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This report was prepared for the Applied Mathematics Research
Laboratory, Aerospace Research Laboratories, by P,R. Krishnaiah and
A.K. Chattopedhyay under project 7071, "Research in Applied Mathematics®.
The work of A.K. Chattopadhyay is performed at the Aerospace Research
Laboratories while in the capacity of Technology Incorporated Visiting
Research Associate under contract F33615-71-C-1463, T.I. Project No.
42628.

In this report, the authors consider the problems connected with
certain non null distributions associated with the eigenvalues
of a class of random matrices.

The authors wish to thank Or. V.B. Waikar for same helpful discus-
sions. Thanks are also due to Mrs, Georgene Graves for typing the manu-

script carefully,
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ABSTRACT §
~ In this paper, the tuthors derived exprassions for the margiral '

distrib\itions of any few consecutive ordered roots, muménts of the \ LoD T
elementary symmetric functions of the ordered roots and the Laplace | |
transformations of the traces of a class of random matrices in the

noncentral cases. This ciass of random matrices includes the MANOVA,

Canonical Correlation, and Wishart matrices. The expressions obtained

here are in teras of the linear combinations of the products of double

integrals; these double integrals can be evaluated without difficulty

for the cases of the random matrices that occur commonly in multivariate

statistical analysis. In deriving the results presented in this paper,

the authors exploited the method of de Bruijn (J. Indfan Math Soc. 12

133-152) for the evaluation of certain integral.
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1. INTRODUCTION
Krishnaiah and his associates [4-6] derived exact expressions for
. the marginal distributions of any single or few ordered roots of a clase

of random matrices as well as the distributions of the traces of two
random matrices. They derived the above results by exploiting the
method of integration over alternate variables (e.g., see [7]). For
3 very brief sumary of the literature on the distributions of the
individual roots and traces of some random matrices the reader is re-
ferrad to [4-6].

In general one can use any suitable function(s)(not necessarily sym-
metric) of the roots of the appropriate random matrices to test vari-
ous hypotheses that arise on such problems as MANOVA, canonical cor-
relation, tests for equality of covariance matrices, etc. Of course,
the choice of these functions depends upon such factors as the optimum
properties of the tests and the feasibility of the evajuation of the
distributions. It will be of interest to examine the distributions of
same of these functions which have at least intuitive appeal in testing
same of the hypotheses.

In this note, we extend the results in [4-6] to the non-central cases
by using the method of de Bruijn [1] for the evaluation of certain inte-
gral, Taking advantage of de Bruijn's method [1], we have also derived
the moments of the elementary symmetric functions of roots of a class of
random matrices in the non-central case. Here we note that P{1lai and
his associates (see [2,3,9] and the references there) derived the moments

of elementary symmetric frnctions of roots explicitly in some special cases.

1
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2. PRELIMINARIES
*
de Bruijn [1] proved the following uesful result:
Lemna 2.1 (de Bruisn). Let (a,b) be any interval finite or infinite.
Then

coe ] #(xyseeesx ) dxyesedx = PF(A) (2.1)
Xn sb

where
.(x]o’“oxn) = I.Vulo .Y1J = ’1(x3)o

A= (‘11) and Pf{A) denotes the Pfaffian of A. Here the elements a4 are
given by

b (b
3y " ] ’ ¢3(x) o4(y) Sgn(y - x) dx dy (2.2)
a‘a f’j - ],-oo'zn
if n=2m; if n=2m+ 1, then they are given by (2.2) and by

3me2, 2mz ° O

b

31’ 2m+2 * .aszz’ { . J 61(x) dx § = J,0ee,2ml ,
a

We need the following in the sequel:
Lemma 2.2, Let n(x1,--e.xn) be a symmetric function of x
o(xl.-o-.xn) be as defined before. Then

1.-.0’ xn and

* The inteqral in Eq. (2.2) of [6] 1s a spezial case of the inteagral in
Eq. (2.1) of this paper.
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where

.E(l].o¢0gx”) = lgf'in Sgn(xi - XJ) .

In addition, 1f

kl kn
ﬂ(xla"‘nxn) = zl C‘ x] "'xn s (2.3&)
were C_ depends upon k].n-.kn and 21 denotes the summation over the

different elements of « = (k],--o.kn) subject to suitable restrictions,
we have

vyee

n(x.l’oo-’xn) .(x]""’xn) dx]ooodxn

a;x1_<_---5_xn_<.b

b zl c‘. "(A‘) (2.4)

where Ag = (a'J)a

i
In the above lemma, a';j are given by
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x i b

3y " I I x " 04(x) y 7 94ly) Sgnly - x) dx dy (2.5)
* s 1'J - ]’ooo.an

when n = 2m; if n = 2m + 1, the elements a';j are given by (2.5) and

x =
Aome2, am2 = O

k

3, Zmz"‘:, amz'rx "1(") R R RN SRl

a
Lemma 2.2 can b2 proved by following the same lines aL in de sruijn [1].

3. MOMENTS OF ELEMENTARY SYMMETRIC FUNCTIONS OF ROOTS
Let z],---,zp be the latent roots of a random matrix and let us
consider the situations when their joint density in the non-central
case is of the form

p
f(zl,...,;p) = C 121 (fr.') 121 (24 - "j) 22 Z] a(x) n_{L) (3.1)

a_¢_9.1 eee ¢ 2 <b

< =4
where L = diag (r.],---,zp). x = (k.,,-u.kp) is a partition of k subject
to suitable restrictions, A (L) is a symetric function and a(x) depends
upon the population parameters and the elements of the partition «,
Also ZI denotes the summation over all partitions of k, whereas Zz

denctes the sumation over k., Now, let

b
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rnoor
n(L) = I bf ayteees P (3.2)

where {3 denotes the sumation over Fresessr subject to some suitable

restrictions and b: depends on r].u-.rp andp-:. 1f “:(L) is the zonal
polynomial and the elements of the partition x = (k].-o-,kp) are sube
Ject to the restriction k; > ¢o- 2 K
(3.2).

The elementary symmetric function of order q 1s given by

‘(1 s** ", L ) .Z L, eee}
1 P LS

p 2 0s then n (L) is of the form

11(-00<1q
] 24 ’.1 seel say
. ] 1q
Now
$ n n
{C(L],"'.lp)}s - zs (s],ooo.sp*) L,l]-ot,,pp' (3.3)
where

p* = (Q) ana [

denotes the sumation over s],---.sp, such that s, + eee ¢ g

1
Ssmy + eos # " = qs, and each ny depends upon s.,,no.sp,. We know that

pr "

P
S
151 .(!1) ﬂ‘(L) {C(‘19"':lp)}

e 3 e e s ot



4s a symmetric function of l].°-°,£p. So by (2.3) and (2.4) we get

the sth moment of :(L].-°-.lp) as
hod b
7&’[{5(110"'0‘9)}s] =C 22 21 a(‘) [ eoe ‘ 5(11-"'.29)
4 i1
13] (‘(11) ‘1 } “‘(L) (E(l]o"‘plp))s dli"°dlp

S
=C Ip Iy I3 I ale) Brlsqaeeessp)

(A(rl""nrp; n]a"‘anp)) (3.4)
where
b b
A(r].ooo'rp; nl'boo’np) = [ XN [ E(x]’ooo'xp)
a a
P 1+r1 + n1-1
n {'(‘1) X dx )
{=1
- Pf(afj(rl'...'rp; Nlo"‘aﬂp))
and

b b
f4r, 4+ ng=1 Sr, + n -l
ses [ x 1 1 y j ‘1
a

aij(r],..o’rp; n1.-.-’np) = ]
a
#(x) w(y) sgn(y - x) dx dy

when p = 2m; when p = 2m+l, the elements a‘j(r],---.rp; n1."°,np) are

as given above and
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w2, 2me2(Tpeee o Pph npeceeumg) = 0
.1. mz(rl’ooo.rp; n].ooo'np)

= ..mz. 1(r]'toc.rp; n‘..o-.np)
=! x #(x) dx, 1% J,000,2m1,

The summations f;, [,, I30 Lgs are defined in (3.1), (3.2) and (3.3).
In the central case, let us assume that the joint density of
1.1.---.r.p is of the form

p
f("lt”"‘p) =C 1!1 ‘(l1) 11’!‘1 (11 - J)o

In this case
8
E{z(l]o“‘olp)}s =C 25 s]""OSpg) Pf(A(0yee,0; ﬂ]o“‘nﬂp)

mm A(O."'.O;n’.O“.np) 'S given by (3.‘).
4. DISTRIBUTION OF A FEW ORDERED ROQTS

We need the following in the sequel,
Remark 4.1, Let (a,b) be any interval finite or infinite, Also, let

I(k"'...'kﬂ; "b) = I ave [ ¢ (x]’o.-’xn; k]’oco.kn) dx1ooodxn
R




R: a_t_x]<---¢x <b

and ’k](xl) ¢ o 0 ’k1(xn)
.(‘l.too’xn; k"'...kn) L : :
[ ) [ ] [ ] ( )
.k](‘]) .k] Xn
Then
1
Hkyoreosk s 8,0) = | Dlkyponcik) |2 (4.1)
where

D(k]t"'ikn) = (du(k]a"‘okn))n

b b
dyg(kyseeesky) = I I ok‘(x) ¢tj(y) Sgn(y - x) dx dy (4.2)
3 ‘a8

133 = 1,200,2m

when n = 2m; 1f n = 2m+]1, we have, in additfon to (4.2),

domez, 2me2(Kyesesiky) = 0
b
dy omeplkpecesaky) @ dopys  qkyseeesky) = I

"‘1(") dx
a -
is= 'l.“‘,bﬂ'] .

Formula (4.1) 1s implicit in Jema 2.1,

Let (a,b) be any interval finite or infinite and let
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Then

l oo l .(x'l”."’xp) "(xl""’xp) dx'l'“dxr dx”s’]oocdx

R*
r(r + 1 s{s + 1 L3 $
(-])..(T_l§ J_z__).q- 1&1 + 12?’

p

'25 27

e S e WA B et e

v(‘l"”]'."'xr‘fsz ul'."'as) I o009 J E(x]n"‘ax’.) E(xl""s*]'".’xp) (4.3)
Ree

V(x]."'.x kl'ao-,kr) V(x ooo'x H 8

ré r+s+l? p* “res+l’ p

n(xl.oua'xp) dx]ooodxr dst"‘I...dxp; a ixr’] X oo _(_xﬁs :_ b,

and (ky < eoe < k) 1s a subset of (1,0004p)y (b < 000 < tp-r) is its
)

complementary set. Also (a] < eer < as) is a subset of (tl < ses < tp-r

€ aee < sp) is the complementary subset of (a; < +<¢ < a,)

|
3
i

and (B
with respect to (t; < soe < tp-r)’ 1g denotes this summation over all
possible (2) choices of (k,.---.kr) and 27 stand for the sumation over

i : ) possibla choice of (a) < «*= <a]),
V(xl,-.o.xr; k"hn.kr) = det(.k1(xj)-’i'3'],°00.r

and

MR BTSN o 1 F50 TS TV 0 U APEN I T A O A SN L NG W R A SN Pl VP Tl M e At O 7 by ¢

RE*: {2 < xy < Xy (181,000,0); < by (J = restl e p)l,

*res 2 %3

anil Alg

ey

i
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Formula (4.3) follows by repeated use of iaplace expansion of o(x].-u.xp)

[ESRER Y

starting with the first r columns and then with the first s columns of the

remaining determinant, MNow again if n(x],---,xp) is of the form ”("x"""‘p) =

d d
).-8 Cs ﬁ]‘_.xpp such that n(x].---.xp) is symmetric ia XpaeeoaXy and Za is

similarly defined as fn (2.3a)

I XY} { ‘(x].ooo.xp) n(x]t'.'txp) dx]co-dxr dxr+s+1."dxp
R*

r +1) s S8{s+ 1) "k s
" Ig Ig Iy (-1 e,

drﬂ dr+s

v(xnl’"'"‘m”l""’“s) xl‘ﬂ * X
I(klo""krld]n"‘pdri aa“r+])

I(sr+s+!""'sp’dr+s+l"°°’ap; xr+s’b) (‘-‘)
d
from I(ky,ee= k. a,b) replacing oki(xj) with xj" ’k,txj)'

Now let us take the joint density of the roots in the noncentral case as
given by (3.1). Then applying formula #.3)we get the density of roots

X

p10° 0 0 Xpyg 38

f(x”’ 2 .xm)

10




: : . r s
E] 23 26 £7 (_1i r{r+1) . s(s+1) , 12 + 201

Ky
2 C 22 =] f=1

‘ .
l(t) bl I(k]’...'kr’xli...’lr' a,x

r+1)

i

AT R A PR L0 WATRLIA R AR AR Y gy SN B PR VR AT

I(Brpga12°*sBprd ey st shpi Xpygob)

v(xr’]""’xﬁs; G] 0"'!“5)

d 4
N LYl
where
o(Xyp000,x ) = det (x"]) (4.5)
1° “p J tod=l,ece,p

YNy

L3
€ Iy, Ip, I3, Ig, I are all defined earlier b} and Ajyeec,d ) are

defined in the same way as br, rl.---.rp in (3.25.

5. PROBABILITY INTEGRALS OF ORDERED ROOTS
As before, 12t us assume that the joint density of the roots
Ly < see < zp {s given by (3.1). Then the density functions of the
axtreme roots can be obtained by following the same lines as in

Krishnaiah and Chang [5] and using (”.3) and (2.4). Also the c.d.f.

R L i T T O R

B

of the individual extreme root can be computed by applying (2.3) and

- anmame

(2.4). The probability integral associated with the joint density

“pe

of any two ardered roots is easily obtained by following the same

PR

1ines as in Xrishnaiah and Waikar [6] and applying formulae (2.3)
and (2.4). The expressions associated with the density functions

R L]

n

i
i
i
|

AR =535 PR |



and c¢.d.f.s of the extreme roots and the probability integral asso-
~ clated with any two ordered roots are not given here for the sake

of brevity., We will now derive the c.d.f.s associated with the inter-

mediate roots,
It 1s known that

P[lr :.X] " P[lr+‘ :_X] + P[l] € ess ¢ lr <X < lr+‘ < !p]

Now c.d.f.s of the extreme roots can be evaluated using (2.3) and
(2.4). The second term in (5.1) can pve calculated following similar
1ines as in Krishnaiah and Watkar [6] and using (4.3) and (4.4). It
§s given by

P[z,‘ € oee (zr <x<£r"”] € see !p]

1 r
(r+ 1)+ Jk
¢ 22 21 I3 26 ('”zf 1'1’

b; a{x)
I(k1:"‘:kr:x1o""1r; a,x) I(t]f""tp-r'tr+1""’xp‘ x,b)
where
¢, I]’ Zzo 23: 251 (k] € o0 < k\‘)' (t] < eee < tp_'.)
and

.(110"‘91r)

are as defined in (4.5).

12
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6. NON NULL DISTRIBUTIONS OF TRACES
Here we use the results in [4] and treat ooth traces discussed there

fn a unified way. Let the joint density of the roots be given as (3.1).

Then
glet(ty * oo+ 1)y
= ¢ 5 I I3 ale) bk Pe(B)) \
where
Bf " (bt.ij)l'ja}’...’p
and
b (b
roti=l r.+j-} e o
Oruig * [ I x 1y o(x) wly) & ™ et sgn(y - x) dx dy
- a ‘a

1,381,000,p
If p is odd, the Br matrix has to be augmented as given in Section 2.
Now to find the exact distribution we have to invert this Laplace

transform. To this end we note that

pf(B ) = Zib oocoob
r L B S P R TP

Where the sumation is over all possibie choices of 1],---.12a subject
to this restriction 1, < iy,000, 15, 5 < 12a and the sign is +ve or -ve
according as the permutation is even or odd. Thus inverting the Laplace

transform we get

13.
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g IR ]

< e

(V) = C J, Iy I3 Ig a(x) b B (4140000155 V)

where hr“]"""Za) is t.2 inverse Laplace transform of Pf(Br). For
discussion on inverse transform of the above type for two 1mp5rtant

cases we refer to [4].
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