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ABSTRACT

Initial axisymmetric deviations from the exact circular
cylindrical shape increase with time in consequence of creep when
a uniformly distributed axial compressive load is acting on a
thin-walled cylindrical shell. The increasing deformations are
accompanied by the development of hoop stresses. When the hoop
compression reaches a sufficiently high value, the shell can

buckle elastically in agreement with Koiter's special theory.
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Theoretical Considerations

In a paper published ir 1964 Samuelson [1] mentioned that
circular cylindrical shells subjected to a uniformly distributed
axial compressive load occasionally began to buckle in an axially
symmetric manner, and later developed a multilobed buckling pattern,
The tests were carried out with metal specimens under such conditions
of stress and temperature that both elasticity and creep were respon-
sible for significant parts of the deformations. During the tests the

compressive load and the temperature were held constant,

In view of Koiter's papers [2,3] of 1945 and 1963 it appears
worth while to follow up Sumuelson's work both theoretically and
experimentally. The theories of the Koiter papers were largely
responsible for the explanation of the formerly perplexing behavior
of perfectly elastic circular cylindrical shells which, as a rule,
buckle under axial compressive sitresses much lower than the critical
stress of the classical small-displacement %theory. Keiter showed
that this difference is a consequence of the great sensitivity of
the system to initial deviations from the exact circular cylindrical
shape. Tn his so-called special theory (L] he assumed the existence
of small initial axisymmetric deviations from the exact shape which
vary sinusoidally with the axial coordinate. When the compressive
load is applied, the amplitude of the deviations increases and the
increasing displacements are accompanied by the appearance of hoop
stresses in the shell. The destabilizing effect of the hoop compres-
sion is an important element of the problem; it can lead to the
development of a multilobed patiern of buckling vefore the amplitudle
of the axisymmetric deformations increases beyoni all bounds accord-
ing to the small-displacement theory.

But in the presence of creep deformations the conditions

are quite similar to those prevailing when the shell is perfectly

elastic. The only change is tha' the initial .jeviation amplitude
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of the shell keeps increasing with ‘ime in consequence of creep under
a constant applied load while in the case of the perfectly elastic
§..211 the initial amplituds is constant and the applied load keeps
increasing “uring the loading process, Thus the role played by the
critical load of elastic stability theory is taken over by the
critical t.me in the presence of creep: itL is the time when, under

a prescribed constan. loai, the initial deviation amplituie of the
axisymmetvric deviations reaches the value under which the shell
beconies elastically unstable in the presence of multilobed

disturbances,

The growth in conseguence of creep of initial axisymmetri~
deviations from the exact circular cylindrical shape was calculated

by the author in 1968 [5]. His implicit expression is reproduced

here:
x?in(l,18+x§)
t = 0.294 ty O 5 5 (1)
xo(1'18+xfin)
Here
x = w/d (2)

and w 1is the amplitude of the axisymmetric deviations from the
exact circular cylindr.cal shape at any time t while d 1is the
distance between the faces of the sandwich model of the real solid
wall of the shell. The tguivalence was established on the basis of

Rabotnov's [6] suggestion:

d = [n/(2n+l)]n/(n+l)h (3)

In this equation h is the thickness of the real solid wall of the

cylindrical shell and n is the exponent in the uniaxial form of the

creep law governing the creep deformations of the material of the shell:

¢ = kd® (%)
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where € 1is the uniaxial tensile strain, o the correspoﬁding stress, a
k an empirical constant, and the dot over the € indicates differen- {
tiation with respect to time. Since in the derivation of (1) n was

agsumed to be 3, the value of d as given in (3) becomes

2 \alt,

d = 0.528h (5)

The subscripts O and fin refer to the initial and final
values of the deviations characterizing the state of the shell at the
3 moments of load application and multilobed elastic buckling,
respectively., Finally, tE is the Euler time defined as

G s iaze

) - /2
t'E €E/tnom

where eE is the strair at which a perfectly elastic axially compressed

circular cylindrical shell buckles sccording to the classical small-

displacement theory:

€p = 0.6{(h/a) (7) :

a is the mean radius of the sh=sll, and énom is the nominal creep

PALEINLICYS,

strain rate of the perfect shell

nop = K(2/2mah)" (3)

with P the value of the compressive load applied to the snell

.
e M iAo

(positive when compressive).

A Oaaa 2k

Equation (1) was derived on the basis of the ass: .ption
that the shape of the initial deviations is sinusoidal with a wave-
length equal to that wavelength at which the creep deformations
increase most rapidly. For all practical purposes this is also equal
to the critical wavelength of axisymmetric elastic buckling. It has
already been mentioned that in the analysis n was taken as 3; this
restriction was discarded in a paper by hHoni'man and the author (7]

in which results were obtained for n = 5,7, and 9 , and the results
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werse extended in an approximate manner to n = 29 , The expression
presented in the paper is the same as (1) except that the values of

the numerical constants vary with n .

In the analysis of [5] it was assumed that the material of
the shell is capable only of steady creep deformations. When it also
deforms elastically in accordance with Hocke's linear law, (1) must

be replaced with (see [8])

0p=0 x?in(l.18+xi)
t = 0.294 =— t, =5 5 (9)
E x_(1.18+x5, )
o fin
where GE is the critical stress of the classical linear theory
op = 0.6E(n/a) (12)
and o 1is the intensi.y of the applied compressive stress
o = P/2mah (11)

(positive when compressive).
aeione

In the presence of both elastic and svealy creep deformz<ion:

3 An

Xy is the amplitude of the initial deviations after load appli~=lion

(1°)

where

(1+)

b =W d
00 oo/

P

is the nondimensional deviation amplitude vefore load zpplication,
The critical value Yeor of the initial leviations is given

Ly Koiter's formula

2
x = 0.76 (-0) (1)
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obtained from the original ex) ression in [4], ruely

v o= {!1/27(1-\/3)]1/2[(J.-x))q/o] (15

where
¥ = w/h (1)

and g 1is the ratio of the stress at which multilobe: bucklin: « »urs

to the critical stress o, of the clissical theory. The numerical

b

4

f
factors were obtained on the basis of the assumprticon that Vv = 2, - .

When the intensily ¢ of the <ppli... »omprescive siress

]

and the geometric ami mechanical propertic~ of the shell ure spocifie:,

the ratio of ¢ to OE ecan arain te dencuied o . The criticsd value

of x for multilobei buckling corresponiing to thiz value of . .on

be computed from (1l4). This velue represents an initizl ileviation
before load application; hence it must be multiviie: by oE/(cr-o)
before it is substituted for Xein in {9). Thus cone sbtains ‘he

critical time Lnult for muloilobed tucklins un or the simul-nanecur
1

acticn of the axial and the hoov stresses 2s

. P22
6_-0 fo/(op~0) ) %" (1.ivx )
= 0.794 E . e B cr o
S Cn PO }(2(1 l:“'(o /(c’ —U)-l‘\)ro M
= o 7 [ oy

“mult

Axisymmetric creep buckling occurs under the smne soress ¢ oL che

itical ti £ . which s obtained from (Q) vhern =, is m
critical time axi (2) fin

to increase beyond all boun-s:

-
0.-0 1,280 %
6t . = 0,294 ——— t_ M - P
axi E o.. E D (27)
I }\(\

The ratio R of “he two critical times

/t

“mult! Taxi
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This expression simplifies substantially when both X, anc

X are small:
er

&(xcr/xoo) log(xcr/xoo)

R = 31.086/x.) = Tog(L.08/x_) (20)

] o
E 22 2 E 2.2
when GE:E] Xop << 1.18 and X, = [UE'U] X o << 1.18

A nuwnerical example will show the significance of the

reduction. Let us take

10”

kel
n
(@]
(o]
»
[}

o0

From (12) we obtain

X, = 0,005

ani from (14) we have

Xop = 0.038

It follows from (20) that
R = log 38/log 217.2 = 1.579/2.337 = 0.676

A large reduction in the critical time can be expected to
occur in consequence of multilobed elastic buckling whenever ¢ is
high. When p is very small, xir can be much larger than 1.13
with the result that R is approximately equal to unity., In such
cases it is not too likely that multilobed buckling can be observe:l
in the experiment. On the other hand it is to be remembered that
Koiter's equation was derived on the assumption that ¥ < 1 ; Tor
this reason any conclusion based on Xp values much greater than

one is highly speculative.
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Experiments

A doctoral student of the author, Michel Benoit, recently
carried out creep buckling experiments with 31 nickel specimens [9].
The specimens were manufactured very carefully by R. L. Sendelbeck
who made use of the electroplating technique. The specimens had
a diameter of 1.225 in., a length of 4,40 in. and wall thicknesses
ranging from 12.7 x 1073 in. to 40 x 1077
out under a constant load applied through a lever; the specimens were

in., The tests were carried

placed inside an oven whose temperature was maintained at 650°F.

A special feature of the tests was an interruption of the
loading once or twice for the purpose of photographing the specimen
and measuring accurately its aeformations., In this manner it was
possible to determine that the buckling of many of the specimens
began axisymmetrically and continued aud terminated in a multilobed
fashion,

Figures 1 and 2 are photographs cof typical axisymmetric

ani multilcbed buckling patterns.

Concluding Remarks

It has been shown that the effect of the hoop compression
developing in consequence of axially symmetric creep deformations
an lead to u reduction in the critical time of axi2lly compressed
thin~-walled circular cylindrical shells. This behavior is analogous
to the reduction in the critical axial stress of perfectly elastic
shells in consequence of the same hoop stresses as described by
Koiter in 1945, 1In both cases the initial deformations are axially
symmetric while the final buckling pattern is multilcbed.

The wwo figures of the paper show these two patterns.

They are pholographs of specimens of the present series; they were

easy to take beceuse the creep deformations develop slowly. They

may be useful as a confirmation of the correctness of the physical
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basis of the Koiter theory valid for perfectly elastic shells; in
the case of these shells photography of the changes in the buckling

pattern is difficult as the transition from the axisymmetric state

to the multilobed state tekes place very rapidly.

o One might argue that the change to the multilobed pattern
E: should be a snap-through phenomenon even in the presence cf creep
because it is caused by the appearance of sufficiently high elastic
hoop stresses, However, the end shortening versus time curves snow
% no discontinuity of the tangent even though they become quite steep,
as 2 rule, when the shell develops large -defcrmations. Tt is likely
that the absence of the liiscontinuity is a consequence of the
presence of small initial multilobed components of the deviations

from the exact circular cylindrical shape.
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