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SUMMARY

A load-life model is developed for calculating the fatigue life and
reliability of a spur gear mesh., The dynamic capacity of a gear mesh

is defined as the tangential load which can be transmitted for one
million pinion revolutions with a 90% probability of survival. The
model 18 an extension of the currently accepted Lundberg-Palmgren Rolling
Element Bearing Life Model. Limited rolling contact testing of cylindri-
cal samples with and without traction in the contact was accomplished.

At a low coefficient of traction (below 0.1) no statistically significant
effect on fatigue life was noted. Scanning electron microscopy studies
were performed of all test samples. OUne rolling test sample was SEM
examined periodically during testing to observe initiation and progression
of failure. Numerical examples are presented for the calculation of the
dynamic capacity of a standard contact ratio and a high contact ratio
spur gear mesh,



FOREWORD

This is the final report of the Franklin Institute Research Laboratories'
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Mr. E. G. Filetti, Mr. J. Dunfee, Mr. J. Zudans, and Mr. M. L. Adams.
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INTRODUCTION ‘ .
R .

A need exists for improved life and reliability estimating methods for
critical mechanical components.' Helicopter transmissions are a complex
system of rolling element bearings and gears. The 'current emphasis upon
increased reliability and decreased maintenance requires methods to
evaluate the relative risk or reliability of each indiwvidual compqneﬁt}
Thus, high-risk or low-reliability components can be identified and the
proper design effort expended to improve their performance. Present
gearing technology and AGMA Standardsl enable a designer to design

a safe gear with a long anticipated life. Gear technology does presently
enable the designer to calculate the anticipated hours of life of a gear
mesh at specified loads, speeds, and duty cycles for a given probability
of survival. The ability to estimate gear operating life would enable

a designer to consider reliability and would be an important step toward
increasing the maintanability of U. S. Army aviation mechanical transmission
equipment. ; Co

Current rolling element bearing technolo‘gyz’3 provides the design engi-
neer with the ability to calculate the anticipated hours of life of '
rolling element bearings under specified loads, speeds and duty cycles
for a given probability of survival. The overall reliability'of the
system of bearings in a transmission can also be expressed for a given
probability of survival.

Rolling element bearings and gears have much in common, and technological
advances in one field should logically be applied to the other. 1In 1947,
the first significant step toward a solution of the problem for life
rating rolling element bearings was accomplished with,the publicatipen of

a new comprehensive mathematical .tregtment, ,'Dynamic Capac1ty of Rolling
Bearings," by Lundberg and Palmgren.” A supplement to the original

paper, '"Dynamic Capacity of Rolling Bearings," was published in 1952.

The Anti-Friction Bearing Manufacturer's Association (AFBMA) adopted,

this mathematical life model and incorporated it into an American industry
standard in 1949.% The United States of America Standards Institute also
adopted the theory and issued Standard B3.11-1959, entitled "American 5
Standard Method of Evaluating Load Ratings for Ball and Roller Bearings."
Adoption of these standards has resulted in a more uniform method of

load rating the bearings and has reduced the amount of cdnflicting

claims made by different manufacturers for essentially the same con-
figuration of bearings. The present program is an attempt to: apply the
same Lundberg-Palmgren load-life model to a spur: gear mesh.

There are four common modes of gear'failure: tooth breékage, surface
pitting, scoring, and wear. The fatigue life model derived in this report
pertains only to the surface pitting mode of gear failure. Thus, it
must be assumed that a gear mesh is properly designed to avoid tooth’



breakage and scoring and to have an acceptable wear life before one can
realistically talk id terms of a load- life computation involving a'speci-
fied probability of survival. This is also the case with rolling ele-"
ment' bearings where failure modes such as fracture of races or rolling
elements and sliding or skidding of the elements with respect to the
races as well as serious wear problems b./e been properly designed out
of the 'system prior to evaluation of 1i‘. estimates and reliability
numbers.

The resulting fatigue life model for a spur gear mesh is intended to be
used in a similar manner to,and in conjunction with rolling element
beating fatigue life estimates. In .this manner, the reliability esti-
mates for a complete transmission involving bearings and gear meshes can
be calculated ’ =

The following analyticai and experimental analyses were conducted during
this investigation.

STRESS ANALYSIS ' C

The effects of tractions in a rolling contact upon subsurface shear
stresses were determined from the current literature. The variation of
maximum values of several stresgses which are candidates for being con-
sidered the decisive stress amplitude were investigated. The magnitude
and depth below the operating surface of the maximum value of each
candidate decisive stress amplitude were determined in terms of the
applied coefficient of traction (ratio of traction to applied normal !
load).

!

FORMULATION OF LIFE MODEL

The currently accepted rolling element bearing load life model was then
used as a starting point for the derivation of a fatigue life model for
a spur gear mesh. The dynamic capacity (tangential load that a spur.
gear mesh can carry for 1 million stress repetitions’'cr tooth loadings)
was then presented in terms of the decisive stress amplitudes which are
'a function of surface traction

EXPERIMENTAL EVALUATION OF TRACTION EFFECTS UPON ROLLING FATIGUE LIFE

A rolling fatigue life experimental program both with and without surface
traction in the contact was accomplished. This experimental program
determined the effect of traction (expressed analytically above) upon
rolling fatigue life.



FAILURE INVESTIGATION AND CLASSIFICATION

A complete metallurgical examination of all test specimen failures was con-
ducted using the latest available scanning electron microscope techniques.

DYNAMIC CAPACITY OF A SPUR GEAR MESH

The results of the experimental and analytical studies were then combined
to express a dynamic capacity of a spur gear mesh complete with suggested
material constants. The dynamic capacity number in this form can be used
directly r,1th the transmitted tangential gear load and the revolutions
per minute of the pinion to calculate pitting fatigue life of the mesh
for 90X (B-10) probability of survival.

NUMERICAL EXAMPLE

The derived dynamic capacity equation for a spur gear mesh was then used
to numerically calculate the relative fatigue life of a standard contact
ratio gear mesh and a comparable high contact ratio spur gear mesh.



STRESS ANALYSIS

LUNDBERG-PALMGREN LIFE MODEL

The Lundberg-Palmgren theory introduces the material shear stress at a
critical depth below the contact surface and the volume of material sub-
jected to stress. Correlation between theory and test results was ob-
tained by using a statistical method. The life formula for rolling
bearings may be expressed as:’

) rg NE v
logg'\a—_h (1)
Z
(o]

where S = probability of survival, percent
T = decisive stress amplitude, psi

z = depth below surface to T, in.

o
N = millions of stress repetitions
V = gtressed volume in.
e = Weibull exponent

h = material constants to be determined

Appropriate expressions for the decisive stress amplitude (tr ), its depth
below the surface (z,), stress repetitions (N), and the streSs volume (v)
must be substituted into Eq. 1 and the unknown exponents (c, e, h) corre-
lated with test data in order to obtain a load-life relationship.

Two subsurface shear stresses have been identified and calculated for

the case of a contact of elastic bodies. The unidirectional maximum
subsurface shear stress occurs directly beneath the point of rolling

and is proportional to the applied load. This shear stress varies in
magnitude but does not reverse in orientation. This shear stress is
expressed as one-half the difference of the maximum and minimum principal
stresses at the point. The reversing orthogonal subsurface shear stress
occurs below the surface,but it is zero under the line of load application.
The single amplitude magnitude of this stress is less than that of the
unidirectional shear stress. However, its total amplitude in reversal

is greater than that of the unidirectional shear stress. These two
subsurface shear stresses will be defined in detail and presented as a
function of surface traction in the following portions of the stress
analysis. The octahedral shear stress is also used on occasion for stress
computation and will be considered below.

STRESSES IN LINE CONTACT

Figure 1 shows two solid elastic bodies in line contact. It also shows
the coordinates of an element of volume in the subsurface. This contact



of a cylinder with another cylinder or a flat surface is described as
"line contact' because the initial contact under no load is along a
mathematical line. Application of load (P) results in an elastic com-
pression or flattening of the bodies in contact and the formation of
measurable width. The contact area shown in Figure 2 is 2b wide by le

in length. £

o, MAX
DIRECTION OF
ROLLING
z
oy a = 2P | il
J 7 mwheb b?
pha ALE2

_ “j“"[:Jr;"'ﬂl

P

o

Figure 1. Solid Elastic Bodies in Contact (Line Contact)
With Surface and Subsurface Field.

Figure 2, taken from Reference 6, shows the subsurface stress field along the
line of symmetry (Y=0) and directly under the applied load. The sub-
surface shear stress (7;4) is the unidirectional subsurface shear
stress. The magnitude and depth for the maximum values of this stress
are given by Eqs. 2 and 3 for the classical case of line contact with
no traction.
2P
= 0.304 o, = 0.304 Y (2)

T
23 max eff

z =0.78b (3)
[o]



VALUES OF STRESS COMPONENTS (0y MAX)
o0 0.2 04 0.6 0.8 1.0
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Figure 2. Subsurface Stress Field Along Line of Symmetry (y=o)
(Line Contact).

Figure 3 shows the subsurface stress field at a depth of 78% of the
contact semiwidth below the contact surface. This is in the X-Z plane
of Figure 1,and the subsurface shear stress of interest is the '"orthogo-
nal reversing subsurface shear stress", t,,. The magnitude of the
maximum single amplitude value of 7__ and depth below the surface are

zx
given in Eqs. 4 and 5.

2P
Tx = 0.256 o, = 0.256 - ) 4)
max max eff

z = 0.5 b (5)

The maximum value of T,, occurs at y = + 0.85b from the line of symmetry
as shown in Figure 3.
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Figure 3. Subsurface Stress Field Showing Maximum Value of Orthogonal
(rzx) Shear Stress (Line Conta~t).

The single amplitude of t1,, (Eq. 4) is less than the amplitude of the
unidirectional subsurface shear stress, 123 of Eq. 2, However, the
dcuble amplitude for total range of the orthogonal reversing subsurface
shear stress T,x (Eq. 4) 1is greater than the total amplitude of the uni-
directional subsurface shear stress, 793 of Eq. 2. The orthogonal
reversing subsurface shear stress is usually considered to be the stress
which is decisive for fatigue calcul .ions and should be used in Eq. 1.
The unidirectional subsurface shear stress, T,4,is usually considered to
be representative of the static load capability of the material. Since
both subsurface shear stresses are expressed as a proportional constant
times the maximum surface compressive stress (Hertz stress), it is not
possible to determine from the currently accepted Lundberg-Palmgren work
of References 2 and 3 which is the decisive stresc amplitude. Therefore,
both stresses will be considered as they are affected by surface tractions.
A third stress sometimes used for failure analysis is the octahedral
shear stress. This is a resolution of a system of three-dimensional
stresses into two systems acting on the eight octahedral planes. One
system consists of octahedral shearing stresses and the other system is
equal octahedral normal stresses.’/ Octahedral shearing stresses

on the eight octahedral planes are usually associated with yielding or
inelastic action and are used in connection with the energy of distortion
theory of failure. The octahedral shear stress is not usually considered
in determination of fatigue life as expressed by Eq. 1.

STRESSES IN LINE CONTACT WITH TRACTION

An extension of the fatigue life model of Eq. 1 for the case of a spur
gear requires the determination of the decisive stress amplitude and its
depth below the surface. The case of stresses and deformations due to
tangential and normal loads on an elastic solid with applications to
contact stresses was the subject of the doctoral thesis by C. K. Liu.
This work was subsequently published in the ASME Transactions



and summarized in textbook form in Reference 7. Figure &4 represents
normal and tangential loads for two rollers in contact according to the
Liu analysis.

The Liu analysis considered both normal and tangential loads to be dis-
tributed .n Hertzian fashion over t'.e area of contact. The magnitude of
the intensity of the tangential load is assumed to be linearly propor-
tional to that of the normal load when sliding motion of the body is
impending. The stresses in the elastic body due to the agplication of
these loads on its boundary were presented in closed form »9 for both
plane~stress and plane-strain cases. A numerical value of u = 1/3 was
assumed for the linear proportionality (coefficient of traction) between
the tangential and normal loads in order that the distribution of stresses
could be 1llustrated. The significance of the stress distribution across
the contact area and in the body was also discussed. It was shown that
when the combination of loads considered in Reference 9 was applied at
the contact area of the bodies, the maximum shearing stress 717, would be
at the surface instead of beneath the surface. For example, for plane
strain, with a coefficient of traction of y = 1/3, the maximum shearing
stress occurred at the surface and was 437 larger than the maximum
shearing stress which would act below the surface when normal force

acts alone. The effects of range of normal stress and of shearing
stress on the plane of maximum shear and on the plane of maximum octa-
hedral shear on failure by progressive fracture (fatigue) were discussed.
Liu did not consider the variation of the orthogonal reversing subsurface
shear stress 1,,. Liu's investigation further showed that when the
coefficient of traction became greater than u = 1/9, the maximum shearing
stress, T1]2, occurred at a point in the surface. But when u was less
than 1/9, the stress was underneath the surface. The present study uses
the formulation and results of the Liu study and considers the variations
and location of maximum values of the orthougonal reversing subsurface
shear stress, 14,, as well as the effects of traction on the unidirec-
tional maximum subsurface shear stresses.

The equations for the subsurface stresses due to combined application of
distributed normal and tangential loads are given in Eqs. 6 through 14
of Table I. These equations are taken directly from Reference 8. Combi-
nation of the state of stress at a point in the subsurface into principal
stresses, maximum shear stresses, and octiahedral shear stresses is given
in Eqs. 15 through 22 of Table II1, again based on standard elasticity7
and presented in Reference 8 in detail.

The work by Liud was carried out in detail in his thesis with a coeffi-
cient of traction of 1/3. The stress equations (Eqs. 6 through 9)

have been generalized in the traction coefficient, u. These equations
and the corresponding principal stress and maximum shear equations
(Eqs. 15 through 22) were programmed for rapid solution by digital com-
puter. The range of investigation of the variables of interest are
shown in Table III. Essentially, four coefficients of traction were
used with the exception that a finer grid was used in the case of the
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TABLE 1. SUBSURFACE STRESSES DUE TO COMBINED APPLICATION OF DISTRIBUTED NORMAL AND TANGENTIAL LOADS
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TABLE II.

PRINCIPAL,, MAXIMUM SHEAR, AND MAXIMUM OCTAHEDRAL SHEAR STRESSES
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TABLE III. RANGE OF INVESTIGATION OF EFFECT OF TRACTION UPON STRESSES
w
Description Symbol Values Investigated
Coeff. Of Traction u 0, 0.075, 0.15, 0.333
Depth z/b 0 to 1.2 in 0.1 Steps

0.02 Steps in range of interest

Distance x/b 0 to 1.0

—— — —— — —_— |

octahedral shear stress. The results of the computer compilation of

stress fields at the various points in the subsurface were computer-
plotted in order to rapidly and visually determine the variation of the
candidate decisive stress amplitudes. These plots were helpful in locating
the areas of maximum and minimum. Then the detailed computer shzets were
used to obtain accurate readout. A summary of the effects ot surface
traction on subsurface shear stresses is given in Table IV. 1In this
table, it should be noted that the double amplitude of the orthogonal
reversing gsubsurface shear stress sz is given.

VARIATION OF ORTHOGONAL REVERSING SUBSURFACE SHEAR STRESS

A plot of the orthogonal reversing subsurface shear stress, T,,, as a
function of the coefficient of traction is given in Figure 5. Table V
gives the single amplitude and sum or range of Tyx; as a function of
surface traction. It is apparent from the figure and the table that

the total range remains constant. The depth at which the maximum ampli-
tude or range is encountered remains constant at 0.5 b. With a zero
coefficient of traction, the plus and minus amplitudes are equal. As
the coefficient of traction increases, the plus amplitude decreases,

but it is compensated for by an increase in the negative amplitude.

The use of the orthogonal reversing subsurface shear stress, Txz? in a
1life model would result in no life changes as a function of changes in
surface traction across the gear tooth. The decisive stress amplitude
in this case does not change in magnitude or depth with changes in sur-

face traction.

VARIATION OF UNIDIRECTIONAL SUBSURFACE SHEAR STRESS

Table IV indicates that in the plane of rolling (xz plane), the 1,4
unidirectional subsurface shear stress increases in magnitude and de-
creases in its depth from the surface of contact with an increase in

the coefficient of traction.

12
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TABLE IV. SUMMARY OF EFFECTS OF SURFACE TRACTION ON SUBSURFACE
SHEAR STRESSES
e e e e
Location of Max Value
Coeff. of Stress
Stress Ratio Traction Magnitude z/b x/b
0.0 0.2589 0.60 0.0
1,./q 0.075 0.2635 0.50 0.1
= e 0.150 0.2770 0.0 0.1
0.333 0.3775 0.0 0.3
0.0 0.0666 1.2 0.0
1,./0 0.075 0.0677 1.2 0.4
L SRute ek 0.150 0.0706 0.8 0.9
0.333 0.2332 0.0 1.0
0.0 0.3002 0.8 0.0
t../0 0.075 0.3025 0.8 0.2
23"z max 0.150 0.3096 0.6 0.6
0.333 0.3549 0.4 0.9
0.0 0.4983 0.5 0.9
2t /o 0.075 0.4983 0.5 0.9
PR Hing 0.150 0.4983 0.5 0.9
0.333 0.4983 0.5 0.9
0.0 0.2614 0.8 0.0
t../a 0.075 0.2636 0.6 0.3
DT Zpiiax 0.150 0.2711 0.6 0.k
0.200 0.2779 0.6 0.5
0.250 0.2871 0.5 0.7
0.300 0.3142 0.0 0.3
0.333 0.337 0.0 0.3
=

13
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TABLE V. EFFECT OF TRACTION ON ORTHOGONAL REVERSING SUBSURFACE
SHEAR ,TRESS, L

Txz Txz Sum or Dgpth

u %ﬁ_ - 0.9 §_= +0.9 LTy Ran'ge z/b

0 + 0.24913 - 0.24913 ©0.49826 0.5
0.075 + 0.22670 - 0.27155 0.49825 0.5
0.150 + 0.20428 - 0.29398 0.49826 0.5
0.333 + 0.14946 - 0.34880 ., 0.49826 0.5

: 1
It should also be noted from Table IV that the subsurface shear stress,
112, does indeed reach a maximum in the surface of the contact with
coefficient of traction of approximately 1/9, as .indicated by Liu. '9
The remaining subsurface shear stress, 1)4, reaches a maximum, in the
surface with a coefficient of traction between 0.15 and 0.33. However,
magnitude of the stresses in the subsurface of both 1), and 173 is
considerably less than the magnitude of the 15, maximum shear etress.
The magnitude of 7j5 in the surface with a coefficient of traction of
0.333 exceeds the magnitude of t,. in the, subsurface at a similar coeffi-
cient of traction. The formulation of a fatigue life 'model based on the
Lundberg-Palmgren formulation of Eq. 1 assumes variation of a decisive
stress amplitude at a depth below the surface. Shear stresses in the
contact surface will undoubtedly have an effect on surface metallurgy
and surface life. However, for the purposes of the present subsurface
oriented fatigue life model, the variation in the maximum unidirectional
shear stress in the plane of rolling, 123, i1s of interest.

The effect of the coefficient of traction upon the decisive stress ampli-
tude and its depth is given in Table VI for the maximum unidirectional
subsurface shear stress, T23 The expressions in Table VI are a non-
dimensional ratio of the maximum magnitude of Tp3 with traction to the
maximum value without traction. Alsb, a §imilar ratio of the depth below
the surface is given. Both the magnitude and depth are expressed as
second order polynomials in the coefficient of traction, u. Figure 6 .
glves the curve showing the variation of the shear stress magnitude with
the coefficient of traction. Figure 7 shows' the relationship between

the depth below the surface of the shear stress as a,function of the

coefficient of traction.
. |
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TABLE VI. EFFECT OF COEFF. OF TRACTION UPON DECISIVE STRESS AMPLITUDE
' AND ITS DEPTH

—————————————ux

T23 Max = 10 = 0.30036 - 0.01205 u + 0.5421 .2

a Max o_ Max
z z

(18)

22 . 0.7819 - 0.05822 - 3.9873 2 (19)

I

VARIATION OF THE OCTAHEDRAL SHEAR STRESS

The variation of the octahedral shear stress, Tocts shown on Table 1V,
1s represented in Figure 8. The variation of depth below the surface of
the octahedral shear stress, as a function of coefficient of traction,
is shown on Figure 9. It is seen here that a smooth curve fit is not
possible with a second-order polynomial in terms of the coefficient of
tractfon because of the rapid rise to the surface with the coefficient
of traction above 0.25. The octahedral shear stress (Eq. 17 of Table II)
is essentially 4 root-mean-square average of the three sub-surface uni-
directional shear stresses. Therefore, the varlation of the octahedral
stress, both in magnitude and depth within the range of interest, is not
significantly different from that of the maximum unidirectional sub-
surface shear stress, Toyr

i

SPUR_GEAR FRICTION : .

The coefficient of friction or traction in a spur gear mesh varies with
the pitch line velocity, tooth contact lgad, and lubricant. A ceiling
value of u <'0.06 is reported by Dudley for 20° and 25° pressure angle
standard spur gears with lightweight and medium weight petroleum oils at
120°F oil inlet temperature. _ .

. 1
i
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