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At the present time, semicuaductor thermcbatteries are used as
thermostats in radioelectronic 4 vices, air conditioning, refrigerating
of food products, biological preparations and the like. The operation
of thermoelectric devices is established by both static characteristics
(refrigerating capercity, fixed teanerature drop) and by dynamic ones
(exit time from a given temperature mode, precision of maintenance of a
temperature). Of special interest among possible transitional modes of
operation of thermobatteries are transitional processes arising during
passage of multistep currents across thermoelement junctions. A number
of variants of calculations of temperature movement when thermobattery
power is switched on have been published in the literature [1-8]. As a
rule, simplified thermobattery models are discussed in the works cited.
Either they generally do not take the thermoload on thermobattery janc-
tions into account [3, 4], or they only take into account the heat capa-
city of the switchplate and the object cooled [1, 2, S].

Calculation of transitional thermal processes on a thermoelement
cold junction under mixed thermoloading 1is presented below. Subsequently,
it is considered that thermobattery junctions have identical
electrical and thermal characteristics, and that the side faces of
thermobatteries are adiabatically isolated. Then, temperature distribu-
tion T of a thermobattery, as a function of coordinate x, directed along
the length of thermoelements from the cold junction to the hot, and
time t are written in a thermoconductivity equation as

, T T .
o =t T (1)

Here, A is the thermoconductivity of thermoelement junctions, c is
the volumetric heat capacity of thermobatteries, p is the resistivity of
thermoelement junctions, j is the current supply density (here and further,
the values of physical parameters are related to unit areas of the
thermobattery cooling surface).
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Using the operator method, it is easy to find the Laplace transform
for the temperature of the cold junction

i _ 0 AV (V=) —p (b= K sh VP
Wol=o=F+ mavs s ar st a5 I (4)

p

Transition to the provisional domain is accomplished by the Rieman-
Mellin formula and residue theoxy:

Wy— 052~ K, 2
6(FO)=0,— —71—5Bi, o, T E.A‘pr(— aht-o). (5)

where

A—9 12y (= Ky) sin B — 3 (1 — cos 1 _
« 8 13,27, = 1)sind + (5,8 — 1 —v—Bij ) cos 3,

The value of GK is the positive root of the transcendental equation

tga ______5___ . (6)

o=+ — By

It follows from formula (5) that the temperature drop 49=8p-€& between
thermoelement junctions can be presented in che form

here Ai== A0, — f(Fo).
f(Fo)= ";?; A _exp (- 8 Fo). @)
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Series (7) defines the rate of approach of the temperature of the cold
junction to a stable value, in which

AD = — (0.5 1-&,) ¥ — Ky
cru 14 v+ By ) (8

The maximum temperature drop is achieved at a current density v the
value of which is equal to

. 1B24-20,B 4 2Ku (L -+ 2N % - E ,
= TF2% - (9)

o

in which the value itself of the maximum drop is determined by the
following relationship:

Mg Oy B~ [B2=-20,8 -1 2K, (1 -+ 2,)] 1 r10)
here, B=(1+Bil)(1+2gK).

Calculations according to formula (5) assume knowledge of the solutions
of Eq. (6). The values of the two least roots &; and 6, were calculaced
on a digital computer for a wide range of changes in the parameters
v+Bi; and n;. The results of the calculations are presented in Table 1.

The case for v+Bi;=) and n;=0 are iimiting. Since the value of GK is

localized in the corresponding intervals SKE((k—l)n, k1), series (7)

quickly converges at sufficiently large values of Fo.

It is evident from the data of Table 1 that the increase in heat
capacity n; leads to a decrease in the values of GK’ that is, to an increase
in retentivity of thermoelements; increase in heat transfer Bij;, as well
as current density v, show an opposite effect on the value of GK.

Pre-exponential factor AK also depends on parameters nj, v and Bi;.
In addition, the parameters 8y and KH influence their values. The course

of changes in coefficients A; and A,, as well as of 6% and 6% vs. the
ratio of current density v to its optimum value v% for various combinations

of parameters Bij and nj;, are presented in Fig. 1, 2, 3 and 4. The rela-
rionship of A; to current v is characterized by the presence of a maximum,
after which A; decreases monotonically, passes through zero and becomes
negative. Coefficient A; increases monotonically with increase in current
v. With increase in heat transfer in Bi;, the value of the coefficients
of the series decreases. which corresponds to a decrease in the steady
drop with increase of Bij; (Fig. 1 and 2). Values of 61 and 6% increase
monotonically together with current strength.
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Fig. 1: Coefficient A; vs. current density v

(eo=0.6)
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811=S,
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Fig. 2: Coefficient A, vs. cuirent density )

(845=0.6)

Sce Fig. ! for legend.
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Fig. 3: 6% vs. current density v (8=0.6)

See Fig. 1 for legend.
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In those cases when the parameters Bi; and n; assume limiting values,

close to zero or fairly large, it is casy to determine analytically the
corresponding values of §, and A

K K
Thus, when =0, v+ Big—0, Ky=0 '
=5 (2%k—1). A =8 = (28 = 1) s -+ 2 (—Dk2

(2r—=T1)o= '
When \’+Bij>,>i, Kn—'_—o
R 22 [(=D)E—1]
o, =kx, A, —W.
vhen m>1, Kn=0
1
a’-=_.,[ﬁ_"_:;'_8'l_]2, Bo==(k—1= (k=-2,3,...,)
Ti
=052 T, 22t (—E
CAETEEE T AT TTamnn, o B8

Correspondingly,temperature changes at sufficiently high values of
Fo are determined by the following-relationships:

when =0, v+ Bij— 0, K,=0

A= A0,. —8 ’—":?—e\1>(— = FO) (11)
when v+ Bil> !, Ky=0
442
G = Af —_——exp (—=2
Al Bersu +— ) exp ( Fo), (12)
when ni>1
. 1 +'l';' BI ~
A) .- cr.lu [1 - exp(— ___yl-l__—_! r())] : (13)

The temperature of the cold junction in the transition mode of
operation, depending on the current strength, can approach equilibrium
from the sides of large or small values, that is, monotcnically or
passing through a minimum. The condition fixing the limit for these two
cases is the equality of coefficient A; with zero:

o

;(00— —K-—) sing, - v(1 ~- cosg,) -

(14)

Determination of the current vy which satisfies condition (14) should
te accomplished numerically together with the solution of Eq. (6). It is
interesting to compare the values of vy obtained here with the optimum
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ones in the steady-state mode of operation. Data of the calculation of
vy for a series of values of the parameters n; and Bi; (at 8¢=0.6 and

KH=O) are presented in Table 2. When KH + 0, the value of vy can be

found analytically,

0
0y arccos ( -—-i—_:‘_’ (,u)
Y= Vis 90 . (15)
Since vg==1114-§5§-1, then
vo _ 1 1 — bt
B 1+ 7 )"'CCOS( 1+°o)‘

At any 6(, the latter ratio exceeds %3
unity. An increase in the thermocapacitive load n; favors an increase in
current vg, but heat transfer Bi; decreases the value of vy (Table 2).

that is, it is greater than

In the general case, the ratio %% can be both larger and smaller than

T .
unity. Thereby, the extreme on the curve of the function 6(Fo), arising
at v=vg, can appear at current values lower than the optimum (at fairly
large values of Bij) and in excess of the optimum in the steady-state
mode of operation. Since §,>8;, the mode of operation in transition from
a monotonic temperature drcp with time to a temperature change with the
extreme, is the most '"rapid." Current density vy corresponds to the shortest
time for the transition process, and the,v=vy mode of operation is advisable
in conditions when the current vy provides a sufficient lowering of the
temperature in the steady-state condition.

Table 2: Relationship between current vy and »Q at various thermal
loads on the cold junctions )

Moe ..o 0 0,1 03 1 o 0 0 0
By ....0 0 0 0 0 0 1 5
v ....0483 0,483 0483 0483 0,483 0433 0,50 0,573
Yoo ... 079 08 097 1,06 1,20 0,79 0.6 037
T=—2.."16% 1,74 200 217 248 1,68 1,25 065
2
0o o... 0 0 0 0,1 0,5 1 “
B, .... 10 « 5 5 5 5 5
Q. 0,584 0,600 053 053 0573 053 0573
V... 05 O 037 041 05 €72 12
T=2__ om0 065 071 09 1,25 2,0
W
-9-
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In solving the termal conductivity Eq. (la) in form (5), a rapid
convergence is observed for sufTiciently high temporal values of Fo.
For plotting the transition process at small temporal values of Fo,
the solution of Eq. (1a) should be used in the form of an exponential series

Fo. From formula (4), the expansion of 6(p) by exponents p'1 2 can
be obtained:

- Gy By—Ky 1, rwldlg—K
q(p)==_; —u e L 0 LI

A pP? 3,
wp?
_ by —Ky) 11— ’,": (:;'-i' Blj) | -+ ny? +
l]p
+ CO0—Ku) 1 =245 (+ + Big)l -0y {1l =75 (v + BlY)]
7 : *-
1p?

which, in the temporal domain, corresponds to the series

0— K, 4 M= Kybnd 3
Ve B Yo Rt s 1 0 Ny N Y T _
0(Fo)==8, - }o-,—.”/.__'. 2 Fo
(vig — Ku) 11 — 5y (+ + Bl )] - 5yv2 Fo? 8
O
2:3 + 15V= X

X (Ba— Ky) |1 —2r4 (v-F Biy)} 5 2 I —'.".l (v + Bly)] FO-:}+ .

(16)

4
N

Similarly, the expansion of 8(Fo) by powers of Fo can be found for the
case of a negligible heat capacity nj:

(o) =0 — —7= (o — ) VFo - [0, — K)o+ Biy) +

N 3
4] Fo =~ [0 = K) O~ Biy) +¥] (v + Bi) Fo™ +

1 . . 2
T [ — K\)(++ 8iy) 4] (v Biy *Fo’ — .. (17)

Comparison of formulas (16) and (17) shows that the presence of a thermal
capacitance on the cold junctioa leads to a slowing down of the rate of cool-
ing in the initial period. The first two terms of expansion (17) coincide
with the corresponding terms of the expansion for the case of cooling of
the plate by a constant cutput source, 2qual to v8g-K, [e].

To evaluate the accuracy of calculations of temperature by the amalytic

formulas, using the first terms of the corresponding series, the data of the
numerical solution of Eq. (la) can be used. A graph of change in temperature

-10-
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In the case n;=0, Bi;=0 (Fig. 5a), large current values corr=spond to the
curves with large angles of ascent at the coordinate origin. Curves for
currents less than vy (for the case under consideration, vp=1. 64vT) have a
monotonic character and do not intersect when v<v%, but. curves corresponding
to currents exceeding the value of v° begin to intersect the preceding
ones. When the current exceeds the value vy, the temperature trend has
an extreme. Curve 5 (v=1. Sv and near to the value of vp) has the greatest

rate of establishment of the steady state fall for the relationships
presented.

The graph in Fig. 5b (n;=1, Bi}=0) makes it possible to follow the
effect of thermocapacitive loading on the course of cooling. An extreme
is not observed in the curve A0=f(Fo), even at v 2 (for this case,
v0=2.17v%. The fastest rate of establishing the steady-state condition

among the curves presented corresponds to v=2.
For greater values of the heat transfer coefficient (Fig. 5c, Bil—S

n1=0), the value of v at which an extreme temperature trend appears is less
than unity, and the curve 46(Fo) for v=v 0 has an extreme. The temperature

drop at the extreme points of the curve Ae(Fo) exceeds the steady-state one.

The case of Bi;=5 and ny=1 (Fig. 5d) is characterized by mutual
compensation of the effects of heat transfer and thermocapacitive load,
2s a result of which the extreme on the curves arises at v=1.25

The data from calculation of function 46(Fo) according to formula (5)
are noted in circles in Fig. 5a, b, and ¢, and by formulas (16) or (17),
by triangles. A comparison with curves plotted according to the results
of calculation of function A8(Fo) by numerical methods on a digital compu-
ter shows that, for Fo € (0; 0.05), good precision of the approximation is
insured by three terms of series (8) or (9), and at Fo>0.04, sufficient
accuracy is achieved with the calculation of two terms of series (5).

The formulas obtained above for calculation of the cooling processes
can be used in discussion of the transition processes in the case of
heating (if the temperature of the cold junction is held constant here),
substituting -v for the value of v in the corresponding formulas. The
parameters GK’ correspondingly, will be the roots of the equation

1]
e . By

v =—— an’' the parameters n; and Bi; (64=0.6, KH=0) is presented in Fig. 5.
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0

Key:

a n=v, Bi1=0 c. m=0, Bi1=5
1. v=0.5 1. v=0.5
2. "v=0.75 2. v=1.0
3. v=1.0 3. v=1.5
4. V9=1.25
5. v=1.5 d. nj=1, Bi;=5
6. v=2.0 1. v=0.5
2. v=1.0
b. n1=l, Bi1=0 3. T\)_=2.0
1. v=0.5
2. Vv=1.0
3. v=1.5

The values of GK in the case of heating are lower than in cooling

at the same values of v, n; and Bi;. For determination of the value of

§; and §,, the data of Table 1 can be used The difference Bij-v should
be taken here as the input parameter.

Let us consider further a nonequilibrium thermal process in a
thermoelement,when the temperature changes with time on the hot side,
and account is taken of heat transfer from the hot side Bi, and heat
capacitance of the hot junctions n;. In this case, the boundary conditions
for Eq. (1a) have the form (KH=0):

G0

W = [.’01 ll 0(' ) *‘Bll (r}_on)]l - ?

1=0

AL s, - Bi.@—0
rra (=1 ["} — TG (Fo) Biy (* ’u)] !L_ - (18)

In solving the problem by the operator method, let us use the Laplace
transform for the temperature of the cold junction:
77 1o (By— s} + (- Big) P (eh ¥ p — 1) —
() = b —pish Vg — pvy (»—Bia—10p) sh Vp. )
P PG By 5 gp) (v —Bla—1ap) — plshV p — (19)
— VP {By 4 Biyt {1312y plch ¥ p |

Expression {19) contains a pole at poirt p=0 and poles corresponding
to solutions of equation

(0 - Biy 4, p) (v — Big == 12p) — pl sh V' p ~

— . — (20)
- VP [Biy 4~ Bia - (% 4-n) plch 1 p~ 0.
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If the thermoelement parameters are such that Eq. (20) has only
purely imaginary radicals, converting to the provisional domain, we
obtain the relationship

y (BiQ —) ('400 - 0,5‘12) —2
0)==0 — -
I (Fo)==5, (Bt - Bla) 4 (Biy - ) (Bia—v) 1

©0
~\ stnd [C, (1-~co8? )—CT 5 st d
4_2}4 kl K( N s l (21)
z -1

ﬁV%ﬁNM%N“CNa:m%{:C&MnBJB
where Cy, = (v — Bi2) W 3';: (_109 - ";2."_.);
Cy == il (4 ~ Bi,) - 8%7,0,;
Co =224 (v 4B, — ) (2%-+1) - (+—Bi+ ":23?:) (24, -1-1):
By By =30+ 2
3

~2 LY i . .
=0~} o CH (% -+ 1) — T(Bll — Biy) -

o

C..

A (2-F Biy — 3%) (v ~ Bip - 152

GK is the positive root of the equation

Biy - Bly — ¥ (4 -+ %) .
T Gt — B (B %) (22)

-
=0

-
V]
[~

It is interesting to compare the transition processes defined by
formulas (21) and (22) with curves which satisfy relations (5) and (6)
obtained earlier. It should be noted that, as Biy» or ny+», the solution
of (21) and Eq. (22) approach the limits of (5) and (6).

The difference in the steady-state values of t.c temperatures found
by (21) and (5) is equal to

0,5\'"’ -1 "OU(Bil -+ '«)
(l -:— v - Bll) lB,l - Big R (‘J -+ B:]) (Bl:—\l)l

o=

and is always positive when the inequality

.)'-’—:— v (Bi] - Big) - (Bll - Big ‘%" BilBig) < 0 (23)

is observed.

It can be shown that condition (23) is necessary for the limiting
solution of Eq. (la) in limiting conditions (18). Consequently, in accom-
= plishing limitations on the curren? feed (23), the finiteness of the
3 magnitude of heat transfer leads to a reduction in ti.e effectiveness of
‘ thermobatteries in the steady-state mode of operstions in comparisen with

the case when Biy=».

~14-

LA iy

il

il




O

Gt A

e

P g

-

WM’MWW

il .|‘v-li‘,lv| AN vll“v‘"l;"“"”|‘

T T

B A T

T N T T

o

To evaluate the effect of values of Bi, and ny on the rate of the
transiticn processes, the values of the roots of Eq. (22) and (5) should
be compared. At sufficiently high values of Bi, and n, it turns out that
increase in value of heat transfer Bi, from the hot junctions leads to an
increase in the radical §,, that is, a decrease in the time for the transi-
tion processes. An incredse in the magnitude of the thermocapacitance
n; effects the magnitude of GK similarly under the condition

T

]/ vt B' <:.§; and has the opposite effect when ]/_l:tfﬂi_:>_§“
N

In the general case, the expression for a nonequilibrium temperature
trend with a multistage current can be presented only in the form of a
series; this circumstance strongly hampers its analysis. In particular,
the question of the relationship of the extreme value of the temperature
drop in a nonequilibrium cooling process and the current supply strength,
and the relationship between this value and the maximum temperature drop
in a steady-state mode of operation remains unexplained.

In order to obtain the expression 49 as a function of time, it is
convenient to use the model of a thermoelement with an infinite junction
length. Here, it should be taken into account that, in a sufficiently short
duration of the cooling process after switching on the cur:aat, the tempera-
turc field at the hot junction still has not begun to affect the mzgnitude
cof the temperature of the cold junction. As long as the Fourier number

Fo=—%§— is much less than unity, the temperature trend on the cold junction

does not depend on the length of the thermoelement junction. Therefore,
it can be considered infinite. In this case, the boundary ccnditions of
the heat conductivity equation (1)-(6) are:

at x=0
oT . oT -
)~—0,7*=GJ7‘—11(70—T)+1,’1 T)T“J'?:—Qu» (24)
at xow
ar
o =0 (25)

The boundary condition on the cold junction takes into account the
Peltier effect, heat transfer to the surrounding medium, heat capacity of
the cooling body, the Joule effect, separable at the contacts, and the
output of the ccnstant heat source.

First of all let us consider the case when the cold junction is
isolated from the surrounding medium [10]; then at x=0

R ')‘ ~=ejT.
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Let us reduce Eq. (1) to dimensionless form, during which we se the

relation dy= as the equivalent length. Here,
ej
28 , . __ _ df 26
o T = ey (26)
bro,-07=% (27)
¢ )
whe.p /_ ::O —d_/—-: (j,
(28)
when 7~ %““0
X ejx at e*jfat
Here A== Foy=e —5 = ——
)

Eq. (26) is easily solved by the operator method. As a result of
temperature change of the cold junction with time, the following is

obtained:

A9(Fo) =(1 +0,)(1 —expFo,eric V' Fo, ) 2 ]/E . (29)

In this ruiner, temperature change of the cold junction depends only
on parameter Fc3, that is, on the product j2t. Expression (29) has a
maximum at a specific value of the argument Foz=Fo% determined by
the equation

v en At "_—':‘ _ ) .
}/ =Fo, expFo, eric |/ Fo, = TG (30)

Thus, at 6p=0.6 the value of Fo%=0.081 and Aem =0.0895. An increase

ax
in current j causes a corresponding decrease in the time of arival of the
maximum, and vice versa. The value of the maximum 46 does not depend on
the current. The greatest temperature drop on the element in the steady-
state mode of operation is

Ar’:u\c =1 + Oo - 1/1 'f“ 2[‘0 , when "0 = 0,6 Ao:m.c = 0,117.

The maximum temperature drop in the nonequilibrium mode of operation
is less than the maximum temperature drop under steady-state conditions.
Thus, at 8p=0.6, the ratio between these values equals 0.766. The data
shown are correct for a thermoclement with finite junction length d if

+
2> << 1. The maximum temperature drop on cold

the Fourier number 32

-16-

; '.}mm:mmﬂmwwmmmmmmmln‘mﬁm}mMﬁmmmmmmmwmmmm

AR A e

(i

"m&-!fﬂilmmlfllmfiﬁfft|M!(!lﬁﬁem|'&'MILf!.iﬂlf'aﬂ(ﬁmﬂﬁ.ﬂﬁiﬂ.’ﬂ“ﬂﬁ"ﬁﬁﬁﬁﬁﬂxﬂllx!fﬁflrﬁmﬁl!ﬂfﬁiﬁiﬁﬁﬂ!ﬁﬁiﬁfﬁI(,lelmlx!ﬁ."Mi»ftmm.’Wmmy||nMimIFII.lxMilfmlz'if!mﬂf!i.ﬂﬁﬂhﬂ!kﬁJzWﬂﬁlmm:ﬂﬂﬁwmﬂ(ﬂlﬁuﬂ iR




. . s s ps s e*jtat™
junctions for a semi-infinite element approaches at I-‘o;,::Fof::-—»]?2 ,

i 70 1 9, A
T m"‘

. ar* A \2

In this manner, condition §§-<<1 leads to the inequality v:>]fFaf.

As was shown above [Table 2, formula (15)], the minimum current value Vg
at which an extreme appears amounts to 0.791, and fﬁ55==028.

Beginning at the value v=vj, the values of the temperature drop at the
extreme point, considered for models with junctions of finite and semi-
infinite lengths, practically coincide. The trend of temperature change

AGCTau vs. v (curve 1) and the values of A8 at the extreme point of the

function A6(Fo) (curve 2) for a thermoelement with a finite junction
4 length are shown in Fig. 6. At v=vg, the maximum appears as t-«; with
increase in v, the value of Fo* decreases, and as v, Fo*»0.

I
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Fig. 6: Temperature drop on a thermvelememt with
thermally isolated cold junction vs.
current density (60=0.6)

Key: 1. 1In the steady-state mcde of operation
2. Maximum in time

For the general case, when the limiting condition on the cold junction
is determined by relationship (24), it also is not difficult to obtain an
analytical expression, giving A6 vs. time. However, here, A8 already is
not only a function of dimensionless parameters 65 and Fo, but of the
dimensionless complexes




The effect of thermoresistances on a junction decreases with increase
in current, and the effect of heat capacity and electrical resistance
increases.

Fig. 7 presents A8 (curve 1) and A€ at the maximum point (curve 2)

cray
vs. current v, fer the case Bij=5 (n;=0, £K=0, KH=0, 60=0.6). The minimum

current value vy at which a maximum appears amounts to 0.37, and here

vo<v%. In :the case being considered, the temperature drop at the maximum

point is a .ittle more than at the steady-state. As v, the value of

A6 coincides with the temperature drop at Bi=0. Curve 2 is plotted from
data calculated on a digital computer; the results of the calculation
according t. the formula for a thermoelement with a semi-infinite junction
gives pract:cally identical results, starting with vsl. Thes presence of
thermocapacitance and coutact resistance, as has already been demonstrated,
comes dcwn to the fact that the value of A8 at the maximum point falls with
increase in current. In the case of the presence of resistance, the extreme
occurs only at sufficiently small currents when §K<eo or j<—£lgﬁ— s
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when the magnitude of the Peltier heat exceeds the Joule effect on the
cold arction contacts at the initial moment of time.

3 Fig. 7: Temperature drop on a thermoelement vs. current
4 density, taking heat transfer on the ccld junction
into account (8p=0.6, Bi=5) . 2

it

Key: 1. In the steady-state mode of >peration
2. Maximum in time
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