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ABSTRACT

The problem of determining the optimum allocation of aircraft to
an afrstrike against a transportation network is investigated. The
damage function is assumed to be exponential. A solution procedure is
developed utilizing dynamic programming and integer solutions are found.
The number of aircraft to be assigned to the airstrike is considered a
decision variable. A sensitivity analysis is run to determine the

optimum value for this variable.

e ULV



TABLE OF CONTENTS

I.  INTRODUCTION =-=--emmmmmcocmcomme e oo oo oo oo eeee 5
A. OBJECTIVE =--=mmmmmeemeccam oo ccccccccccceeeee 5
B. GENERAL =-=m--=cmmmomcoccoc oo oo 5
C. BACKGROUND ======mmecmomcmm oo oo cea oo oo mc e 6
D. INTERDICTION PROBLEM ---=-ccmcmmmccmccccccmccccencaene- 6
II.  THE MODEL ==--mmcemm oo mmoee e oo cmc oo em e e 8
A. NETWORK DESCRIPTION ==---e-mmmeemecmcmaccmcccccacaaae-- 8
B. DETERMINATION OF NETWORK CAPACITY =---ecemmeccccaecaaaa- 10
C. ENUMERATION OF CUT SETS --emee-memmmccmccmoccccccaacaae- 10
III. ANALYSIS OF THE MODEL =--v-==sc--cemmcmcmmmeamceaoeceeaa- 13
A. MATHEMATICAL FORMULATION ==---emcccecccmmemceccccmceeee 13
B. STEPWISE SOLUTION PROCEDURE -===--m-emecemmcccacenceancen 19
C. SAMPLE PROBLEM ===cmmcemmcmmecmcmcoc oo cceeeeeeee 20
IV.  DISCUSSION ==cmcememmmcmm oo e e ceccceee 27
A. PROPERTIES OF THE SOLUTION TECHNIQUE =----ee-ceececmaca- 27
B. RECOMMENDATIONS FOR FURTHER STUDY ==--e--eemcoccenoanna- 3
V. SUMMARY =---emmeemcemccocemcemccmccccce e eccecceee 3
COMPUTER QUTPUT ====mmmmemmm e e me e c e cceceeae 34
COMPUTER PROGRAM == =-ememcemeccm e ce e e e e eeee 52
BIBLIOGRAPHY =-c-ccecccccouacanccncacennacncmancacncacaneacancnes 55
INITIAL DISTRIBUTION LIST =e-smecceccmcmmccmcccmecececcmemeaeeeae 56
FORM DD 1473 -eccmmecmccecccecnciomacamsccmnmunnmacanncenn - 57



(3] &£ w nN
. ) . .

LIST OF ILLUSTRATIONS

Network Capacity -=---=-c---ccccccccmmocncacncccncccacanan 18
An Example Network -------=cceccccccccccmcccccmccacrcccaaa- 20
Construction of the Dual -----cccccccccmcccccmccccccccnaa-- 21
The Topological Dual --=----=-=--cemmaaccamncmccccccccaaa 22
Example Network Capacity =---=-e--ccccccccccccccaccaacaan-- 25



I. INTRODUCTION

A. OBJECTIVE

The purpose of this paper is to present a procedure for determining
the optimal allocation of aircraft to a single airstrike against a
transportation network. This allocation problem is solved by dynamic
programming and a Fortran-coded version of the program is included in

the paper.

B. GENERAL

Sustained ground operations require a military force to have some
means of resupply. This resupply capability is partially dependent
upon a land transportation system. The level of resupply effort required
depends upon what type of forces are being supported. Guerrilla forces
enjoying local support require less resupply capability in terms of
pounds per man per day than would a conventional army, but a greater
percentage of this capability depends upon land transportation networks.

Any reduction in the resupply capability of a military force will
reduce its combat effectiveness. Tactical air interdiction has been
used extensively by the Armed Forces of the United States against its
' opponents in Southeast Asia to accomplish this reduction.

There are at least three alternative means of using tactical air to
reduce the resupply capability of an enemy. Aircraft may be assigned
to attack sources of supply to destroy war material before it enters
the transportation system and/or to disrupt its production; aircraft
can destroy war material as it moves in the transportation system; and
finally aircraft can atteﬁpt to reduce the resupply capacity of the

transportation system itself by destroying bridges, roads, railroads,
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et cetera. Conventional wisdom argues that the first course of action
{s the most effective form of interdiction. Unfortunately for military
planners, political considerations may rule out this alternative. This
paper will focus on the last of these options, the reduction in capacity

of the transportation system itself.

C. BACKGROUND

Considerable effort has been devoted to the interdiction problem.

In particular two recent papers provided the background for the approach
to the problem developed in this paper. McMasters and Mustin [1]
developed an algorithm that determines which arcs of a transportation
network should be attacked and at what level of effort given a limited
availability of resources. In this formulation of the problem the
relationship between arc capacity and resource allocation (damage
function) was assumed to be linear. The algorithm presented is based
upon the max-flow min-cut theorem of Ford and Fulkerson [2] and the
relationship between a primal network and its topological dual.

Nugent [3] investigated the same problem under the assumption of an
exponential damage function which exhibits diminishing marginal returns.
An aigorithm was developed that finds a non-integer solution to the
problem.

In this paper the transportation system will have the same network
formulation as in Refs. 1 and 3. The problem will be formulated differ-

ently and dynamic programming will be used to provide integer solutions.

D. INTERDICTION PROBLEM
It will be assumed that, given unlimited aircraft availability, the
assignment of aircraft to an airstrike would reach a point beyond which

it would become uneconomical to assign further aircraft. In a problem



with constraints on aircraft availability this point might or might not
occur before all available aircraft were assigned. For this reason,
the objective of an operations officer planning an airstrike against a
transportation network is not merely to minimize network capacity
subject to aircraft availability, but to minimize the capacity subject
to aircraft availability and the additional consideration that the cost
of any incremental assignment of aircraft to the strike is exceeded by
the benefit resulting from that assignment.

To accomplish the objective the strike planner must have information
on the availability and cost of assignment of aircraft. Detailed infor-
mation must be available concerning the transportation network including
the upper and lower bounds on the capacity of each arc and its vulnera-
bility to attack. The planner must also know the benefit to attribute
to a reduction in resupply capability. With this information and using
the procedure that will be outlined the planner can determine: how
many aircraft to assigne to the airstrike; which arcs in the network
should be attacked; how many aircraft to as .ign to arcs that will be

attacked; and the capacity of the network after the airstrike.



11 THE MODEL

A. NETWORK DESCRIPTION

The transportation system under consideration is represented by a
planar connected graph of nodes and undirected capacitated arcs. Arcs
represent road segments and nodes represent either a road intersection
or any other point where it is necessary to distinguish between road
characteristics on either side of the node. Three constants are asso-
ciated with each arc representing the upper and lower bounds on arc
capacity and the arc's vulnerability parameter.

It is assumed that the network has one source node from which flow
originates and one sink node at which flow terminates. If the trans-
portation system being modeled has more than one originating point or
terminating point this may be handled by creating a super-source and/or
sink with artificial arcs connecting these super-nodes to sources and
sinks as needed. These artificial arcs may not be attacked and their
capacities are unbounded. The arc between nodes i and j is represented
by (i,j). Nodes are numbered from 1 to n with 1 corresponding to the
source and n the sink. With the exception of the source and the sink,
flow conservation is assumed to hold. That is, flow out of node i
equals flow into node i.

The flow in arc (i,j) is designated as xij if it is from node 1 to j
and X5 if it is from node j to i. This avoids the necessity of defining
negative flows. Flow is assumed to be from the source to the sink
although it may be in either direction in the intermediate arcs. The

model as formulated ~onsiders only flows of a single commodity, tons



of resupply per day. a:d the value of one unit of flow is assumed to
be the same for al' arcs.

Capacities on arcs represent bounds cn flow in either direction.
The capacity on arc (i,3) is given by nij and is assumed to b2 the same

in both directions. The flow in arc (i,j) is restricted by

0 < xij i."Hj .

The urper and lower boun.s; on the capacity of arc (i,j) are repre-

sented by uij and 1, . where

i

01‘13 i‘"ij-'-“ij .

The vulnerable porticn of an arc's capacity is designated iy with

= < 3
The amount of resource aliocated to intecdict erc (1,3) is denoted by
kij‘ The relaticnship betweer ti.o .apecity 0i irc (1,j) and the level
of resource assigned to i*ts ‘nrerciition is derin2d a: *he darage

function of arc (i,j) and is given by

mi‘](kij) 2 ]‘J + h‘.J e‘p(‘o"’k‘;) .

In the above damage func.icn tn( pa-ameter b;J is & measure of the
vulnerability of arc (1,j). La er vaives of b‘j result in sreater
reductions in capacity for fi.ed sa'ues of 14, “Wj

byy * 7 then mufkd) Ty for

all possible values of ki: and nu Ceounity roduction "¢ possible.  With

and kij and hence

imply greater vilneranptlity. It

this damage function if no aircra*t are assigred t) (i,1), ‘s capacity

will te Ui j and in the limit & the numbe: of aircraft asstqyned to (i,)

e e e s sttt



becomes infinite the capacity aoproaches ‘11- This lower Luund vill

be referred to as arc capacity after unlimited interdiction.

B. DETERMINATION CF NETWCRK CAPACITY

The oppasition is assumed to have the weans to c2termire how to
maximize the flow in the transportetion net-cri. Let the c2pacity of
the network be defined as this marximal flow. 'he detecnminatia of
maximum fiow is the well-kncwn maximal tiow probicm anc .ay be found
using the max-flow lac:iing algorithm base. .pon the max-flow min-cut
theorem of Fcra ana fuikerson [c). Foard and Fulkerson's theo~Zw states
that the marimun flow possible in & retwork is ear.’ to the value of
the minimal cut set. In this paper the value of a cut set will be

referred tc 25 its capacity.

C. ENUHERAT,UN OF CUT SETS

The network capacity has been defined to be equal to the maximum
flow possible in the network. As discussed, this maximum flow 1S equal
to the value of the minimum cut set. Therefore, the problem of mini-
aizing this capacity is equivalent to minimizing the capac.ty of some
cut set. o is odvicu: taer orrgeast woil be &liccsted te only ome cut
set since 1f this were not the case all aircraft could have been assigned
to the cut set that was minimal after the first allocation with a
resulting decrease in network capacity.

The complicating factor is that there is no easy way to find out
which cut set should be selected for attack. To solve the problem it
is necessary to have some means of identifying cut sets. [n addition,
it {s desiradle to be adble to fdentify these cut sets in order of

{ncreasing capacity after unlimited interdiction since once a cut set

10



¢ found whose capacity after unlimited interdiction is greater than or
equir! to network capacity before interdiction no more cut sets need be
identified. The network capacity before interdiction represents an
upp=: oound on network capacity. Define Si as the cut set with the ith
smallest capacity after unlimited interdiction. The set of Si whose
capacities after unlimited interdiction is less than the upper bound on
network capacity will be denoted by S.

The method by which cut sets are identified makes use of the topo-
logical dual of a network. Arcs have lengths rather than capacities in
the dual network. The cut sets in the primal network have a one-to-one
correspondence with the loopless paths in the dual. The problem of
finding the shortest path from the dual source to the dual sink corre-
sponds to the primal problem of finding the minimum cut set. The length
of the dual shortest path cquals the primal capacity.

The topological dual of a given primal network is constructed as
follows:

(1) Connect the source and the sink of the primal with an artificial
arc. Call the result the medified primal.

(2) Place a node in the area surrounding the modified primal (external
face) and one in each face formed by the arcs of the modified primal.
Let the dual source be the node in the external face and the dual sink
be the node in the face involving the artificial arc.

(3) For each arc in the primal (except the artificial arc) construct
a cdual arc that intersects it and joins the two nodes in the faces
adjacent to it.

(4) Assign each dual arc a length equal to the capacity of the primal

arc it {ntersects.

n

s



Once the dual network has been developed, the shortest path through
the dual before interdiction is found. This path is determined using
the upper bounds on primal capacities as lengths of arcs in the dual.
The length of this path represents network capacity before interdiction.
Any shortest path algorithm may be used for this determination. Dreyfus
[4] evaluated several of these algorithms concluding that the procedure
developed by Dijkstra is the most efficient. Next the lengths of the
dual arcs are changed to correspond to the lower bounds on primal arc
capacities. The lengths of the dual paths now represent the capacities
of the corresponding primal cut sets after unlimited interdiction.

Paths with loops need not be considered since they correspond to primal
cut sets that either include more arcs than necessary to sever the
network or contain some arc more than once. The dual paths are identi-
fled in order of increasing length by means of an nth shortest path
algorithm. Clarke, Krikorian and Rausen [5] developed an algorithm for
determining the n best loopless paths, but it is difficult to apply.
Pollack [6] in an unpublished paper presented an algorithm which succes-
sively develops the best loopless paths using extensions of shortest
pat:i algorithms. This procedure is less complex than that of Clarke,
Krikorian and Rausen and appears to be more efficient. It should be
noted that depending on the number of elements in S and the total
number of paths in the dual, the most efficient means of developing S

may be to enumerate all paths through the dual and then compare lengths.
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II1. ANALYSIS OF THE MODEL

A. MATHEMATICAL FORMULATION

The problem, as outlined previously, is to find that allocation of
aircraft to an airstrike against a transportation network which will
minimize the capacity of that network. This minimization is accomplished
subject to a constraint on aircraft availability and the consideration
that the incremental benefit of assigning aircraft must exceed the
incremental cost of that assignment. If net benefit is defined to be
the difference between the total benefit derived from the airstrike and
the total cost of aircraft assignment the problem may be restated as
follows: maximize net benefit subject to aircraft availability.

Let K represent the total number of aircraft available for assign-
ment to the airstrike and let k* be the number of aircraft that have
been assigned to the airstrike. Then for any choice of K* the problem

may be stated mathematically as

min  [cut set capacity after optimal interdiction]

ieS
or
min [ min £ (Vi + w,. exp{-bs.k..})]
S{€S (i,d)esg 9 W RN
subject to )2 k.. < K*

(ddes; =

kij positive integer .

13
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The structure of this problem will allow the development of an
efficient solution procedure. Note that with respect to a particular
cut set the objective is to minimize its capacity. Since the cut set
capacity is the sum of functions that are convex in kij’ this capacity
is a convex function and is therefore unimodal with respect to minimiza-
tion. The overall objective function is the minimum of a set of convex
functions and is n2ither concave nor convex. This together with the
problem of not knowing which cut set is going to be attacked requires

that each cut set in S be the subject of a minimization problem.

For a particular cut set, §j, the problem is

min (]ij + Wy exp[-bijk..])

L 1
(1,3)eS; J

subject to z kij < K

kij positive integer .

The term I 1.. 1is constant and may be deleted during the minimization

(1,4) "
and then added back to give the solution in terms of capacity. This

problem will be solved by means of dynamic programming. Each arc in
the cut set under consideration will be represented by a stage in the
dynamic program.

Let the number of arcs be n and resubscript each arc (i,j) and its
associated parameters in any order with the single subscript i running
from one to n. The decision variable for stage i is ki and the return

function for stage i is given by

ry o= Wy exp(-biki) .

14
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The state variable for stage i will be denoted by x; and represents the
remaining resource availability at stage i. Th2 problem may be restated
as finding fn(xn) where

n

f(x.) = min I ori(x;)
nen O<kpex, =1 '

subject to  x; ; = Xq - k;

Fn(xn) is the optimal return from stages n,n-1,...,1 given x, units of
resource. The above problem may be solved by dynamic programming since
fn(xn) can be decomposed into a series of single variable problems.
Nemhauser [7] shows that problems with additive stage returns may always
be decomposed. Therefore, the following recursive relationship is valid

f.(x,) = min [ro(kp) + f. q(x._1)]

nLen Of.knixn . R>'In n-1""n-1

and
fi({xy) = min ry(xq) .
1" 0<ky<xq ™™

The value of x,_q is given by

Xn-1 = tn(xn,kn) = Xy - kg

where t, is the transformation which gives the relationship between the
amount of resource remaining after stage n given that x, was available
before stage n and k, was utilized at stage n.

The dynamic program is solved by starting at stage one and working
to stage n solving a series of single variable minimizations. These
minimizations are facilitated by the convexity of the individual stage

returns. Nemhauser [7] provides a proof of the fact that in the

15
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minimization of additive stage returns the convexity of each stage
return ensures that fi(xi) is a convex function of x;. This means that
each single variable optimization performed in the dynamic program is
of a unimodal function and permits the use of Fibonacci search to find
the optimal values of the decision variables. An application of this
technique is found in Ref. 7.

After the optimal allocation of aircraft within each cut set in S
is found for a given K*, their capacities are compared. The cut set
with the minimum capacity is the one that would be attacked if K* air-
craft were to be assigned to the airstrike. The capacity of this minimal
cut set is by definition the network capacity and this capacity will be a
strictly decreasing function of K*. The remaining problem is to deter-
mine how many aircraft to assign to the strike in order to maximize
net benefit. To make this determination it is necessary to know the
cost of allocating aircraft to the strike. This will be assumed to be
a constant C dollars per aircraft. The benefit derived from network
capacity reduction must also be known. It will be assumed to be a
constant D dollars per unit capacity reduction.

With the above information the problem of determining how many
aircraft to allocate may be determined by comparing the incremental
cost of assigning aircraft to the benefit resulting from that assign-
ment. To make this comparison it is necessary to define the bensfit
resulting from the assignment of a single aircraft. This will be de-
fined as the product of the benefit per unit capacity reduction (D)
and the amount of capacity reduction that can be achieved by that

aircraft.

16



The amount of capacity reduction that can be achieved by one
additional aircraft is a function of the number already assigned and
will be denoted as 8(K*). A simple decision rule is to assign aircraft
K* =1,2,... until a point is reached where benefit from the last

aircraft assigned does not exceed the cost of assignment. At this point

D »s(k¥) < C
or

§(K*) < C/D

and the optimal al]océfion of aircraft is K*-1 . If &(K*) > Cc/Q
for all K* the optimal allocation is K under this rule. There would be
no problems with this decision rule if §(K*) were a non-increasing
function of K*. In this case once a K* was found such that &{K*) < C/D
the cost of any further assignment of aircraft would exceed its benefit.
If network capacity after optimal interdiction were determined by
only one cut set for all values of K* then §(K*) would be non-increasing.
This is not the case. In general as K* ranges from 0 to K different cut
sets are minimal (see Figure 1). At K* = 0 the cut set that determines
network capacity is by definition the one that is minimal before any
interdiction takes place. Unless this cut set is also minimal after
unlimited interdiction, at some point another cut set must determine
network capacity. This crossover may, of course, occur after assignment
of all available aircraft. These points where a change in the constrain-
ing cut set occurs represent points where §(K*) increases with respect to
Kf. Therefore, there is no guarantee that stopping when &(K*) < C/D
for the first time is optimal. If at some point after further assign-
ment of aircraft is made §(K*) again exceeds C/D, it may be that further

assignment of aircraft would have resulted in benefits outweighing costs.

17



Capacity

network capacity

. ==« = cut set capacity

K*

Figure 1. Network Capacity

The problem of determining the optimal K* will be handled as follows:
(1) Find the first value of K* for which &(K*) < C/D. Subtract one
aircraft and let the resulting value of K* be Ky*. If K* = K before
Ky* is found then the optimal allocation of aircraft is K.
(2) Check to see if &(K*) > C/D for any values of K* > Ky*. If not
go to step (4). If so find the next value of K* for which &(K*) < C/D.
Let this number minus one be Ky*.
(3) Continue in this manner to identify the K* at which 6(K*) becomes
< C/D after there has been an intervening value of K* such that
8§(K*) > C/D. Subtracting one aircraft each time, label the resulting
values K3*,K4*, cees Ki® I §(K) > C/D 1let Ka* = K. Let Kg* be
defined as 0.
(4) Starting with i = 1 and continuing until i = n, check whether or

not the cost to reach K from K;_y is exceeded by the benefit. If it is,

18



Tet K*opt = Ki* , increment i by one, and go to the beginning of step
(4). If it is not, go to step (5).

(5) Starting with 1 = 1 and continuing until 1 = n-i check whether the
cost to reach Ky from K;_; is exceeded by the benefit. If it is, let
K*opt = K*1+] , let i = i+1+1 and go to step (4). If not, increment 1
by one and go to the beginning of step (5).

At the end of this procedure K*, . will be the optimal number of air-

op
craft to assign to the airstrike and the probiem will be solved.

B. STEPWISE SOLUTION PROCEDURE

(1) Formulate the topological dual of the transportation network. Find
the shortest path through the dual before interdiction. This represents
an upper bound on network capacity.

(2) Use Pollack's algorithm [6] to identify the first, second, third,

. shortest paths through the dual using the lower bounds. Continue
identifying paths until one is found whose length exceeds the previously
found upper bound on network capacity. Let the primal cut sets corre-
sponding to these paths be denoted as set S.

(3) For each cut set that is an element of S, use dynamic programming
to find the optimal allocation of aircraft and the resulting capacity
for K* equal to 1,2,...,K.

(4) For each value of K* find the network capacity by taking the minimum
of the capacities of the elements of S.

(5) Construct the function s(K*) and determine Kj*, Kp*,...,K *.
(6) Using the procedure previously outlined determine which K;* is

optimal.

19



C. SAMPLE PROBLEM

The diagram in Figure 2 represents a hypothetical transportation

network. The three numbers associated with each arc are bjj, ]ij-

and u.‘j.

(.08,350,450)

(.22,208,280) (.38,460,280) (.24,0,130)

(.20,475,550)

300,400)

Figure 2. An Example Network

20
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Figure 3 shows how the topological dual of the transportation

network is constructed.

Figure 3. Construction of the Dual

21



Figure 4 shows the topological dual after the data rfor each arc

has been transferred from the primal. In the dual Uij and ]ij represent

bounds on arc length.

(.15,280,405)

7

(.22{200,280)

(.38{160,280)

(.04,400,700)
2 )

(.30,270,330)

(.25,200

(. Mg, 320,440)

(.05,180,380)

Figure 4.

The Topological Dual

To simplify notation, paths through the dual will be designated by the

nodes over which they pass.

interdiction is 1,2,5,9 with a length of 1395.

on network capacity.

in order of length after unlimited interdiction.
that the length of path number 11, the 11th shortest path after unlimited

22

The shortest path through the dual before
This gives an upper bound
Table I lists all loopless paths through the dual

It should be noted
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TABLE 1. [DUAL PATHS

NODES
1,4,7,6.,9
1,4,7,8,9
1.4,3,2,5,9
1,2,,9
1,4,3,2,5,6,9
1,3,2,5.9
1,4,7,6,5,9
1,2,5,6,9
1,3,2,5,6,9
1,3,4,7,6,9
1,3,4,7,8.9
1,4,3,2,5,6,7,8,9
1,2,3,4,7,6,9
1,3,4,7,6,5,9
1,2,5.6,7.8,9
1,2,3,4,7,8,9
1,3,2,5,5,7.8,9
1,2,3,4,7,6,5.9
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960
1075
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1190
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1600
1615
1700
1RAL)
1725
1790
2025



interdiction, exceeds the upper bound on network capacity. Therefore
the cut sets comprising set S correspond to paths 1 through 10.

It {s assumed for purposes of this example that there are 100 air-
craft available for assignment at a cost of 30,000 dollars for each
afrcraft assigned. It is further assumed that the benefit derived from
4 reduction of one ton per day in network capacity is 7,500 dollars.

The dynamic program for each S; that is constraining including a
sensitivity analysis on K* is contained in the computer output. A
graph of the resulting network capacity s given by Figure 5. For K*
in the range 1 through 25 cut set 4 determines network capacity, for
K* in the range 26 through 57 cut set 3 is constraining, and for K* from
58 to 100 cut set ! is minimal.

From the giver values of C and G, 30,000 and 7,500 respectively,
the points of interest are those at which ((K*) becomes < C/0 = 4. This
occurs for the first time when K* = 42. Therefore, K}* = 41. At K* = 58
6(K®*) again exceeds 4 so it is necessary to search for another point
where 4(K®) < 4. This next occurs at K® + 62 and K,* is 61. Since
§(K*) does not exceed 4 for any K* > 62, K= Kr

It 1s obvious that the benefit to get to K|* exceeded the cost
since K|* was the first point at which the allocation of another aircraft
did not produce benefits exceeding costs. However, it is mot quite as
obvious when the decision is made whether or not to allocate K2°
aircraft. The benefit to get from K to K 15 equal to the incremental

capacity reduction myltinited dy D.
Benefit = 62.23 X 7,500

 466,725.

24



Capacity

1500 4\ network capacity
\
\l === = cut set capacity
\
¢
1400 \

1300

1200

1100

1000

Y E—
2 1

L

20 w*

_=K‘

100

Figure 5. Example Network Capacity

2S



This benefit is compared to the cost of allocating Ky* - K]* aircraft.
Cost = 20 X 30,000
= 600,000.

Thus the benefit is outweighed by the cost. Since there is no allocation
of aircraft greater than Ko* that will result in benefits exceeding
costs, it may be concluded that K* = 41 represents the optimal number
of aircraft to assign to the airstrike. At this level of interdiction
the network capacity will be 1056.06 tons per day. This is a reduction
of 338.94 tons per day with a resulting benefit of 2,542,050 dollars.
The cost of this reduction is 1,230,000 dollars. The cut set that will
be attacked is the cut set corresponding to path number three which
contains the following primal arc$ : (4,7); (4,6); (2,6); (1,6); and
(1,3). These arcs correspond to dynamic programming stages 1,2,3,4,
and 5 respectively. Looking at the dynamic programming stages the
optimal allocation of aircraft is: k4'7 = 9; k4,6 = 6; k2,6 = 2l

kl.6 = 10; and k],3 = 9. This completes the solution.
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IV. DISCUSSION

A. PROPERTIES OF THE SOLUTION TECHNIQUE

The dynamic programming approach taken to the problem guarantees
that the solution found will be a global minimum over the feasible
region. The integer constraints pose no problem. In fact, the integer
restriction limits the number of values the decision variables may
assume and allows an exact solution to be found. Dynamic programming
also provides a built in capability for sensitivity analysis.

The convexity of the damage function allowed the use of Fibonacci
search within the dynamic program resulting in a tremendous savings in
the number of separate calculations made in each dynamic program. With
K equal to 100 the reduction was on the order of 10-1 times the number .
of calculations needed for exhaustive search. Larger values of K will
produce savings of an even greater magnitude. The execution time
required for the sample problem was 15.06 seconds on an IBM 360/67.
Utilizing Fibonacci search it was found that the increase in execution
time for larger values of K was approximately linear. Execution time
was also roughly linear with respect to the total number of dynamic
programming stages required (45 in the sample problem). From the above
observations the amount of computer time required for larger problems
may be predicted. For example, a problem with 15 cut sets in S averaging
6 arcs per cut set would require 90 dynamic programming stages. If 200
afrcraft were available a reasonable estimate would be that this problem
would take approximately 4 times as long to solve as the sample problem.

A further reduction in the number of calculations required may be

achieved with a coarse grid. Aircraft can be allocated in packages of
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five and the constraining cut sets determined. These cut sets can then
have aircraft reallocated one at a time and the optimal solution found
as before. This approach can not guarantee that the correct constraining
cut sets will be selected, but if they are the solution will be optimal.
Dynamic programming allows some generalizations to be made in the
problem. To begin with, since additive stage returns are always
decomposable, the technique places no restrictions on the damage functions.
The negative exponential damage function used in this paper has intuitive
appeal since it does exhibit diminishing marginal returns. This function
also contributes to ccmputational efficiency since its convexity allowed
the use of Fibonacci search. However, if actual interdiction data
suggests damage functions of another form, the problem can still be
solved with somewhat greater expenditures of computer time.
Another generalization suggested by dynamic programming is to consider
the allocation of two types of aircraft. In this case a damage function

of the form
mij(kigshig) = Tig * Wiy expl-bygkij - ayhys)

might be assumed with kjj, 1ij, and w;; defined as before, hi;

senting the number of aircraft of the second type assigned to arc (i,j),

repre-

and Ay denoting the vulnerability parameter corresponding to the

second type of aircraft. Dynamic programming may again be used to solve

the problem, but two state and two decision variables are required.
Although the new damage function preserves convexity, in this case

the series of minimizations is of functions of two variables and

Fibonacci search is not applicable. A minimization problem was run for

a hypothetical cut set containing five arcs. The execution time required
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for solution was 5.63 seconds when 10 aircraft of two types were
available; with 19 aircraft of each type, the time required was 32.79
seconds; and when 25 of each type aircraft were available, over a
minute of computer time was used. To deal with even relatively small
networks the computer time requirements would become prohibitive if it
were necessary to consider larger aircraft availabilities. To assign
three types of aircraft, dynamic programming would require three state
and three decision variables and the tcchnique would be impractical
even for small problems.

Another application of the dynamic programming approach is in a
modification of Nugent's algorithm [3]. This modification will provide
integer solutions. Nugent presented a method of finding non-integer
allocations of resources that would minimize network capacity subject

to kjj <K and kij >0 . As previously discussed, the

L
(i ,j)CS.|

objective function in this problem is convex with respect to k; In

i
Nugent's formulation the feasible region defined by the constraints is
also convex. Therefore, for any particular cut set the problem is a
convex non-linear program and Kuhn-Tucker theory provides conditions
that are both necessary and sufficient for a global minimum. Nugent
solves these Kuhn-Tucker conditions and using an upper bounding technique
arrives at the cut set that will be minimal after optimum interdiction.
In the modification the set S and the upper bound on network capacity
are found as before. The Kuhn-Tucker conditions are then solved to find
non-integer constrained solutions that minimize cut set capacity for
each element of S. The minimum of these solutions represents the optimal

sdlution without integer constraints. When integer constraints are added

this minimum represents a lower bound on network capacity. The cut set
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with the minimal non-integer solution is deleted from S and becomes the
subject of a dynamic program to find an integer solution. If this
{nteger solution is less than the non-integer solutions corresponding

to the remaining elements of S it is optimal. If it is greater than some
or all of the elements of S it represents a new, smaller upper bound on
network capacity. Any elements of S with non-integer solutions greater
than this new upper boﬁnd are deleted from S. From the remaining elements
of S the cut set with the smallest non-integer solution is selected from
S. Again dynamic programming used to find a new integer solution. The
new integer solution is compared with the old integer solution and the
minimum is called the current integer solution. The current integer
solution is then compared to the remaining non-integer solutions and

the process is repeated. This iterative procedure is continued until
either S is the null set or until the current integer solution is less
than cr equal the non-integer solutions corresponding to all of the
remaining elements of S. In either case the current integer solution
represents the optimal solution to the integer constrained problem.

In general, if the number of aircraft to be allocated to the air-
strike is known, this modification is more efficient that using dynamic
programming on every element of S to solve the minimization problem.

In solving the example problem from Nugent's paper it was necessary to
run only one dynamic program and with exponential damage functions the
Kuhn-Tucker conditions are easy to solve relative to solving a dynamic
program. However, this modification does not lend itself to the
sensitivity analysis on K that is necessary when the number of aircraft

to be assigned to the strike is taken to be a decision variable.
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As already mentioned, there are limitations on the technique
presented. One difficulty that has not yet been discussed is in the
measurement of the costs and benefits of aircraft assignment. In this
paper the problem was ignored and constant dollar values of C and D
were selected arbitrarily. This problem is important since the selection
of C and D determines how many aircraft will be assigned to the strike.
If D had been taken to be 100 dollars per ton of flow reduced vice
7,500 and the rest of the pr ‘em remained unchanged, the decision would
have been made to allocate 77 aircraft in a strike against cut set one
resulting in a network capacity of 938.19 tons per day. On the other
hand, if D was less than 1,519 dollars per ton of flow reduced the

solution would be to make no attack against the network.

B. RECOMMENDATIONS FOR FURTHER STUDY

The possibility of deriving damage functions from actual interdiction
data was mentioned earlier. If the method of this paper were to be put
to use in solving a real-world interdiction problem some verification
of the damage function would be essential. However, due to the sensi-
tivity of the solution to both costs and benefits, the measurement
problem associated with costs and benefits should receive at least as
much attention as the damage function.

Another possibility for further study would be the utilization of
the model described in this paper to represent real-world problems other
than aircraft interdiction. One obvious example might be the problem of
allocating resources to the improvement of a highway system. In this
example it would probably be relatively easy to get data from which
to derive improvement functions, but the measurement of costs and benefits

would be as difficult as before.
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The model presented could be refined by assigning different values
to capacity reduction in the various arcs of the network. The objective
then would be to minimize the maximum value of flow possible in the
network rather than to minimize network capacity. The solution technique
presented could still be used. A further refinement might be to consider
not only arc vulnerability, but also the repair capability of the
opponent. This would require capacity reduction to be taken as a
function of time as well as aircraft allocation and would make the
analysis of the model more difficult. Many other refinements could be
made in order to make the model more representative of the real world,
but in general the increased realism gained would be at the expense of

increased computational effort.
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V. SUMMARY

A solution procedure has been developed for the problem of
determining the optimal allocation of aircraft in planning an airstrike
against a transportation network. The damage function for arcs in the
network is assumed to have a negative exponential form. To make use
of the procedure it is necessary to have available the following infor-
mation: the upper and lower bounds on the capacity of each arc, the
vulnerability parameter for each arc, the number of aircraft available
for assignment to the airstrike, the cost of assigning an aircraft to
the strike, and the benefit resulting from network capacity reduction.

In the solution procedure every cut set that is designated a
candidate for attack is the subject of a dynamic program. A sensitivity
analysis is performed on the number of aircraft to be assigned and this
gives the network capacity after optimal interdiction as a function of
the number of aircraft assigned to the strike. A cost benefit analysis
is then made to determine the largest number of aircraft that can be
assigned before costs of further allocation begin to outweigh the
benefits resulting from that allocation.

At the end of the procedure the solution consists of the following:
the number of aircraft to assign to the airstrike, the cut set that will
be attacked, the number of aircraft to allocate to each arc of the cut
set chosen, and the capacity of the network after this assignment of

aircraft.
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