘%w(t) = 3 2 ‘/S;,z(w AWy, COS(Wht+en)

N
B.(8)= ézk /S (@) aw, COS(@.E+E,)

Angular Velocity of Free Surface

o)
Au(8) = £ ) ~Kn By [Sp(@ew, SIN(@E+e,)

Angular Acceleration of ¥ree Surface

N
A, (t) = —EL Z— Kn (:Jna\/sua (63,) 50y COS(CU“t+€”>

Nz
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(120

(121)

(122)

(123)

(124)

(125)

(126)
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Again, the wave height, velocity components, and acceleration components
must be transformed to body coordinates according to equations (92A), (92B),
and (93).

A ten-component, random sea state model was programmed in FORTRAN
for use with the UNIVAC 1108 digital computer at the Naval Underwater Systems
Center, New London Laboratory. This program is shown in appendix B as
subroutine "RWAVE." The ten~component model was found to truncate the
low and high ends of the spectruin (the first and ninth frequency components).,
Since the low~frequency end of the spéctrum is important in the computation
of the response of mechanical systems, Borgman's frequency partition method
was modified to include the low-frequency energy by the following numerical
scheme:

1. Use a trial and error method to compute the frequency at
which the value of the spectral density rises above some threshold value,
for example, SHz (w) >0.01 ft.a . Let this frequency be denoted
Wo

2. Thus,
W, = % (W ~w)

and
AWy = W ~-W, ,
3. Use the energy computed for the second partition S—”z(wa)‘g,z (w,)
to compute the component amplitude.
This method accounts for the energy in the low-frequency end of the

spectrum.
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3.1.6 Numerical Solution of the
Equations of Motion

o

A V4

b

Having computed the wind wave displacements, velocities, and accelera-
‘ tions, we can now ~ompute the hydrostatic and hydrodynamic forces acting on

g the buov (terms B and H in equation (5)). The hydrostatic forces and moments
” depend on the position and orientation of the waterplane relative to the buoy.

: The wave height, given by equation (91A) for a sinusoidal wave model or by

equation (119) for a random wave model, must be transformed to buoy coordi-

3 nates. The transformation is

Xwg = Xw COS B COSY =X, COSB COST (127)

where xos is the vertical height of the center of gravity of the buoy below the
: mean waterplane with no buoy pitch or roll. The transformed wave height must

be subtracted from the heave motion of the buoy in order to apply equation (93),

R e Y S ST A
SRR M R

the location of the intersection of the waterplene and the "'vertical' axis of the

buoy. Restricting the study to waves traveiing along the x axis of the coordi-

e SRRl

nate system, the wave slope ﬁw in the inertial coordinate system is given by
equation (91F), for sinusoidal waves and by equation (124) for the random wave

3 model. The attitude of the waterplane, relative to the buoy coordinates, is

, described by the angles B, = 8~ 8  and ¥ =7 . The slope of the

sea surface is

B’ = cos"(cos ¥s C0S.A,), (128)
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With the location (eyuation (93)) and slope (equation (128)), the buoyant forces
and moments for a sphere are given by equations (49), (55), and {56).

In a similar manner, the hydrodynamic forces are computed by consid-
ering water mass movements relative to the buoy. With the assumption that the
buoy dimensions are small relative to the wavelength and applying the Froude-
Kryloff hypothesis* for the viscous forces, we find that water mass velocities
and accelerations are given by equations (91B), {91C), (91D), (91E), ($1G), and
(91H) for a sinasoidal wave model and by equations (120), (121), (122), (123),
(125), and (126) for a random wave model. Water mass accelerations are
simply transformed to buoy coordinates (equation (100B)) and subtracted from

buoy accelerations to compute the motion of the buoy relative to the water mass.

The relative acceleration is

0 7/ o0 (1]

Q =Q"-D~'Qw ) (129)
where

o/

Q 15 the acceleration vector relative to water mass

(.;.) is the buoy acceleration

éw is the water mass acceleration,
Water mass velocities are more complex because ocean currents exist and must
be included. There is a difference in reference frame that must be resolved

since buoy velocities cause a reactive force (i.e., a positive buoy velocity

*The presence of the buoy does not appreciably change water mass move-
ments in the vicinity of the buoy.
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causes a negative force) while waves and currents cause active forces (positive
velocities cause positive forces). The velocity vector of the buoy, relative to
the water mass, is given by

8 Jr [} [ hd
d = Q-N-Qy- Qe (130)
where
o
Q is the buoy velocity vector
[
Qw is the particle velocity vect r due to waves
[ .
@, is the current velocity vex : ¢.
For current velocity components C** and CW acting in the positive Y, and
z, directions, respectively, the cv--icnt velocity vector is
O
[
Qc = cV
cw , (131)
For viscous dissipative forces, which are functions of the velocity squared, the
velocities are
° /2 7| !
Q =Q ! Q! . (132)

The absolute value is used in order to preserve the sign convention.
If the buoy were free floating, not moored, the equations of motion for the
buoy could now be integrated for a given set of environmental conditions to solve

for the buoy response.
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The equations of motion for a spherical buoy are summarized. Equation (5) is

M =MG-B-H -v--T.

In the R2 coordinate system, the lieave acceleration is given by

= —,—%[mg cos¥cosB ~Bcos ¥ cos B

”mhm X’ nx'x’ a(xx')%”u”"'mg

(]

'T' COS¥cos B +'T;,swb’ + Ty cos ¥ SINR ]

The sway acceleration is given by

y = ’{mg SINY CosB ~BSIN¥YCos 8 — m,,” )7’

"My T =Nyt Y = Ny ¥ - dy, Yyl
-dyy 1% - Wy, - T snvCos 8
+Ty cos ¥ - Ty SINY SINB :]

The surge acceleration is given by

(14 'Y Y ey

= A
=1 [—mg SINg+Bswg~m, & -m,_ B
”nla’dé'-— nE}'ﬁ a(zz on' .”"'o(gﬂ'ﬂ”llghl

“We, = Tx SINB + T, ws,e7
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-

Wy The yaw acceleration is given by

[ 5 & = e x| 1 ]
Idﬂ .
The pitch acceleration is given by
°" 7’ LWV

_ ﬂ}'ﬁ.”/,é”l —dﬁz'éﬂl:’-‘énl -'W:e,.

~H, (-T. sw8 + T, cos,&)].

The roll acceleration is given by
- 'l‘i" ["Mr L ¥ =m0 gy
o vy ¥y

...dn“ b’,lll 8,#, _ ofw '>>”l )"III - Wa'a

~“Hy, Trsw¥cosg+Tycosw-T, Siv a’smﬁ):]
¢
Hydrodynamic inertias and wave daraping are computed for motions of the buoy

relative ta the water mass, Thus, for waves traveling along the z axis, we

see that
" 7 0 o . o
X'=X-X, X' = X = Xuy X=X~ Ky,
=¥ Y =y Y=y
=iz, 2oz, B =z-%,
&’ = &% &’ = & of = ox
{ i "y (2] [ ¥4 . ,
% & =k-4, B'=p-A, =8-S,
: =% 5= ¥ 20 S
=




P e,
e e

S o A NS T

77

oy where the subscript Wz indicates that the computed wave induced water
particle motions are transformed to the buoy coordinates, The viscous drag
forces and moments must include a contribution due to the steady-state currents;

thus,

X

X=X
y’=y
2" =2"-Cw
" = cx

ﬁ’”:ﬁ
=¥

!

\d
>~
~

URL

¥ =

The draft of the buoy is HD = Hce “+ )(’ where H e is the
height of the center of gravity of the buoy from the bottom of the buoy hull. The

buoyant force is

3
3|2 Hp / H 3 p?
= TR (£ + 2 CcoS B8 - 2 COS
B /0 g [3 <] ./8 3 H3 ﬁ )
The pitch and roll buoyant moments are given by

, ']
My = B (Zc €05.8"+ (Hoo— Xey) SINA)
and
M, =B (X:a cos ¥ +(H,, - Xeg) SINY ) .
The hydrodynamic inertia coefficients are summarized in equation (85). Wave
damping coefficients are summarized in equation (86). Viscous drag force

coefficients are summarized in equation (87). Finally, wind forces are shown

in equation (18).
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é; Vith all the coefficients in the equations of motion defined and with the sea
state model available as a forcing function, the dynamics af a free-floating
buoy* (no mooring line) can be investigated by numerical solution of equation (5).
The matrix equations of motion can be rewritten to yield six, coupled, second-
order, ordinary differential equations with nonconstant coefficients — three
force equations and three moment equations. They can be rewritten as twelve
first~order equations.

‘These equations can be solved numerically in the time domain for the six
buoy motions using a standard higher order numerical integration algorithm
(usually Milne Predictor-Corrector methods or Runge-Kutta methods). In this
study, a fourth-order, Runge-Kutta methou was used to integrate the buoy equa-
tions of motion on a UNIVAC 1108 digital compuler. Although a bit slower than
Predictor-Corrector methods, the Gill's Mewinod Runge-Kutta subroutine is
available on the UNIVAC 1108 and was found to be easier to implement for large
numbers of coupled, second-order differential equations.

Errors in the fourth-order, Runge-Kutta method are on the order of h5,
where h is the integration step size. For the smaller oceanographic buoys, it
was found that a step size on the order of 10-2 sec was required for numerical
stability. If a step size of 5 x 10“3 were used, the error would ke on the ordev

of 3.125 x 107 2,

The computer programs used are described in detail in appendix B,

« *The mooring line tension force will be developed in the next section on
‘ cable dynamics and the equations of motion for the buoy will be coupled with
those for the cable.
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L 3.2 Cable Dynamics

A study of the dynamics of cables in the ocean environment must include
hydrodynamic forces acting on the cable and be capable of including nonlinear
stress-strair properties for the cable. Since oceanic currents may flow in
various directions at different depths and the excitation at the ends of the cable
may be described by a three-dimensional force vector, the analysis must be

conducted in three dimensions.

3.2.1 The Cable Equations

Consider a free body of a cable segment of length dSO (figure 13) being
acted upon by an external force per unit length, 6 , and assume perfect flexi-
bility. The geometric center of the cable segment lies at a point (xo ' Vo zo)
in a cartesian coordinate system. The external force 6~dS0 acting on the cable

segment can be resolved into components; they are

QdS, =X ds, 1 +YdS, § + 2 ds, k| (133)

Writing Newton's Second Law, we see that in the x direction

MGV dS, LK = X S, +[T(5+ds)-Tis))-T | s

in the y direction

M(8) dS _a__Z =Y ds, + ['f' (S, + o(S.,)"T(»Si)]'j ; (134B)

. and in the z direction,
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(8 dS U5 = Z ds, + [T(5+d5) -Tis))

where /A(S,) is the mass per unit length of the cable.

and let dSo—> 0 . Taking the limit, we can write equation (134A) as

Ms)FE = m (X

or

/b(('s)atz X+ '?I'?

and, in a similar manner, equations (134B) and (134C} become

and

X
0
S
3
N
+
Q)
=1
N

¢

Define the vector F

The vector is defined as

-t

F=xT+y.] +=-% )

A vector tangaat to the cable is

ar X 7 3y, o=,
A 33, I -+ 35, ~+

33,

>
x>

1 [ sl
+ L [TS, #ds)-T(s) /))

from the origin to a point S0 on the cable segment.

81

(134C)

Divide through by dS0

(135A)

(135B)

(135C)
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The unit vector tangent to the cable is

Fla ar
- 35

Pz

At point So , the tension T is tangential to the cable if the cable is assumed

to be perfectly flexible (i.e., the cable cannot support bending moments). The

tension is

(35)

A 0

VBT ET

where T is the magnitude of the tension. The x component of the change of

=3

ey
—

tension along the cable is

AT . *_ 2
= wm(m

— .)
—~.>

)__ 2 T |, 3x
O3S, ,37’] 35, ) (136)

Substituting equation (136) into equation (135A), we find that

T,
//‘-(Uo) ata == X + 35, (l_gl 93.> ; (1374)

and in a similar manner for the y and z forces, we find that

3%y _ A (T, 23y ,
M85 =Y + %50(‘ % 3‘0> (137B)

- v Y e AT & AT 2 e s A e % A = e

e e
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and

2 \
/(A(-S'.)%—fg =Z+%3(‘I‘5?"§"g'/. (1370)

The strain, (€), is defined as

GEJS”O(SJ__, 3?‘*]__1

ds, 18

where S is the strained length of the cable. Substituting equation {(138) into

(138)

equations- (137A). (137B). and (137C), we can write the equations of motion as

follows:
2x T
MG)5a - ??(m* ”‘) -X =0, (1394)

2 A
/,((,5‘,)?..! —%‘-so(m"gl)" Y=0 ) (139B)

and

= ™ 3
i (S5:) ST 3330(-175— a—é)— Z=0 . (139C)

In addition, the auxiliary equation (138) becores

E=%"1.

A constitutive relation,

T = T(¢€) ) (140)

ez
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L -4 must also be defined.
This set of equations is standard for cable systems and has been devel-
oped by Cristecu, 60 Schram,61 Whicker,62 Lindsay,63 and others.
It is desirable to transform the equations of motion to a "natural' coor-
dinate system (i.e.. a coordinate system aligned normal and tangential to the
cable), because hydrodynamic forces are usually defined as normal and tangen-

tial to the cable. The coordinate systems are shown in figure 14. Rotating

about the y axis, the transform is

Ccos 6 @) SIN 6
o 1 0
-SIN 6 0 cose

Al

it

Rotating about the z axis, the transform is

cos SINg O
A2 = |-SIN¢9 cos¢ O
0 0 1

For both rotations, w- that

A= A2:Al )
thus,
Cospcos®  SINQ COSPSING
A = |-snpcose  cos§ -siNg SING

‘5.‘9"{? o COSG . (141)
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A is the transform matrix from the x, y, z coordinate system to the x", y",

1 = At; thus,

z" system. Since A is orthogonal, we see that A~
P

Cospcose -SINpcose®  -SING
A =1 swyp

COSPSING  -SINGSING cose

v (142)

In the double~primed system, let x" be along the cable and z" and y" normal

to each other and the cable. Since rf—; ( -g'—;- ) is a unit vector tangent to
(J

: I_ /3 1 ] .
the cable, ss—= ( 2L transforms to 0 in the double~primed
I1+6 as.) [o P

coordinate system. This transformation is

L (R 4|
[+€ _as,)“‘A [g] )

or

ax ) ' y
3s, Cos ¢ cos®
A1) —
(I-re) S| T SING
o
T COS¢® SINO
LD'S‘J = ¢ = (143)
The components of equation (143) are
X
%3; = (1+€)cosp cose X (144A)
oy
$ = (1+€) SIND (144B)
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- and
€4
X
g—s-o = ({+€) COS P SING (1440)

Let H, G, and I be forces per unit length acting on the cable along the x", y",
and z" axes, respectively. In earth coordinates, the cable forces per unit
length are

r'}(" [ H'\ "

Y| =A |G |
Z| - |I

L J N PR '

(145)

Writing equations (139A), (139B), and (139C) in vector form (in the unprimed

coordinate system), we see that

ggo("l"coscpcose) FH %‘é
3 7/ -1

S(Twe) | LA G| = us) |2
(7 2

3Sﬁ("f cos¢swe)d I _ﬁj

(146)

where u, v, and w are velocities in the x. y, and z directions, respectively.

Transforming to the double-primed coordinate system, equation (146) becomes

_%SO(T‘ cos¢ cose)- Hi
Al (Tsng) | +]G| = U(S)A
_ S5 (T cosp SN e).; I

v2 IR ¥R

Lovl, (147)
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The first term on the left is

po
-

s (Cosa(tycos 6 +SIN2¢+ COS‘¢SIN e )
+T§% ( cos’Ocos SING +Singcos - Sin esw¢rcw‘¢)

+T 36 & (— Cos"§ SINO CosO + cos2 P sINe Cos 9)
°

%l.;, (— Cos%6 s cos + cosd sING - SIN?B SING Cos ;b)
?-Q ( cos®o SN’ + cos®¢ + SN®O suv*(p)
+'T' —9— (sw¢> CoSO SING CosP — SINPCOSE SINE cos¢)

a S ( SING cos$cosO + SING €0Se cos¢)

( COSQ SING SING — COSE SING SIN ¢)
BS,

+T' % (cosgsws + cosg cos )

which can be reduced to
aT
oS,
9

T3

20
LIT‘ COS¢ S-S-o )

Now consider the term on the right side of equation (147),

-y

(148)

M)A
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e If U, V, and W are the velocity components along the x", y", and z" axes,

respectively, the velocity components in inertial coordinates are

- I’ b

u V)
-1

=A |V

W wl s

then, the acceleration components are

- ) .

MU W

it TU ' it

-l -

wi=%(A) |V +A|¥

w )

L%-'E- -W~ B%- [

Multiply through by the mass density and the transformation matrix (A),
-
U (1p] :
5 Y Y|
-y -/ P
M)A ¥ = ms)AL(A) |V +us) AR |

w
5 \U 3

(149)

Considering the first term on the right of equation (149), we see that

rcos ¢ cos6 -SINg oS8 ~SING
-l
%1-; (A ) = %E SING ws¢ 0
COSPSING -SIN SING coso
L.
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D s snié Y ) (-coss cosc;asg )

\ -cos¢swe g +SNP SING 42
- ¢ (-swe 3t)
~SING SIN9 ;Q -SING Cos @ %Q
+ cowco.;ar' J ~SING Cos o 3
\ % 4
-
A further expansion of A gﬁ (A ) gives
[~ ~ .
~costgcospsig 3¢ = cos® cos*p 3
~costpcosdsIve g +SIND SING €39 w:eis%
+SING cosd 2 ? I X
~5n%Q cosd sw¢%% -SIN*G costdP %%
+Cos*PcosO sing ¥ -5 swgcosdcoso 38
cososw*e Y ) [costo s cosp P
+SIN§SINGcostcos§32 | |-sin'pcose smp 2
+Costd %% ~Cos¢ smp
+SIN% s 3% +51v%9 swéeosd it
~Siwpswocosocosp | |+SNGSNoCcosO Ty
s cose s 3¢ $INO Cosecosp
+SN%B cos ¢ ~SIN?@ SiNd
—SN$Co39 30 ~SINJCOSE cosp )
0SNG 3 ~cos®9 sing 28
L +cos’9cos %% v

The above matrix can be reduced, and we find that

20 90
-CUsgcos 63-5
- 2923

cosp sIN“O 5@

cos*osivg ?).g
SIN?6 sINg 29
+S!, ¢ e

29

SING Cos6 3%
- )
SING coxé %ﬁ

90
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U
<
] 0] - .3_2‘1 -cos¢ 22.‘
L v
(A"~ |20
A 3% (A7) = 3t 0 siwng .g.g
cos¢® -singl 0
- ¢ o ”® ~ (150)
Substituting into equation (149), the accelerations become
| k W 20
as‘f 3)% -V 5% Weosé 3t
MA|F = ) |F U rwewp P
gr o 2y W+ cosp - Vs
g (151)
é Substituting equations (148) and (151) into equation (147) ard writing the compo-
E} nent equations, we obtain the equations of motion:
% T (v 20
3 v 3¢ 20 )
: T350+G==/u(5.)(5—5 + gt +Wswe 42
é (153)
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. TC05¢3-§0+ I -'~/a('s'¢)(at +UCOS¢S'E V ¢-§z R (154) é
2

% In addition, we have the strain definition, §
;
‘g as i

= =<1+€ 155 :

3 35, < 1€ a5 |
- i
o

. and the constitutive relation, ‘
E T = T(e) (156) |
?‘ Equations (152) through (156) give five equations in eight unknowns

' ('T; ¢,6,U,V,W,3 &e), Three more geometrical equations can be developed by

.

considering the velocities. The velocities are

o

7 U Y

J vi=A |V

; W W)

and the space derivative of the velocity vector is

i; 7 o]

- b u 1% , 35S,

a p) -1 -

3 — | V] = %3 + A

y 5, E(A) |V ?‘i

J Lw ] | 35,

37 < e (157)

‘ Consider the left-hand term of equation (157). The space derivative of the
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é’é velocity, vector becomes
- [ax [ 9x
w T *SJ
2 1l =2 | = 2 |
95, T3S |t 3t | 55,
w P) -3
L-.% Lss"_ 0
From equations (144A), (144B), and (144C), we see that
|
3 1
1 u (1+€)cosP cuss !
B
2 vl = 3
] i 35, = 3 (1+€) SIND
» W (1+€)cos@ SING
B o
| (158)
it
'
Rewrite equation (157) and transform with A; thus
4 35, u v
?, - =i
: v | 2 _ 3
7 AA BSO "‘A)So v ABSO(A ) V
s W w \
: T _aSOJ - - - J
' : and
¢
- - . -
3 1% (1+€) cos¢ cose U
3 s,
4 Wis A2 SIN 2. (A"
; g‘so - A I ("“6) ¢ ADSO(A ) V
B g P)
1 5%’0 ()+e)cos¢>sw6j _W" '
4 L - (159)

By analcqy with the development of equation (148), the first term on the right-

hand side of the above equation is
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P

~(1+e)cos¢ -g-%-

By analogy with the development of equation (15(), the second term on the right-

hand of equation (159) is

and

Y -
0o = cos¢ 35
3¢
%, o sing 28 %
cost %g-. -sm¢§-§ 0

QLS/, = %ﬁ - ( 20 _ Weos¢ , (1604)
d 2@

%xsro —- (1+G)B_Q - (U,:)% + WS:N(PQS)) (160B)

IW 90

-a—§- (1+E}COS¢ (U cos (p VS’N¢ %—go) . (130C)

Rewriting the constitutive relation, we obtain the time derivative of tension:

aT

AT 26
It

de T
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Finally. the equations are summarized as follows:

M )3 -vH wWospil )+ H =0 | ae

T /«(5)(3‘/ Ua‘f’.,.wswd) %§>+G=0 ) (162)

T cos¢d & g5 —/»((S)( +UCOS¢ V3'N¢%—%)+ [= 0) (163)

IV _ 2¢€ ¢ _ .
55~ 5t (V- Weose as,) ©, es
s -(1+6)32 + (UL vwewe e )=0 | (165)
. b 20 26
%{ - (1+€)cou 32 + (Ucos 9 22 - Vswé 22 ) O qes)
and
T _ 41 3¢ _ o
T Ge 5 (167)
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We have seven, nonlinear, partial differential equations in seven unknowns.

Using the constitutive relation equation (167), these reduce to six equations with
six unknowns. Jeffrey and Taniutiﬁ" show that an analytic solution in the form

of a power scrics for a single, nonlinear, hyperbolic. partial differential equa-
tion can only be obtained locally, or "in the small" for a point P on a nonchar-

acteristic curve 7 in the time-space plane. Physically, it is known that the
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flexible cable can propagate both tensile stress waves and transverse flexural
waves. It is also known that the characteristic velocity of the transverse waves
is a function of the state of stress of the cable, Thus, the usual method of
characteristics approach to solve nonlinear wave equations is nuot tractable
because the characteristics diverge in the timz--5pace domain. Solutions m ist
be obtained simultaneously at the same locations 1 the time-space domain in
order to continually update the transverse wave characv.cristic. A numerical
method, which is an extension of Hartree's ""hybrid" method, 8570 Lill be
employed to conduct simultaneous integrations at nodal points of & rectangniar
grid in the time-space domain. Because this method utilizes integration along
characteristics in the immediate vicinity of the time-space grid nodal points, it
is necessary to rewrite the cable equations in their "normal" form, i.e.,
characteristic equations.

““irst, the characteristics must be found. Assume a linear variation of

tension with strain. Equation (167) reduces to !

T:%(‘LEE'::KE :

.

Rewriting equations (161) through (166) in the form AUc + BUs +(G =0 (168)

gives
E MV MWeosp M 0 O | _36/%"
0 -uU ~uWswg 0 -4 0 | 3%
0 o0 -mVwsp-Vswg) 0 0 -m| | %84
-1 o 0 0 0 0] | %N
0 -(14€) 0 0 0 0 st
9 0  -(1+€)cus¢ c 0 0 1L W/ﬁg
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T o 0 s | [H
€ fg 0 ’%s,

0 0
0 o 0
0 o ¢€4wsp 0O
0 -V  -Wcos¢ 10
0 UV  Wang 0 1 Wss,
0

0 (Vcosp-Vsng) O 0

U
<
2]
S O Q

;
0
O |%%s,
0
0
1]

Rewriting equation (168), we see that

A'AU, +A'BU, +A'C =0 |

or

U, +ABU, +A"C =0 . (169)
i

The six characteristics are derived from equation (169)., This derivation is
shown in detail in appendix C. From appendix C the six equations (equations

(161) through (166)) yield six characteristics:

[ 1 (170)
/U(SJ )

/___1 dT (171)
S, d€ ;

-
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|1 € dT
MN=Tas wo & o)
A =41 dT
] ACS) (1+€) de , (174)
and
A =—f-L_ € dT
6~ S(S) (1+€) de . (175)

Rewrite the cable equations in their normal form using the characteristics. To
find the characteristic equations, we can write equation (161) in terms of €
using the constitutive relation (equation (167)) multiplied by 1{“ and subtract

from equation (164) multiplied by dS. This operation is

E

&ISL
™3

d U
2 dt - (W dt-v 2 dt -Weasy 2 dt)
l
+a H o(t]
+[§¥o{8- %%0(5+("V§-§ ds - Wcos¢ %As}} =0

L]

(176)

Since there are only two independent variables, s and t, the total differential

of any dependent variable, for example U, is

_ 3V AV
dU = P ds + % dt . 177
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The variables in equation (176) are expanded as follows:
_ 1 dT 3¢ 4 2V gt + Wids - 34 dit
M Jde 3s éf ds + at At s
V%g ds —W cos¢ 390{1: W00$¢960‘3“'1‘ Hdt = ) (178)
or
T
_,'«L 'Z'{l? g" o(S +dU~- Vd@- Wcosddo- ‘”’uﬁ *(179)

In terms of the characterisiic values, A . we see that

( IZ 35 /U- )a‘t - 3¢ o(S + JU-V5‘¢‘WCO~5¢AQ=O) (180)

where })' . = \//L:i alr are the axial wave characteristics
? €

in the t-s plane; hence, ds T
= £/ 4l
dt VA de

The characteristic equation hecomes

/L dT "
- a s A€ + AU - Vdd)"WGOSd?o(e“II‘Ho(t = O,(181)
This equation represents the motion of the cable in the axial direction (stretching).

If we let the o< characteristic be associated with -+ /..[i. 3?'.. and
P 6

represent disturbances traveling down the cable, we see that

Similarly, let 8 be associated with disturbances traveling up the cable,

SLI&.

-V 3‘91 ~Weos$d8 - LUt = 5 e
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é}?
v L AT
-— 7 e then
‘Zﬂ[ [ 1/ d t
AR \/ﬁ;!?‘Td* \/J'(P WC°5¢ d =0 (183

Again, equation (162) multiplied by ( Zu) dt is subtracted from equation (165)

multiplied by ds to give

avo(s + 3Valt +U”’o(s +U3¢a(t +Wswé 2 ds

+Wsmd>%t@o{t—(l+6)§-30(5 -4 “e %Jt -4 Gdt =0

Dividing through by (1 +€ ), we find that

} {
T8 46 Se At + Wds) + gy U A0+ AV

1 - —_
Hi W SO0 — ey G dE =0

The transverse wave characteristics in the t-s plane are

- dT
)\3> = T /M (1+C) de .)

hence,

N AT
M (1+e) Ae ,

4V~ (1+€) \//4('%57 d¢+Ual¢+Wsw¢ole-—’—Ga(t o

Let the o< characteristic be associated with 4 /-—- T and
A ([1+6) %

&)SL
ct{C

and

represent disturbances traveling down the cable in the y'" - x'" plane:
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:((Y‘ ((1+e)//4(1+£)2'€ + )"w +W5m¢§— Gg—- =0 (184)

L

Let the ,3 characteristic be associated with d / ;a'- ?T-%E') fl"g" and

represent disturbances traveling up the cable in the y'" - x" plane:

dV T d t
7t («+ )//u M)§~ U)EIJ% +W3md;i‘£ -6 ;i[é-_-q (185)

Finally, equation (163) multiplied by('ﬁ)dt is subtracted from equation (166)

multiplied by ds to give

-(1+6)Cos¢( © ds+ L -i—e-3 a‘r ggo(t) + AW

+(Vcosd-Vsmg)do - LIdt =0,

The transverse wave characteristic in the t-s plane is

=t/1 € dT
Ase ﬂ(l+e)ig 3

ds + AT
dt /;"(l-re) de

AW=(1+€)cos § [z AT+ do + (U cosp-Vsm d))de -4 Tdt =0,

Let the o€ characteristic be associated with + / = and
A4 (1+€) 3("

represent disturbances traveling down the cable in the z" - x" plane:

((l+e)cos¢>/.L £ 51’ (Ucos¢ Vsmb)) o Id,,t(:O.ass)

Let the B characteristic be associated with  — /_L €. dT and
A (1+€) 3%‘

s W
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% represent disturbances traveling up the cable in the z" - x'" plane:

W e =
5:37 +[(1+€)Ccos¢ j (I'_f?) g’,—e— + (UCOS¢-VSIN¢) 3‘2‘"}51‘%”.0(187)

The characteristic equations are now summarized. For tensile waves

e ]

traveling down the cable with velocity + /... dT , we have *
AA(S) o€ i

5%‘.{“ (ot & §§(~V§‘£;-st¢jg‘l-/{m}{§,'§=o . (188)

For tensile waves traveling up the cable with velocity - T we
. S R

have

AU | [ g de
d,8+/7L(§55"3T %-Vﬁ%-Wcosqsg-}‘—’@Hﬁ-:O s *

For transverse waves in the y" - x" plane traveling down the cable with

velocit I € d , we have
y * AASY (14-€) ZIE

dV : t
Tot -@-!-6) //7'(?5(7%5 df +U)g—;g +WSN4>§,‘;,9-< —/a"rs;gcré‘; =0, (190)

For transverse waves in the y" - x" plane traveling up the cable with velocity

~ /1€ _dT' »
‘&(5') i) e , We have k

4V ( 1€ dr )3@ , 40 dt
Y +{(14€) s ~V 5 FWsie 7 "'Zl'ESG'a:é =0 (o)
For transverse waves in thc z" - x" plane traveling down the cable with

velocity o+ //—d&.) a%as_'g , we have
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AW ( T de _ 7
ypie (1+€)Cosd ﬁL&WfﬁﬁE ~(Ucos¢p-Vsim ¢) j poy! Ij—;(=0.(192)
For transverse waves in the z'" - x'" plane traveling up the cable with velocity

’\//T"(Lﬁﬁ%a 5:51 , we have

%-ﬁ- (1+6)cos ¢ ﬁ%ﬁfﬁ?‘)% +(Ucas¢-'Vsmb))3;-g - MJE\ I 9,2 = Q.(193)

Equations (188) through (193) form the basis for a numerical solution of
the three-dimensional equations of motion for a buoy mooring cable, The
original set of six partial differential equations with six unknowns has been
transformed to a set of six ordinary differential equations with six unknowns
with the restriction that integration operations must be carried out along
characteristic curves,

The solution of sets of coupled, nonlinear, partial differential equations
with different characteristic velocities is usually accomplished by assuming that
the equations can be decoupled. At best, they can then be linearized and a
separation of variables method can be used to obtain an analytical solution, At
worst, the normal fc~ms can be integrated numerically along characteristics.

Examination of the functional form of the transverse wave characteristics
show that they are dependent on the state of stress in the cable. Thus, the cable
equations can not be decoupled if they are subject to time or space varying forces.

Also, the particular cable sysiem studied here is a combined initial value —

boundary value system:
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1. All the dependent parameters are known at time = 0.

2. The displacements at the lower bound (anchor) are constants for
all time and their time derivaticus are zero.

3. The displacements at the upper bound (buoy motions) must be solved
for simultaneously as are cable motions.

Buoy system cable motions, as posed here, can best be handled numeri-
cally with a modification of Hartree's method, i.e., solving for the values of
the dependent variables at rectangular grid nodes in the time-space domain.
Hartree's method, as described by Ames, 66 was developed for a single hyper-
bolic equation whose coefficients may be time or space dependent. In this study,
the basic method will be extended for a set of coupled hyperbolic equations with
variable coefficients.

3.2.2 Finite-Difference Methods

Consider a rectangular grid in the time-space plane (figure 15). Assume
that the values of the six independent parameters are known at the nodal points
on the jth time line. It is desired to advance the solution to the nodal points on
the (j + 1)th time line; specifically, for the ith point R. If the characteristics
are known at point R, characteristic lines can be drawn back from R to inter-
sect the jth time line. The six parameter values at points B, A, and D can be
linearly interpolated to find the values at each intersection point, P1 , P2 , Q X
and Q2 . Now, the characteristic equations, (188) through (193), can be used to
advance the solution to point R . For tensile waves, the length between point A

and point P_ in the grid is

1

e e
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If constant cable mass and modulus is assumed, the tensile characteristic is
independent of the tension; thus,
= = == L T

Chm Chir, = Chz J A 5’6‘ .
The location of point P1 is given hy SR - 5?, —_ Chi' k ; in a similar
manner, point Q1 (associated with tensile waves propagating up the cable) is
given by SR - SQ' = -C},jo k . For tensile waves traveling down

the cable, the finite-difference equation is
Ur=T, - E'(C“ia*Chx,-,)(ek' €,) = (Vi +Vi )(Da-05)
- ';11' WV;: "'WP.)[COS (£(d *4’&))_-} ( Or - 9?.)
g (He+Hp) ok =0 )

®
For tensile waves traveling up the csble, the finite-difference equation is

Us - U, + £ (Chy+ Chyg e~ €,) ~ & (Ve Vi, X b= 0)

- é*(WR +WQ')[ cos( é‘(%"’%;»]( Or - QQ.)
“AE (HR"'HG«) k=0

For transverse waves in the y" - x" plane traveling down the cable, point P2

(195)

is located by

:S; “‘.f;b':== E%'<'<:’1af('k (:;\ELR;:}°}<

= /L €_dT
Chak Mmf{“s‘ .

where )

poian Suuinatie:
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The finite~difference equation is
Vi = Vp, = £ (Chyy+ Chay X e 8,)
+ 4 (v + W sin( & (J+05,)] (6x - 60
-5 4 (G * G )k =0 | as6)

For transverse waves in the2 v" - X' plane traveling up the cable, point Q2 is

located by

Se- e, =% (Chag + Chag, )0k |

The finite-difference equation is

V; —-\/Gtz + -é‘- (ChZR + Chaaa)((pg - ¢0z)
+ oL (W f%’_)[sw(-é(%* ¢ag)):](9a“ %)

L1l ) _ (197)
Mz (GR * GQ: 'k =0 ]
For transverse waves in the z'" - x" plane traveling down the cable (note that

the characteristics for the transverse waves are the same), the finite-difference

equation is

wR - WPz - {é' [(1*63) Chaﬂ + (14' 6&) CAZP’.] COS (—é- (¢R+¢Fé))
- 5 (Ut UR) oS (4 (e )+ £ (V15 s (é(%%)}}(eg- 0,)

- ;('I‘ZL (IR+IP3).R =O . (198)

For transverse waves in the z'" - X" plane traveling up the cable, the finite-
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difference equation is

W, - W, +{-;-[a+e,,) Chay*(1+64)Chyg ] €05 (0 )
+ —é‘ (UR *Uaz) cos (‘:;I(d’n 'Hvﬂg))" 'zL(Wg ﬂ'{?z) SIN(é(Q*%Z)).}(QR'Boz)

“}'AL"aL(IR""I@z)’k =0, (199)

Rewriting the six finite-difference equations, we see that
Uy~ £ (Chyg Chag)n- 3 (Vi # Vi) Oy =4 (Wt Yeos(d (0] €4
+{.v,,, +4(Chyt Chy )€ + 3 (Ver Vo) 0y +4 (WR-*W[COS(%(%*%))] 6,

.../U.L. a-L(HR-f- Hﬂ)-k} = Q0 ; (200)

o $(Chy Chyg Ven % (Ve Ve - (e 055 ()] 64

Je.

{0~ O g e # (Ve o & Ok vaoas(icedy)
“/'Z’("'a‘-(HR+HQ:)'k}=O 5 (201)

Vi - 2(0+6) Chag +(1+€5)Chy, ), +g(m+wp,)[5w(é(¢n+4h)j Or

+{.V&+_a'. (14€)Chagt (1465) Chy, ) By,
4 (W) [w(4 (e n)]6, - & 4(Ge* Go)ok)=0

(202)
)
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o+ (1060 Chyg (1) ey ) B+ bl [k (900, )] B
+{-Vp - 40060 Chy +(re)Chy )y, o
- (e SN (B )]0y, % £ (Gt Gk} =0 |
We {5 (Cve0 Cp# (1#€) Ch )cos (3 ()
~z(%+%)cos(é(¢s+¢&))+é(% #Vh) SN(5 00y} 6
+ {0 - i d (Tt k] =0

and
Wyt {4 ((1+60 Chyy (1960)Chy, ) COS(4(9h+9,)
+2(UR+%2)COS(2(¢R+¢@) ( +Vaz SIN(§(¢R+¢Q }9
+ r {iﬁ::cmm Qs - ;(L" 2 (IR"I' Iaz)'ka 0. (205)

In determinant form, they become

Up +0 + 0+ A & +A, B + A6, +A, =0
Up +O + O+ A€+ Apsr + Ay O + A, =0
0 +%k+0+ O +A35¢R+A369R+A37=0
0 +Vz+ 0+ 0 +A, h+A,6+A;=0
040Ut 0 v 0 +Au6+Ag=0
0 +0+ W+ 0 + O +A“6R~rA‘7=O ;

e r e e
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£

where the Aij are the coefficients in the preceding set of equations, (200) through

(205). The six simultaneous equations are solved to give

w& +A5‘ sk = ‘A57
~(Wa + A Op =-Agr)
(Asc"A“)ea= A:r"‘An

.0, = (A67"As7)
R (Asc—-Ad)

WR t Asc Op = ’As7 S Wr = "‘As-r - A5< Er

YR + Ass d)K = ~A3 O - A37
=tVr + Ays (pa = - Ay Or- Aw)
(A,s "A'fs)d’a"" (A‘is "Aas)e +Ayy "A37

- d) - (ch‘Aac)e ‘*’Avv - Asy
R (A.?:"A*fs)

Vi +Age (DR ==Ay6r- Ay Vo=-Ay ¢R - A 6k - A

J

UR +A €y = "Als ¢R ~ A6 - A
"(UR +Azq €r= "'Azs 47R - Azc eR‘A?J)
(AM "Azw)en = (Azs“'Ais)d’g + (Azs'AIC)eR + A27_A’7

— (Azs = As) d’R + (Asge "Au)ek +Azr—An
R (AH ~ Azw)

s €

and

Ui = "Ameﬂ -Ags d)R - A6 -Ag
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The numerical procedure within the time~space nlane grid is as follows:
Step 1
Compute the coefficients of the six simultaneous equations using the
values previously computed along the two preceding iso-time lines.
Parameters beiween grid points are estimatled by linear interpolation
along an iso-time line; for example,

Up, = Un = Che, /h) (Ui - Tp)

where

)

hPi = SA WSPQ

Accelerations are needed to compute the hydrodynamic mass terms in

the loading functions. Accelerations are estimaied by using an Euler
numerical approximation along an iso-space line, for example,
.[.IR = (UR~(}:Q)/k .
In order to begin the iteration, assume that the values of the para-
meters at point R are equal to the values at point A,
Step 2.
Sclve the simultaneous equations for the six parameters at point R,
Step 3
Go back to stepl using Lhe new values at R in the coefficients and
recompute values at R,
Step 4
Repeat this procedure three times. *
*A more efficient method would be to specify an error and iterate until

the computed parameter values converge within the error band. However,
three ilerations were found to give good convergence,

R L I T T < L

Sk ke e
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From the above scheme, it is obvious that solutions along two iso-time

lines are needed to start the iteration. Use the initial conditions along the

cable at t =0 to fill in the parameter values at points C, E, and F. Assign
R these same values to points along the cable at t =k to obtain parameter
values at points B, A, and D. Begin ileration at grid point (1, 2); S=h,

t = 2k, and iterate down the cable. At the lower end of the cable, set S=h

B and t= 3k an repeat.
Velocities along the upper boundary are described by the motion of the

cable end. However, at the heginning of each new iso-time line, strain and

i angles must be computed at S=0 for the previous time increment. Hartree's
.
i H method can not be used here because parameter values at times less than 0 are

not available. A linear extrapolation along the previous iso-time line is used

A

s
g

to obtain the required values; for example,

RS By
B i Gyl §i S

@S=0 3 € =6-(6-6),
The same problem exists along the lower boundary; only here the velocities
are set to ). Once again the values of strain and angles are determined by
linear extrapolation aloug the previous iso-time line.

This method fails to converge if points P1 or P_ fall outside the space

2
interval A-D, Since the locations of these points are determined by the
charvacteristics, the minimum rvelative size of the space-to-time increment is

equal to the value of the greatest characteristic. The tensile wave character-

istic is always greater than the transverse wave characteristic; thus,

H-e

22 - . . e e NN
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The maximum space increment is determined by the size of the smallest
wavelength in the cable. The transverse wave characteristic will determine
the smallest wavelength. If the transverse wave characteristic is known to be
250 ft/sec and the cable is being excited by a sinusoid with a 2-sec period, the
wavelength will be 500 ft in length, At leasl ten points are needed to describe
a sinusoid; thus, the maximum size of the space increment is 50 ft. The time

increment for a 3,000-ft/scc tensile wave characteristic is

h 50 ft.
- —': mo— T 5 Sm———————————— _— ‘ ). ‘ ) 6 ; ,; ( ',

Note that the characteristics must always be real, finite values. If the
characteriséics are zero or imaginary, the equations become ultrahyperbolic
with multiple solutions for a given set of initial conditions. In this system,
this is possible if the tensions are less than zero. Transverse wave character-
istics are then imaginary and the problem is indeterminate. This study is
further constrained by the requirement that the tension must be greater than
zero at all times over the whole length of cable.

3.2.3 Cable Lor .ing Functions

The loading functions H, G, and [ (figure 16) in the cuble cquations are
composed of the weight components in the double-primed coordinate system,
the steady-state and dynamic drag components (viscous forces), and hydro-
dvnamic inertia components (acceleration proportional forces).

The weight components are found by simply transforming the weight per
unit length from the inertial coordinate system to the cable coordinates. The

M
weight components are M = A "M; , Or

A
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w, COS ¢ cos9
g, W' = |~we sing cose
; -W, SINO ) (206)
w Drag forces are assumed to follow a velocity-squared drag law of the form:

}* D= %_P o AVZ, (207)

On a unit length basis, they become

D= -’Z-./OGDO(V,VID (208)

where d is the cable diameter. In order to maintain a sign convention,

equation (208) is rewritten as

D=4 .,GdVIV],

-
L
x
3

(209)
71 ) )
Casarella and Parsons  have reviewed the state of the art for analysis
of hydrodynamic forces on cable systems. Two approaches are described: the

use of loading functions* to compute the normal and tangential drag force compo-

; nents, and the direct computation of normal and tangential drag using normal
3 and tangential drag coeificients. The latter method, used by Wilsonn’ 12 for

mooring problems, is employed in this study because it lends itself to three-

dimensional cable problems and only requires a simple transformation of the

relative velocity components to cable coordinates. The first method requires

*Loading functions are defined as the ratio of the hydrodynamic force
component of interest to the drag force when the cable is oriented normal to the
flow.
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multiple transformations to define the normal and tangential forces and to

resolve them into three force components.

If the current velocity components are given by

Gy

S
—

o “1

0
Vs
Ws

L

(no vertical currents) and the velocity components of the cable element are

s Xe

N.

then the velocity components of the water relative Lo the cable are

i

b
[

Transforming to cable coordinates gives

a
U

v

Va

"
.WR J

i

- X cos$ CoS 6 +(Vs=Y) SING +(W,-2)cos p siNg
X SING cos 6 +(Vs-Y) Cosp - (W ~2)SINPSING

| X SINe + (w;~2) cose
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The drag force components are now written:

1 p Gy d Vg U]

7
1

) (2104)

Dy =%, Con d VR”I Vi | , (210B)

and
—1— 4 "
D, = a/OCM o Wk IW:RI . (210C)
48 11 <
Hoerner, = Wilson, = and others show plots of normal and tangential
drag coefficients versus Reynolds number for stranded cables. Wilson's data
were used in the G.S. A, program "CURFIT, " and the following expressions for

normal and tangential drag coefficients were developed:

CDN = 1,32027 + 10,6962 /Re O<Re< 100
= s
1.4 100< Re < 5x107 ) 114
-0.475¢ .
C,, = 0.60546-(Re ) 0< Re<5xi0®
(211B)
where Re = Y—-‘-’(- ; 1/ is the kinematic viscosity. These expressions are

v

valid only in the suberitical Reynolds number region Re §X 105). However,

since this Reynolds number would apply to a 2-in.~diameter cable moving at

35 knots, it is felt thal the range of Reynolds numbers covered is adequatc.
Hydrodynamic inertia forces are defined normal and tangential to the

cable. Transforming the accelerations to cable coordinates and assuming

steady ocean currents, we find that the accelerations become
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A L4 X" X cospcoso + YSINg + 2 cosd SIN 6
' V| |-X swp cose + ¥ cosd ~ £ SING SINO
. -X sne + £ cos @

The hydrodynamic inertia force vector is

F;‘mx m‘\xx" 0 0 ”
g | =10 My O ||V
F’:mv. l-O o mh:z" L = J e

The hydrodynamic mass dyadic is a diagonal matrix due to the axisymmetry of
the cable. Also, for a cylindrical object of infinite length, the tangential hydro-
dynamic mass ( m,,xx") is zero. For a smooth, constant diameter cable, the
normal hydrodynamic masses ( m,,”., , mhu" ) are equal.
45 72
Lamb, Basset, and others have used potential flow theory to com-

pute the normal hydrodynamic mass of a circular cylinder:

m, = TA A, (212)
Miller73 and Miller and Hagist,74 have investigated the frequency dependence of
hydrodynamic mass for various bodies. Their data show a linear decrease in
hydrodyramic mass with increasing frequency in the Stokes number region
0 <8t < 3X 105 . By using Miller's data for a 5:1 cylinder, “ we can see
that the slope is -1.62 X 10"6 . Equation (212) is modified o include the
frequency dependence as follows:

m, =(1.0-(1.¢62x10"). &‘Z‘.a)n* A o< 24 < 3x0%

hy = ( ' : ALY > Y 7 213)

The components of the hydrodynamic inertia force are

F,\' =0 , (214A)

mx
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M
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i
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Z
X

, (214B}

3 s A 2

STl
3
™
|
=
P~

{214C)
The loading functions are summarized by using equations (206), (210), and

(214):
u” 2

i H = w; cos¢ cose + (0.60546 -(Re.-aws'))ﬁ d Uy | UR”’)(ZH’A)

w2 A4 Ve[
+(1.0- (1.62 210°°)- %2‘-2) L 4;’ v R (215B)

G =-w. SN coso+ C»

and

: [ =-wsmne + CDNW” -J—.Zi d Wy | Wyl

y - o(z 2 L.
+(10-(tezxo) 4 ) pd. g @0
, where
_ U'd
f Reun oy

"’ _ -v”d
i3 RQVU 7

P\ewn

i
K




3
e
5
4.
o
:
i
q
%
2
J
B
0

g

it 3

1 TR SN et s

RN

120

D
i

1,32027 + 10.69¢2,"Re, 0< Re,.< 100

Il

1.4 100< Re,.=< 5 x/0°

1.32027 + 10.6962,/ Re 0 < Rey»=< 100

- 1Y 100 < Rey» <5%(0°

N
=]
=
s\

I

3.2.4 Lumped-Mass Model

The finite-difference analysis for cable dynamics can become very
expensive in computer time and can require large amounts of computer
"storage" because of the large arrays. A lumped-mass analysis can offer
significant savings in computational time at the expense of simulation accuracy.
In general, the lumped-mass analysis will truncate the high-frequency response
of the system. However, for many engineering applications, the high-frequency,
l‘ow—amplitude response is not of interest. and the cable can be represented as
a small number of lumped masses.

Assume that a uniform cable of length L can be broken up into N

segments of equal length (figure 17). The length of each segment is

AL = L/N

Assume thal the properties (weight, mass, hydroedynamic forces, etc.) of the

cable can be concentrated at points 2, 3, ..., N, which are located AL,

‘ R b
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Iigure 17. Segments for a Five-Element, Lumped-Mass Model
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24L,..., (N-1)AL from the upper end of the cable. All the forces acting
on the cable span from (N-1)4L + é—; are concentrated at the nth mass

point. Cristecu's cable equations, (135A), (135B), and (135C), are written for

each 1nass point:

A(S,)al. o(o(in =X,al + ('-7_":'?— T, -7\> , (216A)

(S)al 4%
Mlsal 2

~
D
—
+
N
“‘]
c..,\
_:“)
~—~

(216B)

and

ll

/A(S)AL o(t" ZnAL'*‘(T:'T"‘T;..‘&). (216C)

This is equivalent to modeling the cable with a system of spring-mass elements
as shown in figure 18. In order to compute the forces acting on each mass
element, the cable angles (¢ and @ ) for each cable element must be defined.

From the geometry between the nth and (N + 1)th mass element, we see that

-1 -
S'N (thl Z)

S
n /(’Yn-n + (z-rm _Z”)Z

]

(217)

and

-1 (Ynﬁ - yﬂ)
SIN 5 '
/(Xnu "Xn)z‘* (Ym: - Xo)z'f' (ZM,-Z,,)?'

)

Dy

(218)

Tensions between the lumped masses are computed by using the elastic

properties of the cable and the deformation of the cable. If the effective cable

| FO———
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modulus is Ec and the deformation of the cable of length 4 L is ) , the

spring constant along the cable is

2
.._E'__v‘émj_ o{a E.
KX"-.S-T_T,—TFZ—E R

(219)

The stretched length between the nth and (N -+ 1)th mass element is

\/&m, "Xn)z"' ();m - %)2'*‘ (zmu"zﬂ F .

If the difference between the stretched Jength of the cable and the unstretched

length (A L) is less than zero, the tension is zero since the cable can not sup-
port compression. (This is analogous to the ultrahyperbolic equations that
occur in the finite-difference analysis if tensions go to zero.) Otherwise, the

tension in the nth cable segment is defined as

r’:xu = Kx" (\/(Xn-rl "Xn)2+(>$m ”Xt)z+(zn+l“2")z ~-A L) . (220)

Transforming fo inertial coordinates, the tension becomes

] T | Tagn COS @ COS O,
rT;] :A 10 | = 'T;'x" SIN d),,
0 Ty €OS $. SIN 6y

(221)
These tension components are used in equations (216) to compute the tension
difference across the mass element.
As before. the forces Xn al ) Y,; al  and Z,, al- acting on

each mass element consist of weight, viscous drag, and hydrodynamic inertia
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forces. The weight force vector per unit length is

W,
W,= |o
0
)
where W, is the weight per unit length in water of the cable. Again, if the

current velocity components at the nth element are

- -

0
Vs,
%,

and the velocity components of the nth element are

E P!
il

J )

then the relative velocity components are

3

[0- X
.\/:sﬁ-
WR,, _Ws )

" n no"

;,<f
il

3

N

- (222)

If the mean cable angles at tue nth mass element are computed, we find

¢n = (b, + d)n-l) (223A)

and
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— | ( + )
b=

en 2 O On-1 . (223B)

The relative velocity components are transformed to cable coordinates as

follows:

Y4

Uy, = ~*, cos @, cos 8, +(V5,- %) SING, +(Ws, -&,)cos, SING, |

n . - - , - X - -
Vi = X, SING, cos8,+ (V- %) Cos ¢, — (Ws,- £ SING, SING, |
and

M‘;: X, SING, + (Ws, - %,) cos &,

The drag forces per unit length are
" I " l ] ,
D\'n = Ej) CVT d URn URh

Dj = 4.2 Cou d Vi, | R

n

and

] I/ H
5 Wl
Dl,, - 2 _j) CDN Ot WRn WRh J
where the drag coefficients are computed from equations (211A) and (211B).
The accelerations of the nth mass element in cable coordinates are
20 /

X" = X, cos¢, cosg+ ¥ sNG, + £ cos, SNG, |

! ==X sw@, cos§,+¥ cos,~ £, SING, SING, ,

and

£ =-X, SING, + £, cos8,
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The hydrodynamic inertia force components per unit length are

/I

— (224A)
hmy 0 )
n
F” =-=My o 5’ ! 224B)
hmyn b’ 7n (
and
/i e/l
hmg —_mh,". hoy (224C)

where m"n is computed from equation (213). The drag and hydrodynamic
inertia forces per unit length are summed and transformed back to inertial

coordinates and added to the weight force; thus,

o W
n “/c.‘1 - Dxn + O

" n
n + A ) D n + F";m ¥
u
z n o 'Dzn + Fh-ﬂ; n )

»d - - o L.

<<
I

(225)
All terms have been defined in the equations of motion for the cable

elements. The three equations, (216A), (216B), and (216C), must be integrated
simultaneously for each mass element. Thus, if the cable is broken up into ten
segments, there will be nine rass elements, each having three degrees of
freedom. Therefore. there will be 9 x 3 x 2 = 54 simultaneous first-order
equations. Note that the upper half of the first cable length and the lower half
of the last cable length are not included in these equations of motion., These

cable segments are assumed to be moving with the upper and lower boundaries

e S Y
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and their properties should be lumped in with the properties of the buoy and
anchor, The computer program developed for the lumped-mass simulation of

cable dynamics will be discussed in a later section,

3.3 Steadv-State Buoy System Configurations

As an introduction to the coupling of the buoy and cable equations of
motion and the resulting computer programs, the steady-state buoy system
configuration (zeroth-order case of buoy system dynamics) will be investigated.
The specification of the proper mooring line length for a moored buoy system
is critical in the design of the system in order to avoid tow-under of the buoy,
minimize the "watch circle! of the buoy, reducc steady-statle tensions in the
moor, cte. This analysis offers a method to select the proper mooring line
length for a given buoy, water depth, and current,

If the time dependent terms in the cable equations (equations (161) through

(167)) are allowed to go to zero, we find that

3—5"0 + H — /) ) (226)

T %}O"LG =0, (227)
20 -

T°°5¢as,+ I =0, (228)

and

= L .
€ v T (229)
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Letting cable velocities go to zero in the loading functions, we find that
~0.4r58 “ ”
H = w. cos¢cose +(o.605‘16'(R¢U; ))af d “/,, I ,
- LAV

G =-W S’N¢C0$6 +Cp~.w —2_" O‘ W 1\/8 , >

and
n "

I =-VVCS‘N9+ CDNw"—‘éf- dM /W;g / >

where
"

U=V SINg+W; cosp siNe

Vi =V cos¢p-Ws SING SING

Wy = W, Cosé

CDNV,, = 132027 +10.6962 /Re 0=< Rey»< (00

= 1.4 100 < Rey» < 5x10°
CDN“,I: = 1,3202—7 -+ 10t GQGZ/RQWM o< Rew" < IDO
=14 100 < Reyr <5x10°

Expanding equations (226), (227), and (228) to include the loading functions and

taking total derivatives, we find that the steady-state cable equations become




AR b et S ARSI i

130

Qo
_.3

|

w; CoS$ cose — (0.60546 (Re, o"'m)){ d UR/,' [UR" | , 230

QL
Jln

—
—

l&-
e

%( W, SING c0s6 — CDMV" é d Vs”’Vk! ) ) (231)

Z(‘g - '%‘cow (weswe = Cy,. £ d We | Wnl) : (232)

and

ds +4
ds—~1+€ 1+%T

(]

(233)
Before integrating these equations, the upper boundary conditions (at the

buoy) must be determined. The tension at the buoy is

rsz ":\/( Disp - Wb)a -+ Drnga | (234)
where
Disp is the buoy displacement
Drag is the buoy drag force due to surface currents
WB is the buoy weight.

For convenience, let the z axis of the inertial coordinate system be aligned

with the surface current. Then, the initial buoy moor angle is

( Disp =W (235)

8, = TAN [ -~Lras )>

and the initial moor transverse angle is

QZ, =0 (236)
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Unfortunately. the displacement and drag of the huoy arec functions of the cable
tension at the buoy. Thus. a trial and error solution must he used. For a
given current profile ) V f ()c) f (X) , the depth of water is
the controlling parameter. When the vertical projection of the cable is equal
to the depth of water. the correct solution has been obtained. The differential
equations defining the cable shape (equations (230) to (233)) are controlled by
the unstressed cable length So . Each iteration must take into account the
stretch in the segment before the x component of segment is computed. Thus,
if the integration step size is dS0 and the tension and angles for that segment

are T, @ , and ¢, the stretched length is

dS = (1+€) dS,

From the cable properties, we see that

o __H4T
€ =F “THFE. .

Rewriting equation (237), we see that the stretched length increment is

» (237)

ds = (1 + -—-1—-) 45, (238)

The components of the cable incremental length dS are

dx = dS cos¢ cose

dy = dS siv¢

u

and

dz = dS cospsme |




Since both the displacement and drag of the buoy are functions of the draft of
the buoy (equations (52) and (95) developed for an oblate spheroid — similar
cquations can be developed for buoys of different shape), the draft H is incre-
mented upward from its "free-floating" value, i.e., as if the buoy were floating
on a calm surface with no mooring. The configuration of the cable is then
computed using a fourth-order, Runge-Kutta numerical integration algorithm

for the given current structure. which may vary in magnitude and direction as
a function of depth. The components of the incremental length dS are com-
puted and summed. The x component of the end of the cable is tested logically
to see if it fulls within a specified error band about the water depth. If the
computed vertical projection is less than the water depth, the buoy draft is
incremented upward and the process is repeated. U the computed vertical

projection falls within the error hand, the solution can be accepted or the

width of the error band can be reduced and the process repeated until the

solution achieves the desired accuracy. This process is shown schematically

in figure 19. !
This method has been programmed in FORTRAN IV and is shown in

appendix B. Subroutines arc included for the displacement and drag of oblate

spheroids, spherical buoys, cylindrical buoys (cans or spars), torroidal buovs

("donut" buoys), and discus buoys ("monster' buoys). The user must input

the buoy characteristics (weight, dimensions, cte.) the cable characteristics

(diameter. length., cable modulus, and weight per foot in water - negative if

buoyant), and the environmental characteristics (water depth, current struc-

ture, cte.). The output includes unstretched length, stretched length, tensions,

a
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the cable angles, and the x, y, z coordinates of cach integration step. The
step size of the buoy draft is incremented upward as some percentage of the
total buoy draft (as if it were fully submerged). Downward buoy draft incre-
ments are taken as half the prior upward increments to avoid a lock-step
situation where the solution swings between two values and never converges.
Subsequent draft increments are halved to avoid the same situation. If the
initial error band specified is too narrow and the solution overshoots the error
hand, the solution may converge too slowly. A limiter is built in to stop the
prograr.n after 15 configurations are computed. The user should then open up
the initial error band. If the buoy draft is increased to its maximum value,

the program prints out a statement that the buoy sinks and the computation stops.
This indicates that the buoy tows under either because it has insufficient excess
buoyancy or the system drag is too high.

» If the mooring line is made up of more than one type of cable, rope, or
chain, logical "IF" statements are used to change the cable properties at the
proper cable lengths. The writer has found that at the transition of cable to
chain, the integration step size must be reduced to ensure numerical stability.

Also, if the mooring line has objects (instruments, buoys, weights, etc.)
attached to it, the change in tension and angles across the discontinuity must be
computed from the freebody of the object (figure 20). If the cable parameters
just above the discontinuity are TH ) d’n and 9" , the tension compo-
nents at that point are

T;'X =Ty cos ¢" cos & ) (2394)
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THy =T, SIN@, ) (239B)
and
n, = Ty COS, SING, 2390)
By summing the forces on the free body. we can determinc the tension compo-
nents below the discontinuity. The tensiz.« components are
Me=Th W |
ty = Tuy + Doy
and
= -+
where
M is the in-water weight of the object
Doy is the drug «f the object in the minus y direction
Do2 is the drag of the object in the minus 2 direction
The cable tension just below the discontinuity is E
|
T = 2 e _m2 |
= -+ + 24 :
L \/72; Ly lp ) (240)

and the cable angles become

6.= AN (T, /T,)

(241)
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p e R R

4y and

™ TR
CPL = TAN (T-y/ﬁl':" 72: ) . (242)

. The integration down the cable ¢an resume using the new tension and angles.

‘ The process can be repeated for other objects along the mooring line.
Computer programs developed for buoy system statics and dynamics are
; shown and discussed in appendix B. The experimental data taken and the

N validation of the analytical models will now be discussed.
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1V. EXPERIMENTAL MEASUREMENTS

AND COMPARISON WITH MODELS

4,1 Steady-State Buoy System
Configurations

The steady-state analysis of the buoy system configuration is important

since it serves as the set of initial conditions for the dys:amic analysis. Also,
the steady-state analysis is the first step for the buoy system designer to ensure

that his system will not tow-under or have other undcsirable static characteris-

tics. The analysis for both shallow and deep water oceanographic buoy systems
are compared with data taken at sea to validate the steady~state analysis.

4,1,1 Torroid and Current Meter
Array at Station BRAVO

G ek o e i

On 22 August 1967, the writer installed a buoy-supported, current meter |
array at station BRAVO (41° 51.15'N, 71° 46.50'W) at the Block Island —
Fishers Island (BIFI) Oceanographic and Acoustic Range in Block Island Sound.
This array was recovered on 19 September 1967, and the current meter data
were analyzed. The components of the array are shown in figure 21, The three
Braincon type 316 current meters were suspended below the buoy at cable lengths
of 15, 60, and 105 ft. The buoy and array were moored witi: a 70-1b Danforth
anchor and a 100-1b lead weight to keep the line pull horizontal. The buoy used

in this experiment is shown in figure 22.
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Twenty-eight samples of the current meter data were selected and are
shown in table 1. Data from the bottom current meter were highly variable and
erratic and were not regarded as reliable. The data shown are 10-min time
averages due to the photographic method used to record data. The instruction

manual for the type 316 current meter75 gives the following ranges and

accuracies: /
Range Accuracy
Current speed 0.8 - 5 knots +0.15 knot
Current direction 0 - 360 deg + 5 deg
Current meter tiit 0 40 deg .+ 1deg
Timing mechanism 5 months +10 sce/day.

The weight in sea water of the current meter is given in the instruction manual
as 67 1b. The cylindrical body of the current meter is 83 in. in diameter by
38% in. long with a 36-in. vertical vane attached to al'gn it with the flow.

7 ‘\
Sunblad 6 gives a normal drag coefficient of 0.359 based on frontal area derived
from tow tank data for the type 316 current meter.

The torroidal buoy has an 8-ft outer diameter and a 3-ft hole through the
center. The buoy weighed 1200 Ib in air. The mooring line was 5/8-in.~diam-
cter polypropylene rope having 0,02 1b/ft buoyancy. The 3/8-in.~diameter
wire rope at the anchor weighed 0.2 Ib/ft. The cable modulus ot elasticity for

5 2
the polypropylene rope was taken as 1,67 x 10” 1b/in. (50° F) and for the steel
6 2
cable a5 12,0 x 10 Ib/in. .
- 77 78
Williams ~ and Nalwalk el al. ~ have made current measurements at

— —

station BRAVO and have found a two-layer current structure. On an ebb tide
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TABLE 1. CURRENT METER DATA — STATION BRAVO

Time Speed (knots) Referen(l:)iertic:l?;rf::igc) North Ob(s;:gv ile;Ltgfngle
(hr) 15 | 60 | 105 15. | 6 | 105 |15 | 60 [ 105
333 L1977 L2 701 278 270 300 10 22 40
666 1,205 1.16 1.04 276 276 310 10 20 40
1,000  1.079  1.08 1.11 281 277 30 7 18 40
1.333 1009 1.07 1.84 284 283 257 6 14 40
1.666  .945 .92  .498 292 282 217 6 11 18
2.000  .836 13 290 276 206 5 7 41
2.338  .717 578 1031 286 273 s 4 7 40
2.666 538 497 4.688 298 284 5 4 5 40
3.000  .509 341 3.92 316 302 3 3 10
3.333  .378 214 110 335 316 60 2 4 17
3.666  .420 1159 069 27 188 151 38 11
49.0 1253 1.086 164 290 280 215 15 25 18
50.0  1.169  1.088  1.386 298 275 202 15 25 40
51.0 940 . 943 697 291 272 246 10 20 40
52.0 748 .516 .523 308 289 1m0 6 11 40
53.0 .617 .265 1472 21 91 109 5 5 9
54.0 790 578 687 83 89 7 5 5 0
55.0 908 . 666 901 93 86 56 4 10 40
56.0 824 814 1,964 90 160 1 5 5 19
20.0 . 632 699 156 7 96 I 5 5 40
21.0 578 345 859 41 104 5 5 5 5
22.0 . 630 .363 1394 283 242 312 6 15 40
23.0 910 845 4.530 o+ 267 305 10 23 40
2.0 1178  1.108  2.141 278 268 309 16 30 41
25,0  1.219 .985  .545 283 260 306 14 30 40
26.0  1.158  10%;  1.283 288 257 306 15 26 18
27.0 893 o 1,894 298 257 2000 9 20 18

28.0 .691 8 .832 347 254 111 6 6 40
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(current setting to the east) the bottom layer appears to set to the northeast.
On a flood tide (current setting to the westl) the bottom layer sets to the north-
west. Williams and Nalwalk never ohserved boltom currents greater than

1.5 knots. which make the data from the bottom current meter questionable.
Also, the high tilt angles of the boltom current meter preclude proper response
of the Savonius rotor to Lthe ambient currents. In the following studv, which was
made to compare predicted current meier tilt angles with observed till angles,
the current is modeled as an upper layer having a thickness of 70 {t and a
bottom layer with a thickness of 50 ft. The current speed and-dircction of the
upper layer is approximated by the mear of the speeds and directions from the
two upper current meters. The speed and direction of the lower layer is
assumed to be equal to the speed and direction from the bottom current meter.
Bottom currents greater than 1.5 knots were sel equal Lo the value of the upper
layer current.

The computer program for steady-state buoy configurations shown in
appendix B was modified to include the effects of the current meters and lead
weight by solving the free body at each object (equations(239A) through (242)). The
torroidal buoy subroutine was used and cable configurations were integrated
with a fourth-order, Runge-Kutta algorithm using a 1-ft step size. Current
meter till angles were computed by balancing moments on each current meter.
The program was run on the GSA-360 time sharing computer and results for the
first ten cases are shown in table 2 and in figure 23. Average tilt angle errors

for the ten cases are as follows:

PRpwraes.
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LIMIT OF TILT ANGLE
INDICATOR RANGE
35k O —TILT ANGLE, CM.No. 1
4 ~ TILT ANGLE, C.M. No. 2
A — TILT ANGLE, C.M, No. 3
_ TILT ACCURACY — % 1° ALL METERS
J \
=
w 30 §=
-l
2
< COMPUTED TILT ANGLE
= CURRENT METER No. 3
5 2 |-
w COMPUTED TILT ANGLE
i CURRENT METER No. 2
z
x 220
o
=}
Q
15 p=
10}
1 }
COMPUTED TILT ANGLE
CURRENT METER No. 1
0 1 ] (4 L i 1 I i S [ i

0 33 .66 1.0 133 166 20 233 266 3.0 333
CURRENT METER REFERENCE TIME (ht)

Figure 23. Current Meter Tilt Angles Computed by Integrating
Down the Cable Compared With Observed Data
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Upper current meter + 0,22 deg

3 Middle current meter + 0,2 deg
Lower current meter* + 1,06 deg

Overall average error + 0,49 deg.

o b A B
s vl YR A 3

With the exception of the lower current meter, these errors fall within the

._.3..‘:‘: .

souat

+ 1 deg accuracy of the tilt indicator indicating good agreement of the computer

I
x

FEOXTTI

model with observed data. The computer study indicated that the 100-1b weight

.

¥

was never picked up off the bottom by the strongest currents and that the weight

i

=

and drag of the current meters control the buoy system configuration to a

| Lo a
£ F

b
CEEREA IO

greater degree than the weight and drag of the polypropylene rope. With this in

o

2

mind, a simple statics model of the buoy system was developed; it was assumed
that the rope was not deflected between current meters and that half of the drag
force acting on each rope span could be assumed to be concentrated at the end
of the current meter to which it was attached. Since the tensions in the inte-

grated cable configurations were observed to be very small, the buoy draft was

N % 13

computed for the buoy weight and the weight of the current meters only. Thus,

e WA

the vertical force component is equal to the weight of the current meters. The

A b oy daTe
AR KAy Y

simplified model is shown on figure 24. Lateral deflections computed by the
integrated configurations were very small; thus, the simplified model was
4 restricted to two dimensions. Drag forces on the rope spans and on the current

meters were computed as if the currents were acting normal to the rope or

current meter. The small buoyancy and the stretch of the rope were neglected.

RETTTen

g

*The errors of the lowest current meter were not computed for data where
: the observed tilt angle was 40 deg.

[T | VHPUEEN
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3-Wem
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i
+

D + 4 D¢

3‘(03+DC,+Dcm)—1_5.DCM
nOCM1 =
3-(2y -Wem) +1.5 +Wem -
*YWCM

i
4

;

{

E’

|

f

!

; 1
I

4

i

a

‘,
an 0 3 -(Dg + Dg2+21 Dem) — 1.5 - Dem
en YoM © 3-Wem +1.5 -Wem

san fcm 3.(Dg+Dct+Dca+3 -Deml — 1.5 +Dem
; 3 1 “Wem Dg +Dc1 + Dcm

'

— Dg +Dgt1 +Dg2 +2 Dom
Wem

D(;3

$» Dg +Dcy1 + D2+ Doz +3 -Dem

Figure 24. A Simple Statics Model of the Current Meter Array
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TR
Buoy system configurations for the case at current meter reference time
; of 0.333 hr are shown in figure 25 and are quite similar. Computed current
meter tilt angles were compared with the observed tilt angles. The angles
, were cornputed by using a uniform current equal {o the mean value of the current
speeds from the upper two current meters, The angles are shown in table 3 and
. on figurc 26. Th2 average errors for the first ten data sets are as follows:
Upper current meter - 2,15 deg
Middle current meter - 0.26 deg :
Lower current meter +7.64 deg i
% Overall average error +1.74 deg. g
2 i
These errors indicate that the simple statics model is about three times less ;
accurate than integration down the cable but may be adequate for engineering
h applications. The average errors for 28 data sets are as follows:
Upper current meter - 3.77 deg
¥
Middle current meter - 2.69 deg

Lower current meter 16.66 deg

Overall average error 3.4 deg,

The preceding study indicates that the steady-state buoy system con-
figuration model can predict current meter inclination angles to within } deg on
; ' the average. No tension data were recorded; thus, the steady-stale tension
errors were not computed. The shallow water buoy system described above is

- most heavily influenced by the weight and drag of the current meters. In most

deep water buoy systems, the weight and drag of the mooring cables are the

predominant forces.
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TABLE 3. COMPARISON OF OBSERVED CURRENT ME

WITH DATA COMPUTED BY ASSUMING NO CABLE CURVATURE

e S

TER TILT ANGLES

Speed (knots) | Observed Tilt Angle | Computed Tilt Angle (deg) | Tilt Angle Error (deg)
Time (dgg + 1 deg)
thr) 5 | 60| 15|60 | 105 15 ] 60 | 105 5| 60 |10
.33 1.177  1.27 10 22 40 6.90 20.77 62.583 -3.16 -1.12 -
.66 1.205 1.16 10 20 40 6.45 19.50 60.90 ~3.55 - .50 -~
1.00 1.079 1.08 7 18 40 5.38 16.45 56.27 -1.62 -1.56 =~
1.33 1.099 1,07 6 14 40 5.43 16.59 §6.51 - .57 2.59 -
1.66 . 945 . 928 6 11 18 4.06 12.53  48.42 -1.94 1.53 30.42
2.00 . 836 .713 5 7 40 2.78 8.64 37.62 ~2.22 1.64 -
2.33 717 .578 4 7 40 1,94 6.06 28,31 -2.06 -.94 -
2.66 .538 .497 4 5 40 1,24 3.88 18.99 ~2.76 -1.12 -
3.00 +509 .341 3 3 10 .84 2,62 13,07 -2.16 - .38 3.07
3.33 .378 .214 2 4 17 .41 1.27 6. 42 ~-1.59 -2,73 10,58
3.66 .420 + 159 3 1 7 .39 1.22 6.15 -2.61 .22 -.85
49.0 1.253 1.08 15 25 18 6.31 19,11 60.36 ~8.69 -5.89 42,36
50.0 1.169 1.088 15 25 40 5.88 17.88 58,57 ~9.12 -7.12 -
51.0 . 940 .943 10 20 10 4.10 12.66 48.72 ~5.90 -7.34 -~
52.0 . 748 +516 6 11 40 1.85 5.78 27.17 -4,15 -5.22 -~
53.0 .617 . 265 5 5 9 .90 2.82 14.03 -4.10 -2,18 5,03
54.0 . 790 .578 5 5 10 2.17 6.76 31,01 ~2.83 1.76 21,01
55.0 .908 .666 4 10 40 2.87 8.92 38.51 -1.13 -1.08 ~
56.0 . 824 .814 5 5 19 3.10 9.64 40.76 ~1.90 4.64 21,76
20.0 .632 .699 5 5 40 2.05 6.40 29.64 -2.95 1.40 -
21,0 .578 +345 5 5 5 .99 3.09 15.31 -4,01 -1.91 10.31
22.0 . 630 .363 6 15 40 1.14 3.57 17.58 -4,86 -~11,43 -
23.0 . 910 .845 10 23 40 3.56 11.04 44,70 -6.44 -11.96 -
24.0 1.178 1,108 16 30 41 6.03 18,31 59.22 ~-9.97 -11.69 -
.0 1.219 986 14 30 40 5.61 17.10 57,35 -8.,39 -12,90 -
w0 1.1568 1,056 15 26 18 5,66 17.25 57,58 -9,34 ~-8.75 39.58
27.0 . 893 699 9 20 18 2.93 9,12 39.15 -6.07 -10.88 21.15
28.0 .691 . 342 6 6 40 1.24 3.87 18,92 -4.76 -2.13
28 Set average error -3.77 -2.69 16,66

Overall average error 3.4
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A LIMIT OF TILT ANGLE
4= "4~ INDICATOR RANGE
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a5 L ®—TILT ANGLE, CM.No. 1
A~ TILT ANGLE, CM. No. 2

& — TILT ANGLE, CM. No. 3
TILT ACCURACY — 11° ALL METERS

COMPUTED TILT ANGLE
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Figure 26. Current Meter Tilt Angles Computed by Simple
Statistics Model Compared With Gbserved Data
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4.1.2 WHOI Mooring No. 279

R

) 37 . .
Millard describes tension measurements made on a taut-moore« buoy

system. The buoy system {figure 27) was installed in water 2685 m deep at

Woods Hole Oceanographic Institution Site D. Tensions were recorded at four

locations along the mooring line, and currents were recorded at a depth of 12 m
7

for the 23 months that the buoy system was on station. Berteaux and Walden 9

describe the properties of the wire rope and plaited nylon rope used in this buoy

system as follows:

Diameter (in.) Weight/ft in Sea Water (Ib/ft)

1/4-in. 1 » 50 wire 0.25 0.090
rope

3

o 5/8-in. plaited nylon 0.625 0.01047.

7 2
The cable modulus for the wire rope was taken as 1.682 x 10 1b/in.
Nyvlon rope is subject to both elastic and inelastic deformation when loaded.

New rope, when first loaded. will acquire a permanent deformation, the amount

of which depends on the initial load. ¥urthermore, if the load is left on the

rope, the rope is subject to crzep and the permanent deformation increases

b b .14 . . :
with time. Martin = discusses the various mechanisms for the deformation of
] nylon rope. Using Martin's curve for the percent stretch versus lead for the

5/8-in.~diameter plaited nylon rope, the rope modulus is computed as follows:

AN N A e s Fod e m i

s oeere

5 . 2 ,
E=3.52 x10 1lb/in.” ; 0 < T <1000 1b
~ 1 5 : 2 A
E=6.,79 x 10 Ib/in. : 1000 < T < 2000 b

2
E=1,041 x 106 Ib/in.” : 2000 < T .

PEEPY LT POy USRI S meems . - ——
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PURPOSE OF TEST -~ EVALUATION OF MOORING CONFIGURATION AS SHOWN OVER
A TWO MONTH PERIOD — MEASUREMENT OF MOORING TENSION
STRETCH 13%

PROCEDURE = LAUNCH BUQY, PAY OUT MOORING LINE, ATTACH BALLS,
LAUNCH ANCHOR, CHECK ANCHORING, RETRIEVE NEXT CRUISE
EQUIPMENT - AS SHOWN
v
a4 s TOROID - LIGHT - RADIO — WIND

RECORDER - CHAIN BRIDLE

e e ——C——
E— "~nf RECORDING & TELEMETERING
TENSIOMETER
« MILLER SWIVEL 3 TONS
1 1/2.in. P CHAIN
CUR . T METER

500m
STA. 279 1/4 in.1 x 50 GAC TORQUE
SITE D" / BALANCED STRAND
SET: OCT. 1, 1968
RET: DEC. 11, 1968
500 m

10m

de

DEPTH: 2685 M.

500 m

= RECORDING TENSIOMETER
(03000 1b)

527.5m
5/8-in. PLAITED NYLON
; 10,40 16 Res

NEW

HU7m

RECORDING TENSIOMETER
(0. 3000 Ib)

w1

\S\/B.In. PLAITED NYLON
32+ 15 in, GLASS BALLS & 1 BENTHOS

’/// LIGHT SPACED 2 m AFART & PLACED
3

85m

A$ SHOWN

~\\i,
#25
-

3

ACOUSTIC BEACON - DEPTH MODULATED
1/2.1n, 9 CHAIN

RECORDING TENSIOMETER

5/8-1n, PLAITED NYLON

AMF ACOUSTIC RELEASE

5m £/8-in, PLAITED NYLOK

Im l ! 1/2.n, 9 CHAIN

st .

eoe

K]

Sy 3500:1b STIMSON ANCHOR

Figure 27, Woods Hole Oceanographic Institution Mooring No. 279
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80
Webster  measured currents for a 2-month period at site D, Webster's
\
data were curve-fitted using the program CURFIT on the GSA time-sharing
computer, and the following function for the current strength as a function of

depth was developed:

where

C is the current (ft/sec)

Cs is the surface current (ft/sec)
D is the depth (meters).
The steady-state buoy system configi:ration comnputer program was

modified to include Webster's current profile, Martin's elastic properties for
the nylon rope. and the cable properties given by Berteaux and Walden. Since
information on the variations of current direction with depth was not available, the
currents were assumed to be acting in the same direction at all depths. Further-
more, the initial inelastic stretch due to the emplantment and the dynamic wave
10ads is not known. The no-current elastic stretch of the nylon rope was
assumed, and the tensions in the system were computed while currents acted on
the system. Tensions at the junction of the wire rope and nylon rope are
shown in figure 28 as functions of the surface current and of the no-current
~lastic stretch. Data taken by Millard at the same location on the mooring line
are also shown on figure 28. Because of the creep properties ot the nylon rope,
the inelas’ic stretch will increase ard the no-current elastic stretch will
decrease as time increases. The shape of the tension curve will remain

roughly thte same, but the tension hias will decrease with time. Since the
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Figure 28. Comparisons of WHOI Data With Computed Mean
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creep properties of the nylon rope are not known, computation of errors
between observed and computed tensions in this case is of little value.

Millard analyzed the tension versus surface current data shown on -
figure 28 and least-squares fitted the linear function:

T=12.3 . Cs + 369 .
Least-squares linear fits to the computed curves A, B, and C are
T=12.59 - Cx + 608 ,
T=12.25 - Cs + 381 ,
and
T=12.10 - Cs + 203 .
Slopes of the computed linearized functions are in very close agreement, which
indicates that the functional form of the computed tensions is accurate.

From this comparison, it is obvious that more experimentation on the
elastoplastic properties of nylon rope is needed in order to predict the steady-
state configurations of decp ocean, taut-moored buoy systems. Also, a deep
ocean buoy system should be installed with both recording tensiometers and
inciinometers to better validate the steady-state computer model.

4,2 Experimental Measurements of
Buoy System Dynamics

In order to validate the computer simulation of buoy system dynamics,
buoy motions .s measured at sea will be correlated with computer simulated
buoy system response to the same environmental conditions.

Two oceanographic buoys were equipped with motion sensing instrumenta-

tion and installed in Block Island Sound. The smaller of the two buoys, a

156
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3}-ft-diameter sphere, was installed in March 1970 off Great Salt Pond
entrance, Block Island, Rhode Island. The larger buoy, an 8-ft-diameter
torroid was installed at stution BRAVO during May 1970, A description of the
instrumentation and a discussion of the measurements taken are presented in
reference 81,

4.2.1 Spherical Buoy at Station D

The 33-ft-diameter spherical buoy is shown in figure 29. This buoy was
loaned to the writer by Dr. A. Nalwalk, of the Marine Sciences Institute of the
University of Connecticut. The buoy was equipped with the following instru-
mentation:

Heave motion statistical accelerometers

Current meter

Heave accelerometer

Surge Accelerometer

Sway accelerometer

Pitch pendulous potentiome‘or

Roll pendulous potentiometer

Cable pitch pendulous potentiometer

Cable roll pendulous potentiometer

Cable tension gage

Thermis.or,

The buoy system was installed in 62 ft of water, west of Great Salt Pond
entrance at Block Island by the Research Vessel, UCONN, on 2 March 1970.

The 13-in.-diameter, 14-conductor armored cable was laid along the bottom to
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Figure 29. Spherical Buoy at Block Island Station D
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the heach and was carried over the beach to the BIFI field station: A Snodgrass
wave sensor was also installed off the beach in 25 ft of water. The arrangement
of cables and instruments is shown schematically in figure 30.

Two weeks of statistical heave accelerometer data were collected. Some
buoy motion data were also recorded. The electrical conductors in the cable
began to fail after a month of use and a number of attempts were made to repair
the cable in order to continue collecting data. The buoy broke loose during a
storm in early November 1970 and is missing.

The statistical acceleromcrers were designed to count at 0. 35-, 0.50~-, 0,65~-,
0.80~, 1.20~-, 1,35~-, 1.50-, and 1.65-g heave acceleration levels. The pulses
from the accelerometers actuated counters in the van at the BIFI Field Station,
and the total count was recorded daily. Sea state data were based on estimates
by the resident engineer (Carl T. Milner) and by Coast Guard observations
reported by the ESSA Marine Weather Service. Data were recorded during the
period 4 March to 12 March 1970.

Data from the 22 observations of positive acceleration counts were used
to generate {igure 31, a plot of the counts per hour versus acceleration level
for various sea states. The negative acceleration counters did not work, because
of the failure of leads in the cable. Figure 31 indicafes that for any sea state
greater than sea state 0, the buoy will always undergo 1. 2-g accelerations at a
rate of 1,000/hr. 'The number of cycles per hour for higher acceleration levels
will increase with increasing sea state. Figure 32 is the contlitional probability
of the buoy exceeding various poritive acceleration levels given that the buoy

exceeds 1. 2-g level accelerations. Figure 33 shows the buoy heave acceleration
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ANEMOMETER

RECORDING é/ BUOY MOTION PACKAGE
FleLoayal EQUIPMENT 42-in. DIA. SPHERICAL BUOY

STRAIN GAGE LINK
g & THERMISTOR
CURRENT METER

CABLE ATTITUDE
SENSORS

30 f

SNODGRASS WAVE GAGE

CABLE 75 fr
TO SHORE 90 ft
1/2+in. DIA, DOUBLE-ARMOR
14 COND. CABLE

> o 3/4-in, STUD LINK CHAIN

%
. TO DANFORTH
e 50 ft 3/8-in. WIRE ROPE ANCHOR

CABLE TO SHORE

N

Figure 30. Spherical Buoy System at Block Island
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amplitude histogram for various sea state conditions. Rayleigh distributions

o
‘f( &

are plotted over the histograms and were computed by using the mean of the
55 5
histograms. Longuet-Higgins and Bretschneider 1 have shown that the

distribution of wave heights is given by the Rayleigh distribution.

Analog data of the spherical buoy motions were also recorded. On

16 March 1970, the following records were obtained on a two-channel strip
chart recorder:

Wave height {26 min)

PR T

Buoy heave and buoy surge (15 min)

Buoy heave and buoy pitch (10 min)

PO

Buoy heave and buoy roll (10 min) P

Buoy heave and cable pitch (10 min)

Buoy heave and cable roll (10 min), P

Winds were 15 to 20 knots, northeast, with an estimated sea state 3 at the
buoy. Results of a simple "quick look' analysis are shown in figures 34 throngh
317.

One-hundred samples of each record were digitizeu and analyzed on the
GSA-440 time sharing computer. Figure 34 shows means, variances, and
standard deviations for each parameter. In addition, the correlation matrix for
simple product-moment correlations is shown. Parameters that should be

coupled appear to be coupled, and parameters that should be decoupled appear

to be decoupled. TFor example, heave-surge, heave-pilch, and surge-pitch are
coupled, and heave-roll, surge-roll, and pitch-roll are decoupled. Also, cable

angles are mildly coupled to buoy displacements but decoupled from buoy angles.
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VARIA BLE

HEAVE
ACCELERATION

SURGE
ACCELERATION

PITCH ANGLE
ROLL ANGLE
CABLE PITCH

CABLE ROLL

0g

1.1 deg BOW DOWN

14.3 deg PORT

-27.1 deg

~7.3 deg

THE CORRELATION MATRIX

HEAVE
SURGE

PITCH

ROLL

CABLE PITCH

CABLE ROLL

HEAVE SURGE

PITCH

1.0 0.480%

1.0 -0.4199

0.6050 -0.0706

-0.1021

VARIANCE

0.0242 g”
0.00978 g’

104.2 deg2
55.3 deg”
24.0 deg2

16.2 deg2

CABLE
PITCH

0.2435

ROLL

0.0054 0.1605

0.0063
1.0 0.2121

1.0

STANDARD

DEVIATION

0.1555 g

0.0991 g

10.20 deg
7.58 deg
4,90 deg

4.01 deg

CABLE
ROLL

0.0454
0.1975
~0.094€
-0.3813

-0.2282

1.0

Figure 34. Spherical Buoy Motion Parameter Statistics
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Figure 35. Spherical Buoy Motion Amplitude Histograms —
Wave Height, Heave, and Surge
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Figure 36. Spherical Buoy Motion Amplitude Histograms — Pitch and Roll
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One hundred amplitudes from each parameter record were digitized and
were used to generate parameter amplitude histograms. These probability
distributions are shown in figures 35 and 37. The median amplitudes were
computed and were used to compute Rayleigh distributions, which are plotted

over the histograms. The Rayleigh distributions of the form

p(H) = F Ls €
where
p(H) is the probability of parameter H
H is the parameter
H is the mean value of the parameter,
were found to match the histograms quite well. The fact that the amplitude
probability distributiony all appear to fit a Rayleigh distribution indicates a
linear transform from wave height to buocy response.

If the functions relating the mean buoy motion amplitude parameters to
sea state were known, the probability distribution for any parameter in any sea
state can be computed from the Rayleigh distribution.

From the statistical accelerometer data, the mean heave acceleration
amplitude can be plotted versus mean wave height (using Vine and Volkma11'380
relations for sea state and mean wave height). This curve, shown in figure 38,
can be approximated in the region H =1 to 10 ft with the linear function:

Hy = 041+0.0086 F
Assuming a linear transform for the other motion parameters and averaging

pitch and roll amplitude means, we can write a set of linear equations for the

[ R e
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Figure 38. [leave Response of the Spherical Buoy
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% mean motion amplitudes. In addition, these ¢-, 1ations can be substituted into
the Rayleigh equation to find the amplitude probability distribution for any
parameter. The linear equations and their amplitude distributions are as
follows:

For 1< H <10 ft, the mean heave acceleration amplitude is

Hv = 011+ 0.0086 H ,
The amplitude probability distrxbution is ¥

p(Hv)“ I %evﬁfl

The mean surge acceleration amplitude is

Su = 0.0688 + 0.00537 H
and the probability distribution is

Ry
p(Su)-::g%-g}.e Fa ,

The mean sway accelevation amplitude is

Sw = 0.0688+ 0.00537H,
and tiie probabilily distribution is

P(SW)‘ "é_" §-3€ .q's.“.

The mean pitch angle amplitude is

R A S AR SRR PR SN

AR P e

Pt = 559+ 0436 H,
and the probability distribution is

P(Pt) 2 Ptz Mo

The mean roll angle amplitude is

Rl = 559+0436H |
and the probability distribution is

SE%

T R A R N
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RI.

-.

/R1) = IL RL
P\RL)—' ? RL‘ e

The mean cable pitch angle amplitude is

CRt = a4l +029H,

and the probability distribution is

cPs®

I
;o(C'Pt.) 'g:g:-.&z e’ =

The mean cable roll angle amplitude is

B I AN I R S

TR

A

CRL = 341+0.294H |

: and the probability distribution is 2
5 T CR o ¥ &

*

The preceding en.nirical equations will serve as a first-order approxi~

mation to the buoy motion parameters for the spherical buoy and can be used

; for design purposes.

b SRR TR R P S
e

4.2,2 Torroidal Buoy at ‘Station BRAVO

An 8-ft-diameter, torroidal oceanographic buoy was outfitted with buoy
motion sensing instrumentation and telemetry and was installed in Block Island

Sound during May-June 1970, The buoy (figure 39) was installed by the USCGC

MARIPOSA on 30 April 1970 at station BRAVO in 120 ft of water. A telemetry

saiaro o

O AR, S A N RTO
q

receiving station was established in the generator building at the Watch Hill
Lighthouse, Watch Hill, Rhode Island (figures 40 and 41). A schematic of the
instrumentation arrangement is shown in figures 42 and 43. A detailed descrip-
tion of the instrumentation, circuitry, and calibrations is described in

reference 81,
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Figure 39. Torroidal Buoy at Station BRAVO
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Figure 42. Torroidal Buoy Motion Experiment Setup
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The buoy contained .»e following motion sensing instrumentation:

Heave accelerometer

Surge accelerometer

Sway accelerometer

Pitch angle potentiometer

Roll angle potentiometer.

In addition, a self-vecording curvent meter was attached te the mooring cable
a’ a depth of 60 ft. Wind speeds were recorded on a paper tape recorder at the
Watch Hill Lighthouse. Wind directions were logged every 4 hr by the duty
personnel at the Lighthouse, Also, the ESSA weather reports on 163.5 kHz
were monitored during each data run, and reported conditions at Coast Guard
Stations bordering Block Island Sound were logged on the data sheets,

The buoy *ransmitted data every 12 hr for a 3-hr time period. Each data
transmission was preceded by a calibration sequence consisting of two voltage
levels from the potentiometer sensors. The FM signals from the buoy con-
taining the five mixed frequencies were demodulated and recorded on an FM
tape recorder. The composite signal and a 12, 5-kHz phase-lock signal were
also recorded on two AM channels.

During the 51 days the buoy was on stalion, 55 data transmissions were
recorded. The only major problem encountered was the failure of the opera~
tional amplifier that mixed the five frequencies from the voltage controlied
oscillators in the buoy. This component was replaced and tests continued.
Structurally, the only failure was the loss of a cotter pin on a shackle hoiding

one of the three chain bridle legs under the buoy. The loss of this pin allowed
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the shackle to come undone in such a manner that the buoy bridle had only two
active legs. The buoy was recovered on 19 June 1970 by the USCGC REDWOOD.

Because of the large amount of recorded data, a simple "quick look"
analysis of the data was performed by playing back the recorded data for each
of the five motion parameters on a "memoscope." A 2-min sample of each
parameter for each run was traced out. The mean width of the band trace-out
was measured, and the value of the parameter double amplitude (in volts) was
logged. This value was assumed to be the "significant" amplitude, i.e., the
mean of the hig! it one-third of the amplitudes. It was found that the data on
the pitch channel were too noisy to be used in this fashion; thus, pitch was not
included in this analysis. The logged values of buoy heave, surge, and sway
acceleration amplitudes along witk buoy roll angle amplitude are shown in
table 4. The environmental conditions are also shown for each run.

The statistics of the measured parameters are shown in figure 44. The
matrix of simple product-moment correlation coefficients is also shown. These
statistics were computed on the GSA-440 time sharing computer. Inspection of
the correlation matrix indicates that all the significant buoy motions are well
correlated. In addition, they correlate well with wind speed and, to a lesser
extent, with computed wind wave height, A similar anaivsis was conducted with

current speed. The elements of that correlation matrix are as follows:

Heave Sway Surge Roll
Current 0.1537 -0.00572 0.1040 -0.0237,

Thus, it appears that buoy motion amplitudes are not correlated with current

speed. Buoy motions are not significantly atfected by current speed.
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g

VARIABLE

WIND

SIGNIFICANT
WAVE HEIGHT

SIGNIFICANT HEAVE
ACCELERATION
AMPLITUDE

SIGNIFICANT SWAY
ACCELERATION
AMPLITUDE

SIGNIFICANT SURGE
ACCELERATION
AMPLITUDE

SIGNIFICANT ROLL
AMPLITUDE

CURRENT

MEAN

8.198 (knotz)

1.62 ft

0.197 g

0.1397 g

0.135 g

14 deg

0.7022 (knots)

TJE CORRELATION MATRIX

VARIANCE

52.72 (knotsz)

4.44 ft>

0.00574 g2

0.0024 g

0.00284 g

25.9 deg2

STANDARD
DEVIATION

7.261 (knots)

2.10 ft

0.0758 g

0.049 g

0.0532 g

5.09 deg

0.1435 (knotsz) 0.3787 (knots)

WIND WAVE HEAVE SWAY SURGE  ROLL
WIND T 1.0 0.7699 0.6418  0.4839 0.5852  0.1997
WAVE 1.0 0.4980  0.3765 ¢.4553  0.4134
HEAVE 1.0 0.8058 0.8448  0.4671
SWAY 1.0 0.8642  0.4885
SURGE 1.0 0.5571
ROLL 1.0

5 A

Figure 44. Torroidal Buoy Motion Statistics for 6-week Period
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The GSA-440 computer was also used to fit curves to the observed
parameter significant amplitudes. Six curves were fitted using least-squares
methods.

In general, the linear plot had the best index of determination when fitted
to the data. Figures 45 through 50 show the observed buoy motion significant
amplitudes plotted versus wind speed, computed significant wave height, and
buoy heave acceleration. The least-mean-squares linear curve is shown on
each plot. The least-mean-squares linear fuactions were transformed to
engineering units and are summarized in figure 51, If the buoy motion ampli-
tudes are assiumed to be distributed by the Rayleigh distribution, the mean
amplitude is 624 percent of the significant amplitude. The empirical equations
shown in figure 51 were again transformed in such a manner that they are in
terms )of mean amplitudes. They are shown in figure 52.

The cumulative probability distributions for wind, current, observed and
computed wave height, and buoy motion amplitudes are shown in figures 53
through 55 for the time period that the buoy was on station,

A complete spectral analysis was performed on two runs of buoy motion
data taken on 10 and 11 June 1970. A Fast Fourier Transform method that is
pregrammed and is available on the NUSC UNIVAC 1108 computer was used to
compute power spectra and cross correlations. The data were digitized at a
rate of 64 samples per second on automatic data processing equipment by the
Data Analysis Branch at NUSC. A set of buoy motion spectra for the second
data run, which was taken at 2030 EDST, on 11 June 1970, is shown in figures56

through 61. The wind was at 10 knots from the southwest and had been blowing
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SIGNIFICANT
SWAY ACCELERATION AMPLITUDE (V}

SIGNIFICANT

SURGE ACCELERATION .AMPLITUDE (V)

0 | | 1 i 1 |
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SIGNIFICANT HEAVE ACCELERATION AMPLITUDE (V)

Figure 49. Surge and Sway Motions versus Heave Motion
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Qb
W
1. ON WIND (W in knots)
HEAVE ACCELERATION Hvl/3 =0,0064 + 0.0163eW (g's)
SWAY-SURGE ACCELER- Su = Sw =0.1056+ 0.003825¢W (g's)
1/3 1/3
ATION.
s GL = -~ . ° .
PITCH-ROLL ANGLE P11/3 R11/3 12.83° +0.1373e¢W (deg)
2. ON SIGNIFICANT WAVE HEIGHT (Hl /3 in ft)

HEAVE ACCELERATION Hv

=0, + . H
1/3 0.168 + 0,01792 ¢H1/3 (g's)
" TR A - = = ]
SWAY-SUR GE ACCELER Su1/3 Swl/3 0.120 + 0, 010150H1/3 (g's)
ATION
- = =12. + 1,
PITCH-ROLL ANGLE Pi1 /3 Rll /3 12.36 + 1 OOH1 /3 (deg)

3. ON HEAVE ACCELERATION AMPLITUDE (Hv1 /3 in g's)
- - = = + . 1
SWAY-SURGE ACCELER Sul/3 Sw1/3 0.0268 0.5570Hv1/3 (g's)
ATION
“'T - = i - . + .
PITCH-ROLL ANGLE Piy o =Rl 7 7.82+31.35¢Hy, /3 (deg)

Figure 51. Empirical Equations for Significant Buoy Motion Amplitudes
(Based on Linear, Least-Mean-Squares Equations)
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A4 BESH SN RS
Loy m?«“ﬂb\h’;p)'m%ﬂ'

<
1. ON WIND (W in knots)
HEAVE ACCELERATION Hv = 0.004 + 0.0102eW (g's)
SWAY-SURGE ACCELERATION Su'= Sw =0.066 + 0.002394eW (g's)
PITCH-ROLL ANGLE Pi=RIi=8.03 +0.086eW (deg)
r  Hyl r  Su2
“\7 %2 + Su  \1°E2
p(Hv)== ¢ —— ¢ Rv P(Sw) = p(Su) =~ e —, e e
2 Hv 2 Su
(1 . &1_2.)
* Rl " \4 372
p(Pi) = pRI) =~ .:—2 ve Rl
. 2 Rl
-
; 2. ON MEAN WAVE HEIGHT (H in ft)
3
3 HEAVE ACCELERATION Hv = 0.105 + 0.01792¢H (g's)
g
: SWAY-SURGE ACCELERAZION 8w = Su=0.075 + 0.01015 ¢H (g's)
iy
- PITCH-ROLL ANGLE Pi=Ri=17.72° +1.0eH (deg)
Y
‘ (NOTE THAT THE PROBARILITY DISTRIBUTIONS ARE THE SAME
: AS ABOVE.)
f 3. ON MEAN HEAVE ACCELERATION AMPLITUDE (Hv in g's)
SWAY-SURGE ACCELERATION  Sw= Su=0.01674 + 0.557¢ Hv (g's)
PITCH-ROLL ANGLE Pi=Rl=4.89 +31.35¢Hv (deg)
Figure 52. Empirical Equations for Mean Buoy Motion Amplitudes
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Figure 56. Computed Wind Wave Spectral Levels — 2030 hr, 11 June 1910
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Figure 57. Observed Heave Spectral Levels
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Figure 58. Observed Surge Spectral Levels
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Figure 59. Observed Sway Spectral Levels
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W steady at that strength for 1 hr. The wind wave spectrum was computed by
using a two-parameter Bretschneider spectrum. Figure 56 shows the computed
wind wave power spectrum. Figures 57 through 61 show the buoy motion power
spectra. Figure 57, the buoy heave acceleration power spectra, shows a peak
in the energyv around 0.5 rad/sec (T = 12.5 sec). There is also a peak around
1.5 rad/sec, which corresponds to the peak of the computed wind wave power
spectrum,

The peak at the lower frequency may be caused by swell; a 1-ft swell
from the south was observed visually during the data run. The same type of
energy distribution is seen in the other spectra. Buoy roll angle and sway
acceleration spectra indicate relatively more energy at wind wave frequencies;
thus, it is concluded that the buoy was oriented in such a manner that the sway-
heave plane was close tq .a southwest-northeast orientation.

Buoy motion parameters were cross-correlated with buoy heave accelera-
tion and are shown in figures 62 through 65. These plots indicate the existence
of two modes with vather strong coupling between motion parameters. If a
linear system is assumed, the input and output spectra can be related by the

transfer function:

2
Op(w) = Hey + S,ztw

where

D)

5;{“)18 the buoy motion power spectrum
SH,(M) is the wave height power spectrum

H(w) is the transfer function ,




WL oy syona

202

SPECTRUM LEVEL (dB)

3 1 1 1 i | 1
0.0 0.83 1.66 248 3.3 4.14 497 5.80

FREQUENCY (Hz)

Figure 62. Cross-Spectral Levels of Surge and Heave
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Wave spectra determined by \Villiams77 for similar conditions in Block
Island Sound indicate that swell appears in the wave spectrum as a horizontal
line to the left of the wind wave peak and is about 5 dB down from the peak.
Figure 56 was modified to include swell. The buoy motion power spectra were
smoothed and the differcence in decibels between them and the wave spectrum
(including swell) were plotted as the square of the absolute value of the transfer
funetion in decibels. Figures 66 through 70 show the transfer functions and
indicate the existence of two modes. The relative magnitudes of the peaks
indicate that the modes are a heave mode (low frequency) and a roll mode (high
frequencv). Observations made by the writer while servicing the buoy at sea

indicate that the sway-surge mode has the lowest frequency, the heave mode

206

has the next highest frequency. and the pitch-roll mode has the highest frequency.

These spectra indicate that the heave, surge, and sway motions of the
buoy are primarily excited by the sea swell, whereas buoy pitch and roll are
excited by the higher frequency wind waves.

Analysis of measurced buoy motion data for the 33-ft spherical bucy and
for the 8-ft torroidal buoy have yielded sets of empirical equations that can be
used to predict mean buoy motions and amplitude distributions for various sea
states. Buoy motion amplitude distributions appear to follow a Rayleigh
distribution, which indicates that the dvnamic system is linear or near-linear.

Spectra for the torroidal buoy indicate the existence of a heave mode and
a pitch-roll mode within the range of wave frequencies. In general, both buoys
are hard-coupled to the sea surface in heave. The torroidal buoy appears to

respond in pitch-roll motions to a greater extent than does the spherical buoy.
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4.3 Simulation and Comparison of
Buoy System Dyna:ics

4.3.1 Spherical Buoy at Station D

Steady-state configurations of the spherical buoy system, installed at
Station D, are shown in figure 71 for various uniform currents. Very little of
the 3/4-in. DiLock chain is picked up off the bottom even under the worst current
conditions — 1 knot, Steady-state tensions never go over 100 lb, and the watch
circle radius can vary from 38 ft at 0 knot to 62 ft at 1 knot. These configura-
tions were computed on the GSA time-sharing computer usiag the steady-state
buoy system configuration program shown in appendix B. The Savonius rotor
current meter used in the spherical buoy svstem failed 3 days after emplantment,
thus; cable angles can not be correlated with current strength for this buoy
system. However, the computed configurations are used as initial conditions
for the buoy system dynamics simulation when current strength and direction
are computed from the Coast and Geodetic Survey current tables. 83

The lumped-mass dynamic equations of motion for the cable and the
equations of motion for the spherical buoy were programmed and solved numer-
ically in the time domain using a fourth-order,Runge~Kutta numerical integra-
tion scheme. Five mooring line mass elements were used — three for the
cable and two for the chain. The buoy was allowed six degrees of freedom

(hcave, surge, sway, yaw, pitch, and roll), and each mooring line mass
element was allowed three degrees of freedom (xi .y, andz). The program

shown in appendix B can accept wind and current vectors coming from any
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Computed Steady-State Configurations of the Spherical Buoy System
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direction; however, the waves are assumed to be two-dimensional and are
constrained to come in on the z axis of the inertial coordinate system. A
complete listing of the input data needed to describe the spherical buoy system
is shown in appendix D. Mean wave heights and periods were computed from
reference 82 for various sea state conditions. The spherical buoy system
dynamics model was excited with the ten-component random wave model based
upon a two-parameter Bretschneider spectrum having the mean wave height and
period for each sea state. The average wind strength and direction and the
average current strength over the tune period in which the statistical acceler-
ometers were in operation were also used to force the model. The wave
amplitudes for each component were allowed to build linearly over two compo-
nent wave periods. This procedure minimized transient motions. The solution
was allowed to proceed in time as transients decayed. Finally, buoy heave
accelerations were sampled over a time period, and the mean heave acceleration
amplitude was computed.

These computed amplitudes are shown in figure 72 and are compared with
the amplitudes derived from the statistical accelerometer data. The computer
model overestimates the heave acceleration amplitudes at the lower sea states
and agrees quite well at the higher sea states. Since the observed sea states are
based upon the Block Island resident engineer's visual observations, a plus or
minus one sea state error band is shown in figure 72 for the observed data., It is
concluded that the computer model provides a conservative estimate of buoy

accelerations for design purposes.
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On 16 March 1970, strip chart recordings of the buoy motion instrumenta-
tion were made. The computed Bretschneider wind wave spectrum for that
location, date, and time based upon the observed wind speed, direction, and
duration is shown in figure 73. This spectrum was used to defermine r,ompo-
nent amplitudes for the random sea forcing function. The observed wind and
the current as compuled from the tidal current tahles were also used to force
the modet on the UNIVAC 1108, Computed buoy heave, sway,and surge accel-
erations, pitch, roll, cable pit~h, and cable roll were sampled in the same
manner as the observed data and were analyzed on the GSA time-sharing

\com};uter.

The reduced spherical buoy motion parameters based upon computed
motions and observed motions are shown on figures 74 and 75, respectively.
Since the spherical buoy was not cquipped with a yaw sensing device, the motions
designated surge and sway and pitch and roll are not known relative to the 2z
axis, along which the waves are traveling., Visual observations made from the
beach while the data were being recorded indicated that the buoy was aligned in
one direction with little or no yaw motion. A comparison of figures 34 and 75
indicates that the observed sway may really have been surge and that pitch and
roll should he interchanged. Figure 75 reflects these changes.

A comparienn of figures 74 and 75 indicates that the computer model
predicts buoy heave accte'lemtions with good engineering accuracy (-9.5 percent
error for heave acceleralion standard deviation), underestimates buoy sway
accelerations (=71 percent error for sway acceleration standard deviation), and

overestimates buoy pitch and roll motion (+54 percent error for piteh angle and
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STANDARD
Y 0 \{ ; [«
4 VARIABLE MEAN VARIANCE DEVIATION
HEAVE 9
ACCELERATION 0g 0.0198 g 0.1408 g
SWAY 9
ACCELERATION 0g 0.0009 g 0.0288 g
SURGE 9
ACCELERATION ng 0.0015 g 0.0390 g
PITCH -1.37 deg 137.00 deg® 11.70 deg
ROLL -1.01 deg 315.07 deg2 17.75 deg
CABLE PITCH -19.37 deg 13.38 deg2 3.66 deg
CABLE ROLL 38.29 deg 15. 72 deg2 3.97 deg
THE CORRELATION MATRIX
. CABLE CABLE
HEAVE SWAY SURGE PITCH ROLL PITCH ROLL
’-— v
HEAVE 1.0 0.4774 -0.2632 -0.1251 -0.0410  0.2660  -0.3602
: SWAY 1.0 -0.6762 -0.6023 -0.5559  0.1582  -0.2172
% SURGE 1.0 0.1980 0.3751  0.1502 0.1979
g PITCH 1.0 0.7363 -0.3377 0.2582
;
% ROLL 1.0 -0.1546 0.3268
3 CABLE 1.0 0.0388
4 PITCH
E CABLE 1.0
{; ROLL L

:
%
£x
e
w

4,

Figure 74. Simulated Spherical Buoy Motion Parameter Statistics
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STANDARD
< \ 14 -
VARIABLE MEAN VARIANCE DEVIATION
HEAVE 0g 0.0242 g2 0.1555 g
ACCELERATION
2
SWAY 0g 0.0098 g 0.0991 g
ACCELERATION
SURGE - - -
ACCELERATION
PITCH 14.38 deg 55.3 degz 7.58 deg
ROLL 1.1 deg 104.2 degz 10.20 deg
2
CABLE PITCH -7.3 deg 16.2 deg 4.01 deg
CABLE ROLL -27.1 dex 24.0 deg2 4.90 deg
THE CORRELATION MATRIX
CABLE CABLE
HEAVE SWAY SURGE PITCH ROLL PITCH ROLL
Ar— Sy
HEAVE 1.0 0.4806 - -0.0706  0.6050 0.0454 0.2435
SWAY 1.0 - 0.0054 -0.4199 0.1975 -0.1605
SURGE 1.0 — - - —
PITCH 1.0 -0.1021 -0.3813 -0.2121
ROLL 1.0 -0.0946 0.0063
CABLE 1.0 -0.2282
PITCH
CABLE 1.0
ROLL L _ ]

Figure 75.

Obscrved Spherical Buoy Motion Parameter Statistics
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*74 percent error for roll angle standard deviations). Mooring line pitch and
roll angle standard deviations are underestimated by -33. 6 percent and
~-19. 0 percent, respectively.

The simple product-moment correlation matrix for the observed data
indicates moderate coupling 1"9r heave-sway, heave-roll, sway-roll, and pitch-
cable piteh, Because of the axial symmetry of the buoy, it is expected that
heave-pitch and surge-pitch would also be coupled. The simulated buoy motion
correlation matrix indicates coupling between heave-sway, sway-surge, sway-
pitch, swav-voll, and pitch-roll. The modal coupling indicated by the two
correlation matrices do not agree. This poor agrecment is probably due to the
rather short sample time used to compute the product moment correlations. An
error estimate bascd upen an assumed bandpass white noise sea spectrum with
a bandwidth ol 1 Hz indicates normalized errorvs of about 22 percent in the stand-
ard deviations and ¢bout 18 percent in the product-moment correlations. The
comparison of simulated haoy mstions v th observed huoy motions for this case
indicates reasonablc sgreement for parameter standard deviations but poorer
agreemaent for prodvet moment covrelations.  In view of the limited amount of
data and its rclatihveiv poor quality, this particular comparison will not be

oxtended.

1.3.2 Torrvoidal Buoy at Station BRAVO

The bucy motion computer model with jumped-mass cable elements was
modidhied wnd input values were changed in order to simulate motions of the

torroidal buov BRAVO, .\ subroutine to compute the buoyant forces and moments
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by polar integration around the torroid as a function of its draft and tilt angle
was incorporated in the program (appendix E). A subroutine to compute simple
statistical properties (mean, variance, and standard deviation) of the mput wave
height and output buoy motions (hcave, surge, and sway accelerations wud pitch
and roll angles) was also incorporated in the program.

Winds were assumed to act from the southwest (Lthe predominant wind
dircction during May and June), and an average ebb current of 0.7 knot was
assumed (uniform in depth, setting to the east). Thus, the buoy system coor-
dinate system has the z axis pointing southwest and the y axis pointing south-
east (figure 76). The S-M-B method was used tn compute the mean wave height
and period for winds of 5, 10, 15, 20, and 25 knots for the southwest winds
with an assumed duration of 4 hr. The computed mean wind wave heights and
periods for station BRAVO are shown in figure 77. Resulting Bretschneider
spectra for these conditions are shown in figure 78. These spectra were uscd
to compute random waye component amplitudes and frequencies which,in turn,
forced the buoy motion computer model.

Initial runs with a five-clement cable model were found to be very time-

consuming in machine time since the relatively low mass and high elastic
modulus of the cable clements required that numerical integration step sizes on
the order of 0.001 sec be used for numerical stability. A step size of 0.0005 sec
was used for accuracy. The program was rewritten, and inputs were recom-
puted for a three-element mooring line model. Cavle masses were concentrated
at the current meter in the middle of the cable, and the lenpths of heavv anchor

chain were broken up to form the other two mooring linc lumped masses. This
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E: Figure 77. Computed Mean Wave Heights and Periods at Station BRAVO
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procedure greatly reduced the highest natural frequency of the system and the
step size could be increased to 0.01 sec before numerical instability occurred.

A step size of 0.005 sec, which allowed an order of magnitude increase in compu-
tational speed,was used. No significant difference was seen in computed buoy
motions when using the three-lump or five-lump cable model.

The run procedure is as follows. First, the model is acted upon by the
mean wind and current components (no waves) and allowed to converge to its
steady-state configuration. Then, the random wave components are introduced
and buoy motions sampled at every integration for 60 sec. Each run required
about 20 min of computer time on the UNIVAC 1108. The ratio of computer
time to solution time was 9.15:1.

The results of four runs with mean wind speeds of 5, 10, 15, and 20 knots
are shown in figures 79, 80, and 81. The least-mean-squares plots of the
obscrved data, as shown in figures 45 through 50 and as summarized in
figure 51, are also shown in figures 79, 80, and 81. Since the yaw orientation
of the buoy was not known during the at-sea measurements, the coefficients of
the surge and sway empirical functions and of the pitch and roll empirical
functions were averaged. Also, since the winds and waves in the computer model
are acting along the z axis, only heave, surge, and pitch motions are compared
with observed data. The : verage error indicated in the simulation over the
range of wind speeds considered are as follows:

1. On Mean Wind Speed

Mean heave acceleration amplitude +14., 45 percent

Mean surge acceleration amplitude -63.6 percent
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Mean pitch angle amplitude -42.4 percent

2. On Mean Wave Height*

Mean heave acceleration amplitude +2,22 percent
Mean surge acceleration amplitude -60. 15 percent
Mean pitch angle amplitude -41,43 percent

3. On Mean Heave Acceleration Amplitude

Mean surge acceleration amplitude ~-60.4 percent

Mean pitch angle amplitude -42.3 percent,
Again, assuming bandpass-iimited white noise spectra of about 1~-Hz bandwidth,
note that the error in the standard deviations of the simulated buoy motion is about
+13 percent. Also, known and estimated errors in the sensors and instrumenta-
tion (including possible observer error in reading the memoscope) indicate an
overall error of +20.13 percent in the observed data.

The differences in observed and computed mean heave acceleration ampli-
tudes fall within these error bands and thus indicate that the computer model
offers reasonable accuracy for this motion. However, even if these error bands
are taken into account, the model is systematically underestimating surge and
pitch motions. Since surge and sway motions are underestimated with both the
spherical buoy and with the torroidal buoy, it is suspected that the transverse

hydrodynamic mass and damping used in the model may bhe in error. Recent

*Note that wave heights for the observed data were based upon visual
observations while wave heights for the simulated buoy motions were computed
by the S-M-B method.
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communications with E, Geller and R. Canada, who are affiliated with the

National Data Buoy Project, have indicated that the results of their model buoy

tests in towing basins do not agree with present theory because surge and sway
hydrodynamic forces are less than predicted analytically. This communication
E confirms the ahove suspicion, but judgment is reserved until more test tank
data are published.

The environmental conditions as measured during the data run of 11 June
1970 at 2030 EDST were used as input to the computer model, and buoy motions
were computed. Power spectra for wave height, buoy heave accelerations,
buoy sway acceleration, buoy surge acceleration, buoy pitch motions, and buoy

; roll motions were computed by a Fast Fourier Transform method.84"86 A total

somrrarn % e oas it bt e b RS
0, KTl o] i A A A RIS A 7%

g of 1,024 samples, sampled at 0, 06-sec intervals for each parameter, were
transformed. The samples were smoothed by averaging over a 0.3-sec interval
to prevent aliasing in the spectra. Eight ensemble averages were used, and they
resulted in 64 statistical degrees of freedom and a standard error of 17,66 per-
cent, The frequency resolution is 0.0163 Hz, Williams87 states that a

resolution on the order of 0.02 liz is adequate to define ocean swell spectral

' peaks in his study of ocean wave spectra in Block Island Sound.

The input wave spectrum is shown in figure 82 along with the frequencies
of the components that form the "random' wave forcing function. Figure 83
shows the computed spectrum level of the "random' wave model compared with
the theoretical spectrum level. As expected, the '"random' wave model exhibits
characteristics of narrow-band white noise, which is reasonable since it is

3 made up of a finite number of sine wave components close to one another in
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Figure 83, Simulated Wave Height Spectral Levels
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the frequency domain.
The standard deviations for the input wave height and the output buoy

motions are as follows:

Wave height 0.4807 ft
Heave acceleration 1.9321 ft/sec2
Sway acceleration 0.4217 ft;/sec2
Surge acceleration 0.4974 ft/sec2
Pitch angle 2.98 deg

Roll angle 4,437 deg.

Output spectral levels are shown in figures 84 through 88. In general, the
spectra exhibit more deterministic properties than the buoy motion spectra
from the ai-sea data, More smoothing was done on the at-sea spectra than on
the simulated spectra, but the at-sea spectra do not appear to have the narrow-
band characteristics of the simulated spectra, especially in heave, surge and
pitch. This indicates that the model may be inadequately damped. The natural
frequency of the buoy in heave when at middraft is computed to be 0.36 Hz. The
heave, surge, and pitch spectra exhibit peaks at about this frequency. Since
surge and pitch are decoupled from heave hydrodynamically, the coupling must
be effected through the cable tensions acting on the buoy.

The second peak in the heave spectrum is located at about the same
frequency as the peak of the water particle acceleration spectra. The forcing
function component due to the heave hydrodynamic inertia force caused by water
particle acceleration is driving the buoy in this frequency range. The surge

spectrum also indicates that this forcing mechanism is active in that mode.

k
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Both pitch and roll spectra show peaks at this frequency. Pitch and roll
motions have computed natural frequencies at about 0.7 Hz and would tend to
respond to this forcing mechanism through coupling from surge and sway
motions. Since the water particle motions are constrained to the x - z plane,
one would not expect a response out of plane. However, the current vector has
an out-of-plane component; thus, the mooring line tension force will have an out-
of-plane component, Heave and surge motions will couple into sway and roll
motions because of the mooring line tension. This coupling also illustrates
another unusual feature of this dynamic system in that the response of the
system is strongly dependent on the mean values of the system element spatial
locations — a strong argument against linearized, decoupled models of buoy
systems,

Both heave and surge show peaks at hizher frequencies (1.05 and 1.4 Hz).
These peaks are probably due to natural frequencies for the lumped-mass cable
model. Sway and roll spectra have nearly the same shape and thus indicate a
strong coupling in these modes. Surge and sway (also, pitch and roll through
coupling) indicate some response at very low frequencies. This is due to the
lowest natural frequency of the buoy system in a horizontal mode. If the
analogy is made with a pendulum having a length order of magnitude with the
water depth, the natural frequency of this motion would be quite low.

The heave spectrum computed from the experimental data (figure 57)
indicates a peak at 0.4 Hz, which agrees well with the peak in the simulated
heave spectrum due to the buoys natural frequency in heave. Surge, sway,

pitch, and roll spectra all have spikes at 0.6 Hz. This is in agreement with
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the peaks in the simulated sway, surge, pitch, and roll spectra. All the
spectra, especially in roll, indicate energy at frequencies out to 2 Hz. 'This
energy may he due to vibration in the mooring line coupling into the buoy.

This comparison of simulated buoy motions with observed buoy motions
for the torroid buoy at station BRAVO on 11 June 1970 indicates that the com-
puter model is distributirg energy in its response in about the same way as the
actual buoy system. However, the model is apparently underdamped and is
filtering out some energy between natural frequencies. Again, more test tank
data are needed for buoy huils to determine their hydrodynamic characteristics.

The simulations of buoy system dynamics for the spherical and torroidal
buoys moored in Block Island Sound have used the lumped-mass model of cable
dynamics. In the course of this research, it was found that if mean tensions in
the cable are very low or if a number of force discontinuities are present
along the cable (both conditions common to shallow water moorings), the finite-
difference method is usually not suitable., With very low tensions, the cable
equations can go ultrahyperbolic, which could cause the numerical method to break
down. When many force discontinuities are in the line, a large number of nodes
are needed in the cable segments between the discentinuities in addition to equation
of motion for each discontinuily. The resulting computational time becomes
prohibitive.

4.3.3 WHOI Mooring No. 238

In order to validate the buoy dynamics simulatation using the finite-
diffcrence cable model, mooring line tension data taken with WHOI mooring

No. 238 (reference 37) is compared with simulated tension data for the same




buoy system. WHOI mooring No. 238 is essentially the same as WHOI mooring
No. 279 (figure 27) and was moored at the same location. Tensions were meas-
ured just below the torroidal surface buoy and were telemetered ashore. Com-
puted inputs for the simulation of WHOI m~oring No. 279 are shown in appendix
D, and the buoy system dynamics program incorporating the finite-difference
cable model is shown in appendix B. Since the WHOI data are shown against
wind speed, the primary input is wind speed. The fetch was assumed to be
100 miles for this location in the North Atlantic, and wind durations were taken
to be 24 hr. The Webster current profile, with a surface current of 1.5 ft/sec,
was assumed to act in the direction of the wind for all cases.

Strains and cable angles at each node must be read in as initial conditions.
The steady-state buoy system configuration program was used to compute these
parameters for each wind speed and the given current profile. The initial cable
angles are shown in figures 89 and 90, The standard deviation for the cable
tension just below the buoy was computed for each run. Millard37 presents a
"scattergram' of "dynamic tension amplitude'" versus 2-hr mean wind speed.
Tensions were recorded on a Rustrak recorder, which has a very slow chart
spced — on the order of :entimeters per day. Thus, this "amplitude' was read
by measuring the breadth of a very thick line. This actually represents the
tension difference hetween the highest and lowest tension that occurred in a 2-hr
period. it is assumed that these "amplitudes" correspond to the highest 1/10th
\vave.heights found in wind-wave height distributions, The WHOI data of

"dynamic tension amplitude" versus wind speed is shown in figure 91,
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; ‘;; Tension standard deviations for each run were first converted to mean
amplitudes by assuming sinusoidal variations, converted to highest 1/10th

4

amplitudes by assuming a Rayleigh distribution, and finally converted to double
u amplitudes. The resulling expression is

T, = (157)(2.03)2.0)- T,

b
3
KL

3 The simulated ""dynamic tension amplitudes' are plotted in figure 91.

.

_ Errors for the simulation were not computed in this case since the meaning of
the WHOI "dynamic tension amplitude" is not clear. However, the simulation

computes dynamic tensions that are order of magnitude and that increase with

? increasing wind speed. A better set of buoy motion and tension measurements
; are needed for deep sea buoy systems in order to fully validate the buoy motion

dynamic simulation with the finite-difference cable model.
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i V. SUMMARY

'

% 5.1 Restatement of the Problem

The object of this investigation was to evaluate the forces acting on the
z components of a simple buoy system exposed to the oceanic environment and to
N develop a numerical model of buoy system dynamics to simulate buoy system
response. Axisymmetric buoy hull shapes were considered in general, and

~ hydrostatic and hydrodynamic forces and moments on oblatc spheroids were

\ studied. The set of integro-differential equations of motion for the buoy were
reduced to a set ot ordinary differential equations with nonconstant coefficients
by using frequency dependent hydrodynamic force coefficients published in the
%: literature.

A"quasi-random" wind wave model was developed to simulate the motions
ot the water masses in the immediate vicinily of the buoy. Wind wave properties
were computed with the S~-M-B method from the mean wind speed, fetch, and

“ duration. Borgman's energy partitioning method was applied to a two-component
A

Bretschneider spectrum, and sinusoidal wave component amplitudes and {re-
quencies were computed. The random phase components were summed to
compute instanianeous water particle motions.

Major assumptions made in the investigation of buoy dynamics include the
; following:
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1. Dissipative forces can he separated into those due to surface wave

generation and those due to viscous drag.

2. Infinitesimal buoy motions exist; this assumption was made by

22
John ,23 in the derivation of the hydrodynamic force and moment integrals

and subsequently by Kim, 42 who evaluated the integrals for oblate spheroids.
3. The Haskind hypothesis is valid; i.e., il is assumed that the general
problem of an object moving on a free surface in response to gravity waves on
that free surface can be linearized to the extent that the velocity potential for
that motion is the sum of
a. the linearized velocity potential of the gravity waves alone,
b. the velocity potential of the object moving on the free surface

with no waves, and

c. the velocity potential due to the waves generated by the motion
of the body.
The Haskind hypothesis was used in order to apply Kim's coefficients for oblate
spheroids, which were derived for objects oscillating on a free surface, to the
case of objects oscillating on a frec surface with gravity waves.

4. The St. Denis-Pierson hypothesis is valid, i.e., it was assumed that
the sea can be represented as the linear sum of elementary waves of random
phase.

5. Body dimensions are small compared witha wavelength. This assump-
tion was made in orde. to use the computed water particle motions as the

motions of the mass of water in the immediate vicinity of the buoy hull,

24

b
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Equations of motion for an clastic cable capable of supporting b-*h axial
and transverse waves simultancously were written. A unique finite-difference
numerical technique, an extension of Hartree's method for hyperbolic partial
differential equations, was developed for the solution of sets of coupled hyper-
bolic equations. A lvmped-mass cable model was also developed. Major assump-
tions made in the development of the cable dynamics model are that the cable is
homogeneous and perfectly flexible and that hysterisis damping 1s negligible
compared with viscous damping. The equations of motion for the buoy and cable
were programmed and solved numerically on a UNIVAC 1108 digital computer in
the time domain. Two types of buoy hulls were considered — a spherical buoy
and a torroidal buoy. Both shallow water and decp water moorings were simu-
lated using the lumped-mass and finite-difference cable models. Simulated data
were compared with observed data in two steady-state cases and in three
dynamics cases.

5.2 Conclusions

Steady-state buoy system configurations were simulated using the method
described in chapter IIT for a shallow waler buov system and for a decp water
buoy system. Comparison of simulated tc observed configuration parameters
(current meter Lilt angles for the shallow water mooring and mean tensions for
the deep water mooring) indicale good agreement Letween the computer model
configurations and the configurations of the actual buoy systems. Although this
comparison of a few bits of data from two buoy systems does not constitute a
full validation of the steady-state buoy system configuration model (angles and

tensions sll along the mooring line for many current profiles and winds and for




RECE L

AT by oS o3k

gl

249

many different buoy systems should be simulated and correlated for a full
validation), it does indica’e that the simulation errors are on the order of
5 percent, which is adequate for engineering analysis.

Buoy system dynamics were simulated for three cases (two shallow water
moorings where the lumped-mass cak.. nodel was used and one deep waler moor-
ing where the [inite-difference cable model was used), and simulated buoy ~motion
parameters were compare. wilh obsarved paramelers. In general; the lumped-
mass cable model is more adaptable to shallow water buoy systems, which, if
slack-moored, tend to have very low tensions at the bottom and cable angles that
approach T/2 uand, if taul-moored, tend to have very high dynamic strain levels,
which can cause slack cable. The lumped-mass cable model can handle these
cases easily (if tensions on an element go Lo zero, the element simply free falls
through the water), whereas the finite- difference cable model breaks down with
slack cable condilions since thiec equations of motion are ultrahyperbolic and
possess an infinite number of equally valid solutions. Also, the lumped-mass
model is niore adaptable when the mooring line contains a number of mass or
force discontinuitics, i.e., instruments, subsurface buoys, sentinels, ete.

The comparison for both shallow waler cases, one a spherical buoy and
the other a Richardson torroid, indicate that the surge and sway hydrodynamic
forces were underestimated in the simulation. Also, the comparison of observed
to sin ilated shallow water torroidal buov motion spectral levels indict tes that
the simuiation is underdamnped in ali modes. There is good agreement in

simulated and observed heave mations, the most important motion parameter
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for the buoy system designer. In gencral, the simulation appears to predict
heave motions within +15 percent and the other motions within +50 percent.
Since the environmental conditions were not monitored at either buoy during the
motion measurements but were inferred from wind speeds measured ashore,
from computed tidal currents based upon previous current measurements, and
from visual observations of sca conditions, it is impossible to draw conclusions
on the validity of the model, except that it computes buoy system motions that are
order of riagnitude with observed motions.

. The comparison of simulated deep sea buoy syslem dynamics using the
finite-difference model is inconclusive because of uncertainties in monitoring
the environment and in the slalistical meaning of the tension data collected.

5.2 Suggestions for Further Study

Future research in the area of buoy system dynamics should involve the
emplantment and the fitling of motion sensing instrumentation to a wide spectrum
of oceanic buoy system types — both shallow and deep water. The environment
al each site should be adequaiely monitored (winds, waves, and currents), and
a complete set of buoy system motions should be recorded. The measurements
should include angles and tensions along the mooring line as well.

Another key arca that should be investigated involves the hydrodynamic
forces acting on a body on the free surface of a fluid when the free surface is
subjected to random gravily waves. Jolin's analysis assumed infinitesimal body
motions in crder to linearize the free surface boundary conditions. Kim's
analysis assamed sinusoidal body motions in order Lo evaluate the hydrodynamic

for-c and moment integrals. An investigation of the validity of these ussumptions
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should be made in order to belter understand the nature of the body-fluid inter-
cetion. Also, test tank data are needed to validate theoretical force and
moment coefficients,

Extension of the analysis presented in this dissartation to nonaxisymmet-
ri¢ huoy hulls to include cross-coupled hydrodynamic forces and moments in
the other modes would be of significance as a more general study of buoy
system dynamics.

Finally. more research on the behavior of wire ropes and synthetic lines
that are used in the ocean environment is needed for the prediction of buoy

system performance.
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Appendix A

ANGULAR STABILITY OF AXISYMMETRIC BUOYS

It is known from visual observation and from collected motion data that
buoys do not become unstable in the sense of Liapunov; i.e., buoy mctions will
not build to infinity. However, buoys will undergo large excursions and can be
upset. For example, a buoy that undergoes gross heaving motions in ihe sea so
that it is alternately awash and then rises out of water to fall over on its side
would be deemed unstable by the casual observer; however, the buoy would
actually be stable since its motions are bounded and do not tend to infinity with
time. Of course, if this buoy housed meteorologic or oceanographic instru-
mentation, it would be of little value because of its wild motions.

The "'stability" of this type of motion is best described in the pitch (or
roll) phase plane, i.e., a plot of pitch angular velocity versus pitch. However,
pitching (and rolling) motions are heavily influenced by the draft of the buoy,
i.e., the location of the center of buoyancy relative to the center of gravity.
Thus, the heave racotions and resulting buoy draft must be considered. Because
the righting moment depends on the location of the center of buoyancy relative
to the center of gravity, the pitch (or roll) equations of motion are similar to
the nonlincar cquations of motion for a pendulum.

A wide spectrum of axisymmetric buoy shapes will be considered, ranging

from a spar buoy with a high draft-to-beam ratio to a discus buoy with a low
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% draft-to--beam ratio (figure A-1). First, consider the spar buoy. In the absence
of external forces (mooring line tensions, etc.), static stabilily is maintained

only if the center of gravity is below the center of buoyancy:

Leg <H-2 .

This is obvious from the undamped pitch equation of motion for the spar buoy:

Iﬁ/é +/0§—.[Tr.B2H(-‘Zi-- LCG)SJN,Q =-:.0.

Also, if the buoy is tilted at extreme angles, we see that

ﬁ >TT or /8 < =TT .
The spar buoy will not return to its initial equilibrium position but will undergo
a complete re-olution and seek equilibrium at either 21 or -27. A typical

pitch phase plane for the spar buoy is shown on figure A-2 fo. two possible

conditions:

1. Lee < H 2

2. Leg > H, 2 .

Note that if the buoy is initially unstable, LCG > H/2, it is stable at +71r;

i.e., it is stable upside down.
A cable attached to the bottom of the spar buoy will tend to stabilize the

buoy. Adding a restoring moment due to the cable tension in the cquation of

motion yields

: I,8+,G¥ B*H (Hre - Lcc,)swﬁ
+KLCQ(1-COSﬂ)LCQ \SfNﬁzo)

where K is a cable spring constant, For a stable system, the sum of tl.e two

restoring moment terms must be positive. Solving for L, , we see that

CG
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Leg = 5 +3/C /C-2H |
where

_ pSTB*H
C="¥K(I-cosg) .

in general, a spar buoy is desigued to minimize heave response. Thus,

the shallowest buoy draft would be the static draft of the buoy minus one-half

the largest wave height:

- l
Hmm = Ho"’ ? nmx

For a stable buoy, we see that

LCG < %ﬁ = H, - "aé-nmﬁx .

The spherical bucy shape is subject o the same types of mome..ts, but
the study is complicated by the fact that the center of buoyancy will deviate from
the vertical axis of the buoy as the buoy pitches. If the center of gravity lies
below the center of buoyancy (5/8 H from the hottom), the buoy is positively
stable and will have a phase plane representation similar to that shown in

figure A-2 for the spar buoy. The upper phase plane applies if LC < 5/8 H,

G

and the lower phase plane applies if LC G > H. However, the buoy is neutrally
stable if 5/8 H < LC G < H , since the center of buoyancy is always directly
below the center of gravity. In this situation there is no definite stable position,
because there is no resioring moment. Again, the tension of a mooring line
attached below the center of buoyancy will stabilize the buoy.

Any buoy with a drofi-to~-beam ratio less than 0.5 and a hull height-to-

beam ratio less than 1 can be bistable; i.e., it can be stable right side up or
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L

upside down. Torroid and discus buoys are of this class. If the center of
gravity is located far Lelow the buoy hull (achieved by means of ballast weights
on a boom or tripod), the phase plane is similar to the upper curve for the spar
buoy. If the center of gravity is far above the buoy hull (due to heavy instru-
mente or equipment), the lower curve for the spar buoy phase plane would

apply — the buoy is stable when upside down. If the center of gravity is near
the geometric center of the buoy hull, the buoy is equally stable right side up or
upside down. The phase plane for this situation is shown on figure A-3. Inspec-
tion of figure A-3 indicates that the width of the stable (in the sense that the
buoy is right-side-up) region in the phase plane can vary from 2¥to 0 depend-
ing on the vertical location of the center of gravity.

This simple discussion of buoy stability did not consider other modes of
possible unstable motion since they have never been observed to offer serious
problems. Cross-coupled moments due to the hydrodynamic forces acting on
the buoy and the horizontal tension components were neglected in this discussion.
Even with these restrictions, a few design guides are apparent. The buoy should
be designed with the center of gravity below the center of buoyancy if at ali
possible. Also, the niooring line attachment point should be as low as possible

to offer the greatest righting moment if the buoy does capsize.
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2Rl ol S Y NG e S RN




B | g SR - ey WIS R
-~ - “

o7

Appendix B

COMPUTER PROGRAMS FOR THE MODELS

Steady-State Buoy System Configurations

This program computes the three-dimensional spatial configuration,
tensions, and strains of either an elastic or inelastic buoy system mooring
line. Winds from any compass direction can act on the buoy, and currents that
vary in strength and direction as a function of depth can act on the bucy and
mooring line. The mooring line can be composed of segments having different
properties (weight in water, mass, drag, elasticity, etc.). Point mass discon-
tinmties (to simulate current meters, hydrophones, etc.) can also be accouated
for.

The basic cable equations (equations (230) to (233))and a discussion of the
develcpment of this program are included in chapter III of the main text. The
logic employed in this program is shown in figure B-1, which generally illus-
trate; the computational operations.

£he input data are as follows:

?. PBuoy major diameter (ft)

2. Buoy minor diameter (ft)

a. Vertical diameter for an oblate spheroid

b. Hole diameter for a torroid
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READ IN BUOY,

CABLE &
ENVIRONMENT
PARAMETERS

INITIAL BUOY
DRAFT = FREE
DRAFT + DRAFT
INCREMENT

Y

COMPUTE 3
WIND FORCES

ON BUOY
CALL ~—=-BY

DISPLACEMENT
& DRAG OF BUOY

K

INITIAL DRAFT = OLD

TENSION & DRAFT + DRAFT
CABLE ANGL S lr— INCREMENT

P — |

COMPUTE .
o DRAFT = OLO

DRAFT - 1/2
PROFILE FROM e
X COORD. (DEPTH) DRAFT INCREMENY

k)

TRANSFORM
CURRENTS TO
CABLE
COORDINATES

CABLE EQN'S
4 H & == s
ds ds ds

Y

CALL RUNGE
INTEGRATE
CABLE EQN'S

PRINT
"HORIZONTAL"
"CABLE"

PRINT DISPLACE:
MENT, LENGTH
TENSIONS, ETC,

YES

COMPUTE
STRETCH, X, Y
& 2 COORDS

®©60 O

Figure B-1. Steady-State Buoy System Configuration Flow Chart




Hacial ™ 4
D e o

10'

11.

12.

13.

14,

15,

c. 0 for a cylinder
d. 0 for a sphere
Buoy weight (Ib)
Maiximum draft of hull (ft)
Free draft with no mooring line (ft)
Buoy windage (ftz)
Wind drag coefficient
Cable diameter (in.)
Cable weight in water per unit length (Ib/ft)
Effective cable modulus of elasticity (lb/in.z)
Unstretched cable length (ft)
Surface current (knots)
Water depth (ft)
Wind speed compcaent i y direction (ft/sec)

Wind speed components in z direction (ft/sec).

The integration step size "B" is normally set at 1/100th of the total cable

length. However, if the cable properties are changed from a lightweight line to

a very heavy line (for example, anchor chain), the step size should be changed

in inverse proportion to the in-water weights. Also, the normal and tangeniuai

drag coefficients ("DRGON" and "DRGC'T") should be changed accordingly if the

mooring line section is not circular, for example, hair-faired cable and chain.

Occasionally, the solution will not converge into the depth error band. This

occurs if the first draft increment is too large and the computed x dimension of

the mooring line "overshoots" the depth. With each overshoot, the buoy draft
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draft increment should be halved if this occurs,
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oy Buoy System Dynamics for the
Spherical Buoy

This program simulates the motions of a spherical buoy exposed to winds,
currents, and a random sea. The moorirg line is simulated as five, elastically
comnected, lumped masses. Cable weights, drag forces, and inertia forces are
concentrated at each mass. The buoy is allowed six degrees of freedom, and
each mooring line mass element is allowed three translational degrees of free-
dom. With a total of 21 degrees of freedom, 42 first-order differential equations
are integrated simultaneously in the time domain.

The equations of motion for the buoy and the development of the forces
acting on the buoy are presented in chapter III of the main text. The lumped-
mass cable equations are also shown in that chapter.

Major computational procedures in this program are shown in figure B-2.

The input data are as follows:

1. Buoy hull radius (ft)

2. Height of the center of gravity of the buoy above the mooring line
connection point on the buoy (ft)

3. Height of the mooring line connection point below the buoy hull (ft)

4. Buoy weight (Ib)

5. Buoy structural and floodwater mass (lb—secz/ft)

6. Yaw mass moment of inertia (lb-secz/ft)

7. Pitch mass moment of inertia (lb-secz/ ft)

8. Roll mass moment of inertia (lb—secz/ft)

9. Effective buoy wind drag coefficient (dimensionless)
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Figure B-2. Spherical Buoy Dynamics Simulation Flow Chart
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%}, 19. Effective buoy wind lift ccefficient {dimensionless)

11. Buoy windage (profile area) (ftz)

12, Buoy plan area (ft2)

13. Height of the wind center of pressure above the center of gravity of
the buoy (ft)

14. Me=an wave height (ft)

15. Mean wave period (sec)

16. The unstretched cable lengths between mass elements (ft) (5 required)

17. Upper mooring line segment diameter (ft)

18. Upper mooring line segment weight in water per unit length (Ib/ft)

2
19. Upper mooring line segment mass per unit length (Ib-sec” /£t)
w 20. Lower mooring line segment diameter (ft)
; 21. Lower mooring line segment weight in water per unit length (Ib/ft)

2
22. Lower mooring line segment mass per unit length (lb-sec” /ft)

4 23. Surface currenty component (ft/sec)

24. Surface current z component (ft/sec)

25. Wind speed y component (ft/sec)

26. Wind speed z component (ft/sec)

27. Initial buoy displacements x, y, and z (ft)

28. Initial cable element displacements (including the anchor clump)

x, v, and z for each of 6 sets (ft).

The user of this program should first estimate the highest natural fre-
quency in the system. In general, the upper mooring line segment wiil be

lightest and the highest natural frequencies are in the axial mode along the
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cable. Using thc same variable names as those in the program we can estimate

LESEGLA TR

the highest natural frequency:

Y ) »
T TR G T

N2

e

k2 ey

V. 2 EA '
i — 2w besmi- CLO(R) )
‘ where

EA is the cable modulus* (1b)

i

EEAL

DCSM1 is the mass per unit length of the upper mooring line segment

. -
s e 38

(1b- secz/ ftz)

e
#é

P TSR

CLO(2) is the unstretched cable length between the first and second

bAE T

cable mass elements (ft).

TR

It the :able lengths were very short or the cable modulus were very high in the
lower mooring line segment, an estimate should be made of its highest natural

frequency also.

-
i
A
A

<
e
o
5
X
P
\
ot
g

For numerical stability, the integration step size should be about 1/20th

the shortest period present. Thus, the step size is computed:

R=O.O5(1/ﬁu) .

- In this program, the wave component amplitudes, frequencies, and phase

. angles are computed externally and are listed in the body of the program (MOMEG,

AMP, and PHS), The water depth (DEEP) is also listed, and the x coordinate

of the mooring anchor 2lump should be set equal to the water depth. Th- ‘otal

4 time of the simulation is controlled by a logical "IF" statement (statement

*The cable modulus is the product of the cable material elastic modulus
and the actual cable cross-sectiounal area,
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no. 491), which shifts to the "STOP" control if the maximwmu simulated time is

exceeded.

E Ia this program, buoy motion output data are not printed for the first
"? 6 sec of simulation as initial transients decay. After this time, the following
f

buoy system outputs are printed ¢very 800 time steps:

Simulation time (sec)

TR AR

Water particle vertical acceleration (ft/secz)

Buoy keave acceleration (ft/secz)

ey I YT

e

Buoy sway acceleration (ft/secz)

Buoy surge acceleration (ft/ secz)
Buoy pitch angle (deg)

Buoy roll angle (deg).
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<y Bnoy System Dynamics for the Torroidal
Buoy at Station BRAVO

The previous program, developed for the spherical buoy, was modified to

simulate the torroidal buoy dynamics. As indicated in figure B-3, the Lasic
computational procedures remain the same as for the spherical buoy. However,

the wave component amplitudes, frequencies, and phase angles are computed in

PR T TR e .

a subroutine (RWAVE) in the program and do not have to be listed in the program.

The buoyant forces and moments for the torroidal buoy are also computed in a

b e A RS H

subroutine (TORBU) using an integration method developed in appendix E.

fTar N I e

Finally, since the output motions were to be displayed as spectrum, subroutines

G SIRE

using Fast Fourier Transform (FFT) methods were employed to compute the spectra.

NS LT

Buoy hull hydrodynamic force functions in the program were modified

according to Kim's data for a half-beam to draft ratio of 3.2:1. Terms are

(R

included to account for the hydrodynamic mass and drag of the three-leg chain

¢TI o

bridle under the buoy, and the effective hydrodynamic centers are modified to
account for the bridle. The computed inputs for the torroidal buoy are shown
in appendix D.

A three-element, lumped-mass cable model was used in this simulation

TR A AT

since the actual masses in the system were concentrated at three places along

the mooring line (the current meter, the sentinel, and halfway Jown the 3/4-in.

I IV LT

chain). Initial runs using a five-lump cable model were compared with runs

using a three-lump cable model, and no significant difference in buoy motions

e SRHE Y

was noted. However, there was an order .f magnitude increase in computational

speed since the two, high-natural-frequency cable lumps were summed into the

L LT LR
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Figure B-3. Torroidal Buoy BRAVO Dynamics Simulation Flow Chart
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£

. current meter lump.
Input data for this program are as follows:
1. Buoy hull radius (ft)
2. Height of the center of gravity of the buoy above the mooring line
connection point on the buoy (ft)
3. leight of the mooring line connection point below the buoy hull (ft)
4. Buoy weight (Ib)

2
Buoy structural and floodwater mass (lb-sec” /ft)

[}

2
6. Yaw mass moment of inertia (Ib-sec” /ft}
2
7. Pitch mass moment of inertia (lb-sec /ft)

2
8. Roll mass moment of inertia (lb-sec /%)

¢ 9. Effective buoy wind drag coefficient (dimensionless)
7 10. Effective buoy wind lift coefficient (dimensionless)

4 2

;, 11. Buoy windage (profile area) (ft )

: 2

4 12. Buoy plan area (ft7)

i

; 13. Height of the wind center of pressure above the center of gravity of the
3

3 huoy (ft)

it

i‘:

; 14, Mean wind speed causing the wind waves (ft/sec)

3

: 15. Wind duration (hr)

3

:

4 16. Surface cuvrent y component (fL/sec)

17. Surface current z component (ft/sec)
18. Wind y component ({t/sec)
19. Wind z component (ft/sec)

20, Initial displacements of the buoy x. v. and z (ft)
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SR Y
-

¢

21. Initial cable displacements (including the anchor clump) x, y, and z
for each ot four sets (ft)

Again, the user should estimate the highest natural frequency in the
system and adjust the integration step size as required. Computed buoy motions
are sampled every 12th time step, and 1024, or 210, samples are stored.
Simple statistical estimates (mean, variance, and standard deviation) of the
output motions are computed. Each data point is smoothed to reduce aliasing
by averaging with the four data points closest to it in time. Spectra are com-
puted using FFT subroutines and are smoothed for plotting. Statements 557
through 595 plot the spectral levels in dB. A Stromberg Datagraphics, Inc.
integrated graphics system peripheral to the Naval Underwater Systems Center

UNIVAC 1108 computer was used for this procedure.
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Buoy System Dynamics for the Torroidal
Buoy Used in WHO! Mooring No. 238

This program (figure B-4) is basically the same as the brevious program
except that the mooring line forces and dynamics are simulated with the finite-
differ .nce method described in chapter III of the main text. Subroutine "MOOR"
(figure B-5) takes the spatial values of the six variables (strain, two angles,
and the velocity components) describing the cable motions and updates them for
the next time step. The tension and angles at the top of the cable are then used
to compute the mooring line forces acting on the buoy.

For numerical stability, the value of the tensile wave characteristic
should never exceed the quotient of the nodal spacing, H, and the time step, K,
in the subroutine:

Ch, < H/K,
The list of input values is the same as that for the previous program. In this
particular program, the mooring line is composed of two segments, and ‘ae
cable weights, masses, etc. are changed at a cable length of 4800 ft. There
are 20 nodes spaced 400 ft apart to simulate dynamics of an 8, 000-ft mooring

line.
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i1, ure B-4. Torroidal Buoy WHOI Mooring No. 238
Dynamics Simulation Flow Chart




330

@ ~PRESENT" PARAMETER VALUES & BUOY MOORING
POINT VELOCITIES TRANSFERRED FROM
MAIN PROGRAM
CABLE
PROPERTIES
: & ENVIRONMENT
e
4 SET OLD VALUES ’
«PRESENT | NO
5 OLo
4 VELOCITIES = O
5 L =¥ YES
& TRANSFORM COMPUTE
@ PARAMETER
& BUOY VELOCITIES
L TG CABLE COORD' VALUES AT R -
¢ ORD'S “NEW* VALUES
T ‘
. -
% 00 53 12220 \{ STRAIN =0
%“ NO
%« PARAMETER
] VALUES AT NeN+1 NO
g POINTS A,B,C,
¢ O.E. & F IN GRID
% ¥ YES
z COMPUTE
AXIAL WAVE
¥ CHARACTERISTIC 50 CONTINUE
é VELOCITY
é PARAMETER | SET “PNESENT”
b VALUES AT VALYES IN
¥ POINTS P1 “OLD REGISTERS
5 &Ql
® S
& Y Y
N
S FET "NEW"
¥ SET H VALUES VALUES IN
7 * A VALUES “PRESENT”
b AEGISTERS
B —
£ e 1
& COMPUTE
] TRANSVERSE ETUR . .
B CHARACTERISTIC PRESENT" PARAMETER
%3 VELOCITIES VALUES TRANSFERRED
2 7 TO MAIN PROGRAM
2
el
£ PARAMETEI
& VALUES AT
3 POINTS P2
% s Q2
A%
f
B COMPUTE
& CABLE
3 LOADING
FUNCTIONS
COEFFICIENTS
IN SIMULTANEOUS
£QUATIONS

® O

Figure B-5. Finite-Difference Cable Dynamics Simulation Flow Chart
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Appendix C

DERIVATION OF THE CABLE CHARACTERISTICS

In order to rewrite the cable equations in their "normal' form, the
characteristic roots of the cable equations must be determined. From equation

(168) of the main text, we see that A'U; +BU, + C =0 ,

[0 AV MWCosd —u O o-b%t-

0 -mMU  —uUWsng 0 -u 0|3
0 0 -m(Ucosd-Vswg) 0 0 -M|| %4

-l o0 0 0 0 o %
0 -(i+€) 0 0 0 ol &
0 o 0 0 0 of g
rg’%" o o0 0 0 o|[% ] [H]
0 edl 0 0 0 ol|%s G
0 o ¢dfcoss 0 0 O % I
Yo v wast 1 0 offoug, il P
0 U  Wsw 0 1 0} %%y 0]
0 0 (Ueosp-Vswp) 0 0 1 Il 3"555@ | 0] .
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Multiplving through by the inverse of the A matrix vields
=l =i -

AAU, +ABUs+AC =0,

or
- -1

U, +ABU; +AC =0,

To find the inverse of the A matrix, partition the A matrix into four 3-by-3

matrices:

]
A=|D
E 0

[0 WV uWecoséd
D= |o -uU MUV S @
0 0 -~u(Ucosp “V'sing)

-] 0 0
E= o -(1+€) ©
0 O -~(1+€)cos¢

-1
Let A  be partitioned in the same way,

e

then

i

L“td o R N R,
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DK, - uK, =1
DK;‘/(’(KH:"O

EK: +0=0 E nonsingular .. K1 = D
EK,+0=1I oK, =E™

Substituting into the first equation, we see that

l
Ke=4 1T,

F.om the second equation, we see that

-1
KH';/“&DK&:/-&DE.

noK =0
-1l 0 o
Ka =10 “ma O
0 o '(:+f1=)casq‘)

% 0 O
Kis=lo0 -4 o

Lo 0 R

0 'ﬁ\'{;’é\ "(T“Ye)

_O o U(clc::s g»;;/;m ¢)J
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-1
The A  matrix is written

[0 0 o - o o)
{
0 0O o O-m (o)
)
Iy 0 0 0 0 0 -FHces
-":.'_] _ ‘__W
A 00 0-ny s
-4 101 WSV
O & 0 0 (1+€)  (146)coS¢
-l (Ucosp-Vsin
0 0 "4 0 ¢ —c‘,:«aim'ﬂi
-
A'B
dT ¢ 0 0 0 0
de
o €& o 0o o0 0
A—: 0 o edcsp 0 0 o©
o -V ~W cos¢ | 0 O
0 U WsiNg 0 I o
0 0 (Veosb-vswd) 0 0 | i

(0 v Weosé 10 oo |
0 -dF e 0 - 0
0 0 - %ﬂ 0 o- (He)co:@
’(Jl ‘01‘2 (T:Z( h %%TL 0 - (146 ’Hé)
0 :“e—? _U%) at(/‘l:gs)md - %ﬁ—) 0 (:Ys) (rff)'?ﬁ(b
o [0 Cafntisi) o o Ge
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24 E

3 -l

. AG

‘ ~ aAr .. i ]

0 0o 0- 0 0 H 0

3 s

- 0 00 wy © @ 0

% -

3 0 0 0 0 o ) cost I _ 0

4 -l -V w - 1_H

3 #0 0 008 -Geq 0 H

3 N 1% wWsNd -

E 0-% 0 0 G5 (1+€)cosp ) 0 f//“'

% _1 (Ucosp-V SING -

LO 0 mn 0 0] “Ti+6)cos L_O ] i 4,(.
To find the characteristics. )\ , use | A*'B -2 Il =0 :

2

0-x V W cos$ -1 0 0

U _Wsiwg 4

% 0 1a~ Tire 0 -~ 0

1

4 0 o =M -2 0 0 “Gowss| O
. -1dT  _uv VW cos¢ N - w7
A% Ws e A i i

: 0 FEEY) N 0 G Fesk
LO 9] (-%égcost(Ucow-Vsm» 0 0 M=)

where
M = Veosd - VsiNg
(1+€) cos ¢
} N = 2UWsNe _ VW snéed
(1+€) (I+¢)cos ¢ R

- +3]
g
v
g
R
ol
o
2
R
i
—
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Fed
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i
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The first reduction is

-G - s 0 cwm O
0 -M-2 0 0 ey

-2 ,% _ILZ_:ZJTQ -2 mg ~ ey
(_ﬁ_% +‘L’/_+__Z)) N 0 (?%e—) '—h) (T%

0

(~ % f‘g cosp+M, (Ucos¢>-V5m¢)) 0

0 M=)

V Wcos¢ -l 0
1% -
- WId 0 - O
| —_
~4L4T1 O ~M- A 0 0 -@m Cosp |
R P 0 (%) Wsig
'ﬁﬁi*@ N 1€y 1 (14e)cosd
~ o (&dTeomMesm) 0 O M-A
The second reduction is
Y W sivb 1 ]
“(,Tg)“)* N(ET) (1+€) 0
]
;. 0 M=) O ~Tieycst
-€dT . U AL .
g ¥ Rt N e g
0 -EfTcosptMUesiVsng O M-y U

3

7
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‘L;' r_ —
~Wsw o
(l+e) ) Zr+e§ (1+6) 0

| {

LT 0 ~M~) 0 “fGeercesd | = @
E T dE| e 4T, u? N Wswo_

A 32 +(,- N (_IE% A (I+€)cosg
9 ﬁ~Cosg&+,M((/co:¢ -V sig) 0 M=)

JErTanoN
pHias

kit

A ey

3 Note that these two matrices are the same. Since they must be nonsingular,

we see that

%,

&!&
ll}
o
.

thus,

] A=* /L dT
. A de

k- The third reduction is

—

-M-)

I
0 z = (1+€) Cosd
dT
o i

_EdT, U A
(1+6) | " de " tive) N L

0 -Sffwpuestvnd) Moy
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%i B - Wswo ]
: ..(1'%_)‘ ve O
E v “) : —
E +(( S 0] ~M=-2 T l1v€)cost | O
% o - & dleosp+M (Ueash-Vswd) M -) | .
;
’ The fourth reduction is
1 - -M-> (1+€)co3d
| 3 -
~ (14€) (7 € O-re)) )
: 54T cosp M (Ueast-vsml)  M-X
"_ _ |
M-A " {1+€) cosp
+ (o) =0
8 PNT+E -£ dTcosp+M(Veosd-Vmd) M-

Again. the matrices are the same; since they must be rionsingular, we see i. at

ik (55 ) + (M) =0

or

I _€ T
>\=i/;«‘?rre>%'ra
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The fifth reduction is

(M-NM-N)~ (5 FF cosd +M(U cosp-Vamp)(rzs) = 0

L

L€ _ dT
A= i//u (+8) e

Summarizing, the six characteristics are

R

N o= m %

S [
%?- = aGH %
- | € dT
N = */}7@3 (1+8) dé
—_/J__€ dT "
%H - "'/,(72—:) (1+6) A€
N =t € dT
5 MY (+8) de
N o=~ L € AT
s~ Juls) (1+6) de
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Appendix D

COMPUTED INPUT DATA FOR THE SIMULATIONS

This appendix provides computed input data for the following:

1. Steady-state configurations of the 8-ft torroidal buoy and current
meter array at Block Island Sound station BRAVO,

2. Steady-state configurations of the 8-ft torroidal buoy and cable used

for WHOI Mooring No. 279.

3. Dynamics of the 33-ft spherical biuy and cable at station DELTA off

New Harbor, Block Island.

4. Dynamics of the 8-ft torroidal buoy and cable at station BRAVO in

Block Island Sound.

5. Dynamics of the 8-ft torroidal buoy and cable used for WHOI Mooring

No. 238.

Inputs for the Simulation of Steady-State
Configurations of the 8-ft Torroid and
Current Meter Array at BRAVO

The components used in the buoy system are shown in figure 21 and are

described in chapter IV of the main text, The input data are as follows:

1. Buoy diameter BD1 5.0 ft

2. Torroid section diameter BD2 2.5 ft

3. Buoy weight WB 1200.0 1b

4. Maximum bull draft IIM 2.5 ft
361
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5. Frec draft (when displacement ~quals buoy

weight) HFREE

6. Buoy windage WAREA

-3

Wind drag coefficient WCD
8. Cable diameter DIA:
Upper line - 5/8-in. polypropylene
Lower line - 3/8-in. wire rope
9, Cable weight in water per unit length
WTC:
Upper line -
Lower line -
10. Cable modulus of elasticity EC:
Upper line -
Lower line -
11. Mooring line length SM
12. Current speeds at three depths:
CUR1, CUR2, and CUR3
13. Current directions at three depths:
DIR 1, DIR 2, and DIR 3
14, Water depth DEEP
15. Wind specd v component

16. Wind speed x component

PPN R
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0.7
1. 34 ft2

0,971

0.625 in,

£.375 in.

-0.02 Ib/ft

0.2 In/ft

5 2
1.67 x 10" 1b/in.
1.20 x 107 1b/in.2

235.0 ft

1.0 to 1. 77 knots

0-360 deg
120:0 ft
0.0 ft/sec

0.0 ft/sec.

The cable properties DIA, WTC, and EC are changed at a cable length of

230. 0 ft from the valucs for the 5/8-in. polypropylene to the values for 3/8-in,
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i wirz rope. Changes in tension and angles acroass the current meters were
) “
' ¥ found by inserting the following procedures in the program:
Zi 1. Use and IF statement to locate the current. meters along the mooring
line,
: 2. Use the computed tension and angles to compute the force components
‘K acting on the top of the current meter.
, 3. Solve the statics eguations for the current meter by using the current
i meter in-water weight and computed drag force components to find the force
components acting on the boitom of the current meter.
- 4, Compute the current meter tilt angle.
1
2 5. Transform back to cable coordinates to find the new cable tension and
‘g
' angles.
' 6. Increase the cable length by 3 ft, i.e., the length of the current meter.
1 7. Continue integration down the cable.
.‘j The following data were required to accomplish the above:
Current meter weight in water WCM 67 1b )
g
1* Current meter drag coefficient CDCM 0.59
" Current meter frontal area ARCM 2.285 ft’,
Current strengths and directions as functions of depth were computed as
t follows:
' 1. Average strengths and directions from current meters 1 and 2,
; 2. For depths of 0 to 70 ft, set the upper layer strength and v ¢ ‘*teom

x 1
:’, 4

-

equal to these values.
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3. Test current meter 3 strength against mean strength of meters 1 and
2. If greater, set the lower layer current equal to the mean strength in the
upper layer.

4. Current strength and direction in the lower layer (70 to 120 ft) set equal
to current meter 3 strength and direction.

Integration step size (B) was set equal to 1.0 ft, and the limiting depth

error bandwidth DDP was set equal to 1 ft.

Inputs for the Simulation of Steady-State

Configurations of the 8-ft Torroid and

Cable Used for WHOI Mooring No. 279

The components used in this mooring are shown in figure 27 and are
described in chapter IV of the main text. Buoy dimensions are the same but the
buoy weight is increased to account for the instruments in the buoy, the chain

bridle, and instruments directly beneath the buoy. Tue input data are listed as

follows:

1. Buoy diameter BD1 8.0 ft
2. Torroid section diameter BD2 2.5 ft
3. Buoy weight WB 2100.0 1b
4, Maximum hull draft HM 2.5 ft
5. Free draft HFREE 1,04 ft
6. Buoy windage WAREA 19, 84 ft2
7. Buoy wind drag coefficient 0.971

8. Cable diameter DIA:

Upper cable - 1/4-in, GAC 0.25 in.
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: Lower cable - 5/8-ir. plaited nylon 0.625 in.
E: E
h‘ 9. Cable weight in sea water per unit length WTC:
Upper cable - 0.090 1b/ft
l Lower cable - 0.0105 Ib/ft
By +
. 10. Cable modulus of elasticity EC: '
2
2 Upper cable - 1.682 x 107 1b/in.
5 2
5 _ Lower cable - 3.52x 10" Ib/in,” 0 < T<1000 Ib
5 5., . 2
E 6.79 x 10 lb/in.” 1000 1h < T<20001b
3 6 2
3 1.041 x 10" Ib/in.” 2000 1b < T
4 11. Mooring line length SM 8000. 0 ft
w 12, Surface current CUR 0-1. 46 knots
2 13. Water depth DEEP 8800.0 ft
\;‘ 14, Wind speed y component 0.0 ft/sec
‘, 15. Wind speed z component 0.0 ft/sec.
Cable properties were changed at a length of 4800 ft from the buoy and the
¢ changes in tension and angles were computed across the instruments in the line
as before. The input data for the current meter and tensiometers are listed as
L follows:
3 Current meter:
3 Weight in water 120.0 1b
i Drag coefficient 1.4

2
Frontal area 2,92 ft
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Tensiomeies:
Weight in water 50.01b
Drag coefficient 1.4
2
Frontal area 0.875 ft .

The drag force acting on the buoy was increased to account for the chain
bridle and the instruments directly below the buoy. An effective area-drag
coefficient product of 22,18 ftz was added to the area-drag coefficient product

of the buoy to account for the instruments and chains.

Inputs for the Simulation of Buoy System
For the Spherical Buoy

The spherical buoy dimensions were 1nea.ured znd the buoy and its
instrumentation were weighed. The center of gravity and mass moments of
inertia were calculated from the known weights and dimensions. The cable and
chain were weighed in air and the mass and weight in sea water of each were
computed. Mean wind wave heights and periods and the frequencies, amplitudes,
and phases were computed on the GSA computer by using program RWAVE (see

subroutine RWAVE in appendix A) for a given wind speed, a 10-hr duration, and

a 15-:aile fetch. Input data are listed as follows:

1. Buoy hull radius BR 1.75 ft

2. Center of gravity height XML G.208 ft

3. Mooring line connection height XML 0.208 ft

4, Buoy weight WB 440.0 1b

5. Buoy mass MB 13.66 lb-secz/ft

2
6. Yaw mass moment of inertia ALIN 11,967 lb-sec” /ft
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10,

11,

12,

13.

14,

15,

16.

17.

18,

19,

20.

21,

22,

23.

24.

25.

Pitch mass moment of inertia BTIN
Roll mass moment of irertia GMIN
Wind drag coefficient WCD

Windage (profile area) WAREA
Wind lift coefficient WCL

Plan area WAREL

Wind center of pressure height
Mean wave height WHTM

Mean wave period PER

Unstretched cable lengths CLO(I)

Upper cable diameter DIA1

Upper cable weight in sea water DWC1
Upper cable mass per unit length DCSM1
Lower cable diameter DIA2

Lower cable weight in sea water DWC2
Lower cable mass per unit length DCSM2
Surface current y component CYS
Surface current z component CZS

Wind y compor.ent

FEUVPUUSIIUUI NIRRT SRR g MLl P ¢ gy
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17. 46 lb-sec /1t
19, 875 lb-secz/ft.
0.5
5.435 ft° '
0.25
4.81 ft2
1.068 ft
0.5 to 4.05 ft
2.2 t0 6.0 sec
18.75 ft
18.75 ft
18.175 ft
18.175 ft
12.5 ft
12.5 ft
0.0416 ft
0.35 Ib/ft
0.0124 lb—secz/ ftz
0.125 ft
7.3 Ib/ft
0.233 Ib-sec /ft>
0.0 ft/sec
0.845 t/sec

-30.0 ft/sec
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. 26. Wind z component -8.0 ft/sec
4
27. [Initial buoy displacements y(2) -0.21 ft
y(4) -41.1 ft
y(6) 62.35 ft

SR T AR A T O A RANE IR AR TN SR N SRS R TSR S

28. Initial cable element displacements y(I)  15.04 ft

4]

:

g 27.54 ft

¥ 38.76 ft

3

@ 49.46 ft

‘iﬁ 55,95 ft

] 62.00 ft

]

3 y(I + 2) -29.79 ft

4 -20.54 ft

&

~13.06 ft
-6.86 ft

-3.31 It

: 0.00 ft

3 y( + 4) 55.86 ft

46.06 ft

34.47 ft

.;» 20.48 ft

% 10. 43 ft

0,00 ft.

The highest natural frequency of the system wus estii.<ted by using tu-
3 A
method described in appendix A, and a tinie step size (3 of 5§ x 1¢ ~ soe was
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“
; ¥ used. The currents were unifcrm over the 62-ft water depth. A 30-1b force
Cd KRN
,“ was added to the vertical cable force component acting on the buoy to account
o
‘«f r for the inatiument package just below the buoy.
A1 4
o
¢ Inputs for the Simulation of Buoy System
. Dynamics for Torroidal Buoy BRAVG
Again, buoy dimensions and weights were measured or taken from the
;« . wanufacturers' drawings,and the properties of the buoy were calculated. The chain
} \‘ bridle below the buoy was assumed to be rigid, and its mass and drag were
{r“ included in the computations. In this case, each cable element weight, mass,

and drag were listed directly in the program since the mooring line was com-
posed of many elements {cable chains, current meter, sentinel, etc.). Input

data ars iisted as follows:

- Y 1. Buoy hull radius R 4.0 ft
; 2. Center of gravity height XCG 13.064 ft
* 3. Mooring line conncction height XML 11,782 ft
) 4, Buoy weight WB 2100.0 1b
5. Buoy mass MB 65.25 1b
’ 6. Yaw mass moment of inertia ALIN 283.44 lb--secz/ft
.‘_. 7. Pitch mass moment of inertia BTIN 445,12 lb—secz/ft
| -! 8. Roll mass moment of inertian GMIN 445.12 1b-—secZ/fL
“‘ 9. Wind g coefficient 0.971
A ' 10. Wind lift coefficient 0.25
- 11. Windage (profile area) 19. 84 ft2

2
12. Plan area 50,3 ft”
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13.

14,

20.

21.

Wind center of pressure height

Wind speed causing the waves

(11 June 1970)

Wind duration

Surface current y component

(11 June 1970)

Surface current z component

(11 June 1970)

Wind y component

Wind z ccmponem

(11 June 1970)

Initial buoy displacements y(2)
y(4)

y(6)

Initial cable element displacements y(I)

y(I +2)

y(l + 4)

6.

16.

200,

193.

370

19 ft

9 ft/sec

.21 ft/sec

.597 ft/sec

.0 ft/sec

.9 ft/sec
.25 ft
LT 1t

.61t

18 ft

.45 ft

L1t

L9 Mt

. 8358 ft

L7416 fL

L6817 fL
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In this case, the time step size was Laken lo be 5 x 10-3 sec. Because
of the chain bridle, the hydrodynamic force moment arm was computed to be
4,16 ft below the center of gras.ty. The surge and sway area-drag coefficient
products include the effects «. the steel bracing and chain bridle under the buoy.
Inputs for the Simulation of Buoy System

Dynamics for the Torroidal Buoy and
Cables Used in WHOI Mooring No, 238

Buoy dimensions, weights, masses, etc. are the same as those for the
torroidal buoy at station BRAVO. The wind fetch length in subroutine RWAVE
was changed to 100 miles to better simulate deep-sea wind wave conditions.
Cable dynamics were simulated with subroutine MOOR, and the six dependent
cable properties (tension, two angles, and three velocity components) were
calculated at 20 points along the cable. Total unstretched moorivrg line length

a was 8000 fl: 4800 ft of 1/4~in. galvanized steel aircraft cable (polyolefin
| jacketed to 3/8-in. diameter) and 3200 ft of 5/8-in. plaited nylon.

The upper cable propertics are listed as follows:

1, Diameter 0.0312 ft

2. Weight per unil length in sea water 0.125 lb/ft
‘ 3. Mass per unit length 0.0054 ll)~sec2/ft2
o 4. Characteristic velocity 11, 300.0 ft/sce

,.
\ . . e 5]
Elastic modulus-cross section product 6.87x 10" 1b

[$2]
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The lower cable properties are listed as follows:

1. Diameter 0.052 it

2. Weight per unit length in sea water 0.0105 1b/ft

3. Mass per unit iongth 0.00455 1b-sec>/ft
4. Characteristic velocity 2600.0 ft/seg

5. LElnetic modulus-cross section product 3.0(;-x 104 1b.

Cable properties were changed from wire rope to nylon rope at 4800 ft
(I =14). The Webster current profile was used to compute steady drag forces
on the cable. Numerical stability was maintained by using a time step (d) of
0.02 sec. The H/K quotient is equal to 20,000 ft/sec, which is larger than the
tensile wave speed in the upper cable (11,300 ft/sec). Initial strains and cable
angles were computed with the steady-state, buoy system configuration program
with the same current profile and a surface current of 1.5 knots. Winds of 10,
20, and 30 knots were used. and the computled ste.ady-state strains and cable

angles served as inputl (initial conditions) ~ e dynamics model.

e




Appendix E
BUOYANT FORCES AND MOMENTS FOR

A TORROIDAL BUOQY

In order to simulate the dynamics of the torroidal buoy, a method to
compute the buoyant force and righting moment for a given buoy draft and tilt
angle was developed. This computation was included in the program as sub-
routine TORBU, and it updated the buoyant force and moment for each integra-
tion time step.

Consider a torroid with major radius R and minor radius r, partially
immersed in a fluid with a mean draft H and a tilt angle 8 (figure E-1 . The

area of an immersed circular segment with draft hs is given by

As= % r® (o~ sine) ) (E-1)

where

-1 PZ K
X = AN /-~ -
2 T ﬂ S !

If H >r, we can redefine the draft
s

/
He = 2r- Hg | (E-2)

and

-~3
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* ’ TAN"/"”a 1
<=z (r-s) .

Thus, the area becomes

2N e W g

As‘—"*TTra—"a"'"a(“"S’N“’) (E-3)

Define the section draft, HS , as a function of ¢ , the radial angle about the

SN A SRR R R4 S

torroid axis. The maximum draft in the direction of the tilt angle o ( ¢= Tr/a)
is

H

and the minimum draft is

— + NSINEG
Smax T H+R )

S5 ARAPERLAC Ll (R R

Hsmm = H -~ R sng .

For any angle ¢ around the torroid,

Hg = H+ R sng swo + (2g- H)(1-sING) (E-4)

The last term represents the small change in the mean draft H due to the fact
that the tilt is about the center of gravity and not about the waterplane center,

By using the Jdraft for any section as defined above, we can compute the
immersad area of any section from equation (E-1) or (E-3). The immersed
volume is found by integrating around the torroid,

.rr

2.
V=2 A Rdp

E-5)
T ) (
2
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A - and the buoyant force
|
13
% T
= 2-¥-R[ A, d¢
B g ) (E-6)
-
j,"
: where ¥ is the weight density of the fluid. The centroid of the submerged
%
E volume V is computed in order to find the righting moment:
3
]
%
' 2./Rsm¢A$Rd¢

X = n

T (E-7)
2/ AsR d9 ,
T
The righting arm is
X = X C086 - (Zg-H) swe | (E-8)

and the righting moment is

M= X B (E-9)

The above equations were programmed for subroutine TORBU, and the
differential volumes were summed ir 2-deg steps around the torroid. Duuy
draft and tilt angle are the inputs, and the heave buoyant force, tilt righting
nioment, cross-coupled tilt-heave buoyant force, and cross-coupled heave-tilt
righting moment are the outputs. Plots of the displacement, righting moment,
and the cross-coupled force and moment for the Richardson torroid used at

station BRAVO are shown in figures (-2) through (E-5),
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Figure E-3. Torroid (8-ft) Righting Moment versus Tilt Angle
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