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Preface

M emne Lonm ¥ ve b

This thesis is a continuation and extension of previous

work by graduate students at the Air Force Institute of

Technology in the area of parameter estimation using order ﬁ
statistics of samples from a given distribution., The tables f
of linear cocfficicnts developed in this report will enable
€£e user to obtain the best linear invariant estimate of

the location and §cale parameters of the Cauchy distribution
for sample sizes of N=5(1)20 very efficiently. An attempt

was made in the report to provide a clear development of the

theory by which thesc¢ linear cocfficients are obtained, In
addition, the Fortran progiam required to calculate and table
the lincar coefficients is included in Appendix C. The sub-
routine used to solve the matrix equations is a modification
of the Matrix Equation Solver Fortran Subroutine from the
Computer Science Center, Wright-Patterson AFB, Ohio.

I also wish to acxnowledge my debt to Professor Albert
H. Moore, my advisor, for proposing this arca of study and

for his assistance and encouragement,

Ralph M. Spory, Jr.
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Abstract

Linear coefficients which can be applied to sample data
from a Cauchy distribution to obtain estimates of the loca-
tion and scale parameters are developed and tabled. Several
previous works have presented such tables for nearly best
linear unbiased estimation and best linear unbiased estima-
tion of the parameters. The estimates developed in this
paper are best in the sense that they possess minimum mean
square error. By using exact values of the means, variances,
and covariances of the Cauchy standardized order statistics
and minimizing the mean square error function, matrix equa-

tions are developed and solved to obtain the required coef-

. ficients. These coefficients and values of the MSE are

tabled for minimally censored sample sizes of 5 to 20 and
for samples which have been additionally censored from above
and symmetricall&. Procedures for using the tables and
several illustrative calculations demonstrate the simplicity
of this estimation technique. The Fortran programs required

to calculate and table the above values are included in

Appendix C.
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CONDITIONAL BEST LINEAR INVARIANT ESTIMATION OF THE
LOCATION AND SCALE PARAMETERS OF THE CAUCHY
DISTRIBUTION BY THE USE OF ORDER STATISTICS

I. Introduction

Statement of the Problem

Objective. The objective of this thesis is to develop
a table of linear coefficients which can be easily applied
to sample data from a Cauchy distribution to determine esti-
mates of the location and scale parameters of the distribu-
tion. These estimates of the parameters are conditional
best linear invariant estimates. These terms and the proper-
ties of the estimators are defined in the next section.

Definition of Terms. The Cauchy distribution is a con-

tinuous distribution which is frequently introduced to stu-
dents as an example of a distribution for which the moments

do not exist (Ref 6:134). The cumulative distribution

function (cdf) is given by
F(x) = .21. . .}'.ARCTAN EE.E ,  -w<x<e (1)

and the probability density function (pdf) is given by‘

= S LX- XS €4
f(x) = w[s2+(x-t)2) ° . (2)

where s is the scale parameter and t is the location param-

cter,
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Conditional estimation of a paramcter is defined as
estimation of an unknown parameter when the second parameter
is known. In this case the location parameter is estimated
conditioned on the value of the scale parameter, and the
scale parameter is cstimated conditioned on the value of
the location parameter.

The best linear invariant estimator is best in the
sense that it is a minimum mcan-square-error estimator. The

mean square error of the estimator is given by
ISE = E[(s*-5)2] (3)

where s is the true value of the parameter and s* is the

estimated value of the parameter.

For conditional estimation the mean square error is

given by
MSE = E[(s*|t-s)?] (4)

where s*|t is the estimator of the paramcter conditioned on

the valuc of t, and t is the value of the second parameter.

Linear estimation is a tcchnique based on the theory of

order statistics, where each ordered sample value is assigned

a weight, or lincar cocfficient, and the cocfficients are
calculated so as to obtain the best estimate of the parameter.
In this case the best cstimate is the invariant estimate as

defincd above., If one uses this method, the estimate of the

parameter is given by

o SedA el b ol st athe s

;
2
]
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n
s* = ¥ ajXi (5)

wliere the aj's are the linear coefficients, the Xj's are
the ordered sample values or the order statistics, and n is
the sample size,

The conditional estimator is then given by

s¥|t = ajXj-At (6)

LT o I~
Yo

1

where t is the known parameter and A is a constant that is
determined by the calculation. The significance of this
constant will be explained in Chapter IV,

Order statistic theory, the Cauchy distribution, and
the method used to solve for the linear coefficients are
devcloped further in the remaining chapters of this paper.

Significance. When the location and scalc parameters

of the Cauchy distribution are known, the function is com-
pletely defined, and it can be used in a decision-making
process where one is working with data which is distributed
according to the Cauchy law. The tables of coefficients
developed 1. this thesis will allow the user to estimueic the
values of these unknown parameters. These estimates can be
obtained very efficiéntly with only the use of a desk cal-
culator. The ordered sample values arc simply multiplied

by the appropriate coefficients and the results summed to

calculate the cstimate.

TP TR IS SR WL S-S SN
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This method of estimation provides a great savings in
time in the casc of the Cauchy distribution, as the tradi-
tional methods of obtaining these estimates either do not
apply to the distribution or are very time-consuming. Two
of these methods are the method of moments (Ref 11:186) and
the method of maximum likelihood (Ref 11:170). The method
of moments cannot be applied, since the moments of the
Cauchy distribution do not exist, and the maximum likeli-
hood estimate, which is convenient to obtain for some other
distributions, requires a great amount of computational
effort, Barnett (Ref 1) points out that the frequent occur-
rence of multiple zeros of the derivatives of the logarithm
of the likelihood function requires a complete scan of the
likelihood function to locate the maximum‘which corresponds
to the maximum likelihood estimate. The tables of linear
cocfficients in this thesis will provide the user with an

estimate of these parameters for sample sizes of 5 to 20.

Background Information

Work on parameter estimation based on order statistic
theory has been carried out by the students a«t the Air Force
Institute of Technology, under the direction of Professor
Albert H. Moore, and sponsorship of Dr. II. Leon Harter (ARL,
Wright-Patterson AFB), since 1963. These works include

parameter estimation of the Cauchy, Weibull, normal, log-

normal, logistic, and extremec value distributions. Paramcter

estimation of the Cauchy distribution includes the works of

Chamberlain (Ref 2), Jonson (Ref 9) and Stark (Ref 10).
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Chamberlain developed and tabled the coefficients for nearly
best linecar unbiased cstimation of the locaiion and scale
parameters for sample sizes 15(1)40. Jonson computed the
coefficients for conditional best linear unbiased estimation
of the parameters of the Cauchy distribution and compared
the efficiency of these estimators with the efficiency of
Stark's best linear unbiased estimators. The estimators
deveioped by Jonson and Chamberlain are called nearly best
estimators because the approximate values of the covariances
of the order statistics given by Blom's approximation were
used instead of the exact covariances of the order statis-
tics. Stark's work developed linear coefficients for simul-
tancous estimation of the location and scale parameters by
using the exact values of the means, variances, and covar-
iances of the standardized order statistics.

The works of Chamberlain and Jonson are based largely
on the methods presented by Barnett (Ref 1:1205). Barnett
tabled the coefficients for the best linear unbiased esti-
mate of the location parameter of the distribution for
sample sizes of 5 to 20. The exact values of the rneans,
variances, and covariances of the Cauchy order statistics
were calculated to four decimal-place accuracy. The values
of the covariances werc obtained by numerical intcgration
of expressions containing the joint pdf of the order sta-
tistics (sce Chapter 1V). These functions were integrated

over the relevant triangular region by a two-dimensional

_ .
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extension of the composite Simpson procedure. Although this
computation required a large number of steps to obtain the
desired accuracy, it did prove feasible,

The mecian of the sample data has traditionally been
used as an estimate of the location parameter of the Cauchy
distribution. Cramer (Ref 4:708) states that the variance
of this estimator is =2/4n for large samples. Rider (Ref
13:322) shows that this is not a very accurate estimate of
the variance of the median for small sample sizes. Rider
has tabled the actual variances of the median for small
sample sizes.

In 1964, Rothenberg et al. proposed a class of esti-
mators of the location parameter of the Cauchy distribution
which is the arithmetic average of a central subset of the
sample order statistics. The sample median is a member of
this subset, but it was shown that the average of the middle
quarter of the ordered samples has a lower asymptotic var-
iance than does the median.

In 1970, Chan (Ref 3:851) proposed a conditional asymp-
totically best lincar estimator of the location and scale
parameters based on a few of the order statistics. He has
tabled cocfficients for K=1(1)10 where K is the number of
order statistics selected from a large sample. These esti-
mators yield more than 922 percent asymptotic relative ef-

ficiency, in the Cramer-Rao sense, for K>4.

Camas
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Report Orga: ization

In order to develop the linear coefficients for the
conditional best linear invariant estimation-of the param-
eters of the Cauchy distribution, the distribution and
methods by which it is generated will be discussed in
Chapter II. Chapters III and IV present order statistic
theory and the linecar estimation procedure. Chapter V
describes the tables of linear coefficients and gives exam-
ples of the calculations required to obtain the desired
estimators. Tables of the values of the mean-square-error
function and the linear coefficients are included in Ap-
pendices A and B, Appendix C contains the Fortran prograns

required to calculate and table the above values.

Assumptions

There are two assumptions made in this report. It is
assumed that the sample data are known to come from a
Cauchy distributed parent population and that the parameter
not being estimated is known, in the case of conditional
estimation. In the case of simultaneous estimation it is
only assumed that the sample data are known to come from a

Cauchy distributed parent population.

3
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II1. The Cauchy Distribution

Introduction

The Cauchy distribution is a continuous, symmetric dis-
tribution. The cdf and pdf are given by Equations (1) and
(2). The plot of the pdf is similar to that of the more
familiar normal distribution, except that the curve ap-
proaches the axis much more slowly and the tails are thicker.
Figure 1, on the following page, is a plot of the density
function for threce different scale parameters. Feller
(Ref 5:57) provides an excellent description of the Cauchy
distribution, its peculiarities, and methods by which the

distribution is generated.

Example of the Cauchy Distribution

A mirror is arranged parallel to an opposing wall at a
distance S from the wall, and the mirror is free to rotate
on a vertical axis at A which is located on a linec per-
pendicular to the wall at 0. The angle § is measured from
this line to the perpendicular to the surface of the mirror.
The mirror reflects a ray of light on the wall at a distance
X from the point'o. Now, if the angle f§ is chosen at random
between -7/2 and =/2, the random variable, X, is Cauchy
distributed and the density of the distribq%ion is given
by Equation (2) with a location parameter of zero (Ref 5:57).

fhe density of the random variable, X, can ecasily be
verified by a method duc to Meyer (Ref 10:88-89). In the

above example

1
E|
!
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£(9)

1 ofor R

is a uniform density. Then

=1 df
g(x) = 3
B
where § = tan (;). Therefore
1 1
g(x) = % 1+XZ 5
sl
s

(7

(8)

(9

This is the Cauchy pdf with scale parameter s and location

parameter zero.

Generation of the Cauchy Density

The Cauchy density may be generated in many ways.

Student’s t density with n=1 is a Cauchy density.

The
If x and

y are two independent random variables from a standardized

normal distribution, the quotient of these random variables

is a standardized Cauchy distribution.

In addition, if the

random variable x is Cauchy distributed with a scale par-

ameter of 1 then 1/x has the same density.

Once again,

thesc densities may be verificd by the method described by

Mcyer (Ref 5:109-110).

Propertics of the Cauchy Distribution

LTS

Duc to the thick tails of the Cauchy distribution, esti-

mation of its center is very difficult.

10

The moments of the
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Cauchy distribution‘do\ggf\?xist. Jonson (Ref 9:11) shows
the characteristic function of the Cauchy random variable

to be
Cx(t) = exp(ict-b|t]|) (10)

where C is the location parameter and b is the scale par-
an3ter, and that the moments do not exist since the partial
derivatives of Cx(t)/ik with respect to t evaluated at t=0
are infinite.

It can also be shown directly, that the first moment
about the origin of the Cauchy distribu:ion does not exist

(Ref 6:145).

11
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I1I. Order Statistic Theory

Introduction

To calculate the conditional best linear invariant
estimates of the parameters of the Cauchy distribution the
exact values of the means, variances, and covariances of
the Caucﬁy order statistics are required. The order sta-
tistic theory and application of this theory to the Cauchy
distribution will be reviewed in this chapter., Reference 15
is a rather complete collection of contribut®-.:5 to order
statistic theory and includes articles up to 1962, The
following deveclopment follows that of Chapter II from the

above reference.

Order Statistics

Definition. If a random sample of size n (x3, X2, ...

Xn) is taken from a population, these independent random

variables can be rearranged so that

X(1)2X(2)%: - <x(n)

When the variables arc arranged in order of magnitude, they
arc called order statistics of the sample. Since these

samples are from a continuous population
.. = .v) = : i £3
P(x(1) X(j)’ 0 for all i#j

Density. The pdf of the ith order statistic, X(i)» is
given by

12
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' o- -c
ex(1)) = Ty TR gy 1 -Flx () 1P R E (x5y)
(11)

where F(x(i)) = cdf of x evaluated at X=X(1)

f(;ci)) = pdf of x evaluated at X=X(4) (Ref 15:12)

The joint distribution of the ith and jth order statistics

(i<j) is given by

g(X(i),X(j)) = (i-l)!(j?;-l)!(n-j)![F(x(i))]i-l[F(x(j)) -
s : (12)

F(x(1)) 19717 [1-Flx(5)) 1M I £(x (1)) £(x(5))
for X(1)<X(jJ (Ref 15:12)

From Equations (11) and (12) expressions for the expected

values and covariances of the Cauchy order statistic can be

developed.

Expected Values. Let x be a continuous random varia-

ble with pdf f, then the expected value of x is given by
E[x] = [xf(x)dx (Ref 10:121) (13)

Using Equations (13) and (14), one finds that the expected

value of the ith order statistic is given by

Elx(i)) = [x(i)8(x(i))dx(q) (14)

And the expected valuc of the product of the ith and jth

order statistics is given by

13
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Efx(i)x(5)] = J [xcayx(y)yelx(i)x(5))dxci)dx(y) (15)

where g(x(i),x(j)) is as defined by Equation (12).

Variance and Covariance. A two-dimensional random

variable (x(i),x(j)) possesses a property called the covar-
iance of f(i)’x(j)‘ In this case the random variables are
order statistics, and in a sense the covariance is a measure
of the dependence between the two values of the order sta-
tistics. The covariance of (x(i),x(j)l is formally defined.
as the product moment about the respective expected values
of the order statistics. Meyer (Ref 10:144) defines the

covariance of the two random variables as follows:
Cov(x(3)»X(5)) = E{lx(3)-Elx(3))1Ix(5)-Elx(5)) 1} (16)
It can be easily shown from (16) that:
Cov(x(i)»X(5)) = Elx(q)%(5y)-Elx(q)]"Elx(j)] (17)

The variance of the ith order statistic may be considered as

a special case (i=j) of Equation (16) where the Var [x(i)]

is given by

Var[x(i)] = B{[xci)~E(x(i)]Z} (18)

With the expressions presented in this chapter, the cxpected

valyves, variances, and covariances of the Cauchy order sta-

tistics can be developed.

Standardized, Cauchy Order Statistics. Let X(i)» X(2)»

oo X(y) be a set of ordered sample values from a Cauchy

14
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TR EY

i distributed parent population. A new set of standardized

order statistics can be developed where
Ursy = X!i!‘t ~o<lssy <o
(i) S (i)

with Urg) <eo-<Ugi) <« <U(n)

- s
If the pdf of x is £(x) = 24 (x-t)2]

then the density of U is given by

1
p(U) = m ~w<lJcw

and its cdf is given by P(u) = 3 + = ARCTAN u

(19)

(2)

(20)

(21)

The pdf of the ith standardized order statistic from Equa-

_ . tion (11) is given by

aCu(3)) = TP lucy 1T P Cu sy 1M Ep Cugy )(22)

and the joint pdf of the standardized order statistics is

given by Equation (12) with x replaced by u, g by p, F by P

and f by p.

The above expression can be simplific.: by making the

following substitution:
Let 8(j) = ARCTAN u(j), - %<0<%, -@cU(g) <o
where dugjy = (1 + tanze(j))dei
and ﬂ(j) = ARCTAN uey) -%<¢<"

Z

then from Equation (22)

15

(23)

(24)

(25)
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n! n m ;i L ‘
1) = G @D 0+ 3 e “TrtanZs) (20) :
and :
n! 0+ n-i ;

WG = TG D@ an [047] (27)
. il r oped 1 1 |
[+ - (10 g i (1+tan2g) :

By substituting thesc equations into Equations (14), (15),
(17), and (18) the desired expressions for the expected

values, variances and covariances of the standardized order

statistics are obtained.

2 ]
: z _
- CElu)] = o 1),(; SIET jtane[e+;]1 1[-~e]“’1dei (28)
. o
7! |
! i - ]
Covlugiy,ugj)l = (i-l)!(j-xil-l)!(n-j)!zn fftanptane [0+31 3" ]
L 3
772
. Ty (g+Ty 1311 (1 a1n-jq0ad. (n!)?2 :
[+ (8] (z-017" d0ap (1-1)1(m-431(5-1) ! (n-5) ta" 5
u U 3
7 . , . .
Jran® [0+31 1 [5-01" a0 tang [p+517 "1 5017 Tap, 55 (29) ]
-7 - ‘:1
2 :
7 i
! A
Varlui)] = T T T Jran®0(5) [003)*51" " 3-8 (1) 1" Tan 5
"z (30)

DL S YR

16




Lo 1l o gy

o St

PP

GAM/MATIL/72-3

Solution of the Expected Value and Covariance Equations

Equations (28), (29), and (30) cannot be evaluated in
terms of e¢lementary functions, but they can be evaluated by
numerical integration techniques with the aid of an electronic
computer. The integral factor of Equation (28) does not con-
verge for values of i=1 or n, and Equations (29) and (30)
do not converge for values of i=1, 2, n, and n-1, Barnett
(Ref 1:1209) points out that for these values of i, the
cos 8 and cos § factors in the denominator of the respective
integrands are dominant as 6 and § tend toward their limit-
ing values, and it is therefore apparent that the means of
the first and last order statistics do not exist, and the
variances and covariances of the first two and last two
order statistics do not exist.

The task of evaluating the remaining quantities is some-
what rcduced due to the symmetry of the Cauchy distribution.

For the expected values
E[u(i)] f_- E[u(n41-i)] for even n, i#1 or n (31)
E[u(n+1)/2] = 0 for odd n (32)
and for the covariances of the standardized order statistics:
Cov[u(i,j)] = C°V[“(n+2-i,n+l-j)] = Cov[u(j,i)]
= Covlugys2-j,ne2-i)]

for i<j and i # 1,2,n, and n-1 (33)

17
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Even with this reduction in the number of quantities to be
computed, the integrals must be approximated by an elec-
tronic computer. Barnett (Ref 1) calculated these expected
values for n=3(1)20 and the variances and covariances for
n=5(1)20 to four-decimal-place accuracy. Although the ex-
pected values and variances can be calculated quite effi-
ciently, the double integration in the covariance expression
requires extensive computer time. Stark (Ref 16:44-48) cal-
culated and tabled these quantities for sample sizes of
5(1)20 to six-decimal-place accuracy. The expected values
and covariances calculated by Stark were read into the main
programs in Appendix C for the calculation of the linear

cocfficients for conditional best linear invariant estimation

of the paramcters.

18
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IV. Lincar Parameter Estimation

Introduction

The purposce of this thesis is to develop the coefficients
required to obtain best linear invariant estimates of the
parameters of the Cauchy distribution. This chapter explains
linear esfimation, develops the estimator with the minimum
mean square error for both parameters, and describes the
method used to solve thc resulting simultaneous equations.
The cocfficients are calculated for the minimally censored
sample, which consists of the ordecred sample less the four
extreme order statistics (the first two and the liast two),
and for samples which are additionally censored from above
and symmetrically. In addition the values of the mean square
error function are computed. All of thesc quantities are

tables in the Appendices.

Linear Estimation

Linear estimation is a form of estimation where the
ordered data are assigned weights and the new values are
summed to give the estimate of the desired parameter. These
weights are the coefficicnts and they are calculated so as
to obtain the best linear estimator of the parameter. In
this case the best estimator is the one with the minimunm
mean square error. The expressions required to obtain these

best estimators are developed in the mext section.
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Mean Square Error

Location Parameter. From Equation (6) thc conditional’

estimate of the location parameter is given by
N :
t*|S = L ajXj-AS (34)
i=1
where t* is the estimate of the location parameter
aj is the coefficient to be computed
S is the scale parameter
A is a constant to be computed
N is the sample size

and from Equation (4) the mecan square error of the cstimator

of the location parameter is given by
MSEL = E[(t*|S-t)2] (35)

wherc t is the true valuec of the location parameter. MSEL
is the quantity  to be minimized.
From Equation (35)

MSEL = E[(t*]S)2-2t(t*]S)+t2] (36)

From Ref 10:134

Var[x] = E[x2}- (E[x])? (37)
therefore Var[t*|S] = E[(t*]S)2]-(E[t*]|S])? (38)
and MSEL = Var[t*|S]+(E[t*|S]-t)° (39)

Now by the substitution of Equation (34),

20
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N N :
MSEL = Var[ & aix(i)-AS]+(E[ z aix(i)-AS]-t)Z (40)
i=1 i=]
Freund (Ref 6:173-174) shows that for a given set of random

variables X1s X25.+.X, Where Y = ’zlaixi, a linear combina-
1:
tion of N random variables,

E[Y] =

n'm =z
ot

ajE[x;] (41)
i

N
and Var[Y] = ¢ a?Var Xr:11+2Z Zaza;Covix,:vX,.
Y] = & afVar[x] E aiajCovixgsyx )]

= J
for i<j
Now using relations (41) and (42) Equation (40) becomes
N 2
MSEL = I afVar[x . }+2% Zajas;Covixp:yx,..] +
jop 3 (i) fo LI (1)*(5)
N (43)

B -AS-1)2
(iilaln[X(i)] AS t)

The expected values, variances and covariances developed

in Chapter III were for standardized order statistics, where

the standardized order statistic was defined by Equation (19).

Therefore
X(i) = SU(i)+t (44)
E[X(i)] = SE[U(j)]+t (45)
Var[x(i)] = SZVar[u(i)] (40)
COV[X(i)X(j)] = SZCO\'[U(iJU(j)] (47)

Now define the following symbols:

Let : ui = Efuggy]

21
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6 = Var[u(i)]
O'ij = COVIU(i)U(J-)]

Now by substituting these relations into Equation (43)

N NN N

2.2 2 2
MSEL = I a;s“c..+2 I I aja:s“o;:+[ & a;(su;+t)-AS-t]“ (48)
i=1 1 A1 gag jeit1d” M Gy PR
N
and adding the constraint that £ aj=1 and applying this
i=1

equation to a minimally censored Cauchy sample of size N-4
(the two extreme order statistics are removed from each end),
the following equation is obtained

N-2 , N-2 N-2 N-2

MSEL = s2( I afoj3+2 ¢ I ajajojj+[ 2 aiui-A]Z) (49)
i=3 i=3 j=i+l i

-—
=

Scale Parameter. An expression similar to Equation (49)
can be developed for the scale parameter where the mean

square error of the estimated scale parameter is given by
MSES = E[(S*|t-S)2] | (50)

where S is thc truc value of the scale parameter,
S* is the estimate of S, and
t is the true value of the location parameter.

N
Let S*|t = ¢ djxj)-Dt (51)
i=1

and substitute into Equation (50) to obtain

N N
MSES = Var[ z djX(j)-DtI+(E[ I djx(j)-Dt]-S)? (52)
i=1 i=1
22
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And by the use of Equations (42), (45), (46), and (47),
Equation (52) becomes
N 5 2 N N 5 N s ..
MSES = .2 diS dii+2.£ .2:? didjﬁij*[‘z di(SUi"'t)"Dt'S] (5.1)
i=1 i=l j=i+l i=1
N
Now by adding the constraint that I dj = D and considering
. i=1
a minimally censored Cauchy sample the mean square error of
the estimate of the scale parameter is given by
N-2 , N-2 N-2 N-2
MSES = s2( ¢ djoj3+2 1 T djdjogj+[ T djri-11%)  (54)
i=3 i=3 j=i+l i=3
Equations (54) ai.d (49) are the required expressions to
compute the mean square error, but in this case, it is de-

sired to minimize these quantities.

Minimization of the Mean Square Error

Both expressions for the mean square error contain the
scale parameter squared. At this point, the problem is to
determine the values of the aj's, A, dj's and D which min-
imize the respective MSE function, and these values will be
the same if the functions arc minimized without the (52)
term.

Taylor (Ref 17:198) describes Lagrange's method of min-
imizing a function of scveral variables subject to a con-
straint. In applying this method the original-function is
modified by adding the constraint vquation multiplied by a
Lagrangian multiplier, and then taking partial derivatives

of the function with respect to each variable and multiplier.

23
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The resulting derivatives are set equal to zero to form a
set of simultaneous equations. These equations are then
solved for the values of the variables and multipliers which
minimize the function.

Matrix Equation. To develop the matrix equations for

the calculation of the required coefficients, Equation (49)
N-2
is modified by adding the constraint, I aj=1, to give
i=3
N-2 N-2 N-2 N-2 2
L= ¢ afoji¥2 £ ¢ aja;oii+t[ . ajuj-A]l°+a(za;-1) (55)
i=3 © 0 Tia3 jeielt 9 09 T3 *
Now if N=7 is the total sample size and m=3 is the size of
the sample after censoring, application of the Lagrangian

method results in the following set of equations.

oL -
Fy az+tagtag-1 = 0

%% =-azu3z-agg-asugtA = 0

A

5 " 0 (56)

3L Z
a5~ 23(o33+u3)*aq(oza*uzna)+as(o3s*uzus) -Aust

2 A
%%1= a3(o43*uqu3)*tag(oag+vg)*+as(ogstugus) -Augts = 0

L 2 A
385" 33(°53*”5”3)*a4(°54*”5“4)+a5(°55+u5)-Au5+3 =0

The above equations in matrix form are:
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. 1+ (2] ¢
0 0 1 1 1 3 1]
0 1 "3 -Hg ~Kg A 0
1 -u3 (033+u§) (o34+n3u4) (o35*u35) az{=|0f (57)

2
1 -uy (og3tuguz)  (oq4*ug)  (o4stugus)y |ag) | O

2
1 -ug (ogztuguz) (o54*usug) (oss+u5)J as, OJ
bo b 3

A similar procedure for Equation (54) results in the follow-

ing matrix equation for the coefficients of the scale par-

ameter,
P 2 - p 1 p 1
(o33+u3) (o34+u304) (o35+nu3m5) dz| |uz
(043+uqu3) (044+u§) (o45%ugus) dgl={uys | (58)
2
»(053.‘-"5“3) (054*115114) (055"')15) ] LdS. b;,:s.

where D = d3 + dgq + dg

The matrix Equations (57) and (58) include matrices of
the expected values and covariance of standardized order
statistics and the column vectors of the desired variables.
These equations can be solved for the column vector of m + 2
variables for thc location parameter and m variables for
the scale parameter.

Solution of the Matrix Equations. The above matrix

equations were solved for sample sizes of N = 5(1)20 on the
CDC 6600 computer. Basically, the main Fortran program recads

in the values of the means, variances, and covariances, and

25
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the matrix equations are calculated and then solved by a sub-

routine to the main Fortran program. This subroutine is a

20 vt

T

. modification of the "Matrix Equation Solver" Fortran extended
subroutine due to the Computer Science Center, Wright-Patter- 1
f - son AFB, Ohio. The values of the linear coefficients and

constants are tabled for each N and M. In addition, the

value of the mean square error function is tabled for each
sample of size N and M. The values of the mean square error
functions are calculated from Equations (49) and (54).
Equation (49) can be rearranged to give:
N-2 N-2 N-2 .
MSE = ¢ T azajo;i+[ £ ajp;-A] (59)
i=3 j=3 = M 1zt
and a similar expression can be developed for the MSE of the
scale parameter. With the known values of a; and A from the
solution of Equation (57), the MSE is easily computed in a

subroutine to the main program.

E : Additional Censoring

Censoring from Above. The minimally censored sample was :

defined as the basic ordered sample of size N with the two
extreme order statistics censored from ecach end of the sanm-
ple. Additional censoring was accomplished by censoring the
sample from above so that M (the number of sample values
remaining after censoring) decrcases from (N-4) to (1) for
cach sample size (N). The value of the mean square error
function was also tabled for each M. The valucs of the co-

efficients and MSE for the minimally censored sample and
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additional censoring from above are given in Table I, Ap-
pendix A,

Symmetric Censoring. Each sample of size N=5(1)20 was

also censored symmetrically from both ends. In this case

M rdanges from N-4 to 2 for even sample sizes and N-4 to 3

for odd samples. The symmetric censoring was terminated at

M=3 since with M=1 the estimate of the location parameter
is the median and there is no information available to com-

pute the estimate of the scale parameter.

27
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V. Use of the Tables

Introduction

The results of this thesis are Tables I and II included
in the Appendices. With these tables the user is able to
calculate the besst linear invariant estimates of the loca-
tion and scale parameters of the Cauchy distribution. This
chapter explains these tables, gives the required procedure
to obtain the conditional estimates or simultaneous estimates,

and provides examples of these calculations.

Explanation of Tables I and IT

Both tables include the values of the mean square error
function, and the values of the coefficients and constants
which are applied to the sample data to obtain the estimates
of the parameters. Thesc values are tabled for each N
(sample size) and M (sample size after censoring). The co-
efficients of the order statistics required for estimation
of the location parameter are listed in the columns under
**LOCATION**, and the same values for the scale paramecter
are listed in the same manner under **SCALE**, Table I is
used for a minimally censored sample or for a sample with
additional censoring from above, and Table II is used for a

sample which has been censored symmetrically.

Estimation Procedure

Best lincar invariant estimation of a parameter con-

sists of the following steps:

28
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1. Obtain the sample data. !
4 . 2. Order the data and determine N.

4
Minimally censor the two extreme sample values
from each end, and additionally censor as desired.

Determine N and M and enter the appropriate table
to obtain the coefficients and constants,

5. Multiply the sample values by their respective
cocefficients and sum the result to obtain the ;
estimate of the parameter. 3
6. If the sample was additionally censored from above ]
(Table I) conditional estimation is required, and i
the appropriate constant times the known parameter
must be summed with the terms in step 5. ;
Examples :

No Additional Censoring.

PRI ATV

As an example of the use of

the tables to determine an estimate of the parameters of the

Cauchy distribution, assume that the following data are

s ks ar L 4 b AE

known to come from a Cauchy distributed parcnt population.

The true value of the location parameter is 8.0 and the true

value of the scale parameter is .S5.

]

X} = 5.689853 Xg = 9.222433
X, = 7,835235 X7 = 8.316519
X3 = 9.641365 Xg = 7.902609
X4 = 7.201119 xg =18.926210

S PPUPUNU L DS I WPL - SO S Hone st Wt St e el S € ke

X5 = 8.739464 %

!
When the data are ordered the following order statistics are z

obtained:
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X(1) = 5.689853 X(6) = 8.739464
X(2) = 7.201119 X(7) = 9.222433
x(3) = 7.835235 x(g) = 9:041365
X(4) = 7.902609 X(9) = 18.926210

X(5) = 8.316519

After thesec statistics are censored the subset X(3) through

X(7) remains with N=9 and M=5. From Table I, the following

coefficients are obtained:

az = -,067277 ag = .245395
ag = .245395 ay = -.067277
ag = .643765 A =20

Now the estimate of the location parameter t* is

th = a3x(3)*a4x(4)*agX(5) *aX(6)*a7x(7) (60)

And when this calculation is carried out t* = 8,290177.

To estimate the scale parameter the required coeffic-

ients are obtained from the same table.

[~ 9
(2]
i

-.153945 dg = .369546
dg = -.369546 d7 = ,153945
dg = 0 D =0
Now
s* = d3X(3)+d4x(4)+d5x(5)+d6x(6)+d7x(7) (61)

and when these calculations are carried out s* = ,5228009.
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It can be seen by inspecting the tables that the esti-

mation is conditional estimation whei the sample is censored

b 2hARd seTeAe,

additionally from above. In all other cases the values of

A and D arec cqual to zero.

Additional Censoring from Above. To demonstrate the

conditional estimation procedure, consider the data from the
previous example. Additional censoring from above will be

performed so that n=9 and M=3. Now from Table I:

az = -.070500 ag = .82517 i
ag = 245330 A = -.032654 %
and %
dg = -.231235 dg = .779717
dg = -.588770 D = -.040287
t¥|s = azX(3)+agXq)+asx(s) -As (62)
s*|t = d3X(3)+d4X(4)*d5X(S)-Dt (63)

When these calculations are carried out, the following esti-
mates are obtained: t*|s = 8.265232 and s*|t = ,342227.

The same procedures apply to the estimation of the parameters
with additional\symmetric censoring with the coefficients
from Table II. The reader will notice that the value of the
MSE of the estimate increases as less information is con-
sidered. For the location parameter estimator of the last

cxample the MSE incrcases from .38655 to .39752 as M de-

crcases from 5 to 3,
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Simultaneous Estimation. Due to a technique suggested

by Herman for unbiased estimation (Ref 8), it is possible
to use Table I for simultaneous estimation of the parameters

when neither is known.

o—

If t = the simultaneous estimate of the location parameter
s = the simultaneous estimate of the scale parameter
t* and s* are as defined earlier
M+2 M+2
then T = B RN A L i) (64)
1-AD
M+2 M+2
- I dixeiy-D X asxes
and s = og 07T, M10() (65)
1-AD

As an example of this technique, consider the data from

the example with "additional censoring from above'.

az = -.070500 dz = -.231235 X(3) = 7.835235
ag = 4245330 dg = -.588770 X(4) = 7.902609
ag = .82517 dS = ,779717 X(5) = 8.316519
A = -,032654 D = -.040287

£ . 8:208905 4 000651 _ 5 560,55

L 998687

In summary, it can be seen that although this technique
of estimation is conditional cstimation, the conditional re-

quirement is only necessary when estimating from sample data
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that have been censored additionally from above. The method

provides a simple and efficient procedure to estimate the

Cauchy paramecters.
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VI. Summary

The objective of this thesis was to develop a table of

linear coefficients which could be easily applied to sample i

data to obtain the conditional best lincar invariant esti- ;
mates of the location and scale parameters of the Cauchy é
distribution. These estimates are best in the sense that 5
they process minimum mean square error. The coefficients

and constants required to calculate these estimates for

minimally censored samples and samples with additional

censoring from above are tabled in Appendix A. The same

values for samples with additional symmetric censo:'iig from

s e R

above and below are tabled in Appendix B. 1In addition the
valuc of the mean square error function for each sample size
is also included in these tables. The computer programs
required to calculate and table the above data are included
in Appendix C.

This paper also includes a brief review of the previous
work in estimation of the parameters of the Cauchy distribu-

tion from 1961 through 1970. Much of this effort was ac-

_complished at the Air Force Institute.of Technology under

the dircction of Professor Albert H. Moore and sponsorship

of Dr. H. Leon Harter. These works are concerned primarily

with unbiased estimates of the paramcters.

The Cauchy distribution and its peculjaritics are dis-
cussed with a review of scveral ways in which the distribu-

tion may be gcncrated. The order statistic theory required
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to obtain the expected values, variance, and covariances

of the order statistics is also revicwed. The mean square
error function for the estimate of the parameters is de-
veloped and minimized by Lagrangian techniques to obtain the
matrix equations required to calculate the linear coeffic-
ients.

The report is concluded with an explanation of the
tables and several examples of the application of these co-
efficients. A technique of simultaneous estimation of both
parameters of the distribution is alsc presented with an
example of the technique.

The mcthod of estimation presented in this paper and
the attached tables of linear coefficients provide a simple
and efficient method of ovbtaining either conditional or
simultaneous best linear invariant estimates of the param-

eters of the Cauchy distribution.
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