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DISCLAIMERS

The findings in this report are not to be construed as an official
Department of the Army position unless so designated by other authorized

documents.

When Governaent drawings, specifications, or other data are used for any
purpose other than in connection with a definitely related Government
procurement operation, the United States Government thereby incurs no
responsibility nor any obligation whatsoever; and the fact that the
Government may have formulated, furnished, or in any way supplied the
said drawings, specifications, or other data is not to be regarded by
implication or otherwise as in any manner licensing the holder or any
other person or corporation, or conveying any rights or permission, to
manufacture, use, or scll any patented invention that may in any way be
related thereto.

Tride names cited in this report do not constitute an official endorse-
ment or approval of the use of such commercial hardware or software.

DISPOSITION INSTRUCTIONS

Destroy this report when no longer needed. Do not return it to the
originator.
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SUMMARY

In this report, all the data pertinent to an experimental investigation of
the effect of loading system rigidity on the initial buckling load o:’ un-
reinforced circular cylindrical shells under hydrostatic pressure, already
reported by the authors (Reference 1) in condensed form are presented.
According to the commonly accepted Tsien criterion (Reference 2), the
buckling pressure should be higher in a rigid system than in a soft system.
The reseairch presented in this report denies this axiom by generating strong
evidence that the stiffness characteristic of the loading system does not
alter the initial buckling stress, which fully supports the results cbtained
by Kaplan and Fung (Reference 3) on spherical caps, by Krenzke (Reference 4)
on plastic spheres, anu by Carlson, Sendelbeck, and Hoff (Reference 5) on

nickel-plated spnerical shells.

However, in the case discussed in this report, the conclusion ies based upon

a statistical interpretation of some 100 tests on very nearly identical a
vehicles; whereas 1n the contemporary researches, a more limited number of
vehicles were used. Moreover, it concurs with the similar findings by
Horton, Bailey, Cox, and Smith (Reference 6) , that extensional rigidity of
the testing machine does not influence the initial buckling load for circular

cylindrical shells loaded in axial compression.
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INTRODUCTION

In a recent paper (Reference I), the authors reviewed the general question
of the influence of machine stiffness and the validity of the Tsien crite-
rion (Reference 2) in stiffness computation. The present report presents
all the test date for one series of experiments discussed in that presenta-
tion. The question herein examined is, "Is Tsien's criterion pertinent to
the instability of a closed thin-walled vessel under external pressure
loading?" Limited experimental data by Kaplen and Fung (Reference 3) and by
Krenzke (Reference 4) suggest that Tsien's criterion is not appliceble in
the cases of shallow spherical caps and plastic spheres. The present study
was aimed at an extensive test series using thin cylindrical shells with
end caps which could provide the basis of a thorough statistical evaluation.

The results obtained were in full agreement with the conclusion of the
researchers referenced above. They have been confirmed further by subse-
quent researches made by Carlson, Sendelbeck and Hoff on spherical shells

Reference (5).



-

Y e,

EXPERIMENTAL APPROACH

Statistical studies of the behavior of structures are feasible only if a
large number of nominally identical test vehicles are available at reason-
able cost, Thus, the vehicles chosen were right-circular cylinders with
end caps. Such specimens are available from the beverage can industry and
are, as previous researches have demonstrated (References 6 and 7), remark-
ably consistent in character.

Prior experiments had illustrated that a test series of 50 specimens in
each of two environments should prove to be adequate for statistical study;
as a consequence, this number of vehicles was chosen. The cholce was
further reinforced by the known fact that cylindrical shella under external
pressure loading conditions are more consistent in behavior than similsr
structures under axial load. This is clear from the work of Strum (Refer-
ence 8) and from the extensive study of Cleaver (Reference 9). Thus, the
cylindrical shell appeared o be a potentially better choice of test vehicle
than a sphere, since it is well recognized that minor imperfections in such
vehicles have extreme significance in buckle behavior. A great quantity of
data in evidence of this point is available in the current literature.
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DETAILS OF THE TEST SPECIMENS

The teat vehicles were, as explained in the preceding section, standard
beverage cans. Such cans are manufactured in a fully automated process
and are remarkebly consistent with regard to overall geometry. All
specimens were made from the same batch of material. Blanks for the cylin-
drical bodies were punched from twice cold-rolled steel sheet and then were
formed into a cylindrical shape in a completely automatic process.

The overall dimensions were as follows:

Diameter - 2.63 inches
Length - 4.75 inches
Thickness - 0.0058 inch
R/t - 226

In the interest of highest consistency, both ends were capped in the same
automatic machinery.



TEST ENVIRONMENTS

The Lwo environments chosen were obtained by change of fluid within the
specimen. In one case, air was used; in the other, hydraulic fluid. 1In
the air tests, the port was large; in the hydraulic fluid tests, small.
Thus, in the former case, the volume was permitted to change as rapidly as
possible; in the latter, it was severely restrained.



METHOD OF PRESSURE APPLICATION

For ke soft system, the method of epplication of load was as delineated in
Figure 1. It is clear also from this sketch that the pressure differential
was measured by means of a standard differential manometer. The seal
system and arrangement of the specimen in the test apparatus are clearly

apparent from Figures 2a through 2b. Typically specimens collapsed in the
same manner as in the hard system (Figure L4).

In the hard system, the vessel was filled with hydraulic fluid, extreme
care being exercised to ensure that there was no air entrainment. The
filled vehicle was then submerged in a bath of hydraulic fluid to mitigate
the effect of hydraulic head. This system was then connected to an oil-
mercury differential manometer. The full details of the pressure loading
system are clear from the sketch shown in Figure 3. The arrangement of the
specimen in the test apparatus is portrayed in Figures 4a through Lb. A
typical buckled specimen is depicted in Figure lLc.
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a. Test Setup Showing Vacuum Tube, Ground Plate,
Rubber Gasket, and O-Ring Seal in Place.

b. Shell Assembled,

Figure 2. Test Setup for Buckling of a Thin Circular Cylindrical
Shell Under External Pressure in a Soft System - Air.
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d.

Specimen During Test Before Collapse.

Typical Specimen After Collapse From External
Pressure.

Figure 2. Continued.
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a. Detail of Test Apparatus Showing Pipette, 0il Tank
and the 0il - Mercury Differential Manometer.

i ot i b

b. Typical Specimen During Test Before Collapse.

Figure 4. Test Setup for Buckling of a Thin Circular Cylindrical Shell
Under External Pressure in a Hard System - 0il.

10




c. Typical Specimen After Collapse From External
Pressure.

Figure 4. Continued.




TETERMINATION OF INSTABILITY PRESSURE

The determinetion of the criticsal pressure was readily and simply mede by
two observers who continually monitored the pressure indicating device.
Collapse in either system was readily apparent from the direction change
which occurred in the mercury column. However, the buckling pressure ob-
tained from the oil-mercury differential manometer was corrected to elimi-
nate the effect of welght of oil on the observed pressure head.

12



BEHAVIOR UNDER TESTING

In all cases the failures which took place were of identical character, in
the sense that, irrespective of the stiffness of the system, the shell
distorted from a circular cross section to a square cross section. However,
in the soft system this change in geometric form occurred with great repid-
ity, whereas in the hard system it was very slow. The final buckle pattern
referred to above is apparent from Figure 2d for the soft system and from
Figure Wec for the hard system.

13
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DISCUSSICN CF EXPERIMENTAL DATA

The values of critical pressure for the soft and hard systems are gilven in
Tables Il and IT in the appendix. The data have been presented, not in the
order of tests, but according to magnitude of loads. This has been done to
s8implify the analysis. From this presentation, it is simple to devise cumu-
lative probability distributions. These are also given in the tables. They
have been graphically portrayed in Figures 5 and 6. It is immediately appar-
ent from these figures that both distributions are essentially normal. As

a consequence, the data are analyzable by standard statistical procedures.

The mean values of critical pressure are derived in the computations given
in the appendix. It is shown there that the critical levels are 53.58 cm

of Hg in the soft system and 53.73 cm of Hg in the hard system. The standard
deviations are 2.27 cm of Hg and 2.11 cm of Hg, respectively.

From the close identity of these results, it might be stated that the tests
have demonstrated equality of performance under the different test condi-
tions. However, the point has been considered in depth in order to establish
a bond of confidence within the confines of normal statistical testing.

The mean buckling pressures have been compared by means of the student's "t"
test. This comparison is made in the appendix. In the computation given in
detall, the 5% level of significance (@ = 0.05) was used, and the standard
derivations were assumed to be equal. The calculations show that for a
semple size of 50 and a 5% risk of accepting a false hypothesis, there is a
95% probability of detecting a difference between the means as small as

1.6 cm, or about 3% of the average buckling pressure. The t test statistic
is found to be|t| = 0.349. Thus, since 0.349< t , 02598 = 199, we
accept the hypothesis that there are no differences in'tne’gean buckling
pressures obtained from the variations in test condition at the 5% level of
significance.

. &Z bk
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CONCIUSION

The results presented in this report provide substantial experimental evi-
dence that the stiffness characterlstic of the loading system does not
affect the initial buckling stress of unreinforced circular cylindrical
shells under hydrostatic pressure. This conclusion supports the experi-
mental findings of Kaplan and Fung; Krenzke; and Carlson, Sendelbeck, and
Hoff on the buckling of sphere caps and complete spheres by external
pressure in loading systems of different rigidities. Thus, the commonly
used Tsien energy criterion for the stability studies of thin-walled shells,
which predicts a higher buckling pressure in a more rigid loading system,
must be an improper hypothesis to explain the observed buckling phencmenon
of shell bodies.

Gatn
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APPENDIX
STATISTICAL ANALYSIS OF THE EXPERIMENTAL DATA

In this appendix, all test data are presented and analyzed. The individual
critical loads for the tests performed in the soft system (air), in accor-
dance with the procedures described in the main text, are listed in order
of magnitude in Teble I and graphically portrayed in Figure 5.

The buckling loads are arranged in increasing numerical sequence. In order
to plot all data values, the cumulative probability of the m th observation
is determined from m/(n + 1).

The data pertaining to the tests made in the hard system (oil) are likewise
given in Table IT . This information is graphically portrayed in the proba~
bility plot of Figure 6. It is immediately apparent from Figures 5 and 6
that the distributions are essentially normal; therefore, the data are
analyzable by standard statistical methods.

When these procedures are followed with the data relevant to the soft system,
the mean buckling load f)cr is derived as follows:

X

el e -]

i
)-( 2z § = ———i = %LS’Q = 53,578-0111 Hg (l)

cr n 5

The corresponding semple variance (82) and the appropriate standard devia-
tion (8) are derived from the equation

n

z 2
X

i

as follows: 82 2875.751 - 2870.602 = 5.149

and 8 = 2.268-cm lg

while the coefficient of variation v , being the ratio of the standard
deviation to the mean, is gi:en by

v = £ x 1006 = 2228 x 2004 = b.23 (3)

17
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[TABLE I. CRITICAL PRESSURE FOR 50 NOMINALLY IDENTICAL CYLINDERS TESTED
UNDER EXTERNAL PRESSURE - AIR PRESSURE SYSTEM.
(values arranged in order of megnitude)
P
Losd  Criticay  Cumulative Iosd  Critiedl Gl stive
No. Pressure Probability No. Pressure Probabi’ity
cm cm Hg
(m, ) (x,) m/(n + 1) (m, ) (x,) n/(n + 1)
1 18.6 1.96 26 53.5 51.0
2 49.1 3.92 27 53.9 52.9
3 49.4 5.88 28 54.0 54.9
4 50.3 7.85 29 5h.1 56 .9
5 50.6 9.80 30 54,2 58.9
6 50.7 11.8 3 54,2 60.8
7 50.9 13.7 32 54,3 61.6
8 50.9 15.7 33 sk b 64 .6
9 51.1 17.6 34 54 .5 66 .6
10 51.5 19.6 35 54 .6 68.5
11 51.5 21.6 36 55 .1 70.5
12 51.7 23.5 37 55.1 72.5
13 52.1 25.5 38 55.1 4.5
14 52.2 27.4 39 55.2 76.5
15 52.5 29.4 40 55.2 78.5
16 52.6 31.4 41 55.5 80.5
17 52,7 33.3 42 55.8 82.4
18 52.8 35.1 43 55.8 8h .4
19 52.9 37.2 L 56 .2 86.2
20 53.1 39.2 45 56 .6 88.2
21 53.2 1.1 L6 56 .6 90.1
22 53.3 43.1 L7 575 9.1
23 53.3 45.1 L8 57.7 94.0
2L 53.4 47.1 L9 57.8 96.0
25 53.5 k9.1 50 58.1 98.0

chr = 2,678.9

18
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Figure 5. Distribution of Buckling Pressures for Thin Circular
Cylindrical Shells When Tested in a Soft System - Air.
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TABLE II. CRITICAL PRESSURE FOR SLO NOMINALLY IDENTICAL CYLINDERS
TESTED UNDER EXTERNAL PRESSURE - OIL PRESSURE SYSTEM.
(values arranged in order of magnitude)

P P
cr er
Cumuletive Cumulative

oad ¢

o Trosswe  Probedility Wor  Presmure  FrovSbliG

cm Hg % cm Hg
(m, ) (x,) m/(n + 1) (m, ) (x,) e D)
e 49.1 1.% 26 5k .1 51.0
2 k9.3 3.92 27 54.1 52.9
3 9.3 5.88 28 54.1 54.9
p 51-1 7.85 29 54 .1 56.9
) 51.3 9.80 30 sk L 58.9
6 51.5 11.80 31 5k .6 60.8
7 51.6 13.7 32 54.6 61.6
8 51.7 15.7 33 sh.7 64.6
9 51.8 17.6 34 54 .7 66.6
10 52.1 19.6 35 55.0 68.5
1 52.1 21.6 36 55.1 70.5
12 52.1 23.5 37 55 .2 72.5
13 52.1 25.5 38 55 .4 74 .5
1h 52.3 27 .4 39 55,14 76.5
15 52.3 29.4 Lo 55.5 78.5
16 52.3 31.L L1 55.6 80.5
17 52.4 33.3 L2 55.9 82.k
18 52.5 35.1 43 55.9 8L .4
2 52.6 37.2 Lh 55.9 86.2
20 52.9 39.2 45 56.2 88.2
21 53.1 1.1 46 56.L4 90.1
22 53.1 43.1 L7 56.8 92.1
23 53.4 4s5.1 48 57.1 9k4.0
2L 53.8 7.1 by 58.1 96.0
25 53.9 491 50 58.1 98.0
chr = 2,686.7
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The theoretical curve for the data displayed in the probability plot of
Figure 5 is

x =B+ (1/a)y (%)

where x 1is the variable buckling load and Y 1is the deviation in multiples
of standard deviation about the mean cumulative probability point. These
values correspond to cumlative probabilities as follows in Table III.

The classical method of least squares is applied to estimate the parameters
S and 1/¢. This leads to the values which follow

BN X =53.575 cm. Hg. (5)
8 2.268 .
l/a “3;— = m = 2.)4-35 (6)

where % is the normal standard deviation as a function of sample size,
With n =50; ¢ = 0.932 (Reference 10, Table 1. 2. 9, p. 39). Thus the
empirical line 1s

X = 53.58 + 2.43y (7)
This is plotted in Figure 5.

The degree of fit of the straight line and the data is determined graphically
using eontrol curves in the following manner. The standard _errors o(xm) of
the m™ observations are added to and subtracted from the m values x  as
determined from the fitted streight line. The oints x % o(x ) are jOined
to form these curves. The standard errors o(x g are dePived £ Tom the usual

statistical formula m

o) U B o3 oy ) /i (8)
@ v/n

where the values o(y ) /n are bure numbers independent of the parameters
(Reference 10, Table™2. 16, p. 52). Probability values ranging from 0.15
to 0.50 are obtained from symmetry. The control curves are Plotted in
Figure 5. The data for the hard system (011) is treated in an identical
manner and the various parameters of importance are derived as follows:

Mean

Buckling = F__ = L‘?gﬂ = 53.734 cm. Hg.
Load
Variance = 32 = 2891.791 - 2887.343 = L.448

Standard Deviation = s = 2.110 cm. Hg.
2,110
534734

Coefficient of variation v% = x 100% = 3.93%
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TABL'; III. CUMILATIVE PROBABILITIES FOR ONE STANDARD
DEVIATION ABOUT THE MEAN POINT.

Deviations in Cumlative Probability
o %
y F(x)
+1 84.13
0 50.00
-1 15.87
(IRl

TABLE IV. CONTROL CURVE DATA FOR THE SOFT-SYSTEMS -
m'
Probability o(ym),/n a—%-; o(xm)
0.5 1.253 0.344 0.431
0.6 1.268 0.344 0.436
0.7 1.318 0.344 0.453
0.8 1.429 0.344 0.k492
0.85 1.532 0.3u4h4 I 0.k27

TABLE V. CONTROL CURVE DATA FOR THE HARD-SYSTEM -

OIL.
Probability o(ym)/n wls o(xm)
0.5 1.253 0.320 0.401

0.6 1.268 0.320 0.406
0.7 1.318 0.320 0.k22
0.8 1.k29 0.320 0.457
0.85 1.532 0.320 0.490
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The coefficients B + 1/0 are given by

B~ x =53.734 cm. Hg. (9)
l/a =~ s/crn = g—;—;'eg = 2.264 cm. Hg. (10)

The line defined by these coefficients is plotted in Figure 6. The appropriate
control curves are derived as before. The necessary values of o(xm) being
listed below.

o(xm) = c(ym) /e 0.320 o(ym)/n (11)
&/n
These control curves are shown .n Figure 6.

It is readily apparent from the probability plots of Figures 5 and 6 and
their appropriate control curves that both sets of voservations can be
assumed samples from normal distributions. The standard deviations of these
distributions are extremely close and therefore the means are compared using
the student 't' test. The hypothesis of equality is examined.

The criterion for acceptance of this premise 1is

|t] =t

5. - ~
a’2; n_+ n, 2 (12)
vhere & 1s the level of significance
and n + ny are the sample sizes.
Here n_=n_= 50
* 7 (13)
n =n_ =-2=98
X y

The t test statistic is calculated from (Reference 11, Table 7.2, p. 171).

Dn(n +n -2)
- Sl

2 2
(nx + ny) (nxsx + nysy)

where

sample data from soft system
sarple data from hard system

53.578 ¥ = 93.734
5.1486 s§ = L.448

®ig X
it ]

L]
n
L[}

=]
I

x-SO; ny=50

2k
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t = (0.156) 5—5%3- = 0.349

Choosing a 5 percent level of significance a table of percentage points of
the t distribution for 98 degrees of freedom gives

t0.025 ; 98 © 1.984

Since

| 0.349 | < 1.98k
the hypoihesls of equality of the means 1s accepted at the 5 percent level.

An indication of the sensitivity of the analysis is obtained from an examina-
tion of the operating characteristic curve at this level. The curve
corresponding to a sample size of 50 indicates a 95 percent probability of
detecting a difference d = 0.35. (Reference 12, Figure 6.1C, p. 129). For
this test

a=lt-ml (15)
20

Using the average sample standard deviation from the two tests as an estimate
for o,

| u, - uyl = 0.70(2.189) ® 1.6 cm. Hg. (16)

Thus, a difference between the means as small as 1.6 cm. Hg. or approximately
3 percent of the average buckling load could be detected at the 95 percent
level.
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