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A THREESVALUED L0GICAL CALCULUS AND ITS APPLICATIQN To THE ANALYSIS oF
THE PARADOXES OF tHE CLASSICAL EXTENDED FUNCTIONAL CALCyLUS

D, A, Boohvar (Moscow)

[(From Matyematichyesk{ Sbornik (Reoue|| Mathematique), N,S, 4 (1938},
pp, 287-308,)

The three=valyeg system to whigh this study !s devoted la of
Interest as a logical calculus for two reasons; first, It Is based on
tormsilzation of certaln basic and- intultively obviocus rejations
satisfled by the predlcates "true", "faige" and "meaningiess" asg
applied to propositions, and as a result the system possessess a

clear~cut and Intrinsically logleai Interpretation; second, the
system provides a solutlion to a speglflcally loglical oproblem,
analys!s of the paradoxes of classlcal mathematical loglc, by

torrally proving that certaln propositions are meaningless,

The paper conslists of three parts, In the ?irst we develop
the elementary part of the system == the provrositional cajouiug == on
the basis of Intultive considerations, In ths second part wo outllne
the "restricted” functional caleujus corresponding to the
propositional caicujus. The third and Jast part uses a o¢o6rtaln
vextens.on" of <the unctional calculus to analyze the paradoxes of
classical mathamatical| loglc,

We are Indepted to Profsssor V,!, Gilvenko for much vajuable
advice and crliticism, in particular, he provided a mora sultable
definition of the fynction a (see [, Sectlon 2, subsection 1,),

[Typlst’s notes subsgripts are Indlcated by +, and ¢ ls used In
place of the Joglica) connesctlive ¢ ugsd In the original, S is usdd
for capital Sigma,l




l
PROPOSITIONAL CAL:ULYS

In order to clarlify the basic 7vatures of the prepositional

calculus, et us apnajyze the Intultl » properties of the basie types
of propositions,

First, however, we w ajl rigorously determine the

relation between wproposition" an. "sentenge", Following ascopted
usage, we shall say that a proposi¢! s !z meaningful if 1t {s true or
false, Morever, a proposition Wil ~e called a sentance 1¢ and only
If 1t Is meaningfuls otharwise %@ shall oall the propesition
meaningless, Any sentence IS clear|. a proposition, Any proposition
is elther meaningiess, true, c¢r /.i88, 7 a proposltion A Is
meaningless then the propositicns "A is fa|se” and "A |s trus” are
meaningfu| but falso, The geedloates  "tpue," "fgise"  and
"meaningless" may be applied to ar:* proposition,

Now |et A and B be any pr.vosltlons, Consider the foilowling
propositions:

I Il

"AN "A ig vajidn
"noteA" "A lg falsge
"A ang B" "A |ls valld and B | valld"
"A or B" "A Is valld or B |s veild"
"If A, then B" "¢ A Is valld, then B s velld"
We shall call types | ans Il Ingernal and externu| forms of

affirmation, negation, oconjunction, disjunction and implieatlion,
respactively, "A I3 meaningless® Is obviously an external form whleh
does not correspond to any internal form,

It 1Is clear that any Intermal form and its corresponding
external| form have gifferent "meanings," The essential dlfference
pbetwaen Interng! snd externyl forms Is egsily Indlggated py letting A
(or B) be a meaning|ess proposition, First consider internal forms,
It seers aqulte opvious that If A |s a meaningless proposition then
"not=A" fs also meaningless: similarly, 1t Is intultively clear that
any comblinatlion of a meaningliess preposition A and a proposition B by
the oparations "ee~ gnd =wa, "awe gr see!, "|f ocw, thep weeh ean
only Yleld a new meaningiess proposition,

The glituation 1Is quite diffarent for external formg, Le¢ A
he & reaningliess oproposition, Then, c¢bviously, Its axternal
affirmation A is valid" is faise, but not meaningless, simllarly,
the external negation "A s false" {s falss, but not meaningless, |f
A '3 rmreanlnglesg, It is easliy sesn that the other extorna| forms
are also never meaningless when A Is a meaningiess propos{tien,



In fact, the external forms <(conJunction, disjunction and
impllcation) are precisely the corresponding Intepnal forms with A
and B replaced by thelr external affirmations, Now, salnce an
extarnal affirmation 1Is never meaningless, It |s obvious tha%t this
must be true of the external conjunction, external disjunction and
external implicatfon, (1)

Clearly. the external forms of sentences are formajly
equivalent to the corresponding internal formg, In othepr worda, the
‘nternal and external forms of a sentonoé are elther both true or
both false,

This Is a partlal explanation of the ambliguous Intuitlive
interpretatlion, still| wldespread In the |iterature of mathematioeal
loglec, of the primjtive connectives of the classical sententlal
catculus (&), viz,, Interna} and extepnal forms ave empioyed
interchangeably fyr negation, oconjunctlion, disJunction and
Impiication (see, for example, PRINGIPIA MATHEMATICA, Vol, 1, Part 1,
Section A), However this ambigulity has nothing to do with the actual
nature of the c¢classlcal forma| sententlia) calculus, Indeed, the
classlcar sententlal calculus does not regard affirmations as
functions of a sentential varluble, |.0,s It considers only interral
afflrmations and tharefore admits Intorpretation only via a systom of
internal forms,

We must admit ¢that, In principle, the system of internal
forms Is of course absojutely adeguate for an Intultive
interpretation of <the formallsm of classlcal loglc and mathematles,
since tha latter deals with the symbois of the sententi{ai caiculus,
owing to ths fincompleteness of natural |anguage {4+ 1Is rather
difficult to find a brlef and convenlent verbal expression for the
internal negatlion of a sentence of ¢the type "A and B"$ nevertheioess,
in principle it 1s quite clear that thls Internal negatlion Indeed
exigts and 1s even seasily expressed In terms of matural! lanmguage,
provided one resorts to cortain definitions, whigh t{n themselves are
aquite leglitimate,

Accoprdingly, Internal and external forms will be referrad to
as classical and nonclasslical intultive functlons of propositional
variables, respective|y,
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SECTION 2, Truthe=table form o¢f propositional cafculus

1, BAS]C CONGCEPTS AND DEFINITIONS, a, b, ¢, dy,y,, Wiil be
propositional varlables, The set of values for each of thsse
varlables comprises three elements: T (read "true™), F {resd ntgizen)
and U (read "meaningliess") and no othars,

We Introduce the usual functlons of the opropositional
varlables, Each function Is defined by a truth table, as follows,
First |lst all possible systems of values for the arguments; In an

aroltrary but fixed order, to the left of the double itne; ¢o the
right of the doubls |lne enter the vajues of the functlion,

As the primltive classical functions we Introduce formal
intornal negation, -a (read "not=a") and formal Internal eonJunotion
anb (read "a and b"}, deflned by the following truth tables;

-8 a b anb

©

- - W es

- - o

CCT C¢ T4
CNC & 4™
cococc MMM

Cur primitive noncliassical functions wiil be formal| saxteernal

affirmation |« a (read "a fe valld") and formal external negation >a
(read "a Is falge"), deflined by the foljowing truth tabloes

a j=a a ve
F F F T
U F U F

The following definitions are Intended solely to simplify the
notation and need mo eXplanation (the symbol = daenotes equallty by
definition): )

wamfl = w(=a),
0
-~ |=a a{|=a),

8
D

I= >a = |= (>a),
D
>

a8 =
0
and 80 on, for any finlte sequence of symho|s =, |=, > and the symbol

{>a)

4



t to be introduced be|ow,

We now define gsome classieal funcilons using classleai
negation and conjunctiont

(Ds1) (& v B) = ~{wa n =b}

{(D:+2) (a 2 b) E ~(a n =~b)

(Ds3) (a »c b)D= (ta > b) n (L 5> a)]
the function aub »e- Forgal Internal or classical dlsjunction === is
read "a or b", The function adb === forma| |nternal or classloal

Implication === g read "if a, thsn b", The metelces of the
functions aub, asb, asch are eas||ly constructed wusing the above
definitions,

Using formal external affirmation anhd forma| external
negatlion, we define the following functions

{D+4) (a A b) = (l=a n |=p)

(D+5) (a v &) 2 (l=a v |=b)

(D6} (a » b) 2 (=0 2 |=b)

{0+7) (a e« b) E ({a = b) n (0 » )]
(D:8) (a 2 b) E ({a » b) r (~a » «b))
(D¢9) ta 5 “(|=2 v >a)

(D+10) a g - |-a (3)

The function aAb --- formal axternal or nonclassical conjunction we»a
is read "a Is valld and b ig va|ld", The function avb «w= foprmal
external or nonclassical disJunctlion ==« |8 read "4 Is valld or b |a
valld", The functlion a-+b «e= fopmal extarnal or nonclassleal
implication ==« Is read "If a Is valld, then b Is valid", or "4he
propeslition b follows from the Proposition a", The function asb Is
reag "a Is equipotent to b, The function aSb I8 raad "a ls
equlivalent %o b"%,

It Is interesting to compare equipotence und equlvaloence, ¢
avt, then the truth of glither of the propositions a,b fimpliss ¢he
truth of the other, but thls does not mean that a and b are Joglcally
equivalaent, [f one of them |g false, the othar need not be fa|se wew
it may be meaninglegs, One cannot Infer from

asd
that

«B4ab

taeth,



on the other hand, any proposition foilowing from & also fojlows from
b, and vice versa, and in this senss & and b e»9 eaulpotent,

If
ash,
not only does thg truth of either of &a,b Imply that of the other;
now, in addition, If one Is false, 30 Is the other, and it one s
meaningless, so 1ls the other, 1f twWwo propositions arg equivalent,
they must be equipotent, but the converse fa gonerally false, Note
that the truth tables of equivaicnt functlions are identical, Hence
gquivalence plays the part of "mathematloal Idontity” in  the
propositional calcujus, The function ¢a is read "“a is meaningless",

Fina||¥» the function a Is read "a s pot vijld",
Using the deflnitlons, we constryct the tryth tables of

ta and ;3 -
a ta a !
T P T F
F F F T
y T U i)

The truth tabjes of the funotions aAb, avb, a+b, awb, aZb are
also easily constructed,

We now give a rlaorous definition of formuia, The definition

is inductive!
1) Any nropogitionai symbo| I8 a formula,
2) 1f A is a formula, ther =A, |=A and A are formulas,
3) 1f A and B are formuias, then AnB |{s a formula,

To simplify the notation for formuias, we shall| use the "dot"
notation [of Principla Mathematical,

The symbols 2, 2, =, », £, 3 &r® stipulated tc be of egua|
D
rank, highspr than that of the symbo|s n, v, A, v, Ths latter hind
morae strongjy than the former,

The gymbols =, =y >, *t act oniy on the |etters and
parentheses directly following them,

The symbo! always applles te the entire expression bajow It,

Thus,
avp»bva
denotes the fopmula
(a v b) » (b v a),
The fgormula
8 “b ,A, & ° =DV th ,+ =a Vv ¢a
depnotes the fgrmula
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((a «b) nfa« (a8 v +b)]) « (wa v ea),
The definition of the function a«b may new be weplteen
a«b,z,8«b ,n, b e a, '
D ‘ .
and so on,

A formula fs sald to be orovable fn- the teruth table
propositional logle If It has the value T for all possibie argument
valuas, Provable formulas are also known as tautologies, Proof s
reduced to verlfication, veriflcation s most: systemat?cally and
simp|y carrled out by constructing a truth table for the functlon In
auestlon,

A formula which does not take the value T for apy values ' of
its arguments Is known as a contradiotion, It A s a

contradiction,ther X is a tauto|ogy, Moreover, if one of the formujas

~A, A, tA, A, Is provab|e, thep A Is & contradictlon.

A formula which contains only 'oropositional varlables and
symbols for the ciasgical functions wijl bs called a:olassioal
formula, Let Phi(asl,,,.saén) be any formuia, with a -glven truth'
table, The truth table has 3*n rows, Cal| the set of rows |n which
no argument ever assumas the vajue U the TFesubtable of ths formu}a.
1t Is ojear that the TF-subtable contalns 2¢n rows., YThe remaln ng
rows cornrlse what we shall call the U=su .able of the functlon,

The U=sudbtable contains 3tn =~ 2¢n rows,



2, UNPROVABLE FORMULAS IN TKE PROPOSITIONAL CALCULUS,
THEOREM 1, No classical formula 1Is pcrovable In ¢he

. propositional calculys,

PROOF, Obvious, since any every olassical formula B8ssumes
tha value U when one of [ts arguments assumes the value U,

' THEOREM, 1T, No contradiction |s provable In the
propositional calcujus, '
1

PROOF, This fo}lows Immediately . from the definltionas of
provable formuja and contradhtction In subsection |,

'Exampfes of contradletions are the fopmulas

e A 28,

a.z >a;,
. i N

a & a,

THEOREM 111, No ':ormula whose construction lavolves oniy
nonclassical functions can be eguivalent to a classioal formuls,

THEOREM 1V, The fgormuia ta (thepefgre a?so A) cappnot @vep be
sqylpogeny ¢o a cla glcal formyle,

Theorems I]1 and IV foilow immediatejy from the form of the
truth tabjles 1 = 6 |n subsection 1,



3, IMPORTANT FORMULAS PROVABLE IN THE PROPOSITIONAL CALCULUS,

THEQREM V, Any formula provabjle in the oclassica| sententlai
calculus which has the form A > B (4), whepe A and B contaln the same
variables, remains provable In {ha nonglassiocal caloujys 1f the
symbel = between A and B I ropiaced by - and the vaprlavies are
regarded as propositional variables,

Simllarly, any formula provabie In the ojasalcal gententlai
caiculus which has the form A 2c B, where A and B contaln the game
variables, remalns provable In tho propositionai ealsujus ¢! ¢hs
gymbo| =2c between A and B Is replaced by 3 and the variables regarded
as propoaltional variabjes,

We prove the flrst part of the vheorem, It Is obvious that
if A 2B lg provabja In the ¢lass]oa) sontentlal caloulys then evary
ro¥ In the TFegubtable of the fopmula A8 ’ssiope  the fupction the
value T,

Now {et one of the variables a¢i assume the valus Uy Since &
and B e classlcal formuias and both sontaln a¢! by assumptlon, they
both .ssume the value y, But by tha definiilon of a»by

u+y =7,

Conssquontly, every row In the U=gsubtable of the fermula A<B
also glvoes the formula the value T, Thls pproves the theoream,

THEOREM VI, The truth tabla propositional caloujus contalns
a subsysiem |somorphic to the ciassical ¢puth ¢able _sententla|
calculug; the formulas of thls subsystem are deplved from those of
the classical sententia) calcuius by the fojjowing transformations
(5) (wa abbreviate “classlical sententlal caloufus® by 0,8,0,s» and
"propositional calcylus” by p,6,):

1) Repiace each sentential wvarlable by the propositional
varlable with the same¢ gymbo|} -
2) replace the c¢,s,0, symbol = by the D0, SYmb(|
" (1] " " "

3) " " [ " nj
4) [1] " " 1] v ] ] " " v}
5) ” " " " =) " " " " !
6} " n 0 " ac W " " " ",

PROOF, It ls easliy shown by truth tablas that the followling
formulas are tautologles:

{1) a +ana

(2) anbhb=->banag

(3) a»b ,o, ano0oebancg
{4) a *b ,n, bewo ,#» a=g
(5) b~ ,a=b

{6} &8 N ,a=bhb, »>

{7) a*avhbh

(8) B Vb +bvap



{9) a »¢ ,n, be¢C ,*,aVbect

(19) a - ,a+0b - -
{11) a-b ,n, a b .* &
' (12) a v 5,

The system of formujas (1) to (12) Js an isomorphlec Image of the
tollowing system of ¢,s,c, formufas?
5 a n 8

PO OO R P

a V =g,
gut, as Is well known (6), this Is an axiom system for the o¢lassliaal
sentential calculus, |f the rules of Inference aro as fol|ows!

s Pelnoiple of deduction [modus ponensds
f a and asb are oprovabie formulas, then b |s a provable

s b

formu%ao
2) Rule of combinatlion?
1¥ a and b are provable formulas, then anb la & nrovebije

formula,
3) The subgtitutlon primcipte In 1ts conventional form,

We now deducs from the truth table of the functlon a<b that
tne deduction principle is valld In the propositional caiouius in the
folliowlirg form:

If a and a«b are provabis formulas, then b s a provable
formuia,

Furthermore, oxamination of ¢the truth tavle of the
tunction anb shows that the combination fpule aiso helds In the
propositional calgulus:

If a and b are provabie formulas, them anb [s & provable
formuia,

Finally, It 1s obvious that the substitutien principle also
remains valld tn thg propositional cajoulus, This oomplstas ¢the
proof of Theorem VI,

The |somprphic Image of <the classical sentential caloulus
whose exlistsnce wa have Just establlished wiil be called Ke¢i, 1t would
be 688y to show that the ppopositional calculus contalnes ancther
systom isomgrphlic to sentential logiec} It Is obtainad from Keil Dby
replacing g¢he gymbo| o by A and tho symbei » by £, This gocond

ig



Isomorphic Image of the classical sentential caicuius wWil| be called
the syatem Ké2 (7),

Theorems V and VI prccide a tool for cefining varleus ¢lasses
of formuias provable In the propcsitional saleulus, Thus, Theorem
is Illustrated by the formulgs:

(13} 2 3 «=g

(14) wf@ N ! T =g y ab
{15) “~(B@ VU 2; 3 =a A «=b
{16) ~(& 2 b) 2 an b

(17} QA D ag ., =a,
However, one should not overrate the opepatlive foprce of these
formuias; for the formujas on elther side of the symbojs 2, % are

slassical formulas, and hence Theorem I (subseetion 2) Is relevant,
3
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lle now proceed to conslider several additionaj, very Important
forruias of the propositional calculus, We first Indicate the baslc
formulas which glve the relation between classical and nonclassical
formulas?

(18) a8 « |=a

{19 -3 e Da

(28) 2@ nbebapas

{21} auvubebuyua

{221} a 2b ,e, 8 = Db,
1t 1is extremely important to note that the last two formulas lnvo|ve
only nonclassical impiication (iIn one direction}, while ¢the others
involve aquipotencs,

The next two formulas give the relation between
meaninglessnass on the one hand and classical and nonclassliecal
negations on ths othep:

{23) tg % ? 8
(24) ta £ dda.

Formula (25) gshows that the exterpa. affirmation of a

meaningless proposition is false:
{25) g < > |=8,

The followlng formulas are Interesting:
{26) w{a u =~g)

(27} >>(a v =8l

{28) »ela v Ya?

{29) t{(a u =g) = >{a v >a)
(38) t{a y =g} = tB,

One sees from formuia (26) that the classlical negation of the
classlical form of "tsrtium non dgtur"” 1s glways false or megninglsss,
Formula (27) states that the nonclasgical nagatlionm of the classiesal
"tartium non datur" ts alva¥s false,

Formula (28) states that the nonclassical "¢ertium non datyr"

cannot be meaning|ess, !,e,, the oroposition stating that It Is
mearingliess Is alwayz false,

Formula (39} sxpresses the fagt that the classigal "tertlum
non datur" Is meaningless If and onmjy If the nonclassfcal form ls
false Flnally, formyia {3p) states that the classlical "tertium non
datur® is meanindiess 17 and only if the proposition [teelf Is
mearingless

The followlng formulas will be particuiarly Important for the
analysis of paradoxes:

{31} &8 £ .a ,Z *a

(32) a % =g ,& %3

(33) =ta %, g ® =g {Z ta

(34) & y ma +, & % =g X *g
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Note also the following formuiasgs
{35) a » >a % *8
(361} leg 2 >a £ *2
Howsever, the formula
a 2 >a . 14
is not vajld, 1f a ts peaningjoas, they ¢a ls va|!d. but e & »a s
always faj30,

By analogy, note the forrulas
(37) a *a . >a
(38) ] 2 % =8
Also !mportant are the formujias .
(39) g -, 8 ¢ b
(40) >a «, 8 * b
(41) Tt », & * b
Finally, we present the formulas
{42) a b sy w@ 2 =
(43) a b 1% ™A s eb

363 1
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I3
RESTRICTED FUNCTIONAL CALCULUS
SECTION 1, Baslc concepts, notation and definitions

The variables of the functional caloulus fal| Into theee
groupss

1) propositional variabiest as b, €5 ,4ee,s

2) obJOCt varlablesz Xy Y Z. te et

3) varlables for functlons of any finite number of oblect
varlables: f( ), Q¢ Jyeecrphi( )y pslg Yoo

Corresponding to these three groups of varlables there are

three groups of constants; notation for these wil!l be Introduced as
the need arlges,

The symbol f(x) 13 pead! "x hasg property f", The symbol
f(x,¥) is read: "x gtands In rejatlien f to Y". The symbo| (x), the
baslc aquantifler, Ig called the unlversal symbo|, The symbol! (x)f(x)
Is read; "a|| x have property fv,

The concept of "formyla" (somotimes ajso called an
"expreasion") Is dofined inductively by the following rules:

1) Every propositional symbo| |s a formula,

2) AnYy function sympol In which the argument Places are
occupied by names of objects or symbo|s of obJect variables is a
forryla,

3) 1f A is a formula and A ocontalns x ag a free varlabie
(depsnds on x) then (x)A ls a formula,

4) If A is a formula, then JA, >A, |=A are formujas,

5) 1f A and 8 are formulas, than AnB s a formyja,

6) If a subformula Is In the scope of a universa| symbol for
a cortaln varlable, {t cannot be In the scope of any other unlverga|
gsymbol for the same varlabls,

Definlitlons (De¢1) to (Ds1B) of I, Section 2, subsectlon 1§,

will also hold for the functional caleulus, rtherafore, |t A Is &
forrula,

thepr *A and A are 2jso formulas; if A and B are formulas, then Avg,
A2B, A®cB, AAB, AvB, A~B, A#B, and AZB are also formulas,

We now define three new quantifiers usling the bagle
quantifier: (ey), 3,, Vi

(D11} (ex)f(x) = m(x)af(x)
D

(D¢32) Ix f(x) = (ex)|~f(x)
D

(De13) ¥x f(x) = (x)lmwf(x)
)
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Thus, If A Is a formula containing X as & fred vaplable, then
(ex)A, 3xA and YxXA are formulasg,

(ex)f(x) Is read: "There exlsts at |east one x wlth property 79,
Ixf(x) |s readt "“he proposition f(x) 18 valld for &¢ l9ast one x",
Yxf(x) Is readt "The proposition ¢(x) s valfd for all x",

Because of <¢he properties of {(x) and (ex) evident from ¢he

above axliom gystem, we call them the olasalca| unlversa| symbe! end
classical existentlal symbol, respectively,

The aquantifiers V¥x and 3x are cajled the nonclassioal
universal| symboj and monclasajcal existence symbo|, respectively,

We now adont the necessary conventions as regards subdlvision
of formuias by dots: thoe symbois 2¢, 2, #, o, 2, 8, v, n, A, V
D predominate over
the quant!flers; the symbois =, |=, >, ¢ preceding a quantifier act
upon the entire subformuia consisting of the aquantifler and Its
scope, All other rules remain as befors,

Thus, the exprassion
(x), f(x) » g{x)
denotes the formyla
(x)(F¢{x) = @(x)},
the formyla
(x), f{x) n g(x) .~ {x) h(x)

denotes
(x)(f(x) n gix)) = (x) hix),
and
(%), f(x) < gix)
denotes
d(x) (%) = glx))), )
Finajj¥) we gha)| simpjlfy the formujas (xIf(x), (ex)f(x),

Vxfix)y and Ixf(x), repjacling thay by

()P Ux), (EX)PCK)e VXFERD)e IHE(X),

15
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SECTION 2, Axloms of the restrioted functional calculus
We adopt thrae groups of axlomsi

1: Any tautojogical formula of the propositional salcuius |s
a provable formuia,

Il

1141)  (x)f(x) « f(y),

11%2) f(y) < 3x f(x),

J143)  t(x) f(x) » 3Ix *+f(x),
1144) 3x *#(x) = (%) f(x),

111 CIn modsrn terminology, thase "axlfoms" wouid be
called rules of infarence, (Tr,)]:

11141) Al axloms of I] are provab|e formuias,

I11s2) If A and B are provable formujas, then AnB {s a provable
formuisa,

111,3) 1If A and A+B are provable formulas, then B ls a provabie
fornrula (principle of external deduction), Schematlicallyl

A
AaB
B,
11144) Principle of substitution: the following
substitutions, carrisd out in a provable formula, ylield a provable

formujal

1) simultaneous substitutlion of the game expression for all
occurrerces of a propositional varfab|e;

2) simu|taneous gubstigution of the same expression,
dependlirg on variables x,¥,1s. (and perhaps also other variables),
for all occurrences of a functional| variable with argumerts X,Yees.:

3) anh obJject variable may be replaced throughout by anothsr
objsct varlable or by the name of an obJect In the domaln of values
of ¢he varlable,

0f course, one should remembper that

1) the opeingliple of substitution apnlies only to free
varlables;

%) a varlable appearing Iin the scope of a quantifler cannot
be replaced by an expresslion depending on the quantlfied varfable,

v"obJects" In the restricted functional calculus are
individuals whlich belong to a preassigned, sultably dellneated
domain,

11145) Quangifier schema:

1) If B(x) {s an oxpression depending on X, A an expression
not depending on x, and A=B(x) a provable formuia, then A«(x)B(X) |s
also a provable formula,

16
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2) 1f B(x) {s &n expression depending on x, A an expression
not odepending on x, and B(x)+A |s a proveble formula, then 3xBi(x) le
tlso & provable formuia,
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SECTION 3, Some provable rules and formulas of the

restricted functionel caloulus
Theorem VI, The following rule holds In the restrigted
functliona| calculys: If A and A>B are provable formylasg, then 8 i3 a
provabls formula (princinle of Internal deduction), Schematlcallyt
A
AaB

Proof, Let A and A®B bs provable formulas, Applying the
principie of extermal doduction 1I1143) to the formula A>B and ¢he
provable fopmula .
A 2B ,«, A=B

{see fopmula (28), Ié section 2, subsection 3), we get
A o
A 26 ,», Ao B

LA A R X I F A X X % X X X3

AT="B,
l.000 A=B Is a provable formula, NOW, since the formuja A Is
provgble by assumption, another apdilcation of +the oprlnglpie of
externa| deductlion glves

A

A~ 8

’
isees B I8 a provable formula, Q.E,D,

Theorem Vil], The restricted functional calculus gontains a
subsystem isomorphic to the classical restricted functiona}l calouljus.

Prcoof, The restrlicted functiona] calcuius contains formulas

(1) to (12) of !, Section 2, subse~tlon 3, Adding these formulas to
the axloms of groups ! and Ill, we clearly obtain an |somorphlc
image of the classlical functiona| calculus} the universal symbol of
the classlical c¢alcuius ocorresponds to ¢the gquantifler (x) of our
calculus, and the classical exligstence symbol to the quantifler 3x of
our calculus, Thls proves the theorenm,

We shall rataln the notatlion K41 for the isomoprphlc image of
the classical functional calculus whose exlstencs we have Just
proved,

It |Is now easy to describe various classes of formulas which
are provabls in the restricted functional oalculus,
Note the following:

1) Principle of generallization: Let A(x) be a provable

forrula containing x as a free variable; then the formula
(x)AC(x)
is also provable,

18



2)
(44) fin) o 3% f(x)
(where n |s ¢the name cf an objact belonging to the domaln of the

vaplabls ¥)
(45) (x), #ex) * g(x) 42, (%) F(x) « (x) @g(x),

The following formulas are nNot In Keiy
(46) (ex) #4x) < 3x f{x)
(47} wf{ex) (%) 3 (%N)~f(x)
{48) a{x) f{x) 2 (ex)=f(x)
(49) Ix fix) a =f(ex) fix) = (&x) f(x),

He pecell a fyrther thoerem!

Theorem IX, If #(x) 2 q¢x) I!s a provable formula, then
(x)f(x) 2 (x)g(x) is also & provable formylia,
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EXTENDED FUNCTIONAL CALCULUS AND ANALYSIS OF PARADOXES

SECTION 1, Extended functlional cajcujus

To analyzs the paradoxes of classical loglo with the ald of
the formal calculys daveloped above, we must Do capable of
constructing any classlical formula In our new systen, NoWw the
restricted funotional! calculus |Is obviously inadeauate for this
purpose, and we therafore need an axtension of <the c¢aljculus, An
exterslon of this type «111 be considered In thiz section,

Fiest, using only certaln ejsments of the system congidaered
above, we construct a new sysiem, which we shail call S¢¢, The first
stagé Is the propositional calculus of S:@, whigh will fncluds only
two propesitional functjons, ~a and anb, defined as in 1, Sectlon 2,
Now Introduco <the definitions (Ds1), (0%2), (D3}, 1In ogher words,
we Introduce the classical connestives but not the monclassical onses,
The concepts of formuja and proposition are obviousiy more restrictad
than those of I, Sectlon 2, Tautologles and contradictlons are
defined as before,

1t |s easijly seen that no formula [s oprovable in ¢he
propositional calcujus o? the system S¢0,

We now construct the restricted functlional criculus S8, We
oroceed as In [, Sectlon 1, up to the definition of formula, The
latter concept Is defined by the following rujles?

1) Every pronositional symbol ¢in S¢1) is a formujaj

2) Every function symbol In which the argument pjaces afe
cccuplea by object names or obJect-variable symgols Is a formulal

3) |f A {s a formula containing x as a free varlable, then
(x) A ls a formulial

4) If A is g formula, then =A Is a formula}

5y If A and B aro formulas, then AnB Is a formulaj

6) if a sgubformula of a formula 1Is In the scope of a
universal symool, it cannot be In the scope of any other unlversgal
symbo| for the same varijable,

Now Introduce definitions (Ds1), (D32}, (D43} and {Ds11),
Now, |f A and B are formulas, then AuB, A2B, A>¢B are also formulas,
and It A 1s a formula contalning x as a free varlable, then (éx)A |s
also a formuija,

The notation for formulas remalns as before,

The only axloms we reteln are [, 11142) and 11144), [l.ae
those involving classical formulas,
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It Is obvious that no formula Is provable in the restrloced
functional calculus S.«0,

We now extend the functional caloulus S42; this |g ‘done by

adjoining all functions and propesitions of the system S+¢¢ to the 80t
of obJects, besldes the original Individuals, The objegt In axioms
11744) must also be Inteppreted In this extondad sense, Wo aro thus
dealing with Junctions of funotions and propositions, with the
argurent places of each functlon beling referred to a dof?nite,domain
of obJocts, An example of such a domaln Is ¢he - sgt of sl
proposlitions in the sense of S¢0 or, say:, the set of functions in the
sense of Si¢@, We ghal|| call the new 'sygtem the fy|| system S0,

It !s aquite clear that the set of formulsas avallable In éhe
full system S¢@ I3 exactly the same es In the unrectricted theory of
types of the extended funoctional caleuius of HilYert and Ackermann
(8), 80 that I the Inltlal domain of Individuals Is the same In both
systems, the varlabjes are alzo thes same,

]

, |
It Is obvious that the full system S+¢ contalns’ no porovable
formulass the calcujus only "discusses" formujas, 30 to speek, ' !

He now extend the system S+f.as fol)owss ‘ ' |

1) Introduce the nonclassical affirmation and mnegation of

both funetions and propositional varliab|es, With the sams croperties
as In 1, Sectlon 2, and then Introduce all| de?initions {(R¢4) o
(D:30) gng (Ds12), (De13), ! S

2) Correspondingly, extend the concepts of orogositlien ane
function, Of course, Whon this |s done the aoncapt of formula Is
alsc extended, but with one restriction whioch must b3 smshasized:
Apart from individuals, the universs of obJects sontaing only
functions and propositions In the sense of the ful! systam S48y . In
other words, the dJdomaln of obJecte remains ¢he same us that of ¢ha
full system §40, ‘ -

In axfoms I, 11142}, 11144), the worcs ”areéasition"s
“functlon®,, "formuia" must be understood In the na¥, w]gsr senss,
Howaver, the obJects In part 3) of axlom [11:4) ars inteppratsd  wlth
an eye to the above restriction, B ‘

3) Introduce tho axloms of agroup I, as weil! as uxfems
I1144), I1143), 11145), with the words "fupnstion®, “groposlition®,
"tormula® uUndarstood In thelr new' senss, as  in the previgua
paragraph,

We eall tnw nev system S, Obviougly, we must differentiate
within ¢he syatem 3 (and there |3 nothing ¢o prevent us from so
do!ng) betwoen funct'onal and propositional varlables !n the sens. of
S¢@ and functiore! and oropositional varigbles In the extenssd senmse
of S, Functlons (propositions) In the senae of S¢g wl)] be gnllad
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simply functions (propositions) of classical loglcs this is aulite
legitimate, 'In view of the relatlon between S and the extended
functional calculus of HiibarteAckermann, For the tunotional
varjables of clasgica| loglc we Introduce the notation
fal(: s GoKC Yy seee DRIEKC Dy PSTEKE Yauuy

The propnsitional varlables of olassieal loglc Will be denoted by

H ) a‘kl b‘k’ c‘k' [N )
Fecr the function and provositional varjables of the system S we
retaln the notation of {1, Section 1,

It !s easy' to prove that the system S cannot contaln any
expressions of classical |oglc eauipatent to the formula +atk, First
we observe that, in view of Thsorem lV: (], Section 2, subsection 2),
1t will suffice to show that any expression of classical feglc of the
form (bek)F(ask,bék) 1Is meaningless If *task Is valid, But this |s
clear, for If taék is valld, then a¢k |s meaningless; and then
F(asky/bsk) must a|so be meaningjess, so that the formuia

. tF(adk)bek)
is valla, Consequently, by axiom 1142),
Ibsk tF(ask,bek)
and pow axiom [144) glves
' "2 (pek) Flask,bik),
O.E.Do '

' 0f course, thesé arguments presupposé that the system S s
consistent, The consistency of this system Is an as yet unsolved
_problem, but a'l| our Attempts to obtaim a contradletion have beon
unsuccessful, so that there Is a considerabls empirical basis for the
assurption that S !s consistent,

The systém g w!|l be negessary for our analysis of paradoxes
in the extended functlional calculus; It is the framework In which
this analysls ts caprled out,’
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SECTION 2, Analysis of paradoxez In glassical mathematloa|
logloe

1, Genera| Remarks, The paradoxeés of the clesslga) extended
functional calculus fal| Into two 9poups, The paradoxas of the ?lpst
Group are ourely |ogical In character and thelr formulation requisrgs
nc assumptlons bayond the realm of jogleal formulas, Russs|(’s
paradox Is an exampje, The paradoxes of the second group requlire ths
addition of certain formulas contalining symbois for Tndlvidual
obJects, functions or sentances, AR exampie s Heyvi‘s
"heterologlical" paradox (9),

With regard to the first aroun of paradoxes, the system S |s
adequate to show that certain propositions are meaning|ess, By
contrast, for the second groun the resuits of our ana|yslie wiil be
based on premises of the tyne above, slnoe the very formuiatlon of
the paradoxes In the classical system dietatas thalr uee,

We shall pregent an anajysis of the paradoxes of Rugseli and
Weyl, In this section a functien of one varlable wil| also bs cal|ed
a property, Wherever possible, we shal| abbreviate the symbo! phi¢ j
5y phi,
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2, Analysis of Russell’s oaradex, In the extonded
functlicnal ecalsulus of Hilbept and Askermann; Ru%G(|’s paradox
arlses when one conglders the function

phi(ph!),
which states that a clags belongs to Itselt, Ddafine
Pd(ph!) = phi(phl),
0
By the provable formula of classical |oglo
a 2c¢ a,
we can write
phl(ph!) 2¢ phitphi),
6r, by the definition of the function Pd,
phl(ph!) 2e Pd(phl),

Tke functlon =Pd belonas to the domain of valuss of she
varlable phl, Substituting <Pd for oh! in the last formula, we gets
~Pd(=~Pd) ¢ Pd(=Pd),
This is Russel|l’s paradoX,

what happens In the system S? Conaider the function
phlek(phlék)
and define
Pdtphlak} = phlskiphlek),

D
Nots that ths domaln of valuas of the variable phisk is8 the same as
that of the variable phl Introduced above for the classical version
of Russall’s paradox, But In the sysiam S we cannot use the formula
a 2¢c g,
since 1t Is not provable.

However, we do have the provabie formula

az a (12)
Substituting phlskiphisk) for a In this formuja,; we get

phisk(phliek) & phiskipnliskl,
Now, by the definition of the function Pd,

Pd (phlek) Z phiskiphiek),
The functlon =Pd belongs %o the domaln of values of the varlable
phisit, Substituting =pd for phlsk In the last formula, we get

(a) Pd («pd) = =Pd (~Pd)

The formuia

a % =~ ,= ta (1)
is provable In S, and so we find

Pd (qu) 5 qu ‘apd) 'E 'Pd (~pd)0
and, by (@),

tPd («Pd),

Now:; bY the provable formula

ta T twg (12)
Wwe ¢o6¢t

* ﬂpd (npd)‘

24
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like 1t3 internal

proposltlion Pd(aPd) Is faige,
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3, Analysis of Weyl’s paradox, We flrst carry out & formal
reconstructlon of Weyl’s paradox In the classical extended funotlonal
cajlculus, The statement that +the «ymbol 2z {8 hetsroicgloal g
expressed by & functlion H(z) defined aa followst

Ht(z) s, (€ phi) , R(z,phli n =phi{2) (13)

0

Here R(Z,ph!1} 1s roead "z deslgnates phi", the domaln of values of
the variable 1s the set of symbocls designrating a nreperty, and the
domsin of vartables of ph! Is the set of properties, We agopt as an
axlom the statemsnt that the symbol "H" denotes the fungtleon H alene,
symboilcally, this axjom |s expressed by the following formulas;

1) R("H™iH),

2) RI"H",phl) 2 phi g K.

ldentity is defined in classlical logic by the formula
x =y =, (£} o f(x) > f(y) {14}
D
therefora, formulag 2) can be pewritten as
2) R{"K"iph!l} 2, (£) , f(phi) 2 f(H4),

It now folliows from tha deflinition of ths fungtion H that
(e) H("H?) o (e phids R(UHY, DRI} n phl("HW),

By 2) and the provable formuia
(1), f(ph') 2 ${H) ,2, Q(Dhl) s g(H)
8 get
R("H";ohi) 2, glphl) 2 g(H),

Substltuting the function =phi("H") far gi(ph!l) In this formula, we

get
R("H",ph!) 2, =ph]("H?) 2 «H("l"),

Wence we now daduce
R{"H",phi) 0 «ph{{"H") 2,
~phICHHIY 0, aphi("H") 2 <H("H"),
In view of ths formyla
“ph{C("H") A, phl("H") 3 «H("H") ,3 =~H("H"),
we get
R("H",ph!l) 0 «phi("H") 2 «H("H"),

Applying a welleknown rule of the H|lbert=Ackermann functional

calculus, we can weite
(e phl), RCYHY,phI) A aphl(PH") > ~H("HM),

In view of formula (a), we obtaln
‘A) H(an) 2 ‘H("H").

On the othep hand, by the provable fopmula
fin) o (¢ ) f({x),
whaere n !s the name of an obJect polonging to the domalin of values of

- the varlable %, ws geg
RIMH",H) n SH("H") 2, (¢ phl), R("H",phi} n «phi("H"),
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R{"H",H) A «H("H") 2 H(WNn),
It followg that
27

HU"H") 2C aH("H"),

~H{OH®) o H{sHn),
Formulas (A) &nd (B) In combinetion give Weyl’s paradoX;

(B

or, b¥ the definition of the funotlion H,

But sinca R("H",H) |s an axlom,

.#«\R?. /» A.r:, a}ﬂ‘
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Now conslider the slituation In +the aystem S, slnoe the
argurent |s quite long, we shall omit references to the formulas of
the propositional calgulus used In the proofs, In each indlvidyal
case It Is easy to identify the formuia being applied, and to verlfy
its valldity by constructing a truth tabie,

First and foremost, we must define the functlion H(z) in St
H(Z) =, (€ phi+k), R{(Z)phlsk) n <phisk(z),

D
For R(Z,phl¢k), read: "2 designates phlek",

The domain of values of the variable z Is the set of symbols

of classical loglec which designate properties, and the domain of
values of phi¢k 1|s ¢the set of properties considared in classical
logle, Thus, the vartfables z and phlék have ¢the same respoctive
domains of valuss as z and phi In the classical formulation of Weyi'’s
naradox,

Formulas 1) and 2) now correspond to the formulas
1) R("H",H)
2') RU"H",phi+k) =, (fek), fek(phlek) « fek(H) (15?

By the definition of the function H,
H("H") =4 (¢ phisk), RIMH",phisk} n wphlsk(nH"),

Using axiom [141) (11,Sectlon 2), we deduge fprom 2')
R("K",phlek) =, gék({phisk) » gik(H),

Substituting <phlisk("H") for gek(phlik) in thls formuia, woe get¢
REH",phisk) <, ~phiek(WH") « <H("H"),

Hence,
R(YN",phlék)naphjsk{("H") =,
aphisK("H") A, <phlsK(TH")cmH{MKN)

Using ths provable formuia

«phi sk ("H") a, DhISK{"H") o LH{"H") o JH("K"),
we get

R("H",phidk) n «phlek("H") < ~H{"H")

Now apply axlom I1145 (11, Sectlon 2) (auantifler schema) ¢o
formuy!a (8): wWe get
3 phtaex o R("H",philek) 0 dhlsk(HR™) .o M{"M"),

Using formula (46) (11, Sectlion 3), woe now fipd
(e phlek)y R("HY,phisk) A «~pR{sK(¥H") o <H{"H")
or, bY the dafinition of the fungtion M,
(A?) HE"H") < «H("H"),

On the other hand, by formula (44) (11, Sectlon 3), we have
(i) RE"H",HY N =H("H") e,
3 phlék , R("HY,phjék) n ~phisk{nKnr),
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But by formula <(49) (Jl., Section 3) and <¢he dsfinition of the
function H,
(S EP) «tH("H") n, 3 phlsk
RCMHY,ph1aK) N wph] ek ("H"™) o H{®H®),

It follows from formuja (1) that
¢itn) 3 phlek ,) R(YHY,phlsk) o “phiekK("H")
*  =~tH("H") < H{"H"),

Forrulas (i) and (1{1) glive

RE"H",H) A <H("H") o, «tH("H") » H("H")
or

ROTH",HY =3 =HTH®) @, «tH(TH™) o H("H")

Since the formula R("H",H) lgs an axjom, we get
aH(MHT) o, atH("HY) o HW(YH")
or, interchanging the premisas,
(") *tH("H") <, aH(MH") « H("H")

On the other hand, since formula (A‘') Is provable, so is the formuja
CAZY)  aeH("H") o, H("H") @ SH({"H"),

Forrulas ¢(A") and (8‘) imply
~tH("H") @, H("H") @ =H{"H"),

Hence, by formula (33} (1, Sactlon 2, subsection 3), we get ¢he
formula

tH(NKHN)
and no¥, by formuia (23) (I, section 2, subsection 3),

’.’H‘"H") '
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FOOTNOTES

i, The Internal| affirmation is considered to be Identieal
with the proposition {tseif,

2, In thig paper, "classioal sentential calculus" will have

a specific meaning: a truthetabje cajoulus adsquate for the
sentential| calculus of yliibert=Ackermann (grundzuge der theoretlachen
Loglk) and the sententlal calculus of PpRINCIPIA  GATHEMATICA
(Whitehead and Russel|),

3. The symbols =, |-, >, + act only on the |etters and
parentheses directly followling them,

4, Here and below we shall assume that ¢the classioal
sentential calculius employs the same symbols as those used here for
clasaical formulas (in the sense definsd above),

5, See footnote (4),

6, A, Heyting, Dle formalen Regeln der Intujtlonistischen
Loglk, sitz,~Ber, d, preuss, Akad, d, Wiss, (1930), pp, 42256} A,
Kilmogoroff, zur Deutung der intuitionistiaschen Loglk, Math. z2e 35
(1932), pp, 58=65,

7. Note that the symbo| n may aiso be replaced In K&l by A

without repjacing the symbol » by =, but this transformation prosenrts
ny special Interest,

8, See Hil|bert-Ackeprmann, Grundzuge der theoret¢lschen Loglk
(1928), pp, 82-115,

9, On the distinction betwean those two types of paradoxes
see! Hllbert and Ackermann, Grundzuge der theoretischen Logik (1928),
py 1153 ¢, Ramsey, The roundations of Mathematios, Proc, London Math,
Socs» Sery 2, Vols 25, Part 5 (1926)3 R, Carnap, Abriss der LoOQIstlik
(1929),» p, 21; R. Carnap, Dle Antionomien und die uUnvol|standigkelt
der Mathematlk, Monatshefte f, Math, und physik (1934),

10, See ], Section 2, subsectlion 3, Theorem V,

11, See [, Section 2, subsectlon 3, formula (31),
12, See [, Section 2, subsectlon 3, formula (23),
13, See F, Ramsey, The Foundatlons of Mathematios,

14, See, 8,9, R, Carnap, Abriss der Loglstik, p, 153 aiso! Hllbert
and Ackermann, Grund2uge der theoretischen Loglk, p, 83,

15, This condition fs even weaker than Identity of ths funotions
donoted by the symbgl "H",
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ON THE CONSISTENCY OF A THREE«VALUED CALCULUS
D,A. Bogchvarp

(Fror Matyematichyegk] Sbornik (Recue{| Kathematlique), N,S, 412 (1943),
ppe 353=369)]

In our paper "A Three=-Valued Loglcal Calculus and Its
Application to ¢he Anajlysis of paradoxes ,,,"(1) wo described a
certain three=valyed gystem of mathematical logle, which we gcalied g
(2), .

Within the gystem S one can formally prove that eertaln
formulas of the classical extendad functional calouius whigh |ead to
contradictions are meaningless,

Study of <¢the system S Is thus relevant for the probjlem of
paradoxes,

Any study of the system S Itself must naturaily begin with
the question as to whether one can establish |t3 consigtency as a
whole, or, at least, the consistency of a fragment large enough to
yield results suffigiently characteristic of those achlevable In §,

In this paper we shall present certaln results In this
dirsctlon; some of them can be extended to a certaln tvyps of ceioujus
bases or the ciasslcal sentential calcujus,

{Typlist’s note! Subscripts are Indicsted by ¢, and * |s wused In
place of the Joglcal connmective ¢ wuysed In <the original, the
followlng lexlcographlc changes ware alsc medet for propositional
varlables, we use |ower case |letters rather <¢han gapitals) for
logical formulas, caplitals rather than German capltalss for loglcal
varlables, lower c¢ase rather than German Jower case; and forp
classical propositional calcuius formuias, primed capitals rather
than German capitals with superscript (@), S Is ussed for capital
Sigra, and w for |ower ca&30 oOmoge,]
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SECTION 3

Thie section c¢ontains a brlief rosume of the axlom system of
S, The baslis for the system S s the propositional ealoulus (¥),

Let a, b, ¢,,,, be provositional variablos, Eaoh 6! these

varlables can assume one of three *ruth values: T (read: “true™), F
(reaat "false™), ang y (read’ "meaningliess”),

The primitive propositional functions are: -~a (classical or
internal (4) negation), anb (classical or Internal conjunction) and
lea (monclassical or external affirmation), Theses are defined by
truth tabjes:

a -8 4 b anb (] =g
-fu F'- ?- ?o ?q—- ?- -Tn-c-—
F T T F F F F
U U F T F U F
2 F F
V ¥ 4
F v U
v F U
U U U
using the primitive functlons, we define the c¢lassical

functlons:

(0,1} aVvbz alad N ab)

{(De2) a b 2 ={a n =b}

(D+3) a °¢ b0= (a @ b) n (b > a)
and thea nongclasslical fugcttonsz

(De¢4) aArAbs= |=an |=b

(D:5) a Vo S |=a v leb

(Dé6) a = b 2 =g = [=b

(D7) a*b E ta = b) n (b = a)

(D:+8) a £b E (a » b) n (~a = =b)

{D¢9) da = |9 ~a

(D+10) a 2. |ea

{Ds31) 'aog ~(|=a n >a) (5)
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The concept of formula Is defined as uysual, A formuia ts

sald tc Dbe provable in the propositionai caleuiuvs it {¢ takes ¢he
vaiue T for a|l posglible values of the variables, Formuies o$ovab|e
In the pronositional calculys are aiso called tauteloples, A formuia
which does not take the vajue T for any valueg of the varlablesz Is
called a contragiction, A formula whloh oontalng, bLesides
propositional variables, only symbols fop ojassical functions, Is
called a classical formula of the proposi¢tional ecalculus,

The following theorems are va)id:

1, No ¢lassical formuia Is provabie In the opropositional
calculus,

2, No contradiction 1Is provebio |In ¢the propositional
caleylus,

3, A clagslcal formula takes the vajue U whenever a
propositional varlable ecourring In It takes the valus U,

The propositional calecujus serves as the basls f?er the
restricted functiona!l caloulus, There are theoo kinds of varlablsss

1, Proposlitional variables a,b,¢5,,.

2, ObJect vartables X»¥r12Z),4.

3, Varplables fgr functligns of any finlte number of obJect
variables: f¢ Yo 90 doawen Dh'( Y Da'( )'0.0

The baslc auantifier Is the unliversal symbol (x), Formulas

are deflned as usual (6),

Using the basic quantifier, one defires new quantifiars (ex),
3x, ¥xi

(D+12) (e x) f(x) = {x)af(x)
0
(De313) 3Ix ¢(x) = (€ x) |= f(x)
D
(Ds44) Vx #ix) 3 (x) |= f(x) (7)
D

The usual rostrictions are imposed on the use of the quantitlers (8),
The quantifiers (x) and (ex) are cal|led the cjassical universal and
existential symbols, respaotively, in view of thelr prorertl!es as
defined py tho axlioms of the pestricted calculus, The gquantifiaers
vx, 3% are culled the nonclassieal universal and oxlstent(gl symbols,
regpoctively,

The following axfoms [(Trt In modeen terminology, some of

these axloms would be callad rules of inference, We shall continue
to use the old terminology.] are adopted In the restrioted funotional
caleylus; (9)
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Ie Every tauytologlical formula of the propositional calculus
Is a provable formula,

11, Ths foljow!lrng formulas are provab|el
1, (x) f(x) » ¢(y) (i)
2, fly) = 3Ix #(x)
3, t(x)f{x) = 3Ix ¢+f({x)
4, Ax tf(x) o o(x) f(x),

11141, If A and A<B are provable fopmuias, thsm B is a provable

formuia, Schematically,
A
A<B

11'¢2, Princtple of substitution, The following substitutions,
performed In a provabla formuia, yleid 2 provable formulay

1) simultanegous substitution of the same formuja for oll

ocourrences of a propositional variables

2) simultaneous substitution of the sams formuia, dependling
on variables X,ys,,, (and perhaps also othar variabjes) for all
occurrences of a functlonal varlable with arguments X,¥,,,.;

3) an cblect var.able may be replaced throughout b¥ another
object variable or by the nan9o of an obJec* In the doma?n 0 values

of the varilabie,
The principta of substitution app|ies only to free varlables.

Substitutlon of a symbol containing <the varlable bound by a
auantifier for a vartabie In the sgope of the aquantifier !z not
ajlowed,

11163, Quantiflar schema,

1) 1§ B{x) is a formula depending on x, A a formula not
depending on x, and A<B(x) Is a provable formula, than A«(x)B(X) |s
also & provable formu|a}

2) 1f B(x) 1is a formula depending on x, A & formula not
dependlng on x, ana B(x)*A ls a provable formuia, then 3IxB(x)+A s
also a provablie formula,

s

e

34

PP .+ 2 T




We now construct an aux||japy systom «=~ S:0 (11), j

We flrst construct the propositional caleculus of the system
348, This construction :till1zes on|y two (classical) preoposlitional
functions, -~a and anb, defined as before, and then defln?t?onq {D+3),
{Ds2), (D33), Formylas are dafined In the usua| manner, TYautologles
and contradlctions are defined as befors, ¢ Is oasy to sse that no
formula is provabie in the Procositional oslculus of S#0, | '

Now, Intrcducing symbols for funpt!on and obJect variab|es
and the guantifler (x), wlth the corresponding|y defined goncept :of
formula, we consiruct the restrloted functiona) caloulus S+, The
quantifier (€x) Is agaln dafined by (Ds12), e adopt axlom I of the
restriocted calculus (reformulated for the system S:2) and the
reformuiated substitutlon principle, ' !

We now extend the functional cajoulus Se¢ In precisely the
samé Way as the classical restricted funotiopal caloulus Ts extended'
by constructing the extended cajoulus without the theory of types
(2, The rasuiting system |s called the fu|| system S48, 1t Is
aulte alear that the get of formulas avalieble In the ful| system 8¢
s preclsely the same as that considered 11 the, extended
HilborteAckermann functiona] oajculus wlthout thaory of tynes,
Obviously, the fuj| system S¢p st}]| contains no provabje formulas,
The system S is now ohtalned by combining the ful| esystem S¢0 wlth
the restricted functional calculus, using the fol]awlng Puless

1, The univarse of obJocts of the restricted functional
calculus |s now stipujated to be that of the ful] system S0, . Thus,
apart from Individugl varlables, quant!flers may Bound also varliabjoes
for functions and propositions, though only In the sense of the fyu||
system S9, S

2, There arpe two kinds of functional variableg; funoticnal

varlables In the sense of the ful| system S48, .genoted by %he symbols
fok( Y, gek( ), vave DhisKk( ), palek( ), b '

and the functional varlables of the restricted fumctionm| caloulus,
denoted by ] )
¢ ), g( ), vees DHIC ) psl( ’Oooo ‘
The functional| varlableg ¢f the second kind are ‘nereby regarded ns
varlables of a more 's3neral nature, jn other wards, funotlons In the
sense of the full system Ssg may pe substituted for . fynctlional
varlables of the rastricted functional caloulus, whereaas functions
not belonging to *hae fu|l system Seo may not be substituted vor
functional variabjles of the latser, |

Thanks to this last conditlon, the functlonal vafiabjes of
the restrictes functional caloulus now acqulre the wider sense of
functional variabjes In the system S as & whole (33), ;
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Ane|ogous conditions are Imposad for t¢the proposlitional
variables, |,e,, propositienal va (ables In the sense¢ of the fyull
system S¢@, simllar to the conditions imposed on the functions wlth
subseript Kk, Formulas are defined as for the restricted funotional
calculug, except that the words "propnosition”, "function" now donote
propositlons ,and functions 1In the sense of both the restricted
fudctional calculus and the ful| system S,0,

Functions (propositions) in the sense of the ful| system Sip

will be . called s{mpiy functlons (nropositions) of ciassfcel loglc,
We ghall algo speak of fopmylas and vaplableg of claggical 1leglc,
meaning formuias and variables In-general In the sonse of ths full
systom S48, ’ : '

To abbreviate the meaning, formulas of classical Jaogie wlil

be, denoted by capita's with subscript k, and variables of classical
logle In general (lrrespective of thelr nature) wliil sometimer be

dengcted (for brevity) by lower case letters with sgubscript k,
Classical formujas of the propositional calculus (14) wi|| he denoted

by primed capltals,
H H ' i
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SECTION 2

With an eys to & rigorous formulation of our probjem, we
shall first clarify the mogivas underiving our specific ¢ormulation,
To thls end, we flrgt turn to %he classical axtended funotionai
calculus without thgory of types (In the gsense of HllberteAckormann),
It s easlly seen that the formulation of Russell‘s paragoX In faet
requiras onjy a fragment of the caloulus,

Russe||’s paradox can actusliy be derlved In & more
restricted axlom sygtem, whigh we shall cali AS (1)

i, Any tautologlcal formula of the sontential caloulus
conteining a sing|e sententla| variable A |s provable,

2, It an expression phifphi) Is substitutsd for all

ocourrences of A throughout a provable formula, the Fesult ls g
provable formula,

3, Define a functional gonstant F by
F(oht) = Atphitphi))

D
(where A(pni(ph!)) ig a formula constructed from several axpressions
phi(phl) using the sententlal sonnectives), Any formuia obtsined by
substituting F  for al| ooccurrences of g Yunctional veriable
throughout a provabis formuia |s agaln provabje,

In fact, detine
() F(phl) = =~phi(phl),
D

Since the formula
-phitphl) 2¢ aphi(phl)
is provable, we can yge (a) to deduce that the formula
F(phl) 2 «phi(phl)
s also provable, Substituting F for ohl In this formuja, we get
Russe||’s adox,
F(F) ac «F(F),

Thus  the axlom gystem AS oontaine a!|l the formal
prerequisites of Russel|’s paradox,

Turning now to the system S, we oongider & subsystem whlch we
shall call ASe, Formulas of ASe® are defined as fol|ows;

1. Any proposltional variabie symbo| i5 a formula of ASe

- Any quantifler=free formula of classleal Jogio (1n the
sense of the ful|| system S+8) Ig a formula of Age,

S, If A ls a formula of ASe, then <A, I=A, Ay °A, and A are
formulay of ASe, If A,B are formulas of ASe, then AnB, AyB, A,B,
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AScB, AAB, AVB, A+B, A«B., and AZB are also formulas of ASw,

- ymwmwm‘.‘j

The axloms of AS® arel

12, Any tautologlcal formuja of the propositional cale 'ius
s provabis,

24, If AsK(veKtl,,sss veken) is a formuia of ASe belonglng
to the full system S48 and depending only on the varlables veked
(121,25 ,4020) (these may be proposiglonal or functional variables),
define a constant fynction of ojessical loglic by

Fak(vekedpeoogVoken) B AsK(vikedl,yoavéken),

D
In this eguallty the Jeft and right hand sldes may be Interchanged in
any formula (and this may be dong eltner throughout the formula or
only at Isojated places) (16),

3%, Principle of gubstitutiont

1) It a propositional vapiabje (i7) is replaced at all Tts

occurrences In a provable formula by a formula of ASe (belonging to
classical logle (18) ), the result |s a nrovapje formula,

2) |f a functlonal variabje symbol of classlcal ioglc Is
rep'aced at all 1ts ocourrences In a provable formula by a formuia of
AS® (belongling to classical loglo), which depénds on the same
argurents as the origlnal varlable (and possibly also on other
argurents), the result |s a provable formuia,

3) [t a varlable is replaced at all Its ocourrences in a
provable formula by another variable with the same domaln of vajues
or by a constant (as glven by axiom 2« and belcngling to the domain of
varlables of the orlginal varlabje), the result Is a orovable
formula,

4#, Princliple of deducgions

11 £ and F=¢ are provable formuiag, then G Is =& provabie
formula,

rompar!ing the axlom systems AS and ASe, It Is natursl to
expect nat were an analog of Russs|l’s paradox derlveable In the
system § this would be pnossible In the narrower axfom system A§e,
l Also relevant to a correct evajuation of the system AS# and Tts
. relation to § IS the faoct that the result concerning Rusasli’s

’ paragox (19) whlch can be proved In S remalns valld [n ASe,

We noW prasent a proof of the consl!stency of ths exlom system
ASe, For bravity’s sake we shall refer to |t as ths ocajoujus \Se,

%
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SECTION 3

In this section we shall prove that the calculus ASe s
consistsnt,

A basls for the cajoulus ASe |s a sat of formulas containing:

1) every tautologlcal formula of the propositional caloulus;

2) evepry fopmula provable by applying substitutlon (axioms
2#, 3%) and definition of new constants (axliom 26) to a tautologieal
tormula of the pronositional ocafoulus,

Ne shall danote the operation of substitution by Subst, the
oporation of definl¢ion by Def,

The oconcent of a maximal classical oomponent of a
propositional formula (28), which we now define, !a essential for our
argurent,

A component of a formula F |s any subformula G of F, 1t F
contelns G mope than onoce as & subformula, we shall pegard each
vcopy" of G appearing In F as a oomponent of F, 17 G is a olassioal|
formula of the propositional calculius (see Section 1), we shall call
1t & classical ocomponent of F,

Any classical component of a formula F will be called a

maxital classical component |f |t I8 not a componant of any othar
classlical component,

As an example, consider the formulu
- ayb # =*pq V “th,
The ocomponants of thig Tormule are the formylas a, D; &, b, =a, 8,
tb, =t@, =tb, = aub, =ta U =tb, and =~ aub + =ta v «¢b (21), The
classloal oomponents aré a,b,a,b,-a, =~ avb, The maxima| oiasslicaj
components are =aub, a, b {22),

Let F be a formula of the propositional calouius, Dsiete all
Its maximal cjagsical components In succession, from |sft to rlght,
and repiace aach of them by parentieses enolosing a numsral whioh
counts ¢the maxima| cjasslcal components In order of eletlon, from
left to rlght, Denote the resulting symbo! {(wnloh ¢ clearly a
certaln operator of the propositional ocaleujus) by (F), We oan now
wirite the formula F ag

(1) F = (FI(A’41,,000A74M)
where A’#1, ,,,s A'e¢n are the maximal classical oomponents cf F (soms
of which may coinclde) arranged In the order of the numerais a8slgned
to them when thay are caleted frem F, [t !s obvious that 1¢ the form
of the operator [F), all A+l and their numera|s ara known, W8 can
reconstruct the formuja F uniguely, It Is alao obvious that If we
have the formula A and obssrve the above ordor of operations fin
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oonstructing (i), we can easl|y carpy out this oconstruotion, and It
Is moraover unricue,

Thus, 17 F |s agaln ¢the formula
« auh * =ta U =th,

then

CF) =2 (1) « «2(2) v «¢(3) (23)
and the exprdgsion (1) !s

F 2 CFl(=~ avb, &, b),

In the gequel we ghail uglliize the petatlon (1) for Tormuiag of the
propos!itional calou|us, without further oxplanation,

We now provae two thsorems which serve as the bagls for our
method,

Theorem 1, If

F = ”’.J<A"1000.0A"n’
!s a tauto'oglcal formula of the opropositional ocalculus, then ¢he
formuie

G = [FI(B'1sv0 0By}
obtalned from F by replacing the maxima] classical oomponents A’e¢f by
classlcal formulas 8/+]1 of the propositional caloculus (24) cannot be
a contradiotion, {,e,, the formula

[FI(B’ 4Lrevs2B’yn)
cannot be a tautology,

PROOF, Assign the value U to al! propositiona| varlabjes
appearing In the formulas In auestion (see Seotlon L), Then all the
componants A’+!l and g’+l take the value U (25), and ¢therefore both
tormulas F and ¢ take the same valué, T, singe by assumption F o a

tautology, But thep, obviously, G cannot be a contradiotion, and G
cannot be a tautology of the provositional cajoulus, Q,E,D,

Theorem 1], If a basls of the calculus AS® contains formulas
A and B, 1t must algo contaln the foemuja ANB,

PROOF, Suppose that a proof of the formuia A gonslsts of

some comblnation of the operations Subst and O0ef, oapplled to a
tautologlcal formuia F of the propositional v=iculus, while B Is
proved by similar operations on a tautojogy G, Obviously, the
formula FnG I8 a taut. ogy of the propositional ca{culus. 1
necaesary, rename the propositional variabies o? F and 6 n 8such a
way that al|l substitution operatioms ean noWw be applled In FnG

e Independantly to the |eft and right of the connectlive », 1t s now
clear that, by applying to the formula FnG 4he same combinatlons of
Subst, Def (aexcept for the names of tho varlabies) as applled In the
proofs of A and B, and then renaming the variables (1f necessary), We
qet the requlred formyla AnB, Q,E,D,
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We now Intpoduce sSome additional definitiens, Glven a

torrula F of the calculus AS#, we define an e|amentary component of F
to be any subformula of F which does not have one of the forma aA,

"'A' )A' QA‘ K. AﬂBp AUB' AQB. A:CB. AABO AVB. A‘.B. A“BJ AEB (26).

Assoclate a bpropositional varlable with each elementary
component of F, In such a way that different elementary components
correspond ¢c¢ different opropositional varlables, Replacing egch
elomentary component of F at all Its oscurrences by the gopresponding
propositional variaple, we get a formula which we call & prototype of
F, denoted by g(F), Obviously, o(F) Is always a formuja of the
propositional calculus, Y IY) it oontains only bpropositionci
variablas and connactives (27),

Call a formula F of the caidulus ASe irregular {f g(F) Is a

contradiction of the propositional ocajoeuius, 1,9,, |t never takes the
vajue T,

We oan now prove the fo|lowing!

Theorem 111, A bagis of ¢the oalculus ASe® gontalns no
irreguiap formulas,

PROOF, Assume ¢that a glven basis contains an lrreguiar
formula, F say, lts proof starts wWith some tautology A of <he
propositional calcujus, and procesds by application of Subst and Daf,
Now It Is clegr that the only chgnges effected py thess opergtions In
the structure of the maximal olassical ocomponents of A, and
thareafter In the structure of the resuiting formulas, are such that
the maximal classical componants become eithar formuias of classioal
loglc op fopmuias whigch contain, apart from formuias of olassloal
jogle, only unchanged propositional vartables, We may thersfore state
that If A hag the form

CAJCA 31000 00A'yn)y
then the prototype of F must have tha form

CAJ(B’sds4400B' o),
Henc®, by Theorem 1, =(F) cannot be & contradiction of ?he
propositional calculus, However, this contradicts our assumption
conesening F, and the proof [s complets, Thus, in particular, a
basls for the calcujus AS® cannot contaln formulas of the form

Fak(Fsk) » Fik(Fsk),
since their prototypes are

Z"A'
which Is a contradigtion of the propositional calculus,

We now procead to a consistency proof for the calculus ASe,
Yo this end we need anothor definition,

Conslider the proofs carried out In the cajoulus ASe,
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We define a normal proof to be any proo? |n which the
principie of deaduction (axlom 4, Sectlon 2) Is app|ied at most onge,
and then only at the end of the proef, Obviousiy, !n a nermal proof
the prirciple of deduction Is applled (If at a|!) %o basls formulas.
We now have the foljowing theorem:

Theorem IV, Any provable formula A In the cajculus AS® has a
normal| proof,

PROOF, The theorem is trivially true for basls formulas,

The proof wWill opviously be complete |f we prove the fo|jowlng two
asseértions?

a) If a formuja G’ Is obtalned by the operations Subst and

Def from a formula G which has a normal proof, then G’ also has a
norral proof,

b) It a formula G Is proved by applylng the orinoiple of

deductlon to formulas F and F<G whlgh have normal proofs, then G also
has a8 noerma| proof,

We flrst prove a), Subpose that G is proved via the schema

F
Fal
ECO-
where, by assumption, F and F+G are basis formulas, Apply to F<G il
Subst and Def operations neaded to convert G to G‘, and call ¢the

resulting formula F’<+G’', Apply %o F all Subst and Def operations
neeged to oconvert F to F', The resulting formulas F’' and F'leG’
obvious|y belong to the baslis,

Now the proof of G’ via the sghema
Fe
Flag’
E:U--
is clearly normal, so that we have proved a),

We now prove b}, Suopose that G Is prevad via the sohema
F
FaG

By assumptlion, the basls contalns formulas Fé¢s and Fel1<F from whlgh
the formula T 1Is proved, By thoorem I! It fo|lows that the bagls
also containg the formula

Fel n (Fesl » F),
Analogous reasoning shows that the basis contains formu|as

Fe2, Fe2 - (F » G)y, Fo2 n (F32 o (F » G)),
Again by Theorem 11, we see that the basis also contains the formuja

(1) Fel n (Fel = F) 0 Fi2 n (F42 o (F » 6)),
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We now use tho following tautclogy of the propositional calculus!?

(a) a N (aesb)ncecahn (e (ba=d)ed,
Replace the variables a,b,0,d by the formulas »(Fel), w(F),r(Fs2),
r(G), respectively, Obviously the regulting formula

(3) w{Fsl) n (a(Fel)en(F)) n

#(Fe2) n (n(Fe2)2(a(Flon(B))) » »(G)

is also a tautology, and Is therafore contalned In the basls, In
ageriving (P) from (a), we snsure that the propositional vapiables In
all prototypes arg so chosen that the subst|{tutions converting
w(Feddy L(F)y o(Fe2), ¢(G) to Fel, Fo Fe2, G» respoctively, can be
performed Independently In (P), Parforming thess substitutions, we
ciearly get the formul|a .

(2} Fel n (Fel « F) A Fe2 A (Fe2 » (F © G)) » G, (28)
which Is In the basis, wWith the formulas (1) and (2), we gan now
construct the required normal proof via the schema

Fal n (FLL 2 F) n Fu 2 n (Fu2 « (F = 6))
Fal n (Fal @ F) A F42 0 (Fs2 » (F = G)) » G,

¢
this proves b), and thereby theorem ly,

Theorem V, No irregujar formula Is provable In the c¢alculus
ASw,

PROOF, Assume that an lerregular formula A Is proveblo In the

calculus AS#, Than by Theorem ]V, there |3 & normal proof of A, NoOwW
this normal proof obviously starts with a basis formula and ends wlth
an applilication of the deductlon principles

8

B+A

A
where B, B<A are basls formulas, By assumption, the prototype r(A)
is a contradiction of the propositional caloujus, By Theorem I1II,
v(BeA) oannot be a ocontradioction, Now ,(B+A) s ths same as
v(B)»x(A) (29), Copnseauently, we can find an assignment of <truth
values (3@) for ,(B)s+,(A) such that

{B) « ¢(A) 3 T,
Now, opviously, singe ®»(A) is 4 contrgdigtion, this gaslgnment o7
truth valusa must magke

#(B) 8 F or w{A) = T,
Hence the formula

#{B) n (el{B) « g{A))
is always a contradictlon of the proposlitional calculius, But thils
formula Is a prototype of the formula

B n (B » A),
which 1g In the basia, by Theorem 11, This Implles that the bagzls
contains an frregular formula, contradicting Theorem I!1, 0.E,D,

An obvious corollary of Theorem V st
Theorem Vi, The caloculus AS2 |s gonsistent,
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SECTION 4

Thisg section |s devoted to sgeveral remarks on the above
consistency proof,

The constructive (finitary) charact;r of thls proof |Is
se|f-gvident, Without @ssentlial ohanges |[n the proof, certain
restrictive condlitions In the axloms of AS® can be eliminated,

Axlom 2« permlts Introduction of definitions only for

constant functions whlich are functlons of classlieal loglc, This
restriction s quite natural, for In general there I8 no [nterest In
considering In § constant functions defined by formulas of
nonclassical loglig, Moreover, |t does not In fact weaken the resujt,
for such functions do not belong to the unlverse of obJects of the
system S, and so may always be easl|y e]/iminated from aj| proofs,

Axlom 3¢ permits substitution only of formulas in the sanse
of As* which are formulas of classloal lcglc. This resteictlon s
also Insssential, For any substitutlon of formulas of AS whlgh
involve nonglassica} connectives may alrdays be reduged (31) to
substitutions of ¢the opermitted varlety, This can bs achieved by
sulteble cholce of the Inltlal tautologlos of the propos!tional
cajculus, and this cholce In turn may be effacted by the method used
in the proof of Thegrem [V, The reqylired red ctlion Is made possible
by the fact, that, by axiom 4, any tautologioal formula of tha
propositional cajculus |is provable [n AS#, The condition <that the
celculus AS® contalns no functlional variables without subseript k
(1,e, functlonal varlables im the general senss of the system §) |Is
also Inessentlal, for ¢the previous remark saslly shows that thelr
introduction has no effect on tne structure or the nature of ¢he
proof,

Thus we 3ge that ajl the restriotions adopted ahove have a

single purpose == to simpilfy the arguments without sessentia|ly
weakening the resulg,

It follows that the consistenoy proof presentéd in Section 3

may he regarded as a consistency proof for the gystem S wlthout
quantifiers and the relevant axloms and rules, 1t ls Interesting
that sore of olir ragults may be extended to other forma| gystems c¢f a
certaln, so0o to speak elemgntary, sStruocture, We refer here to
extended functiona| calcull based on the classical sentontlal
calculus In the gsame way as the celoulus ASe® I8 based on the
proposlitional caleulus, (32)

Conslder a calculus of this type, In which %he admlsalbie
types of varlableg have been described and the formulas defined,
Assure, moreover, that the axicmg of +this ealculus make @avery
tautojogical formuja of the sentential calculue provable, Introduce
the orinciple of deguction In its wusual form, and Indicate <¢he
agmissible types c¢f definltion and substitution,
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Call a calculus of this kind an elementary extension of the
functiona| calculus,

Undepr these agsumptlions, the conoepts of baslsg, prototyne,

irregular formula and normal proof are dofined oxactiy as for the
caleculus ASe, Hence it Is sasy to prova the following thaorem!

Theorem VIl., A necessary and sufficlent ocondition for
consistency of an elementary extenslon of the functiona| gsalculus is
that no basls contain !preguiar formujas,

Thus, for example, the elementary caloulus derived from ¢the
system AS (see baginning of Sectlon 2) by adjeining the princlpie of
deductlon Is inconsistent, since !ts baslis contains an lrregular
forrulia (Rugseli’s papadox),

We now brlefly show how the above consisteney proof Wwili

vield a nonfinitary consistency nroof for the antire system S, Only
the raln Jines of the proof will be Indloated,

We flrst oonstruct a naw, nonfinltart|y formulated ca|oulus,
which we cal|| AS#sw, To this end the propositional cajoulus Is
enrlched by admitting countable conjunsctlons and disJunctions (both
classical and nonglasslical), defined as follows:

1) The clagslcal countabie conjunction
asl n a2 n ,,, N asen a ,,,
has the vailye U 1¢ top some | (1 = 4,200 e00Ney,y)

asl = U ;
1t has the value F {f for all | (1 2 L9200 000N00s)
as! 2 U ,
but for at |east one | (131,2,s400Nsss)
a" z F 3
and the V&|u8 T It for all i “aiozounﬂou)
a&‘ : T.
2) asl v ,,, V ain Vv ,,, 3 (=@l N ,,, N =@éN A ,,,),
D
3} aél'\.../\aénf\...= l" a‘l".u n "’ Q4N N L0
D
4) asl vV ,,, vainv ,,, 8 |madl v ,,, Vlo QA U ey
0

Tautologles, contradictions and classical formulas apre deflned as
before,

Because of the Introduotion of oountable conjunctions and

digjunctions, the concept of formula In the sense of AS® and the
axjors 1e, 24, 3» are now repjaced by formula |n the senge of ASaeuw
and axloms 4184w, 2#4W, 3IasW, regpectively, The principle of
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deductlon !s of course unchanged, ASs before, we define the concepts
of basis, maximal classical componant (33), elemsntary component,
prototype, lrregujar formula and normal proof, Using these tools one
can now prove the consistency of the cajcujus AS*éw, The proof
proceads formal|ly as pefore, but now the arguments are no longer
finltary,

Now observe that the sst of oonstants Introduced by

definitions In the system S (34) (s countable, Let thess be

a‘lo a*ZI (B RN/ ﬂ*ﬂo [ ]
This bsing so, any proof In the system S can be converted into a
proof In the system ASesw, by relnterpreting the formulas (X)f(x),
(ex)f(x), Vx £(x), 3x f(x), raspectively, ag follows!

f(astel) N 44, N fCasion) N ,,,

flaslel) V 4e0s VU flasien) v ,,,

feasteldy A 44y A fiaslien) ¢ 44y

f(aslel) vV 4,, vV fCaston) v ,,,
whare aslel,s,esaslen,,,, Is the domalin of values of the variable X,
when thls Is done, the axioms and rules for quantifiers In S become
nrovable formulas and derlved rules of the system AS®¢w (35) This
transformation converts any contradictory formula of s Into a
contradictory formula of AS#sw, Since ASedw |s consistent, It now
follows that the gystem S Is conslstent,

i

I (, .

3
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i8, !,e,, a formula of classical logi¢c in the sense of Segtion 1,
19, loc, ¢clit,+» pp, 304-305,

20, By a opropositional formula we mean a formula containing only
propositional variables and propositionai oonngctives,

21, 1t Is convenient to regard the an<¢ire formulia as a pomponent of

i-self, In view of the posslbijity ¢that ths formuia ltssif Is
classlical and 1s <¢therefore 1I1ts owm (unique) maximal c¢lassical
component,

22, Obviousiy, one copy of a farmula 0 may occur In a formuia F as &

maximal classlical componaent, while another copy of tho same formule G
occurs In F as a nonmaximal clagsical component,

23, Note that even If F and G are different formulas, ¢t may happen

that [FJ)=LGJt thus, If the formulas F and G are ldentical go are the
symbols [FJ and [G), but the converse need not be true,

24, B4 need not contaln the same varlables as A‘¢f, 1t is oclear
that B¢k wilil be the mgximal classical components of the formula G,

25, 1t follows Immediately from the truth tablie of the functions =aA,

AnB that a classical pronositional formula takes the value S whenover
at least one of Is argumants takes this vajuse,

26, Thys, If
Fek(phlek) = Askiphlek),
D

then Feik(phisk) 1s clearly an elementary componaent of any formula of
whieh 1t Is a subformyla, But A+K(phisk) cannot be an oelomentary
component of any formula of whioh ¢ Is a subformula,

27, The prototype of a formuia F I3 clearly unlque up to the names
of |ts opraopositional varliables, 1! necessary, this remaining
ambiguity can be removed by ?ixing the propositional varlables in a
given proof once for all, 30 that eazh elementary ocomponent appearing
in the proof wil| correspond throughout <¢he proof ¢o the same
nropositional variable,

28, Direct substitution of the formulas Fé¢l, F, F¢2, G for the
varlables A,B,C,0, iIn (a) 1Is not pnermltted by the axioms of ASe,
singe they nued not be formulas of classlioal logle, However, this
rostriction 1Impossd In ASe by the axlioms for subatitutlon, is nmot
eggénglal (gee beloy, Sesglon 4),

29, Soe footnote (279,
38, Sea Sectlon i,
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31, 1In the sense that the fina| result Is the same formula, |

32, l.0,, not containing quant!fiers and the rejevant axloms and

rules, ]

33, The oconstruction of the symboj CLFJ] must naw Invelve also

transfinite numbars of the Second numper olass for enumeration of the '

maximal classical components,

34, 0f ocourse, there are those cgnstants Introduced by dofinitlbﬁs
in the classical extended functinonal cajculus .without theory of tyass
(which is Inconsistgnt),

\

35, Axloms contalning a free variahle must firet be preflxed by the'
corresponding (ciassfcal) universal symbol, and then the axioms |in
the new interpretation become basis formulas.of the calcujus AS#sw,
Axlor 11143 (see Segtion 1) corresponds In AS#ew to a darfved (1,0.,

deducible from the axloms of ASwa. ) rule, oonsist]na of the

followlng two assertions: |

1, Glven a sequence of formules
B4, L.y 4 BéNy e0s If the formula A*Bén Is orovable
for each n, then so !s the formuila - oo
A *Bsl n ,,, nBsnon ,,, o

2, Gilven a seauence of formujas

Bad, ey 2 Biny ooy If the'formula Ben<A {s ' provabls
for each n, then g0 Ig the formyia ;
Byl v .oy vBn v ., 2 A, | . '
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Revlew of Zochvar’s "0On a three-valued loglca| caleulus,,,” by AlonZo
Church, from the Journa| of Symbollec Loglo, 4,2 (June 1939), p, 99,

The author empjoys a threee«vajued propositional caloulus
whese character may be Indicated by -the following typiaa]
truth=tablest (,,, Church gliveg at this point the truth tables for

~y  I=y D9 *y ay N, 3¢, », and 3 ,4,) On thig bagis he deve,ops 2
(three~valued) system of |ogle, Introducing first a funotional
calculus of first order, and then an extended funotiona| calcuius ==
analogous|y to the treatment of MHi|bert=Ackermann (365,1), but
without a theory 'of types, . i

This system |g used for an "anajysis™ of the paradoxes of
Rugsel! and Grelllng, these paradoxes belng thought of as tsken fpom
a two-vajued system and therefore expressed In terms of the negation
~» If Q Is the formula Which |eads to the Russel| p|r|d$x In a
two=valued system, by means of the eaulivajence Q 3¢ «Q, then, in the

threa=valued system, 0 S ~0 Is demonstrable but, Insted of |eading to

paradox, |eads only to 10,
The gauUthor overlooks that the three~vgaiuUad sYstem Is Itsel?
inconsistent through the Presenge In It of gnOther form of the

Russe || paradéx. in which the negation 8 appears Ipstend of «a,

!

!
!

addltlonal comment by Church iR Journal of Symbolle Logle review, 5,3
(September 19483), o, 119,

The reviewer would take this opportunity to ocorrect an error
made In a .review of CBochvar’s "On a thresevajued ,,, "), In that
oaper the author does not propose an unrestricted threeevajued logle
without a theory of  types,” [Ingstead, he (flrst |[ntpoduces an
aux!|lary system (extended funotlional calouiug) S48, which has no
ruje of types, ©but whioh employs as propoeltional sonnectlives only
anb an .a and . connectives 2ofln|blo In terms of <thegse (see
truth=tables In the reviiew referred to), Then he extends hls
three=valued functional caloulus of the flrst order by allowing
formulas of S¢@ to appear In piace of the free |ndlividual vapliabjes
and (propositional or functional) variables of S¢@ to appear ‘n the
place of bound Individual varlables, The resuiting system daes not
have'the immediate Inconsistency which the reviewer charged, On ¢he
contrary, the suggested alternative to the theory of types is far
from devold of Interest, The major question, It would seem, Is not

_that of qonsistency, but whether [t Is possibje to obtaln along these

|ines a system adequate to the purposes for which the extended
functional caloulus Is wusually "employed, e,0,) to the theor, of
finlte cardinal numberg or to analysls --.Bochvar does not discuss
this point,
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