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Prefdce

This thesis is the result of my attempt to evaluate
how well a model which is based on a set of Lanchester
equations can simulate aircraft combat losses. The method’
used compares predictions made by the model with foice sizes
which were rccorded by historians. The scope of the effort
was limited by considering only one type of aerial battle;
bombers being attacted by fighters. A brief seview of
Lanchester's work is included and it is assumed that the
reader is. acquainted with (ifferential equation: solution)
techniques.

The graphs which are included to display the results
of varidus comparisons were drdwn using a CALCOMP Plotter
with computations performed on a CDC 6600 digital computer.

I would like to exXpress my appreciation for the
assistance which was given by my advisor Dr. Hermann Enzer,
I am also grateful for advice and encouragement received
from colleagues and members of the faculty and accept sole

responsibility for any errors contained in the thesis.

John H, /‘Latchaw
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Abstr?ct

A historical verification, comparing data with model
predictions, was made between the results of three World
War II bombing missions and the outcome which was obtained
by allowing an analyticadl model to '"replay" the battles.
The model used to predict bomber force size as a function
of time was a closed form solution for a set of differen;ial
.equations which correspond to Frederick Lanchester's ‘3quare
Law of combat. An attémpt to measure the quality of the
model was made by arbitrarily considering a prediction to:
be '"accurate" if it was within two pef cent. of the known
force size value.

The intial comparison results. did not fall into the
"accurate' category but successive improvements were made
by considering two variations. The first change involved
the assumption that the act of a bomber repelling an
attacker had a-detrimental effect on fighter aircraft ef-
fectiveness. The second alteration incorporated the as-
sumption that the effectiveness of both bomber and fighter
aircraft varied throughout the battle. This sescond modi-
fication produced predictio.s which were "accurate' during
90% of a given engagement.

'Finally, a battle which included a relatively large
number of bdmber losses causcd by ground fire was studied,
A variation of the original model was used to "replay"

this mission to illustrate the flexibility of the model.
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A LANCHESTER MODEL FOR AIR BATTLES

I. TIntroductich

In 1943, General H. H, Arndld commented on: the
planning of $trategic bombing missfions in a communique ‘to
Lieutenant ‘Geileral Carl Spaatz and Major Géneial Ira C.
Eaker.

We know that the seléction of the most

vital targets must come as a result of thorough

analysis. We know that the strength of our

strikiiig force will always be relatively limited.

We must, therefore, apply it to those specially

selected and vital targets ivhich will give the:

greatest return. We cannot afford to apply it
where, or in such a manner thkat, the return is

not eminently worth: the cost (Ref 19:vii).

The need for what Arnold describes as thorough analysis
has long been acknowledged by mi¥itary strategists, but
advancements which have provided the gapability to per-
form this analysis liuve been relativiély recent develop-
ments. Bombing taiget selection and similar air combat
problems of World War Il generated an effort to study the
various aspécts of derial warfare. Included in this .ef-
fort was the development of many models of air battles.

Arnoid's dileama might havs hagg~easé& had an air-
craft attrition siodel, a modei which predicts aircraft
losses, been at his .disposal. An estimate of expected
aircraft losses provides a planner with information

directly affecting the mission '"cost", with an approximate
Y g pp

number of bombers ¢ pected to reach the target which
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affects the mission "return', and with an assessment of
the:tolizwhich could ve placeﬁhonuhis "limited" resources.
The advaﬁtage of having this information during target
selection gnd mission planiing is hpparént but the extent
of this advantage is dependent upon the accuracy of the
loss estimate. This example illustrates both thé potential
of air battle models and the need for some evaluation ‘of
their accuracy.

The purpose of this research is to accomplish a his-
torical verification of a given air battle 'model and, in
so doing, make an evaluation of the accuracy of the pré-
dictions which are made by the mndel. The model which is
selected for study purports to simulate air battles which
involve bomber versus fighter aircraft. Data are collected
concerning bombing missdions which were flown by American
units during the Second World War. A Lanchester model in
the form of a solution to a set of differential equatiois
is given historical force sizes and then allowed to "refly"
the missions, and the losses which the model predicts are
compared with those which were recorded by historians.

The model predictions are graphed along with actual
force sizes ‘to provide a visual display of the results; a
convention that is consistent with existing verification
summaries with which this author is familiar. In addition,
an attempt is made to place a quantitative measure on a
model's accuracy by observing the errors between model and

battle outcomes as a percentage of the laiter. Since no
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standard exists in the literature, an arbitrary criterion
is adopted. Models having crrors of less thaf two per cert
are considered to be accurate and acceptable.

Following the comparison, two changes are introduced
to illustrate how the model's accuracy may be improved in
terms of reducing the differences between predictions and
historical outcomes. First, the data that reflect the
number of fighter aircraft which was destroyed are replaced
with da2ta that reflect how many of these planes left the
battle for any cause and, second, thc measure of skill with
whith airmen fire on theif opponents is considered to vary
throughout. the battle as opposed to being constaht. Each
of these alterations improvés the model predictions.

Finally, to illustrate the model's flexibility, the
effect of anti-aircraft weapons is incorporated into the
equations and predictions arc compared with data from a
battle which involved more than the normal amount of ground

fire.
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I1I. Lanchester Theory

Introduction

Man display .a natural tendency td. invest ‘those re-
sources which fLe doez possess in a manner which wjill prove
to bé revarding. Efforts to optimize, in the sense of at-
taining the greatest reward, have evolved and are embodied
in the science, or art, of résource allocation. Rather
‘than optimizing, however, men who find themselves engaged
in war are strongly motivated to seeck acceptable rewards
in return for minimum investments. In battle, the timing
‘and size of resource commitments not only contribute to the
outcome of an engagement but also affect the availability
of resources which may tbe needed for the next conflict.

In order to enhance the probability of making a cor-
rect invegtment decision, certain information is desirable
prior to making -a selection. For instance, given a military
objective, -how can resources best be utilized to achieve
the greatest reward? In warfare, manpower and :the mechan-
ical implements of war may be categorized as respurces,
while the reward may be thought of as military victory.

One trend which may be observed in historical battle
outcomes is' that victory is often associated with a numeri-
cal advantage. That is, an army which shas greater resources
than an opponent is usually victorious. This concept was
not formalized quantitatively until 1916 when Frederick

Lanchester published h's Aircraft in Warfare. In this
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book, Lanchester sought to answer questions involving a
military conflict between .comparable forces. In what way
do force sizes effect battle outcomes? What losses may be
expected? How long will it take to achnieve victory? What
force size must be committed to battle in order to assure
victory?

Lanchestér's work and extensions of his results have
been nominated for use as attrition models in studies of
conventional land, naval, and aerial battles and guerrilla
warfare. However, little work has been done in verifying
the theory; ané this research, which considers the validity
of 'using Lanchester's formulations to describe aerial war-
fare, is intended Eo increase the eXisting number of veri-

fications.

'Lanchester's Theory

Lanchester was a talented cngincer-mathematician with
an avid interest in the fledgling‘airplane and its potential
as an instrument\gﬁvwar. He felt that whatever might be
accomplished by 1ldild armies could be executed "as well or
bette: by a squad or fleet of aeronautical machines" (Ref

. 18:2136). His foresight is evident by considering his pre-

diction that ‘'the number of flying machines eventually to

be utilized by any of the great military powers will be
counted not by hundreds but by thousands, and possibly by
tens of thousands, and the issue of any great battle will

be definitely determined by the efficiency of the
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aeronautical forces® (Ref 18:2136). Lanchester's work led
him to a mathematical analysis of the relatiohs betweeh
opposing forces in battle. 'The end results of this
analysis tevolves about ‘hiis conclusion that a numerically
superior force can always achieve a victoiy, sproviding taat
opposing’ weappns systems are equitable. Undér battle con-
ditions whicl wefe cchsidered to be "state of the art” for
Lanchester's time, he deveiopcd an 2xpression that trans-
lates a numericéal advahtage into a military advantage.
Specifically, the effective strength of :a force 4s. pro-
portioﬁai to the square of the humber of combatants enter-
ing an engagement, Fof instance, a force which .outnumbered
an opposing force at a ratio of three to two would have

the advantage ~f being able to destroy enemy fighting

elements. more effectively; and this superiority could be

measuréd as a ratio of nine to four. This relationship is

called Lanchesteér's Square Law.

Lanchester called the appliéable conditions for which
the Square Law holds, '"the conditions of modern warfare",
which essentially allow coribatants to select from a number
of targets and to attack with continuous fire. An example
of a cunfrontation which conforms to the Square Law as-
sumptions would be opposing fronts of infantrymen armed
with rifles.

Battle conditions which involve one-oit-one encounters
are termed "ancient combat' by Lanchester. In such battles,

the effective strength of a force is directly proportional




GSA/SM/72-8

to the number of combatants entering the engagé¢iment, This
relationship- is known as Lanchester"s Linear Law and in
these Cases the ratio of force sizes may be used as a
measure of military advantage. The Linear Law applies to
present day conflicts in which combatants direct their fire
towards ‘an area rather than an individual target. A siege
in which an attacking force atZempts to Sverpower a force
defending a fortified position is a situation in which the
Linear Law may be applied. In this type of engagement,

it is not uncommon for the aggressor to bombard the forti-
fied position with area directed fire before initiating

an assault,

-

Lanchester Equations

Lanchester expresses his theory in mathematical state-
ments by ‘considering how force size varies during the
course of battle. To accomplish this, he represents force
size as a function of time and assumes that the battle is
continuous and terminates with the annihilation of one
force. Lét m represent one force size at time t and n
represent the opposing force size &t time t. Let A be a
parameter répresenting force m's combat loss rate per
opposing combatant, That is, A expresses the number of
m's fighting units which & member of the n-force is capa-
ble of destroying per unit of time,

The parameter A is most frequently interpreted as

the product of the rate of fire of a single n-force
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fighting element and the probability of destroying an
m-force element with a single round of fire. Let B sim-
ilarly represent force n's combat loss rate. The dot
notation shall be used here and throughout the thesis to
denote differentiation with respect to time, Using the
preceding conventions, a battle conforming to the Square
Law conditions may be represented by the following set of

differential equations.

m:=-An (1

h=-Bm (2)

A solution for this set of equations can be obtained
in the following manner. Differeéntiate -and reartange

equation (1).
m+ An:=0 (3)
Substitute =Bm from equation (2) for n in equation (3).

Mm-ABm =0 (4

Solve equation (4) aid let y represent VAR .

-yt
m:c,]<2yt~~c2czy (5)

Similarly

D‘S k.] Qyt + k2 e-yt (6)
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Let the initial force sizes at time zero be denoted by
for the m-force and by ng <or thé n-force. Substitite

zero for t in equations (5) and (6).
moi:‘C.l +C2 (7)

Differentiate equation (5) and substitute the resuliing
expression for m in equationm (). Alsy substitute the

right hand portion of equation (6) for n in equation i(1)..
C".] yeyt - C2 yQ\-y‘t = "A(k"eyt*’ R\?_Q-yt) (9)

When t equals zero-, equation (9) becomes
y(C1 ~‘L“.2)=-A('k1 +k2) (10)

Similar substitutions: from the deriviative of equation (6)

and equation (5) in (2). produce
Y(Kkq- ko) =-Bley+cy) (11)
Us-.ng equations (10) and (8), one obtains

n°=k1+k2 :-\/(’C.]v-CQ) ClZ)

—

A

Solving equations (7) and (12) simultaneously results in

expressions for ¢y and c,,

m, - N,(Aly)

Cq = 5 (13)
m,+ N (AlY)

C2= 5 (14)
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- Using equations (11) and (7), one obtains

mo :‘Co“" C2: —_BX(k,]‘ckz) (15)

Solving equations (8) and (15) simultaneously results in

expressions for kl and k,,

k. - No- Me(By)
1° D) (16)
N+ My(B/y)

Replacing y with~AB in equations (13)., (14), (16) and
(17) and substituting these expressions for the constants

in equations (5) and (6) gives the desired results.

. (mo- n;\lA/B.) I, (mo‘af n%'\lA/B) 3% (18)
n = (no -mo‘\‘B/A)Q vt . /:r?o+mo JB/A) Q-yt (19)
2 \ 2
Rearranging terms yields
yt, -yt yt o -yt
m:m°<e , 22 )-no Al B (e 22 ) (20)
yt, -yt PN PO % SRS 4
ﬂ = h, (*2—2@—_) -moJB/A <e 2Q ) (21)
Or M=m, cosh yt - n,NA/B sinh yt (22)
Nz n,coshyt -m,\B/A sinhyt (23)

The ratio of A to B is termed the exchange rate and

may be used to indicate which of the opposing forces has

10
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the greatef éffecthenE§s@ Le¢t E represent this eéexchange
rate. A value of E greater than oné would: indicate that
the n-force has a superior edge in killingweffectivéﬁéssz
whereas a value less thiin one wculd indicate that the
m-force is supérior in this respect. Let m, and n, réprem‘
sent the 'initial size ¢f the m-force and n-force: iespec-
tively. A general solution for equations (Ij and (2)

yields an expression for thé exchange rate.

2 2

'('m°2 - m2) =E(n,” -n 24)

)
‘When, thé opposing forces are quite similar in fight-
ing elements and ski¥ls, then the corresponding loss rates
may be considered’équal, This is the case when two armies.
equipped with comparable weapons systehs engage in con-
flict. Suppose that each force's loss rate is one tenth
per unit of time (A = .10% B = ,10). Then, the exchange
rate equals one and the outcome is determined by thé size
of ‘the forces which participate. For example, suppose the
m-force .entess the battle with 1,400 armed men and the
n-force begins with 1,000, Then the n-force will be
annihilated and the m-force wili have approximately 980
survivors. These results may be obtained by setting n
equal to zero and solving equation (24) for the correct
valué of m. The duration of the battle may be determined
by setting equation (23) equal to zero and solving for t
or, similarly, by setting equation (22) equal to 980 and

solving for t. In the example, t is approximately °.,959

11
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260,00

-—s- m-force
~+——+ n-force

PP

160,00

FORCE SIZE

40,00

.

80.00

N o

! o — T — -  E— ’
; 0.00 2.00 4.00 6.00 B. 00O 10.00.
TIME

Figure 1 An Example of Lanchester Model
Predictions for a Military Engagement

12
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units of time. Equations (22) and (23] might also be used
to predict respective force sizes for a given valué of
time. A graphical representation of this sample battle is
shown in Figure 1. |

If eithér force possesses an advantage in skill or

equipment, then the exchange rate may be such that a

numerically inferior forcé can achieve victory. Suppose,
in the example above, that the combat loss rate for the
m-force is one tenth and that the n-force ¢ombat loss rate
is one twentieth (A = .10; B = .05). Under these condi-
tions, the n=force can achieve victory and count approx-
imately 140 survivors.

A battle whi¢h conforms to the Linear Law conditions
may be represented as shown by equations. (25), (26) and
(27). Here the combat loss rate A, may be interpreted as
the Square Law parameter timés the ratio of the average
area presented by sn m-force element and the total area

over which the fire of the n-force is directed.

m=-Amn (25)
n-=-Bmn (26)
(m,-m)=E(N, -n) (27)

'When fire is directed toward an area, there is no destruc-

tive effect unless a vulnerable portion of the area is
struck. During a siegc in which the fighting clements are

infantrymen, a member of the entrenched force will

13
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barricade himself to minimize his-expésure to fire. The
area a man presents as a vulnerable target could be approx-
imately oné square foot. Let m denote the size of the
entrenched force and n de¢note the size of the attacking
force. Let r, be the rate of fire of an n-force, Pp be

the single shot kill probability for an n-force element,
Ap be the average aréa.presented by an m:force élement

and A¢p be the total aréa that is occupiéd by the m-force,
Equation (25) may be rewritten to display these factors

which determine the value of the parameter, A.

© o om=(r,Pan) (A ™) (28)

- Atm
The chang e in size for the m-force in this, the Linear Law

application, is equal to the change which would be experi-
enced in a Square Law engagement times the proportion of
‘the; occupied area which is vulnerable. As one would
expect, the Linear Law losses occur less rapidly than do
losses for a Square Law battle involving the same forces.
It should be noted that it is assumed that m-force
elements are evenly distributed about their fortified area.
If they are clustered and this is known to the n-force,
the attackers' fire will be concentrated toward this
clustei. Tz effect of such an action will be a reduction

of A¢p and an increase in the m-force loss rate.

14
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Gerieralization

The ‘elementary Square Law equatiofis can be extended to
account for reinforcements during an engagement and for
losses which are not the direct result of active combat,
Such additional loésses may be termed operational losses.
Let C and D represent the operational loss rate for the
m-force and n-force respectively. Let P and Q represent
the reinforcement rate- for the m-force and n-force as a
function of time. ‘The set of differential equations for

a Square Law formulation incorporating these extensions 1is

m:=P-An-Cm (29):

n=Q-Bm-Dn : (30)

The generalization of equations (1) and (2) represents an
attempt to measure force size changes by considering three
contributing factors. Operational loss rates are frequently
based on historical trends and are measured per fighting
element. That is, losses which are attributed to illness,
accident, desertion, etc., tend to occur at a constant

rate and are included in the equations as the product of

an observed rate and the current force size.

Reinforcements tend to occur when there exists a need
and available resources allow their implementation., Hence,
they occur sporadically and the recinforcement rates are
frequently represented by functions which are specified for

time intervals. For example, a reinforccment rate function

15
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may be assigned a value of'the number of reinforcements

for the unit of time during which the additional fighting
elements arrive and assigned a value of zero for all other
times. This concept invglves the adssumption that reinforce-
ments arrive at a constant rate during each unit of time.
Suppose ‘tliat the unit of time is one day and that the m-
force receives 3,000 reinforcements on day two and 1,200
more on the fifth day of coiiflict. The reinforcement rate

P, can be represented as the step function

( O, Ost<2
3,000 2<t<3
P : 0, 355 (31)
1,200, 5¢<t <6
- all other

’

2

Lanchester Related Studies

Since the publication of Aircraft in Warfare, a number

of analysts have prescented extensions and variations of
Lanchester's theory. Included in these efforts are exam-
inations of the mathematics which are inyolved, wefinements
of the original equations, specializations for application
to particular combat situations, estimates. of parameter
values @and a few verifications. A rather extensive account
of exisiting works mzy be found in Frick's paper, "Inter-

action of Forces as Discrete Processes" (Ref 12:9-25).

Assumptions

Many of the studies which have appeared over the past

55 years include attempts to apply Lanchester's thcory to

16
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different types of conflict. The battle conditions whuich
must hold in order that these applicationg be teéalisti¢ are
described through the assumptions which agtompany a theory.
The following seven assumptions are associatea withﬂﬁguane
Law engagements by the United States Air Force Assistant
Chief of Staff, Studies and Analysis (Ref 25:29). An
annotation is included to discuss the implication of each
assumption.

1. Each force is compoced of many elements, so that
statistical fluctuations are unimportant. The vague term
"many" makes this the most flexible assumptien. Lan-
chester equations have been applied‘to land battles in-
volving thousands'Bf men as well as to naval conflicts
involving Iess than fifty vessels indicating that the range
which is interpreted to include many is extengive. Air
battles involving more than one hundred elements of each
force are felt to readily conform to this assumption.

2, Each force is homogeneous. The fact that air-
planes are usually designed and constructed with some
particular performance capability in mind allows a fleet
of aircraft to be considered homogeneous in the sense that
each element performs the same function. For instance,
one type of aircraft may possess the capacity and the
durab’lity to transport wecapons over long distances and
deliver them on ground targets, Another type may be en-
dowed with sufficient speed and maneuverability to be

utilized in air-to-air combat, When a force is composed

17
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of one basic type of aircraft such as a fleet of bombers, .
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it can be assumed to be ‘homogeneous. While this study is
limited to such forces, the problem of heterogeneous forces.
has been considered and, to an extent, circumvented in
other works. 0. Helmer's "Combat Between Heterogeneous
Forces'" '(RM-6) and R. N. Snow's '"Contributions to Lan-
chester Attrition Theory" (RA-15078) are two examples of
contributions which deal with ‘heterogeneous forces.
3. The location of the forces is ignored. The dif-
ferences between an air battle conducted over London and
‘ one over Berlin are small. Since aircraft opernaté€ in a
medium which has suwme stable characteristics the world
over, the location of the conflict would seem to be of
little or né consequence. However, if one force's elements
have a greater fuel capacity than the others, then the
location of the battle in relationship to the latter
force's air bases may have a definite effect on the time
spent in refueling and .the time spent in actual battle.
Tim. which is used to refuel and ‘to travel to and from the
battle area obviously cannot be used for destroying ehemy

aircraft., If the battle is moving with respect to ‘the

positions of these refueling bases, then the effect of

ta-d

. this disadvantage will vary with time. Thus, the degree

to which location affects a battle outcome can either be

neglected or must be considered as an important factor
out is in any event difficult ta measure. Whenever the

' fuel capacity disparity cxists, acceptance of this
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assumption may be interpreted as :a simplification of
reality.

4. All elements of the forces are subject to fire
f om all enemy elements. As compareds to terrestrial war-
fare, the three-dimensiondl freedom of movement which an

aircraft’ enjoys tends to improve an element's ability to

select and fire on any element of the oppossing force. Tf
one force's mobility is restrained by the requirement to
maintain a fiyving formation with other force members, then
the opposing aircraft may have some advantage in maneuver-
ability. Target selection might also be restricted by an

elemént's ability to locate enemy -airctiaft, but this factor

is minimized when the planes are equipped with radar or
other electronic sensor devices. l

5. The firing rate of the forcés is limited by tech-
nical capébilities and not by logistics or tactical de-
cisions. Firing rates for aircraft are determined by the
armament aboard, whether guns are fixed or can sbe rotated,

the intervals during which targets: are within rangé, and

b achy s

the amount of ammunition which can 'be carried. All of

.

these factors may be described as technical ip nature, and
% . it is assumed that the only tactical factor involved is

’ that individuals will fire their weapons in carnest at

.,

évery cppontunity. Logistics must be cousidered whenever
fuel limitations are involved. Naturally, waen an aircraft

breaks off from the battle to refuel, the firing rate of

w—,mr

that plane drops to zero. This alone may be considered a
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basis for concluding that some air battles do not conform
to this assumption, but this may be a minor drgument as all
fighting elements have similar limitations. Soldiers ‘be-
come physically and mentally exhdusted, for instance. It
is just that 'n an air battle, the abrupt change in firing
rate is more afamatic since an airctaft without fuel is,

of necessity, eliminated from the battle. 'Air battles

meat this assumption to ihe same extent. as do other forms
of conventional warfare.

6. An element is either destroyed or completely un-
damaged. Aircraft have the capability to fly and perform
after sustaining structural damage; and, while a damaged
plane cannot perfg}m as well .as an undamaged one, it is
obvious. that during the course of an air bdttle some planes
can be categorized as neither destroyed nor completely
undamaged. This assumption may be accepted as a simpli-
£ication or may be modified hy adfusting the two categories..

7. Fire is .aimed 4t an element and elements not aimed
at are not damaged. This assumption is directly applicable
to air battles as: from the time of opening fire, the in-
dividual aircraft is the mark of the gunner.

Modification of these assumptions for use with Linear
Law engagements requires only one alteration. The final
assumption must be changed in the following manner: fire
is directed at an area in which opposing forces are be-
lieved to be located; clements not located in such an area

are undamaged.
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I1I. Model Verification

Because the térm "model" is used in many contéxts,
one definition is chosen for use in this' thesis. The
sélection is attributed to RAND Corporation's E. S. Quade
wlio describes a model as "a simplified representation. of
the real world which alstracts the features of the situa-
tion relevant to the questions being studied" (Ref 10:2).
Some hint of model flexibility should be added to this
definition since a good model must be capable of being
perturbed in order to cope with real world fluctuations

:0f those features which are importaht. A solution for a

set of Lanchester equations is a model in the sense that it
represents a real world military engagement and abstracts
from the nature of combat losses that are suffered on
either side throughout a conflict. The times when losses
occur and the size of these losses are considered to be

features relevant to the study of battles.

Need for Verification

3
3 A model is frequently used as an aid in decision-
|
i making and, to this end, a model's value is closely related

to the level of confidence which the decision-maker places

. in it. One method of gaining confidence in a model is to
demonstrate its past record of prediction accuracy by means

of historical validations. If a model's predictions cor-

i vt s e

respond closely to recorded observations, and, if devdations

: can be plausibly explained, then the model may be considered

e e e
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‘to be more attractive than an untested one.

Included are three opinions on the need for verifica-
tion. In a historical validation prepared for the Center
for Naval Analyses, William W, Fain expressed these views:

Today, many models are actually being used

to aid real decision-making: By and large these

models are purely subjective judgements of the

people whd were involved in their development and
use. That is, they are vyrtually untested against
anything but a criterion of '"reasonableness'.

If these models are fallse, they can of course
lead to false answers and {false decisions=-this

could be very costly to the nation in money, lives,

.and even the future of theé country.

The time has come, I belleve, to divert at
least a portion of the effort devoted to model

development and use to ap effort to validate the
models we hiave (Ref ;Q?TSJ.

-

A well-known authority on Lanchester's .theory, Joseph Engel
of the University of Illinois, put it more succinctly by
saying '"an operational research scientist must seek vali-
dation of his mathematical models'" (Ref 26:192). In an
assessment of contributions to the study of Lanchester's
theory, Ladislav Dolansky comments: '"The number of cases
that have been studied by means of the Lanchester approach
and verified by means of actually observed data is extremely
small. Therefore, the utility of this approach with re-
spect to a good prediction in a particular case remains to
be established by means cf additional verification studies"
(Ref 7:351).

Recognizing the nced for verifying existing models is,

of course, not an end in and of itself. Once verifications
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are attempted, some method of interpreting the results

must be established. For instance, whilé successtul val-
idations tend to stréngthen a model's réputation, isolated
experiments are not sufficient to allow wunqualified claims
of accuracy and reliability. If collaborating results are
in order, how ﬁany verifications should be required before
confidence may be placed in a model? The small number of
validations to which Dolansky refers. have been too few to
establish some standardization of the methods to be used in
historical verifications and the means used to evaluate

the results,

Existing Verifications

The list of extensions and variations of Laichester's
theory includes relatively few studies which involve his-
torical validations. The prime reason for this dearth is
‘the scarcﬂmy of historical warfare data. Even when avail-
able, data which are recorded under the stress of combat
are frequently not very reliable, The most prominent of
those validation attempts which do exist are worth men-
tioning.

The intial validation appears in Lanchester's original
text, He cited the naval Battle of Trafalgar as an example
of the application of a tactir known as concentration. To
gain the advantage of concentration one attempts to divide
an opposing force for the purpose of gaining numerical

superiority. Lanchester's comparison shows that the

23
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advantage and ultimate victexy gained by the British is
reflected by the predictions .of his Square Law model.

A secénd validation was accomplished by Engel in
1954 (Ref 9). Engel compared historical battle data from
the United States Marine invasion and capture of the island
of Iwo Jima during World War II with predictions frqm a
variation of the elementary Lanchester Square Law equations.
He found only two parameters had to be estimated and he
worked without precise knowledge of Japanese losses.
Engel's results have been described by R. E. Bach (Ref 2)
as being a remarkably good fit, but no criterion for meas-
uring the agreement between model predictions and data was
used. ]

"Validation of Combat Models Agaiﬁst Historical Data"
by Fain (Ref 10) is similar to Engel's work. Fain's com-
parisoi was compared with land battles and data were taken
from two Korean Conflict engagements. He attempted to
estimate loss rate parameters from the characteristics of
the weapons systems involved, in addition to estimating
these values from the data;, and derived results which are
comparable to Engel's.

Herbert K. Weiss ‘(Ref 27) used data taken from the
American Civil War in his study and devecloped a model which
is a variation on Lanchester's theme. D. Willard's '"Lan-
chester as a Force in History; An Analysis of Land Battles
of the Years 1618-1905" (Ref 28) is a validation which

provides little support of Lanchester's theory and includes
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the conclusion that militaty battles are too complex to be

modeled by a pair -6f equations. However; it is not ap-
parent that the battle conditionsAin this survey satisfy
the basic Lanchester assumptions. Robert Helmbold's study
(Ref 14) represents an effort to emphasize Some <character-
istics which are suggested to be common to both I'and and
air battles. He used initial and terminal force size data
from the .forld War II Battle of Britain in an attempt to
correlate the exchange rate E with initial force sizes.
Helmhold's study differs from the .others in sthat he did

not attempt to predict losses for various times. throughout

the battle.
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IV, Data

Problems

As previously mentioned, ‘the principle deterrent to
historical validation is the scidrcity of data. Opce data
are located, the researchér must make sure that the chogen
data possess an acceptable degree of accuracy. The mere
nature of warfa;eé causes data collection to become suspect.
Periods of interest when loss rates: are significantly

larger than zero invariably correspond with intense periods

-0of battle. ‘One cannot be expected to record objective

observations while the need‘ for personal survival is para-
mount, Hence, data resulting from reports of participants
are frequently -based on recollections of events which
transpired during a particularly hectic time. Data which
result from a historical analysis of a battle have the ad-
vantagé of being more objectively recorded. The reséarcher
may choose from information recorded immediately after an
event, which may be distorted hecuausSe of the excited state
of the observer, or from recorded reflections which are
only as accurate as the memories of their contributors.
Data sources used in this study include official mili-
tary histories, periodicals, personal memoirs and profes-
sional histories. Whenever a specific force size was
repeated in a number of sources, its reputed accuracy was
felt to be enhanced. While figures did vary in various

accounts, there existed general agreement as to the number
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of planes whiéh.wgreiqgmmittgd to the battles. and the

number of surviving a¥rcraft.

Battle Type

Data collection progresses in one of two maaners. The
first involves using what is considered to be an excellent
data source and then choosing a battle type which ‘conforms
to these data for study. In the second method, a battle
type i selected and, subsequent to this selection, data
from historical battles corresponding to this kind of con-
flict are reviewed. In this second case, a search is
initiated for the best data available and, should data of
an expected dggree_of accuracy .not be available, the study
is terminated. The second procedure was adopted for this
research simply because a set of Lanchester equations for
an air battle was available,

The type of battle which was selected for study shall
be called the strategic bomber battle. A target which is
defended by fighter aircraft i§ selected for bombing and
a bomber force launched to accomplish this task. Once the
bomber fleet is detected and its intentions confirmed,
some of the fighter planes are sent tec intercept it. The
prime concern of the bomber aircrews is to drop their pay-
load on the designated target. In order to do this, they
must defend themselves when attacked by fighter aircraft.
They do not seek and destroy interceptors and would much

rather make their run undetected or unattacked. Fighter

27
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pilots, on thé other hand, have the singular objective of
locating and destroying bombers before they reach the target
area. For 'the purpose of this study, it is assumed that

the battle takes place under visual conditions. That is,

oppOsing aircraft are aware of one another's location,

.@ither through sight or electronic contact.

Selection of this battle type to be represented by
Lanchester equations is acceptable only if the battle con-
ditions conform with the Lanchester assumptions. The
fighter aircraft have the freedom to attack any available
bomber. In return, bombérs may choose to fire on any
fighter aircraft which is within range. This "within
range' restriction is no more binding in an air battle
than in a battle involving land srmies or naval vesséls.

The concept of an element either being destroyed or
totally undamaged cannot be accepted literally. However,

it is; -as realistic as any of the other assumptions once

‘definitions of destruction are developed. For the purposes

of this research, a bomber shall be considered to become

a loss when it crashes to earth or lands in an enemy con-
trolled vegion. A fighter aircraft shall be considered
destroyed once it is unable to press the attack. It should
be noted that war models are simplifications of actuality,
and that the .acceptance of the destroyed/undamaged concept
is a reflection of this fact. The remaining assumptions

for the Square Law case are considered to be met.
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Explicit Data

When extensivé data for a particular air battle do
exist, ‘their existence may usually be attributed to the
fact that the battle was in some way distingui$hed. Even
before entering the Second World War, the United States
committed the bomber segment of its Air Corps to high-level
daylight tactics,. This was evidenced in equipment and
aircrafit design and aircrew training. The large amount of
armament, placed aboard the aircraft reflected the belief
that the bombers were capable of self-defense. \Hen the
Combined Bomber Command was formed following the Casablanca
Conference of 1942, a Tunwing debate bégan between British
and American strategists over the respective merits of
night time and daylight bombing.

The United States” Eighth Air Force mission flown on
17 August 1943 consisted of two large forces of Boeing
B-17 "Flying Fortresses' which were dispatched from air
bases in England against targets in deepest Germany. The
lead force was assigned the Messerschmitt .aircraft fac-
tories at Regensburg as targets and the second force was
assigned the ball-bearing manufacturing complex located at
Schweinfurt. The first force was to shuttle to North
African air bases while the second group was to return to
England., This mission rcceived distinction as an acid
test for America's long range daylight bombing tactics.
This "testing" aspect prompted several histories of the

mission to be written. The prime rcason for scleecting this
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mission is that data are readily available and there exist
enough sources to substantiate the reliability of the data.

The Schweinfurt force's takeoff was considerably
delayed by weather conditions. This allowed German fighter
aircraft the opportunity to refuel and rearm, an effort
which was accomplished in awticipation of the Regensburg
force's return. The interceptdrs located no targets when
the lead force turned south after dropping their bombs but
were well preparéd to engage the tardy second fleet. This
circumstance allows the mission to be divided into two
separate battles. This is a second reason for its study,
since it providgs two data sets, A third reason for select-
ing this mission is that fighter escorts were forced to
withdraw bécause of fuel limitations after crossing the
German border and prior to interception., This$ takes care
of the Lanchester assumption that the bomber force should
be homogeneous in composition.

Another choice for study is the 1 August 1943 mission
flown by Consolidated Vultee B-24 '"Liberators" of the
Bighth and Ninth Air Forces from Bengasi, Libya against
oil refineries located at Ploesti, Rumania. The Ploesti
raid has taken a prominent position in air warfare history
as a result of two distinguishing points. First, the
Ploesti mission, a result of the Casablanca Conference,
was planned as a panacea cffort which would both hasten
the conclusion of the war and satisfy the desires of some

officials for retaliation against the 7 December 1941
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Pl Japanese attack on Pearl Harbor. The second point is per-
haps more important as it makes the mission a "one of a
kind" effort. The flight plan called for a large force of
high altitude bombers to deliver their weapons from ground
level. The Ploesti mission was selected for study on the
basis of data accessibility and homogeneity of forces; once
again, the bombers were unescorted. In addition, the study
of low level tactics hds present day -dpplicability. At
this time, the United States Air Force is endorsing procure-
nent of a strategic bomber with low level capabilities. A
model which could accurately depict losses under such battile
conditions would be of interest,
While these sclected data sets may, at first, secm
to be dated, it should be noted that the experiment concern-
ing the value of long range daylight bombing was not ¢on-
sidered to be a resounding success. It was generally con-
cluded that the long range bomber could not provide a
viable system until fighter escort could be provided for
the duration of a mission. As a result, few unescorted
missions were flown after the early autumn of 1943. This
fact severely limits the number of engagements involving
homogeneous forces which are available for study. Second-
‘ ly, data of a classificd nature werec avoidcd during the
research. This policy limited the number of engagements
from later conflicts which could be studied. It is assumed

that as long as the stratcgic bomber remains a member of
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the defense triad, studies of the chosen battle type will

be. worthwhile.

Data Manipulation

‘The Regensburg and Schweinfurt missions were quite

similar. Each was characterized by air-to-air confronta-

tions which were sustained for lengthy duritions as the
bomber forces crossed over Germany, and, in the Séhwéinfurt
instance, as thé bombers returned to England. As the
formations moved across the continent, freésh fighter ele-
ments were launched from air bases along the route to
relieve those with exhausted fuel and ammunition. There
exist no reports of individual bombers exhausting defense
ammunition. Thus, these battles may be assumed to be con-
tinuous in a real sense.

Each battle was considéred to begin with the first
fighter attacks: Operational losses such as turn backs
caused by mechanical failures are not considered. To.
adjust for this, the initial bomber force size is taken to
include only those aircraft which were still on course
at the beginning of the battle. Since the mission routes
were designed to avoid known anti-aircraft installations,
and, since John Sweetﬁan (Ref 24) describes the anti-air-
craft efforts at the time to be virtually ineffective, the
damage inflicted by these weapons is ignored. Actually,
three and one-third percent of the bomber losses wére at-

tributed to anti-aircraft fire. This Simplification is not
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considered to have a significant effect on the agreement
between data 'and model predictions.

Thé tiiles of bomber losses are computed from known
locations of the losses, average ground speed and known
times over various: referencé points. Times are normalized
to allow the length of a battle to equal one in order to
ease the comparison-of the two battles. The battle is
considered to end when the final bomber loss occurs.

Data were not available for the computation of indi-
vidual fighter loss times. Fighter losses are assumed to
beftave in accordance with Lanchester theory to the same
extent as bomber losses do. This concept is not without
precedent, as may Be seen from Engel's paper (Ref 9).

Certain properties of the Ploesti mission caused the
course of battle to diffei from the Regensburg and
Schweinfurt conflicts. Planners for the mission predicted
that the low-level approach would severely hamper ground
radar effectiveness and anticipated that the force would
not be detected until it was near the target area., In
actuality, Ploesti defense forces were aware of the homber
fleet's position soon after takeoff. However, a series of
human errors prevented the fighter pilots from locating
the bombers until they were very near the city. Thus, the
resistance at Ploesti turned out to be as anticipated and
the majority of losses occurred in the target area. Known

losses cf individual groups were assigned times of
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occurrence which coincided with the applicable unit's time
over target. Times of loSses which 'were suffered enroute
to home air bases were computed in the same manner as thé- .
Regensburg and Schweinfurt times. Times were once again
normalized.

The optimists among the Ploesti planners felt that
the low-level attack would reduce losses to interceptors
and to large (eighty-eight millimeter) anti-aircraft guns.
They reasoned that the fighter's sphere of maneuverability
would be reduced by half and that German artillery lacked
the mobility necessary to track a two-hﬁndred mile per hour
B-24 at short range. However, these same individuals were
unable to anticipate those losses which would result from
smaller ground fire, secondary explosions and fires, and
collisions with vertical structures. The data reveal that
only twenty percent of the losses could be attributed to
the efforts of interceptor aircraft. Losses to ground fire
cannot be ignored in attempts to model this battle and, in
this light, the Ploesti mission offetrs a data base which
may be used to test a given model's ability to react to
abnormal situations,

The basic source used for collecting data on the
bomber force size for the Regensburg and Schweinfurt battles

is Schweinfurt--Disaster in the Skies (Ref 24)., The enemy

force size and losses for these battles are found in The

Mighty Eighth--Units, Men and Machines (Ref 11). These and

other concurring sources arc considered to represent a
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reasonably accurate description of the events as they
actually occurred. Locations of the bomber losses adre
found on maps of the mission route. The accuracy of the
times of aircraft losses is sensitive to any errors in. com-
putations of the distances between crashes and the ground
speed estimate which is 215 miles per hour.

Tables depicting the number and causes of bomber

losses for the Ploesti mission are found in The Ploesti

Mission, 1 August 1943 (Ref 19) and The 9th Air Force in

World War Il (Ref 20). The prime source for ascertaining

times of bomber iosses—and:fighter*strength and losses is
Ploesti (Ref 8). Figures from these sources are considered
to be quite accurate.

Bomber formations were designed and flown to present
‘the best defense against fighter attacks. The loss of an
aircraft could conceivably weaken this defensive posture.
It may therefore be quite pos5Sible that one bomber loss
contributed to the loss of others, indicating that such
losses were not independent events. Many fighter pilots
favored attacking bombers which flew in the low, rear
position. This tactic forced a bomber's probability of
survival to be somewhat dependent upon the position that it
fléw in the formation. This implies that the probability
of becoming a casualty was not the same for all aircraft,

The measure of the sum of the absolute values of errors was

used to compare different model results under the assumption
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that the effect that bomber loss interdependence and vary-
ing survival probability had on the errors was constant

for each model.
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V. Methodology

Basic Model

The basic model which is chosen to represeiit the
strategic bombst type of air battle is taken from Frick's
paper (Rgf 11:32). Frick reasons that the bomber losses
are related to the number of attacks made on the bomber
force since the greater the number of attacks, the greater
the number of rounds which may be firzd. In a Lanchester
model the number of rounds fired throughout the battle
may, of course, be reflected in the combat loss rate. The
number of attacks which a fighter force can make is depend-
- ent upon ‘the fighter force size and the length of the
battle., The bomber loss rate may be represented by a dif-
ferential equation similar to those which appear in the
elementary Lanchester Square Law formulation. Secondly,
bombers are considered to fire at the fightefs only when
under attack. This implies that the number of hombers which
are firing at any time is .0 greater than the number of
fighters and the equation which represeénts the fighter
loss involves the fighter force size rather than the
bomber force size. The sclected model is a slight varia-
tion: of Lénchester's Square Law model.

Using these observations, the air battle type which
is studied may be readily represented by the following
equations. Let m represent the :bomber force size at time t

and I represent the bomber combat loss rate. Similarly, let
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n represent the interceptor force size at time t and B

represent the fighter combat loss rate., Then,
fh: -ln (32):
n =::-E'3,n (33)

To éffect the comparison bétween this model's pre-
dictions and bomber losses which are rec¢orded in the his-
torical data, the differential equations: must be solved
simultaneously to yield an expression for m. Equation (33)

may be solved as a linear differential equation,

o Bt

n=k (34)

By assigning t the value of zero, k may be determined to

be equal to ng, where ngy represents the fighter force size
at the beginning of the battle. Substituting this solution
of (33) into (32) yields the following expression for m via

direct integration.

m:énoe'8t+ k * (35)

Setting t equal to zero, solving for k* and adopting the
mp notation to represent the initial bomber force size

gives,
m:mo-no—l—m-e'Bt) (36)

This bomber force size function may be plotted, bombers
against time, provided the two parameter values I and B
are known or can be rationally estimaté¢d. If equation
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(34) is substituted in (36), the relation between fighter

force and bomber force is given by the equatiom

(My-m)== (n,-N) (37)

L
B
Although the model is constructed using Square Law assump-
tions, the nature of the equations forces the exchange rate
relationship to resemble that of the Linear Law. :For the
purposes of this research, this model shall be referred to
as the Linear Model. The only kiown value for n other ‘than
ng is n(t) for t equal to one. Hence, the exchange rate
I/B = E may be estimated by the ratio of the total change
in bomber force size to the total chdnge in fighter force
size and may ‘e cdﬁputed by using equation (37). The
initial force values, mgy and n,, and the terminal force
sizes are known from available data. Since times were
normalized to allow the end of the battles ‘to occur when t
equals one, let m(1) and n(l) represent the terminal force
sizes for the respective bomber and fighter fleets. Equa-

tion (37) may then be rewritten.

_m, -m(1)

n,-n(1) (38)

Once this exchange rate is estimated, a value may be
assigned to B by letting m equal the historical number of
surviving bombers at the end of the battle, or, when t
equals one, Substituting m(1l) in equation (36) and solving

for B will give the result
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o Eng
B"'n(nﬂ1)-rno+Er%) (39

An optional and equal evaluation of B may be obtained by

substituting the known terminal value for fighters, n(1),

in equation (34).

n(1))' (40)

B:Jn(ji—

These calculations of E and B values in turn determine the
value of the parameter I. The comparison between model
predictions and data values is then confined to points
located between. the battle ‘veginning and end. This method
is also employed in the verifications undertaken by Engel
and Fain,

Three steps were taken to allow the comparison of
model predictions and historical data and, eventually, the
comparison between various models. A scatter diagram of
data values and an m-curve of bomber force values is drawn
on the same plane for each battle for the purpose of visual
comparison., This method of presenting results is the
primary one used in existing verifications. The sum of ‘the
absolute values of errors is computed for ‘each battle for
the purpose of comparing different models. This value is
referred to as the error sum in this thesis and it is -as-
sumed that a change in a model which results in a reduction

of the error sum constitutes an improvement in that model.
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A percentage error, computed to be the absolute value
of an error divided by the historical force size, is de-
termined for éach applicable data point (0<t<l) for the
purpose of describing a "goodness of fit" and the criterion
of a 2% error is adopted. Percentage errors provide a
numerical measure which may be used in assessing a model's
accuracy and in compariﬁg two or motre models, Should a
model that always makes predictions that are within 2% of
actual values be adopted for use? Is 2% too demanding or
too lenient a criterion? KIs a model with 2% errors always
preterable to a model with 3% errors? Answers to questions
such .as these depend on the intended use of the model,
available alternatives, and preferences of the decisiofi-
maket. While the selecvion of the value 2% is guite
arbitrary, ¢t is included to emphasize this writer's belief
that a .quantitative measure of verification results is
desirable,

The value below which nine-tenths of the percentage
errors fall for any given battle is also noted. This
value, reférred to as thée ninety percent bound, reflects
how well the model predists most of the time. For in-
stance, suppose a model is used to predict losses for a
battle and comparison of these numbers with historical
data reveals that the largest percentage error is 3.7% and
the ninety percent bound is 1.8%. These measurements show
that the model meets the criterion throughout most of the

battle and that the large percentage errors occur

11

-~




-GSA/SM/72-8

infrequently., It is pos$sible that sthese errors might be
attributed to some other Factor than the model itself;
perhaps ‘to0 data collection. <The ninety percent bound may
also be used for comparing models. Suppose model A has a
greatest percentage error of 1.9% and model B has one of
1.75%. Model B would be favored based on these measure-
ments but the selection might be reversed if model A has a
smaller ninety percent bound; for instance, 1.67% for A
compared to 1.72% for B.

Graphs for the Regensburg and Schweinfurt missions are
shown in Figures 2 and 3 respectively. On these, and on
other graphs throughout the thesis, the solid curve repre-
sents model predictions and the crosses represent recorded
‘historical force sizes. In these two éases, the exchange
rate was estimated by using total changes in fighter force,
which shall be referred to as ‘the actual number of fighters
destroyed. This data value represents the number of fighter
aircraft which were damaged beyond repair on the day of the
battle. Such data aré taken from post mission intelligence
reports or post war examination of German records and are
considered to be conservative. The exchange rate superior-
ity belongs to the fighter forces in these battles. The
near linearity of the bomber curve reflects the fact that,
should the battle have continued indefinitely, the bomber
force would have been annihilated and the fighter force

would then have achieved victory in a true Lanchester sense.

42




GSA/SM/72-8

143,00

--—-o- Theory
+ + Data

138.00

BOMBERS
J 1?3.00

128.00

123,00

o118.00

Figure 2 Linear Model Predictions; Regensburg
Battle

43




GSA/SM/72-8

208. 00
i}

+—e lheory
+ + Data

200, 00

192,00

BOMBERS.

184.00
J -

176.00

ol68.00

Figure 3 Linear Model Predictions; Schweinfurt
Battle

44




R

a,

B Y o

GSA/SM/72-8

For the Regeiisburg mission, the greatest percentage
error is 7.26%. Nine tenths of the percentage errors are
less than: 5.18%. For the Schweinfurt mission; 5.57% is
the largest percentage error and the ninety percent bound
is 3.73%. These errors are, of course, too large to be
acdepted under the 2% maxinum error criterion which was
adopted.

The disparity betwecen the shape of the cutrve .and the
pattern of the data points is not encouraging for this
model, One could achieve nearly the same results by as-
suming that bomber losses occur in a manner which could be
represented by a linear function. Furthermore, since
Phillip Morse (Ref 179 describés Lanchester predictions
as the most probabilistic outcome, one would expect the
curve to lie above some data points and below others. [he
fact that predictions are consistently lurger than his-
torical force sizes may be attributed o the concept of
forcing the curve to pass through the initial and terminal
values and the magnitude of the value of B. This may be

seen by noting the slope of the bomber curve.

Mmz-n,] e Bt 41y

Changes in the slope are dependent un the size of the pro-
duct Bt. When the value of B is small, ,034 for Regensburg
and ,053 for Schweinfurt, the change in slope from the
beginning of the battle, -ngI, to the end of the bactle,

-nol/e®, is also quite small, One would expect that the
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errors could be reduced if only the convexity of the bomber
curve were more nronounced. As will be seen in thie follow-
1ng section, this improvement may bé .attained by increasing

the value of B and shall be acceptable provided that the

increase may be plausibly explained.

The knowledge that the predicted values are larger
than the actual values may be combined with observations of
the siz< of the érrors to» allow a simple correcticn, Since
the errors Seem to be greatest for values of t between ‘two
and seven tenths, a procedure of subtracting a constant
from the predicted values in éhis range would serve to
reduce the errors,

An alternative method which may improve the results of
the Linear Model would be to rely on some theoretical
method involving weapon characteristics to estimate values
of the B and I parameters. This approach does not ensure
agreement between prédicted and historical terminal values
and 1s dependent upon the accuracy of whatever algorjthm as
used to compute I and B. This approach was not used in
this study because an algorithm which is generally accepted

yet unclassified is unavailable,

fhe Claims Model

An alternate method for estimating the exchange rate
involves using the number of fighters which are claimed to
have been destroyed by bomber aircrews. The resulting

model differs from the Lincar Model only in the values of
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the parameters and shall be referred to as the Claims
Model. (Claimed fighter kills were invariably larger than
‘the number of the fighters which was recorde&‘as being
actually destroyed. In the excitement of battle, American
flyers frequently perceived inflated results, while in the
aftermath, German officials often de-emphasized losses for
propaganda purposes. It is obvious that not every claim
was the result of a fighter being .destroyed. However,
claim numbers are considered to reflect a battle character-
istic which has an effect on the combat loss rates. Sup- .
terminated its attack. Then each termination claim implies
-one -of four évents, (i) The fighter sought another target.
(2) The fightér returned to an air base and recycled. (3)
The fighter Feturned to an air base and was unable to
recycle., (4) The fighter crashed or executed a forced
landing 4t -a remote site. While the first event has little
effect on fighter activity, the other three represent times
during which: the individual fighter's rate of fire is zero:
In this light, claim numbers reflect the effectiveness
which bombers have in repelling attackers and whenever a
fighter has been repelled, its effectiveness is decreased
since it cannot be activel ontribuiting to the objective
of destroying bombers. It is possible that, in order to
defend themselves, bombers need not destroy their attackers

but merely drive them away,
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Mathematically, to consider claimed kilis as fighter
losses has the effect of decreasing E to a value les$s than
one and of increasing the value of B. The B values for ‘
Regensburg and Schweinfurt aré now .218 and .404 respectively.
Claims Model results for these missions are depicted in
Figures '4 and 5. For the Regensburg mission, the greatest
percentage error is 6.84% and the ninety percent bound is
4.80%. The corresponding values for Schweinfurt are 4.57%
and 2.79%. The Claims Model reduces the sum of the absolute
values of errors by approximately 8.5% for Regensburg and
by 32% for Schweinfurt.

The increased values of B have caused the bomber
curves to becomgﬂﬁﬁre convex and have reduced the magnitude
of the errors; The: error sum reduction for the Schweinfurt
battle is considéred to be quite good, but, since there are
only two data sets, this improvement may just as easily be
the exception' as the rule. However, the 8.5% reduction for
the Regensburg case is felt to be lafgeAenough to justify
the use of thé Claims Model in preference: to the Linear
Model. These results are still less accurate than is de-
sired and the majority of the errors result froa predic-

tions which are larger than historical values,

The Modified Model

There are two simplifications inherent in a model
which assigns a constant value to the combat loss rates.

First, it is assumed that effectiveness docs not vary
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B

amonééiﬁ&iyﬁdual force eig;;nts. This is obviously not the
gase.szdnsgder fighter pilots and their aircraft., The
ﬁilot's courage, experience and skill combine with some
of the mechanical traits of the machine to determine the
accuracy of fire. The rate of fire is dependent upon the
pilot's aggressiveness and upon the mechanical -condition
of his equipment. The assumption which is frequently enm-
ployed is that effectiveness is randomly distributed
among force elements and that the combat loss rate may be
equated to the mean value of this distribution. S. Bonder
(Ref 5) and C. B. Barfoot (Ref 3) have each generated a
distribution for combat loss rates. Both efforts involve
discrete distributions which are derived by considering
the battle’ as a stochastic precess.

A second simplification assumes that loss rates do
not vary with time. This is tantamount to claiming that
each element fires its weapons at a constant rate and with
constant accuracy throughout the battle. The point is that
assigning constant values ‘to the loss rate parameters I and
B could be an assumption which is tgo restrictive. Granted
that a model is a simplification of reality, but there must
exist some fulcrum at which point the model becomes over
simplified and cannot accurately recreate the events which
are being studied. It therefore might be beneficial to
alter the Claims Model by allowing the I and B. values to
vary with time or among fighting clements, Varying loss

rates among aircraft would complicate a Lanchester model
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eXces§éyéix} This variation would seem to be more appro-
priatéiﬁorzége with computer simulations which monitor the
actions of individual fighting elements. However, consid-
eration of loss éates«I and B which vary according to time
is well within the scope of this study. The Modified

Model which will now be developed is a variation of the
Claims Model with non-constant parameters; and is included
to illustrate that predictions may be improved by loosening
the restrictions which are imposed by the assumptions dis-
cussed above.

To derive numerical prediétions from a model with
variable loss rates, I and B, two questions  need to be
answered. How do these rates vary as time advances and how
do. they vary with respect to one another? If the model is
to have any general applicability, then it must be supposed
that the parametets vary according c¢o some pattern for all
strategic bomber air battles. Recall that Frick's original
model assumed that both fighter and bomber losses were
dependent. on the actions of the fighter aircraft, i.e., the
frequency with which fighters made attacks on the bombers.
Thus, if the bomber loss rate I varies because fighter
pilots choose to be mére or less aggressive, it is not il-
logical to assume that the return fire from the bombers and,
hence the parameter B, varies in a like manner. Therefore,

it is assumed that both parameters vary in the same manner.
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iTo déscribe the pattern with which these parameters
’varyiﬁitﬂégime requires another assumption. The scatter
"diagrans for the Regensburg and Schweinfurt battles each
contain a pdrtion which is steeper than the remainder of
the graphs. These portions, occurring when t is near .35
for Schweinfurt and .30 for Regensburg, represent times
when bomber losses occurred more frequently than at other
times during the battle. It is not unreasonable to sup-
pose that these periods of rapid losses were the result of
an intensified effort on the part of fighter pilots. Based
on this observation, the loss rates may be asSumed to in-
creasé in magnitude from the beginning of the battle until
sofie time when the fighting is most intense and a maximum
rate is achieved. Following this period of intensity, loss
rates decline in magnityde uatil the ‘end ‘of the battle.
The pattern just described may be represented graph-
ically by a concave, unimodal function of time which
achieves a maximum value for a time t which corresponds to
the time at which the fighting is most aggressive. Such a
curve is presented in Figure 6. Aspects of the curve
which are of interest are the value of the local maximum,
the time, T, at which this maximum is achieved, and the
value when time equals zero. The Modified Model was con-
structed by approximating this type of function with a
bell-shaped curve which may be représented by a normal

probability distribution and then replacing the constant
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parameters I and B which appear in the Claims Model with

this function.
become I(t) =

come B(t) = B-

The bomber loss. rate was altered from I to

I.-f(t;u,s?) and the fighter loss rate to be-

f(t;u,sa) where it is understood that these

functions have a value of zero for negative values of t.

Recall that a combat loss rate may be interpreted as

the product of a rate of fire and a single-shot kill prob-

ability. It is not .uiireasonable to suppose that the rate

of fire reaches a maximum value near the- target.

This may

be explained by considering that the .emotions of the fighter

pilots reach fa crest when it becomes evident that bombs

Wwill actually

be dropped on their territory. Under this

assumption, the mean value, u, of the loss rate functions
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is géi%iderpd to be the ffﬁé, T, that the force was over
the target.

In order to determine the value of the curve for times
zero and T, it was assumed that at the beginning of the
‘battle the proficiency of the aircrews' ability to shoot
down enemy planes jumps from zero (because no rounds were
-‘being fired prior to this. time) to some level which is a
percentage of the maximum value that is achieved when the
action becomes most intense. Tha* is, the training and
experience of the airmen inv-lvc. allows thém to begin
shooting with some accuracy without any warminhg up. In
all probability, the rate of fire at this early Stage is
not maximum as the figliters exert some effort and time to
"feel out" the invaders, By studying the respective
scatter diagrams, it may be noted that the frequency of
losses, i.e., the slope of a line connecting the data
points, near the beginning of the battle is approximately
seven tenths of the frequency during the most intense
portions of the battle. This relationship appears in both
battles and is interpreted to imply that the loss rates at
t equal to zero and t equal to T would be o0f this same
ratio., That is, the ratios of I(0) to I(T) and B(0) to
B(T) should each equa® :seven tenths. This ratio provides
a means of determining the value of s. Using the value
of a normal distribution and knowing the value of the

mean allows one to assign a value to s which ensures that
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the ratio of f(o) to f(u) is -equal to seven tenths. The
resulting function for I(t) in the Schweinfurt battle is
shown in Figure 7. For this }Sarticular example, the time
over target T is equal ‘to ,388 and t.he relatiowship £(0) =
.7f(T) is desired. Equation ((42) may be solved to deter-

mine ‘the correct value of s.

7 1 --12—(~U/S)2 .
\Bns \2ns (42)

The result in this case is that s is approximately .459.
The set of Lanchester equations which represent the

Modified Model are
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h=-B(t)n (44)

Equation (44) may be solved and results in

pn*znqe’B(F(t)"F(O)) (45)

.

-4
where F(t) =~£” f(x;u,sz)dx. Substituting this value for
n in equation (43) and integrating yields the desired

bomber curve expression.

©

[1- ¢ BIF() -F(OF)) (46)

Results of the Modified Model are depicted in Figures
8 and 9. The greatest percentage error for Regensburg is
5.67%. The ninety percent bound is 4.03%. The sum of
absolute values of errors recorded for this mission with
the Claims Model is reduced by approximately 18%. Cor-
responding wvalues for the Schweinfurt mission are 3.72%,
1.91% and 9%.

The reductions in the error sums and the consistent
improvements in percentage errors are felt to be signifi-
cant enough to warrant the application of the Modified
Model. These results support ‘the view that variances of
the loss rate parameters do have an effect on bomber losses
which needs to be incorporated in the model. Although the
assumption of constant values for I and B is a reasonable
first approximation, the Modified Model predictions for
the Regensburg and Schweinfurt bettles suggest that this

assumption is, perhaps, too restrictive. Reduction of
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. error sums of less than five percent would have been deemed
insignificant,

I't should be noted that additional improvements may be
obtained by assigning «a value to. the mean of the I(t) and
‘B(t) functions which corresponds to the period of the
battle during which bomber losses occurred with greatest
frequency. This also results in predictions falling both
above and below historical data values. Such times, t = .29
for Regensburg or .35 for Schweinfurt, occur near the time
over target but do not fit into any convenient patteran for
the two battles. As models are valued for their predic-
tive ability, the times over target, which. wvould be awvail-
able prior to the actual flying of a mission, ave used in
this resecarch rather than the times of éreatest activity,
which would not be known prior to the battle.

It may be that a more refined method of describing

the changes in loss rate magnitudes could result in excep-

tionally accurate predictions with the Modified Model, For
insiiance, it may be that the functions I(t) and B(t)
should be bimoddal about the time over target or even cyclic

throughout the battle. On the other hand, variables which

are relevant to the study of air battles may be such that

the predictions of a deterministic model are of limited

accuracy. N
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The: Ploesti Model

Recall that the data for the Ploesii raid revealed
that only twenty percent or ten bomber casualties could be
attributed to the efforts of fighter aircraft. This, com-
bined with the fact 'that the majority of bomber losses
occurred’ at the targec area during a brief time interval
rather than across the countryside during a running air
battle cause this experience to differ from the more -ortho-
dox missions flown against Regensburg and Schweinfurt. If
either the Linear or Claims Model is' applied to the
Rumanian battle, errors ‘become so large that the predictions
cannot be considered as being accurate. A model variation
was sought which might improve on these outcomes. The
variation which was adopted was taken from M. B. Schaffer's
study on guerrilla engagements (Ref 21)., Schaffer's work
concerns a force which may use the aid of supportiig weapons
systems during a portion of the battle. The analogy be-
tween this and the air battle is that the ground fire
which the Ploesti bombers encountered at the target area
may assume the role of a supporting weapons systen.

‘Schaffer asserts that the effect of several types of
suppdrting fire is additive. The changes in bomber force
sizé, which are attributed to fire from ground weapons, may
be relected by adding an expression for ground fire
strength and effectiveness to the Linear Model. Let g be

a function of time which represents the strength of the
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Ploesti ground forces. Let A represent the combat loss
rate for bombers when teing attacked by ground artillery.
The resulting set of differential equations is referred to

as the Ploesti Model.,
m=-1 n-Ag (47)
Az-Bn (48)

It is not possible to devel&p an expression for the
bomber force size from equations (47) and (48) without more
information on the function g. Little has been recorded
concerning ground fire activity during the Ploesti raid
but it is felt that its strength over time may be easily
approximated. Ground fire makes no direct baitle contribu-
tion except while targets are within range. The activity
at a typical anti-aircraft battery may be envisioned as
follows. The men are aware that an invader force is
inbound and await anxiously for the bombers to apyp.zar. The
bombers pass within range and the order to fire is given.
Once the first round is fired, the remaining guns join the
battle after a very brief lapse of time. Fire is contin-
ued at a maximum rate until the bombers pass out of range
and the guns are silenced while the men await their next
target. This scenario may be represented graphically as
the square wave pattern shown in Figure 10, The amplitude

of the wave, representing “he full strength of the battery,

diminishes only slightly from cfcle to cycle., The wave
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length and the crest width are Jétermined by the times when
targets pass within range and the time periods during which
‘targets remain in range. Considering the ground forces
which surrounded Ploesti to be one large battery, this
battle contained only one cycle of anti-aircraft fire,

The square wave which may be used to represent the
ground force strength may be approximated by a continuous
bell-shaped curve. The function g may now be defined to be
z2€10 €or values of t less than or equal to zero and equal
to f(t;u,s2) for values of t greater than zero. The
function f(t;u,sz) represents a normal probability distribu-
tion with mean u and variance s2. It was chosen because

the shape of this curve may be eéasily changed by adjusting
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the parameters :u and s. The value of the mean is assumed
to be the median between the first bomber group’s time over
target, denoted by t', and the last group's time over tar-
get, denoted by t''. Fifteen minutes is added to t'‘ to
account for stragglers and allow the bombefs time to clear
the area. The standard deviation s, was then determined
to allow t'' plus fifteen minutes to lie three standard
deviations from the mean. This procedure ensures that 99%
of the area beneath the curve lies between time values
during which the bomber fleet was known to be over the
battery. This approximation is represented in Figure 11.
Accepting this procedure and its approximation for
g, allows a bomber.function to be determined. Letting
E(t) equal the integral JZ: f(x;u,sé)dx, equation (49)
shows the bomber force size function for the Ploesti Model.
Equation (49) is derived in a manner similar to that used
for the Linear Model. Equation (48) is solved as a linear
differential equation and the resulting expression for n
may then be substituted in equation (47) and irntegration

produces the desired expression for m,
m=m, - ng(1 - e BY S A(F()-Fe0)) (49)

Defining the function g in this manner implies that ground
fire has no effect on the bombers prior to the battles
beginning, that there is some psychological effect which

may alter aircrew performance as. the men anticipate the
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GROUND FORCE EFFECT
ON BOMBER LOSSES

1

Figure: 11 A Representagion of thé Ground Force
Effect on Bomber Losses at Ploesti

ground fire, that the effect is most intense’ while bombers
are over anti-aircraft installations and that there is the
lingering effect of damaged aircraft which may be forced to
land after leaving the area.

Values for the parameters I and B arc¢ determined by
using the same method as was used for the Linear Model.
Only bomber losses which can be attributed to interceptor
actions are used in these computations. This implies the
assumption that the air battle and the ground-to-air battle
can be considered as ‘separate entities. This assumption is
not too different from reality. Ploesti defense plans

stipulated that German fighters would not enter air space
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which was assigned‘ to- anti-aircraft batteries. A vilue is
then assigned to the parameter A which forces the curve to
match the data when t equals one. This value may be detey-
mined by setting t equal to one in equation (49) and solving

for A.

= e 50
A F(O)-F(1) (50)

Comparison results are graphed in Figure 12 with the

S

largest percentage error being 3.21%. Though the errors
are grgéter than 2%, 'the results are felt tnge_ggod con-
sidering the coarse values which were assigned to -u and s.
It is not unreasonable to conclude that the effect of
ground fire is diréctly related to -the time that a bomber

force flies within range of the anti-ajircraft weapons. By

A e o St s e b it 5 B

adding one term to the bomber force differential equation,
it is possible to acﬁount for the battle variations which
high altitude bombers encountered when they came .down to
tree top level. The main motivation for including the
Ploesti Model in this research is to deémonstrate the flex-
; ibildity of the Linear'Model. A second comparison which
; uséy claimed fighter kills in ¢ computations produces
similar results in which the error sum is reduced by nine
¢ ' percent. The graph of this second prediction is not
included since the cuive strongly resembles the one in

Figure 12,

A summary of all of the results is presented in Table I.
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VI. Conclusions and Recommendations

‘This research may be considered a qualified success
in that it adds to the list of existing historical valida-
tions. The improvements which are indicated by theé re-
duction of error magnitudes when the Claims and Modified
Models are used are encouraging. The definition of a
model which was used indicated that success might depend

on the correct identification of "features of the situa-

‘tion relevant to the questions being studied.” These

noited improvemeiits reflect the plausibility that, in the
study of air battles, a bomber's ability to repel attack-
ing fighters and variable combat loss rates are relevant
features which should be included. There is some dis-
appointment because none of the model predictions met the
adopted criterion. However, it should be emphasized that
thé selection of 3 2% maximum percentage error is an ar-
bitrary‘choice and not necessarily the correct value.
Verifications of terrestrial conflicts will be mentioned
which do meet this criterion but this is not to imply- that
identical standards should apply to both land and air
battles. It should be noted that the ninety per cent
bound for the Modified Model does meet this self-imposed
measure of quality and that there is no indication that
further improvements cannot be made. Perhaps a different
method of evaluating parameters or selection of another

relevant factor is in order. The outcome of this one
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effort does not imply that the models are necessarily in-
validated.

It is of interest to compare the results of this
research with the two similar studies by Engel and Fain.
Engel was well justified  in claiming that the Lanchester
equations which he employed produced a good re-enactment
of the battle of Iwo Jima. All of his percentage errors
were lesst than onc. Fain also felt justified in conclud-
ing that the historical data did not contradict his model
predictions. His percentage errors were observed to be
less than two. The failure of this< rescarch to -achieve
results which .are comparable to the results of these other
studies may be attributed to either procedural errors or
to the possibility that the nature of air battles is such
that the accuracy which was experienced in applying Lan-
chester's theory to infantry engagements is not attainable
when the theory is applied to aerial conflicts,

Possible iextensions of this effort include alterna-
tive methods of determining the combat loss rate parameters.
These I and B values might be estimated by forcing the
bomher fleet predictions tec .match the data at some point
other than at the end of the battle. I and B might be
determined externally, using an algorithm based on weapons
systems characteristics, and then inserted in the model.
Various functions might be used to represent I(t) and B(t)
in the Modified Model. A variation of this study might

be an attempt to consider attrition rates of battles
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which involve héterogeneous forces, i.e., bombers accom-

panied by fighter escorts,
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i
APPENDIX -
; TABLE II :
REGENSBURG DA™A AND PARAMETERS !
: : 3
! BOMBER CUMULATIVE " " — i 4
: ‘FORCE NORMALIZED PERCENTAGE ERROR . A 3
; | SIZE TIME | LINEAR |. CLAIMS [ MoD. ,§
Co 141 .039 | .03 .03 02"
: 140 048 .59 .52 .57
139 .060 1,11 1.01 1.06
138 .067 1.71 1.61 1.66
137 .090 2205 1.91 1.94
136 097 2.67 2.53 2.55
135 .116 3.09 2,92 2.91
134 .254 1.36 1.64 .55
133 .267 1.89 1.56 1.00
132 .278 2.46 2.12 1.50 |
131 .287 3.08 2.72 2.06
130 .295 3.72 3. 36 - 2.64 [
| 129 .299 4,45 4,08 3.34
128 «304 5,17 4.80 4,03
© 127 . 357 4,99 4,59 3.52 |
125 .363 6.56 6.14 5,73
124 371 7.26 6.84 5.67
123 .555 4.54 4,09 2.14
118 1.000 -- -- --
B = ,034 .219 .296
1/B =2.4 .407 . 407
’ 142
m(l) = 118
no = 300
n(l) = 290
n(l) = 241 (claims)
Time over Target = ,353
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TABLE III
SCHWEINFURT DATA AND PARAMETERS
BOMBER ‘CUMULATIVE -
FORCE NORMALIZED : PERCENTAGE ERROR
SIZE TIME | LINEAR | CLAIMS | MOD.
203 .016 .20 .14 .19
202 .031 .42 .31 .39
201 - .039 .78 .63 .73
200 .053 1.02 .82 .94
199 .072 1.18 .91 1.05,
198 121 .78 .36 .50
197 .140 .94 .46 .58
196 L1581 1.25 .74 . 84
195 .162 1,56 .02 1.10
194 174 1,76 1.18 1.22
193 .190 2.08 1.46 1.49 |
192 - L 213 2.17 1.50 1.46
191 .236 2.27 1.55 1.43
290 .255. 2.44 - 1.68 1.50
189 .260 2.89 2.11 1.91
188 313 2.41 1.54 1.14
187 .330 2,62 1.74 1.26
186 . 345 2.88 1.97 1.43
185 .352 .3.30 2.38 1.80
184 .359 3,73 2.79 2.18
183 .369 4.09 3.14 2.49 |
179 411 5.57 4.57 3.72 |
. 178 ~521 3.94 2.92 1.67
177 617 2.58 1.63 R
176 .670 2.08 1.19 .26
175 w779 .45 .23 1.50
174 797 .66 .02 1.20
173 .818 .82 .22 .92
172 .827 1.22 .64 .46
171 .801 .49 .10 .68
170 2909 .70 .37 .30
169 .951 .43 .24 .lS
168 1.000 -- -- -
B = .053 .461 .649
1/B = 2.4 .404 .404
mg = 204
m(l) 168
Ng = 290
ng = 241 (claims)
n(l) 275

n(1l) = 152 (claims)
Time over Target = .388
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TABLE 1V

PLOESTI DATA AND PARAMETERS

Time over Target = ,103

[BOMBER CUMULATIVE —
| FORCE NORMALIZED PERCENTAGE ERROR
_SIZE TIME . PLOESTL ] CLALMS,
155 .049 2.96 2.87
154 .064 1.45 1.33
129 128 3.21 2.95
125 157 .44 .13
113: 1.000 - --
- B & .121 .665
1/B = .833 .196
A = 41.316 41.316
o = 164
m(1) = 113
ng = 105
n(l) = 93
n(1l) = 54 (claims)
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