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A formulation is given and a procedure Is proposed for constructing
a confidence interval for a certain ordered (location or scale) parameter

and for simultaneously selecting all populations having perametsrs equal

or lareor than this ordered parameter with a preassigned minimal probability.

The well-known indifference-.on. formalation of the ranking problem is

obtainod an a special case as is the problem of interval estimation of an
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ON IRIEEVAL ESTIMATION AND S)IMULTANEOUS

ELE 1CTION OF ORDERFD LOCATION OR SCALE PARAWMfES

By M. Haseeb Rizvi and K. M. Lal SaxeneStanford University and University' of Llebr*saka

1. Introduction and Formulation of the Problem

Procedures for selection of a certain number of populations with

larger parameters frum a collection of several populatione have hpen

studied extensively in the past two decades; see, for example, Bgrr

and Rizvi [1] for a simple exposition. Recently Saxena and Tong [2)

and Saxena [5] have considered confidence intervals for the largest

pArameter. The present paper attempts to combine these two rcquire-

m.nts simultaneously in a siw'.It formulation. The problem of interest

is to construct a confidence interval for a certain ordered parameter

and simulianeously select all populations having parameters equal or

larger than this ordered parameter, with a preassigned minimal proba-

bility whenever parameters lie in a specified subspace. A procedure

R is ýroposed to solve this problem~and its performance in terms of

probability requirement being satisfied is evaluated.

Consider k(> 1' populations vi (1=l,...,k) with absolutely con-

tinuous distribution function (df) F(.; o0) of Y on the real line

with real parameter e and let f(.; 0 ) be the corresponding

density. Let 0 < 12 < ... denote the ordered values of
[1i .. [21 "[ 9 IkI



the components of'0 " (1'• .,)ri' For ] we t _. k, we rVq, .

a procedure R that seeclts all r. wI thi t f) ] 8,-,r

and simultaneously giver an interval I sich thsa f '"I. Denote by

CS the (correct) selection of all r Ati 0LI I i k-t+I,.-.,k and

by CD (correct decrsloi) Ihe in']usion of r, in r ahd ltet

denote Pr(CSC/CD}IH) Then Lhe procedure R, for some preassigned

constant y, I/(k) < < 1, is more specifically required to satisfy

(i.i) .inf P(L)

where 02(*) (& cO: OrktJ - tkt~ l]). and * is a given funct~ion

on the real Iiie such that *(x) < x

2. Main Results on F(0) for Proposed R

Proposed ProceduL: R.

Rank YI'Y2' 'Yk' breaking ties (if any) with suitable random-
* th

-rat.ion, and let Y- be the I smallest Y ConsJder two

suitab)y chosen continuous increasing functions hI and h2  (with

inverses g2  and g2  rebpectively). Construct the random interval

I0 (1 (Y [kt ) , h2(Y k-t. )) . Then assert that oH 1I0 and that

the i•a corresrndlng to Y[j](j]k-t+l,o..,k) have parameters

ej>e.

We shall presently investigate the inflnum of 1(.e) over 0)

for the above R and later determine conditions so that R satisfies

(1.1). We have

2



ik

k g k-t

(2.1) n) gn I
J~k-t+l (K ) ri-I s-k-t• 1

S4/,1

dF(y; o[j)

An obvious proposition follows.

Proposition 1.

A sufficient condition that P(Q) be a nonincreasing function of

9[.. ...... ,k is thnt the df's F(., n ), I - I, .... ,k be stocksBs-Ek-t]

tically ordered.

Location Parameter ('ise.

Let F(y, -9i F(y- , ,(n)_ f,, gl() :-0, g2 (()) = 04b,

where 5 > 0 knd a and b wibh a4b > 0 are given constants;

(W) will now be denoted by 0'(b) Clearly, (2.1) implies

Proposition 2.

For t 1,

b:• ~(2..2) Jnf P(O)- "4-Y5)()

11(b) f a

S.. .. .-1 Ia



Theorem 1.

Suppose f(y-f1 ) has a monotone likelihood ratio (m.l.r.) Jn

y for , and constants a and b are chusen such that &i4b- 0

and

(2.5) F(-a) +F(b) > I

Then, for 1 < t < k,

b1

(2.4) inf P -)- =( P ) ft - dF-t(y+E,)l-.(yljt dF(y),I 1(b) 0 fa

where 00 has first (k-t) components equal to (0-6) and the lasi.-o0

t components equal. to 0, ,) being any arbitrary value of

0(k-t+1•

Proof.

Since f(y, n ) has an m.i.r., Proposition I implies that F(O)

is minimized over Qi by setting [ .... [k-t l- where

01l is the subset of 0(b) for which N tk-t+lJ'4k] are held

fixed. letting '-,'[j] "6)(_< 0), J-k-t+2,...,.k, we obtain from

(2.1) after some simplification,



.t i( I'( ) kk-t,_; _ . . I - V' . - b

F y

i~ l :,.i'k - t K ' ,"

_IK- t( -

.j k-t •''

- i1•6), say.

where h %(kt+2, , Since H(ý) is a symmetric frunc ion Cf

its arguments, minimization of H(b6) over [: k

i- equivaLent to its manimization over H -0,- e _

For some j, fix bt 1 2, -. ,%-,1, - Ik and consider

, j)H((). Observe that the m.i.r condition imp) ies , hst

f(b -•)/f(b 4b) and f(yf-b 6)/f("'.ib; Ii-e increasingr f.uctictns of'

&., for all y,(b-a, ib) Arguing in 3 similar manner as in

Sýxena []I, we conclude that (+/, )H( c). has at mcost on,. change c f s

from positive to negative and consequent ly inf 1' i) is either at
5.1

= 0 or at b. o- This con:iusion is valid for erry other
3 3

Therefore tnfinum of H(b, over 1. is achiev-d when a certain niu.Ler z

5l



*'•, . T h en ( i-: . : . I U eII. -9 i . :• r t O P . l , :'iI.s ix'e s;

(2.,;) -(') t I" ) (y4E') [-(I "(Y)] dF(y)

";here r'.O,, t-i] Now It fo.1lowc from the jemma given below

that G(t-l) < -(r) for al r O,1,...,t- . Coriscquently,

(2.7,) inif P(&,) - nf 11(P,) G(t-1),

2

"which pro;'es the theorem.

Lemma.

A sufficient condition for G(r), given by (2.6). to be nonin-

creasing in r !i- that a fnd b are such U'iat F(-a)+±(b) 1.

ProofI

Consider the fol.owing density function

h(y; r) [C(r)](r4-l)[1-F(y)]rf(y),-a < y < b, where

(2.5) 0(r) :-[.-F'(-a)] r4-[1-(b) jr+l

W!/]5 ýJ " denot, i nj the expect.a, ion witc U-, es]-x,.ct to (i-).-" cani wri -,_e

(L.b) �s



\ .I, (' " r(
''

•-;inc h( y; r. hIy/ ;M i 'i , i twr're-mý;ing t',utwt.ion of y for r

Fk-t,I 1'

ThErefore, Gr) _(s) if C(r) > C(s) which is implied by the

condition uf th,: l.emma.

ScaLe Parameter Csfe

Let F(y; oi) / F( J/, , y up C, !) e ) , g, () - ) 'a,g2( .") _, b,

where .,,a,b ar,± given constants such that. 0 < p < 1, 0 - b < a '

will now b.. denoted by o(p) We now state the following restuts,

the proofs for which aie ruadiLy constructed along the Iines of t.h

ones givten for tnt locution parareteer case.

SPropusition T.

For t - I,

iT1
1 /
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Theorem 2.

Suppose fAy/(i) has an m.l.r. in y for 0 and constant6 a

and b are chosen such that

(2.13) F(1/a)I F(I/b) > 1

Then, for I t t k,

(2.14) inf o) P(o) t f/bFkt(y/p)[l - F(y)I -d(y)

where 0 now has first (k - t) components equal to PO and the

last t components equal to e, 0 being any arbitrary value of t

5. Some Other Formulations as Special Cases

A noteworthy feature of the present formulation is that the

Pr(CS½CDiR) is minimized at 0, defined after (2.4) in the location

parameter case and after (2.14) in the scale parameter case. This 0

is also the "least favorable configuration" for the indifference zone

formulation of the ranking problem (se- [11]) as well as for the confidence

interval formulation (see (2] and [3]). Thus the present work includes

the ranking formulation as a special case; with a = b = ® in the loca-

tion parameter case and a - x, b z 0 in the scale parameter cas:_,

Pr(CSfACDIR3 equals Pr(CSIR) and (2.2) and (2.4) reduce to (7) of [I]

and (2.12) and (2.14) to (10) of [i].

The present formulation also includes the confidence interval formu-

lation for the largest or the smallest parameter as a special case. For

t = k we have P ' G (f)o and Pr(CSI)CDIR) equal.; Pr(CDIRI

8 rCCCI)P(DR



rhi.j. fur th. :;mallteiL lucat:t.ori parameter ' 24) yisIds

i Inf P!, f) I 1F( -a) -k [I V(b) k

lNi o d V i tt -a) : .;, iling 1" 1 IV and o' -B- (1

w..? ubtain f'or t} e largest location parameter,

(', 2'• P()0 Pr(Ytk] - b < Y[k] < .k] + a)

[k] 'fI 'Lk
Pr~1 (e b < Y~x :el

and, tberefore in view of (5.i),

.)inf P() F k(b) - F k(-a)

provided F(-a) + F(b) < 1 Note that with a - b.. d and F G,

(J.5) reduces to (4) of [2]. Similar discussion holds for the scale

parameter case and the related result of 131.

4. Applications.

Consider k populations n, with real parameters e6, i = lq..,k

Considerations of invariance under the permutation of the indices of

the k populations suggest taking random samples of a common site n

from each population. Let Y be a function of the sufficient statistic

(when it exists) for 0 and let its df be F(.; I i); this df plays

!,9



the role of o( . of the above dis-iu;slon. in order that thu tPr,

cedure R{ ofi Section satisfy (I .! ., the smcallest n shuuld bti dLctaL1uw.L

such that ( or.') at (.'.h) (.12) rr (2.1h)) Ac at least as large as thtu

preassigned constant S Auch a solution exists if Y s are consistv', .

As an illstration let j, e N(1.-, i ), # 1,..., Then Y. '.:

sample mreans based on random samples each of size n and F (iYO)

•n 1/2 (y - 0) where D(.) is the stan.:trd normK! df. Now (2.4)

gives

(4.i) inf P(O) t kbn/2 ( 4 n1/2FIl (Y 1d.(y)
n(6) J-anl/2

where b > a . The right side of (4.1) tends to unity for b > a > 0,

so that there is a unique n satisfying (1.1)

5. Concludin n Remarks.

It should be noted that if 6 = 0 ( -= 1) then the integral (2.4)

(integral (2.14)) can be evaluated with the help of the incomplete beta

function ta iles and the tables of the df F; in addition if a = b =
k

(a w , b 0), inf P(6) = 1/%)-

In this formulation of 'nterv&l estimation and simultaneous selec-

tion, the upper confidence bound for 0 [k-t41] cat be obtained by taking

b = c(b = 0) and some finite a, satisfying conditions of Theorem 1

(Theorem 2). However, the conditions of Theorem 1 (Theorem 2) do not

permit the construction of the lower confidence bound for 9[kt+l]

except I1n the trivial case a=oo, = (a = ,b 0O)

10
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