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FOREWORD 

This report is a technical summary reporting the progress of a 

study conducted by the Digital Systems Laboratory of the Electrical 

Engineering Department, Auburn University. The study is focused 

toward fulfilment of contract No. DAAH01-68-C-0296, granted to Auburn 

University, Auburn, Alabama, by the Army Missile Command, Huntsville, 

Alabama. 



A FAST ALGORITHM FOR COMPLETE MINIMIZATION OF 

BOOLEAN FUNCTIONS 

S. G. Shiva and H. T. Nagle, Jr. 

ABSTRACT 

Properties of the cellular n-cube representation are used to advan¬ 

tage m developing a fast algorithm for finding the Prime Implicants, 

Essential Prime Implicants and Non-essential Prime Implicants of a 

Boolean function. The algorithm is discussed and several examples are 

included showing computer solutions to selected Boolean function minimi¬ 

zation problems. The complete FORTRAN source program listing for the 

automated algorithm is included. 
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I. INTRODUCTION 

An automated design algorithm was developed In [1] to determine 

the list of Prime Implicants that cover any given Boolean function. 

The properties of cellular-n dimensional cubic representation [3] were 

used in formulating this algorithm. This was extended to take care of 

"don't care" terms and to determine the essential prime implicants 

in 12]. 

This report presents a FORTRAN program capable of determining the 

non-essential prime Implicants. A "weight" is given to each of the 

constraint terms that cover a minterm not covered by essential Prime 

Implicants. The maximum weighted term is selected as a non-essential 

Prime Implicant. -The present form of the program can handle Boolean func¬ 

tions of 8th order. To change the storage requirements needed for 

higher order functions, subscripted arrays must be altered as shown 

later. 

An additional feature of the algorithm is that it can also mini¬ 

mize the complementary Boolean function using the same don't cares. 

This arises frequently in logic design problems. 

Since the program was developed as a general Computer Aided Design 

(CAD) tool, it is designed to accept da in integer formats and binary 

formats. 

Chapter II discusses the cellular-n cube and the theorems connected 

with it, as applied to the algorithm formulation. Chapter III presents 

1 



I 

the algorithm with a general flow chart and selected parts of the 

flow chart in detail. Chapter IV presents some examples solved using 

the algorithm. 

Appendix I contains the complete listing of FORTRAN program. Appen¬ 

dix II has an assembly language subroutine for LOGICAL AND, used in 

the main program. 

f 
i 

r 

i 



II. THE CELLULAR STRUCTURE AND PROPERTIES OF BOOLEAN FUNCTIONS [3] 

The variables in a Boolean product can be conveniently represented 

as, 

(0) 

xi ^ = 1 (Absence of x^) 

That is, a variable in complemented form is represented by "0", variable 

in "uncomplemented form" by "1" and the absence of a variable by 

Then any Boolean product term P may be written as 

P = xn(Jn) xiJn-l) x<Jn-2) . . . xPl) 
n n-1 n-2 1 

where e C C = {0,1,-}. i - 1,2,...,n. 

The Boolean product corresponds to a cell "ç" in the n-cube cn. 

P - JC 

where c = (c^, c^^ . . . ^), Ci e C. 

Example 1: Consider the Boolean function 

F(A, B, C, D) * Px + P2 + P3 + P4 
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1 

where P^ = ABCD 

?2 - ABD 

= AD 

P, - BC 
4 

Corresponding cellular notations are 

.51 - 1101 

ç2 - 10-1 

Ç3 - 0--0 

Ç4 - -01- 

Each of these is a "ceir. In Cj, ^ - 1, c2 - 1, c3 - 0, c4 - 1, etc. 

The n-cube 

The set C« {0,1,-} is a partially order set with the order rela¬ 

tion defined as in the figure. 

That is, - 1, - > 



s 

Ihr partially ordered net (cn, >) where c - U 1 with the realtion 

U called a cellular n-cubc 

The order uf a cell ç In cn 1» equal to the number of components 

c such that c - Thus, a "one cell" has one component equal to 
1 ‘ 

etc. A "lero cell" la called a "vertex" v of c". There are 2n 

vertices In the n-cube cn. 

Exaihple 2: 

Consider a third order function. Here n-1 so, we have c . 

There are 23 - 8 vertices; «•’ h vertex corresponds to the vertex 

of a cube. 

(0-0 J 
"Zero celia" 000. 010, 011 .Hl »r* "vertices". Each edge 

correaponda to a "one-cell": 0-0, -11. -00, etc. Each plane corresponds 

to a "tvo-cell". Ex.: (1--) 

Two vertices ^ that are extremely useful In representing a cell 

of ■n are the minimum and maximum vertices. Consider the cell 



6 

, r } where c “O* lor-- 
£ “ (cn- Cn-1.CV Wn Ci 

The minimum vertex of £ is given by, 

1, 2, 3, n. 

min (£) “ (vn. Vlt 

where 

vi “ Ci if C1 ” 0 or 1 

Vi - 0 if c1 - - 

The maximum vertex is given by 

max -<v:’ v;-i’ 
V ' ) 

where 

V* - C if C - 0 or 1 
i i i 

vi - 1 if 

In other words, max (cJ is found by replacing each by a "1' 

and min (c) is found by replacing by "0". 

Example 3: 

Consider c_2 - 10-1 in example 1. 

max (ç_2^ “ 1011 

min (£.2) - 1001 
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The Decimal Transform 

Consider the vertex v * (v , v t» vi)* This vertex has a 
- n n-1 J- 

decimal representation defined as 

N i-1 
Hv) - I vi 2 

i-1 

Example 4: _v - (1011) 

6 (v) - 1x2° + 1 X21 + 0 x22 + 1x2J = 11 

Similarly, each cell £ in an n-cube cn has a decimal representation 

defined as, 

D(£) - (6 (min (c) ), 6(toax(c)) 

Example 5: For the cell in example 3, 

max(£) - 1011 6(raax(£)) - 11 

min(£) = 1001 6(min(£)) - 9 

D(£) - (9, 11) 

Notation: Hereafter, a capital letter indicates the decimal transform of 

the corresponding "lower case letter" in cellular notation. 

If v - (v v , . . ., V ) is a vertex, V = 6(v). 
n-1 -1 

Cell (I, J) => cell £ with 6(min(£)) = I 

and 5(max(£)) = J 



I 
I 
1 Example 6: Consider £ - (0, -, 1, -, 0, 1) 

8 

This is a "two-cell", with min(ç) = (0 0 1 0 0 1) This is a 

and max(£) = (0 1 1 1 0 1) 

(Note: Commas are ommitted for simplicity) 

This two-cell has 22 vertices. The other two vertices can be obtained by 

by the remaining combinations of 1 and 0. replacing 

That is. 

min(c) - (0 0 1 0 0 1) ^ = 9 

(001101) V2 = 13 

(011001) V3 = 25 

v^ = max(c) * (011101) * 29 

Here 9 < 13 < 25 < 29 

It is seen that 

6 (min(c) ) 1 <5(v) I 6(max(c) for every v 0f Ç. 

where < means "less than or equal to . 

Some of the properties of decimal representation of cn are useful 

in defining the relations existing between cells and vertices. Those 

properties which have been used in the algorithm to arrive at a mini¬ 

mum, non-redundant, cover for the Boolean function are now discussed. 

The AND operation "." is defined as 

0_1 

0 0 0 

10 1 
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The "logical AND" operation "A" for two vertices v and v' 

is defined as 

<V Vl.V ^ <Vn’ .V 

(\ ■ vi • v;-i.^ • v;> 

This is essentially the logical intersection of two n-element sets, 

such that if both the sets contain a "1". in a given position, the 

resulting set will contain a "1" in that position. An assembly lang¬ 

uage function subroutine (LAND) is used in the program to perform this 

operation. 

Note: V A V —*(v , v , . . ., v ) A (V- v' . . . , v') 
n n-i 1 n n-1 1 

Example 7 : _v “ (10 0 1) 

v' - (1 0 1 0) 

V A V' - (1 0 0 1) A (1 0 1 0) 

- (1-1, 0-0, 0*1, 1*0) 

- (1 0 0 0) 

Note, by looking at the result we can say, in which positions both the 

vertices contain a'l'. 

If two vertices and v.^ n-cube ar,: such that A = 2Li > 

then vA is related to 2¾ 38 2.] ^ ¥-2 meanfn8 that is contained in 

i.e. , for every co-ordinate of equal to 1 a corresponding co-ordi¬ 

nate of will also be equal to 1. We may also say that if 
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V-i A V. - V 
1 2 1 

where 

V1 - S^l)' V2 ■ 5<Ï2>. 

then 

V1 < V, 

theorem 1: If £ e c , then min(c) < max (c) 

This theorem provides a method to determine if a minterm pair of 

a Boolean function maps on to a cell of cn. If I and J are two min- 

tenns of an nth order Boolean function, each of them correspond to a 

vertex of the n-cube cn. Now, if I A J « I, I< J. £0, from the theorem 

(I, J) is a cell with minimum vertex I and maximum vertex J. 

ExamEle_8: Consider two minterms 15 and 10 of a 4th order function. 

I “ 10 1=(1010) 

J = !5 1 = (1 1 1 1) 

IAJ + iAj.(ioiO)A(llli) 

= 1 0 1 0 = i 

(10, 15) is a cell of c\ represented by (1-1-) 

Note that, knowing a minterm pair which forms a cell, the cellular 

notation for the cell can be found by replacing the position in which 
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they differ by and retaining the same variable in the positions 

they agree. 

Theorem 2: Vertex v is contained in cell £ [X & ÍÜ iff Y. ^ max(c) and 

min(c) 4. v. 

This theorem is used to determine if a vertex [a minterm] v of the 

n-cube [Boolean function] is covered by a cell (I, J) [group of minterms]. 

If 

_i A v * i I A V = I 

i A v * v JAV-V 

then 

V S (I, J) 

Example 9: Consider minterm 11 and the pair (10, 15) 

V ■ 11 v - (1 0 1 1) 

i A v * (1 0 1 0) A (1 0 1 1) 

= 1 0 1 0 - i 

I 
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I A V - (1 1 1 1) A (1 O 1 0) 

= 10 10 = _v 

Hence, _v is contained in (I.J). 

Theorem 3: If min^)^ min^) and max (£2) ^ max(£^) then ç^ç£ C2- 

This gives the critenion for containment of a cell in another cell. 

For a cell (Ip J^) to cover (I2, J,^) 

II A I2 “ ^ 

A J2 * ^2 

This theorem is used to test whether a cell is covered by another 

cell already listed as a Prime Implicant, before a new Prime Implicant 

is identified. This is employed in forming Prime Implicant and Essen¬ 

tial Prime Implicant tables. 

Example 10: Consider 

^-(1-1-)+ (10, 15) 

£2 - (111-)-* (14, 15) 

10 A 14 “ (1 0 1 0) A (1 1 1 0) - 1 0 1 0 “ 10 

15 A 15 “ (1 1 1 1) A (1 1 1 1) “ 1 1 1 1 “ 15 

£2 is covered by £^ 

By observing the two cells one notes that they agree in 3 positions, 

and in the second position from left £^ has a and £2 has a "1". 

Since, - £ 1, £^ 2 £2 
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Theorem 4: If i2 then 6(¾) i 6¾) or V, i V2 For one vertex 

to contain another, its decimal transform must be greater than the 

contained vertex. 

Lemma_4j_l: If ^^£2« then’ - 6(rain(^-2)) and - 

<5(max(c_2' > • 

T>icá provides a criterion for testing the containment of one cell 

in another just by comparing their minimum and maximum vertices. For 

(I1, to contain (I2» ^2) 

II 1 I2 1 J2 - Jl- 

This condition is used before using Theorem 3, when testing for 

containment of one cell in the other. 

rv..ole 11: Considering the cells (10, 15) and (14, 15) of Example 10 

10 < 14 < 15 ^ 15. 

In short, for a vertex V to be covered by a cell (I, J) 

I 1 v 1 J 

I A V * I 

J A V = V 

and, for a cell (Ip to cover (Ip J2) 

!l 1 X2 1 J2 1 J1 
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Il A I2 = Ii 

J! A J2 “ 

Example 12: Consider f(w,x,y,z) = ^m(l,3,5,7) 

Test for cells between all possible minterm pairs. 

(1, 7) 

(1, 5) 

(1, 3) 

(3, 7) 

(3, 5) 

(5, 7) 

(0 0 0 1) A (0 1 1 1) " (0 0 0 1) 

(0 0 0 1) A (0 1 0 1) “ (0 0 0 1) 

(0 0 0 1) A (0 0 1 1) = (0 0 0 1) 

(0 0 1 1) A (0 1 1 D = (0 0 1 1) 

(0 0 1 1) A (0 1 0 1) = (0 0 0 1) 

(0 1 0 1) A (0 1 1 1) = (0 1 0 1) 

A cell (0--1) 

A cell (0-01) 

A cell (00-1) 

A cell (0-11) 

Not a cell. 

A ceil (01-0) 

Test for containment of cells. 

(1, 7) and (1, 5) 

Also 1A1=1; 7 A 5 

1 1 1 i 5 1 7 

5 (1, 7) Contains (1, 5) 

Similarly, (1, 7) contains (1, 3), (3, 5) and (5, 7) 

Cell (1, 7) covers the complete function f 

c - (0 -- 1) is the Prime Implicant. 

i.e., f * wz 

Bote: By organizing the minterm in increasing order of tbeit decimal 

representation, and comparing the first with largest, neat largest 

elaiuadaialldnuuhul 
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and so on, (as in the example) we generate the larger cells first. 

This guarantees the entry of largest Prime Implicants into the 

P. I. table [corresponding to looking for largest block of cells on 

a k-map]. This ordering is adopted in the algorithm. 



III. ALGORITHM 

The theorems on the cellular n-cube are used to set up a computer pro 

gram to select Prime Implicants, Essential P. I's and non-essential P. I.: 

A complete flow chart is given in Figure 1. Detailed flow charts of 

several sections of the program are given in subsequent figures. 

Step 1: The first step in the program is to read in the program 

flags, N, D, ID, minterms and don't cares. 

N = order of the function.. 

D * program flag, to seleçt the mode for reading in the data. 

D Minterms Don't Cares 

0 

1 

2 

3 

4 

5 

Binary 

Binary 

Integer 

Binary 

Interger 

Integer 

No Don't Cares 

Binary 

Integer 

Integer 

Binary 

Nb Don't Cares 

Fig. 2. gives the flow chart for selecting the mode in which data 

has to be read in. 

ID * Program flag to select; the complemented or uncomplemented form 

of the function for minimization, (with the same don't cares, in both 
i ¡ 

the cases). 

16 
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NO .1 
J - J+l 

Check the number oí P.I's 
(IC) that cover II 

( 10) 

*D> 

Figure 1 (con't). Main Flow chart 





pIplil-MlililliiliirHlliMi'iiiiiiiiiiiiiln.. 

I - I+l 

/( ) 

Find Constraint 
terms 0 3) 

Calculate the weights. 
Select the maximum 
weighted constraint term. 

04) 

Set terms in C corres¬ 
ponding to this non-essen¬ 
tial P.I. to -1_ÜÜ_ 

Figure 1 (con't). Main Flow chart. 
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C START ) 
^Read N,D J 

D - 0 

' 
_/ 

Step 2 of 
Main Program 

Figure 2. Selecting the mode ot data. 
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ID Tvpe of Function 

0 

1 

2 

Complemented f 

Uncomplemented f 

Both f, f 

Data in Binary (0, 1, - form) is read in by a subroutine REED. The 

detailed flow chart is given in Fig. 3. This routine generates 

all the minterms in integer format and arranges them in increasing order 

for algorithm execution. 

When data is in integer format the minterms and don't cares are 

read in increasing order of their decimal representation. 

Step 2: In this step, as indicated by "ID", the minterms or comple 

mentary terms are selected. These are cömbined with don t cares and 

a single array of terms is formed with the lowest first and highest 

last. (Fig. 4) 

Step 3: Order of the function minterms, don't cares are printed, 

details are printed, whether the function minimized is complemented or 

uncomplemented. 

Step 4: This step sets the vertex array. The vertex array has 

2° elements. The ith element is set to "1", if (i-D is a numerical 

representation of a minterm; to "-1" if a don't care and to "0" other¬ 

wise. A detailed flow chart is given in Figure 5. 

Step 5: In this step a co-ordinate pair (II, JJ) is selected 

from the combined array of minterms and don't cares. This pair is 

to be tested for being a "cell". By selecting II as smallest and 

Same 
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Figure 3. Subroutine REED, to read data in Binary format. 

lÜMMlililtl 
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Figure 3 (con't). Subroutine REED, to read Data in Binary Format. 
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Figure 4. Combine Mintenas and Don't Cares into a 
Single Array MINT. 
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Figure 4.(con't). Combine Minterme and Don't Cares into a 

Single Array MINT. 
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Figure 4 (con't). Combine Minterms and Don't Cares into a 
Single Array MINT. 



Figure 5. Set Vertex Array "C. 
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"JJ" the largest, higher order cells of the function are selected first. 

This organization prevents the entry of cells into the P. I. table, 

which are later found to be covered by other cells. This is a result 

of Lemma 4*1. 

Step 6: The selected co-ordinate pair is tested for being a "cell." 

This is done by forming the "logical AND" of minimum and maximum 

vertices (II, JJ). If the result is the minimum Vertex, this pair 

forms a "cell." This is a result of Theorem 1. 

Ste£_7: If the selected co-ordinate is a cell, this step generates 

all the vertices of the cell. A detailed flow chart is given in Figure 

6. 

SteP 8: The vertices generated are tested for containment in 
I 

the function to be minimized. From Theorem 2, if ^ max(£) and 

min(c) < V, then v ^ £. Therefore all vertices y such that y A min(c) = 

min(£) and £ A max(£) = are found. Then corresponding elements of the 

vertex array are examined. If all these elements are non-zero (1 or -1), 

the function contains all the vertices; otherwise, this cell is not a 

cell of the function. (Fig. 6) 

Step 9: If the "cell" is a cell of the function, it is compared 

with the P. I. table to see if any of the P. I.'s contain this "cèll". 

From Theorem 3, for a cell c to contain y', min(c) ^ min(c') and 

maxCt'X max(£). So, if (11', JJ') is a term in the P.I. table and (II,JJ) 

is the cell under consideration, II' A II = II' and JJ' A JJ * JJ for 

(II,JJ) to be contained in (II',JJ'). If not, (II,JJ) is entered as 

a Prime Implicant. (Fig. 7) 
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From step 6 of Main Program 

I 
DIF-JJ-] tl 

YES 
—>- 

NUM(l) = II k-1 

ICNT = 1, ITEMP = 1 

L*1; ICT2=ICNT 

--., E 
ICNT-ICNT+l 

NUM(ICNT) « NUM(L)+I2 

LL=NUM(ICNT)+1 

ITEMP=C(LL)MTEMP 

To Step 9(b) of 

Main Program 

To Step 9 of Main 

Program 

Figure 6. Generate Vertices of (II,JJ); 

Test if (II,JJ) is a cell of the function. 
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L-L+l 

Figure 7. 

—>■ 

YES 

L=1 

MP = MP+1 
5RIMI(MP) = II 
’RIMJ(MP) = JJ 

To Step 9(b) 
of Main 

Program 

Check if (II, JJ) is a Prime Implicant. 
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All these steps are repeated selecting the next highest term as 

JJ with II and so on. Now the P. I. table covering II Is complete. 

Step 10: The number of P. I's that cover "II" is checked in this 

step. If only one of these P.I.'s cover II, it is an essential prime 

implicant. It is compared with the essential P.I. table for containment. 

If it is not contained by any term in the essential P.I. table it is 

entered into the table. (Fig. 8) 

Step 11: All the terms in vertex array corresponding to minterms 

covered by this essential P. I. are set to "-1". The details of this 

step are shown in Figure 9. The boxes shown in dotted lines set the 

vertex array to "-1". 

These steps are repeated with next term as "II", thus covering all 

the terms. 

Step 12: The essential P.I.'s in cellular notation are converted 

into binary form; (each term into an array o‘ 1, 0, -). This is accom¬ 

plished by subroutine CELBIN (Fig. 13). A "mask" is formed by scanning 

these arrays term by term. If a "literal" exists both complemented and 

uncomplemented, the corresponding term in Mask is a "2"; if the "literal 

exists only uncomplemented it is a "1"; if only complemented it is a 

"0", if does not exist it is a (Fig. 10) 

Example : Essential P.I. Table 

Cellular Notation Binary 

(0.6) 

(4.15) 

(9.15) 

0 0--0 

0-1-- 

0 1--1 

Mask 0 2 1-2 



w-

1:

iJ

Figure 8. Enter Essential Frias laplicsnts.
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KN IKK 

NUM(1) - II 
I CNT » 1 

ICNT-ICNT+1 

I 
NUM (I CNT)-NUM(L)+12 

LL-NUM(ICNT)+1 

Il-*.Il 

:l 1; 

Figure 9. Subroutine RESETC, to set elements of C to -1. 
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Figure 10. Subroutine IMASK. 
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SU!I, n: All the terns sot covered by essential P.I. table are 

found in this step. This Is done by selecting a »Inter»; If the 

corresponding ter» in vertex array is a "-l", the »Inter» has already 

been covered; if not, all the terms in F.I. table that cover this 

»inter» are found. Each ter« Is a constraint ter». (Fig. U> 

greD u: The •'weight" of each constraint ter» is detemined. Three 

factors are taken into consideration. 

(a) The nunber of uncovered »interns, covered by the constraint 

car»: Each »inter, whose corresponding vertex element is not "-1" 

is compared with the constraint term for containment. Thus, the 

veri Kv this term are determined. [Fis* ^ ] 
number of uncovered minterms covered by this term 

(b) The nunber of literals; The binary array representing each 

constraint term is scanned to find the total nunber of "1" and "0" in 

the array. If a "literal" is absent it is a in the binary array. 

[Fig. 12 ] 

c «a»-r.v>-ina literals: Each constraint term is 
(c) The number of matching iiteraxs 

compared with "Mask" element by element. 

Constraint Element 
Mask Element Count 

1 or 0 

1 

0 

2 

1 

0 

__ 

1 

1 

1 

1 

Only the cases when the matching count is incremented are shown in the 

above table. [Fig. 1^1 



)7 

Figure 11. Find the constraint terms for II. 



»fBCTmiiiwp* 

}H 

Figure 12. Weights for constraint terms. 
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Figure 12 (con't). Weights for constraint terms. 
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Figure 13. Subroutine CELBIN, to convert (II,JJ) to IRAY 

in cellular (0,1,-) format. 
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Total weight: Total weight for each constraint term is calculated 

as : 

weight = K^No. of uncovered minterms covered) + K2 (No. of literal 

+ Kg (No. of matching literals). 

Constants K^, and Kg can be varied as desired by the designer who 

is minimizing the function. The maximum weighted term is a "non-essen¬ 

tial P.I.". In this program Kg = 5, K2 * -3, Kg = 1. (Fig. 12b) 

SteP 15: '«-erras in the vertex array corresponding to minterms 

covered by the non-essential P.I. are set to "-1". This is accomplished 

by a subroutine RESETC (Fig. 9). This process is repeated with all 

the uncovered minterms. 

This completes the minimization of one function. 

Step 16: Here "ID" is decremented by "2". If the new "ID" is 

zero, the process is repeated with the minterms of the complemented 

function. If the original "ID" were either "1" or "0", this repetition 

is not necessary as can be seen by the convention associated with "ID". 



IV. EXAMPLE RESULTS 

The general flow of the algorithm can be summarized as follows: 

As each minterm pair is selected, the program checks: 

(A) Each coordinate pair: 

(a) Is the coordinate pair a cell? 

(b) Is the cell a cell of the function? 

(c) Is the cell (if in the function) a Prime Implicant? 

(d) Is it an essential Prime Implicant? 

(B) Each minterm: 

(a) Is the term a don't care? 

(b) If not, has it been covered by an essential Prime Implicant? 

Then, the program determines 

(a) All the minterms not covered by essential Prime Implicants. 

(b) All the P.I.'s covering each of these minterms. 

and selects , 

the non-essential prime implicant to cover each of these terms. 

If the "complementary" function is also to be minimized, the algorithm 

is repeated with same don't cares and complementary minterms. 

Three example results are given* 

Example 1: 

This is a fourth order function with the minterms and don't cares 

shown in the printout. There are five Prime Implicants printed in both 

cellular and binary formats. The following table shows the Prime Implicants 

and the minterm covering. 
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Example 1 

[HL bUUL £ AN FUiNC.r IÜN 

MINitRMS 

DONTCAKLS 
7 IL L2 13 L A 

Pr< l ML IMPUCAwlS 
( 0, 6 ) 

( 2i 1^) 
( A, 11) 

( h 1¾) 
( 12, L ) 

IS OF (MI)tK A 

0 1 o 

is 

()--0 

-- 10 
-1-- 

1--1 
l-l- 

t 

THF FSSlHTIAL P. I . A^t 
0--0 
- 1 -- 

1.--1 
MDM LSSL'JT I AL P . 1 . AHc 

— 10 

v********** MINIM17 FO 

MI NlTfcilMS 
0 2 4 *> 6 

OONTCAkcS 
7 11 12 13 1^ 

PHlMt IMPLlCANTS 
( It 3) 
( 3, li>> 

1 ( B, 12) 
( 12t 15) 

CDMPLEMEMTAHV FUNOTION ****** 

9 10 

IS 

00-1 
— II 
1-00 
11-- 

THfc tSSfcHT1 AL P.I 

MOV lSSlVTIAL P.I 

AH b 
00- l 
I-00 

A«t *** MOVE *** 
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1 
1 

It can be seen from the table that, (0,6), (4,15) and (9,15) are 

the Essential Prime Implicante. Minterm "10" is not covered by these 

Essential Prime Implicants. Both (2,14) and (10,15) cover minterm 10. 

Comparing these with the Essential Prime Implicants, both have same 

nunber of matching literals (2) and both have the same number of literals 

(2). So, both have the same weight. The first one is selected as non- 

essential Prime Implicant. 

The Printout shows the m-Tnimized complementary function whose min- 

terms are (1,3,8) and same don't cares. There are four Prime Implicants 

out of which two are found to be essential. Since these two cover all the 

minterms, no non-essential Prime Implicant is needed. 

This example illustrates all the features of the program. The 

Printouts for two more functions are included. 

The algorithm is fast and flexible. It suits any automated logic 

design procedure. Following table shows the execution time on system 

360/50 for different functions in tne examples. 

PRIME 

IMPLICANT 

MINTERMS 

0 2 4 5 6 9 10 

DON'T CARES 

7 11 12 13 14 15 

(0,6) XXX X 

(4,15) XXX X X X X X 

(9,15) ^ X XXX 

(2,14) X XX X 

(10,15) X X XX 



[J
y

u

u

ORDER OF THE 
nmCTIOM

NUMBER OF 
MINTERHS

1

NUMBER OP 
DON'T CARES

TIME (SECONDS) TO MINIMIZE

F F F and F

4 7 6 1.27 1.09 1.34

6 27 11 2.17 2.29 4.10

8 45 157 31.90 39.39 69.84

Total length of the Prograa - 46 K bytes of core neMry?

I .
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Exaaple 2

THE B0DLEAf4 FJNCTION IS OF ORDER 
HINTtKMS

( 3 7 12 14 15 19 27 28 29 31 35

!j 55 56 57 59

OUHTCARE^

60 62 63

0 11 13 23 30 32 43 47 51 54 61

prime IMPLICANTS
-j ( 0. 321 -00000

1 3, 63) - - ll

( 12. 631 — ll —
( 32, 48) l-OOOO

( 48, 61) 11-3-

( 4B, 55) llO—

1 ( 49, 53) ll- - 1

1 ( 52, 53) ll-l —

A5 46 48 49 50 52 53

THE ESSE9TUL P.I. ARE
- - 11

— li­

no— 
ll—0-

N3N ESSENTIAL P.I. ARE
*** ^OME **•



u

LI
2 (contlniMd)

L

y

• •••••«*«•• MINlMUlil) COm*Le'«E>tIAKr fO'ICTIOM ••••••
Mi -^TtKHS

3 T

:>0i4TCAKtS 
0 ll

PKlMt IMPL

lA

4**

15

60

19

62

3 23

CANTS

0. 
0. 
U* 
9t 
3. 
3. 
3. 
3t 
1. 
5. 
9. 

I3f 
19. 
23. 
33. 
51, 
51.

'•21

All

3«l

171

261

251

221

211

131

53)

331

59)

33)

23)

37)

511

511

27

63

28 29 31 39 39 33 39 36 38 39 90 92 93

30 32 33 37 91 93 61

-0-0-0

-0-00-

-00—0

-00-3-

3-0-0

3-03-

0-0--3

3-0-3-

03—31

— 0113 
-310—

— 1010 
31 — 10 
0101 — 
131-11 
110011 
111131

L.J

f cSSc>iftAL P.I. AAfc

50^ fcSSc^riAL 8.1. AAE

3--03- 
-00-3- 
— 1313

3-0--0
3-0-3-
-3-3-3
-30—0
-3-03-

u

li



Example 3 

T -I B, 'L 14N 
:-1 I J Í L K M b 

,? 1 
7 1 H 3 

116 117 151 
DUN rc AKt- s 

o i , 
■3 J 6 Ü 

109 no 
l 6 y i o j 
177 IHJ 
177 
¿17 2^) 
¿40 ¿41 

1 1 
61 

I 1 1 
161 
IH 1 
¿II 
¿¿1 
¿4 ? 

P7IML IVPL1CANIS 

•- 0 7 : r 1 J N is [J 1- 0 7 0 r 7 

¿3 ¿6 3¿ 14 15 
66 37 7H 77 100 

16¿ 161 

1¿ 11 14 15 ¿6 
6 2 Ol 74 76 76 

1¿¿ I¿1 1¿4 l?6 l¿6 
16¿ 161 164 165 166 
iH¿ 181 1Ö4 185 18fa 
2U¿ /01 ¿04 ¿05 ¿06 
¿¿c ¿¿1 ¿¿4 ¿¿5 2¿6 
¿41 ¿44 ¿45 ¿46 ¿47 

O, 
o, 

10, 
I / f 

17, 
I 7, 
¿0, 
¿1, 
¿1 , 
¿3, 
¿ i , 
3 ¿, 
3 ¿, 
34, 
34, 
3 4, 
3‘', 
48, 
4 7, 
3 1, 
64, 
54, 
66, 
73, 
73, 
7¿, 
44, 
34, 
39, 

103, 
103, 
114, 
1 3 ¿ , 
135, 
136, 
163, 
1 3¿, 

6 4 ) 
1¿) 

¿95 ) 
¿6 6 ) 

5 3 ) 
¿7) 

-3 1) 
i ¿ 6 ) 

75) 
¿211 
15 7) 
176) 
1 5 ¿ ) 
¿ 1H) 

¿i?) 
1 76) 
¿9 4) 
177) 

19 1) 
¿9 1) 
¿ 3¿ ) 
231 ) 
¿39) 
¿64) 

¿¿1) 

¿3 7) 

¿9 6) 
¿ -^ - ) 
¿ 9 I ) 
¿94) 
¿ 9 1 ) 
¿35) 
¿33) 
? 5 9 ) 
¿59) 

¿55) 
¿ 95 ) 

8 

38 39 48 
101 102 114 

¿7 ¿8 29 
77 78 79 

1 ¿ 7 138 119 
167 168 169 
187 188 189 
¿07 ¿08 ¿09 
¿¿7 ¿¿8 ¿¿9 
¿48 249 ¿60 

0-000000 
00-00000 
-1-1- 

-11-- 

oo-13-m 
0001 --,3 1 
0-01-13- 

0--1-131 
0-01-1-1 
--01-11i 
-0011--1 
-01-3000 
-01000-0 
-- 10-- 1 o 
--1Ü-01- 
-010--1- 

--1--1 10 
-011003- 

-3113-31 
*-11-131 
-100-3-3 
-100-33- 

-1-0 -10 
-I-113 
-10--1 1- 

-1001--- 

-1-1-1-- 

-1 1---13 
-11--31- 

,-11--1-0 
-I 1--10- 
-111--1- 

1-*J-1-- 

1 —111 
1---1-^- 

49 53 
115 116 

30 31 
90 91 

140 141 
1 70 171 
190 191 
210 211 
230 231 
251 252 

54 64 65 66 7 0 71 
117 118 119 132 133 134 

42 
92 

142 
17¿ 
192 
¿l¿ 
2 32 
25 3 

4 3 
9 1 

141 
1 ? 3 
i ; ) 
21 1 
233 
254 

4 4 4 5 
94 95 

154 155 
174 175 
194 195 
214 215 
234 235 
255 239 

46 47 
106 107 
156 157 
176 177 
196 197 
216 217 
236 237 

72 
135 

58 
108 
158 
178 
198 
218 
238 

1-1 
11- 

/;Ú 



Mr r jSrMÏI \L f . I. 
3-01-11- 

-JU--1- 
- * 1 -- 1 1 0 
-lon-DD- 

-1J--11- 

- 1 1--1 .)- 

l - - ) - 1 - - 
M--1--- 

>/. ) 'J t S S r \t F I ;'i L t1 . Í . <t 

).)-13-)1 
--31-111 
-.301 1--1 
- 3 1 - 3 0 3 3 
-1-3--1 ) 

-11--31- 

-1-1-1-- 

Example 3 (continued) 
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**»**««.«*«* MINIMIZED CUMPLEMtNTAKY FUNCFIUN ****** 

MlNIfcKMS 
17 /0 ¿I ¿1 
73 84 HS 88 

138 137 181 15? 
DON I CAKES 

0 
>4 

104 
1 84 
1 74 
1 74 
? 1 4 
? 4 0 

P K I M t 

to 
8 0 

1 1 0 
l 8 U 
180 
¿00 
??0 
¿41 

[M‘»l 

1 l 
81 

1 1 1 
161 
HI 
? 

2? 1 
242 

1? 
62 

122 
lo? 
182 
¿02 
222 
24 J 

cants 
0, 
0, 
0* 
0. 
1. 
1. 
2. 
2, 
it 
4, 
4, 
8, 
a, 

u, 
I?, 
16, 
18, 
IB, 

l a, 
H, 
24, 
H, 
33, 
38, 
36, 
40, 
51, 
88, 
BO, 
8 0 , 
8 3 , 
78, 

103, 
129, 
130, 
144, 
144, 
148, 
149, 
1 48, 
160, 
1 72, 

28 12 34 38 38 39 48 49 
8 J 48 99 100 101 102 1 14 1 15 

18 1 

13 14 18 ¿6 27 28 29 30 
6 3 74 75 76 7 7 78 79 90 

123 124 125 126 127 138 119 140 
lb! 164 168 166 167 168 169 170 
183 184 165 lrt 6 187 188 189 190 
203 ¿04 205 206 207 208 209 210 
221 ¿24 225 226 227 228 229 230 
¿44 ¿48 246 247 248 249 250 251 

53 54 64 65 66 70 71 72 
116 117 )18 117 132 133 134 135 

31 4? s 44 45 46 47 58 
91 92 '7 1 74 95 106 107 108 

141 142 HI 154 155 156 157 158 
171 172 173 174 175 176 177 178 
191 192 193 194 195 196 197 198 
211 212 213 214 215 216 217 218 
231 232 233 234 235 236 237 238 
252 253 254 255 239 

14 6 ) 
HI) 
26) 
15) 

151 ) 
4 5 ) 

H5 ) 
30) 

21 7) 
7 7) 
4 j ) 
62 ) 
4 7) 

2:.5) 
¿55) 
210) 

9 J) 
¿19) 
13 7) 
15H) 
126) 
2 3 3) 

17 3) 
1 8 H ) 
17 3) 
285 ) 
171) 
2 05) 
24 9) 
219) 
2 55 ) 
24 9) 
2 3 9 ) 
2 4 3 ) 
2î 1 ) 
2 4 6 ) 
2 4 5) 

254) 
2 5 4) 
2 3 3) 
2 3.) 
2 5 5) 

-00-00-0 
-00000— 
000—0-0 
0000- 
-o-ooooi 
00-0--01 
-00--01- 

000-10 
--0--011 
0-00- l 0- 
00-0-10- 

00-1--0 
00-01- 

-l-l- 
-11-- 

--0100-0 
0-01-0-0 
--01-31- 
-0-1-01- 

-001--10 
0--11--0 
--10-301 
-010--31 
-01--100 
-oio-n- 
--1-1--- 

-011--11 
-100-10- 

-1-1-33- 
-101-3-- 
-1-11--- 

-11--33- 
- 1 1 J - 11 1 
1---30-- 

I -31- 
1--10--0 
1--10-0- 

1--1--10 
1--1-1-0 
1--1-13- 

l-l- 
II - 

Example 3 (continued) 
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in •: S S . Ni I I -i L !'.I. 6,<t 
OJ J)- 
-O-l-Ül- 

- J11 - -11 
-- 1-!- 

--J--0L l 
-L I--Ü )- 
- 1 l ü - 1 i l 

'irj r bS^Mí i ,l y' .1. A<t- 
3 - o i - J - J 
- O : 11 — 1 11 

-310--11 
i - j.) -1 3 - 

1-3 3 — 
1 — l-l3- 

Example 3 (continued) 
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V. Conclusion 

The algorithm described in this report is basically a Quine-McCluskey 

type procedure. But, the containment properties of cellular n-cube 

representation greatly minimize the number of comparisons. The ordering 

of minterms and don't cares (lowest first, highest last) helps in finding 

the largest Prime Implicant first, thus avoiding the possibility of 

entering a P. I. into the table, which may be found later to be covered 

by a new cell. 

The weights associated with the number of uncovered minterms, the 

number of literals and the number of matching literals can be varied 

as desired, to select the most suitable non-essential P. I. 

The algorithm can also minimize the complementary function whereever 

such minimization is needed. 
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I APPENDIX I 

j FORTRAN source program listing of the Boolean fuiu '-i 

program described in this report. 

( 

■m minimization 
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FÜKTKAN [V G LEVEL 18 MAIN DATE « 72150 20/31 

UUOl 
U0Ü2 
0003 
0004 
0001 
0006 
0007 
0008 
0009 
0010 

C 
C 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

N IS THE ORDER OF BOOLEAN FUNCTION. 
H=NO. OF MINTLRMS, D= NO. OF DONTCARES 
MIN — ARRAY OF M MINTERMS 
DONT — ARRAY OF D DONTCARES 
MINT — COMBINED ARRAY OF (M+D) TERMS 
EMP — NO. OF ESSENTIAL P.I.S 
MP — NO. OF P.I.S 
IC — NO. OF CONSTRAINT TERMS FOR EACH UNCOVERED TERM 
C -- ARRAY OF LENGTH 2**N 
LITCNT — NO. OF LITERALS IN CONSTRAINT TERM 
COUNT -- NO. OF UNCOVERED TERMS COVERED BY CONSTRAINT TERM 
MATCNT — NO. OF MATCHING LITERALS 
WAIT — TOTAL WEIGHT OF CONSTRAINT TERM 
PRIME IMPLICANTS. 

LOW—PRIMI, HIGH-PRIMJ 
ESSENTIAL PRIME IMPLICANTS.... 

LOW —ESENI, HIGH—ESENJ 
EACH ROW OF 'ESARY* CORR. TO ONE ESSENTIAL P.I. 

CONS TRAIN! TERMS. 
LCW—CONSI, HIGH—CONSJ 
EACH ROW OF 'ICONS' CORR. TO ONE CONSTRAINT TERM 

******************* 
DIMENSION I RAY (8), ICONS! 10,8),L I TCNT(10) 
DIMENSION NUM(200),IR(200),MINAX! 256 I 
INTEGER C(256),D,MIN(256), DONT I 256), MI NT(256),EMP 
INTEGER DIF,PRIM I(256),PRIMJ!256 ),ESENI(200).ESENJ(200) 
INTEGER CONSI(10),CONSJ!10),COUNT(10) 
INTEGER ESARY(100,8), MASK (8),MATCNT(10) 
INTEGER ONE,ZERO,DASH,WAIT!10) 
DATA DASH/1H-/ 
COMMON N,EMP, IC 
C0MM0N/C0M2/C 

******************** DATA CARDS *********** 
FIRST DATA CARD HAS N,D,ID ON IT IN F0RMAT(3Il) 

****************************************************** 
0 MINTERMS DONTCARES ****************************************************** 
0 BINARY NONE 
1 BINARY BINARY 
¿ INTEGER INTEGER 
3 BINARY INTEGER 
4 INTEGER BINARY 
5 INTEGER NONE «««************************************** ************* 
ID FUNCTION TO BE MINIMIMIZED ****************************************************** 

0 COMPLEMENTED FUNCTION 
1 TRUE FUNCTION 
2 BOTH ****************************************************** 

WHEN DATA IS IN INTEGER FORM, THE CARD BEFORE SHOULD 
HAVE THE NO. OF TERMS IN FORMAT!14) 
DATA IS IN F0RMAT(20I4) ON EACH CARD, CONTINUE ON NEXT CARD 
IF EXEEDS 20 TERMS. 

WHEN DATA IS IN BINARY FORM, NO SPECIAL CARD IS NEEDED. 
A •♦' SEPARATES EACH TERM ******************* 
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pi 

FUKTRAN 

00 11 
001? 
00 n 
0014 
0015 
0016 
0017 
00 1 B 

0019 
0020 

00?l 
002? 
0023 

0024 
002 5 
0026 
0027 
002« 
0029 
0030 

00 31 
0032 
0033 
0034 

0035 
0036 
00 3/ 
0038 

0039 
0040 
0041 

0042 
0043 
0044 
00¿5 
0046 
0047 
0048 
0049 
0050 
0051 

IV Ü LfcVhL 18 MAIN DATfc = 72150 

C <t AD Ni MINTtRMS AND DQNTCARES 
C 

R t A D(5 t10)N , D i ID 
10 F UKM A 1(311) 

IHO.LO.DGO TO 121 
I F (D.fcK.2)0C TU 122 
I F (D. to.3) GO TO 12 3 
It(D.tO.4)G0 TO 124 
11(D.£ 0.5)GC TO 125 

C 

C IF ¡=0, NO DUNTCARtS MINTtRMS IN 8I NARY(0, l,) FORM 
CALL RttOI MN, M) 
GC TO 5 

C 

C IF 1)=’, MINTtRMS AND DONTCARCS IN BINARY FORMIO,!,-) 
121 CAlL RttDIMlN.M) 

CALL RttD(DONT ,D) 
GC 10 5 

C ' 

C IF 11 =2 t MINTtRMS AND DONTCARtS IN INTEGtR FORMAT 
122 R£AD(5,126)M 

126 F UKMA T II4| 

KtAD(3,12/)(MIN(I),I=l,M) 
127 FORMAT(2014) 

X tAD(5t126)D 
RtA0(5,127)( DONT ( I )fI - 1,D) 
GO TO 5 

C 

C IF ;)=3, MINTtRMS IN BINARY, DONTCARES IN INTEGER 
123 CALL RttD(MIN,M) 

KtAD(5,126)0 
RtAD(5,127)(ÜONT(I),1=1,0) 
GC TO 5 

0 

0 IF 0=4, MINTtRMS IN INTEGER FORM, DONTCARES IN BINARY 
124 RtAD(5,l26)M 

KtAD(5,l27)(MIN(I),1=1,M: 
CALL RLED(DONT,D ) 
GO TO 5 

C IF 0=5, MINTtRMS IN INTEGER FORMAT, NO DONTCARES. 
125 KtAC(5,l?6)M 

KtAC(6,127)( MINI I ), I = 1,M) 
0 = 0 

C 

C CONVERT MINTERMS AND DONTCARES INTO A SINGLE ARRAY *** 
C IN INCREASING ORDER OF THEIR DECIMAL REPRESENTATION 
C 

6 !*M = 2**N 
K=0 
WRITt(6,30)N 

30 FORMATC '»'THE BOOLEAN FUNCTION IS OF ORDER *,14) 
I F ( IC.GE.1)GG TO 805 

20 F =0 
DC 8C9 1=1,MM 
MINAX( 1) = 1-1 
DO 811 J =1,M 

IF (MINAX( I ).EÚ.MIN(J))GC TO 809 

20/31 
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005¿ 
0053 
005<* 
0055 
0056 
005 7 
0058 
0059 
0060 
0061 
006<? 
0063 
0064 
0065 
0066 
0067 
0068 
0069 
0070 
00 71 
0072 
0073 
00 74 

0075 
00 76 
007 f 
00 78 
00 79 

0080 
0081 
0082 
0093 
0084 
0085 

0086 
0087 
0089 
0039 

0090 
0091 
0092 
009 3 
0094 
0095 
0096 

009 7 

IV G LfcVtL 18 MAIN DATfc = 

15 

25 
6 

C 
C ' 
c 
c 
c 

811 GüNTINUt 
K=K+1 

MINT(K ) = MINAX ( I) 
809 CUNTINUc 

MB= K 

KKITt(6,810) 

810 FORMAT!'l*********** MINIMIZED CÜMPLEMfcNTñRY 
GU TO 815 

805 00 15 1=1 ,M 
MINT(I ) = MI N ( I ) 
CON T INUE 
MA=M+I 
F 8= M + 0 
IF(O.EÜ.O) GO TO 6 
00 25 I =MAi MB 
MINT ( I ) = DONT ( I^M) 
C’C 35 N1=1,MB 
00 35 N2 = N1, Mb 

IF (M INT!N1).LT.MINT (N2)1 GO TO 35 
MINTS=MINT(N1) 
MINT(N1)=MFNT(N2) 
MINT(N2)=MINTS 

35 CONTINUE 

PRINT MINTtRMS AND DONTCARES 

«15 WRITE(6,40) IMIN! I),1=1,M) 
40 t-URMATC '.'MlNTtRMS'/!' *,2014)) 

IF(D.EQ.O) GO TO 7 
WRITe(6,50)(DONT ( I ),1 = 1,0) 

50 FUKMATC ' , • DONTCARES • / ( • *,2014)) 

SIT VERTICES IN C CORRESPONDING T( *• i NI RMS =1 
AND ALL OTHERS TO ZEROS 

C 
C 
c 

c 
c 
c 

7 .1 = 1 
^1 
MM= 2**N 
DO 333 1=1,MM 

IF(J.GT.MB) GO TO 1 
IF ( (1-1 ).EQ.MINT(J)) GO TO 3 

I C( I )=0 
GO TO 333 

3 IF(K.GT.O)GC TO 9 

I F ( MINT(J),NL. DONT(K) ) GO TO 9 
C(I)s-l 
3=0+1 
F =K + 1 
GO TO 333 

9 C ( I ) = 1 

J = J+ 1 
333 CONTINUE 

CHOOSE A COORDINATE PAIR **«■* 
II IS SMALLER ANO J.J IS LARGER 

MP=0 

HRIRHnPffPPliHI 

72150 20/3' 

FUNCTION ******1) 

, DONTCARE S=- l, 
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0098 
u09y 
U100 
0101 
010/ 
010 1 
0104 
0105 
0104 

0107 
0108 
0109 

01 10 
0111 
0112 
0113 
01 14 
0115 
0116 
0117 
01 18 
0119 

0120 
0121 

0 122 
0121 
0124 

0125 
0126 
0127 
0128 
0129 
01 30 
0131 
0132 
0133 

01 34 
0135 
0136 
0137 
01 18 

rMH=0 
WKI lEI6,555) 

555 8 UKMAT(' 'PRIME IMPLICAnTS'I 
GO 200 1=1,MU 
I I=M I NT ( I ) 
8l = MU- 1 + 1 
L 0 300 J = 1,M1 
Jl = Mb-J* l 
J J = MI N T( J 1 ) 

c 
C CHECK TO SEE THE COORDINATE PAIR IS A CELL 
C 

I F ( I AND( I I , JJ ( .NE. N) GO TO 300 
OIE=JJ-II 
IF(DIF.EO.O) GO TO 700 

C 
C CALCULATE VERTICES OF the CELL 
C FETWCEN II ANO JJ 
c 

itlmp= i 
ICN T = 1 
NOM ( 1)=11 
00 400 K =l,N 
I Z= I AND( ( 2<-*<K-l ) ) , DIF ) 
I F (IZ.EU.OIGO TO 400 
IC2=ICNT 
OU 600 L = 1, IC2 
I CNT= I CN T 1 
NUM(ICNT)=NUM(L)+IZ 
L L = NuM(ICNT)♦! 
ITEMP=I AND If( LL I , ITEMP) 

C 
C CHECK CELL TO Eb IF IT IS IN FUNCTION 
C 

IE( I TEMP.EU.OIGO TO 300 
600 CONTINUE 
400 CONTINUE 

C 
C CHECK CELL TO SEE if IT IS COVERED BY ONE IN THE P.I.TABLE 
c 

700 IF(MP.EU.O) GO TO 000 
00 900 L=1,MP 
IF(PRIMJ(L).LT.JJ)GO TO 900 
IF(IAN^IPkIMJIL),JJ).NE.JJ) GO TO 9C0 
IF ( I AND;PRIMI (L), I I ) .EO.PRIMI(L ) ) GO TO 300 

900 CONTINUE 
8JO MP=MPM 

PR IM I (MP ) = I I 
PKIMJ(MP)=JJ 

C 
C WRITE P.I. ****** 
C 

WRITe(6,70)I I ,JJ 
70 FORMAT!' ' , 1 O X , (, I 4 , ,, I 4 , • ) • ) 

CALL CeLUIN! I I,JJ, IRAY) 
WRITE(6,996)( IRAYIL ) ,L = 1,N) 

300 C< NTINUe 
C 
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01 39 

0140 
0141 
U 1 42 

0143 
0144 
0145 
0146 
0147 
0148 

01-.9 
0 I 5u 

0151 
0152 

0153 
0154 

0155 
0156 
0157 
015 8 

0159 
0160 
0161 
0162 
0163 

0 164 
0165 

0166 

0167 

016« 
0169 

C CHECK IE II IS INCLUDED IN AN ESSENTIAL TERM 

C 
lEICUIMI.Lr.O) GO TO 200 

c 
Check E OR the NO. (JE P.I.S THAT COVER II 

C 
J =0 
IC*0 
DO 11 L =1 » HP 
I Ft PRIMJ(L 1 .L T . II) GO TO l l 
IF ( 1ANOIPRIMI(L ) , I I )-NE.PRIMI tL1)GG TO 11 

IF ( IANDtPRIMJ(L), I 1 1.NE . I I » GO TO 11 

IC*ICM 
I IESS*L 

II CONTINUE 
C 
C IC IS THE NO. OF P.I.S THAT COVER II. IF IC-l 

C AN ESSENTIAL P.l. IS DISCOVERED 

C 
I F ( IC.GT.l ) GO TO 200 
t MP* E MP+ l 
tSENl (EMPMPKIMI ( I IESS) 
L SENJ(EMP)»PRIMJ(II ESS ) 

C 
CHECK UFF ALL I HE TERMS COVERED BY THIS ESSENTIAL P.l. 

C 
CALL RESETCttSENHEMPl.EStNJIEMPM 

200 CONTINUE 

C 
c PkINT essential p.l. 
c 

IFtEMP.EO.O) GO TO 111 
WRITE(6.80) 

80 FORMATt• 1 ' ,1ÛX,•THE ESSENTIAL P.l. <kE• ) 

112 DO 113 1*1,EMP 

C 
CONVERI ESSENTIAL P.l INTO ROWS OF MATRIX ESARY 

C 
CALL CtLBlNtESENItI),ESENJ(I),IRAY) 
WRlTtl6, 999)( IRAY(L),L=1,M 

DO 115 J*1,N 
115 t SAR Y ( I , J)*!RAYt J) 
I I 3 CONTINUE 

C 
c FORM MASK 

C 
CALL IMASKI ESARY.MASK ) 
GO TO 114 

C 
c IF THERE ARE NO ESSENTIAL P.I.S 

c 
III WRITE16,90) 
90 FORMAT!' ','THERE AR F NO ESSENTIAL P.l. ') 

C FIND ALL M (N T t RMS NOT INCLUDED IN ESSENTIAL P.l. 

C 
114 WRlTE(6*ll ) 

110 )URMA T ( ' ',r)X,'NON ESSENTIAL P.l. ARE') 
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01 ru
0171

0172

0173

01 7A

0175

0176 
017/

0178

0179

0180 
0181 
0182 
0181 
0184 
0186

0186

018/

0188

0189

0190

0191

0192

0193

0194 
0196

0196

0197

0198

0199

0200 
0201 
0202

0203

0204

U206

0206

0207

0203

C

c
c

*»tss«o
1)0 2000 1-1.MB 
II-R|NTfI I 
IC-0

18 C CORR. TO II IS -1 II HAS ALREADY BEEN COVERED

C

C

C

C

I8ICIII91I.LT.0) CO TO 2000

IE C IS NOT EQ. -1 . FIND WHAT P.I.S COVER THIS TERN 
these are CONSTRAINT TeRHS

CO 1000 L-l.MP
lEIPRlPKU.GT.in GO TO lOOO 
IFIPRIPJIL).LT.II ICO TO ICOO 
lEIIANOlPRIPIlLltin.NE.PRIHIUnGO TO 1000 
IFIIANDIPKlMJIUtin.NE.nl GO TO ICOO 
IC-IC91 
IKIICI-L

1000 continue
DO 222 L-I.IC 
CUNSMU-PRIMKIRILI)
CCNSJUI-PRIMJl IRIL 11

CHeCA how many uncovered MINTERMS are COVERED BY EACH CONSTRAINT TERM 
C

COUNTILI-0 
DU 66 J-l.HB 
LL-MINM Jl
IMCILL91I.LT.O.CO TO 66 
mCCNSIILl.GT.LLIGO TO 66 
mCCNSJlLl.LT.LLIGO TO 66 
l‘-||ANn(CaNSMLI.LU.NE.CONSIUI)GO TO 66 
i IIANniCUNSJlLl.LLl.NE.LLlGO TO 6C 
CCUNT|L)-CUUNT(L|91 

66 CONTINUE

CHECK HUM MANY LITERALS EACH CONSTRAINT TERM HAS 
C

LITCNTIU-0
CALL CELBINICONSIlLltCONSJILl.lRAYl 
DU 622 K-l.N 
ICONSIL.KI-IRAVIKI 
miCCNSlL.RI.EQ.OASHIGO TO 922 
LirCNMLI-LITCNTILm 

622 CONTINUE
MATCNTILI-0 

222 CONTINUE

COMPARl constraint array MITH MASK FOR matching literals 
C

IFIEMP.EO.OICO TO 76 
CALL SELECTIICONS.MASK,MATCNTI 

76 DO 8 L-l.IC
8 MAITIL)«6*CCUNT(L)-3*LITCNTIL|9MATCNTIL)

C
CHOOSE MAXIMUM WEIGHTED CONSTRAINT TERM 
C



t-ÜKTRA\ IV G LIVtiL 1 tl HAIN DATE « 72150 20/3( 

0207 
0210 
0211 
U2 12 
02 l 1 
02 1 A 
0 2 15 
0216 
021 / 
021 a 

0219 
0220 
0221 
0222 
0223 
0224 
0225 
0226 
022 1 
02 2 R 

IK-l 
I IOIC-1 
ou 4 o K 31, ne 
m*A I Tf JKM ) .Lfc.WA m JK) )G0 TO 4 
LK*JK* 1 

4 CONTINUE 
hHITE16,999)(ICONS(LK.NN),NN=1,N) 

9V6 EURHAT1•♦•,35X,8A1 ) 
999 EORHATC '.iSX.eAll 

MtSS*1 
c 
C SET VERTICES CORRESPONOING TO THE SELECTED TERM TO -1 IN C 
C 

CALL REStTClCONSULK ),CONSJILK) ) 
2000 CONTINUE 

I F I ME S S.NE.0)GO TO 42 
KRlTE(6»4l) 

41 FORMAT!* •,35X,**^* NONE ***•) 
42 IC*IC-2 

IF ( IC.EQ.OIGU TO 20 

STOP 
t NO 
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FORTRAN 

0001 

0002 
0003 
0004 
000b 
0006 
0007 
000H 
0009 
0010 
0011 
0012 
0013 
0014 
00 1 b 
0016 
0017 
0018 

IV 0 LEVEL 18 
C6LB1N DATE * 72150 

SURRCUTINE CELHINIII.JJ.IRAY) 

C 
C 
r o 

c 
c 
c 

THIS CONVERTS II ANO JJ INTO AN ARRAY 
In BINARY EORK CONTAINING 1»0,- 

999 

998 
997 

COMMON N 
DIMENSION I RAY t 8) 
INTEGER ONE , ZERO f DASH 
DaTA ONE,ZERO,DASH/IH1,IH0,1H-/ 

DO 997 K=1,N 
I 1 = I AND( II,2**(K-1> > 
I2=IAND(JJ,2**(K-1)) 
IF(I1.EQ.0.AND.12.EO.0)G0 TO 999 
IF(Il.EQ.(2**(K'l)).AND.I2.E0.(2**(K-l)))G0 

i Av ( N-K + 1 1=DASH 
GO TO 997 
IRAYIN-K+l) -Z ERO 
00 TO 997 
1 RAY (N-X♦1)=ONE 
CONTINUE 
RETURN 
END 

TO 998 

20/31 
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PflíPMItlWWI-WWMiWií 

I 

I 
i 

I 
1 
I 
i 

HJrt T R A N IV G UVfcL 18 DATfc * 72150 20/31 

0001 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
0017 
0018 

0019 

0020 

0021 
0022 

0023 
0024 

0025 
0026 
0027 
0028 
0029 
0030 

SUBROUTINE IMASK(IMARY.MASK) 
C 
c 
C THIS SCANS THROUGH THE MATRIX I MARY E AC H ROW OF WHICH 
C CORRESPONDS TO A P.I.) AND FORMS A MASK 
C 
C 

DIMENSION I MARY (100*8) 
INTEGER ZEKCNT.UNECNT,0NE,ZER0,DASH,TW0,MASK(8),EMP 
COMMON N,fcMP,IC 
DATA ONt,ZERO,DASH,TWO/lHl,lHO,lH-f1H2/ 
DATA ZERCNT »0NECNT/2*0/ 
00 15 NN= 1 »N 
DO 1 MM=l,EMP 
IFUMAKY(MM,NN).EU.DASF)GO TO l 
IFIIMARY(MM,NN).EQ.ZERO)GO TO 2 
IFI.MARY(MM,NN).EQ.ONE)GO TO 3 

2 Z ERCNT = Z ERCNT♦ l 
L.0 TO 1 

3 ÜNtCNT=ÜNtCNT+l 
) CONTINUE 

IMZERCNT.EQ.O.AND.ONECNT.EQ.OJGO TO 10 
IFIZERCNT.tQ.O.AND.ONLCNT.GT.OJGO TO 11 
IFtZtRCNT.GT.O.AND.ONtCNT.GT.OIGO TO 12 

C MASK (NN)=0| IF THE LITERAL EXISTS ONLY COMPLEMENTED. 
IF(ZERCNT.GT.O.AND.ONLCNT.LO.O)MASK!NNi=ZERO 
GO TO 13 

C AN ELEMENT OF MASK IS -, IF THE LITERAL DOES NOT 
C EXIST IN ANY ESSENTIAL P.I. 

10 MASK (NN)=0ASH 
GO TO 13 

C MASK ( NN ) = 1 , IF THE LITERAL EXISTS ONI.V UNCOMPLEMENTED 
11 MASK (NN)=ONE 

GO TO 13 
C MA SK (NN) = 2, IF THE LITERAL EXISTS Cm BOTH COMPLEMENTED 
C AND UNCOMPLEMENTED FORMS 

12 MASK (NN)=TWO 
13 Z cRCN I =0 

0NECNT=0 
15 CONTINUE 

kETURN 
END 
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0001 

0002 
0001 
OOOA 

OOOii 
0006 
000 7 
ÜOOtí 
0009 
0010 
0011 
0012 
001 i 
00 1A 
0015 
0016 
0017 
0018 

0019 
0020 
0021 
0022 
0023 

IV G LtVtL 18 
KESETC DATE * 72150 

^ suiJKCuTiNt Kbstrcm.jj) 

c 
c this generates the vertices BETWEEN II AND JJ 
c AND SETS T Ht CORK. TERMS IN C TO -1 

c 
INTEGER NUM(200),C(256),DIF 
COMMON tN, EMP, IC 
C0MMCN/C0M2/C 

generate vertices between .: and jj 
numi n = ii 
PR ISS = NUMI 1)♦! 
C (PRISS)=-1 
I CNT=1 
D I F= JJ-1 I 
IFIOIF.EQ.OIGO TO 200 
00 13 K=1,N 
I 2=I AND! (2**(K- 1 ) ),DIF ) 
IF( IZ.EQ.OIGCJ TO 13 
ICT2=ICN T 
00 14 L=1,ICT2 
ICNT=ICN T+ 1 
NUM( ICNT)=NUM(L)♦IZ 
LL=NUM(ICNT)♦I 

SlT THE TERM IN C CORR. TO THE VERTEX TO -1 
14 C(LL ) = -1 
13 CONTINUE 
200 CONTINUE 

RETURN 
END 

20/3( 
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0001 

0002 
0003 
OOO'i 
0005 
0006 
0007 
0008 
0 000 
0010 
0011 
0012 
0013 
00 1A 
0018 
0016 
0017 
00 l H 
001'^ 
0070 
002 1 

c 
c 
c 
c 
c 
c 

SUOROGTINt St LEGT(CARRY,MASK,COUNT) 

THIS COMPARES EACH ROW OF CARRY WITH MASK. 
COUNT IS THE NO. OF MATCHING LITERALS. 

2 

11 
1 
10 

INTEGER CARRY!10,8),MASK(8).COUNT!10) 
INTEGER 0N6,ZER0,DASH,TWO 

COMMON N,EMP,IC 
lmTA ONE,ZERÜ,DASH/IHl,1H0,1H~/ 

l)Q 10 JK= l, IC 
COUNT!JK)=0 
1)0 1 NN= l, N 
I F ! CARRY 1JK,NN).EQ.DASH)GÜ TO 11 
IF!CARRY!JK,NN).kQ.ZERO)GU TO 2 
I F ! MASK!NN).LO.ZERO.OR.MASKlNN).EQ.DASH)GO TO 

COUNT (JK)=COUNT!JK ) ♦ l 

1 

lFtMASK(NN).EQ.ONE.nR.MASK(NN).EQ.DASH)GO TO l 

COUNT(JK) = COUNT(JK ) + 1 

GO TO 1 ..... 
I<- I MASK l NN ) .EQ.DASH )COUNT IJK )=CCUNT (JK ) + 1 

CUNTINUE 
CONTINUE 
RETURN 
end 

20/3( 
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0001 

0002 
00 0 3 
0004 
00U5 
0006 
0007 
0008 

0000 
0010 

GO LI 
0012 
0013 
0014 
0015 
0016 
0017 
0018 

0010 
0020 
002 1 
0022 

002 3 
0024 
0028 
0026 

0027 
0028 
0020 
0030 
0031 
0032 
00 3 3 
0034 

0035 
0 0 36 
00 3 ? 
0038 
0030 

0040 
0041 
0042 
004 3 
00<.4 
0045 
004 6 

SUßKOUTI NF «FED ( lOUT,K ) 

THIS RGUTIMt KtADS THE DATA IN PIN A K Y FORM, GENERATES AIL 

THE PINTEkPS AND ARRANGES IN INCREASING ORDER 

K IS THE Nü. OF TERMS IN I OUT 

DIMENSION MlNCELI80),MMlN(8)iMMAX(8)tNUM(200) 

DIMENSION IMINI300).I0UT(256) 
INTEGER ZuRGfONE»DASH,BLANK,PLUSfDIF 
[i AT A ZERO,DASH,BLANK,PLUS/iHO, 1H-, IH , IF!*/ 

COMMON N, CMP,IC 

J = l 
L = 0 

C RL AD ONE DATA CARD 
1 READI5,10)MINCEL 
10 FORMAI ( 80A l ) 

lí F ( M INCEL ( 1) . EQ. PLUS .OR. MINCEL ( I ) .EQ .BLANK )G0 TO 15 

IFIMINCEL( I ).EQ. DASH ) GO TO 5 
lF(MINCEL(I).tU.ZERO)GO TO 2 

MMINI0)=1 
PMAX(0)=1 
0 = 0* 1 
go ro loo 

CHARACTER IS A ZERO 
2 MMIN(U)=0 

MMAX (0)=0 
0= I* 1 
GC TC 100 u ^ 

CHARACTER IS A DASH.GENERATE MINIMUM AND MAX MOM 

<3 8 P I N ( 0)=0 
MMAX (0)=1 
0 = 0*1 

CHARACURTIIS1AÜPLLS. INDICATES THE END OF A MINTERM OR CELL. 

15 0 = 1 
L =L * 1 
M X = 0 
MN = 0 
DO 200 K =1 , N 
^X=MX*MMAX(K)*2**(N-K) 
^N=MN*RMIN(K)*2 * * (N-K) 

200 CUNT INUE 
U IF = MX-MN 
IF(D IF.Nt.0IGO TO 2 5 
IMINIL ) = MX 
IF(MINCEL( I ).r D.BLANK IGO TO 35 

^0 TC 100 
C GENERATE THE VERTICES BETWEEN MIN. AND MAX. 

25 ITEMP=1 
ICN T = 1 
gum (i)=mn 
rL 4GU K=1,N 
IZ=I ANDl (2**(K"l ) ),DIF) 
[F ( l Z . EO.O) GU TU 400 
I C 2 = I C N T 
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OüA 7 
0048 
0049 
0050 
00^1 
0052 
0053 
0054 
0055 
005o 
005 f 

0056 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
0067 
0068 
0069 
0070 
0071 
0072 
0073 
0074 
0075 

DO 600 M= 1 »IC2 
ICNI=ICNT^l 
NUM ( I CNT ) = NUM(M)-*-IZ 
I N I N ( L ) = NU81 ( ICNT) 
L =L ♦ 1 

600 CUNTINUt 
400 CONTINUE 

I N I N(L)=MN 
IF(MINCEL(II.FQ.BLANK ICO TO 35 

100 CONTINUE 

ELIMINATE REPEAIEO TERMS AND ARRANGE IN INCREASING ORDER 

35 K =0 
DO 3C0 1=1,L 
IE(K.EQ.0)GC TO 650 
DO 500 J=l,K 
IFIIMINlI).E0.IOUT(J))G0 TO 300 

500 CONTINUE 
650 K=K+1 

IOUT(K)=IMINII) 
300 CONTINUE 

1)0 302 1 = 1,K 
DO 302 J=l,K 
I F(ICOr(I).GT.IOUT(J ) ) GO TO 302 
MT=IGUTI I ) 
I OUT (I)=IOUT(J I 
IOUT(J)=MT 

302 CONTINUE 
RETURN 
tND 
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APPENDIX II

Asseo4>ly language prograa (Systea 360/50) for LOGICAL AND operation.

♦ SD^ikOUT INt FOK LOGICAL •ANO•.

L * US*^ lAMIIlItJJ)

«

f .

e

n^r siakt

L, sr*« 14,12, i<*( 1 it SAVE AkGISTEKS
L 2,0(1) LOAC ACCHtSS CF II

( L 3,4(1» LOAP ACCKfcSS OF JJ
L 0 , j ( 2 ) LOAD 1 1

i-.- % 0 , J ( 3 » AND JJ
LK i4,i<>, i2( m 
LK 1.12,26(131

McSTORt KtCISFERS
j
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