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Report No. 591 Bolt Beranek and Newman Inc. -

DESIGN STUDY OF DAMPING TECHNIQUES

I. SCOPE OF STUDY

Meetings were held with representatives of BuShips Code 37> on
30 June and 27 August at which the scope of this project was ¥
discussed. It was agreed that the studies under the present E
contract should cover the following three‘phases: g

Phase I -~ Damping by Single Homogeneous Layers and by
Simple Constrained Layers.

A. Analytical studies of damping on large plates,
neglecting the effects of boundaries.

B. Analytical studies of the limitations of the
results of Part A, including:

. effects of boundaries

. 1iaits on thickness of application
limits of temperature and frequency
effects of non-linearities

effects of water load

effects of plate curvature

*

YWV B O

C. Experimental Studies

Work on Part A of this phase is described in the present report.
Wori: on Parts B and C is only noca getting ﬁnderway.
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layer applied over it.

It was agreed that the decision as to which parts of Phase III

would be undertaken would be postponed‘until work in Phase II was
well underway.

T } T - Ji
:: [ 3 ;_:E_é
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f Phase II - Extensions of Analysis to Fibrous Damping Layers and %
3 0 Stiff Damping layers.

z A. An exploratory analysis of the constraincd fibrous 3
i damping iayer aimed at understanding the mechanism :

- of damping by coristrained fibrous damping layers.

; B. ~Analytical study of constrained-layer damping when

- the damping layer is relatively stiff.’

. It is planned to initliate work on both parts of this phase during 3
- the October-December quarter. 1
f Phase III - Study of Combination Damping Treatments B
2 A. Two homogenaous damping layers 3
g or B. A constrained damping layer with a homogeneous

During this quarter, a memorandum was submitted by the contractor
‘outlining work that has been and is being undertaken inh the field
of vibration damping for a number of sponsors. It was indicated
that although these studies each cover different damping treat- i
ments and/or are intended for different applications, each should
beneflt from knowledge galned through the others.
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W A S

II. REPORT ON PHASE I-A: ANALYTICAL STUDIES OF THE DAMPING OF
LARGE PIATES BY SIMPLE VISCO-ELASTIC DAMPING TREATMENTS

Introduction

o bl e, Pt ks

bl

There are currently itwo distinct methods of damping the flexural
vibrations of plates with visco-elastic materials. The older and é
more common method involves the application of a relatively thick ”
layer of camping material. An example of this 1is automobile
undercoat. The equations governing this type of damping were de-
rived independently by Ober,st and Liénardllﬂ/. The damping
mechanism involves the internal losses of the visco-elastic ma-
terial undergoing alternating extensional strains. The damping F
achieved is roughly proportional to the product of the resistive :

component of the Young's modulus* and the square of the thickness
of the damplng layer.

The second type of application for the damping of plate vibrations,
called a "damping tape" or “constrained damping layer", has been
developed recently in the aircraft industry. It consists of a
relatively thin layer of visco-elastic material and a stiff cover-
ing "foil". The damping achieved by such constrained damping
layers involves the shear motion of the visco-elastic material be-
tween the two stiff media. The danping achievable increases with
increased stiffness of the constraining layer. There is an optimum

% This component is sometimes called the "loss modulus" to dis-
tinguish it from the elastic component or "storage modulus".

-3~ 4
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thickness of the damping material, which may be quite small, and
which 1s a function of the temperature and frequency range for
which maximum damping 1s desired. The equations governing tae

damping by ccnstrained damping layers were recently derived by
Kerwinéié{

A more general analysis, in which the constrained-damping-layer
configuration is treated as a special case, has been carried

out by BBN and presented as a report tc the 0ffice of Naval
ResearchZ/. In the past quarter, we have taken the resultant
equations and have developed charts whereby the loss factor may

be calculated from knowledge of the geometry of the configuration
and of the elastic moduli of the materials. We have then pre-
sented these results in the form of charts useful in understanding
damping results and in designing damping treatments.

Significance of the Analyses

The analyses .of the damping of flexural vibrations by visco-
elactic damping layers given in this Progress Report are ex-
tensions of the analyses reported in Ref 7. As such, they are
limited to- large, flat plates for which the effects of boundaries
can be neglected. None of the secondary effects that might in-
fluer.ce the actual performance of damping treatments on submarine
hulls have yet been included. Specifically, the effect of plate
curvature, external pressure and of water load have not yet been
considered. Nor have the practical limitations of material
properties been taken into account.
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Despite these limitations, we believe that the analyses have -
arpreciable practical value. The results are indicative of the 3
s2<imum damping that can be achleved by these mechanisms. The %
‘saléulations are also useful in comparing various damping mecha- %
fh;éms and in zcaling from or.e structure to another., It is to be %
‘expected that many of the secondary effects, such as water load %
and plate curvature, will have similar effects on different %
damping treatments. Thus, many comparisons made for flat plates %
will also apply qualitatively to submarine structures. %

No experimental confirmations of the analyses are given in the
present report. We feel that the experimental confirmations

already reported in Refs 5 and 7 have established confidence in
the basic theories involved.

Homogeneous Damping layers

The equations governing the damping of homogeneous visco-elastic
applications are well known, having been drived and rederived :
many times (See, for example, Refs 1, 3 and 7). An approximate :
relation, which holds over much of the useful range is:

. .
Moy 1y

n = 14 — | 7= (l)
Ey (Hl ,

n 1s the loss factor*

E is Young's modulus

H is thickness

subscript 1 refers to the base plate
éubscript 2 refers to the added damping layer

where:

* The relationships of 1 to other measures of damping are covered
in Appendix B.
-5-
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This equation can be expressed in terms of the weights, W, per
unit area of the material through the re!:tion:
W=qH (2)

where v 1s the weight per unit voiume.

The resultant expression 1is:

o (T

There is a wide variety of homogeneous-layer damping materials,
having best damping at different temperatures or having different
mechanical properties, e.g., adhering, drying, etc. We may esti-
mate the damping achievable with the better products when applied
to steel plate by taking .the best combination of parameters that
we have found for avallable materialsg/. These are:

. Q
4 x 10”7 dynes/’cm2

-3
N
=1
N
i

38.5 1bs/rt>

-2
N
0

E, = 2 x 1032 dynes/’cm2

v, = 480 1bs/ft3

b« et o e A
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The resultant expression for the raximum damping factor is:

W2 2
Mpax = 4 W (%)
Aals

h~ugh the properties of the various compounds vary widely, the
g -veral tendency 1s to have a higher resistvive stiffrness (loss
modulus) rE associated with denser materials, so that the coef-
ficient in Eq (4) wili tend to remain constant*, Using Eq (4),
we have constructed Fig 1 to show how the approximate maximum
damping varies with the weignt of the appiication relative to
that of the plate. In Fig 2, the maximum damping 1is given as a
function of the weight of the treatment for the range of plate

.- sknesses likely to be encountered in submarine construction.

The important conciusion from the foregoing analysis ié that,
although the relative weight of the damping material is not a
fundamental variable in the damping equations, for practical
purposes it is the controlling factor in determining the amount

of damping that can be achieved with homogeneous-layer damping
treatments.

Constrained Damping Iayers

When a thin layer of damping material 1is constrained by a .
stiffener layer, the resultant damping is almost entirely attribu-
table to the shear motion of the da.ping layer. Analyses of this

* If anythirz, the coefficlient will be somewhat lower with denner
materials.
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mechanism are to be fouﬁd in Relerences 5 and 7. Because this

theory may not be familiar to some of the readers of this report,
a brief version is presented in Appendix A,

The final theoretical
equation of Reference 7 is not in a form convenient for calculations;
but, 1t is possible to rearrange the terms and obtain an equation
more suitable for numerical work.

This has been done in Appendix A,
The resultant equation is:

L o it s g e Bl T e
xwdmmwemx‘u‘m‘.wmmv»uﬁu‘w,m~w«cwmmwwm&mmmwmm«:dmvm VEI LAY

ABT
N = > 5

il o ol P

where: B is the loss factor of the ghear modulus of the E
2 damping material. (Gg = 2(1+JB)). §
vg : I is the basic parameter governing the shear damping. ) %
- G :
= . 720 "2 .
| (r= TR for steel or aluminum pliates.)
é .A, C and D are functions of rslative thicknesses of
§ the foil, damping layer and base plate and of the
S materials of the foil and base. They are inde-
= pendent of the properties of the damping layer.
z The Appendix also contains charts whereby A, C, D ard T may be cal- é
= culated from the material properties and dimensions of the layers. é
g Other charts then allow the calculation of the resultant damping %
- factor. :

Finally, a sample calculation ls carried throcugh to
- 1llustrate the use of the charts.
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An important result of the analysis of the shear damping mecha-
nism is the dependence on the properties of the damping layer as
given -by the shear parameter, I'. For Llow values of this parameter,
corresponding to a damping layer with little resistance to shear
motion, the damping is relatively low. As the layer becomes stiffer,
and T increases, the damping incrcases. The damping becomes a maxi-
mum at a moderate value of I (say, 0.01 < T < 0.1), and then de-
creases with further incregse of P, as the layer becomes "too stiff".
The peak of the curve 1is relatively broad, the loss factor dropping
to one-half its maximum value for I about two octaves either side
of the optimum.

The shear parameter is a complicated function of frequency and
temperature, depending as it does on the shear modulus of the damp-
ing material, which is a fuactlion of both frequency and temperature,.
In addition, T depends on the thickneas of the damping layer. For
given operating temperatures and frequencies it is usually possible
to select a damping material and/or layer thickness that will yield
close-to-maximum damping. When this is done, the damping achieved
is primarily a function of the stiffness of the stiffener layer
relative to that of the base plate, and of the loss factor, B, of
the damping material.

To estimate the damping achievable on flat plates by constrained-
layer dampling treatments, we have assumed that the proper choice
of damping material has been made to give optimum damping with a
layer thickness of about 0.030 inches. (This layer thickness was
chosen as the minimum that can safely be applied to heavy steel
plates without requiring tetter than normal surface finishes.)

We have also astumed steel as the stiffener material, although

~9- | )
10
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aluminum would be slightly more effective on an equal weight
basis. Assuming values of 8 of 0.5, 1 and 1.5, we have plotted .
the damping factor as a function of the weight of the treatment
and the thickness of the stiffener layer. The results are pre-
sented in Figs 3-6 for four typical thicknesses of steel plate:
l/ﬁ, 1/2, 1 and 2 inches. The three curves for the three values
of B may be interpreted as "readily attainable", "probable" and
"possible" respectively.

Comparison of the Two Types of Damping

The dz.;ping achievable by homogeneous damping layers depengs
roughly on the square of the weight of the material, while that
for constrained layers depends approxiﬁétely iinearly on welght.
When we compare the curves of Fig 2 with the corresponding curves
of Figs 3-6, we may conclude that the two %ypes are likely to
give equal values of maximum damping for weights between 10 and
20 percent that of the base plate.

Below 10 percent, the congtrained-layer damping will probably be
the more effective; while, in cases where more than 20 percent of
the plate welght can be devoted to damping, then the homogeneocus
appiication should be more erffective.

An important corollary of this result is that different types of
damping treatments cannot be directly rank ordered if they are

tested at ratios of trzatment to plate welghts different from those

which will ultimately be used. An understanding of each damping
mechanism is necessary before meaningful comparisons can be made.

-10-
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APPENDIX A

THE DAMPING OF FLEXURAL VIBRATIONS BY CONSTRAINED DAMPING LAYERS*

Basic Assumptions

The equations that are presented in this report concern the damping
attributable to the shear motion of a thin visco-elastic layer be-
tween two stiff plates. Other motions could occur and produce
damping, but these are considered negligible relative to the shear
motion. In practice, this means that the thicknesses of the plates
and of the damping layer are all small compared to the shortest
wavelengths of any type of disturbance. As all types cf wave
motion are ignored, no damping factor is associated with the mass
per unit length and the damping factor for the comﬁosite plate is
simply that of the bending rigidity. All effects of plate curvature
and of water load are ignored in this elementary analycis.

Flexural Rigidity of Composite Plate

Figure A-1 represents an element of a three-layer structure in
flexure, showing the shear displacement of the middle layer.

lLayer 1 represents the original undamped plate, the second layer

is the damping material, and the third layer the stiff constraining
layer. The angle ¢ is the flexural angle of the element and the
shear strain, ¥, is measured relative to ¢ in the opposite direction.
The x-direction is chosen as the direction of propagation of the
straight-crested flexural wave. It 1s assumed that all of the
layers vibrate in phase and that the flexural angle of an element

of foll is the same as that for the corresponding;element of the
base. )

*The equations are derived in more detall in Ref 7. Some of the
figures used here come from that report.
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Figure 2 shows the various thicknesses and distances used 1n the

analysis. The displacement of the neutral plane 1s represented
by D.

The distribution of extenslional strain and stress for the three-
Jayer element is illustrated in Fig 3. 1t 13 assumed that the
stiffness of the damping layer is small compareg tc that of the
other two layers, so that the net extensional stress of the damping
layer can be neglected. As the net force on the composite element
is zero, the individual layer forces of the top and bottom layers

are equal in magnitude and opposite in direction. Ietting tne
force on the constraianing layer be F, we may write:

- Y OF _ . O _ o)
F = x3(n31 D) 3 - K 3z = KD 5 (A-1)
where Ki is the stiffness of a unit area of the 1th layer. i

The bending moment about the neutral plane of the cocmposite struc-
ture 1s the sum of the moments of the individual layers about
their own centers and of the products of the force on each layer
by the distan-e of he center of that layer from the neutral plane

of the composite. The expression for the bending rigidity is
thus: :

M1 .2 .1 2 E

The problem now reduces to finding the displacement of the neutral

plane of the composite relative to that of the base. Solving
Eq (A-1) for D: : '

A-2
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D=3 (n. _u N (A-3)
Kl + K3 31 23

it is seen that this displacement is a function of the relative
strain of the damping layer.

The shear strain of the middle layer is related to the shear stress
. and the shear modulus. As shown in Fig 4, the shear force is pro-

porticnal to the space-derivative of the force experienced by the
foil:

-1 SF

V= G, ox ‘ (A-1)

where 62 is the shear modulus of the damping layer. Except near
the edges of the structure, the vibratory motion is characterized
by expressions of the form:

+jp.x Jo % )
e Pn e & - (A-5)

where p. is the wave-number of the n®® mode and o, is the corres-

ponding angnlar frequency. It follows that the second-derivative
of the shear strain is related to the strain itself by:

%y
= - P 1{ (A"S)
sz n _
and it follows that

A-3
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The quantlty in parentheses is a2 dimensionless ccefficient that ex-
presses the properties of the shear layer relative to the stif'fness
of the basic structure and the wave number of the vibration. This
is a fundamental parameter of the damp;ng tape problem. Putting

( )
' s - . A-8

—F

1P ’

substituting Eq (A-7) in Eq (A-3), solving for the displacemer: D

and then using Eq (A-2), the final expression for the bendingz
rigidity is:

2

TK, K Ha
_ 1 2,1 2 153751 -
Pl +p iyt x;+3 (A-9)

The dissipativre properties of the middle layer arz considered by
expressing the shear modulus as a complex quantity:

Go* = G,(1 + JB) (A-10)

where both G, and B are functions of temperature and frequency.

Substituting Eq (A-10) for G* into Eq (A-8) for I'* and then solving
Eq (A-9) for B* one finds: ’
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: H2 {1-:-1‘ 1‘*‘" )6+p"jj+ JBTK H'
121 2 i K3 1731

12 "33 * K. +K K, +K
1+2r(}1{3 3)+ re(-—x——IB 3) (1+52>

(a-11)

The loss factor for the composite structure is:
1]..—.'

2
131

[Ilgx H2 112 Ky JE-LQP( 13 +P2/ 3 ) (1+52)}+MIH§1[1+P(§§§5)é+B;)]

(A-12)

BT K.H

Ferm for Calculations

Equation {(4-12) for the loss fa.tor of a plate with constrained layer
damring can be rearranged to facilitate calculations. The major
independent variable is the shear rarameter I', while the relative
lnicknesses of the damping layer and of the constraining layer, as
well as the stiffness of the "foil" and the loss factor of the
damping material, are p.rameters. First, all properties of the
added layers can be normalized by dividing by the corresponding
property of the base plate:

P —
N .

O ST AR

s,

Al ""»iw'u‘ RO

h

i

3 = Hy/M; , (a-13)

E
- .33 _ - -
k3 = Ks/ki =,E;§I = e3h3 | (A-1%)

T,
e
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The distance between the centers of the conétraining layer and

the base plates 1s normalized by dividing by the thizkness of the -
base plate:

My 3By +Hy o+ Hg
MER TR

= % (142hyth,) (A-15)

This distance appears several places in the calculations, always
in combination with ancther term; so, we define:

2 2
. = 12hg)  3(1+2hythg)

: - 3 (A-16)
1+ k3h3 1+ e3h3

For reasons which will become zlear later, we define two additicunal
coefficients that are dependent only on h,, h3 and ey (or k

30
1+ k3
C = A +2-T£__— (A-l?)

3
2
1 +k k
- 3 3
° ("‘“‘“) 1 AT (A-28)
3 ) 3

With these two additional abbreviations, the equation for the loss
factor reduces to:

1L+Cr+D0(1 +8%) 71

which is & form that is sultable for baslic calculations.
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Optimum Damping

The loss factor for a plate with a constrained damping layer
treatmerit is highly dependent on the shear parameter of the damping
layer. At low values of I' it is proportional to I'y while at high '
values 1t varies inversely with I'' There 1s a value of T that glves
maximum damping. If we call this value rb £? we may solve for it

by taking the derivative of Eq (a-19) and settin.g this equal to zero.
The result is:

_ 1
r"opt: = (A-20)

J5(1 + B°

Equation (A-19) for the loss factor can now be put into its most simple
form by defining three reduced coefficients:

A
A' = —— (A"al)
e
C! = S (A-22)
2
S §
B' = tan = B (A-23)
The resultant expression for 5 is:
2A'sing!’ (R/ )
opt (A-24)

2 =
1+ 2C% cos B' {I/T ) + (I/T, t.,)“
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where
T = ..}... cos B! i (A-QS)
opt /D ,

The maximum damping achievable with a given damping treatment is
given by:

&

Tmax = A' T3 or o5 = A'1(8) (A~26)

The maximum dampirg is 2 function of the loss factor of the damping
material -as well as of the relative dimensions of the two iayers of

the treatment. At non-optimum values of I, the damping factor is
less than n___:

L I 1 (A-2T7).
Thmax T (r/ry, - 1)°

1+
2(1 + C' cos B'i!ﬁ?Fth}

This function is geometrically symmetric with respect to ryprt.

Graphs of General Functions Used in Damping Calculations

The general results of the analysis of damping by constrained damping

layers are expressed by Egs (A<25), (A-26), and (A-27) in terms of -
cdoefficients A', C' and B' which are functions of the physical
properties of the layers making up the treatment. The important
parameter 1is k3, the relative stiffness of the outer layer. Cther

parameters are h2 and h3, the latter being related to k3 tnrough

A-8
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k3 = e3h3. To enable rapid calculations of damping and the later
: development of design charts, graphs are needed for ‘he various Ll
‘ coefficients in terms of the basic physical quantities. . 3

For making our calculaticns, we have chosen values of e3 of 1/3,
1 and 3. If botn the foil and the plate are made of the same
material, then ey = 1. If one is of a light metal and the other
2 heavy metal, then the ratio of the Young's moduli willi be close
to 173 or 3, depending on which cne is on top. It is uniikely
that the damping layer will have a thickness greater than a third

that of the plate, so values of h2 = 0, 0.1, 0.2 and 0.3 have been
selected.

ke g e ' o o e 0 A b Mﬂm

Figures 5 to 7 give the dependence of rbpt on e, h2 and k..
Actually, the three sets of curves are very similar for < 0.1,
only diverging for the higher values. Within the accuracy of many
calculations, Fig 6 can be used for all values of e,, and the curve
for h2 = 0.1 1s representative ot all values of ha.: The function
of cos 8' needed to complete the calculation of T

opt is given in
Fig 12 as a function of B. '

The maximum ioss factor is a function of B and of the parameters

eqs h, and k3. Figures 8 to 10 show its dependence on the latler
group. In this case variations of both ha and e3 are Important .
The function £(B) 1s a function of C' as well as of B. As shown :
in Fig 11, C' is a 3lowly varying functiocn of A', having values f
between 1.0 and 1.%, (That C' should be related to A! was shown f
both analytically and empirically before Fig 11 was drawn.) We
may therefore relate all functions of C!' to functions of A',
choosing three values of C' as representative of the full range
of A' as follows:
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0<A' < .3 C!' = 1.02
3<A < .6 C' = 1.10
6 <A< C' =1.26

In Fig 12, the various functions of B' are plotted against g, using
the three representative values of C' where required. It is clear
that the variations caused by A'; i.e., by k,, e, and ha; are small.
A3 the loss factor of the material 1s usually not known with any

great precision, it is reasonable to neglect the small erfect of
these other factors.

Depenc;ence on I/ r;;)pt .

The ratio of the damping for any value of I to the maximum achievable
at rbpt is primarily a function of the ratio of T to rbpt—and second-
arily a function of B and the dimensions of the layers. We may
negiect the variation with layer dimensions and consider only the
effect of . Even this 1s 2 slow variation and only a few typical

values of (1 + C' cos B') need be used in Eq (A-27). The values used
are the following:

6<Bp<g .6 (1 +C!' cos B') = 2.00
1.4<B <3 = 1,50

Figure 13 shows how n/nmax varies with nfrbpt for these three
ranges of B. Because of the geometric symmetry of the function
one cet of curves applies whether the shear parameter be greater
nr less than optimum. As the variation with 8 is relatively
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small, and as B is most often between 0.6 and 1.4 for typical
damping materials, it will usually be within the desired
accuracy simply to use the middle curve. To within + 10%4:

3. 65 (r/ ) -
N opt 7 -28
max (1 + /1 pt)a (A-25)

no matter what the value of the loss factor B.

The. Shear Yarameter

The shear parameter defined by Eq (A-8) is a function of the shear

- modulus and thickness of the middle layer, of thLe stiffness of the

base plate, and of the wave-number of the vibrations. The shear
medulus and wave-number are both functions of frequency. The
former is a property of the viscous material, while the wave-number

is related to the frequency through the velocity of the flexural
waves by:

p = % (A-29)

The flexural velocity is influenced by the added stiffness and
mass of the damping layer. If we assume that this is a second-
order correction, then we may estimate c from the properties of

the undamped plate. The formula for the flexural wave velocity
for an undamped plate 1s:

wH., ¢
. 170 -
e, = \A-30)
B Viz

A-11
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where ¢, is the usual velocity of sound in the plate. Using

this relationship, the expression for the shear parameter
becomes:

. 0 2
r= ot Pz o (a-31)

7l

For most metsal plates, the longitudinal velocity of sound is

closely 17,000 ft/sec, so that the shear parameter -can be
calculated from:

.- a—.

n 2790 % . 720 G2 , ’ |
P TR 3

where«E1 is the Young's modulus of the plate material and a

° correction has been made for Poisson's ratio.

‘;

The value of Young's modulus is about 7.3 x 1011 dynes/’cm2 for
aluminum and 20 x 10%3 dynes/cm® for steel. The shear modulus
of visco-elastic materials varies from 106 dynes/’cm2 when very §
soft to about 10%° dynes/bm? when hard. The thickness of the
damping layer could be as small as lc'ufft or as large as

2 x 1072 ft. It follows that possible values of I could vary by
as much as 106, at a given frequency. However, significant
damping can only be achieved in the range: 0.002 { I' < 2. By
assuming values of Yocung's moduius appropriate to the plate
material, we can plot T as a function of the shear modulusvoff
the damping material, with frequency and damping layer thickness
as parameters. Fig 1) is such a plot to be used to estimate the
shear parameter when the base plate is made of aluminum, while
Fig 15 applies tc steel plates. ’

A-12

31
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Use of the Charts

The charts presented in Figs 5 through 15 can be used to calcalate
the shear damping of a given constrained damping-layer treatment.
Thus, knowing the thicknesses of the foll and damping layer rela-
tive to that of the base plate, one can readily compute h3 and hz.
The mzaterials of the plate and foll determine e3 and thus‘k3.
Going into the appropriate chart among Figs 5 through 7, we obtain
nopt/bos p!'. In the same way, Figs 8 through 10 give A' =

qmax/f(a). These two results are independent of the damping ma-

terial and therefore of temperature and frequency. Given the
properties of the damping material, the appropriate values of the
loss factor can be tabulated for each combination of frequency
_and temperature. Fig 12 gives both cos 8' and f(B) for each value
‘of B. One can then calculate Nax 01 Topt for each combination
of frequency and temperature. It then only remains to determine
the actual values of I from Figs 14 or 15 and to calcuiate the re-
duction in 1 caused by non-optimum values of I, using Fig 13.

As an example of the use of these charts let us carry through the
calculation of the damping curve for a damping treatment consisting
of 1/32 inch polyisobutylene and 1/8 inch steel on a l-inch steel
plate at room temperature. As the constraining layer is the

same material as the plate, e3 = 1. From geometry: -

k3 = h3

1 .
h2 =§§ = ,030
1 _
B—

.125

A-13
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T
t 1l
From Fig 6: 9 = — = ,001
‘ cos B /D
Frcm Fig O: rmgx = A' = ,195

From Fig 11: c' = 1,02 )

From references 8 and 9 (or Fig 14 of Ref 7) concerning the dynamic
mechanical properties of polyisobutylene, we can determine the
shear modulus and loss factor for several typical frequencies at
room temperature:

Frequency G B
30 cps . 4.2 x 106 dynes/'cm2 0.6
. 100 cps 6.0 0.85
300 cps 9.2 . 1.2
1000 cps 16.5 1.5

From Fig 12, we obtain cos B' and f(B) and thus calculate T,

pt and

Imax

Frequency cos '  Topt £(p) Tmax

30 cps 0.85 077 0.28 .055
100 cps 0.76 .069 C.37 072
300 cps 0.65 .C59 0.47 .092

1000 cps 0.55 .050 0.53 .104
A-14
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From Fig 15, the snear parameter can be read and the ratio to
optimum calculated: '

Frequency £, G, T I/ Topt _x_‘optﬁ_'
30 cps 0.9 4.2x10° .o21  o0.27 3.7
100 cps 2 6.0 .0085 0.123 8.1
300 cps 9 g.2 .o044  0.075 13.5
1000 cps 30 16.5 .0024  0.048 21

g A R

Firally, the reduction in y caused by non-optimum I is obtained
from Fig 13 and n then computed:

Frequency mna.x - 0 _
{ 30 eps 0.64 .035 , -
b 100 eps 0.36 .026
] -~ 300 -cps 0.225 .021 J
{; 1000 cps 0.14 .0145 :
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NEUTRAL PLANE
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NEUTRAL PLANE
OF PRIMARY PLATE

FIG.A-2 DIMENSIONS USED IN ANALYSIS OF
A THREE-LAYER PLATE IN FLEXURE.
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/ NEUTRAL PLANE
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STRAIN STRESS |

FIG.A-3 EXTENSIONAL STRAIN AND STRESS DISTRIBUTIONS
FOR THREE-LAYER PLATE ELEMENT IN FLEXURE.
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APPENDIX B
MEASURES OF DAMPING EFFECTIVENESS

Loss Factor, 7

The velocity of propagation of flexural waves on an undamped and
unloaded plate 1s:

4 ..
CB = \,{D_ \/% (B-l)

where B 1s the flexura. rigidity per unit width and m is the mass
per unit area. As the velocity is dependent on the frequency, :
flexural waves are said to be dispersive. We may treat the damp- ]
ing caused by the internal friction of the materisls composing the
plate by defining a complex flexural rigidi

B* = B' + JB" = B{1 + Jjn;) (B-2)

vwhere QB'is the loss factor. If there 1is damping caused by radi-

ation or other wave effects, then the mass 1s expressed as a complex
quantity:

mt=mt - (1 - ) (8-3)

If botn types of damping occur, then:

-(8), @+ (B-4)

/B\*
m

_ L e ———
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where the effective ratio of the rigidity to mass is:

1 -
0.
and: s
- ;ﬁ_—f—%’“ﬂ—m (B-6)

As the individual loss factors are seldom greater than 0.2, the
total effective loss feor the plate is closely equal to their sum,
If the total loss factor 1s less than 0.4, thcn the expression
for the complex veloclity of propagation is . 1:. accurately:

cﬁ-’-da?ﬁ/%(l+.j{%) (B-7)

The loss factor, @, defined by Eq (B-4) is a common measure of the
effectiveness of damping.

Figure-of-Merit, Q

'tThe frequency response of a finite plate contalins many resonances.

Another measure of damping is the figure-of-merit or Q of the
resonances, defined by:

ro
Q= ¢ - (B-8)
B-2
o1

2
#
4
%
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where Af is the bandwidth between the two half-power points cf
the resonance. The Q of a resonance is ejual to the reciprocal
of the loss factor at the frequency of the resonance:

F-»)
fle
S

(B-9)

provided the damping factor 1s not greater than about 0.2.

Fraction of Critical Damping

In many vibratory problems in mechanicg the free motion 1is governed
by a linear, second-order differential equation of the form:

m¥ 4+ cx + kx = 0 {B-10)
Cnly if the damping coefficient, ¢, 1s less than a critical value,

c, =2 vmk (B-11)
1s the motion oscillatory. The ratio of the damping coefficient,

¢, to the critical damping coefficlent 1s then a measure of the
damping effectiveness.

For low values of damping the shapes of the resonance curves of a
plate resonance and a lumped-parameter system whose motion is
governed by Eq (B-10) are similar. Therefore a valuve of c/'cc can '
be attributed to a given value of the loss factor 1. The Q of a
simple mechanical system is given by:

.1 %o

s e ST S T i R s

s oo SRR

il Wl
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whence the equivalent fractional critical damping of a plate
vibration 1is:

=
=

) -

c
-8; L] (b-l3)

Equation (B-13) can be used as the definition of the fractional
critical damping for flexural vibration:s of plates.

Space and Time Decay Rates

Damping may b~ measured by observing the time-rate-of-decay of a

vibration after the driving force 1s removed, or by measuring the
spatial decay when a steady-state force is applied at one place.

For values of 1'less than 0.2, these decay rates can be expressed
in terms of nq by the following:

D, = 27.39f, (db/sec) {B-14)
D, = 13.6n (db/wavelength) (B-15)
D, = 13.67/2 (db/unit length) (B-16)

Significance of the Loss Factor

As7..ough any of the many ways of describing damping may be used for
small amounts of damping, it is best to express analytical results
in terms of a parameter that has meaning for highly damped as well
as 1lightly damped structures and which applies tr distributed
systems as well as lumped-parameter systems. The loss factor. 1,
defined by Eq (B-4) 1is quite general. For this reason, we shall
express all of our results in terms of 1, and the other quantities

may then be estimated from Eqs (B-3), (B-13), (B-14), (B-25), and
(B-16).
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