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Range laws are obtaired for a distance measuring system which trans-
mits an RF signal. The RF is frequency mcdulated by a nonlinear triangular
waveform, the amount of nonlinearity being specified by a parameter.
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The nonlinearity may have desirable or undesirable effects; that is,
the sidelobe level of the range response may be decreased or increased de-
pending on the shape and amount of nonlinearity.
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The results of this report may be used to predict range laws of sys-
tems which have nonlinear triangvlar mcdulation. Alternately, practical non- .
linear triangular waveforms may be specified which will reduce the range-law
sidelobes.
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RANGE LAWS FOR DISTANCE MEASURING SYSTEMS USING
FREQUENCY MODULATION WITH A NONLINEAR TRIANGULAR WAVESHAPE

1. INTRODUCTION

The range iaw of a distance-measuring system (DMS) is the envelope
of the test statistic [1]. This is a function of the time delay between
the device and the target (or the corresponding distance between the device
and the target). If this envelope is above a certain level determined by a
pre-set threshold,the device is said to be within the functioning window of
the target and an alarm signal is given at the output of the threshold de-
vice. Here the DMS is assumed to be of the type that is frequency modulated
by a periodic waveform.

It is well-known that nonlinear frequency modulation can be used to
decrease the sidelobe levels in the range law [2, Chapter 20],[6]. In fact,
by frequency modulating with a waveform having Taylor weighing, the sidelobe
may be decreased to 40dB below the main lobe, as compared to 13dB sidelobe
suppression for pure triangular modulation [2]. The modulating waveform for
Taylor weighing is

+ Kn sin (nupt)) , |t] < %
1

n

m(t) = a

It~

t
T

where T is the period of the modulation and wy = 2n/T. For the DC range-law

to have 40dB sidelobe suppression, the constants are K; = -0.1145, K, = 0.0396,

K; = -0.0202, Ky = 0.0118, Kg = -0.0082, K¢ = 0.0055 and K; = -0.0040 [2].
In practice this modulating waveform is difficult to generate.

In this report the range laws for the DMS will be calculated for a
class of nonlinear frequency modulating waveforms. This class consists of
(1) Triangle plus one sinusoidal term and (2) Triangle plus a cube-law term.
This class of waveforms is relatively easy to generate in practice. Thus,
the results of this report can be used to design practical nonlinear modu-~
lating waveforms which will increase the sidelobe suppression over that ob-
tained by use of pure triangular modulation. Alternatelv, this class of
waveforms can be used to model the actual nonlinear modulation in devices
which are designed to have pure triangular modulation. Thus, the realized
sidelobe suppression of an actual DMS with "triangular” modulation can be
predicted. This is important becausc, for certain nonlinear shapes, the
sidelobe suppression is increased (instead of decreased) by the incidental

nonlinearity.

2. GENERAL FORMULATION FOR THE RANGE LAW

2.1 Range Law in Terms of the Fourier Coefficients

For periodic moduvlation the range law is obtained by cvaluating the
Fourier coefficient for the mixer output of the DMS. Referring to Figure 1,

Preceding page blank

S

Lt ot 0

oy




x(t)

Target

r(t)

DMS

l Mixer Output
y(t,T)

Figure 1. DMS and a Point Target

the transmitted signal is represented by

x{t) = /7 Re {v(t)ed¥t} )

where we is the radian carrier frequency and v(t) is the complex envelope [3].
Then the corresponding received signal is

r(t) = /7 Re {v(t-1)el¥c(t=7)) o))
where 1 is the round-trip time delay.

To the first approximation, the mixer output is given by the cross-product
term

y(t,1) = x(t)r(t)

Re {v(t)v*(t-r)ejwcr}

+ Re {v(t)v(t-r)el®c(2t™D)

where [+]* denotes the complex coniugate of [-].
Neglecting the output about 2we (which is tiltered out in the phvsical DMS),
we have for the mixer cutput

y(t,7) = Re {v(t)vk(t-1)ed¥cTy | 3
The test statistic is a filtered version of (3) usually obtained by a
doppler band-pass filter centerrd about some harmonic of the fundamental

modulating frequency.

For this frequency mecdulated DMS

j[D ft m(t)dt]
v(t) = e 0
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vhere D is the deviation sensitivity (radian</volt-sec) and m(t) is the periodic
frequency modulating waveform. Then

V() (t-1) = 3% (67 “)
where

8g(t,t) =05 7 m(o)ds .
t-71

04(t,t) is the mixer output difference phase with t being a parameter.

The instantaneous difference radian frequency -associated witn the
mixer cutput is then

dﬁd(t T)
1 wig(t,7) = ——=—— = Dn(t) - m(t-1)] (5) i
E where it is assumed that the variation of 7T with respect to t is negligible, i.e.
E the doppler frequency is much less than the carrier frequency. Thus, E
3 t
1 8g(t,7) = DOI [m(t) - m(t-1) Jdx 6)

If m(t) is periodic, then, 84(t,1) is periodic with respect to t. Thus, from

2 (4), v(t)vk(t-1) is also periodic and can bz expanded in a Fourier series
joglt. 1) kae jkopt
v(t)vk(t-1) = e =) e (7
k=-w
1 where
3 T ]
A 1 joq(t, 1)  —jkupgt ;
3 = = dt
; Ck = 7 Of e e (8)
27
Wm ='if

28

and T is the period of the moduating waveform.

llsing the above formulation <the mixer output can bc obtained in terms
of the Fourier coefficients {cy}. Assuming a modulating wavefo.m such that

TR

- the instantaneous difference frequency has half-wave odd symmectry; that is
T
wid(t,1) = —wiq(t + 5, 1) s

SRS
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then from Appendix A, it follows that the mixer output is

y(t,7) = |co(1)] cos [walt-te) + fog]

+ Z 2|Ck(T) cos [wd(t—to) +[C_k] cos [kbm(t-to}]
k=1

where
tp is the value of t at the first turn-around time of the modulation m(t),

[[-]| denotes the magnitude of [-]
and

Z!-] denotes the angle of [-] .

The range law is given by the envelope of the output of the doppler-band
filter centered at w = kwm. Thus, the range Jaw. are

r]co(‘r)i , k=0
R (1) = (10) ]
2l , k=1, 0 .
where e
1 T B84(t,T) =~jkuw
qr) =3 £ I0d(6T) ikt g, : (1,
0

2.2 Relationship Between the Fourier Coefficients and the Ambiguity Function

It is interesting to relate ci(tr) with the Ambiguity Function. The
Ambiguity Function is given by [1, p. 353]

A, &7 vie - Bo)vr(e + bo)e dYE e

-0

which becomes for periodic complex envelopes

T
A(t,w) = i Of v(t = Lhr)vi(t + %r)e_jwt dt . (12)

Using (7), (11) and (12) we obtain the relationslip B

_jk —— -
ck(t) = e T a1, kug) (13)
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e (O = I (=1, kup) | (14)

R P R T T T Ay

Thus, the magnitude of the Fourier coefficient gives the magnitude of the
Ambiguity Function along the w = kup axis where the positive and negative
directions of the t axis have been reversed. 3

Furthermore, the Fourier coefficient corresponding to the DC range
law, cg(1), is related to the power spectrum of the transmitted signal by the
Fourier transform. From {12) for the case of w = 0, A(1,0) is the autocor-
relation, Ry(7), of the complex envelope v(t) of the transmitted RF signal,
x(t). That is, for w = 0, (13) becomes

4 b e e WS¢

-l

Re(1) = c3(-1) = A (1,0)

and
Rt(T) = Ry(-1).

The power spectrum of the transmitted signal is given by [3]

[Pyemwg) + Pyl(-w-wg)] .

Bnfra

Px(h‘) =

Py{w) and Ry{1) are a Fourier transform pair. Thus

co(1) = A*(1,0) = f: Is pv(m)er(-T) de

or

B/2
1) = A(r,0) = = I/Z Px(uﬂ-mc)e"‘]wT dw (15)

(3%

il

i

whzre

Py {w) is the power spectrum of the transmitted RF signal, x(t). %
B is the bandwidth (rad/sec) of the RF signal

we is the carrier frequency (rad/sec).

13
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Thus, the cg(t) coefficient, corresponding to the DC range law and the conjugate

of the Ambiguity Function evaluated along the w = 0 axis are related to the
translated power spectrum of the RF signal by the Fourier transform times 2/w.

A detailed discussion of the Ambiguity Function and its application
to DMS is given by Rihaczek [4].

3. RANGE LAW FOR TRIANGLE PLUS SINUSOIDAL NONLINEARITY

The range laws, Rg(t), will now be evaluated assuming periodic modu-

lation by a composite waveform which is the sum of a pure triangle plus a
sinusoid as shown in Figure 2 below.

by

where

n(t) = m(t) -~ b cos wmt

a(t - T/4) , 0<t<1/2

m {t) =

a and b are constants to be determined according to the percentage of sinusoidal

a(t - 3/4T), T/2<t<T

nonlinearity.
" /\ /\
(a) Triangular Component
my () /\ /
u////( t \\\\\:"///f” t >
(b) Sinusoidal Component
m(t) /////r~\\\\\‘ ///,,_
[ 4.
Ll T
/ \/ t —\
o
(c) Composite Modulation Waveform
Figure 2, Triangle Plus Sinusoidal Nonlinearity

The composite modulation is described

(16)

17)




The percentage of sinusoidal nonlinearity added to the pure triangle
component is defined by the percentage of sinusoidal contribution to the
composite peak value measured at the time that the peak~value cccurs. Thus,
the percent sinusoidal nonlinearity is given by 100Pg where

5 b
Ps = b + aT/4 (18)

The percentage of modulation, see (18), may be positive or negative depending
on the sign of b with respect to a. It will be found that the sidelobes of
the range law are increased or decrcased depending on the sign of Ps.

The range laws resulting from this triangle plus sinusoidal nonlinearity
are described by (see Appendix B for the derivation)

leg@] 5, k=0
Rk (1) = 19)
@), k=1,2 ...

where

o = _]é._ &J (x/2)Pgx {Y[(% Psx) , (k-xPp)]

+ (—1)"(33"Ptx Yl (- %Psx) , (k+ th)]} (20)
and
“ 'y
¥[z,9] ﬁ%of eilz cos 8 + vol g @)
X Q 2Bt (22)
Py 2. Pg (23)

and B is the peak-to-peak frequency deviation (Hz) of the composite frequency
modulating waveform. For B >> fp, which is usually the case, B corresponds to
the spectral bandwidth (Hz) of the transmitted RF signal.

For the case of Pg = 0, i.e., pure triangular modulation, (20) reduces
to

3 -;— (x-k) | sin [1,:- (x-k) ] , sin [—g— (x+k)]2‘
= + (-1)

(24)
-72-7- {x-k) % {(x+k) ’\

ck=75e

which ylelds the well-knoun [5] sin 2z/z type of range law.
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For the case Pg

1.0, i.e. pure sinusoidal modulation, (20) reduces
to

K] X
-1k e

Jk (12'-. x) (25)

N

ck

which yields the well-known [2] Bessel function range law.

The range laws for several percentages of sinusoidal nonlinearity are
shown in Figures 3-16. The e curves were obtained by evaluating (20) numer-
ically.

Figures 3-9 give the range laws for positive percentage of modulation.
It is evident that this type of nonlinearity moves the range laws to the left;
that is, it decreases the normalized delay, xg, to the peak of the range law.
This positive percentage of sinusoidal nonlinearity also increases the side-
lobe level over that obtained for pure triangle modulation for distances
larger than xg. This type cf nonlinearity is undesirable.

Figures 10-16 give the range laws for negative percentages of modulation.

This type of nonlinearity moves the range laws to the right, i.e. increases xj.
However, the sidelobe level is decreased for distances greater than xg3. From
these figures, the optimum decrease in the sidelobe level is obtained when the
percentage of siausoidal nonlinearity is set to approximately

Ps = -1.5 (1/k+4) . (26)

This type of linearily is desirable.
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&. RAXGE LAW FOR TRIANGLE PLUS CUBE-LAW NONLINEARITY

The rarge laws, kg (1), will now be evaluated assuming periodic modu-
lation by a composite waveform which is the sum of a pure triangle plus a
cube-lauw ax shown in Figure 17 below.

T N J

LS aar ey T s o e = e oo

-l(t) E ;
T/2 T t > j%
\ .
1\2) Triangular Component

n2(t) ;
k
& + ; 3
. t » ; :,.
I
(b) Cube-Law Component 3 3
! ;
a{t) |
K
/
- 7 - € ;
Y
3
(c) Composite Modulation Waveform .
Figure 17. Triangle Plus Cube-Law Nonlinearity % ;

]
The composite waveform is described by :
m(t) = m(t) + my(t) @n 3
where 2
{ce-18) , 0cesc1
- s
my (t) = (28)
(3
) —c(t -B/&)T) , T/2<stsT

27




a(t - T/&) , 0stsT/2

my(t) =

-d(t - 6/8)T)3 s, T/2stsT

c and d are constants to be determined by the percentage of cube-law nonlinearity.

Just as in Section 3, the amount of cube-law nonlinearity added to the
triangular component is defined by the percentage of cube-law contribution to
the composite peak value measured at the time that the peak value occurs. Thus,
the percent cube-law nonlinearity is given by 100P. where

A d(1/4)3 _ _d(T/8)? (10) 1
- 3 B 2 : 3
d(T/4)° + c(T/4) d(T/6)° 4+ ¢

Pe

¢

The range laws resulting from this triangle plus cube-law nonlinearity
¢k are described by (see Appendix C for the derivation)

[]c0(1)| , k=0

g Rk (1) = (31) _

“ Ekuol .k

where

; ; 1 "j{Pte + Po(2/7)2[ (8-n/2)3 + (r/2)3]}x
\ ck(t) = T

N TP
1]

1,2 ..

f e cos(k6)de (32)
0

g x 2 28 (33)

Pe 5 1- P (34)

and B is the peak-to-peak frequency deviation (Hz) of the composite frequency
modulating waveform. For B >> f, which is usually the case, B corresponds to
the spectral bandwidth (Hz) of the transmitted RF signal.

For the case of P, = 0, i.e. pure triangular modulation, (32) reduces
to our well-known sin z/z type result given by (24).

: Once again the percentage of modulation may be positive or negative -
P depending on the sign of d with respect to ¢ in (30). By comparing the shapes

;! of the sinusoidal and cube-~law mndulating waveforms (see Figure 2 and 17) it

' is seen that the shape obtained for a positive cube-law nonlinearity is roughly -
equivalent to that obtained using a negative sinusoidal nonlinearity. (The

exact relationship is discussed in Section 5.2). Thus, in comparing the results

QR o6 oo

T Y

28




P

LS S by

for cube-law nonlinearity with those for sinusoidal nonlinearity, we would
expect the sidelobe level in the range laws obtained for smali percentages of
positive cube-law nonlinearity to be suppressed with respect with those ob-
tained using pure triangular modulation. The converse is also true. Since
only the positive cubae-law nonlinearity gives sidelobe suppression while nega-
tive cube-law nonlinearity gives increases in the sidelobe levels, only the
positive cube-law results will be given here.

The range laws for several positive percentages of cube-law nonlinear-
ity are shown in Figures 18-24. These curves were ohtained by evaluating (32)
numeyically. It is evidest that this type of nonlinearity moves the range laws
to the right; that is, it increases x3. Furthermore, if the percent nonlinear-
ity is not too large the sidelobe level is decreased at distances greater than
Xg. From these figures, the optimum decrease in sidelobe level is obtained
when the (positive)} percentage of cube-law nonlinearity is set fo approximately

Pe = 1/k+s . (35)

Thus, soime positive cube~law nowiinearity is desirable, and negative cube-law
nonlinearity is undesirable.
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5. EXPERIMENTAL AXD THEORETICAL VERIFICATICY OF RESULTS

5.1 Experimental Verification

For the case of triangle plus sinusoidal modulation, the two limit
results (i.e. pure triangle or pure sinusoidal modulation) are well-knowm.
Since the theoretical range laws given in Figures 3-9 fail within these
known limits, these results are aiready verified experimentally.

For the case of triangle plus cube-law modulation, the theoretical
range laws have been given by Figures 18-24. These results will now be veri-
fied experimertally by using the test apparatus showm in Figure 25 below.

The FM oscillator was supplied by HDL and is capable of large peak-to-peak
deviations with little incidental AM. B was set to 20MHz and fg was SKHz.
The experimental results are shown in Figures 26 and 27.

Wide Band —=_ [ ™
Oscillator 3008
J Moving
Reflectol
RF Mixer ;-: issi i
. Output 300Q Transmission Line
Mod.
5KHz kzh Harmonic Stri
Band Pass Envelope c}t‘n‘:
Filter (Tuned Detector Réa;rd
to kSKhz) o
Cube-Law Output
Exact 7A~V1—
Function /\/\/\ m (€
Generator /v\
myt)
@’ Sum =

!
1
I
|
1
1 (SKHZ)
{
!
|
|
I

N m(t) Composite Output
2

v

|
i
l
n
i
!
|
I
I
s
!
I
!
[
!
i

Figure 25. Test /Apparatus For Experimental

Measuvement of Range Laws
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Figure 26. Experimental Range Laws for K = 4--
Triangle Plus Positive Cube-Law Nonlinearity -
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K=8 .
100P, = 0Z+52
Cube Law

K=28

k=8 K=8
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3
3 - Figure 27. FExperimental Range Laws for K
3
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Triangle Plus Positive Cube-Law Nonlinearity
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It is seen that these experimental results agree with Figures 22 and
23 wher. the attenuation characteristic of the transmission line in the experi-
mental apparatus is takem into account.

5.2 Theoretical Verification

If negative percentages of cube-law modulation are used we have a
modulating waveform of the form

n(t) =kt - k3 | -T/4 <t < T/4 (36)

where the: t = 0 axis has been shifted by T/4 for analytical simplification.
This may be compared with the waveform shape that is obtained for triangle plus
sinusoidal nonlinearity

m(t) = k3t - k4t3 + higher order terms 37

where the expansion sin 8 = 8 - (1/3!)63 + (1/5!)0%... has teen used (see
Appendix D). Neglecting the terms of order higher than t3, a relationship be-
tween the percentage of cube-law nonlinearity and the percentage of sinusoidal
nonlinearity can be obtained such that the two waveforms of (36) and (37) are
equivalent; that is k; = k; and ky = ky. Referring to Appendix D, the result

is
1
- —— PS
6(2/m)3 -0.64596P¢
Pc = = P (38)
Pg s
1 - 1~
6(2/7)3 13.304
6(2/1)?(1~2/7)-1
which may be approximated by
P. = -0.646Pg (39)

when |Ps| < 1. Equation (39) is plotted in Figure 28,

Using (38), some range laws for cube-law nonlinearity which are equiva-
lent to the sinusoidal nonlinearity are shown in Figure 29. It is seen that
Figure 29 is almost identical to Figure 4, Thus, the theoretical results for
the cases of cube-law and sinusoidal nonlinearity are verified theoretically
with respect to each other.
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Figure 29.

Comparison of Range Laws--
Cube-Law lNonlinearity, K=4
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6. SUYRUARY

Range laws have been obtained for a class of distance measuring systems.
Tkis class radiates am RF signal which is frequency modulated by a nonlinear
triangalar vaveform. The nonlinezrity consists of one of two shapes--Type I and
Type 11—as shown in Figure 30. Type I nonlinearity may be synthesized from a
triangle plus a positive sinusoidal nonlinearity or from a triangle plus a nega-
tive cube-law nonlinearity. Type II may be synthesized from a triangle plus a
negative sinusoidal nonlinearity or a triangle plus a positive cube-law nonlinear-

ity.
a(t) /\ /-\
b////’ /2 T t

(a) Type I Nonlinearity

TSR R T ST I AN el
[]

>

Wor A RS T Ay R PR Y Y, A

(b) Type II Nonlinearity

Figure 30. )onlinear Frequency Modulating Waveforms

The amount of nonlinearity is specified by a parameter which gives the
percentage contribution of the sinusoidal (100Pg) or cube~law (100P.) non-
linearity with respect to the composite waveform amplitude at the time when the
peak value occurs (i.e. t = 0, T/2, T, etc.). These percentages may have posi-
tive or negative values.

MITERIE. MO WA R INLANT A E g we d e |

The resulting range laws show that the nonlinearity may be desirable or
undesirable. The Type I nonlinearity produces an undesirable effect (Figures
3-9) since the sidelobe levels are increased over those obtained for pure tri-
- angular modulation, for all distances greater than x3. The Type II nonlinear-
ity produces a desirable effect (Figures 11-16 and 18-24) provided that the
percentage of nonlinearity is nnt too large. That is, the sidelobe levels are
decreased for distances greater than x5 if Pg or P. is small and of the correct

e -y
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sign. From the figures it is seen that a sinusoidal nonlinearity with

Pg = =1.5 (1/k+4) (40)
o> a cube-law nonlinearity ith

Pe = 1/+4) (41)

gives the optimum sidelobe suppression and that the xp is not shifted very much
for these small percentages of nonlinearity.

In summary, the results of this report may be used to evaluate existing
distance measuring systems and to design new systems. The range laws of
existing systems may be predicted for the case of frequency modulation by a non-
linear triangular waveform. For new systems, modulatirg nonlinear triangular
waveforms may be prescribed which produce range laws with better sidelobe sup-
pression than those obtained by use cf the pure triangular waveform.
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- APPENDIX A
- Fourier Series for the Mixer Qutput
Equation (9) will now be derived from (3), (7) and (8). The mixer E
output is 3
y(t,1) = Re {z Ck ekamt eJmct} . (A-1) :
Expanding 1(t) in a Taylor's series about t we have E
dr
T(tg + t) = t(tg) + 5| t+ ... . (A-2)
t tO
Now
dr;  _ at _ (2ve/Bs)  2v
dejeo At (c/bs) ~— ¢

where At is the incremental change in the round trip time delay during the
incremental time At

As is the incremental change in distance
vr is the radial velocity of the target with respect to the DMS

and ¢ is the speed of light.

m i A s Nk e T o € S Ay S s e i

From (A-2), using the first two terms of the Taylor's series

weT = ¢ + wdt (a-3)
where
0 = wet(tq) :
and ;
wg = (Qup/c)we . ;
1

wq is the radian doppler frequency. Using (A-3), but neglecting the phase
angle ¢,3, (A-1) becomes

y(t,1) = ] Re {ckej(k“m + wd)t}

k=-

Re [coerdt} + Z Re {[cko"kmmt + c_ke-kamt] erdt} . (A-4)
k=1




We will now show that cy = c.y for the case when the instantaneous
difference frequency has odd symmetry; that is when

 § wid(t,1) = ~wjg(-t,v) (A-5)
: Z From (8)
E 1 [T jog(t,1) ~jkwpt
: Ck=T0f S A dt (A-6)
3 3 and
§ 1 T je4(t,7) jkugt
ck = T-g' edVd T dt . (A-7)

Letting 0 = -(t + T), (A-7) becomes

T
C_k =-% J’ e

j8q[(T-0),7) -jkwmo 4 (4-8)

Identifying (A-8) with (A-6) we see that a sufficient requirement for c.i = ck -
is that

oglt, 7] = 64[(1-1),1]
and since 84 is periodic with period T, this is equivalent to the requirement
0qlt, 1] = 0gl-t,7] . (A-9)
Taking the derivative of both sides of (A-9)

6 -dbq(x,1)
d ét’r) = dx’ = ~wiq(-t,1)
x=-t

”ia(t:T) =

r
e

Thus
ck = ¢k if wigq(t,1) = ~wid(-t,1) (A-10)

BB & s

Using (A-10) in (A-4) we have

y(t,1) = Jeg| + Z 2|exl cos [wat + ZékJ cos (kwpt) (A-11)
k=1

T T

provided that wjq(t,t) = —wg(~t,T)
where |[-]| denotes the magnitude of [-]
and Zi-] denotes the angle of [-].
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Now let tg be defined as the value of t which gives the first turn- 3
around of the modulation, m(t). This is illustrated in the figure below for 2
the case of m(t) having a triangular waveshape.

wjg(t,T)

tp t

Then, using the above sufficient condition for ck = c_i, we have the require-
ment, from (A-5), that

Y Crnrs waew waen

wid[(t—tﬂ):T] = ‘wid["(t’to),T] (A-lZ)
and (A-11) becomes

y(t,7) = [Co] + | 2|ck] cos [wg(t-ty) + ck] cos [kum(t-tg)] (A-13)

Furthermore, since wjq is periodic with period T, (A-12) is satisfied
if we require the difference frequency to have hzalf-wave odd svmmetry, that
is if

wgq(e,1) = —ogg(e + 3, V) . (a-14)
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APPENDIX B

Fourier Coefficients For Triangle Plus Sinusoidal Modulation

Using (6), (16) and (17), the difference phase is

(Dat)t +-£E-[sin wp(t-1) + sin wpT - sin wpt] » O

84(t,1) =
Db r . . T
(-Dat) (£-T) + on [sin wp(t-1) + sin wyT-sin wmt] > 3

[Fa)
-
1A
N =3

(B-1)

where the exact representation for 64 during the turn—around time has been

neglected.

Referring to (18), the peak-to-peak frequency deviation in Hz is

B = -— = [0 + T)] )

Using (18) and (B~2), (B-1) becomes

4TPt

( )t +‘;; [sin wp(t-1) + sin wpr-sin wmt] ’
8q(t,t) = Br

I}TPC PS
(- =) (e-T) + — [sin um(t-1)+sin wpt-sinugt]

where
A
Pt=l—PS .

100Pg is the percentage of sinusoidal modulation
and 100Pg is the percentage of triangular modulation.

Using (B-~3) in (11) we have for the Fourier coefficients

4P P
1 T/2 jBn{G—i?—)t + mi'[sin wn(t=t) + sin wpt - sin mmtl}

k== [ e
0

-3

4PeT
S jBn{ 6——5—)t + — [sin wp(t-1)+sin eyt - sin mmtlf
+Tfe
/2

(B-2)

o
1A
-t
A

N

N
A

<t<T
(B-3)

e-kamt dt

-jkwmt d

(B-4)




Using a change of variable, t)
the approximation:

[sin wp(t-1) - sin wt])

(t ~ T/2), on the second integral and using

= (ug?) sin (ugt - %) , T << T

(B-4) becomes

e &L LA
jBnPg sin wyT jBn{ —= )t + PgT sin (ugt - —} s
ck =‘% e e T 2 e Jhumt dt
0

T/2

 iBe[2p 1+ oS sinupt] 3B CPtY pap 1sin(ugt ")}
- FLZPpTH = 81 - s 2% 5
G Wy /e T 23 ilamt
T
0
(3-5)
Using a change of variable, 6 = (21/T)t, and the approximation
sin wpt = wyt for 1 << T, (B-5) reduces to
- "
j(_)Psx .
k=3e ° G Pem), (kPe)] + DRI ¥ - 2 p, (e + py0]
- (B-6)
where
LI
Y(z,v) é-,]; g emilz cos 0 + vol o (8-7)
and
A
X = 2Bt (B-8)

Y(z,v) becomes Jy(~z) when v is an integer.
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APPENDIX C

Fourier Coefficients For Triangle Plus Cube-Law Modulationm

Using (6), (22), (28) and (29), the difference phase is

L J
(=]
A
(o]
1A
=3

3 3
@cot + anl(e - P + @)
64(t,1) = (c-1)

3
D) -1y + (panfe -2 - DT, T

A
-3

vhere the exact representation of 83 during the turn-around time has been
neglected and the following approximations have been used

[t-G+0l - @-D°-3c-D° , 1«1 (c-2)
and
[t-(-Z'-T+T)]3:(t-%T)3—3(t—-2-T)3T , T<<-2-T i (c-3)

The approximations are valid for our problem of interest i.e. when 1 << T,
Substituting (C-1) into (11), the Fourier coefficients are

L V2 3leeot + waole - D+ D
Ck = ':f cf e

e“jkwmt dt

T -{{@c)(t-1) + @anl(e - 213 - 3 .
+ %_ i e 4 4 e—kamt dt.
T/2 (C-4)

Using the change in variable, t; = T-t, on the second integral, (C-4) beconmes

/2 §{@cOt + @[t - P3+ @3

ck = %- Of e cos (kuwpt)dt (C-5)




| S St et o A

Using the change of variable 9 = (23/T)t, this reduces to

E HEDe + D3N - 3+ @3N
e

0

x = cos (k8)de . (c-6)
Referring to (30), the peak-to-peak frequency deviation in Hz is

B = ([dP3 + @ . CR))

Using (30) and (C-7), (C-6) becomes

x j{Ped + r—c(-,zr)z[(e - %)3 + (%)3111:

k= Joe cos (k8)do (C-8)
when
x 2 28¢ (c-9)
A

100P. is the percentage of cube-law modulation, 100Py is the percentage of
triangular modulation, x is the normalized round-trip time delay between the
fuze and the target, and B is the peak-to-peak frequency deviation (Hz).
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APPEXDIX D -
Percentage of Modulation Required For Equivalent Sinusoidal .
and Cub=-Law Nonlinearity
For triangle plus sinusoidal nomlinearity, using (i6) and (17), the
modulating waveform is
# m(t) = at + b sin ugt , itis% (0-1)

vwkere the t = 0 reference has been shifted by T/4 for convenience. Then approx-
imating the sinusoidal nonlinearity of (D-1) by the first two terms of the
Taylor series we have

m(t) = (a + boplt - £ blumt)® , |t <3 - (0-2)
Identifying (D-2) with (37) we have
k3 = (a + bup) (p-3)
and
1 3
ku = E bmm . (D_lf)

For triangle plus cube-law nonlinearity, using (27), (28) and (29), the
modulating waveform is

m(t) = ct + dt3 |t|<-}:- (D-5)

where the t = 0 reference has been shifted by T/4. Identifying (D-5) with (36)

we have
|
‘ k; = ¢ (D~6)
k2 = —-d - (D-7)
It is required that k) = k3 and k, = k, for these two types of non- 3
linear modulation to be equivalent. Thus, (D-3) through (D-7) becomes - 3
c=a+bwm=a+£;£ (D-8) -
1 e oAy 3.1 2m3
; d & bum g b &) . (D-9)
: ]
.50 3
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E - Solving (D-8), (D-9), (18) and (19) simultaneously for Pc in terms of Pg we
have

3 Pe = ®-6) ! 4
4 -2 +25 DA -3 D o { 4

vhere 100P,. is the percentage of cube-law nonlinearity and 100Pg is the per- ) :
centage of sinusoidal nonlinearity.

b Equation (D-6) can be arranged into a more useful form

A -[1/6(2/%)}pg -0.64596 Ps
7 P = = ®-7)
¥ Pg 1 - (Pg/13.304)

1-
6(2/7)°
6(2/%)2(1-2/%)-1

Gl et

it .
30 ok g S
Sogkk

e i o ey A T B T,
a1 it 283 4 el Ly
RSP PP AT O & RO A P

which can be approximated by

Pe = -0.646Pg , |Pg| < 1. (p-8)
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