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Foreword
Over the past 20 vears a scientific disciptine which is refere!

to variously gis a general theory of comrunication (A, AL Kharbevich?, o
mathematical theory of commurication (P, Shannon), a <tatistical theory
of communication (I, Middleton), a theory of communicatic in g brood
cense tin distinction trom o theory of communication in i naritow sense
eneompas<ing 4 gintitative Jdetermination of anformation and codipg

1 b d o 5 ,.I!‘. N .:’ e Lol CRPEE

o s e Mo St e o W e e ]

coveril technolopical and mathematical scicrces, Yany popospranhs
texthooke whiich it fer from one another in the ranve oF probleme treate!,
the lines of thought pursued and the intended wlieonce have Peen devoted!

to thos theory, However, it would be dirticult to find mone ther o

work tirst ) which gives sutficient treatment to problems in the theorv of
transmission and reception of discrete messapes, these problems in all
probahility, being at the present time the most pressing for communication
technology and, second, whica is intended not for specialists in the field
of mithematics hut tor rescarch enpincer< enpaved in developing communica-
tion svstems.,  This situation motivated the author to vather and svstematize
extensive materials <cattered througheut many ragazines and to combine

them with hic own oripinal work in a hoor which aprearet for the first

time in 1963,

Fhis hool i< the secend odition and 1t retflecis extensive revision
and addition. Manv results which bave arpeare in rubiications or were
obtained by the author Yollewing the nrintine of the first edition are
incluwled.  The ranpe Hf questione treated v comewhst extenced and errors
found hy the author and readers have teen corrected,  Iwo new charters Jde-
voced teo multinlexing channels and Bailding feedbhacl svetems, which re-
ceived only superticial treatment ip ~he Cirst edition, have heer added,

A zhort table ot Dovapctions has been added in the form of an apvendix
inasmuch ¢ no such tabhle 1« to Be Yound in pvailable reference titerature.,
Yurtaer, several cections which are ne longer of any particular interest
have been deleted, 1o view o the Timited scone of the hook 14 was not
considered poseihle to pive tull freatment to pumerons new results per-
taining ro diversity recention and rto the recention of messages trans-

S

Y

mitted over-paralle! channeles, L oenecial meonovrarh nrepared by
Andronov with the author's heln will he devoted to these nrohlomg,

oS Andrenov vave the author o ereat deal of help in working on
the second edition. “pecitically, he wrote Yemark 1 in Chapter UV and
part of the new material in Chapter VI B. Do Kagan gave the author o
great deal of help in arranging the tformat of the manuscript and preparing

it for printing and also in writing Section 10,7

Valuable comments and advice trom manv readers, especiallv 1. F,
Rorodin, D, D, Klovskiv, \'. 1. torzhil, B, R, Levin, Yu, <. Lezin, A,
Sikarev, 1. 6. Khanovich, B, S, Tsvhakov and also from manv others were
taken into consideratien in revising the book. The author is indebted

=it =

T

N s

b




[
i
Vo

aam, bl e g R B 0 T DR il e ol Gl ey
s ket darb Med e sediEik & nd, ALER mc W, V. e RwE poes @RS TE
wish 1o tale thie crnoprunity o exnress

1

editing, 1 sppespy Mo -

me comrades who

o !‘p\! e,

P PPNV

i

-




T A M 2 TR = e = Gaas T T T
1
[N
panem e e oy e ® e A g qerr el Gl a0 B mmuiG) WAL
Lo Sesy ek AT TSI SY T o S S ACHEUING - & ST SR G RO E S RO
IR RS DT ST o AL et COY AR U0 S A5 AL s P L S R . 5 b Moo i
ot s s Tagdane g ol T res g e Tapmre v b e s e e B g Bl
IR QIS <3 0 i I ST QN R P~ A SRR O I T TR h
B W S T (B R Y NS T R AT )4 R IS~ I OIS B TR +1 AT . i
. A Ftatements.” T v SIECt was mnle tn cte usgr op wlemcreonlopr pemaes o }
i oMU S S i thE PERS wrah the Daentouonie U Ee cne S0 s egiia :
d Cobendr el Emalles | h i pAdE Tt le i U el menri L ARy e s B s T Wy Zees e Vol i
1 dinhaber ard J0 constitutes an o cnornde b s oste o v b raper g - ;
Wt MpSC RS,
| -$
i Plrpsy the DAMY S e w0 1. el @ e 2l Rec iR o LS S ;
i sommunilcatban has devel cped aleng caneifes Tises Vst wgae mogte sl b 4
i Transmission of continuous messiaves (telerhony, fragserscpoan of Lt etane 3
) crapes, etel) alony with Jdiscrete messaces.  In 1x0h cooopee demen - i
' strated in priactice the rocsibilicy of using electesmagiet e maves o |
; ngated without the hein of wire far the *rapemission o8 mescapes, thas ¢
: Pavimg the “epinning ¢ mandies cnmmigi oot ool g
i ;
famat 0l pedate by gl ik Y w0l rw il WS e w0 e me i see i
to transeit drecrete messapes, The technod Coa drel .- ]
{ TGl S IRAR e e &L L B D] el % Gy i
q boen Jdeveloned and new peth Bood vl e rece sl U SRR 1
3 colEmlt me oy Bspbetes i dile el i o ropepe B GiRE mafgkels Bt nen wly 3
§ communiciation fines hoave heen Tacradu odl Tring the vt o venrs o '
3 echngiogy 2 eS| o ome L eo e pes cagpss s g Daes el he il pul §
: Mt 3 TR A LR CHTOR ST B S O IR UGS ORI A ATC - 8 A N :
] Yinks in othe precese o6 intesr pterd atoemitien 0o gre sy va i, e s b
sa-cilled fath trangmiesion sverpme ol conpgong o svesens bl sege s £
pieo herne made of svsTens for traceres cine CLECTeIy pesSames P il cKes '
vt lecontrol s P oaaailv gt s e neante o gt the most oporeomie pp Sy reme 1
SIS GRl SIS i 2 S e e S e S ST e e at !
it disorete messaces chrough so-cpl led sunms 1 oine,
Bl
Fhe rneory 3 transmicting loscrete messopes s the sonn develored i
Al i b e ra ot b s CieEL oo sealimb SNEL o . s el prablern B owhic |
Shoemeore Cimdi s merhoade tor rgeaplttiag Lntoreceiving whilh onpovide 1
o PRe mral) ved O LaihalE b ol Ealopmhif e coceP®ed ) Voo Focepiging Bhe g
spgeell o0 Fracsmission mrd for oveducoap che oo T bl L arpot i
4
4
= ¥
R PR 1 AN Ao A L 5 vt SO Sy SRECR e ([
A definitien P owhar fe oveart e Udicirete ressaves T and gl ey e
covts menriome ! ogn rhe jetecdperion w Y] he piien te hgper a0

AT N




T T T Y Y NP T Y Y WYY e Lt

i ,
3 X
!
:
: be considered apart from cne another. Indeed, cuach of them could he ';
i solved at the expense of the others. Vor examnle, it is ecasily possible ]
L: to increase the fidelity of information received bv decreasine the rate ;
A of transmission or by increasine the strength of the signal, etc There- ;
: fore, only by taking all these indicated factors into consideration are :
3 we able to correctv formulate the problem of ontimal desien for a com- ]
minicaticn svstem, The wayv in which this probiem is posed lepends on 3
concrete conditions, In <ome cases the preatest pessible cconomy for the ;
, least possible exponditure of power) must he puarantesd while reeting :
4 demands tfor o given level of fidelite and rate of trapsmi-sion.  n other £
2} cases the rate of transmission and signal strenpth mav be prescribed and i
: providirg for maximal fidelity may be required, etce.
{
Such problems constantlyv arise before engineers who are < :signing j
and operating various svstems and information transmission li.es and also '
developing suitable equipment., Tn order to solve them these engineers [
must hiave precise knowledge of the theorv which vermit them to find on- i
: timal (or close to optimal) conditions by commaring relatively simple :
4 calculations without resort to expensive experiments, :
‘ A general theory of communication came into existence relatively é
recently, It is closely associated, on one hand, with the cvhernetics 3
: and, on the other hand, with the theory of nrebhahility, mathematical sta- :
f tistics, decision theory, theorv of random processes, ete,  In the main :
i it has developed aleny twe lines. The first line wias begun with the worts §
- of V. A, Kotel'nikov in the USSK and D, *iddleton and othe "s in the 11SA, ;
] It amounts, in ecssence, to a theorv of statrierical detection and disert - é
3 nination of signals or to a thearv of potential resistance to inter- )
: ference., The second line, which 1s Frown as informaticin t eorv, was j
4 begun by the works of 70 Shannon (1'S\Y 0 ft i< bhased in Ia oo measure on I
¢ the works of . N, Kolmogorov and has found a rig -ous toundation in rthe }
3 works of A\, Ya. Fhinchin anl . 1. Dabrushin, v, Vavnstevn, and others, ]
In these worls, thankbe to the introaduction of the concept of "amount ¢ ;
2 information,” it was found possihle to think in a different vav atout the g
. technical indicaror< " a channel of communication, such s carrviay i
capacity and resistance to interterence.  Drering the past few vears i
thought has been given to a svnthosis of these two tines whi b snpple- 1
] ment one another and are closely bound by the general nature of rhe neoh ¢
R lems to which thev are applied, 1
] !
4 As already noted, the case of transmission of discrete messages 1
as the simplest case, has been developed in greatest detail in the pencral i
theory of communication, XNevertheless, this theorv still toails to give an .
¢ exhaustive answer to many problems which are advanced by modern communica- 5
7 tion practice. Thus, resistance to interforence and carrving capacity of i
3 2 line used for transmitting discrete messages have been studied onlyv tor
‘ the ideal case when the sole %oy eervi.g to dictort a signal heiryg re- i
4 ceived is additive interforence. Furthermore, oriy one form of inter- 1
g ference, which is expressed as a stationarv randem process with a nermal g

distribution of probahilities of instantancons va.ues, has bheen thoroupghly
investigated.
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In actual communication channels, alonp with additive interference,
there are other tactors which distort a signal, for example, fluctuations 7
in phase and amplitude of a signal (fading), the existence of an echo, cte.
Along with the thoroughly studied noise interference in radio channels,
an essential role is plaved by mutual interference created by simultaneously
operating radio stations, interference of an impulse nature, ctc. All
these hindering factors bave been studied in the general theorv of communi
cation to a much less extent than norma! noise interference., As a result,
there is a serious danger of applving certa’n thearetical conclusions,
which have enjoved wide popularity lately, in situations fundamentally
different from these for which the conclusions were drawn.

T Y R

o

ST ——

S T el e Sy

One ~xample is the situation existing scveral vears ago vith respect
to correcting codes. This theory was intended, until recentlyv, to apply to 2
a certain idealized "discrete channel” in which there exists a certain nro-
hability of incorrect reception of a transmitted svmbol, regardless ¢
how other transmifted syvmbols were received. Various correcting codes were
developed in large numbers on the hasis of this theory which, however, did
not find practical application, Onlyv lately has coding theory hepgun to
allow for certain peculiarities of actual communication channels and this
s made it possible ta devise codes to inerease the Didelity of a received
message, not only theoretically but also in practice,

S AL

The purrose of this book is to <et forth a modern theory of trans-
mitting discrete messages encompas~ing as fullv as pescible the various
conditions which prevail in actual commumication channels., Where possible ;
theoretical results are reduced to formulas for engincering calculations
or granhs to aid in obtainine specitic recommendations apnlicable in the
design of sverems and communication cauirrent,

Fhe great variety and comnlexity of the prohlems involved in trans- .

mitting discreie mes<ages prevents giving full treatment in one hool to 9] ]
the questions posed and giving complete solutions to pronlems which arise, i
Specifically, no mathematical exposition i< piven here tor the "clas<ical’ {

theory of information.  Those results o information theory which are re-
quired for solving the problems talten up are presented duringe the course
of exposition, sometimes without srrict conclusions but with reference to
sources where thev can e tound, VPurther, no treatment 1< given o
number of technical problems such as <pecific eanirment circuits or 3

i

separate comporents, although, where vossible, atten ron s devoted to 1
the prohlems involved in technological feasibility of various rethods for :
designing items of cquiprent, evaluating their complioxityv, and cthop tech. 5
g . o o N g ! o E
nical problems attending implerentation Hf varions cormunication svatens, |
. - EY

It is assumed that the reader has knowledpe of the fundarmertal t the i

theory of probahility, including an elementary bnowledoe of the thoory of
stationary random processes (the concet of a correlation function and its
connection with an enerey spectrupe),  Several concents in patteratical
statistics will bhe explained s needec when thev are introdu ot 7w
knowledpge of other sections of mathematics necded ie that neaal iy vetlocred
in courses taught at higher technical sohoanic,
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ol Messaae. | Signa vl o Pl by

Any message is o certain ageresate of intormatioc about che o0 o p
some material <syster which fs tranamitoe - byogomgg I T =il i
this svstem to another man (v device™ P at cedizari v hgs peove ol 1
getting this aggregat» of irformation " v Qi aiwepuatjor, dii :
material svstem, together with the obeerver, is rhe messape wone oo, : |
order that an item of information he *ransmitted usetuliv 1t 10 recessan ?

to employ some phveical nrocoss, A changing vrhvsicod magnitule ooy
example, corrent in a wire, electromagnetic ficld, sonpr ! waioe, otelt re
flecting the message is called a sipnal.  The aevrepate of reans irtendeld

dor thé rurpese of tpranamittizg o <leral ie -alled o copmeesi = ooeiarne ], i
Here hyv "means” is naderstond the vbhvaical rediar oWl ioh 0 cienag I« |
propagated as well s the device itself, VvV oaigr.l i« roceivel YWeon re- '
cipient. Bv lnowing the low icining messave and aignal Ve recinient i«
able to determine +he information contained on the rescape,  V ooipre! e ;
not known ahead of tire by the recipient of e message nd Peoret e g i
is a4 randem process, A
¢

Alonke Winib g wipn ot ety gragars ttesl st e Gl EECON T, P = 1
cther random rrocesses of cariove ceigin sqlied Terartapas cpe ey L
The presence of intertig meeid e T tmind amer e a1 E gy :
tion of the message,

The commnn i & o Jhur bt St T o0t b e sdechied Seir s e 94
r‘(‘Ci}‘i(‘T‘T, ek .;f"‘l‘ R N INTY LR R R TR [
restoratior of mess e base boon the e D e e el iy e lled e ]
carion svetem,

Sometimes o cbannel st U e F i e o CH (e mgp
sour.es o several recivients, o oSuet o channe ] o calle b et aptess i
channel and «ii! Ye -—merdered in fhiaptes 0N

A very general diagram of 4 comrunication syvotem is b own gn ‘
Figure 1.1, Here by transmittirg Jdevice [s reant all the cquicrent o.ed
to o convert o message into a signal oand taoreceivine device s oreant
the eauirment rined ro wepctore *hp rece pn Teo Ty e vorthe o greel ey

he et poapinrmert qe velay oid Dier
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by
Messaqe Trans- f FPrmeiyving Message |
source — | mitting fhanre —] et e | veCinien
device
Fiqure 1,1, Diagrar of 4 Commiung -
catior System,
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Fiqure V.7, Pertaining ¢ Defia’-
tion of a Ctannel .

we note that the concept of "channel™ i< not strict!yv detined.  For
example, let a <ignal heing fransmitted {rom Point vt Eaint 0 (Pipure
pass in sequence through several links ) by Lo, 0 0, b, which mav
represent, for example, amplifiers, cable wections, we'iur *hroueh which
electromagnetic or acoustical waves are propavated, ¢toc. The ageregate
of a'1 these links can be called a channel, Put it is alse noceible 1o

S—

consider some ot the links, for example, from ¢ to i, & chaniel, is=igninge

links a and b 1o the transmittirg device and tink b ot the receiving de

vice. In the general theory of copmunication it is convenient to call a

channel anv nart of o svstem of cowmmunication which, accordire to the cor i
toons of the nroblem bheinge solve !, je imneoail e nr urdeciral oo TR
[t is in tnis cense that we w0 anderstand he terps 7 banne !,

From a mathematical point of view ¢ Jdesoribe o chame] mene fo
indicate what cign. Is can he Jelicored 1o Tte input @ bt the Jiaes
bution wili e of meebabi Tigi®ss o g Qe gl 5 e puiasg; @n b G e
cignal at its input, Tinding such meth v fo o ey e o ressape v
sigrals in_a given channel amd the reoer o corversios 0 Sivga] mEpe et
1m0 ! message An wkich, i e cemitain sppp e, e eac g sl T e ¢ appen oo e
~F messages is provide! fe the generdt o opailes 7y L cia e

Wit actual magerial svetem Jrigh ge maps 8 g mnl g aue < e ” .
a continuous series ot «tiutes Hlowesray g e e g s AR e m g .
never exhauste all peculiarities of 3 e 1o =0 =gy o =00 agee v e
discrete ri.e,, finite or calalable cee s ot .o
that *Le medeape <y e e oo vecte
Flern we depart from cuantus Lawe Wb et e b oL ‘ ° @
ctates of g svster ifwavs Te D < irete

v
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1 In order to judge whether a certain messape source is discrete or §

3 continuous it is essential, after selectine a finite interval of time
f of duration T, to consider the entire set of messages «T which o piven g
3 :
] source could create during this time,! 1f this set is finite, the messave ;
” source is discrete, otherwise it is continuous, 3
X Understandable, with an increase in I, the numher of various mess ges %
3 \T increases and this can create a discrete source.  This number increases ‘
: exponentially tor all sources [T}, Therefore, if interval of time T is f
not limited, set A\ i< alwovs intinite, However, tor a Jdiscrete messape :

source it will alwavs he calculable.  This means that all conceivahice
messages can be arranged in accordance with o certain law into o series 3
mnd enumerated,  For examyle, for a source creating messages in the torm E
of text, written, sav, in the Russian alphabet, ic is possibic to sub- p
divide all possible messupos into groups differing in the number of letters ]
in a messapge, to arrange “hese proups in the order of increasing number ;
of ietrers, within each group to arrrnve the messagves in alphabeticai ;

order, and then tro enumerate the sequence of messapes obtained., 1t Tollows

that such a message source is discrete. oy two messapes from this sonrce, !
if they are not identical, will differ by it least one letter, i
4
Adevice transmitting the results of peasurements of some continuons 3
magnitude, sav atmospheric pressure at a particular pluce, provides an 3
example of a continuous source, [ two messages from such o source are 8
not itdentical, they mav differ from one another by anv amount however E
small.  When this is so, no matter how little messape A Jdiffers fror By :
it is alwavs possible to have a certain message O which witl differ from 2 3
les« than from B, Such a set of items of information forms o contimm 3
and cannot be enumerated.” i
However, this continuous <o urce will be discrece if two conditions |

are imposed upon it,  Firvst, it must pive a message about the magpnitade of

atmospheric pressure at certain, vreviously prescribed instants of time.

It must round the mousured values off to a certain accuracy (sav, to

0.00 mm Hg). Tt can easily bhe seen that such a modified source is discrete.

At the samne time, if the indicated instants of time are sufficientlv fre-

quent a d the accuracy of approximated representation sufficiently ureat,

trom - practical point of view such a Jdiscrete source is in no wav inferior [
to a continuous source. Nevertheless, resort is npot alwave had to Jdis- }
cretizing or uantizing a message,  Yor example, 1 source transmitting the

't should he stressed that here and Jater we speal of a4 set of mes<ayes
Foa saurce could create and onot of actually created mess<apes.  Prom
*his <rt glmave cne rmessage i< realized in practice. 1f a certain messave

Wi e

vt T gnt faliowing 10 0 <ecapd receqpe Tastinge TL i transeitted, ther
d T Se e Sl af medi ey s praell e Lot RE B TR (ESERATAS ')
[ Sl TL0T TeRiase I
Perhars o woyl 0 0T S g ' 13 AR Frrmrin] Bt b e err !
“continuoue tae {ound wile 4 cestan e ]
I
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the magnitude of acoustic pressure in front of a microphone (in telenhony
or radio hroadcasting) remains in most cases continuous,

In this work consideration is given onlyv to messages created by dis-
crete sources which for brevity will be called discrete messages,

Discrete as well as continuous sources can he subdivided into two
tvpes: sources with a controllable rate and sources with a {ixed rate [3].
In sources of the first type messages are stored in recorded form and are
issued on demand from the transmitting (coding) device. 1In sources of
the second type messages are issued ¢f certain instants of time which are
determined by the source itself and do not depend on the functioning of
the transmitting device, '

The text of a telegram which is to he transmitted by telegranhic com-
municiation line, a phototelegram hlank, or a perforated tape are examples
of sources with a controllahle rate, Manv pickups in telemetric svstems,
clectronic computers, a man speaking into a micronhone, or a plav trans-
mitted by television provide examples of a source with 2 fixed rate,

Often an element of buffer memory is inserted between a source with a

fixed rate and a transmitting device. [ the capacity of the buffer memory

is increased without 1imit, the conditions of messape transmission aprroach
thos~ which prevail when the scurces have o contrallable rate,

1.2. Conversion of Message Into Signal

The form of a signal passing along a communicati o ~hbannel i< deter-
mined by the physical peculiarities of the medium bhorwe pothe transritter
and the receiver. In electrical communication channels <he <jpnal arourt
to a current in a conductor or the intensity of ar eleccric Tiend and n
acoustical channels it is the sound rressure, ete,  lenoring the phyei oyl
essence of a signal, we will con<ider o <set of signals as cer 7 o 0 cere
tain function z(t)V. Argument t i< usually time and onlyv rhys rarticular
case will he considered here althouph ir a more cencral theoprs o g baee
another meaning (tfor examnle, the coordiniates of 4 peint when vecordirge 1
message on paper). Fach signal of “his set i« detined in o liricel cector
of arpument t,

For transmitting inforration with the help o¥ <ipnals 10 oo nog
to estahlish a certain mutual relationshin hetweer each ¢ tho maca bl
messiages in set \and certain <ienale enlected from o cns T These qeles
<ignals ferm a subset "n.

Generally speabing, this reiationship peed not be rucua iy urcone
However, ir a reasonably dec<igned cormmunication cveter 10 mget b gnigne (-
at least one direction, Srecifically, to cach <pgnal ip suybees 70 —yee
correspond one detinite rescage in cet V. T8 thic conditinn s rat cer
then even in the abeence nf anv factare at all which Jicenrt the crpey? |
12 1rerngcih]e with carplete reliabhilisy *na rectore a4 meccigr ve e ! r
accrrdance with the <ipny) recers ot he e eree telataschon =y he e

B s bt b o e a2 - e
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often is, amhiguous, this not precluding the possibility =€ valid res-
toration of the message.

Thus, the svstem for converting a message into a signal and bhack mav
be given in the form of a table, that is, a dictionarv wherein certajn
signals of subset Z“ are matched with all messages in set A, In the

general case, if time T for message formation is not limited, such a Jdic-
tionary would he infinite in size. RBut even with a limited time T, ven
set A is finite, in most cases it holdes such a large number of pesa:tle
messages that compilaticn of such a dictionary and storage of it in the
torm of a recording on paper or in an electronic memorv is im racticable,
Only for the most primitive message sources, when the number of elerents

in set A is very small, is such a dictionary methad of conversion suitahle,

In other cases, instead of the direct dictionary methed of conversion,
use i~ made of a more convenient procedure which amounte to partitioning
all possible messages in set A into a sequence of <everal “elements” or
"elementarv messages' or "letters,"” which form the finite et Y having o
rather small numher of clements,  Such partitioning i< u<u. v done Wy
the message source itselt and car be done in varieus wave, e will rre-
sent several examples.

Fxample 1. let a message measure 4 certain scalar ragnitude with or
accuracy of . Tab np ¢ as unity, 1t is possible to Jderict every result
of measurenent »v 4 vhole rumber, Thi< number can “e written with dipice
in the decimal o1 ans other sveter of numhers,  Then anv ressape which s
the recult of one meisuremen’t or a scauence of results of several measure-
ments can be partitioned into 'ipits in the <elected < item ¢ nurhere,
Tach digit repre<ents an elementary rmecs,pe tor “letter™) <o that ohe (et
T (in the decimal svetem) can on this exarple cortain 10 elerents,  In
several cases it jc advieahie te include t= Vv one additional clerentan
item of information feemarating indicating that a piven result of¢ reasysr
ment i< terminated and ar tem about ancther result e bpginniag,

Pxample 2. Vecure that source ressapes ¢an de ewvressed in anrds

and recorded in sorme language.  Ther a letter of the alnhabet o¢ the piyvern
language (after ancluding 1 1t serarators Hetueen worde and cuynetyaty o
marbs) can he talen < oar elementary sessage, It owoulld
rte tale a4 word or certerce 1< an elesentary reccape. V]
¢ omartitioning lead to a Finite set V, homeser, rartitiorsrye baoword or
entence s in nractice incomenient <rnce in *his case Vowg!

very large nusmber of clermente,

Alse e rpsceih]e
'
i

theve =¢*hnds

\ fentain A

Fxarple 3, In the general case of anv hreorete <nrurce all reosable
reccages  as indicaced 2veve, forr g calcularle set oand can be enurmerated,
T™he lia, 1n accordance with which emmeration i< cerforded, can he <elece!
in Tight of the precutiaritie of a piven ercdi T cource.  "he nunber of
cach message can Yo wriftten in any nurher <svseten and ecach digit 0f thic
nupher talen a< an clermentary ~e<sage.
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i The last example shows that vartitionine irte elerentary ressaper s
: noprinciple possible for anv disorete ressape seurce, The set of el
3 mentary messages thus obtained will he called ohe source aleb ber, 0
¢ . a . o . E
numher ot elements on the alphabet i of alehaber 001 b deaypn g ed
by the letter |
Thus cadh messare o from o set A can be orenresented g the Caee 0y
cedtience of elements voof et Vo
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the duration o cach element ot the <ipngl, ooy 0y ey Mebie an
vary for vartous code svmbols, and al<o can have oo e s aeng e Twth
4 particular distrihation of provabilities tor cach v
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We w, consider the basic ideas of this theory as anplicable to g ;
die rete source emitting a <eries of elementary messages,  We will try to d
tind @ convenient measure of the quantity of information containe:!d in o 3

certain message.  The principle idea in the theorv of infeormatior i the
this measure is defined not by the concrete content of each message but
by the fact that the source selects a given elementary mecsapge from the

finite set X This ddea is justificed by the fact that on this basis it
has heen possible to abtain 2 series of <ignificant and at the same time
nentrivial results gyreeing well with intuitive ideas about information
transmis<ion,  The most important of these results will he further set

S by

Corth,

st Lo

\nd o, 1t 4 cource verforms celection of one elementary meas<ag 1

soth s L 0 Y Sror alnhaber <ot X, then the amount of infpmation
L ' |
emitted by it does not derend on the specific content of this element o 3

on how the selection is made. 1 the ceolected nescare elerent e detrer
rmined itn advance, it is natural to assume that the information coantained

In it i< equal to zera,  therefore, we will consider that the selection
lat ver | & fales, plage with a certaim bt |y e Bal TS wmrot b Res

1

can, generallv o svedbing, Jenend on o what ceguence precedes the gives feeeor
Weo wi 1D o asaume that the ameane oF dintormation faclonbed ie o elementary
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1 will designate this conditional probahility: by n(xL x. 1. Then the amount

3 of information letter X, will be expressed by function :[NxL x. 7.

1

1 On the other hand, the prohability of selecting a pair of letters i,

3 according to the rule of multiplication of probahilities

; . .
Pl vy ooy (RIS

2

The requirvement of additivity of amount of int-r=acion in enlareing

[ an alphabet leads to the equation

glrvval ¢ ool sl e

ploa vy

Let P(xi] = p and p(xl x.Y = q. Then *Yor anv v and a1
' ; { =
'i, O q - 1Y, the following equation must heid:
"‘/" oy ) G ry.s
|
The cases p = 0 or g O are excluded from corcrlnration cince is
i consequence of the finite numbher of letters in the alnhjhoet | thece
cauations indicate that sclectior hy the <ource of the letter vair AR
) . ; i
i< an impossikle event,
Fquation (1.3) i« a4 tunctional equation froam which mede o0 tanes ran
can he deterrinel.  We diftfeorentiate beth varts of camtion 1030 with
respect too
[ VO A Pl
: be will mplziply both sjlec mf ke cauat izn ohtained v and antre-
fuce the enuality ra = v, ther
r B!
This ecauation misr hetd Qe e (0« o< 1Y and any ore v oo,

the latter limitasion (r =l et <ignt Y qnee wrree equatcan LD

thic Jonctderation are conmdy

“Tn essence all probabilitiece Yipuring ir
v oantroducing the

tronal since thev depend on Jetters preceding x. .
designitior plx, b3 we anly etress chat ap comrnting this nrebahitity,
; ]

b

we must corcpder selestion oy
rreceding it

othe letter v, itselt ac o well as the letters

S = g s o ~ —t
i i, 2 R et . o e o
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not signiticant <ince equation (1.7 is syvmmetrical with respect to poand
roand, conseqguently, must he met tor anv pair of positive values of arpu-
ments not exceeding unity,  Buet this is possihle only it hoth sides of
(1.4Y represeat o certain constant magnitude b, whence

‘.
/!.,'(/h ". v (/”

Integrat: oy the cauatitop ohtained we find
W .’|I‘,"'r. [l =o®
wheee O oisoan arhitrary constant of integration,
tormula (1.0 detines the class of functions :(m) expressing the
amount of intormation in the selection of letter S having a4 probabhility of
p'xi‘ = poand =atistving the condition of ablitivity, For o determination

ot the constant of integration o we use the condition expres<ced ahove in

coordance with which a nreviously determined messiape element, i.c.,

having a probability »o= 1) contains ne information, It follows that
o= 0 whence Tt immediately tfollows that o = 0,

\s tar as the proportionality factor bois concerned, it can he
selected arbitrarily since it only defines the svstem of units in which the
intormition is measured.  Powever, inasmuch as inn - 0, it is advi<ahle 1o
mahe bonegative o that the amount of intormation will be positive. 1t
is simplest to select b= -1, Then,

IAvA i L / '1'”}

When this is done a unit of intformation i< cqual to that information
contained ‘noan elementary message having a probability ot 17e ¢ i« the
natural logarithn base) or, in other words, ecotil to the information con-
tained in a message teo the eftect that an event has occurred, the proba-
hility of which is caual to 17e. Such a unit of information i< called a
natural urit,

Most trequent v we choose b = =17In2.  Then, () = -np'Inl, or

a NIRRT Y ! (1.6a)
P

With such a selection of b the unit of information is called a hinary unit.
It is equal to the information contained in a message that an event has
occurred whose prohability is equal to 1/2, i.e., which can happen or not
happen with equal probability., Sometimes use is made of other units of
information such as decimal units. We will use hinarv as well as natural
units for amounts of information. 1In those cases when the sclection of
units does not matter, we will write

PR VP PR e
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Fnowing that o logavithm can have any base as long as this buse is retained
throughout the solution of the problem.

Manks to the property of additivity of information, cxpression (1.6
mikhes it possible to determine the amount ot informition not only in a
letter of o message but also in any messave, ac matter how lonp. It s
only pecessary to take for pothe probabilive of aelection of this messagpe

Prom oamong ol opossible in Pighe of corecions iy selested messgnes,
oo Fotropy and Production ot g Messaae Source

In construct:ng o theory of communication it is por the amount of
intformetion contained in o specitic messare that has preatest importance
bt the average (mathematical expectation) of the amount of information
contained in one elementary messape of the source:

Moo it (1.7)

Here, as evervwnere in what follows, the herizontal lTice indicates mathe-
matical expectation,

The magnitude XY characterizes the ressape soarce and is called the
entropy of the source with respect oo one element of 1 message.,

In the =inplest case of a4 source of rndependent messives in which the
probability af selection of ope mes<age efenent o another does not devend

on previously selected elemente:

AT T P LA (1.7a)

Here, © is the size of the <ource alphabet and :\(_\k\ i< the prohability of

selection ot the h-th clement b-th detter),

Mgually it is <pecificd that entrony characterizes a given distribution
ot probabfTities from the peint of view of indeterminacy of outcome of test,
i.c., indeterminacy of scelection of one mes<ape or another.  Indeed, it
can immediately he seen that the entropy is egual to zero wvhen and only when
one of the probabilitics p(x; ! i< coual to ity and all others are equal
to zero. This irdicates complete determinacy of selection, With o fixed
size of alphabet ° the entropy P« o raximum when all nix, ) are the <ame,
Then p(.xk) = 1/7 and i

!

® 0 o
Iim;lx L [ "." ‘ I‘:‘l (]-‘\‘.]
ko1

In this case the Jdegree of indeterminacy of selection, hased on in-

tuition, is greater than in the case of probabilitics whi-h are not eaual.
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Finally, if we consider alphabets with equally probable elements but
with difforent sizes, the entropy increases with an increase in the size
", This also agrees with the inruitive idea of degree of indeterminacy

of selection.

After the scurce has made a selection of a specific message element,
the indeterminacy which has existed is climinated. In this respect the
amount of information contained on an average in an clement is measured
hy rho.ihdororminncy which was eliminated as a rosulet of the selection of
this element, i.e., by the entropy ot the source,

Arother descriptive intevpretation of the concept of entropy as o
measure of "diversity' an messages created by o2 osouarce is possible, It
can easily he scen that the properties of entropv presented above agree
completely with the intuitive iden of a measure of diversity, It is also
natural to think rhat the amount of ipformaticn contained in a messape
element is greater, the more varied are the roassihilities in the selection
of this element.

We will now detire entropy for a more general ¢! wss of messape source
in which the probability <f selection of an element depends on which
clements wers selected carlier, ke wils limit ourselves to sources in
which prohahilirty retationships are cxnressed only for elements which are
not far removed fvom one another, 10 je just such message sources which
are most likelv to De encounterod i practical application,

Vo @dimidl e, 40 source emics oint aration i the Yorm of a text
written in the Rusei o (or ary ctherd Ianguave, the nrohability of ocour-
rence ot a4 ocertarn letrer depends strongly on <o coral preceding letters
Mt derends almoss pos ot atl on thar part of the text which i far re-
moved fram it sav, by ceveral ten: of sorde Indeed, i we find in some
*oxt the comhiaatien of the letteors "rasnredele, ! there i< o strong
Fowing 1 errers will he nive, Further, il the

'

1
fror the word "y osnredelenive” the word "vero-

cnssihility that the fo
text 15 cathermati o, oa
viatnosteyv' wil' wrobably Yaliow, Howorer o oche probal.ility of occurrence

of particular letters ar worde 0 0 snecoeding Tire depends almest not at
11 on the letrers wrrtten at e hepinning of the preceding line,  Some-
what more extended vcrohabgiities can he founl an poetry cas o consequence
of rhythm and rhaeed bt even hore, ae g »yle, thoy 1o pot extend further

VAR wne StaRRG .

Wnother evimple s vrovided by oo source whioh peeuares atmospheric

pre<sure Lt oparticular ternt with given npecicion ar certain intervals of

dre extended over tong intervale 0 ripe on the order of several davs or
weebs and, consecaers by, include many clementary mescapes (if the measure-
ments are pertorred with sufTicient frequency, for examele, every hour) .
However, cven here, attention can he drawn to the rather long interval of
t.me (several months< or vears) over which these ties for all practioal

purposes, do nnt extenl,

-6

nothis example tioe el abiTity ties hetween results of observations
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3 Marbov chains provide a matheratical representation of ress pes
created by such seources,

A Markov chain of the n-th order < 1 ceguence of Jesendent try o
in which the conditional prohabhility of 1 certarn outeeme Y, on fihe 1ok .
rrials when the outcomee of the n preceding srials are bnowe, doee not
depend on nreviens cutcomes.  In other woris, when 1 - o Ay S

/'I\';'l\ L R I AT vy S O

In a Markov source of the n-th order the Jdictributiop o0 nrobabhilyr e

n{xk\ does not remain corstant but Jepende on owhat the last r o letters de-
termine a certain state Cl of the source fq = 1,2,...,r? in which the pro-
iy
bability of selection of the b-th letter of the alphabet i< eaual to n (x
. 1
; The numher of various poscihle ceauences of n letters with a9 <ice
Co .n . . .
of alnhabet is equal to .t fellows that the nurber » of various
; C .n ..

ctates of the Markov source i< finite and does votr exceed . If Yor es-h
'{ state QQ prababhilitics “r(xl\ are given and it is Fnown which state deter-
i { 4
: mines any sequence of noelements, ther the arobahijliries P] of each of the
l‘ . 5
. statt® S g = 1,5, . ) can e togpater. Jar several additienad condiit fensg
& q
s colled ergodic conditions, which are met for all sources of oractical in-

tereost, there exist uncoanditional nrobabiltities nfo) of selecring the
3 P -th elementary nmess<age
: r
3 Yo .
pron Y P (1.9) )
v Y N
3
’ !

The expression // \Yopoovie oy renresenting the mathematical

3 P W
b . -~ -~ . - . - >
3 expectation of the amount of inform~tion in a selected elerent for a source
4 in the q-th state, mav he called the entropy of this state. We obtain the !
1 entropy of a source (computed {for one clement) U] in accordance with (1.7
, ) ! :
k : ; 3
4 e averdaging over all possible states !
; Hovy o - NPy il NN (1.1Mm ;
; Y B
: xpression (1.7a) is a particular case of 11.17) where r = 1, i.¢c., with the
' only state of the source. [If we were not to consider the nrobahilities

sies hetween message elements and hase ourselves on unconditional proba- :

Pilities ﬂ!xp) Jetermine! from (1.9, then for one element we would take
for the entropy of the source

s Searcai

" mir A
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In {nformat:on theory 1% g mrove! *h, 0 aluage ! o ‘ .
existence of prebability faee decregees the eetew £ v mwrudoe -
A compartison of entrogpn Mo deter=imed v ovapreccgon ] 100 gt et
maximal entrom W - log o weesthle wrth oy prven alehher oo R
mas
for charactericing the alnhabet of v mesaape cource,  Voor o thya caen e
introduce the concent o s abhet wolye by g IR L O K R040°
(or, as it 1s often <tiate!, ressaye redundan v
IR 1ot
' | | . )
. I | )
max

From what has been said above it is c¢lear that dissimi'ar probabhilit,
of message elements and the existence of prohahility ties between close
elements mav cause redundancy.

We will present a simple example. [let the alnhabet of a source consist
of two elementary messages which we will designate A and B, "hen the maxi-
mil entropy of such o source achieved with independent selection of A and
o 1

B with equal probahilities and expressed in binary units is Hm1x = log,

If the elements are selected hy the source independently, hut with differc::
probabilities p(A) = 0.3 and p(B) N.7, the entropv per element is

Hy = -0.3 log, 0.3 - 0,7 log, 0.7 = 0,52 + 0.36 = 0.88 hits,

von

In such a source the redundancy of the alphabet is equal to 0,12,

Now, l=t the probahilities of selection depend on one preceding clement,
namely: p(AfA) = p(B[B) = 0.8 and p(A!BY = n(B'A) = 0,2, fere nfA B) in-
dicates the prohahility c¢f selection of element A on condition that the vre-
ceding one was clement B, erc. It can easily be seen that the unconditional
probabilities of both elements in such a source are the same and equal to
0.5. This source has two states determined by the last selected element and
both states have prohabilities equal to 0.5, Then, from (1.1M we obtair
= -0.5-0.8 log, 08 = 0.5-0.2 leg, @2 - D.5-008 log, 0.8 - 0,50, 3 leg,

0.2 = 0,722 bits. The alphabetic redundancy caused by the probabilicv ties
in this source is ro= 1,278,

We will now consider the case when there are probahility ties and the
unconditional probabilities of elements are not the same. let

p(AlA) 03, p(B|A) =07, p(A|b) O ¢ p(B[B)}=-09
It is easy to compute the unconditional probabilities! which prove to

be p(A) = 0.125 and p(B) = 0.875. Such, obviously, are the probahilities
of two possible states of the source. From (1.10) we obtain

Ifor this we may use the formula of complete prohability p(A) = p(AIp(Ala) «
+ [1-p(A)Ip(AIB) and solve the equation ohtained with respect to p(A).
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Hos 012800 Tog, 0.3 ¢ 0T Jog, 0.7) - 0,878 (0] log, 0.1 +

1

« VA top, 0.9) 2 0 52 binary units and the T T 0,48,

Tor =any rractical problems sources which emit messages in the form
A¥ a4 tent written in <sorme language are of interest. Specifically, for the
fgesian Language, censaidering the number of letters in the n]phnhet1 to

Be A0, we have = log, 32 = 5 binary units,
mix °

It we consider the unequal probabilities of occurrence of letters
o text and the dependence of these prohabilities on previous letters
revording to Jdata provided by various authors, the entropv for one letter
[res hetween the limits of 1 to’ 2.5 bits.,  Such a great spread in results
1s Jue to the difficulty of considering all probahility ties spread over
A large number of letters in sequence. Furthermore, the magnitude of the
entropy depends in certain measure on the nature of the text. Based on
thece data the redundancy of the Russian alphabet lies between the limics
of 0.3 and 0,8, Apparently the second number is closer to actuality.’
NData close to these have been obtained for the alphabets of manv other
languages.

The entropy of a source defined above for an clement in a message de-
pends on how the message is divided into elements, i.c., on the selection
of the alphabet, lHowever, entropv nossesses the important quality of
additivity, Let a messapge with a size of alphabet ’] have an entronv per
element of I, (considering all probability characteristics). We will en-

1
large the alphabet, considering cach sequence of any n letters of the pri-
mary alphabet as one clement of the new, secondary alphabet. Obviously

)]

the size of the secondary alphahet is 7 = ol We will show that the en-

tropy for onc element of the secondary alphabet I, is equal to nH]. From

the definition of amount of information it fellows that in a certain spe-
cific element of the secondary alphabet there is iust s much information
as there is n elements of the primary alpnabet included in it. The amount
of information in one specific element of the primary alphabet @ is a
random magnitude assuming various values for varicus elements., The amount
of information in an element of the secondary alphabet ! is the sum of r

"In the numher of letters in an alphabet a gap hetween words must be in-
cluded., TIn this case 7 = 32 if the hard and soft signs are considered to
he one' letter,

"1t must he remembered that these results pertain to sources which give
the text the form of comprehensible Russian sentences united hv a certain
content, If Russian letters are used as symbols for certain events, know-
ledge about which is given hy a source, the entronv for a letter must be
computed based on probahility characteristics of the source and can have

r

any value, up to H = 5 bits,
: max
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{
f random magnitudes :]""’tn' The mathematical expectation of mupnitude
| ¢, equal by definition to H,, as is known [11], is equal to the sum of :
i 2
t mathematical expectations of the terms of :k(k = 1,...,n} and since ecach
E ot these is cqual to H], then
\ Ho-nlly (.1
We will determine the rvedundancy of the scecondary alphabet, I :
: . ; 3 ) ; N o
i The maximal entropy for an :lphabet os size /., = s equal to ]
Homax ool gl 5
whence, in light of (1.13), %
i, nll, ", e L
L e \
", Te: | H /[]’K/I “ 1 (1-14) &
: 2max Imax !
From expression (1.4) it follows that the redundancy does not change '
. 1)
when the alphabet is enlarged, 3
We will point out that in enlargement ot an alphabet the mutual pro- ;
hability ties among wessage elements become weaker., 'f the magnitude of f
b n is so selected that it greatly exceeds the range of action of the bro- ;
1 hability ties in the primary alphabet, the probability ties between the
4 enlarged elements can be ignored. Inasmuch as the redundancy does not 3

change in the process of enlargement, it must be almost completely deter-
b mined by the nonuniformity in the distribution of probabhilitics of the

' elements in the sccondary alphabet. Thus, the overation of enlarveing an
3 alphabet can serve the purpose of "decorrelation'” of the elements in u

] message, i.c., the purpose of climinating mutual probability ties among

4 them.

: For sources with a fixed rate the productivity is an important charnc-
teristic, productivity heing the average amount of information emitted in

a unit of time. It on the average ecach elementary message occunies time

T, then the productivity of a sovree -

T P Ay

o (1.15)
[f messages are transmitted in a svstem of communication from a
source with a controllable rate, the average time T consumed in the trans-
mission of an elementary message is determined by the transmitting device,

In this case the magnitude H'(x) Jdetermined by expression (1,151 should

i be called the productivity of the transmitting device., The difference
between these two cases lies in the fact that the productivity of a source
! with a fixed rate mav not be changed in designing a communication system

- 20-
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while in the case of a source with o controlluble rate
of the transmitting Jdevice i< selected by the desvigner in aocerdanie o
the various technolegical and cconomic demande =ade ot the «vater,

It can easily be seen that the productivity of g <ource does oot
change in the operation of erlarging an alvhahet,

1.5. Interference and Distortion in a Channel

In channels signals are transmitted in the form of cersqain o desse
of finite duration. The sequence of messape clements 1 copverte

a sequence of code svmhols v. To each code «virhol o correwponds g e
tain element of a signal, i.e., @ certain tfunction -ft° Jefyne ! in
finite length of time (or a narticular set of such functions' . ¢ th

signal at the output ot « chunnel represents the same tunction zit) g«

was delivered at the input, it would be possible with complete contldence
to restore at the output the transmitted sequence of code svpbols and then
to decode it, i.e., to restore the transmitted mes<ape.  The <ame would
"old if in the channel there were only regular reversihle dictortione,
i.e., if the signal at the output cf the channel z'(t) represented tunction
of the signal at the input z'(t) = f[z(t)] and if there were ar inverse

. -1 " ; ] .
function £ "[z'(t)}] = z(t) which would permit restorine the transmitte.!
signal exactly.

In actual channels there are irrepgular distortions alonp with suc
regular distortions, as a result of which the mutually unambi-ucus cor-
respondence bhetween signals at the output and the input of the channel s
disrupted. The aggregate of all reasons causing indefinitencss in the
signal received is usually called noise ov interference. 'he term "inter-
ference" is also used in a narrower sense as the aggregate of veoitapes
arriving at the input of a receiving device along with the signal.,  Such
interference is added lincarly with the signal and therefore is often
called additive,

Along with additive interference in actual channels there is to be
found nonadditive interference. [t amounts to random distortions in a
signal caused by the fact that the parameters describing the carrier of the
signal fluctuate in the process of transmitting the message, i.c., the
mode of the function z'(t) = f[z(t)] changes irregularly over time.

On the hasis of ohservations of various actual communication channels
(specifically, various radio channels) the relation hetween the signal re-
ceived! z(t) and that transmitted can he represented in a more general
form as follows:

IWe will call the reccived signal, for abbreviation, the total signa! which
is to distortion in the channel, and additive interference.
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Wditive interterernce v 0 10 e ke e
Nrocess,

For exact determinatien of the ¢Qtnct o ) cppral »lus intovrerence
on a receiving device, 1t a9 pecessary ty hne g ocomnlete «tgt st )
description of the <igral and anterference,  mlv e 4 e carticular Ok
is it possihle to Timit one<el to pars:al data abhour arcerference, e,
with univariate distribution of probabhilyties and corre’atioon funcsy ne oy
spectral density),  However, it is hardlv reasonahle to trmy te congy ler
all the different peculiarities of various < urces of rterderence, "heres
fore, we will limit ourselves to a4 Jiccussion of several tvnreal taines of
interference which amount to an 1dealization deserihing sutficient v well
a greater part of actuallv abserved additive intertfererce,

IThe concept of width of signal srectrim will be considered helow.
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