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Preface

This thesis is a continuation of previous work done
at the Air Force Institute of Technology on Yonte Carlo tech-
niques of reliability prediction. It is hoped that the
method proposed here may find use in reliability analysis of
complex systems and/or in situations where limited failure
test data is available to the reliability engineer.

I wish to thank my thesis advisor, Professor Albert H.
Moore, for suggesting the topic and giving guidance and
encouragement throughout this project.

I also wish to express my gratitude to Dr. H. Leon
Harter who gave valuable advise during this project. The
FORTRAN programs in Appendix A and Appendix C are revisions

of programs which he originally wrote and kindly supplied

to me,
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5 Abstract

&

£ This paper develiops a Monte Carlo technique which, with

E a digital computer, determines confidence limits for system

1Y

3

1 reliability of complex systems containing components charac-
terized by the Weibull distribution. The component distribu-

e tion shape and scale parameters are estimated by the method

of maximum likelihood from component failure times while the

LSl a Lk Puh Elia s 4

location parameter is assumed known. The asymptotic distribu-

PP

tion of these maximum likelihood estimators and a Monte Carlo

simulation are used to determine confidence limits on systen

reliability. As an example, confidence limits are calculated

for two systems of up to eight components in combinations of

e e

series and parallel configurations using 99, 4993, 999, and

2999 simulations. Accuracy of the confidence limits is found

e

to be satisfactory after being checked by a method using a

double Monte Carlo technique which assumes values for

parameters of the component distributions and generates
component failure times to be used in the proposed Monte
Carlo technique. Central processing time for this technique
on the CDC 6600 digital computer is found to be less than two
; minutes for the examples given, There is no limit to the

number of components or the configurations of the components

for the systems to which the method can be applied. The
FORTRAN IV computer programs used are given along with flow-

charts to facilitate reading the programs,
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A MONTE CARLO TECHNIQUE USING COMPONENT
FAILURE TEST DATA TO APPROXIMATE
RELIABILITY CONFIDENCE LIMITS OF SYSTEMS
WITH COMPONENTS CHARACTERIZED BY

THE WEIBULL DISTRIBUTION

I. Introduction

The Problem

The purpose of this thesis is to determine whether
accurate interval estimation of reliability for comvlicated
systems, containing dissimilar components characterized by
the Weibull distribution, can be obtained by using maximum
likelihood estimates and a Monte Carlo simulation.

Significance. Systems containing many components becomne

increasingly complex and costly. Complicated systems costing
thousands of dollars can become inoperative due to the
failure of a single connection. Because of this, it is
important to determine system reliability as a function of
the component reliabilities which make up the system. This
can be done fairly easily for some few types of combinations
of components which are from certain parent populations such
as an electrical circuit made np of components characterized
by the exponential distribution. When the components are
dissimilar, no simple analytical expression can be used to
compute system reliability.

In addition, predictions of reliability should be based

on test data. However, as system reliability requirements
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incredse, testing a system to destruction can become expen-
sive, both in time needed and money spent.
A method that circumvents this problem uses limited

test data to calculate maximum likelihood estimates of the
e parameters of the failure distribution. These estimates are
used, along with a random number generator, in a Monte Carlo
technique which uses the asymptotic distribution of the
maximum likelihosod estimators to generate more point samples
of system reliability. These point samples are used to
determine an interval e.timate of system reliability with
the associated confldence level.

Definitions. Reliability is the probability that a

system is still operating at time t. If T is the time to
failure or life length of a system or component, the relia-
bility at time t or R(t) is given by R(t) = P(T > t), where
P means "probability of".

The Weibull density function is defined as

K-1 K
£(t;C,0,K) = 515:9%——— exp 4 - [3%5-] (1)
o

6, K>0, C<t

0 elsewhere

it

where 6 = the scale parameter, K = the shape parameter, and
C = location parameter. The scale parameter affects the
dispersion of the random variable t about its mean. The

shape parameter determines whether the hazard function is

. .
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increasing, decreasing, or time invariant; while the iocation

parameter determines the point of origin.

keliability, for the Weibull density function, is

R(t) = exp {- [E%E] K} (2)

Pseudo-random numbers are generated from a series of
numbers which repeats itself with long periods between
repetitions. "hese numbers are suitably random if the
repetition periods are greater than the number of digits
desired and if there is a small enough correlation between
digits (Ref 15:257).

The maximum likelihood estimator (MLE) is the estimator
which maximizes the likelihood function with respect to the
parameter being estimated. The likelihood function is the

joint density of a sample of n random variables and is

expressed by

£(x;38) (3)

a3

L(xl,xz..xn;e) = ;

1

where L(xize) = the likelihood function.
If it is desired to determine 6 {the MLE for the

parameter 6), normally it is only necessary to take the

partial derivative of the likelihood function with respect

to 6, set it equal to zero and solve for 8 which then becomes

9. By using the MLE for each parameter and the expression

for reliability for a given failure density, it is possible

to arrive at a point estimate for recliability,.
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The method in this paper generates intervals from a
random sample of system reliabilities and this is called a
random inteival. If reliability falls within any given
interval, there is associated with the interval a confidence
- level. For example, if it is said the reliability of a
system lies between 0.6 and 0.8 at the 95% confidence level,
it is meant P(0.6 < R(t) € 0.8) = .95 or the random interval

0.6 - 0.8 would contain the true system reliability 95% of

the time if the system were tested many times. The interval
is called a confidence interval, which has 0.6 as a lower
confidence 1limit and 0.8 as an upper confidence limit.

A Monte Carlo simulation is one in which a random value
or number is picked from all possible numbers that can be

described by a specific density function. :

Analysis

Assunptions. This thesis will concern itself with

systems which have comporents described by the Weibulil

e
TR

density function. It is assumed that the components have

previously been determined <o Le Weibull oy that the Weibull

¢ N
YIOTS 2 T XU TP T RY SO NNL NI IR S |

density function adequately models the components in the

L1 de aud s,

* system. This paper does not provide a method to test for
the Weibull density function though these tests do exist and - 3
are described in other references. One of the easiest ways

to test for the Weibull distribution is to use Weibull graph

paper (Ref 5:170-173). Ongce it is determined or suspected

the components are Weibull, the methods in this paper can be
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used to estimate the parameters of the Weibull distribution

a"d then to generate interval estimates of system reliability. 1
The Weibull distribution is rather versatile in that, |
depending on the value of the shape parameters, the Weibull
distribution can be used to model components with decreasing,
increasing or constant failure rates or hazard functions.
A special case ot the Weibull distribution is the exponential
distribution whi;h occurs when the shape parameter, K, is
equal to one.

It is assumed that the components of the system being
analyzed fail independently. This allows use of standard
formulas for components connected in series or in parallel.
For instance, if a system is composed of twd components

connected in series, the veliability can be expressed by

R (t) = [Ry(£)1R,(2)] (4)

where Rl(t) = reliebility of component number one and,

Rz(t) = reliability ¢ cuuponent number two.

[ N

ST SN

Likewise, for a system made up of two compoments in

parallel the reliability ¢an be expressed by

23 maaem fnwans e

Rs(t) = 1 - {1 - Rl{t)][l - Rz(t)] :

e P e Tl

OIS RPerane

where Qi =1 - Ri(t}.

SOFLSUR PPN

More complex systems can be rveduced to combinations of

series snd/or parallel configurations by use of Baves!
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theorem or the Boolean Disjunctive theorem. In other cases

where the system reliability dependence on component relia-

bility is known and can be expressed by other equations, the
independent failure assumption is not necessary.

It is assumed that the location parameter is known or
can be set equal to zero for all Weibull component distribu-
tions in this paper.

Standards. The only true criterion that is applied to
test the acceptability of the method in this paper is analysis
of the result. Does the computed confidence interval contain
the actual value of system reliability the required number of
times? To check the validity of the method, the values of
all parameters were assumed for each of the Weibull distribu-
tions of the components. Pseudo-random comporent failure
times were generated for each of the components and the
method in this paper applied to generate many confidence
intervals. Since the true system reliability was known, a
check was made to see if the true reliability was in the
calculated intervals the required number of times. This
process is described in Chapter II.

For the estimation of the parameters from the generated
component failure times, variaticn from the true value of
the parameter in the second digit was deemed acceptable,

Background. Levy and Moore developed a method for
determining system reliability confidence limits using a
Monte Carlo method where the component failurc distrioutions

(exponential, normal, lognormal, Gamma, or Weibull) with
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location and shape parameters were known (Ref 10). Lutton

extended this method by using the asymptotic distribution of

J
the maximum likelihood estimators of, among others, the 5

!
‘
i
4
A
[
A
3
%
&
]
4
i

Weibull distribution, location parameter known (Ref 11),
Harter and Moore developed two procedures relevant to
this paper. They used an iterative procedure to determine

maximum likelihood estimates of the parameters of the Weibull

distribution from complete and censored samples (Ref 8).
They also developed a method to determine the asymptotic
variances and covariances of the maximum likelihood estima-

tors of the parameters of the Weibull distribution from

R e N, NS B FP R0 WP TALT S 141 1 ST

samples that were censored or complete (Ref 7). This paper
presents a technique in which the sample of failure times

for each component is used, along with the asymptotic distri-
bution of the Weibull parameters, to generate a confidence

interval with the associated confidence level.

R Ll LS SISt VIUEA FAPPE WX, Ny

Approach. The method and associated computer program

[ERSPN

in this paper:

1. Calcuiate the MLE of the component shape and scale

parameters from the component failure times.
2. Decermine the variance-covariance matrix of the
asymptotic normal distribution of the shape and

scale parameters.

B B A RN M SO 4 T SULEIAR €T dr e 0N A e 8 nand

3. Generate a sample of the component shape and scale

parameters,

4, Use sample shape and scale parameters, along with

known location parameter, to calculate a point

E: et T RS S S L A A P R Y a3
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; estimate of component reliability for each
; componeat.
% 5. Calculate a point sample of system reliability from
; the point samples of component reliabilities.
3 6. Repeat steps 3-5 to obtain many samples of systenm
j reliability.
7. Order the system reliability samples to obtain an
] interval sample of system reliability from which

the confidence limits are determined at a given

confidence level,

*

d
e 2

4
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II. Procedure

Estimation of Component Parameters

The computer program for finding the MLE of the para-

meters of the Weibull distribution from complete or censored

T e e et

samples is given in Appendix A. The procedure, as developed

- by Harter and Moore, uses the natural logarithm of the
likelihood function of the remaining order statistics which
é ' is
A ?
: E
g’i g L. = %n nl - gn(n-m)! - &n r! + (m-xr)(&n K - K %n 8) +
% 3
L f n m (x.-¢) 1% ?
. X 3
- (k-1) § f(x,-C) - ] —5 | - ;
; i=r+l i=r+l :
L [ % K “tx_,,-0F §
2 (n-m) + T 2ngl - exp (6) i
; L0 oK 5
vhere {m-r) is the number of order statistics xr+1’ xr+2,...,xm ;

and n is the size of the sample before censoring.
The partial derivatives of Lr with respect to each of ;

the three parameters arc sct equal to zero and the three
resulting equations solved simultaneously. The iterative

* procedure for the simultanecous solution of the equations uses
an initial estimate of the parameter (which is fed into the
computer along with the failure times) and the rule of false
position to determine a new value of the parameter from the
appropriate likelihood equation into which the latest esti-

mates (or a known value) of the other twuv parameters have been

substituted (Ref 8:641),




T TR W b, T AT 1L T S PP R TR SRR b AR AN 8 3T B e N e A e LA R L T Y R L S e R

GAM/MA/72-2

The program in Appendix A has been converted into a sub- 0y
routine and is called for analysis of each component. When

this is done, the MLE of the shape and scale parameters are

\'s = inverse of V

A determined for all components in the system. ;
E‘ . i
1 ot . sy ises ¢
B8 Generating Sample System Reliabilities o
3 . 9
i i
1 . The asymptotic joirt distribution of the estimators with
2
E B ) .
é % the location parameter known is bivariate normal and is given g
]
' by 1§
§ ;
: _ 1 1 ,,y-1 g
3 £(Y) = —y75—— lexp(- 5 Y'V "Y)] (7) i
3 vi* < am S
1 o
3 ;
1 where Y = two component vectcr of estimates of the 2
3 parameters ;
3 :
] Y' = transpose of Y 3
E V = asymptotic variance-covariance matrix 3
4 |
4

|Vl = determinant of V

E 1/2

3 tet Z = V' /2y 5o that Y = v/%; and, because V is

symmetric, Y' = Z'VI/Z. Then

/2 ]

1 1/2 1/2

£17) = %; lexp(- 3 2°V v iyl/2;y, (8)
= 3= lexp(- 3 2'2)] (9)
= 2= lexp(z, 2 + 2,9)] (10)

10
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so that the density function of Z is made up of independent ‘
variates of the normal distribution with mean zero and ;
variance 1 (Ref 14). Thus, to obtain a sample of the joint

distribution of the estimators, the following formula is

used:
yr = vi/2% 4y (11) ;
where Y' = 2 X 1 vector of the biased random samples of the E
estimates of the shape and scale parameters. E
V = 2 X 2 variance-covariance matrix. ;
Z =2X 1 vector of pseudo-random numbers from the ?
standard normal distribution. é
Y = 2 X 1 vector of the maximum likelikood estimates :
of the two parameters (as found in the previous é
section). 5
i
or ;
Oample Vi Yiz | & OMLE %
= + (12)
Ksample V21 v22 Z2 KMLE}

In formula (12) the MLE of 6 and K are used as the marginal
means of the bivariate normal distribution of the parameter
estimates. \

The random samples of the component parameter estimates
were substituted into the expression for reliability for

each component to get random values of component reliabilities.

The were then substituted into the expression for system

S " mtin ML E Vel 00D ] A 2t SRR e 208 A SN e bt v S, B s

;
3
;
f,
L
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2 1 reliability, one value for each component, to generate

N random values of system reliability.
The program which generated the system reliabilities is

given in Appendix B, along with a flow chart of the program.
v1/2

Falil v R S gty

- A detailed explanation of the evaluation of is also

given in Appendix B,

The Variance-Covariance Matrix

The natural logarithm of the likelihood function for a

TR YT s
RRARFFOR NIRRT

sample of size n from a Weibull population where the lowest

r and the highest n-m sample values have been censored is

o

given in Ref 7. The elements of the information matrix are
1 found by taking the limits, as n + =, of the negatives of
g ’ the expected values of the secoud partial derivatives of the

g 1 likelihood function with respect to each of the parameters.

Let kij be the elements of a matrix B, formed from the

- - - ‘
elements of the information matrix (sll’ s12 = S,qs and Sg9ts

where E{...] is the conditional expectation given 241 and

2 . Then
m

v..0 2 2
k = Al = lim pr E | - & 3L
11 n n ao2

K
m

K

. , ~ 2K . 2
= -Kp + K(K+1)[T(25~ ) - T(252__ )] + K(X+l)q,z ¢

A A I\K ,
zr+lf(zr+1)[xzr+l - (k+1)q1] (13)
9

12
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v,.,0
k u li = lim pr E [— (

S]®
——r
o
wja
Dl N
Qi
ke

s SN
[ S

~X ~X AK
=P - [r'(zszm) - r'(znzr‘,l)] - [r(z’zm) -

2 f(z_.,)
2K ~K_ ., ~ T+l r+l
T(252,,,)) - apz, (K an 2 ¢ 1) - a;
AK ~ A
{Kzr+1 tnoz_ . - (K2nz .+ l)ql} (14)
\' 2
- 2w v e - (2] (2
n 3°K
~K ~K
[rr(2;z) - I(2;2_,,)] K n
= o+ n 3 rsl - qzzk Enzz +
K K m m
2 f(z_.)
r+l r+l 2~ ~K
Ka, {&n zr+1[zr+1 - ql]} (15)

where q, = r/n, q, = (n-m)/n, and p = 1 - q, - q, = (mn-xv)/n.

As n * ® with Y and q, fixed, z converges in probability
2

T+l
~ PN _ 'r4.1 =
T Z_.y vhere F(zr+1) = IO f(t)de a, and L converges
in probability to ;m where 1 - F(;m) = f: f(t)dt = Q- The
m
primes indicate differentiation and T(a;b) is the incomplete

Gamma function (Ref 7:559).
Then the information matrix, in terms of the elements

k. becomes

ij’
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( h
. . P
11 12 92 9
= (16)
k,.n
21
S s nk
21 22 8 ) 22 )
Let aij be the elements of the matrix A, which is the
inverse of B, then
a a k k.. 171
11 12 11 12 -1
[A] = = = [B] (17)
221 222 ka1 ka2

The elements of the variance-covariance matrix are then

/ 2 N
vy 21,87 3,0
11 V12 n n
| = (18)
v v 35,8 3y,
21 V22 U no
since
( Y [ a 62 )
k) ? El_i 31,87 2,9
e2 3] n n i}
koy? 25,8 ay,
6 k22n n n
\ / N /
k,,a + k. ,a 1 (k,,a + k..a,.,.)
11211 12221 5 ‘*11%12 12222
=1 (19)
B8k, y35y * Kprdp) kr1212 * ko125,

The program given in Appendix C finds the elcments of

the asymptotic variance-covariance matrix by solving Egs (13),

14
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(14), and (15) to find the elements kij’ inverting them and
converting these to the elements of the variance-covariz -ce
matrix by the above transformations.

The variance-covariance matrix is solved by this program
for non-integer values of the shape and scale parameters
since with the location parameter known the equations are
regular for any non-integer value of the parameter estimates.
A flowchart and more detailed explanation of the equations

in the program are also included in Appencix C.

Calculating System Confidence Limits

The sample values of system reliability, after having
been generated, are ordered and thus yield the sample cumula-
tive distribution of the system reliability. From this
distribution, the confidence interval and limits can be
approximated at any level of confidence. For example, in an
ordered sample of 99, the tenth value represents the lower
limit of a one sided confidence interval at the 90% confidence
level since the a priori probability is .90 that a new random
value exceeds the tenth order statistic of a sample of 99.
Thus, it is assured that the true reliability is equal to or

greater than this value with a confidence of ,90.

Verifying the Level of Confidence

In order to insure that the confidence level is accurate,
a program was written to generate sample times to failure
from the Weibull distribution. Parameters were assumed for

cach of the component distributions and various size samplecs

15
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of time to failure were generated for each of the components.
This simulates bench testing each of the components to obtain
a sample of failure times for each component. The computer
program which does this is given, with an explanation of the
procedure, in Appendix D,

The true reliability of the system is now known, since
the component distribution parameters are known.

The failure times for each component were fed into the
Monte Carlo program and a number of sample values of the
confidence interval at the required level were generated.

The true reliability should be covered by a percentage of

the sample confidence intervals equal to the confidence
level. For example, if 10 one sided 50% ~vnfidence intervals
are generated and the true system reliability is .90, a graph
of the intervals might appear as shown in Fig. 1 on the next
page.

In this case half the intervals cover the true relia-
bility verifying the 50% confdence level (Ref 13:253).

For this paper confidence intervals were generated with
each interval calculated from a sample (N) of 99, 499, 999,
and 2999 system relinbilities. The results are given in

Chapter III,

Systems Analyzed

Two systems are analyzed in this paper. The first
system consists of 8 components connected as shown in Fig. 2

for which the required mission time is 75 hours.

.
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A Sample of Ten Confidence Intervals
Over a True Reliability of .90
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y
#q #6
b
¥ 2 #7
]
8
'}
o— #3 — —o 3
1
\
%
#4 #8 t
Y
‘ —  #s —
' i Fig. 2. Schematic of System A.
n
1 % The components have the following characteristics:
4 % Component ¥1,

A

Failure distribution:

Exponential
Failure test sample size:

100
Sample censoring: top 6 and bottom 6 values
Location parameter:

0.0
Component #2,

Failure distribution:

Exponential
Failure test sample size:

75
Sample censoring:

None
Location parameter: 0.0
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2 Component #3,

) Failure distribution: Weibull
Failure test sample size:. 150

B Sample censoring: None

Location parameter: 0.0

Component #4,

Failure distribution: Weibull
Failure test sample size: 200

Sample censoring: None

Location pavameter: 0.0 3

Component #5.

Failure distribution: Exponential 4
Failure test sample size: 75
Sample censoring: lone
Location parameter: 0.0

Component #6.

Failure distribution: Weibull
Failure test sample size: 100
Sample censoring: None
Location parameter: 0.0

Component #7.

Failure distribution: Weibull
Failure test sample size: 200
“ample censoring: None

Location parameter: 0.0
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Component #8,

Failure distribution: Weibull

Failure test sample size: 250

Sample censoring: top 12 and bottom 12 values

Location parameter: 0.0

The expression for the reliability of this s'stem is

RG(t) = 1 - Q (£)Q, (t) (20)

where Qi = 1 - Ri(t)

R (t) = [1 - Q(t)Q,(t)][1 - Q. (t)Q,(t)]
Rp(t) = [1 - Q(t)Q,(t)Q.(t)]R ()

The second system (system B) has the configuration

shown in Fig. 3 with a required mission time of 100 hours.

#2 -

#3

Fig. 3. Schematic of System B.

The components of system B have the following

characteristics:

20
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Component #1,

Failure distribution: Weibull

Failure test sample size: 10

Sample censoring: None

Location parameter: 0.0

Component #2,

Failure distribution: Weibull
Failure test sample size: 20
Sample censoring: None

i
Location parameter: 0.23

e iara e e A LU ra SUEA A, S R RV RN

Component #3.

Failure distribution: Exponential

WAl et
PRTRPRRE PR

Failure test sample size: 30

: Sample censoring: None

AT T Do

Location parameter: 0.0

s

The expression for system reliability for system B,
in terms of the ith

component reliability is:

RG(t) = Ry (£)(1 - Q,(t)Qy(t)) (21)

I At ok L% 2 CHNL ot i pn £

System B was designed to put a strain on the proposed

Monte Carlo method due to the small failure test sample size

for each of the components.
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III. Results

Confidence Limits

It is known that the error associated with a Moute Carlo
calculation is proportional to 1//N where N is the number of
simulatioqs (Ref 15:259). In this case, the error is statis-
tical, that is, the probable error is proportional to 1//N
or the probability is high that the approximate solution
does not deviate from the true solution by more than a certain
amount (Ref 12:255). The use of a high speed digital computer
should decrease the amount of error in the calculation but
the machine can add random errors of its own, such as round-
off error (Ref 9:11,12)., As the problem becomes more complex,
the error can be estimated only from the results of the
computation.

Tables I and II, on the following page, show the confi-
dence limits determined from simulations of various size for
systems A and B, As the simulation size increases the
accuracy of the confidence limits at a given confidence level
increases and more closely approximates the true confidence
limits. Also given are the central processing times for the
CDC 6600 computer for each size simulation. No trend should
be noted from the bounds given for each size simulation in
these tables since each simulation is a random sample of
system reliabilities for a single run. The only proper state-
ment that can be made is that the confidence limits for a

simulation of size 2999 are more accurate than for one of

22
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size 99. Only the single sided confidence limits are given
in these tables because they are the numbers most needed in
evaiuating the reliability of a new system,

There is also an error associated with the size of the
sample of failure times for each component. With the loca-
tion parameter known, the sample variances and covariances of
the asymptotic distribution of the shape and scale parzmeters
are different from the variances and covariances of the small-
sample non-asymptotic distribution of the parameters.
Analyzing this error is difficult but Harter and Moore
deternined the error to be relatively small if the location
parameter is known, even for samples of failure times as
small as size 50 (Ref 7:562, 563).

Lutton compared the asymptotic distribution technique
with a double Monte Carlo simulation developed by Moore to
approximate the system reliability confidence interval,
Moore's method does not use the asymptotic distribution of
the parameters but uses a method that has an accuracy that is
dependent upon the number of simulations made. Lutton found
good agreement between the asymptotic method and the double

Monte Carlo method (Ref 11:21-26).

Verification of Confidence Level

In order to check the accuracy of the confidence level,
the proposed method was repeated several times. Here, a
single repetition of the method is called a run., At first,

because of the computer time needed for a single run for
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system B, 100 runs were made on both systems A and B for a

sample of 99 system reliabilities (simulation size 99). 1In

each run the following is accomplished:

1. Sample failure times for each component are gener-
ated from component Weibull distributions with
assumed parameters.

2. An ordered sample of 99 system reliabilities is
calculated by the proposed method.

3. A counter is increased by one if the true reliability
of the system is in the generated confidence interval
at any given confidence level,

After all the runs are completed, the value of the
counter is divided by the total number of runs. This gives
the percentage of runs in which the true reliability is in
the confidence interval at a given level; as in the exanmple
shown in Fig. 1. The results of this procedure are given in
Table III on the next page. As shown in this table the
confidence level is found to be rcatonably accurate for a
simulation size 99, which is the least accurate interval
because of the error associated with that size sample,

Table III indicates that the established or reguired
confidence levels in the proposed Monte Carlo method are some-
times optimistic, at other times pessimistic. It must be
remembered that these confidence levels were checked by using
only 100 runs on 2 simulation size 99 and it can be expected
that the calculated levels would approach the required levels

if more runs were possible. Even with these limitations,
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Table III indicated the accuracy of the proposed method is
fairly good at a given confidence level.
| To determine the effect of more runs on the calculated

confidence level, System B confidence levels were calculated
for 300 and 700 runs. This was done only for System B
because computer time for each rup is not excessive for this
three-component system. The results are given in Table IV

on the next page. In most cases, if the calculated level was
below the required level, the calculated levei approarhes the
required level and then surpasses it when more runs are made.
If the calculated confidence level was above the required
level, the calculated level approaches the established or
required level when more runs are made. In almost all cases
the required confidence levels for this system tend to be

conservative. This confirms Lutton's results, ir which he

found the confidence intervals for the asymptotic distribution

of the parameters tended to be wider or more conservative than

in Moore's double Monte Carlo method. In other words, if
the results in Table IV apply to any system analyzed, the
confidence limits in the proposed Monte Carlo method tend
(in a probabilistic sense) to be slightly conservative for
both one and two sided confidence intervals. This is a

desirable characteristic from a practical standpoint.
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IV. Conclusions and Recommendations

Conclusions

The method developed is extremely flexible and gives
good accuracy for a wide number of system configurations.
The only inputs necded to start the process are the ordered
censored or uncensored samples of component failure times
and, along with tlie known value of the component location
parameters, any kind of estimates of the component scale and
shape parameters. In the latter case a guess will suffice
since these estimates are used only co start the method of
false positior.., An increasing .or decreasing failure rate
may be indicated by the failure times, thus supplying a1 guess
for the shape parameter. Any number within the range of
failure times may be used to guess the scale parameter.

Bayesian methods nr Boolean algebra may be used to
express system reliability in terms of the component relia-
bilities. In most cases this can be done with a single
equation which is inserted in the main program. The proposed
method can be applied to any component combination and uses
relatively little computer time to generate a large sampie
from which confidence limits are determined.

The accuracy of the method depends mainly on the number
of simulations of system reliability. It also depends, to a
lesser extent, on the size of the sample of component failure
times. As the size of either of these increases so does the

accuracy of the conficdence interval. The ccufidence limits
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are easily recovered from the ordered sample of system

reliabilities prinved as output from the computer program.

Recommendations

It is recommended that further work be done on the
proposed Monte Carlo method in the following areas:

Types of Distributions. The method should be extended

to include other distributions such as the Logistic and Gamma
distributions, Iterative procedures have been developed to

obtain the MLE for the parameters of these distributions and
could be incorporated into a program such as the one in this

paper.

Error Analysis. It is also recommended that a wider

variety of component configurations be analyzed to try to
determine if there is a direct relationship between the
number and configuration of the components and the error.
In other words, is error prediction ;ossible, or can error
be determined only by analysis of the results?

Analysis of systems with component failure time sanples
of less than ten would also be useful. 1If the proposed
method remains accurate for such limited component testing,
it could be used in systems which have componcnts with a long
mean time to failure or where the components are so expensive
that only a limited number could be tested to destruction.

Confidence level veriiication as given in Table 11l uses
a limited number of computer runs on simulation size of 99
system reliabilities. It is recommended that further examina-

tion of the accuracy of the confidence level for sinulations
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&
K
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of 499, 999, and 2999 also be undertaken to check the ?
increase in accuracy of the confidence interval for these §§
larger size simulations. §§
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Appendix B

Generating the System Reliabilities

The main Fortran program SYSRE generates the system
reliabilities. The inputs to this program are the number
of components in the system (a maximum of ten as present.y
dimensioned), the number of simulations desired, and the
mission time. Censoring information is supplied to the
program aleng with the known value of the location parameter.

The failure times are read for each component when the sub-

‘ youtine \PARES is called and the true value of the location

parameter is read into the main program for each component.
The output from the main program is a sample of ordered
system reliabilities fron which the confidence limits can be
read for a given confidence level. The flowchart is given
in Fig. 4 and the function subprogram which is used to
generate pseudo-random numbers from the standard normal

distribution is explained in the notes.

Notes (refer to Fig., 4):

1. The ordered component failure times are read into
subroutine PARES and the individual component MLE's
of the shape and scale parameters are calculated

and stored each time the subroutine is called.

2. NWhen the covariances are equal to zero, the symmetric

matrix to the 1/2 power is simply the square root of

the non-zero entries of the 2 X 2 matrix.
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3. In this case [V]l/2 is evaluated by using the

matrix formula

Aol e o o]

| v1Y2 - s A s (22)

where [A] and [S] are matrices that diagonalize [V],

;e and the diagonal elements of [A] are the eigenvalues

of [V] (Ref 3:244-251).
4. To generate samples from the standard normal distri-

bution the central limit theorem was used where the

: distribution
o .
i t s 22E 23)
< b /i
3
3
4 ; approaches the standard normal distribution as n + o,
Z E If t = x - 1/2 where x is a pseudu-random number from ;
the uniform distribution, it is found that for a f

p sample of 12 numbers

1
Y= ] x. -6 (24)

has a distribution tnat approaches the standard é
normal distribution where the x; are pseudo-random
numbers from the uniform distribution (Ref 9:145, ;
146). Function subprogram RANOR accomplishes the é

above and returns the numbers to SYSRE.

¥ A Sak e B e - v

40 :




SRR, T SN T T TR DT T T AR LT SRR L R

kel ot el e SRR e R R S LS

ren u

/
GAM/MA/ 722 _

- —

Start Notes

B Read :NCO:!
: TIME,NJE

Y
' [call PARES| 1
: 3
. ql-_—r/n { '
qo=n- m/h
¥

jcall vacaov]

e e o e

Lvaliate v? 3

e
<>

L T T R,
Genercte Normal nouedeo- | L
rander nos. for i cowi.|

JVEITINEI DTNy SOV B PR

1 i
Y=t ‘.Y J
Ys !iui+Y 4

|
i
|

Calculate 3"y
j=i4l comp. Peliab.,

Calculate j~
sys.reliab.

</{i%f\\. no f

e ¢ N ey s AN p ot A Wbt G e bme £ Ss b A e Aredhn et At S ek R e
.

Y APRSEIPIRS/TRORR SN s AT NP LSRRG ST

=N

—— g W o n

I Crder cve, reliab%~—~—- End;) ¢

Fir, L. Flowchart for “ain Procram

T e atiom b m - an o ———

g

41

4
i
i
L
kﬂkm‘wf)lﬁk:’:;d&r OB AR T AT 2t

L 2 Kt a2, - 3 circede AN e




EE A {5 S

F,
TR AN oy
YT e e,
TR e
Eidah S crm
I sy ey
S TTRE T ry ey
TS s

DA

K e e

TR Ve

> R TNy -
I o aqw\....;a.}hq.ir.!.l%
T e TN S oy
———————— T g
e T
()
>
&
@l
ol <<
' < L ”~ [ 3 .
: uul ¢ a ~ w ©
| ZL O Q © -t
. CO un o~ - -
: [T TR 1T ~—es w0
22 BT i ~
QO COX W G [~ o
QO WO el (s x - N
H [ PN XV -~ >
[ oot onll cuk WAL 4NN FERNIRPL A Vg . s -
2 4 al’slcalal el TR o -~ o
Tl Z vl - P - L
e WX~ X < =
2 CLOCOX > « [YEIVY ] -
u O~ U IUU - < =~ - -
- LU WY ULy WU PN [ P r— -1
VICS WL W e e nu © uw [T >
>t QO O o~ o~ >N - X~ - - —
vty o 0 uarocoiy U T X [ ~ [+ 8
. = UL CORONE » - (&Y} - %4 *
i U IV O v~ £ [T b S - — us
; U BILET Z U S w e £ —~ x *
: -~ D BIUu e ZC X w2 ¥ r .
¢ P U el QX NNA~AQUY (95T B Vo L ~ EY g o~
i DN DY 0 NI (3975 I -~ =~ (&7 + ey o~
{ QO Zs <IICW 0 20 - o .3 [SP N o (& W % <
H UG QL (02 QLN i Wx .o - % * 3
{ DL OL W e oo L CX3 b > <~ ~ o fs Yo+
! O Or= UALO WO dD e~ X Tra - NG pol- N b¥s + NS
X0+ S VPSS [ P PN W B 0 o N T - 1 Oup- ~e. “t. C ~ (&) Ky o~
T S0 XTI et o~ Ced o oy ~ b hV4 o » * 3% ot
DO ICW T e -3 .2 wi —~2 W o~ us i~ —~ < s oo
COCEWNY 2l V) ewy I e eXTT w ¥ e o~ ~ N - et [\W » o~ * w
< 2 QN2 -~ T Ol LN o~ T u - o <4 o - . < U o
[ TRT TR TR O SR TR VT S LN L ey WY . 33X~ (4] oD > YN P ——
-0 FCOQU>O »T b TN . e~ o The ® - €~ ~ [V} -os LN
u W u - Ngo & MLXXO 0'Ge~u ~U) we o i [ > 1> > —~e
QrOLUMNT W=~ «f U HOCKNZ BNY WM m V37 o o Y o e IR DR T WY~ ¢ P T ST W
v (] o P | VULV B A g e S Ir "Ly * e P RS N N e S g il o e ~ QArmmt e b §mmrAdrx
> ROt L0 A~ 8 SLICI( ) - L -l VOIS~ a Vi~ Uid ¥ X —~ L alV AT S . O O e hm NNt alV B H B
WIS WL 2 XTI LCOCH RLN 1 62 [l ol 2> LA RUIR s~ a0 T U e ol b= vt & 83D I D om o mom
DE VI DD Sl e S el Vi Y Met w2 W0 G~ I DL G oG C U A D €L ST el e e e O O
X u\un.lTT SNOL I I m s DCTEIV N NI O el VOO Ot AN O B et = | B L &~ o~
1 o G HIDZNC BB RU~O.000M e =2 0N el —f o~ s NS TR e Uk RGO e O et
3 ) 54 c.h HUWWOASI LA AR DM A Mmp € MOmemed 2 LAV AN AHO MU NNOR LD DNOCE NN
o W2 W N2 0008 . wrthi i DL L 2N LT ALY LI atri~ | &~ 2 2 LA et il & &m0 ot/ ) » &~ UWNLHUY U2
: ~ OOX2XI NAED I CON Y orcF XD D O AW ~Y I~ I HIDDD XYMV ol (0B 0O U 1Y S
~- G OSHRFOU S XY LELOLIOAVOCHOLLOURYaAY LR IO B 1 L s wr O ] v Qed A o S e o A N S
i < QZL X X CZ- L Ot <O L OO LY WL UL O HIOOCCOCUCH DI PO DSU X XEX VY UXXOOCO
: — * R RN OO (& (& [ &2
i A R R EEE R R o W o LA - -] =
j e ER 2R 3 3 S [ VO V1Y w W ~ (-] i
M [ 2 R B 3 O 3 28 -4 -t
o LR R R BN
COLWLOLOLOO




TR N c RS e e

e e g T A 5 TR IR N T AT AT N 8T A pe  Wyen o e e YT AN AN s T B REd ol ST g
|
w R
H Vv
[+ [7¢4} 1
133 u,
| =~
~ L - -
-~ < Lo v“
%* oy s -d - ¢
O o o ~ % 4
[P < o U]
X > a < = g
& [ >~ w ~ =
o L o - Py =~
{ oy Q Mc F’ sdo = 4
[\ -~ -
Na W o~ ot > ) ;
~ey - N J ]
] o 3 <w > wu < o g ;
Qx < ey, <™~ o - v, 3
~. > < 2 N P~ ™~ & 1
Sena o2 S¥2s > 2 - ,
-
N s £r ol = . < 5
L * - b <o -~ ~ [4V] §
1?12 Qo a Crwy — —~ - LY
el Ow 2 Ca ! —~ 54 ~
n\.n\n\n\ - << -~ -l.u * = a S~ [4Y]
N ) N Miw o . < 4 B
Cg e T~ 2 @ g
1 ) » W\ & ~ P (%]
o S 4 vy ~d
ol
a " u, , &
) fo% ? >
- ? -«
- ]
Gy LY
~

A L R




GAM/MA/72 oz

QS(J);J19PS(J1),'“

15,4,

K
-

v(,RS(Ja”J39QS(J3)’J#9

3 7e s¢¢

9)n

e
3%

V2, RS (JZ),J3,RS(J3),JQ,

);JinS(Ji),

RANGR (v)
X(2n)

T3 WO
0Dz e

SODNY -y & n

H ot m N~20

M:knC.N'TnU‘

DO <l

ViO>an u

CTICN
ENSTCN

FUN
DIm

. Rncad s iVritSEGn
Sl a2 i b b

TR TR S PR

44

oIy




GAM/MA/72-2

Appendix C

The Variance-Covariance Matrix

Subroutine VACOV solves Eqs (13), (14), and (15);
inverts the result and multiplies these by the appropriate
constants as shown in Eq (17). The function subprograms
GAMI, DGAMI, and D2GAMI compute values of the incomplete
Gamma function and its derivatives by using a series expan-
sion as shown in Ref 6. The functicen subprograms GAM, DGAM
and D2GAM use the asymptotic expansion formula to calculate

values of the complete Gamma function and its derivatives

Fig. 5.

{(Ref 4:257).

The flowchart for subroutine VACOV is given in

Notes (see Fig. §5):
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Appendix D

Generating Sample Component Times to Failure

The program in this appendix was used to generate

sample failure times for each component. If the points in

the cumulative distribution function are iepresented by

random numbers in the uniform distribution over the interval

0.0 to 1,0 (represented by Y) then

Y = F(t) = 1 - exp {- (3%5) K] (34)

for the Weibull distribution. The inverse relation is

t = -8[-2n(1-V)1/% ¢ ¢ (35)

where t is a random value from the Weibull distribution and
Y is a pseudo-random number from the above uniform distribu-
tion (Ref 15:258). Program RSAMP calculates the true com-
ponent and system reliability for the given number of com-

ponents using the required mission time. It then generates

the individual component failure times and orders them so
that the order statistics can be rcad into the subroutine
which calculates the MLE for shape and scale parameters.
This program was used to check the accuracy of the computed

confidence interval and confidence level and is not a part of

the method proposed.
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