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ABSTRACT

This thesis examines several models for the computation
of target coverage vwhen multiple rounds are fired at a target.
Fractional kill of a fragment sensitive target by a fragment-

ing projectile as a function of the number of rounds fired is
The first is a standard salvo-fire
In

compared for two models.

model in which N rounds are fired at the same aim point.
the second model, single shot kill probability is computed
for a fragment sensitive target and then fractional kill from

the firing of N rounds is computed according to the assumption

that the effects of each round are independent. The need for

sophisticated target coverage models (such as salvo-fire

models) is demonstrated by —he results of computations per-

formed in this study.

]
Y

Koo Bl et 2 lea S 2T as

e A IS v e

Akl

LA

B a8 S0 e Rl g

ELIIR g Priaat .

oeen,

&

S s 5
L DI ES NP P

e LA o 2 e

N
Lﬂ.{’i‘ &




- ey RO L AR L 5. L SN PR ol i e .
* - RS A C SRS A A SR, (W WIT] e TOTIRIS L SRS g 2
Sila's Lt I

g
: 3
7
TABLE OF CONTENTS 1
I. INTRODUCTION ===-mmceccecceccccceccmccee e c—a—— 9 &
' A. TARGET COVERAGE MODELS ==m=—=-c=—mececeeeea—- 9 ;
B. PURPOSE =-=ree—memccacccccmccc e ccea e 10 3
C. SALVO MODELS =me—cs=smce smemmmmom———————————— 10 e
II. THE GENERAL TARGET COVERAGE MODEL —-=-c=-—meea-- 12
A. ANALYSIS OF THE ARTILLERY SYSTEM --~—=-——=-- 12 :
) B. DELIVERY ERRORS —=—==~mcecemccmccecme e e 13
1. Target Location Errors =-—-——-—e-mececcec-w-- 13
2. Ballistic Errors --=s=-=cccc—coccco. coceao 15
C. TARGET DENSITY FUNCTIONS ===-me=m-ecacceamaa- 15
D. DAMAGE (LETHALITY) FUNCTIONS =~e=-me-—cececo-a-- 16
E. BIAS ~=mmemmee e 17 - ;
. III. THE SALVO MODEL =~-=m-mecescmescecccmee—ccc—ee————— 20 [
A. INTRODUCTION ===-m=-emececcccccecccc—cac————— 20 E
B. ONE DIMENSION CASE ===-emeomerccmccarcmceaoax 20
l. Specific Assumptions =—=--mermecec—cecccoeo- 20 §
a. Target Location Error -=-==-=e-ce--- 20 ?
b. Ballistic Error =---=--—-ce—cecacoe- 21 ;
c. Damage Function =—=-==ccsmcccccnccccn~ 21 5
2. The Analytical Model =me=mmmmm-m—==—enc-= 21
a. Lethal Radius «====-==rwcceccconcca=- 22 %
b. Mean Aim Point ~=-mcmmcmccccccccanao 24 %
' c. Target Location Error Standard ’
Deviation =-e--~recccmccncccccne——- 24 ;
d. Ballistic Error Stardard Deviation -- 24 é

btk Pk e e

—— e —

PLT e .
= - o




44 o iR A N i i v ande N s 4 v TN T IR M Taee L T

3. Comparison of Independent and

Dependeni: Models ====mmrmeccccccccccaccea. 24

C. TWO DIMENSION CASE —==—-—c—m—m—mecc—ccomcemoo 32
1. Specific Assumptions =--==-ecmceccaac—oa 32

a. Target Location Error =—-—-=-c-caen--- 32

b. Ballistic Error ---=-—=—c-mcccccccc-~ 32

c. Target Density --==-—mecccececeaca—- 33

d. Damage S 33

e. Biags eerremerrrmmcccccceccccccncese- 33

2. The Analytical Model --—==-mermmccceccacca- 33

a. Lethal Radius -====r=----ccrmcccccc-— 34

b. Target Density Standard Deviation -- 34

3 c. Ballistic Error Standard Deviation -- 35 :

3. Comparison of Independent and Dependent

b. Target Location Error Standard .
Deviations =—=c--cmececccccccmccccnee—- 41

Models —-~==—mmmmm e 35 }

D. APPLICATION TO SPECIFIC WEAPONS SYSTEMS —=---- 35 3

i 1. Specific Assumptions -----c—cecceccnae—- 35 g

a. Target Location Error =----=-=-wcc--- 35 %

b. Ballistic Error ----=--reccecccecen-- 40 %

! c. Target Density =—=—==mmecceccecccccec—- 40 %
| d. Damage (Lethality) =~emmmm—mm-———-—e-- 40 a
e. Bias ~--mmrmmcccmccrcc e e 40 §

2. The Analytical Model =--meceececccccaaa—- 40 %

- a. Lethal Radius ==-=ccoccccccrcraccao- 41 g
i

k

g

c. Ballistic Error Standard Deviations -- 41

o
.
w
|
o
n
1
1
1
1
1
!
i
]
1
!
]
1
1
)
1
!
'
]
|
!
!
1
1
!
1
L}
1
!
[}

1
!
£
N

L0%rz it

LAk,

e. Target Denrsity Function Standard
Deviations ======m--cscccccoccnnoooao 42

[T APNRS. /N

A Moot




SR Ty

FrHs

(i ok |3 e

L PN ta)

TG Ty R PR Fore

d
%
3
i
]
y
R

TR TR T O ST g e

J— U S SRS S h A
. e — T T Y
e e PR A o A LA NP ARE S

3. Comparison of Independent and
Dependent Models

-------------------------- 42
IV. CONCLUSION  ==-semcorcccccuoncnsan il St L L 44
APPENDIX A: Computer Output for 2D Model e~=-=wceccec——w- 45
APPENDIX B: Computer Output for Specific Weapons =~---- 73
APPENDIX C: Computer Program for One Dimension Model -- 94
APPENDIX D: Computer Program for Two Dimension Model

with Circular Normal Distribution —===---- 96
APPENDIX E: Computer Program for Two Dimension Model

with Elliptical Normal Distribution -=-=--- 98
LIST OF REFERENCES ===m-—=emcoemmc oo e e 101
INITIAL DISTRIBUTION LIST ~-—=m==cememcc e cecocae— 103
FORM DD 1473 ~=rmeecc e e e e e e e e e e 104

¥
4
!
b4
H
Ed
H
1
k]
2
/1
3
3
‘
3
3
3
)]
3
T
i
K
g
*

1 ANy P A

RIPRESES

PR IPL - PSR &

S AL

TITIT TN aaT

JUPY NS Y

SHPULTIRPL I P

. k] “ PRS- LT BNP S R
ti.nw iAo e Bt S DLt S LI Mty S hadm S PRy




N s it b K40
CULMEL e ey, A0

Sy

R i B P e o T s

TABLE OF SYMBOLS AND ABBREVIATI._NS

A list of symbols usea in the text and computer programs

is given below.

Text Symvol
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(p,q:x,y)
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ol
Z*

L

1(u,v;u,v)

N

(P,q)
PE

leti.al radius of projectile
letnal radius in range .
Jrhal .adius .n deflection
k> istic error

probability density function of
ballistic error

damage measure

deflection

damage function

average fraction of target killed
with salvo of N rounds using
dependent model

average fraction of target killed
with salvo of N rounds using
independent model

target location error

probability density function of
target location error

number of projectiles
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(u,v)
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W
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probable error in deflection

cumulative kill probability - PKILL(N)
with salvo of N rounds using
dependent model

cumulative kill probability PINDEP (N)
with salvc of N rounds using PKILL (INDEP);

independent model

probabiiity of killing target
located at x=0 with one round
given aim point is x_
probability of killing target
with one round given aim
point is X,y
range
postulated location of target
reference point
BX,BY

actual location of target
reference point used by fire

direction center

target density or weighting
measure

target density or area weighting
function

point of projectile impact

aim point for 2D model
aim point for 1D model

distance frrm point of impact to
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distance ith round impacts from aim
point
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deflection

ballistic error standard
deviation

ballistic error standard
deviation in range

ballistic error standard
deviation in deflection

target density standard
deviation

target density standard
deviation in range

target density standard
deviation in deflection
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I. INTRODUCTION

A. TARGET COVERAGE MODELS

Since their development over 20 years ago, target cover-

age models have been used to provide insight into the
effectiveness of artillery weapons systems and problems of
weapons system design and associated force structure analysis.
More recent work by C. H. Hess [10] has been directed toward
providing a model adaptable to operational use by combat com-
manders. These models are used to calculate the fractional

kill of a fragment sensitive target by a fragmenting projec-

tile as a function of the number of rounds fired.

In this thesis a standard salvo-fire model in which N
rounds are fired at the same aim point was compared to a
model which assumes that the effects of each of the N rounds
fired are independent. 1In the latter model, single shot kill
probability is computed for a fragment sensitive target and
then fractional kill from the firing of N rounds is computed
according to the independence assumption.

Because of the great simplification in expression for the
computation of cumulative target effects, it has been assumed
in some target coverage studies that the effects of multiple
rounds from the same veapon fired at a single target weré
independent. For example, this was done in the recent Marine
Amphibious Force Fire Support Study (U) [12, 13]. More real-

istic and (unfortunately) complex models of such a tactical
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situation are available. 1In light of increased costs in
both computational time and analysis effort, it is of interest

to examine whether such sophisticatinns are justified. Hence,

ECrair i rios ol

this thesis compared these modeling alternatives.

B. PURPOSE
The purpose of this thesis was to compare in detail a
model which used the independence of effects of rounds assump-

+ion with a standard salvo-fire model.

C. SALVO MODELS

In a salvo-fire model it is assumed that (1) the aim point
is constant for all N rounds and (2) the N rounds are fired
more or less simultaneously [1l]. From this salvo model, one
computes the expected fracticnal kill by N rounds all having
the same lethal area and all aimed at the same point relative
to the target center [1].

The above model describes numerous tactical situations

among which are {1l) one artillery tube sequentially fires N

identical rounds at the same aim point and (2) N artillery

{
31
i
R
kY
£
-3
3
X
E
Es

tubes fire identical rounds simultsneously at the same aim

point from the same location. Elsewhere in this thesis there
is a partial analysis of the vast spectrum of artillery opera-
tions. The salvo-fire model specifically applies (without

any modification) to the case when N rounds are sequentially
fired at the same aim point without changes in this aim point

due to updated intelligence about the target during the firing

£ P 8 SRR s P S L5 B s A b e Kl LA fat SR

sequence. This is called unadjusted fire and according to

ot e bl Sy A M,
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FM 6-40 [4]:

"The greatest cemoralizing effect on the enemy
can be achieved by delivering a maximum number
of rounds . . . in the shortest possible tim
and without adjustment." :
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II. THE GENERAL TARGET COVERAGE MODEL

A. ANALYSIS OF THE ARTILLERY SYSTEM

The forward observer (FO) who maintains communication
with the fire direction center (FDC) is normally located
between the firing battery and the enemy target, and attempts
to move about the battlefieid in such a manner as to achieve
a commanding field of view while maintaining concealment. He
is responsible for target acquisition which includes detec-
tion (the determination of the existence or presence of a
target), identification (the determination of the nature,
composition and size of the target, and location (the deter-
mination of the three dimensional coordinates of the target),
of ground targets for the purpcse of effective employment of
supporting weapons [2].

The FO transmits this information to the FDC which con-
sists of gunnery, intelligence, and communication elements.
The FDC is the element of the artillery herdquarters through
which the commander exercises fire direction and control.
FDC translates the information received from the FO into the
appropriate fire commands and transmits the commands to the
batteries [3]. The gun crews then set the proper elevation
and azimuth readings on the guns and engage the target as
directed.

An error free execution of this process would result in

positive destruction of the target. It is the introduction

12
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: of errors that creates the target coverage problem (see

Figure 1). The FO makes errors in locating and reporting

the target. The FDC makes errors in translating the location

LAY IR £ 4\ 1y oy

of the target into gun settings. The gun crews make errors ;

in placing the settings on the guns and finally nature creates

errors in the trajectory of the projectile due to such vari-
abilities as tube wear, temperature, humidity, and wind vari- ;
ation. The general target coverage problem is to determine
expected damage to the target from knowledge about these
errors (their distributions) and from knowledge of intentional

offsets, lethality and target density functions.

B. DELIVERY ERRORS

The system delivery errors present in the general target

Dt Al Bacart A o e Lo

coverage model are errors inherent to the system and are

A

composed of (1) the target location error which may alterna-

e

b

tively be thought of as an aiming error, and (2) the ballistic

IEARCAY)

error. Target location (aim) errors in range and deflection

are associated with the entirz delivery system while ballistic

errors are associated with individual weapcns.

SERWE W 7V Ny ST YOIy

l. Target Location Errors

Field artillery cannon targets are located by an ar-

2L SR S ANl o

tillery forward observer who identifies the target and reports

FERCRIIN

i its location to the Fire Direction Center. These targets are

imprecisely located due to errors in target acquisition and

PRNVRYRWR I TS

possible movement by the target in the time interval between

acquisition and attack. The target's reported position (U,V)

AN W A o b

which is the aim point for the artillery tube if there is no

DDA Ot
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: symbol  Definition Distribution

}'(U,V;u,v)

et pt el S PR A (Xl S 3 R e

L target location error

o

intentional offset deterministic

e g AR
NP F PR RZF

ballistic error b(x,y:X,¥)

4

Q(Prqixry)

S8 Ariedly

danage measure

=

wip,g;u,v)

£ U Ww O

target density or weighting measure

T 50w AR 7

'f:"n=f J158010100,V50,v) b (x,y:X,¥)d(p.q: X, Y)W (P,q ;u,v) dpdgdudvaxdydxdy
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k. Figure 1. General Target Coverage Model. §
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§ intentional offset is distributed with respect to the true
target centroid (u,v) according to some probability density
function, 1(U,V;u,v). The usual assumption is that

] 1(U,V;u,v) has the form of a noncorrelated bivariate normal

;
A
A
S

B
g

3

distribution. If there is no mean target location error, then

g L is centered on the true target location and its distribution

=
V2 G PO NI IR

1 is symmetric. USACDCEC Experiment 31.1 [16] has shown that

o

the mean target location errors are nonzero, the range error

being significantly greater than the deflection error. Thus, 3

the more realistic assumption is that L is distributed as a
bivariate normal with ¢ >0 and a nonzero mean.
a a

X Y

2. Ballistic Errors

SWEM [14] considers three types of ballistic errors;

+TTEAN G2 o PR SRS RR A TS PERTITRE ALY S F IS ¥y

normal, uniform, and stick which is a combination of a uniform -
and a normal distribution. The impact of rounds at (x,y) is
distributed according to some probability densiiy function
g(x,y;§}§). For artillery coverage problems, the common assump-

tion is that B has a noncorrelated bivariate normal distribu-

AL POETARLL VPN N PPN | L CIT LA WS

tion since, by the Central Limit Theorem, the sum cf a number
of independent well-behaved random variables can be expected

to approach normality.

C. TARGET DENSITY FUNCTIONS

BRI Y SR URT JE R SPNE NP I TP T3

Hess [10] defincs a target as a collection of elements

(considered either as points or area increments) which are

W ladrane

} located in an area. Each target element (p,g) is independently

and identically distributed at the target location according to

A
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a target density function w(p,q;u,v) which has properties of
a probability density function. For a continuousliy distrib-
uted target such as an airfield runway, the elements would

be treated as area increments and the target density would be

uniform. 2 uniform distribution might also be appropriate for

ammunition storage bunkers dispersed over an area, but in

this case the target elements would be points.

The target density function does double duty because it
can also be thought of as an area weighting function. If the
target is an infantry unit deployed over an area, that sub-
area occupied by the unit leader should be weighted more
heavily than areas of egqual size occupied by non-leaders.
This distribution of weight over the target area would result
in a peaked, non-uniform distribution. The most common form

of W has been the uniform distribution in some specified

square, rectangular, circular or elliptical area.

D. DAMAGE (LETHALITY) FUNCTIONS

Field artillery cannons firing fragmenting projectiles
kill fragment.sensitive targets by exploding and throwing off
schrapnel. Thus, it is not necessary for a direct hit to
occur in order fcr the round to be effective. The damage
function resulting from the exploding rounds depends cn both
the target element location (p,q) and the impact point (x,v)
and is denoted by d(p.,q:x,y).

The simplest and most common form of the damage function

is a cookie cutter (see Figure 2(a)). This form specifies a

constant amount of damage out to some range R from point of
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impact, beyond which there is zero damage. Other more
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accurate but more complicated damage functions are avail-

able which give a more realistic estimate of true projectile ?
lethality (see (b) through (f) in Fig. 2). Figure 3 from ;
BRL report 1544 [1] compares a poor damage function (the g

cookie cutter), a good damage function (the exponential),

and the true function,

E. BIAS

Bias is the sur ¢f the mean target location error and any

intentional offset from the actual target centroid and deter-

AR LA et Lt A Bt s RO st 0 A e

mines the location of aim point (X,y) with respect to the :
{‘

target centroid. When there is no intentional offset, {

(u,v)= (;E.,-Y-) .
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IITI. THE SALVO MODEL

A. INTRODUCTION

The salvo-fire model is a specific form of the general
target coverage model. The conditions of salvo-fire
dictate an explicit form for each of the parametric distri-
butions discussed in the last chapter. These explicit forms

for one and two dimensional cases are'discussed below,

B. ONE DIMENSION CASE

The one dimension model is convenient for conveying the
essential features of a salvo-fire model without obscuring
its features with unessential details and complicated rela-
tionships. Using a rectangular coordinate system (see Fig. 4)
with the target reference point located at x=0, the assumed

aim point is at scme point X,. This distance is a measure of

target location error or alternatively, of aiming error. The
ith round impacts at x, ..
i
\\
TARGET ™ _
N o
x X 0 - S R X
bg by b; “a b by

Figure 4. .. _.arget Coverage Model.

l. Specific Assumptions

a. Target Location Error

Xy is distributed normally with mean ua and

variance an go that,
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b. Ballistic Error
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Xp is distributed normally with mean X, and

2

variance © so that

LICRTS-4 LA R L LYY S P

b
2

£(x,) = _1 _ exp -.]be_xa\\]
Wi

The functional form for the damage function is the

c. Damage Function

exponent:ial function, .

O E RN TN Y SRR ST AT B LT TR FERNY

d(x) = exp/- x2
k 2a%

where a is a sbape parameter derived from a fit to experimental
lethality data which has been independently determined from
fragmentation tests or other techniques and is called the lethal

radius. "x" is the distance from center of impact.

At e R D EOMAR LAl P na L v

2. The Analytical Model [15]

3
Under these assumptions the conditional probability of
kiﬂiing the target with one round given that the aim point is

xa,denoted by Pk/xa ¢ is,

ly oy V2 \
T exp'-% *p"Xa .] expf- Xp2 dx
- ors o i H 2 i
oy /2T L\bIJ \ 2%

= a exp [~

4

b
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Ccnsidering the firing of N rounds at an aim point and then

averaging over a distribution of aim points, the result is,

o
v L _ N
PKN = 1 _i (1 PK/xa) fxa(xa) dxa
2
exp Kua \
N _ 2., 2 2
=a2'§) _2_—1(1 2(a‘+0) +xca)’l
K=1:
al+g, 2 VAT TN
b b a

If the assumption is made that the effects of rounds are

statistically independent then the independent model is,
PK* = 1 - (1-PKq)"
N : 10

The computer program used to calculate the values of PKN '
PK* PK{‘—PKN (absolute difference) and PK§-PKN (relative

N 14

PKN

difference) for N=1 to 15 is given as Appendix A. The inputs

for this program are "a", My v g 0 and o,,. Values for these

inputs were determined as fcllows.

a. Lethal Radius

No attempt was made to fit "a" to experimental

lethality functions nor to determine "a" from classified
lethality data. As used in this study it was the radius of
burst obtained by subtracting the width of an open sheaf from
the front of an open sheaf as shown in FM 6-40 [4] and divid-
ing by two. (See Figj. S5.) Approximate "a" derived in this

manner for various weapons is shown in Table I.
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b. Mean Aim Point
Experiment 31.1 [16] showed that the mean target

T R TR

location error among forward observers under daylight condi-

i Ko o

tions using nine target types, two environmental conditions,

T

and over rarious ranges was -167 meters in range and 28

meters in deflection. For particular combinations of envi-

ronment and targets, mean range error was as much as -407

meters and mean deflection error as much as 72 meters.
c. Target Locaticn Error Stagdard Deviation

A supplement to experiment 31.1 gave probable

erxors for three types of target location techniques and three

range bands (see Table II). Standard deviation was determined

by dividing the probable error by .6745.
d. Ballistic Error Standard Deviation

This data was extracted from standard artillery
firing tables [5, 6, 7, 8] and is displayed in Table III.

3. Comparison of Independent and Dependent Models

The computer program used to calculate values of PKN

and PK* also calculated the absolute difference PK&-PKN and

N
the relative difference (PKﬁ-PKN)/PKN. While the absolute

difference may have been small, reflecting small values of

PKy and Pxﬁ , the relative difference may have been quite

large.
To determine the effect on model differences of vari-

ous values of the input variables, each was in turn varied
over a range and the others held constant at a base value.

These base values were a=20, ua=50, Cp=20 and °a=2° and were
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TABLE II

A G G L e Sl kg -
IR GRL NoE b, TR v R T

R s o

TARGET LOCATION ERRGR STANDARD DEVIATIONS

Target
Location
Technique

I . Range

(meters)

“ s em e

Probable
Error
(meters)

Standard
Deviation
{meters)

Polax

< 2000

r 165
a 27

245
40

2000 to 4000

r 480
d 27

712
40

peee

> 4000

r 800
a 27

1186

Grid

< 2000

r 110
d 64

+ 2000, to 4000

‘

r 525
d 64

778
95

shift

r 922
d 64

)

)

H
g e em SmeLcm ik men o rmeme e ot

i

t

r 135
d 101

1367
95

200
150

3
2
A
%
g
&
3
3
3
b
3
ko
]
3
3
£
i
K]
}
3
<
2
q
2
4
§
|
E
k]

2000 to 4000

r 830
| d 203

1231
301

> 4000

r 1850 2743
da 200 297
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TABLE III

BALLISTIC ERROR STANDARD DEVIATIONS

Weapon Range Probable Standard
(meters) Error Deviation
(meters) i (meters) ’
§ i r 8 12
' 2500 dil 1.5
; r 11 16
L 105mm 5000 a3 ! 4.5
Howitzer 7500 g §4 2%.5
10,000 3 %9 ig ;
5000 ; 3 %1 1g ]
155mm ! r 27 40 ﬁ
Howitzer | r 40 59 ;
15,000 ¢ a4 6 %
- 9 §
o T AT
8 inch > ¢
10,000 g 56 33 5
Howitzer : r 38 56.
! 14,500 d~i° 15
5000 g 26 23
20
175mm 10,000 s 32.5
. i
Gun | 20,000 L i i :
r 63 93 : 3
30,000 a 17 25 ' ;
Z

26




selected so that they would be representative and so that

probabilities of kill would vary over most of their 0-1
range. Figures 6 - 9 illustrate the relative model differ-

ence as a function of the number of rounds fired. Note that
the vertical scales vary.

Relative difference plotted against N was in all
cases an initially increasing function. This occurred as a
result of model equality for N=1 and the fact that PK§ 2 PKy
for all N. When the probabilities of kill approached their
limiting values of zero or one, absolute difference decreased
causing a decrease in relative difference. This resulted in
a curve which initially increased then decreased as the
probabilities of kill got close to one.

An analysis cf the curves plotted in Figures 6 - 9
resulted in the general observation that relative difference
increased as N increased for small probabilities of kill., It
was therefore expected that relative difference would increase
if factors that caused a degeneration in probability of kill
were increased. This was reflected in Fig. 6 which showed
that relative difference increased acs lethal radius decreased.
Figure 7 showed an increase in relative difference for an
increase in mean aim point until the mean aim point was so
far off target that the probabilities of kill approached zero.
Relative difference increased as ballistic error decreased

which at first looked like a contradition to the premise that

relative difference would increase as degenerative factors

were increased,

27

However, further analysis showed that increased
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ballistic error caused increased probability of kill due to

the fact that the aim point was quite far from the target. An

increase in dispersion resulted in rounds landing further
from the aim point but closer to the target, giving a greater
probability of kill.

The premise was further reinforced by Fig. 9 which
showed¢ an increase in relative difference as the distribution

of aim errors fluttened out, causing a degeneration in prob-
abilitjes of kill.
C. TWO DIMENSION CASE

The addition of a second dimension brought the model much
closer to reality and provided a method for getting answers
to the target coverage problem in real would situations. Botu
range and deflection errors were taken into account so that
the functional forms of error distributions were bivariate.

Results of the calculations are included as Appendix A.

1. Specific Assumptions

a. Target Location Error

The target location error was assumed to be un-

correlated bivariate circular normal so that,

2(U,Viu,v) = l exp |- (u-U)2 + (v~V)2f
2 2
2noa 20a J

b. Ballistic Frror

The ballistic error was assumed to be uncorrelated

bivariate circular normal so that,

BREREL e &y wos u, o~
0 " & 5e e
G i e = -
o © 5 . N
- T et e et ana——_




¢c. Target Density '

The target was assumed to have a value of one and

was assumed to be distributed over the area it occupied

according to an uncorrelated bivariate circular normal distri-

bution about the target centroid so that,

wip,q;u,v) = 1 exp [; (22+92)T
2m0, 2 2 2 |
t t .J

d. Damage (Lethality)

The damage function had the form of an exponential

damage function so that,
S 2 2-\
dlp,qix,y) =exp j= 1 (p=x)7 + (q,y)° !
Z al J/

e, Bias (Offset)

This model assumed that there was no bias.

2. The Analytical Model [15]

Under these assumptions the probakility of killing the

target with one round denoted by pk/_ -~ is,

| .
a2 -1 (u-x)2 + (v-7) 2
(a2+ob2) i al + obz
L

Now considering target density and averaging over all aim

points,
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F = sr/r wip,q;u,v)1(U,Viu,v) /1- [l-p - _'J N\ dpdqdudv

N ‘ k/X,y

\ /

N K-1 - 2,5.2

=q '2) 6&) PX  where P = a and g = & %%

k=1\ To+KT > 2 —
+

a’+o, 9,40,

If the assumption is made that rounds are statistically
independent then the independent model is,

Tk — 1-(1- N
Ft = 1-(1-F)

The computer program used to calculate AFTK for both
independent and dependent models, absolute difference and
relative difference is given as Appendix D. The inputs for
this program are "a", o, 9y and e Values for these inputs
were determined as follows.

a. Lethal Radius

The lethal radius was determined as for the one
dimension case.

b. Target Density Standard Deviation

A typical small tarcget for artillery weapcns is
an infantry platoon in a defensive perimeter. Consider a
platoon of about 40 men configured in a circular defensive
perimeter with 10 three-man foxholes two meters wide on the
perimeter with 10 meters between foxholes. If the target has

about 95% of its value normally distributed on and within the

perimeter (there may be listening posts outside the perimeter)

then the radius of the defensive position which is approximate-

ly 20 meters would be at two standard deviations. Therefore,

a standard deviation of 10 meters would be a good approxima-

tion for a small target.
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c. Target Location Error Standard Deviation
This value is determined from Experiment 31.1 as
outlined in the one dimension case.
d. Ballistic Error Standard Deviation
This data was extracted from standard artillery
firing tables [5, 6, 7, 8] and is displayed in Table III.

3. Comparison of Independent and Dependent Models

Figures 10 - 13 illustrate the relative model differ-~
ence as a function of the number of rounds fired. Note that

the vertical scales vary.

D. APPLICATION TO SPECIFIC WEAPONS SYSTEMS

The model could be used to calculate AFTK for specific
weapons systems if certain of the assumptions for the two di-
mension case were changed to conform to actual distributions
for the various inputs. This was accomplished by assuming
non-correlated bivariate elliptical normal distribations and
allowing for bias. Inputs for this model were taken from
actual data if available and estimated if not available. An
exception was the lethal radius "a" for various weapons. It
was determined as for the cne dimension case and was not based
on classified lethality data which was available. Results of
the calculations are included as Appendix B.

l. Specific Assumptions

a. Target Location Error
The target location error was assumed to be uncor-

related bivariate elliptical normal so that,

Lo, o
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b. Ballistic Error
The ballistic error was assumed to be uncorrelated

bivariate elliptical normal so that

b(x,y:X,y) = 1l _exp| - % (x-':?)2 + (y-'jr')2
210, ¢ g, 2 g, 2
bx by ?x by

¢. Target Density
The target was assumed to have a value of one and

to be distributed as an uncorrelated bivariate elliptical
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normal distribution so that,

wip,q;u,v) = 1 exp/ 1 r( u) + (q-v)z-]\
'i?r"'""'"’ ; 7 2 o, 2 | E
I

d. Damage (Lethality) \ §
The damage function was given the form of an un- ?
correlated bivariate elliptical normal distribution so that, E
dlpeqix,y) = _1_ exp /- 1 (p-x)2 4 (q-x)zl |
Tax3y ' l.ai a; ‘J f

e. Bias \ / ;
Bias was allowed. E

2. The Ana.ytical Model {z, 15] ;
Under these assumptions, g
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N -\K
F o= N 11 K-1 ( Py Pv;
FN /9y qy K£1 (K) (~1) VEX Py where,

/
/(qx+x)(qy+K)

5 2 ax2+ob2
2 2 2 2
a.“+ o0 g, £+ 0
X bx tx ax
2 a 2 + Ob 2
p, = 3y q, = Y
Yy ' Yy
ay2 + o, 2 o, 2,4 2
Y Yy ay

and F§=1-(1-FI)N for statistically independent rounds. Values
for the inputs required in the computer program for this model

were determined as follows.

a. Lethal Radius

In reality a, and ay depend on the angle of fall
of the projectile which in turn depends on the trajectory of
the round. Generally angle of fall will increase then de-
crease with range. The values for a, and a, could be accu-
rately determined from angle of fall data contained in firing
tables and classified lethality data. However, in this program

these values were determined as outlined in the one dimension

cata so that for the 105mm howitzer, for instance, ax=ay=15.

£ ' b. Target Location Error Standard Deviation

These values were extracted from Table II for three

representative ranges for each weapon.
c. Ballistic Error Standard Deviations

These values were extracted from Table III for

the grid method.
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d. Bias

The target used for the specific wveapons case
was target Type F from Experiment 31.1 [16]. Target Type F
consisted of 24 men stationary in a defensive formation with
half the personnel simulating digging in. Values for U and
V, the mean target location errors for range and deflection
respectively, were taken from Experiment 31.1 for data based
on target Type F. These values were U=-158 meters and V=32
meters which was an averaage over all observer-target ranges.

e. Target Density Function Standard Deviations

These values were determined for target Type F
by the method outlined in the two dimensional case of a platoon
in a defensive perimeter, giving a radius of 16.6 meters and a
target density standard deviation of 8.3 meters.

3. Comparison of Independent and Dependent Models

Appendix B gives tables of average fraction of target
killed for the case of specific weapons. The tables show
that when in the artillery operation N rounds are fired and
elliptical distributions and representative data are used, the
error resulting from the independence of effects of rounds

assumption is greater than 300% in some cases. The error was

large enough to conclude that studies based on this simplifying
assumption may lead to erroneous conclusions. This was éerhaps
the situation in the MAF Fire Support Study mentioned in the

introduction. 1In that study ordnance expenditures required to

achieve a specific level of destruction of area targets were

computed [13] by,
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N=1ln(1-K)/1In(l1-E/ )
where:

N = the average number of rounds. required to
achieve the desired level of destruction of
the target, -

K = the level of destruction required,

E(C) the average fraction of target killed from

the delivery of one round (called Fl in this
paper) .
Multiplying both sides of the above equation by
In(1-E(C)) gives
N 1n(1-E(C))=1n(1-X) -»
or 1n(1-E(C))N=1n(1-K)
or (1-E(C))N=1-K
or K=1-(1-E(C))N
which is the independent model developed in this paper.
The MAF study used the Simplified Weapons Evaluation
Model (SWEM) [14] to determine E(C)'s for the various target-
weapon coverage problems encountered in that study. The SWEM
model is very general and has the capahility of calculating
the average fraction of target killed without making the
independence assumption. In order for the MAF study to use
the independence assumption, it would have been necessary to
calculate ?1 vsing the SWEM model and then apply the formula
K=1—(1-F1)N. This procedure does not use the SWEM model to
its full capability and results in errors, the size of which

¢ pend on the specific inputs into the model.
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There was a significant difference between the results

of computations with the model in which it is assumed that

the effects of rounds are independent and the standard salvo-

Linadaklnmnade €5 e 2 g 10002,

In some cases this difference was more than 300%

fire model.
and was usuéiiy greater than 200% for the two dimension

model in which elliptical normal distributions and representa-

£ Sl s SN Ay s

tive input data were used. Hence it is concluded that the

model which assumes statistical independence of effects of

Starn e n Al

N

rounds is a very poor approximation to the salvo-fire model.
Analysts performing studies on weaponrs system design,
stockpiling ammunition, cost analysis, and related target

coverage studies should be aware of the limitations of sim-

Fo o NS S ¥ g
Sl A Ao 5y 3 etrurd s

plified target coverage models (such as the independence of
The use of such

AE PR

effects model for the firing of N rounds).

simplified models should be justified by representative cal-

o "
L LN L Y

culations to determine the amount of disparity between them

and the more sophisticated models. Otherwise, large errors

in average fraction of target killed may result.

Future analysis on the subject material covered in this

et
0 U 2 N a2 g g0

thesis might include (1) model verification and more accurate
(2) exten-

BN Mo

comparisons based on classified lethality data:
sion of the target coverage model to battery firing; (3) com-~

parisons of other than salvo-fire target coverage models with

simplified models; and (4) the use of such target coverage

models to investigate artillery tactics.
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APPENDIX A

Al wad

COMPUTER OUTPUT FOR 2D MODEL

These tables contain values for N, the number of rounds

o ot a L N Sni o 2 2 g B

.fired in the salvo, AFTK, the average fraction of target

killed for the dependent model, AFTK(INDEP), the average

AT

fraction of target killed for the independent mocel,

DIFF (ABSOLUTE), the absolute difference, and DIFF(RELATIVE),

the relative difference.
Inputs have the following values.
N=(1,15)1 .
a=(10,50) 20

RS PRSI P, cranttitr ki bt Ml tas ot nin

0,=(10,210) 100
a_=(0,400) 200 )
6, =(0,60) 30

The tables contain computations for all 1215 combinations of

T Y S S T P

the above inputs. See APPENDIX D for the computer program.
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APPENDIX B
COMPUTER OUTPUT FOR SPECIFIC WEAPONS

These tables contain values for N, the number of rounds
fired in the salvo, AFTK, the average fraction of target
killed for the dependent model, AFTK(INDEP), the average frac-

tion of target killed for the independent model, DIFF (ABSOLUTE),

CIYTCM, 5 ST o T e gverm o

the absolute difference, and DIFF(RELATIVE), the relative

difference.
Ballistic input data was for the following weapons and

§ ranges.

g WEAPON RANGES (m2ters)
105mm howitzer 2500 5000 10,000

% 155mm howitzer 5000 10,000 15,000

8 inch howitzer . 5000 10,000 14,500
10,000 20,000 30,000

LT i

175mm gun

5; See APPENDIX E for the computer program.
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