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FOREWORD

This report was prepared for Apolied Mathematics Research Laboratory,
Aerospace Research Laboratories, by A.K. Chattopadhyay under Project 7071,
Research in Applied Mathematics. This work was performed at U.S.A.F.
Aerospace Research Laboratories by the author while in the capacity of
Technology Incorporated Visiting Research Associate under contract
F33615-71-C-1463.

In this report the author studies the robustness of Hotelling's
Generalized To2 test under the violation of general 1linear hypothesis
both in respect of mean and variance covariance matrices.

The iuthor wishes to thank Dr. P.R. Krishnaiah for some useful dis-

cussions, and Mrs,. Georgene Graves for typing the manuscript carefully.
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ABSTRACT

In this paper the author derived asymptotic expressions for percentile

l)
and c.d.f. of ilotelling's Generalized To‘ statistic under the nonnull

assumption of mean matrix and variance covariance matrix satisfy (3) and

(4) given in the text.
These expressions can be used to study the robustness of the .est with

respect to power function and stabilization of critical reaion.
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1. Introduction
In an earlier paper [2] the asymptotic formulae for the distribution

and percentile of statistic T = mtrS]Sz'] have been obtained up to terms

%~where mSy and a5, are indenendentlv distributed w(m,p,zl) and N(n,p,zz)

respectively. Similar expansions for the ratio of two independent trace
statistics are also obtained. This, in fact, generalizes the work of
previous authors [3], [5], [6]. In a recent paper [6] Siotani gave an
asymptotic expansion for the nonnull distribution of Hotelling's general-
ized T°2 up to terms iz by using James [4] and Welch [7] idea by expanding
the characteristic function by the perturbation technique.

In this article we gencralize the earlier results and find asymptotic
expansfon up to terms of order'% for c.d.f. and percentile of the trace
statistic when mS, has W(m,p,z,2) and £, # I, but otherwise satisfy (3) and
(4). The expression (6) can be used to compute the power of TO2 test for
the generalized linear hypothesis when departure from hypothesis M = 0 and
Iy = I, is present.

It can also be used in cases to test two covariance matrices when one

has a noncentral Wishart distribution.




2. Formulation of the Problem
Llet Z = {z], cees zm} be a p x m random matrix where zi's are indepen-

dently distributed according to p variate normal distribution with mean

vector u,; and variance covariance matrix Iy = B']. Let nS_ = "(sij) be a
p x p matrix which is independent of Z and follows a central Wishart
distribution N(n,p,A']) with n degrees of freedom and variance covariance

matrix I, = Al Hotelling's generalized is given as

12 7

0o tr Sn

o =1
Z; S
1 i n

i

W~ 3

Zi » when 21 = 22

Qur aim is to find asyhptotic expansion for percentile and c.d.f. of Toz

vihen Iy # I, but ctherwize satisfying (3).




3. Asymptotic Expansion for Percentile

Let

1

5(6) = Pr(trs "1z "< o)

Pr {tr8Z7 < o)

- - w2 J o ) X
=e? I L2 I P +-1g 24
320 31227 w7 lo

_ .2 2
= me (be)

W= trBiM = trg

M= (u-l, ey um} ¥ 0, 0 -‘-gﬁ

and meD (o, wz) is the c.d.f. of noncentral chi-square variable with

mp d.f. and noncentrality parameter mz.

Now we can try to find a function h (Sn) cf the elements of Spe M

being large enough such that

6 (8) = Pr {tr sn']zz <h (s, )}




Now

C(o) = ES {Pr {exp{tr(sn - A’l) 3}
n

Pr {tr AZZ" < h(A"))}})
= H Pr {tr AZZ" < h(A")))

Where

n
@=exo [-traTa] | 1.207, 7

)

= 1 ¢+ <

-2)
"rs,tu

Ors Oty st dyp * O(n
s )
3(p X .D) = (z (] + éij) .3_0--1:,)

1

“’n “p

(o)

"p1 °

PP

Now expanding h(Sn) around 8 we get

h(sn) = g+ hI(Sn) + hz(sn) + ...
lhere h,(Sn) is O(n"i)
Thus expanding h(Sn) around h(A']) we qet

6le) = [1+1 7 +a(n?)]

rs %tu %st Pur
4

(1)



Where D = -
This being true for all large n we get

Iy W0+ T o o, a5 2, Prtr AZZ <6} =0
Again let

J=pritr (A1 4 &) 122" < o)
Following [2], [3], [6] we get

m

2
J= ]I - XAI-Z exp(-—%)

exp U5 £ tr(l - x0)™' b x° (0, 0) (2)

Where
= F o 2 2

A E 1, L X m(es w )

= xzm + 2p (85 w?) and

X = B-](A-] + c).1 -1

=8 -1)-F e (878) (a7 A)

rs rs
t e e, (B71R) (A7 A) (AT, A) -
rs tu ' rs tu ot

Where A™)

rs 15 the p x p matrix with (1,j)th element

"(Gri 651 + tsr'j 651)




How let

lehi (B71A - 1) = Jchi (F)] <1, 4 =1, .., p
Where
BIA-1=F

Expanding (2) and equating coefficients of €ps Etu with those in

Taylor's expansion of J around ¢ = 0 and denotinq
-1 .
tr (A7 A) = (rs)
tr (A1 A) (AT, A) = (rs|tu)
rs tu
tr FATT ) (AT A) = (s tu)
tr £ = (F[F)
tr F = (F) etc.
and using the following
1 ogy oy (rsitu) = wplp + 1)
[ oy (rs) =p
ogy oyp (rs) (tu) =p
I ogy oyp (Flrs) (tu) = (F)

(Flrsitu) = (F) (p + 1) /2

L ogt 9y

(3)
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R — _ | o

] ogq oy (FIrs) (Fltu) = (FIF)

.Z ogy Oyp (2lrs|Fltu) = 5[(R) (F) + (aF)] etc.

we get after neglecting terms involving f}jfk1 when F = (ffj)
- hy (Y opr (er Azz < o)
21T ame (0, o)
T ko AP Smp eyt
+ ] f by(m,p) (0, w?)
4n %0 §\™P) Gpp 4 24000
+ O(n'z)
Where

ag(m,p) = mp(m-p-1)

_ 2
ay(m,p) = -2m(mp-u")

2

az(m.p) = mp(mtp+1) - 2(2m+p+1)w2 + tro
a3(m,p) = 2{(m+p+1)w2 - trnz}

_ 2
a4(m,p) = tro

2
by(m,p) = - 5 (F) o(m-p-1)

b](m,p) = g (F) {4m - 3n2p - m02 - mp - 2(p+m+)) (Q)}

- B(aF) (0 (m-p-1) + &)

7

(4)




bz(m.p) = - %)- {mzpz + gn? + mzp + 3m3p + 4mp + 4m

- (6n? + gmp + 8n + 4) (a))
--‘%ﬂ-{mp-&mpz-&nzp-lﬁm-%-S- (4m + 2p + 2) (0)}
+ m(aF ) - 2(a Fn)

bs(m,p) = ‘5)- in2p% + m%p + 4mp + 4m + mp + 4m?

- (6m® + T0mp + 10m + 8) (o))
--(-gﬂ-{&nzp+mp+mp2+2m+12p+20

- (12m + 8p + 8) ()} + 6(q Fa) + 2(aFa )

by(msp) = ‘?— % + mp® + mp + (207 + 4mp + 4m + 4) (a)}
+ i%—F-)-{sm +8p+ 12 - (10p + 22) (o)}
+ 2m(nF‘) - 6(9‘Fa)

bs(m.p) = 2(qF) (@) (m+ P + 1) + z(n‘Fn)

+ 2(nFn')




Where as noted earlier we dropped terms involvino f1jfk1’ etc., and

gmp(e,mz) means the c.d.f. of noncentral chi-square distribution with mp
d.f. and noncentrality parameter uz.

Thus
.oy 4 -
5 n - -~ -
) by (M) Gppyps (62691 [67 (8)] 1

J=

+ 0(n"2) (5)

Where © is the corresponding percentile of 1inear function of non-

central chi-square variable of the form [1]
- 2
Y j§1 Aij (m)

Where xj's are the characteristic roots of AB"1 and G(é) is the c.d.f.
of Y.
Here our form (5) differs slightly from those given in (2], [3], [5],

[6] but this form gives a uniform result both for the percentile and for

the c.d.f. as given below.




4. Approximation for c.d.f. of Hotelling's Generalized T2 Under Nonnull
Assumptions on Mean Vector and Variance Covariance Matrix

Here we proceed as in [2], [3], [5] and usina our earlier calculation

we get

1

Proitr 5.7 22 < o) {®)Pr (tr A2Z < 6

where(H)is given by (1).

Thus we get
Pro(tr 5,7 22 < 0) = 6(s) - 1 [n,(A"1)1 6 (o)
+ O(n'z)

on further assumption of (2) and (3) we get

) 4
Pritrs, ™1 22 <o) =6e) + . §  ay(m,p)

2, .1 3 2
gmp+2j(e"" ) + Kn jzo bj(m’p) gmp+2:](e W )
+ 0(n"?) (6)

Where aj(m,p), bk(m,p); j=0, ..., 4, k=0, ..., 5, G(6) and Gmp(e,wz)

are defined earlier,

10
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5. Summary

Summarizing we state the following

Theorem. Llet Z = {z], cees zm} be a p x m random matrix where 21'5
are as defined in the formulation and let nSn be a p x p matrix which
follows a central Wishart distribution N(n,p,A']) independently of Z, then
let

(1) B VA=14+Fand |cht (F)| <1, =1, ..., p

(1) terms involving f”fk1 are negligible where fij is the (i,j)th element

of F.

1

Then an asymptotic expansion for percentile and c.d.f. of T = Sn' 72°

are given by (5) and (6) respectively.

N




6. Remarks

(a) Putting F = 0 in (6) we get the expression due to Siotani [6] up
to the indicated order. We note that bj(m,p) terms vanishes in this case.
(b) Putting M = 0 1n our model we get the expression given in [2].

This should be immediate if we put M = 0 and note that in this case J

in (2) reduces to corresponding expression in [2].

12
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