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NUMERICAL INTEGRATION OF SYSTEMS OF DIFFERENTIAL EQUATIONS OF
CHEMICAL KINETICS.

I, Methods of integration of equations of chemical kinetics
using a computer.

As is well known, the mathemematical description of chemi-
cal reactions uses the derivatives of concentration (the rate
of the reaction) and their relationship to the numerical val-
ues for the concentrations themselves. The choice of differ-~
ential and not integral equations for the description of
chemical processes is based on the consideration that the
quantities ¢4(t) have a completely clear physical meaning,
while the parameters of the integral equation establish only
the fact that the concentrations themselves are some sort of
functions of time: ¢j = c4(t), where j =1, 2,,..,n, n being
the number of components éaking rart in the reaction.

Coefficients called constants of speeds of chemizal reac-
tions are a part of sets of differential equations which fix
the dependence in time of ¢y on other concentrations, Withe
out the use of a computer tﬂe solution of such sets of dif-
ferential equations for complex chemical reactions is, as a
rule, impossible., The differential equations are replaced
with sets of algebraic equations using the method, employed
in chemical kinetics, of stationary concentrations, 1In this
method all the éj‘s are assumed equal to zero. In doing this
the unfolding of“the process in time is lost, as well as the
possibility for investigating the influence of various cone
ditions (in particular, the concentration of various compo-
nents in the initial moment, temperatures, and so forth),

The development of effective methods of numerical inte=-
gration of sets of differential equations describing compiex
chemical reactions, proceeding with the final rates, can per-
mit the solutlion of these problems. The discovery of a solu-
tion for the set of differential equations of the kinetics
of complex chemical reactions gives the possibility of obw
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taining the following information:

1. When the values of the constants of reaction rates
for various stages of a complex reaction are known, it is
possible in a reasonable amount of computer time to examine
the various alternative mechanisms hypotheslized for the reace
tion. ,

2. For each of the mechanisms examined, it is possible
to obtain the values for the concentrations of all components
as a function of time for the entire duration of the reac-
tion (for a given sum total of constants of reaction rates).
Therefore, the comparison of calculated and experimentally-
derived values for concentrations is possible for any one of
them for any interval of time, provided that their measure-
ment 1s experimentally possible,

3. In the mathematical model corresponding to each
known mechanism of a camplex chemical reaction, it is possible
to learn the degree of sensitivity of that mechanism to chan-
ges in the constants of reaction rates in separate stages of
the reaction and in their different groups, and also to learn
the mechanism's degree of sensitivity to varied conditions af-
fecting the way the reaction proceeds (temperature, pressure,
initial distribution of concentrations, etc.). Actually,
such research may be conducted without any supplementary ex-
perimental data at all, Moreover, using special mathemati-
cal methods (the gradient method and others), if the experi-
mental data is reworked, it is possible to find approximate
values for the constants of rates of reaction as well as the
minimum number of experiments needed to obtain the constants
to a given degree of accuracy.

However, as will be shown in detail below, when using a
computer to integrate sets of differential equations of the
kinetics of complex homogeneous isothermal reactions, con-
siderable mathematical difficulties arise in the case -- im-
portant in chemistry -- when chemically active particles such
as atoms and radicals take part in the reaction, This is so
because the constants of rates of reaction for such particles
are several orders of magnitude larger than the other con.
stants of rates or reaction going into the equations. In
this case the use of the usual methods of numerical inte-
gration on a computer turn out to be extremely difficult to
put into practice,

It is possible to formulate the equations of chemical
kinetics for an isothermal homogeneous reaction (in closed

-2-
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systems) in the following form¥:

m=) pCm

c.’ = 2 2 “jmﬂcmcr + 2 pjpcp (‘)
=1 -
(>0 j=1,2,...,n).

where cj are the dimensionless concentrations connected with
the diménsional multipliers Co = To/VoT, where Tg = 273° K,
Vo = 22.4 liters/mole, and T is the temperature EOQJ; the ¢o-
efficients < and B jp, which are not equal to zero, are
the correspon&?gg constants of rates of second and first or-
der reactions, brought to the dimensionality sec=l; and t, is
the time of the start of the reaction.

# For simplicity, the rare zero-order and third-order reac-
tions are here omitted. Their inclusion in equation set (1)
does not introduce material changes in the discussion to fol-
low, It must be noted that the form given above is the uni-
versal and sole form of notation of equations of chemical
kinetics,” We also note that generalization of the method
offered below to the case of open systems (taking into ac-
count hydrodynamic phenomena and non-isothermality) does not
entail material difficulties,

The quantities going into the set of equations (1) satisfy
the following conditions: 1) O%cjy & 1(j = 1,2,,..,n);
2)“jmp and &Jp are symmetric with respect to permutations of
the "indices'm and p; 3) if even one of the indices m and p is
equal to j, then the corresponding coefficients, if they are
different from zero, are negative. Algebraic equations of

?a%ance enable us to lower the order of the set of equations
1),

Grouping together in each equation of set (1) the terms
containing ¢j, we shall rewrite the set in the following form:

g(t) =~b(t)e; +a;(t) (i=1.2,...,n), 2)
wheve

o;(t) = “'2}_x ,‘Z‘m EimpCry +§. Bisep (M= i, p i),

b (1) = Z}ll"iipl"p‘*'wiil-
,-

-3 -
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It is evident that b.(t), as opposed to a,(t), may depend
linearly on cg(t). Sincé a (t), bi{t) are thg sums of the
non-negative terms, then a ?t)?fA > 0, and b,(t) 2> B, >0,
where A; and Bs: are constafits whiéh are the lower boufidaries

of the Punctiodls a;(t), by(t) when t >t,.

For example, for reactions of the first order,

1. The content of the problem,

The use of computers to solve problems of chemical
kinetics has grown sharply recently (see, for instance,
sources [1-5]). However, as has already been mentioned, the
use of standard methods of numerical integration for sets of
equations describing complex chemical reactions meets with
various difficulties, This is connected with the fact that
source 1 when reagents with substantially different reaction
capability take part in the reaction (constants of rates of
reaction which when converted to the same dimensionality, d4if-
fer by ten orders of magnitude or more), certain of the equa-
tions (e.g. those describing the kinetics of free radicals)
may in the course of numerical integration become unstable
with the passage of time,*

3T§is question will be examined in detall in section 1-3
below,

This peculiarity is specific to these equations of chémical
kinetics inasmuch as, from the point of view of the theory of
sets of ordinary differential equations when BJ # 0, they are
absolutely stable,

Actually, we shall examine the conduct of a line of inte-
gration of one of the equations of the form (2)
¥(t) = a(t) = b(t,y)y. We shall define (t) = yq(t) = ya(%t),
wnere yi(t) (y = 1,2) is the basic component of %he solu%ion
of this equation, corresponding to the various given initial
conditions. Adding and calculating b(t,ypl)y,, we get:

$W=—b(tuw e—unlb b wl

Inasmuch as, in agreement with the above, dp(t,y)/dy =2 0,
then when yq > y,, that is & >0, we have <0 and vice
versa, Thus, thg integration series converges when inte-
gration is carried out from left to right, and as the mag-
nitude of b(t,y) increases, stability around the initial con-
ditions increases [source 2].

- a
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However, as will be shown below, when large enough values
of b(t,y) are reached, oscillations of the sclution of the
equation under examination occur during the process of numer-
ical integration by usual methods., The amplitude of the osci-
llations depends on the path of integration, As a result of
this occurrence,the integration of a set of such differential
equations of chemical kinetics by means of standard methods
of numerical analysis is in practice impossible.

Until now works have been published on variocus problems
in chemical kinetics in which the difficulties of numerical
integration of differential equation set (1) in the case of
complex chemical reactions are noted sources [2-4). Hence,
source [2] conducted a qualitative investigation of the car-
rying out of integral curves for an equation of the form:

- y—~C()
V="0w " (4)

where Q(t,y) and G(t) are the given functions, and Q(t,y)égg,
with§ quiée small (for the purposes of chemical kinetics
(@l « «, » where % is the time of the reaction).

It is evident that this equation is a particular case
of a class of problems in chemical kinetics, since it is es-
sential here that Q@ = Q(t) < 0 and moreover, it excludes,
for instance, reactions of recombination. In source 2 it
is noted that when Q < 0 the integration series during inte-
gration from left to right approaches y = G(t), and the
speed of approach sharply increases with the growth of \Ql =1,
As a result of the investigation in source 2 a different
method of solution of such equations (called "stiff'" equa-
tions by the authors of source [2] ) is suggested. This
method is interesting for the theory of electric circuits and
for rocket guidance problems, when Q>» 0 and the integral
curves, when y # G(t), increase sharply in the vicinity of
the modulus. But as applied to the problems of chemical ki-
neties, this method has not been developed,

The difficulties which we have described in numerigal in-
tegration of problems of the kinetics of complex chemical re-
actions led us to attempts at approximate solutions on a com-
puter by means of linearizing the equation set (1) (source [3]);
such linearization is usually undertaken with the aim of ana~
lytical investigation of the solution. Obviously, without
obtaining an estimate of the accuracy of the solution when the
set is linearized, this method can not be used for numerical
integration by computer.

Attention is paid in source ‘ﬁk to the peculiarities of
-5 -
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oehavior of set (2); in source [ﬁ] a method of computation¥*#* %
is suggested, without any mathematical subsatantiation, which 1
is in many ways analogous to the method developed in article d
DJ and similar to the one outlined in the following section ;
of this paper. ,

*Source (4] became known to us after the method presented by
us had already been worked out and confirmed on several exam-
ples,

#4#Tn this method an idea is used which had already been for-
mlated by Bodenstein {5] ,known as the method of quasiesta-
tionary (or partially stationary) concentrations (source {61).
Bodenstein's idea, more simplified, was used in Blackmore's
work D,R. Blackmore. Trans, Faraday Soc., 62, 518, 415 (1966) .
In this work the differential equations of chemical kinetics
for components with a high reaction capacity were immediately
replaced by algebraic equations. Such a replacement is not
always correct. It was shown by us under what conditions auch

a_replacement may be done correctly.

Thus, in source [4] , it is asserted a priori that in the equa- .
tions for certain concentrations which are assumed to be small é

in the course of the whole reaction, the derivatives, starting :
from a certain moment in time, will also be quite small. Cene- -
sequently, during the process of calculation on the computer .
program, this moment in time is determined and the right-hand
vparts of the corresponding equations are assumed to be approxia
mately zero, .

Thus, in source (4] , the reasons for the peculiarities

of behavior of the numerical solution of equations of kinetics
for complex chemical reactions remained undiscovered, which
led to the fact that the authors of that source erroneously

opened up the prospect of solving beforehand (without the
results of a numerical integration) these equations which can
make the set unstable during the process of integration.
Theref'ore in source [4] it was impossible to determine the
region of useability of the calculation method, or to give
an evaluation of its accuracy. Because of all this, the use
of the method is made more difficult and in certain situations,
(for example, for second-order reactions, see below) can lead
to significant mistakes.

2. Details of the solutions of equation set (1) when
there are particles ol Hif?ereniﬁyeac%ion capabllity taking

part in e complex chemical reaction,

- b -
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We shall explain the nature of the influence of chemically
active components on the solution of equation set (1); for
simplicity's sake, we ®hall first examine the case where one
component-~the k-th--has a high reaction capacity (defini-
tion of sufficient conditions for this to cpply are given
after inequalities (4) and (5) below).

Let us assume that all concentrations cj(t){j = 1,2,.0.0)
for all times t > 0 were somehow previouslyYdetermined for us.
Then the k-th equation in set (1), in agreement with equation
set (2), may be written in the form

o) = — b () ¢+ ay (). 3
Here b, (t) and a)(t), determined by the k-th equation of
set (1} and by the known values of the concentrations, are

assumed to be known functions of time, Now with the aid of
equation (3), which we set up only for the purpose of quali-
tative investigation, we shall obtain an evaluation for the
analysis of ¢y (t).

It is evident that for a particular choice of ck(t) for
the equation being examined, two cases are possible?

Case 1) The following conditions hold for the entire du-
ration of the reaction, whose total time is 7;:

LOSbHEO (=12..k—1, K+, 0, )
B>, ho>an. . ®'

(the latter of the inequalities in (5) derives from the for-
mer; € 1is the desired degree of accuracy#*)

*Because the values of the various concentrations change
widely (over a range from O to unity), the magnitude of

must be chosen quite small compared with unity,

From an examination of set (2) together with conditions (4)
and (5) it follows that components participating in a first-
order reaction, and having relatively high constants of reac-
tion rate [B,,|, are intentionally included in this case.

Case 2) It is not possible to confirm ahead of time that
conditions (4) and (5) are fulfilled over the whole duration
of the reaction, but they at least hold for certain parts of
the reaction, 1In this casehigh reaetion capabilities of com-
ponents may occur, for instance, in reactions of the second

-7 -




order. Then whether or not conditions (4) and (5) hold de-
pends on the magnitude of the value of the concentrations
having large constants of rates of reaction.as co-factors
in the expression for function bk(t). '

In the simplesé case, (which has been examined in source
6], for example), where bg(t) = B> ay(t) = A )0, the
iolution of the equation oBtained from equation (3) has the
orm: i L

ealt) = ex (0)oxp(—, 1) + FE 11 —oxp (— Bit)].

Since 0K ¢, (0) < 1, then when conditions (4) and (5)
are fulfilled, Kne rirst item, which expresses the influence
of the initial conditions, may be excluded from considera-
tion when t » ty = 1Iné€l/B,; that is, when exp(-Bt){€ .
Hence when t )-%0 we have 5itnin the limits of accuracy:

al)=q=4r, S
where Ek(t) and consequently, c¢, (t) will be small compared to
unity. “The concentration ¢, which we have obtained in this
particular case we have been examining, is known as the quasi-
ctationary concentration, and is widely used in chemical kine-
tics,

An analysis of the behavior of c.(t) in the general
case, where a, = ak(t) and by = (t¥ are determined by sol-
ving the wholé set™of equations ol' chemical kinetiecs, presents
conciderable difficulties, However, for components whose
equations satisfy conditions (4) and (5), and in the case of
equation set (1), quasi-stationary concentrations also occur,
Tt is evident that the latter concentrations will be substan-
tially different from those examinred earlier in the particu-
lar case., In fact, from equation (3), inasmuch as a,(t) and
b, (t) are assumed to be known functions of time,

| 4 t [
cx () = ¢, (0) exp [-—— Sb, (s) ds] + S a, (s) exp [— S b (r) dr] ds. (6)
[ [ ] ’

Hence, similar to the particular case examined above,
the first item, which directly reflects the influence of the
initial conditions, becomes small enough to ignore when
t2 ty = |1n¢l /Bg. From the boundedness of a, (t), Db (t) it
follows that it 18 always possible to also cholse d, = const.
and gy = const. (i = 1,2) so that 444§ a.g(t)<. dy, and
&1 € bk(t) < go, where dy 2> 0, g; > 0 and, in accordance
with inequality (5), g 3» By.

- 8 -
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Then: & [1— exp (—gy)] < Sa,, (s)exp [“Sbk (r)d,-lds<
L H
<aglt —oxp(—gat)],

where:

d,
¢‘=--l—, a'-.:._dl

. n’
From equation (6), for t > t_., in accordance with the
foregoing, and within the accuracy limits, we have

ay < & (f) <a,-

Inasmuch as ;<K 1(i = 1,2) in accordance with inequality

(5), we obtain"the result that the concentrations of the
highly reactive elements that we have been examining become
small in relation to unity and consequently, the change in
a,(t) and bg(t) for t> t_ is basically determined by the con-
centration of the substanfes having a relatively small capa-
city of reaction compared to ¢ (t). Then, using the continu-
ous nature of the solution of gquation (3; a >0 is delibera=-
tely chosen such that, when t & (t, t +6 5 we have occurring:*®

. lai""ek(t)l<¢(i= 1’2)0
where

{3
&) = ;:TST)

*If by = belt,cx), then ¢ is found in a similar fashion.

Thus, if in equation set (1) there is one equation satis-
fying conditions (1) and (5) over the duration of the entire
reaction, then for all t > |Inetl /g, the error made in substi=-
tuting the corresponding concentration ¢, (t) for &.(t) becomes
less than the given maximum allowable 5rror; and in accor-
dance with equation (3) &,(t) becomes as close to zero as
desired, Characteristicafly, in this event the individual
terms in the right-hand part of equation (3) are large come
pared with the magnitude of &, (t).

From now on we shall call the function & (t) the quasi-
stationary solution of equation (7). It is Kvident that the
quasi-stationary situation for individual substances that are
participating in the reaction is typical for reactions where
there are stages with constants of reaction rates sufficiently
larre and varied ir magnitude. - Also, the quasi-stationary

-9 -



values change over time as a function of the behavior of the
separate, less reactive components of reaction.

In the case where there are several components with reac-
tive capacity whose constants of reaction rate exceed that
of the rest of the components by a considerable margin, the
line of reasoning is analogous., The guasi-stationary values
in this case are determined from the solution of a set of al-
gebraic equations obtained by setting the right-hand parts of
the corresponding equations in set (1) to zero, The times
when these components appear in the quasi-gtationary condi-
tionis inversely proportional to the corresponding values of
By. Since the constants of reaction rate incorporated in
b¥(t) materially depend on temperature, the time of appearance
o) ck(t) in the quasi-stationary candi%ion under various con-
ditions of the course of the reaction may change considerably,
decreasing with an increase in temperature., From the deter=-
mination of ¥ _(t) it can be seen that the mugnitude of a (t)
influsnces th§ magnitude of corresponding quasi-stationa
value ck(t).

3. The algorithm of numerical integration of the set
of equations of chemical kinetics under conditions of egua-
tions (%) and (3).

As was shown earlier, if in the right-hand side of the
equation for any concentration there are one or several mem-
bers containing the indicated concentration with coefficients
sufficiently large in the vicinity of the medulus, then for
a short time interval (compared with the duration of .the reac-
tion) the concentration in question for all practical purposes
reaches its quasi-stationary value for that time., It follows
from equation (3) that when the conditions of equations (4)
and (5) are fulfilled, the concentrations cy(t), having
reached (to the degree of accuracy required¥ their quase-
stationary values when t, = |ln€\ /B, will remain in their
gquasi-stationary state wﬁen t‘)»tk also, :

However, the numerical integration of this set of non-
linear equations which is under examination, including in it-
self one or several equations satisfying the conditions of
equations (4) and (5), leads to an oscillation of the solution
around its quasi-stationary value for practically any path
of integration diff'erent from zero, when t > t,. This pheno-
menon is connected with the discreteness of co&nting in nu-
merical integration, since the calculation of the right-hand
parts in equation set (1) is conducted at fixed points of the
integration path, For explanation we shall Iintroduce the
designation z, (t) = ck(t) - ¥(t). Then, subtracting from

- 10 -
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equation set (3) the equation which it has been determined
satisfies the concentration Ek(t)

0= —h(t, &) & +a, (1),

we get, using the Lagrange theorem,

é‘ (t) = — M. (‘) Zx (‘), (7)
where ' &
Myt =bte) + 8 G2 > 000, e

EE€Ga(t) &) P () <& ()
@) a®) if 40 <.

When the conditions of equations (4) and (5) are fulfilled,

we have from equation (7) that a small increase in |Z(t)l
leads to a large change in ¢, (t), as a result of which lz(t)l
decreases. Hence with the passage of time z(t) tends toward
zero, However, in numerical integration with an interval

At2 /B (which is sufficiently small to meet the condi-
tions of efuations (4) and (5), @mlt), and hence, & (t) change
sign within the limits of one int®#rval. As a resul¥ the nu-
merical integration of equations (2), which satisfies the con-
ditions of equations (4) and (5), leads to an oscillation in
the solution of ¢y (t) relative to ¥, (t). Decreasing the inter-~
val of the integrgtion process naturally reduces the ampli-
tude of the oscillation. However, when ¢, (t) appears in the
quasi-stationary state, that is, when z(t¥ is located within
the limits of accuracy for the calculations, the integration--
even with the smallest possible interval-~ieads to oscillation
whose amplitude increases with time. Therefore, the numerical
integration of this set of equations, one or several of whose
equations satisfies the conditions of equations (4) and (5),
leads to an extremely small integration interval (intentionally
not increasing over time) and, hence, to a long computation
time and the accumulation of error. If the integration is
conducted with a constant integration interval, the accuracy
of the computation quickly falls, and the oscillation in the
solution occurs with sharply increasing amplitude leading to
computer overload,

As is known, under certain circumstances a chemical pro-
cess may have an oscillatory character [;ource . liowever,
if it were possible to lower the amplitude of the oscillation
of the numerical solution caused by the discreteness of the
computation on the computer, the amplitude of the "real™
oscillation [source 8] caused by the oscillatory nature of

- 11 -
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chemical process, would remain constant. HMoreover, the amp-
litude of the oscillation of the solution, caused by the dis-
creteness of the computation, could also grow without limit,
which could lead to violation of the law of conservation of
matter and even cause the appearance of negative values for
the concentrations, Such phenomena do not occur if the oscilw

lations of the solution of equation set (1) are "real.® Thus,

the different behavior of the two types of oscillations of

the solution of equation set (1) in principle allows us to
tell these oscillations one from the other.

On tne basis of the foregoing, the following algorithm
is proposed for solving problems in chemical kinetics when
chemically active partfticles are participating in the reac-

tion, The integration of squation set (1) in this case must
be carried out in two stagers.

In the first, transitional stage, where the concentration
magnitude materially depends on the selected initial condi-
tions, the set is integrated like the problem of Koshi by one
of the methods of numerical analysis. The duration of the

first stage, as was polinted out earlier, is deterpined by the
magnitude of the corresponding valuess of

b.(t). 'LIn practice,
the duration is of the order of 10/min B _, if there are several
components capable of reaction whose equdtions satisfy the

conditions of equations (4) and (5).] Here the integration

absolutely must be carried out using an automatic selection

of integration interval, but the initial value for the inter-
val must be taken less than 1/max B,.

When it is taken into account that the magnitudes of the
concentrations differ from each other by many orders of mag-
nitude, but that scaling them is difficult because of their
rapid change over time, it can be seen that the integration
must be conducted to a given relative degree of accuracy; that

is, to a certain number of significant figures regardless of
the magnitudes themselves,

The final goal of the process of integrating the prob-
lem in the first stage is the arrival of the components capable
of reaction into the quasi-stationary state. After each inte-
gration interval a comparison is made between c,(t) and ¥ (t).
If the difference between the solution to the e&uation haVing
the characteristic examined above and its quasi-~stationary
value for any moment of time--if this difference is within .
the accuracy limits, then we can go into the second stage of
the integration. Here the order of the set is lowered, and
the differential equation that has been described is replaced
by an alpgebraic equation (by setting its right-hand side equal
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to zero), In the general case, when there are a number of
elements capable of reaction, a set of non-linear algebraic
equations results from the replacement. As will be shown
later, when the conditions of equations (4) and (5) are met,
such a replacement does not introduce divergence and does not
yield an accumulation of error, but instead the effective-
ness of the computation is sharply increased, enabling us to
eliminate the difficulties described above.

In the general case it is necessary to solve the set of
non~linear algebraic equations cbtained in the second stage
by integration methods at each referral to the computer pro-
gram for the right-hand sides of the equatiocns in the set of
differential equations. In so doing, the computation time -
may significantly increase. Hence it is expedient to solve
such problems on high-speed computers,

L, Evaluation of the accuracy of the algorithm,

The proposed algorithm, with the successive replacement
of the differential equations with algebraic equations for
the several components with high reaction capability which
satisfy the conditions of equations (4) and (5) when
t, = |In€] /By, insures that the solution of equation set (1)
is obtained to the desired degree of accuracy.

For proof of this we shall examine the change in deviation
of z,(t) of the solution of equation (3) from its quasi-sta=
tionary state when t > £, . Taking into account ihe deter-
mination of ¥, (t), the equation for z, (t) from equation (3)
may be written in the form ’

’t‘f‘Mt(‘)zk:d'%: %‘:‘“5:‘ {—:—.
where, in accordance with our earlier cxamination,
Mk:} (tye)e It follows from equaticn sets (1) and (2)
tHat when expression (4) ig achieved, |3, (t)] has the order
a,, and B, | the order bg. Thereforc’

lél+Mkzkl<‘vt- 8 .

where N, is some value which is the upper bhoundary of the

expression that is in the left-ohand cide of equation (8),

If the condition of equation (5) helds, ', 4K S
\ 2% A\

e shall examine the integral curver {onuation 8) and
the straight lines z, = 1 2, , wherce 7 no /%, Tt can be
v AS o, 1 . S

geen that if for some t* )>5 we hoave Z, (L7 >TH, then
zk(t*))>0, and the integral linc of ofaation (§5 may only
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decrease as far as its intersecfion with the straight line

zy = R,. If z (t#*) >R, then z (t*) > 0, and the integral
cirve Bf equatfon (8) iforeases tntil itvintersects

z, = -R ., But if lz (t*}<& BR,, then the integral curves of
e&uatioﬁ (8), for tj§-t*, can Bot intersect the corresponding
straight lines zy = % R,. Henee:

min s, (1) — R} < 2 (1) < max {5, (I); By}

for t t* and for t* t&,. When the components with high
reaction capability reach (to the desired accuracy ) the
quasi-stationary values, the following evaluation occurs:

min {&; R} < 23 (1) < max {&; R,}.

Because under the conditions of equation (5) R, is quite

small, the difference between the quasl-statiohary solution
and the real solution will be within the limits of the accu-
racy of the computation, when t > t,. Thus the proposed algo-
rithm of the solution of a set of d§fferentia1 equations dew
scribing the kinetics of complex chemical reactions when com-
ponents of high reactive capability are present that satisfy
the conditions of equations (4) and (5)--this algorithm insures
the obtaining of a solution with sufficlent accuracy for prac-
tical purposes.

The above evaluation of the magnitude of the guasi-sta-
tionary concentrations, as well as the qualitative evaluation
of the accuracy of the algorithm, both of which depend on the
ratios of the constants of reaction rates of the elementary
stages of the reaction (that is, the degree to which the con-
ditions of equations (%) and (55 are fulfilled)--these evalu-
ations may be obtained in a similar way in every cmcrete
case, It is evident that these evaluations are excessive

conservative , Therefore when the equations of balance are
done (and these are the practical standards for judging the
results of the integration of equation set (1)) it will
actually be done with greater accuracy than the evaluations
obtained above would indicate.

We note in conclusion, that in the case of reactions of the
second order and higher, after arrival into the quasi-sta-
tionary state, it is essential from time to time in the course
of the solution te check that the donditions of equations (4)
and (5) are being met. If during the reaction process b
decreases so that b, < |lnt| / At, where At is the int8rval
of integration, then in order to get the required accuracy it
is essential to replace the corresponding algebraic equation

- 14 -



with the initial differential equation, etc.

This method that has been developed by us above will be
used in the following sections of this chapter. Tt will be
applied to various problems of the kinetics of complex chemiw
cal reactions,

II. A calculation of the kinetics of chlorination of ethy-
lene and an analysis of the accuracy of the aIgorithm of the
solution, .
/ The complex, multi-stage reaction of the chlorination of
'E ethylene offers considerable difficulties for investigation.

In this section we obtain the functions c; = ¢,(t) for con-
r centrations of intermediate and final pro&uctsaof this reac=-
tion by the meghanism of combination in the temperature inter-
val 600 - 1200°K and for differing initial ratios of Cl, : CZH .
An appropriate analysis of the accuracy is conducted for the b
results of a numerical integration of a set of differential
equations of the kinetics of the chlorination of ethylene.
This analysis also has a more general significance for the
nature of the method of numerical integration of kinetic equa-
tions of complex chemical reactions that was developed in sec-
tion T-3 of this paper.

On the basis of the data now available it is considered
that substitutional chlorination may proceed in two direc-
tions [sources 8,9] :

CH, + Cl, ~ C,HCL,,
C,HCl, — C,H,Cl + HCl, ©)
C,H, + Cl,— C,H,Cl + HCL (10)

In the first case vinylchloride is formed from the pro-
ducts of combination (CpH,Cl,), and in the second case there
is a direct replacement p ocgss [source 10] . On the basis
of present computations the first of these mechanisms, which
is considered the basic mechanism by many authors, is assumed,
A reaction process was constructed for mechanism 19) that
vas considered to be one of the possible models for the chlow
rination of ethylene,

1. Fbrmﬁlation of the nroblem,

e have exanmined the followinm reaction process, in
which elementary stagses known in the literature are used
[sources 11-147:

- 15 -
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1) Cl +CGH, —CH,Cl
2) GHCl - C + GH,
3) GH,Cl + Cl = C,H,Cl,
4) GH,Cl 4+ HCl— G, H,Cl + CI
5) GHCl+Cl+GHCL + HCL )
6) CH.Cl 4+ ClL - CH L, +Cl
7) CoH(Cly + Cl - CHCl +Cly
8) Gyl Cly 4 Cl — C,l1,Cly + HCL
9) GyH,Cly + HCl— CyH,Cl,y + Cl
10) CyH,Cly + Cly ~» CHCl, + Cl
11) CH,Cl; + Cl— GH,Cly + Cl,
12) CeH,Cly + Cl - GHCly p dn
13) CgH,Cl, - CyH,Cl + CI .
14) GH,Cl + Cl— C,H,Cl,
15) Cly+ M—>Cl +Cl+ M
16) C14+Cl + M—Cly + M
17) C,H.Cl + GHCl—nmpozyrrst
'48) GHCly 4 C1— GH,Cl; + HC1 )

#The authors thank V. Ya. otern and A. F. Revzin for help.
given-in the construction of this reaction process,

Since further chlorination does not interest us, we limited
ourselves to the reactions listed above.

Corresponding to the reaction process (11) was constructed
a set of 12 non-linear, ordinary differential equations (12)
which were numerically integrated on the "Strela" [YArrow')
computer of the ccmputer center of Moscow State University.
The integration was carried out using the algorithm of inte-
gration of a set of equations of kinetics of complex chemical
reactions which was examined earlier in this paper in section
1-3.

- 16 -

e AT L L



% == — Keraty + Ke€sCa — kueaty + kuueoes — kyierto+ kagclcn ]

;‘? = = kieals + Kaga — kacats + Kecsto — kaerca + kacd-;z. -
— keseg — keeses + keeseo + kyoese, — kyreges — kypcucy 4
o+ Kysea — kyenes + 2kypei00 ~— 2kigcleg — kpacate

5 =—kots+ ey

% = kycyCy — katy— kycies — kucica + "u?zcz —kicots +

+ kesey —;2k,_,c:
’-:,'4,‘ = kC4fy + keescy — krtsea — kaeacs + kocacs

ey Py

%‘fc = — Keteta + Kseres + KaCus — Ketats + Krafaco

_ 20t = kata— hicrts
_ %‘;‘ = kacits — karats — Kyotsey + kxlcnc,-;k;.C.ce—knc. +
+ Kuesory ‘
t % == kynCeCy —= k1sCeCy + K1aCaty — kigtscy
%—' = kyey — Ky 1001 P 12
T =t
‘%’f = kytets

L

In set (12) the following designations are hereby adopted
for convenience:

G) Bamecrao @::f::' - Ppemeorao w:.'&‘,’;:’

Cly a CyH,Cl ]

L+ ] ' CoHCly o

CyH, L] CH\\Cly C

GHQ c CeH,:C1 Ce

CyH /L1y o Tponyxru ey

canmantaTolt
l peaKRINK

HC1 & I CaHyCls 613
Key: 3. Substance
1, Substance 4, Concentration

2. _Concentration 5. Products of the 17th reaction.
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In the casc where this process occurs in a current, equations
of hydrodynamics should be added to the set of differential
equations of kinetics (12) and the set thus obtained should
be solved concurrently, as was done for instance in source
for the process of the conversion of methane Lo acetylene.

For the initial conditions of the equation set (12) we use

the initial concentrations of ethylene, molecular chlorine,
and elemental chlorine, where the initial value for the con=-
centration of elemental chlorine is found by means of a
balanced degree of dissociation of ‘molecular chlorine at

the moment t = 0, )

The values of the constants of reacticn rate, which are
necessary for numerical integration, were computed (with the
exception of the constant for the dissociation and reassocia-
tion of chlorine) by means of the well-known formula:

&y = ky oxp (—E; ] RT), : S )

where the factor before the exponential, k.., and the energy
of activation, E. were taken from sources %12, 16, 171 which
have the data which is most complete and mutually substan-
tiating, These data are listed in Table 1, Because data are
lacking for the higher temperatures, the values indicated for
the constant of reaction rates for the 12009k region were
extrapolated by us. '

Table 1,
Values of the energy of activation and pre-exponential
factors for the elementary stages of the reaction of

® (<o) )

| o | ] ¢ | o o
i 1,6-1019¢, 0 10 | 6,3-10%¢, {
2 | 7,9-100 23,6 1| 210 206
3 2-10M¢y 0 12 2:1011¢, 0
-4 10%, 9,1 13 | 6,3.103 23,8
5 | 3.2.100, 15 | 16 | 16100 | o
8 | 2,5-10% 1 17 | 1,3-108%, 0
7| 210me | 2,3 || 18 | 3.2-10%% | 3.5
8 | 2,5:10%, 3
[] 7,9-10%, 10,2

Key:

1. 1/sec. 3. 1/sec.

2. kilocal,/mole L, kilocal,/mole

The reaction process (11) also embodies reactions of

- 18 -
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dissociation and recombination of chlorine.

A number of authors have shown in experiments using impact
tubes fgour-ces i8, 19] in the temperature interval from 1500
to 2500°K that the experimental data on the constants for the
dissassooiation of chlorine, for corresponding choices of a,

n, ko, and E, are equally well described by either of the two
following formulas:

ky = a YV T{DyRT)" exp (— Dy/RT), . (14)
k = kyexp (— E/RT). (15)

where n is the numbered parameter. Usually, n is taken to be
n =~ 2 sources 18, 19} ,

- As far as the numerical value of the energy of activation
ig concerned, different authors give values for this temperature
interval that do not agree with each other~=from 40 to 48 kilo-
cal,/mole. [sources 17 - 19].

For the integration of equation set (12) in this study,
the Gonstants of disassociation and recombination were com-
puted according to the following formulas [?ource 18]

kyy = 1,1.10° T (Do/RT): exp [—(Do/RT)], (16)
ki = 3,6-10Y (Dy/RT)Y1 — exp (—813/T)). (7

2. The algoritﬁm of the soiution of equation set §122,

From what has been written above it follows that the con-
stants of rates of reaction change within wide limits over dif-
ferent stages of the reactlongunder anvestigation (for exanple,
at temperature 600°K from 10”” to 10-7). As was pointed out
carlier (middle of section T1-2), this wide range of values
ercates considerable difficulties for the numerical integra-
tion to a desired degree of accuracy.

In the case of equation set (12) the components whose
equations satisfy the conditions of equations (4) and (5), are
C,i)Cl, CoHqClz, and also under certain conditions Cl (our
désignatidns ¢y, cg, and cp correspondingly).

In the temperature range from 600 to 1200°K the concen-
trations ¢, (t) and cg(t) reach their quasi-ctationary states
with values cp(t) =&a¥(t)/bkét)(k = 4,8) correspondingly, not
later than from 107" to 10-° sec., after the start of the reac-
tion, and in agreement to what was written above, (section 1-2),
the concentrations shall intentionally be allowed to stay in

- 19 -
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the ?uasi—stat;onary state.* It is here evident from equation
set (12) that ¢4(0) = 0, ¢,(0) <0, 03(0) <0, ¢,(0) >0,

*As was shown, under certain conditions this is also justified
for Cl.

The integration of equation set (12), as was shown earlier
(section I-3), must be carried out in two stages, The initial
interval of integration must be intentionally not more than

1
wasm (k=248
that is:
1 1 1
"""{m'"‘ o R el
In this case ¢, (t) and c,(t) enter the quasi-stationary
state almost simult%neously, cause b, (t), when k = 4,8, (the
lower evaluations of which are correspondingly egual to k2 and
and &, (t), in“accor-

k,~) are closed to each other. Since ¢_(t)
déace with equation (12), do not clear1§ depend oﬁ cutt) and

co(t) respectively, in this case &,(t) and &.(t) may be found
igdependently of each other from tﬁe eguations:
éB(t) =0
and éu(t) =0

Besides this, the condition ¢, (t) = &,(t) = 0 allows the equa-
tion for °2<t) to be brought %nto a mgre convenient form for

numerical integration:

€3 (t) = 2 (kaatso — kadaCy — Ryl — krafaty — krecec3) ~ ksesty,
where the magnitude of the coefficient for S, decreases signi-
ficantly compared to equation set (12),.

A cneck showed that when equation (4) was solved using the
proposed algorithm, the equation of balance is fulfilled to the
desired accuracy, which is determined by the relative degree of
error inherent in the method of numerical integration over the
whole integration process, The computation time machine time
required for one variant of the Runge-Kutt method, using an
automatic chgice of i?terval of integration and a relative
error of 107" and 10->, is aboul one hour on a "Strela-i"

Arvow-t] computer with a computer speed of about 2000 opera-
tions per second.
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3. An evaluation of the accuracy of the results of the
numerical integration of equation set ]iZ}

We sha%l show that in the temperature range being examined
(600 - 1200°K) the algorithm of the solution of eguation set
112% insures an absolute accuracy not lower than plus or minus
10-0, '

Beforehand we shall obtain the upper evaluation of the mag-
nitude of the concentration of atomic chlorine as a function

of time in the given temperature range. For this purpose we
shall examine the equation for Cl in the form

&g () = 1 (o) Cgyeees 0ag) = — ey [hgey + Kyer + (o2 + Kg) &5 +
4 kygts + kygtro + 2 kuotors + krey + (ks + k) ool 4 g (ks +
+ ko + kety) + ca (kis + Kyts + Kioes) %u’x.‘r (18)
We shall find a ¢f such that for ¢, (t)¥% c$ and for any
other possible values of the other concantrations, the follow-
ing holds:

 F (Cr Egrenes €10 <O

This means that the reaction being examined may proceed with
an inc§ease in the concentration of atomic ¢hlorine only if
¢ o
2 < oz

As follows from equation (18), the positive terms do not
¢learly depend on c

y Coy Cg, and c44. We shall hold the values
of the other concenératz % and

ons’constan write the equation of
balance for Cl in the form:

25+ e+ 3 + flo =g~ 2“1‘ — Oy —Cy— (g — écl —2¢~3e1,

X 19)
where

“a = 2¢ (0) + ¢ (0).

It is evident that the function f will reach a maximum if, for
arbitrarily fixed values of the indicated concentrations, the
negative terms in equation (18) are at their minima. This con-
dition is fulfilled if the expression obtained from equation
£18) and presented, taking equation (19) into account, in the
orm

Ry =ker + % (k1 + ko) 265 + Fyecro + '71;("“ + kyy) 3eo.

is at its minimum, In view of the fact that, in accordance
with Table 1, the following inequality holds:

-21-
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B4 reaches its minimum, (as a consequence of equation (19),
if :

& == 0y =gy = 0. - (20)-

Thus the condition of equation (20) is essential if func-
tion £ is to reach its maximum value. Then expression (18)
takes the fornm CoR
1= — ¢y lksey + laety + 2kyeeees + (ag + kyy) o + Ryey) +

+ o (kg + kics + keey) + calkza -+ kacot Froy) + 2 ke, (1)
Further search for the majorant of &,(t) will be accom-

plished by means of varying Cqs Cpys C8y Cqqs and c¢4,, Which
heretofore were held constant.: .

Let us look at the contents making up c, and C¢ in for-
mula (21), taking into account expression (26), and“for the

values of ¢4, ¢4, C., C c and ¢, being held arbitrarily
constant. %ﬁenufroﬁ’thélﬁaléﬁée in eauation (19) we have

kx+"3=a_3c. "“;‘—a:._kn—‘&l’—ct- m’

Consequently the expression entering the right-hand side of
equation (21) and written taking equation (22) into account,
in the form

R, = ¢, ‘k‘c. + kies) + ¢y (keey + Kyors + 2k;4e0)s

reaches its maximum when cé = 0, since ké5> 2k
h

kin» 2k
and alsn, in accordance wi equation (16), k1%E> 6? Congé-
quently <

’;"("occ + kyoes + 2"1!‘0) > ke + k.

From the above it follows that when expression (20) is sa&tis-

fied, (regardless of the values of the other concentrations),
the condition

c.=0

@)

leads to the maximum value of ¢,(t) for the given state of the
system, As a result of formula”(21) we get

& () Koo (ks + kety — kseg) + eu (kg + Kyoey — kygey) +
+ kg0t — 2kyeces — (s + kyy) iy — kyeges. (24)



It is evident that when c¢,(t) 2y ¢,{(0), the following
holds: 2172

ke, () — ke (<0, ¢>0. (25)

Thus, when ¢, = cg, the only terms in the right-hand side
of formula {24) wgich may be 8ositive are R, = ky + kyc, = k3cg
and By, = &(k 3% Kyg0q = K¢ Jo In accorddnce fiith éaﬁle 13
k2’> K14y k65 kqgy and k £ % independent of the temperature,
Hénce, if R, & O,%hen %2 0 atf flc 2 Coy CoyyenesCys a.
Consaquentl? a maximum of f is possiﬁle When”R, > 03“ Then
R, > R, and ¢ RB + 2cgR), Will not be large, if“for the arbi-.
t;ary va %h%r

lues éf“the o concentrations (taking into account
equations 19,20, and 23), we take
Og = 0. (26)

Thus from expression (24), taking into accbunt equation (26),

we get o

fle e caeny €1y Koo by + kiey — k:‘-':) +

+ 2 (kyyey ~kyecf?) co — (Kia + Epi) eacs — Freees. 27
Throwing out the last terms of equation (27) (here the right-

nand side of eguation (27), in agreement with equation (25),
is not allowed to decreases we finally have:

f(eh C:, Caren ,513)'(0

with
g= max {¢; (0), &5},
where
f=tpte,
Ylhen there is a surplus of ethylegﬁ, A =1, and since
¢, (t) K ey, (0)< & /2, 5,4 51072 for the temperature in-

thrval frdm 600 to 10009k Inasmuch as the degree of.disasso-
ciation in this interval changes from 107" to 2,5-10%7,
Co > cz(o), and the evaluation we are seeking has the form

e (0) ey (1) <5107 . 23

The evaluation obtained in equation (28) is sufficiently
effective for the high temperatures within the limits of the
temperature interval under examination, But for a lowered
temperature the evaluation of equation (28) becomes substan-
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tially incpeased; therefore for the temperature range frog
600 _to R00” K, (degree of dissassociation of which is 10-Ce-
10-5) it is expedlent to use the following evaluation, From
formula (12) we have

al) el +al) = .
= —2(kscies + kycd -+ kutees + hubod + 3 bt )+ ks (29)

We shall designate cz(t) + ¢, (t) col(t) = ¢ (t), whereby,
since ¢, (0) = ¢ € 0, we ﬁaﬁg 6) = ¢, (0). "Then from
equation (29) 1% follows that &(t) 4.2k15 cicy for any t7 0.
Hence we have

4 (3) < Zkuczt'o‘ + ¢, (0).

Since for temperatures up to 600°K the rate of disgssociation
£ 10-7, and the balanced values of c¢,(0) & 10-° for a
t%ge of reaction of the order of one sec% d we have finally,

(for ¢y £ 1, co 4 0.05);

e () + e (1) 4+ & () < 2hypeo + ¢4 (0) = 102,

Taking into account that the values for the concentrations
can not be negative, it follows that
]

() < 10 (k = 24.8). (30)

At 800%K ¢, (t) £ 10-6. It is evident that for high tem-
pprat?rg§ this evaluation becomes rougher than that of equa=-
tion (2

The rather rough upper evaluation of the magnitude of
c2(t) carried out above, permits the evaluation of the magni-
thde %, (t) (k = & ,8) in the reaction process. From formula (4)
it fol&ows that ak(t) (k = 4,8) is proportional to c,. In
accordance with Table 1, in the temperature range frém 600° to
12009k, the constants of reaction rates going into a, (t) do not
exceed 109 in the dimensionless form. Consequently, for
tempgratures from 600 to 12009, a,(t) does not exceed 10 and

5«1 c respectlvely. In thlS range and fgr these andl-
tions, B .(t) (k = 4,8) is not lower than 2,5°10
respectively,

As a result in the temperature range being examined the
upper evaluation for the magnitude of the quasi-stationary values
of the chemically active elements in the reaction process has the
following form:

G () <100 >0, k=438, "))
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It is evident that for temperatures of less than 1200%K the
“evaluation of equation (31) becomes quite increased.

With the help of the results that have been obtained we
shall find a qualitative evaluation of the accuracy of the pro-
posed algorithm of the solution of equation set (12), this so-
lution being connected with the replacement of the differential
equations by algebraic equations for the components cagable cf
reaction (Cl, C2HyCl and CpHACl,) for all t 7 t = 10~2l1ntl .
Here the same designations w?ll be used that weRe usea in sec-
tion II,1, where a proof was offered for the accuracy evaluation
in its general form.

We shall evaluate the magnitude Nk(t) (see formula 8,
section I)., From equation set (12) it"can be seen that the
only term of the first order not containing c, (t) (k = 2,4,8)
is k4cci1cq. This term, which characterizes the disassociation
of c%iorine, does not exgeed 2,5-1077 in the temperature range
from 600 to 1200°K and is quite small compared with B, 7 107,
Only concentrations of the reactive components c; and cq g0
into the other first-order terms. In addition, in the gecond-
order terms, at least one of the concentrations coincides with
¢oey or cg. Thus, in agreement with the evaluations of equation
(%9% and equation (31), c(t), § = 1,2,..,12, are at least three

orders of magnitude less than the maximum for the constants

of reaction rates in the positive terms in the right-hand sides
of the corresponding equations, Here the derivatives of the
concentrations of the reactive components after entry into the
quasi-stationary state are quite small. This circumstance enables
us to obtain an evaluation for,the magnitude of & (t), by (t)
(k = 4,8) and also for a,(t), b,(t) when_ there is“a surp&us of
ethylene present and t »7t _, Agtually, ak(t) {(where k = 2‘4,8)
is compoged of the final sdm of terms having the form k;, cj
and k3 (cpe, + c,cp), which are obtained by differentiating
the respective first and second order terms. It is evident
that the first of the indicated terms are small, since the
corresponding components are capable of reaction,

Let us assume that ¢ has little capability of reaction
(then c_ is quite reactivB). Hence in Bhe worst case from the
standpoint of evaluatéon (wnen T = 1200°K) we shall obtain
ki(c_c.  +c op) { 10" kik,., where k,. is the greatest of the
céns%aﬂts of rates of réaction in tﬁe right-hand side of ¢, (t).
If ¢, and ¢, are capable of reaction, then the corresponding
term will be quite small, As a result we have

a, (1) << 104,
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In an analogous manner, since B (t) is composed of terms of

the form k,C,(t), where c may Nave a small capability of
reaction, ée have P
by (1) = 10" ik, < 10, .

Hence in the worst case we obtain

_la0__, &®m
)] = |22 — &, 0] < s,
since for a temperature of 1200°

by () > 10°.

For t2> tg the error in replacing the concentrations of the
indicated components with thelir quasi-stationary values satis«
fies the condition

3 () < max {e, Ru), | )

-

where Rk-<~10‘5 at 1200%. As follows from equation (30),
for lower temperatures Rk is still smaller.

Thus, the proposed algorithm describes the kinetics of
chlorination of ethylene and insures the obtaining of a solu-
tion with an accuracy sufficient for practical purposes.

L, A discuss;gn of the results of the numerical inte-
gration of equation set (12), .

Numerical integration of equation set (12) was carried
out for various initial conditions of the ratio of the concen-~
tration of chlorine to the concentsation of ethylene in the
temperature range from 600 to 1200°K, The corresponding mathe-
matical experiments were carried out on a computer for evalu-
ating the influence on the solution of equation set (12) of
the following: changes in the constants of reaction rates
k12 and k1 ; changes in the reaction processes (equation set
(11)) by méans of excluding individual stages (particularly,
reactions 17 and 18 of equation set (11)).

Figures la and 1b show in semi-logarithmic sc¢ale the
results of the numerical integration of equation set (12)
without taking into account reactions 17 and 18 in reaction
process (11), and with the full set of 12 differential equa-
tions [equation set (12)}, respectively., The calculations
carried out showed that the exclusion of reactions 17 and 18
from the reaction process (11) had insignificant influence on
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the time dependence of the concentrations of the majority of
the components taking part in the reaction. What influence
there was exerted to a greater degree on the concentrations
of the components which are directly connected with reactions

17 and 18,
Q;g.mmu 1“ T )
’ Key:
i. ¢, in volumetric
" ¢ sMares
2. ¢, in volumetric
sHares

3. L in sec,
L, % in sec,

F] B
Y - Y1 @tlat
Figures la, 1b. The dependence on time of the concentrations
cs of various components of the reaction a) excluding, and
b9 including reactions number 17 and 18 of equation set (11)
in the reaction process,

Initial ratio to Cl, to CoMy = 0,3 : 0.7; T = 120 %
1) 1000157 ; 3) 10[C2H] ;75) 10T H,Cl51; 8) 107 [C,oHLCL,1;
9) [CoH,C1,1; 10) 10[CoHACIY. 16 ﬁigures la, 1b %hg nimbers
1-=-3 an& £%<9 on the cﬁraes correspond to the numbers of the
components in the table immediately following equation set (12).

In order to study the influence of the [initiai] conditjions
of the proportions of the concentrations on the kinetics of
the chlorination of ethylene a numerical integration of equa-
tion set (12) was carried out for various ratios of chlorine
to ethylene. (3ee Figure 2)
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Key:

1. c¢. in volumetric
sﬂares

2. t in sec.

Figure 2, The dependence
on time of concentrations

of chlorine, ethylene, and
.vinylchloriégxfor a tempera-
ture of 1200 and various
initial proportions of the
concentrations,

) lieen

Cl : CpHy (solid lines)

= Og3 H 0.7
Cl : C3Hy = 0.5 ¢ 0.5 (mixed dotted and dashed lines)
Cl : CpHy = 0.7 : 0.3 (dotted lines)
1) C1,% 73) CpHy; 10) G, H4C1

ile examined the case where there was a surplus of chlo-
rine* present, the case of a surplus of ethylene, and also the
intermediate case between these two cases. In practice, the

*Of course, such concentrations of Cl, are examined only for
the purpceses of explaining the bhasic %endencies of the pro-
acs8s) in practice a phenomenon having an explosive nature
occurs for such concentrations.

chlorination of ethylene is usually carried out with an initial
surplus of ethylene in order to maintain isothermal conditions

~and to avoid having to purge the reaction products of free

chlorine.

As can be seen in Figure 2, in the case where
2l 1 CoM), = 0,3 : 0.7, for a time span of about one second,
tln chldrine is practically expended; thereupon the ¢ ncentra-
“ionz of vinylchloride and ethylene do not change further. It
‘5 evident that the graph lines for concentrations of ethylene,
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vinylchloride, and a number of other components become asymp=-
totic because the chlorine has been expended. In order to
exclude this factor, a variant where Cl, : C/Hy = 0.7 : 0.3
was calculated, As can be seen from Figure %, the kinetics

of the process in this case differ markedly from that of the
former case: the concentration of vinylchloride reaches a
maximum value, after which its intensive decomposition occurs.
At the moment when the concentration of vinylechloride reaches
its maximum value, the concentration of ethylene is about
0.06 and that of chlorine is about 0.40 (concentrations of the
substances are given in volumetric shares),

Thus in the case where Cl, : C Hu = 0,7 + 0.3, as could
have been expected, the process tends'toward a more intensive
chlorination than in the case Cl, : C.H, = 0.3 : 0,7; the
appearance of vinylchloride is décreaée&, and the concentra-
tion of HCl continues to increase even after the concentration
of vinylechloride has reached its maximum. Also calculated was
the intermediate case where Cl, : C H4 = 0,5 : 0,5, As can be
seen in Figure 2 the concentra%ion %f vinylehloride reaches a
maximum value of about 0,25 and thereafter practically does not
decompose at all,

Also investigated was the question of the influence of
the constant of reaction rate of reaction number 13 in the
rcaction process described by equation set (11) s, Which is
the only reaction in the reaction process we have chosen that
leads to the formation of vinylchloride. To this purpose
equation set (12) was numerically integrated for a temperature
T = 600°K, an initial ratio of Cl, : C,M, = 1 : 10, and for
values of R& 10 and 100 times 1a%ger %h n the values of k13
corresponding to 600°K.

Figure 3 shows the appearance of vinylghloride at time
t = 0,3 sec, as a function of the value of ¥, /... It is
casy to see from this figure that the furthe}3in$§ease in
value of this constant does not lead to a substantial increase
in the appearance of vinylechloride.

[C,HgC1), ofvern. Bonu®

Pigure 3. The dependence of the
PNl appearance of_vinyichloride on
the value of K13/K13.

109} /__ T = (009%; C1 : CH =1 + 10

440’ L A Key: 1) CjHBCi1 in volumetric
“ shares,
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In connection with the great sensitivity of the process
to changes in the constant of reaction rate of disassociation,
the questiou of the influence of changes in magnitude of this
constant was studied. There are no exact measurements of this
constant; moreover, the possibility cof the walls having a sig-
nificant influence on its magnitude must be taken into account,
Therefore calculations were carried out for various values of
the energy of activation of disassociation and various values
of the eomstant of reaction rate of disassociation.

Figure 4 shows curves of expenditure of chlorine for con-
ditions of temperature 600K and initial concentration ratio
Cl, ¢ CpHy =1 : 50, where constant k is computed by the for-
mu%a of "Arrenius and not by formula (li). The values 38 and
41 kilocal. per mole [source 20] were taken for the energy of
activation of disassociation, For an energy of activation of
38 kilocal. per mole, 81% of the original chlorine was left
after 10~lsec.; for a~ energy of activation of 41 kilocal. per
mole, 92.5% of the chlorine was left after 107 *sec,

{01, oosern donu ()

o e L T Figure 4, Curves of expen-
' ‘ i N diture of chlorine for E = 41(1)
\\\\\\\ and E = 38 (2) kilocal./mole.
Key:
2 1. (@lé]in volumetric shares
qois ! 1
. . a0 o, 2. t in seconds.
.@gm

According to data from source [(21], for a temperature of
930K and a speed of supply of the initial méxture of 0,323
moles/literssec., the reaction time is 8+10~“sec, and 84,5% of
the original amount of chlorine was left., This is in satis-
factory agreement with our calculation. At the same time the
appearance of vinylchloride, which was obtained as a result of
the calcul=tion, for the same conditions already listed was
consideraily less than that experimentally obtained by the
authors of source [21] . Evidently this is connected with the
fact that the reaction process used by us has only one route
for the formation of vinylchloride--reaction number 13 in
aquation set {(11)--which is insufficient to describe the given
rrocess. Actually, as was already shown, ¢ven inereasing the
magnitude of the constant of this reaction (k13) can not in-
surae an appearance of vinylchloride comparable”to that ob-
toined experimentally.

T™his important result, obtained by means of a numerical

~omputation, supports the well-known supposition that the for-
matie of vinylchloride proceeds concurrently by two routes
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(equations 9 and 10). In other words the formation of a cer-
tain part of the vinylchleoride is connected with the reaction
of direct replacement (equation 10}; a calculation for this
reaction is as yet impossible because of the lack of data for
the constants. Thus the question of the relationship between
the reaction of combination and the reaction of replacement in
the process of the chlorination of ethylene for various tem-
perature ranges needs further investigation.

There are also a number of experimental results of a
qualitative nature from source [21] which agree with the results
of our calculations:

" 1) _ Under the conditions of experiments described in
source [21} HC1 and C2H.Cl are formed in equi-molecular amounts.
The very same conclusioﬁ follows from our calculations. (For
example, see Figure la,)

2) The replacement process has a certain period of induc-
tion that decreases with an increase in temperature. A similar
dependence on temperature of the periocd of induction was ob=
tained as a result of the calculations. (See Figure la, 1b).

3) With an increase in time the presence of products of
combination reaches a maximum and then falls during the contine
ued development of processes of replacem=ant, Such behavior of
oneentrations of products of combination and replacement was
found by means of the calculation, (See Figure 1la, 1b,)

%) In the studied interval from 600 to 660°K, the appear-
ance of products of replacement continuougly increases; the
appearance of products of combination continuously decreases,
Our calculation results also showed that the appearance of
products of replacement increases with an increase of tempera-
tur?, while those of combination decrease. (See Figure 1la,
1b.

5) In contradiction to the conclusions of source (2], an
increased chlorine content in the initial mixture does not
facilitate a furtherance of the replacement process but rather
only the formation of HCl1l and products of intensive chlorina-
tion, Our calculations also lead to a similar conclusion.
(See Figure 2.)

Figure 5 shows curves obtained for temperatures of 600°
and 800%K, given a ratio of Clp : CoHy = 1 : 10 for the con-
stant of disassociation of chlorine; this constant is 1000
times larger than the one computed by formula (16) and cor-
responds to an energy of activation of 392.7 kilocal./mole at
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600°% and 37 kilocal./mole at 800°K,

t,,"lﬂeﬁw“mu_@
. , Figure 5. The dependence
o T on time of concentratioms of
. chlorine, ethylene, and di=-
- \ T chlor-ethane, under condi-
. \ tions where ¥ = 1000 k15
st (A
N~ T = 6009K(continuous lines)
X , = 800 K (dashed llnes)
AV 10-1 fc B, 1,
il DA ?1401 10) T3uiTl]
) ¢4 N Key.
i i 1) C, in volumetric shares
o’ v 2 " 2) tJ in seconds

Calculations were carried out in which only k__ was
changed; all other ki were held constant. Or, all’ﬁ were
permitted to change and kqg was held constant,

These computations were carried out for the very same
initial ratio C1, : C 1 : 10 for the following cases:
1) all constants (1nciu&1ng kqg calculated for 6007K; 2) k
calculated for 600°K, all otheg constants calculated gor BBéOK;
3} all constants of reactlon rates calculated for 800K, Here
it turned out that the time required for expenditure of chlo-
rine sharply decreases with an increase in the constant of re-
action rate of the disassociation of chlorine, Thus, for in-
stance, for 157 expenditure ff chlorine the time required in
the first_case was about 107" sec., while in the third case,
about 10~ sec.

Thus, in the process of the chlorination of ethylene ac-
cording to reaction process (11), the value of the constant of
reaction rate for the disassociation of chlorine has the great-
est influence on the process. Therefore even a relatively
small variation in the values of the energy of activation or
in the factor before the exponential of the constant of reac-
tion rate of the disascociation of chlorine may substantially
distort the results of kinetics calculations, while at the
samec time, such a variation in the values of the other con-
stants of reaction rates evidently does not have such an influ-
anee, Because of this as accurate an experimental determina-
tion of the constant ky. as possible is desirable, as well as
a study of the CondleOéu of the experiment on its value (the
ratio of surface to volume, the nature of the walls of the
»~action chamber, ete.®
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*The authors thank V. Ya. Shtern, A. I'. BRevsin, 5. V. Guly?ev,
A, I. 3ubbetin, and Yu. A, Treger for their useful comments.

TII. A calculation of the kinetics of the oxidation of methane

and a comparison of the results with experimental data.

The reaction of the oxidation of methane may be consi-
dered as a model of a large class of complex_llnked processes
of the oxidation of hydrocarbons. (3ource [22]).

The most valuable products of the oxidation of methane are
formaldehyde, if the oxidation is conducted at pressures not
exceeding atmospheric pressure, and methanol, if the reaction
occurs at high pressures (about 100 atmogpneres) Formaldehyde
and methanol are intermediate products of the oxidation reac-
tion; the final products of this reaction are, of course, car-
bonic acid and water. :

In many works devoted to the study of the process of the
oxidation of methane, relatively small production of formalde-
hyde has been achleved for a single passage of the raw material
through the reactor. (Sources [23-281). It is well known that
when this reaction 1s carried out at relatively low temperatures,
and for a short period of contact, the methane oxidizes practi-
cally totally into formaldehyde. However under these condi-
tions the quantity of oxidized methane is small and conscquentl
the absclute production of formaldehyde is small. (Source
Raising the temperature or 1ncr9381ng the contact tine 1ead°
to an increase in the quantity of oxidezed methane, but not to
the increase in the production of formaldehyde, which itself
under these conditions oxidizes easily.

At the present time the best results in obtaining formal-
dehyde by the direct oxidation of methane (natural gas) by oxy-
gen in the air are achieved by the method advance in source [gﬁz
The basic of this method is the catalytic action of potassiunm
tet»aborate on the oxidation of methane, and the braking action
on the oxidation of formaldehyde caused by a nozzle introduced
into the reaction chamber., Also nitrous gases are added to
the reacting mixture; these catalyze the oxidation of mecthane,
The reacting mixture is composed of about 337 methane and about
677 air., The process is carried out at a temperature of about
10000¥, The time the mixture remains in the reaction chamber,
T is about 0.14-0,16 sec. The concentration of nitric
oxlgeo is about 10.6% *.- volume.

The production of formaldehyde for onc pasc through the
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reaction chamber is about 2,4-2,6% of the methane by volume;
for circulation six times the production is about 10.6% by
volume.

Attempts to analyze the kinetics of this interesting re-
action have been made in source [3] for a solution of the prob-
lem of a one-dimensional combustion of methane., The basis of
these attempts is the method, proposed in source (3], of the
linearization of a set of equations which describes the oxida-
tion of methane. It is evident that without obtaining an evalu-
ation of the accuracy of the solution when linearization of
the equation set is performed, this method can not be used.
(See Section I,) Using the method developed in Section I we
have solved on a computer a set of differential equations de-
scribing the process of the oxidation of methane.

1. Setting up the problem and the methodology of the
computation.,

A numerical solution is sought for the set of differen-
tial equations describing the kinetics of the gaseous, iso-
thermal oxidation of methane by a mechanism that shali be
examined below, In Section I can be found the detailed expo-
sition of the algorithm of numerical integration, to a desired
degree of accuracy, developed for complex chemical reactions
for any proportions of constants of reaction rates in the equa-
tion set of the kinetics, the algorithm which we are using here,

The chemical model used in this article for the process of
the oxidation of methane is based on the radical-chain model
of the process proposed by N, N, Semenovyy. (See Table 2,%)

*Mhe authors discussed the mechanism used here in detail with
A. 3., ¥alvandyan, V, Azatyan, V. I, Vedeneyev, and S. 5. Pol-
vak, and express their deep appreciation to them.
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1 | CH, + o,'f'. CH; + HO; - 40" oxp (—55000/RT)
2 | ci+ OrsCH,00 . 108
s | ciooZcmo +on 1019 exp (—20000/RT)
¢ | oo+ onZcn, + 1.0 10" exp (—8500/RT)
8 | cH 0+ onf'. H:04-HCO 10 exp (—6300/RT)
6 | cmo+ oﬁ 10 + 10,8 1011 exp {(—32000/RT)
7 | HCO + or- CO + HO, 108
8 cﬂ.+nof- 01+ CHy 101 oxp (—19750/ RT)
o | cmo+ uo.- HyOs + HCO| 101 exp (—8500/RT)
10 | CO4+OHSCO+H 104 exp (—7000/RT)
11 | CH,+ HCHs + 1, 1,5-10 exp(—11200/RT)’
12 | CH,0 4 Hes HCO + Ha 4-10% oxp (—2000/RT)
13 | cHy+cHyrCH, 101 '
14 | HO 4+ HO::: HyO02 40y {0 .
15 | OH + HOL" H;0 + 0, 10
16 | H+HO, Hy+ O, 101
17 | CHy -+ HOsv CH + Os 10

@ ® Bee xoucTAUTM, 34 NCKNOqeHiteM X,, HMEOT paauepxoc-rn VYTV cox;
t.-um PA3MEPHOCTD cex~!, .

Takle 2. The mcchanism of the oxidation of methane.

Key:

1. umher

2. Reaction

3, Constant of rate of rcaction rate.

I, All constants with the cxcention of k., have the
dimensicons liter/mole*sec. The cons gnt k1 hags
the dimenzion sec.™t, -

As ecan ke zeen, reoaction /1 i, a rcaction represen tinU
start of the chain; reacktiocne *2-5 and 7-12 are = continua-

ation cf the ch,.ir\, reaction /0 represents the branching of
the chaiv; reachions #13=17 repraesent the muss breakage “of
shaing (in which reactions 213 and 1 represent a quadm.tlc
braakage). Ta Lthe same mabls 2 are showa the conslants of

raagckion ratkes corrcsponding te tha various roactions. MNost
Lhe values for the constants licted were determined in a
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temperature range not exceeding about 1000%K. The usual values
were used for all recombinational chain breakages,

Using the method of quasi-stationary concentrations, from
the set of reaction processes and generally coinciding W1th it,
it is possible to extract expressions for the change over time’
of the reaction (source 2)). This permits us to establish
that the maximum concentration of formaldehyde depends only on
the temperature and is determined by the following relationship:

| HCHOlnu; = exp'(—ésoomh [CH,], (33)

1h1§ is close to the result obtained experimentally in source
29
(34)

It is essentlal to note that this relationship is ob-
tained for the case where the intermediate product is formed
and disforms itself by means of a chain reaction, It should
also be pointed out that the exgerlmental results supporting
the validity of relatlonship (34) were obtained for tempera-
tures not higher than 900°K (source [30]).

®or the computations we examined 15 components, for
whose concentrations we have adopted the following designa-
tions:

Coegnmenre ® CH, 0, CH, HO, cn.oo CH.0 OH

Konmentpanma® ¢, ¢ ¢ o € & o
Coopmmnesme® H.0 HCO €O M0, H, CO, H GuiH,
Kommrrrpmum® & Cfw o €y € 6y fn

Key: ,

1, radical a. radical

2. concentration . concencration

Corresponding to the chemical model chosen a set of 15

non-linear, ordinary differential equations ( 5 was set up:
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:‘,‘ = —kes + hatsty

T 2= — kyeCy — ketsCe — Kifale — kucacu + Rats i

dey e o va———

Y S —kyeser — kitecs =~ Kot ity — Kyacics 4 kyes L (35)
;‘i‘ == kyer6y + kieacr + kuscots

% = —kesty + k.qc, + koegts + kscics +- kufs'-'u

1}‘—‘! = — herera + brcits
""" = keeyoy + Kotate + Fucl

dl = kyy€1614 + Frs€eCrs + Fretatne

—;‘; = kyolets0
deys
dt
4-5%'- - + k‘;f; ' )

In the case where the reactlion proceeds in a current
flow, the proper equations of hydrodynamics should be added
to a differential equation set (35) and the aggregate set
should bs golved together, as was done, for instance, in
source‘Zlﬁ]. If each of the equations of the set is pre-
sented in the form

B ot gy + ),

= — kyyC1614 — KyateCrs — Kyetelra + KyoCi10

then, as was shown in Section I,3, when the following con-

dition holds:

,> |ln zl

hore T is the reaction time.and £ the required accuracy,
saveral components will enter the so-called quasi-stationary
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state within a time short by comparison with the reaction time.
For this reaction which we are examining--the oxidation of
methane--such compogentg are ¢ (sigce, for instance, when the
Lemperature is 1000%K a%t = 0.454-10 ) and alsc under certain
circumstances ¢, and cq”(in particular, when cq and c, are
gufficiently la;ge at the start of the reactiofi)., Here c¢. -
enters the quasi-stationary state at a time of the order 3f
10~°, while ¢, and 09--if the conditions concerning c4{0) and
: 02(05 are ful?illed—-enter the quasia-stationary state at a time
1 orie or two orders of magnitude later, As was shown earlier in
* Section 1,3, a solution of this set of eguations using usual
methods is practically impossible, since the indicated equa-
tions, for entry of the corresponding concentrations into the
quasi-stationary state, yield oscillating, unstable solutions
in the numerical integration process, The algorithm used by
us enables us to remove this difficulty entirely,

It is important that in this case the equations for the
determination of ¢., ¢», and ¢4 are independent of esach other;
3 this considerably éimp ifies the computation, The difference
’ hetween the value of concentration c¢. from its quasi-stationary
valve becomes negligibly smell when £2> \1n€l /k.. Moreover,
inasmuch as Cr nd c¢_. take part in second-order geactiOns (and
consequently,’ar may”’decreasc as a functiog of the rates of
disassociation » €6y Ciqy Cpi likewise a; as a function of
the rate of disaésocéati%ﬁ of'e,), they ma? with the passage
of time leave the quasi-stationéry state, Hence, in order to
insure the desired degree of accuracy in the computation pro-
cesg, it is essential to check for the satisfying of the con-
ditions for the quasi-stat@onary condition for 07 and cg.

The numerical integration of this set of equations was
dorne by the method of Runge--Kutt with automatic selection o£
the inperval of integration and a relative error of from 107
t041077, 1Initial concentrations of methane and oxygen
(Cq ¢ 5 = 0.29 : 0,71) are taken to be the initial conditions
of "tho Set of differential equations (35) that is under exami-
nation,

e
e
~
9

Jiscussion of the results of the numerical integra-
f set (

35) and a comparison of them with experimental

¥ tiom
: Aata,

2a) i'he functions ¢, = C‘J('IDJ_G‘j = cj(t)A,ch[@t = f(t).

The numerical integration of equation set (35) was car-
riz? out Tor the temperature range 800-1700°K, As a result,
the dnpendemce on time of the concentrations of all substances

"in, 2art in the reaction was obtained for various tempera-

e in this range, as well as curves of their expenditure
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and formation. The dependence on temperature ofuall concen-
trations that was thus found. for the instant 10~ sec. is

shown in Figures 6éa and 6éb, Moreover, in order to clarify

the influence of chain breakages (see equations #13-17 in Table
2) on the process, calculations were carried out under the same
conditions for the reaction process 1-12,
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. ‘t%o’.l — [CH,); # — [0,); ¢ —10° [CH,O); 4—10 [H,0]; 10—101CO); s9—10* [H,}; 73—10°

3 =109 [CH,J; ¢~10% [HO,}; 5—10" [CH,00]; 7—10¢ [ORH]: 9— : 11— )
::—w = -“_m o .5 ' 10¢ (om]; 9—10t LHCO); 11—10 [H.O._!..

Figures 6a, 6b
The dependence on temperature of concentrations of
substances taking part in the oxidation of methane.
Key:
1. [€Y,] in volumeiric shares.
2. cj( = 2) in volumetric shares.
3. c‘1 in volumetric shares.,

Figures 7a, 7b and Sa and gb ghow in semi«logarithmic scale
the computation results at 1300%K for the abbreviated (not
taking into account chain breakagec) and full reagtion process,
and Piqares %a and 9b show the same curves at S00YK for the
full reactlion process. :

It follows from an examination of Figures 7a and 7b that
the curves for concentrations of Ca, 0., H, H20 ,gzo, Hy and
CCy, reach saturation at a time of £re ofder of 18'« sec,
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Figures 7a, 7b. The dependence on time of the concentra-
tions for the reaction set #1-12 from Table 1. (without reactions
of chain breakage)

Key:

1. c¢. in volumetric shares.

2. ¢4 in volumetric shares.

3. itYin seconds,

&, % in seconds.

8a 3b
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:C)!,:]-]- [cH,); 2 — (0,); 3—10° [CH,]; 3—107 {CH,00); & —IH,0); 10 — [COJ: 15—100
adv

) d— 10* [HO,J; ¢—10* [CH,0); 7—10% [OH], p—10° [(HCOJ; 11 — [H,O4): 18— H
13 —{ 1lCO,); 14—10¢ [H] ' ¢ 1= (HOdiaa—10 Lal

igures 8a, 8b. The dependence on time of the concen-
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trations for the complete set of reactions #1-17 from Table
2 (including reactions of chain breakage).

Key:

1. ¢, in volumetric shares,

2, c% in volumetric shares,

3. L£"in seconds.

L. L in seconds.

Tn the case where the complete set of reactions is examined
(sec Pigures 8a, 8b), as could have been expected, the curves
faor the concentrations of the radicals (such as HO, and H)
pass through a maximum, while the con¢entrations o HZO, Hzog,
H, and others (which are the products of the reactions of
cﬁain breakage contirnue to increase, For the same tempera-
tures and for the set of reactions #1-12 (see Table 2), cal-
culations were carried out for a decrease in constant k., by
a factor of 1000, which corresponds to an increase in tHe
anergy of activation of, for egample, 1k kilocal, at 1000%K
and almost 18 kilocal, at 1300°K, Here it would seem that
such a decrease in the value of k, has practically no effect
at all on the process., This situdtion agrees with NN,
Semenov's proposition that the process of the formation of
Tormaldenyde is determined by the reaction

CH, + 0, CH,0 + OH,

since reaction #3 followg gnite quickly after reaction #2
(Sce Table 2) (Source [311).

Az could have been expected, with an increase in temperae«
ture the curves, while maintaining their likenesses, are dis-
placed ("compressed," and "stretched out") along the time axis.
{See Pigures Bz, 8b, %a, 9b.) 9
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Figures 9a, 9b. The dependence on time of the concen-
trations for the full set of reactions,

Key:

1.

-

¢. in volumetric shares.
¢4 in volumetric shares.
3. tvin scconds.
4, L in seconds.

Figures 10 and 11 show the dependence on time of the ex-
penditure of CHy and O for temperatures of 10009k and 1500°K.
For purposes of compar%son the curves of dependence on time of
the concentration of formaldehyde corresponding to these tem-
peratures has been added to these figures, From an examination
of Figures 10 and 11 it can be seen that with an increase in
temperature the maxima of the expenditure curves of CH, and 0
get closer (in time) to the maximum of the curve for tke con-

centration of CHZO.

2

£lgh).dtoy) - -
at " & wten.m Figure 10.. The dependence
on time of the rate »>f ex-
43 penditure of 1) methane,

2) oxygen, and 3) the con-

centration of formaldehyde

a2 for a completg set of reac-
tions at 10007K,

Key:
1 1. t in seconds.

, X
”-T M" p? [ 471 ®

ﬂgg 2{0,}

10t cn,0)

Figure 1i1. The dependence
! on time of the rate of ex-
05 penditure of 1) methane,

300

2) oxygen, and 3) the con-
2mf°m7 05 centration of formaldehyde
494 » for a complete set of reac-
03 tions at 1500%K.
10
142 Key:
da1 1. t in seconds.
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- Figure 12 shows the dependence on time of the rate of for
b mation of CH,0 for different temperatures. With an increase
B3 in temperatu%e the curves are displaced leftward along the

?' time axis in the direction of smaller times; the maximum
»’ values of the curves increase; but their forms do not change.
ok .

5 4dw$m _ -
Pl Figure 12. Dependence
3 10 on time of the rate of
i formation of formaldew
- hyde for different tem-
a 25 peratures.

. Key:

1. % in seconds,
; s 1w w®  wr  w
t,cex@

- 2~ T §500°K:id = 10% 2T = 1300°K;A = 104 §—T =
13 = 1000°K, A = 107, ¢ — T = 800K, A = 10
- & In order to study the change in the mechanism of the

1 oxidation of methane in the temperature range under considera-

3 tion, the length of the chains was calculated. The numerical
éﬁi - values for the calculation were taken at points where the con-

centration of formaldehyde was 907 of its maximum.

The'results of the computation were as follovs

T.°K o ..o o 1000 1300 {500 4700

O virmmaream. .. 120 7T 17 o041
Key.:
1, v (the length of the chain)

Tt is evident from these data that the chain mechanism
for the o 1iat104 of methane occurs only up to temperatures of
about 1£00~1700° V in winich range equafwon (33), obtained on
the basis of a chain process of reactions, is already no longer
in effect, ‘e have no data of any kind at our disposal con-
cernin” the type of mechanism for the oxidation of methane at
hirher temperatures. It may be supposed with some degree of
sertalnty that it will be of the free-radical type,

?%) The energy of activation of the oxidation of methane,

Az o well kmown, the nrsy of activation of the oxida-
Liom of mothane 1ecrcauﬁs W1ﬂ1 an inerease in temperature. 'The

s
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corresponding data are presented in Table 3, in which the con-
ditions of the experiment arec also indicated, since the numeri-
cal values obtained also depend on the condition of the surface
of the reaction chamber and the nature of the mixture.

Yoaounn axcuepusenta (B

e E*, nxaxsoas Iute &
‘Y:’l;’r:egi'i{- P, amu c::::" Tpuseeanie T AHrepaTyp
2 06pa60- —
148798 0,4 2CH+ Oy ?f’,;“i;p o 220( %ﬁ 78
0,4 2CH,+ 0a f’&‘"‘.’;‘un. @ | 65(748)—50(793) 2z,
773—1798 02 CHly+ 20 |Cocva @ 32(773)—25(708) | | 1a61.45}
748—1798 0,66 .CH.—}-ZO. ?co::gum @ 95 (748)—65 (798) | |
898-948 0,066 | CHy 4 Os S::yﬂpoﬁp - 43 )
873948 0,13 | 2CH}304 | Cocyn nporper(® a 78 "
8480355 0.4 2CH+4-302 %gcoyn NOKPHT 5748 “41-4 71@ .
873948 0,2 2CH, + O3 | Cocyn mporper, 57
873-9355 0,3 2CH 130, g%cgn m@m 1055 |
1050~ 3<pY T0%Ar + 21,5—-33,8 [32
2100 9%CH¢ + .
7 218, Oy
1420— |4, <p<| 70% Ar + 49,5 (32}
2000 w71 | 18%CH
126 0,
£100— Eonee 54% 52,9 {33}
2000 it @
PONHOR CMecH
700—1700 Menoe 50% | 20,6 {33]-
| pmEn s e
poprol cxeck
* B cxob

AKTHBALIH,

Table 3.

the conditions of the experiment,

Koy

* & ®» » & & e »

[ R0 JHEe R IS URaL WA IS 2y

—

temperature range, x,
conditions of the experiment.
D in atmocpheres.

nature of the mixture,

noves,

T iz kilocal./mole.
Source aof data,

Raackion chamber treated with hydrofluoric acid,
Reaction chamber "old,"
Reaction chawber treated with hydrofluoric acid.

- L
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™h2 dependence of the energy of activation upon



o 11. Reaction chamber "old.!

PE 12, Reaction chamber treated with hydrofluoric acid.

: 13, Reaction chamber heated up,

14, Reaction chamber covered with lead oxide,

15. Reaction chamber heated up.

16, TReaction chamber covered with lead oxide.

17. table 46, table 47, etc,

18, lMMore than 5&1 methane in a methane-oxygen mixture.
19. Ies; than 507 methane in a methane-oxygen mixture.

20, The numbers in parentheses are the temperatures for
which the values of the energy of activation were
obtained,

é For all of the picture's complexity, it can be seen that the

» energy of activation decreases with an increase in temperature
: (and also, ovidently, with an increase in pressure).

Sourcn Eéé] offers scveral reflections on this subject.
AL any rate, the indicated tendency is distinctly noticeable
in all of the experiments,

I T PR AT T

o
In this connection let us cxamine the energies of activa-

tion of the oxidation of methane shown ia Table 4, which were
derived from the relatlonships:

BT A

dwﬂd Lt ‘ '

o = () .
! dloﬂ )
g l e @
- d[CO] 1
L In I max /( ) @)
‘ d(H,ol 1 ) _ '
| =17 @
Hurepaa: E, xraa/sioan @
'2‘ nlme_ﬁ-ryp. ] Ke Ve
: ! : ! 1. Temperature range, k.
: 2, Z in kilocal. /mole.
H 1200—1300 25,0 24,2 30,0 32,8

1300--1400 | 250 | 2362 | 26,6 | 280

1500--1600 | 18,6 | 18,6 18,2 | 17,0

Table b, Various values for the energy of activation of
the oxidation of methane.




It can be seen from Table 4 that the tendency (noted in
the experiments listed in Table 3) for the energy of activation
of the oxidation of methane to decrease for an increase in tem-
perature--that this tendency derives from the mechanism shown
in Table 2, because the data of Table 4 are the mathematical
consequence of a computation of that mechanism,

The values for the energy of activation calculated by
different methods agree well with each other, with the excep-
tion of the values determined in the 1200-1300%K range using
the expenditure of CiH), and 0,, on the one hand, and using the
formation of CC and H,0, on %he other hand, The reason for
this discrepancy is not clear, although the problem was noted
in several sources (source [33]).

2¢ ) Comparison of computation results with experimental
data.

An experimental investigation of the oxidation of methane
was conducted in a plasma stream of argon (sources (341, [35]).
We shall compare these experimental data with the results of
the computation, First of all it must be noted that the results
of experiemnts in a stationary plasma stream at atmospheric
pressure for various chemical reactions agree well with data
obtained under static conditions (source 136]). The error of
temperature measurement in sources E3§1[3 was £ 10 - 12%,
which does not exceed the usual errors in that temperature
range; the error in measuring the concentrations of most of
the gases was 2 5%, and that in the determination of CH,0 was

207, .

The following can be seen from an examination of Figure 13:
Figure 13

leid) |5
CHQ]G CH 0
A comparison

L e of calculated

Lo PV curves with ex-

perimental data.

Key:

1. experimental

) points.

o 2, experimental

24 Tk points. :

3. experimental
points.

v ast

c
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1) the experimental points for the temperature interval
of calculation from 800 to 1700°K satisfactorily agree With
the calculated curves.

2) Both the calculated curve and the experimental data
for the formation of formaldehyde show a maximum approximately
in the 1500-1600°K range. Thus, this important result of the
calculation .is. fully confirmed by experiment. It is essential
to note that this maximum determines a formerly unknown fron-
tier in the usefulness of equation (33). It remains an open
question whether this frontier is comnected with a change in
the mechanism of reaction or occurs for some other reason,

3) Calling attention to itself is the fact that production
of CHZO (curve 2 in Pigure 13) grows considerably faster up to
the maximam point than it decreases after the maximum., This
is easily seen from an examination of the experimental data and
is noticeable on the calculated curve (although the part of the
calculated curve after the maximum is not large).

Leb us now compare the calculated data shown ia Table 4
with the result of g calculatlon of the energy of activation
f?und in source [ 35 ] for pressure p = 1 atmosphers (See Table
£y, . A

E. unaa/sose (D -

Huropmit
oM epa. ! ' ’

Typ, ‘K [()) @'——‘@
lu'mc.@ utie pHM. BRYHGT. lltcuemm}a BRENCT, SKCAEDHM,

1200—1300 | 25.100 (29,646 100 | 24,2400 | (13,243,9)100 | 30.0.10¢ | (23,5 148)-10°
15004600 | 18,6-10* [ (19.043.3)-100] 18,6.108 | (10.6£2,1)- 10"} 18,2108 | (18.0£3¢

Table &, Values of the energy of activation determined
by 1) the expenditure of CH,, 2)the expenditure of 0, and
3) tre formation of CC, ~

1, temperature range, Cx 5, calculatcd
2, & in kilocal,/mole 6, experimcntal
3., calculated 7. calculated
I,  exoverimental =,

experimental

' the inaccuracies of the cxperinment and of the initial
Aata for bthe ealculation are taken into account, then the agree-
ment between calculated and exporimental values of the energy

of astivation must be conceded to be a good one. tThus, the
~vnerinental data 2nd the calculation according to the mechanism

- U7 o
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£ lable 2 agree and both indicate what has already been men-
tioned by many authors--that the energy of activation of the
oxidation of methane decreases with an increase in temperature,

In conclusion we shall make one comment in the spirit of
the proposition developed later in this book [Fin a chapt
mich later than the chaptcer here being translated,,.Trans
about using the computer to search for the most probable mech-
anism of this or that chemical reaction. For the calculation
of the mechanism of reaction of the oxidation of methane, lis-
ted in Table 2, we have: a good approximation by experimental
points; the absence of the influence of K, on the oxidation
process; the fulfilling within discrete 12mits of equation (34);
the agreement of the calculated values for the energy of acti-
vation with experimental observations, and the fulfillment of
the experimentally-found tendency for the energy of activation
to decrease with an increase in temperature. Although we did
not examine other possible mechanisms for the oxidation of
methane (this wasz not the purpose of the present article), a
review of the results, which were not earlier inserted into
the computer program, shows that the mechanism of Table 2 is,
at the least, one of those which correctly reflect both the
totality and the sequence of stages of the reactions of the
real process of oxidation of methane.

IV. The influence of initial conditions on the solution
of a8 set of equations of chemical kinetics and hydrodynamics.
{for example the pyrolysis of methane in a current streamz.

An investigation of chemical processes (especially the
ncn-isothermal ones in a current, which are one of the more
widely encountered types in chemical technology), demands a.
clarification of the effect of a change in the initial condi-
tions (temperature, the ratios of concentrations, etec,) on
tre solution of the differential equation set that is5 the model
of the process., Tn this section, using the pyrolysis of methane
in a plasma stream as an example, such an investigation is car-
ried ont by means of a numerical solution on an electronic digi-
tal computer.* In source [15], on the mathematical model of
a plasma-chemical process of the gonversion of methane to

*Trn an appendix Cto the book in which this article is found,
on p. 23Z) the question of using electronic analog computers
for problems of this type is discussed.

acetvlene, the [ollowing items were taken: the initial tempera-
Fare T(Os, Lhe initial speed v(0) of the plasma stream, the

- 48 o
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initial concentration ¢ (0) of methane; and the influence of
these items on the maximum concentration of acetylene Cv(2Zu),
the length of the reaction chamber L, and other magnitudes

was studied., As a result it was noted that the dependence of
Ca(2m), L, and other variables on the initial conditions enables
us to take a look at the possibility of optimally controlling

the plasma-chemical process by means of corresponding changes
in these [initiall conditions,

e regard the plasma-chemical reaction chamber as a device
of automatic control. It is well known that in order to describe
a device of automatic control, it is necessary to specify the
relationships between its outputs and inputs. These relation-
ships may be found for a plasma-chemical reaction chamber by
using the mathematical model of source W5]of the process of
the conversion of methane o acetylene, In this source was
examined the following set of ordinary, non-linear differential
first-order equations, which to certain degrees of approxima-
tion simulate the plasma-chcmical reaction of the conversion
of methane to acetylene in a hydrogen plasma stream:

dax (2) 1

=~ k(D@ ' |
. 1 [4 pa "y o
O _ L 1)) — k(DG )]
des 3 or ey
B0 _ 8 (1) G~k (MEE)
d"- -~
4l ;—:;)2% ky (T)ey(z)
o i 3 Pyt o] Py
) _ T(ﬁ[-’!‘i{ ky(T) 0 (2) + T':-;ka(T) es(3) + . (36)
+ 85 M)
N ] d;;(:) o dc”(z)
L iRF—2v(2) hjt-2{2) RT (z ;
e [M ]g‘ ar e ( )j§. da""ij
dr N & -~ d : ~ .
B~z S5 ;"-,"'""” B3 G
i~ i=1
& _ 1
dz ~ v(2) :

where

—~

)
2 ey (2)
"“’:f%“l/(g?) ~ AT 3

duel
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(%Land M are constants determined by the initial condi-
tions,

The numerical integration on a computer of the equation
set (36), for a given aggregate of constants of reaction rates
k, (T}, kqo(T), and ka(T), enables us, by changing the initial
conditions Tzo) v(0), and ¢ (0), to establish a dependence
on T(o), v(0), T, (0) of the solutions of this equation set for
any 2. In connection with this it is natural to take the mag- -
nitudes T(0), v(0), and T, (0) as inputs to the plasma-chemical
reaction chamber.*

*We shall not further be interested in the dependences of the
outputs on input v(0), since it is shown in source [15)that a
change in v(0) does not influence the kinetics of the chemical
reactions, but only changes the special extent of the process,

The choice of magnitudes [variables] to be taken as outputs
depends on the end-purpose of the process and is, to a certain
extent, given. As quantities to be taken as outputs of the
plasma-chemical reaction in this article the following will be
examined, all determined at the point where the concentration
of acetylene reaches a maximum (z,): '

a) the length of the segment measured from the end of the
reaction chamber z = 0°'to z =z , This segment, in which the
reaction of the conversion of methane to acetylene takes
place for the most part, is designated L and is called the ef=
fective length of the plasma-chemical reactor, in accordance
with the term used in source [37];

b) the maximum of the concentration of acetyleme, T,(2,);

c) the degree of decomposition of methane.

8 = ;!0):;;“»\) E ‘ (37)

: a(® ) ‘ :

Each of the outputs is a function of all of the inputs,
and also parametrically depends on the constants of reaction
rates k4, ko, and k3, which are coefficients in equations
cot (36} %That is:

L=g,1T(0), &1 (0), v (O); v Fea sl ) _
& (5i) =81 [T(0), €1.(0), v (0 K, Kz, Ksl}. (38)
s =&l (05 (0), v(0); Fu ka sl )
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Because equation set (36) can not be solved analytically,
it is impossible to determine directly the functional depen~
dences (3%) of the outputs using the inpuls and constants ki,
ko, and ks, However, numerical integration by computer of
our cguatlion set cnables us to solve the following problems:

ddl,

1) The construction of the approximate dependence of the
outpups on the inputs for a given choice of the constants k s
k, and ks. These dependences will be called the static charac-

?eiistics of the plasma-chemical reactor in the discussion to
ollow, -

2) The clarification of the degree to which the static
characteristics of the plasma-chemical reactor change for a
change in the aggresate of constants k,, k., and ku, and as a
result of this, the examination of the inrTluence of an inac-
curate determination of the ¢onstants of reaction rates on
the outputs of the reactor, Differences in the values of the
outputs for fixed inputs, caused by changes in one or another
of the constants of reaction rates, may servé as a measure of
the gensitivity of the mathematical model of the plasma-chemi-
cal reactor to such changes in these constants of reaction
rates, '

In view of the fact that under real conditions the inputs
undergo random perturbations, the problem arises of studying
the effect of these perturbations on the outputs of the reactor.
tle congider this problem as a problem of the passage of a ran-
dom perturbation through a transformer, the latter in this
casc being the plasma-chemical reactor. The mathematical expec-
tations concerning the outputs will depend on the statistical
characterlistice of the perturbations. It is evident that these
dependcenees need not be taken into account when the variation
in the value of the outputs caused by an inexact determination
of' the constanis of the reaction rates is considerably larger
than the changes in outputs caused by random perturbations.

1, Setting un the static characteristics of the plasma-
chemical reacior.

By numerically integrating the equation set (36) for five
variants of each of the invuts ¢ (0) oy 7(0) with the other
input held constant, it is posgsible to construct the graphical
dependences of all of the outputs L, ¢;, 2, and g on each of
the inputs ¢, (0) and 7(C).

. . el
Figure 14a shows the dependence of c.{z.), 8 and L on

T(0) for figed values of inputs ¢ (0) = 0,95 by weight and
v{0) = 310" cn/sec. Tigure 14b shows the dependence of

c {z ), s and,L on ¢ (0) for fixed values of inputs

m(J) = .'3.5'103 oKX and v{0) = 3+10% em/sce.
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Figures 1da, 14b. The dependence of 1) the maximum con-
centration of acetylene, C&(ZM§, 2) the degree of decomposition
of methane, s, and 3) the length of the reactor, L, on dif-
ferent inputs into the plasma-chemical reactor

Key: :

1. Ga(2z,), by weight.

2. %U(zw, By weight.

3. T 10° %k

b, ¢ (0), by weight

Using the curves it is possible to write the approxi-
mate analytical dependences between the given inputs and out-

puts, by means of avproximating these curves with linear and
quadratic functions,

T™he dependences of outputs g}(z,&,'L,and s on the outputs
T(0) and ¢ (0) are shown by the corresponding formulas (39-41)

and (h2=4l),
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Z(8m) = 0,125 + 3,5. 107 {T (0) — 2000}, (39)
[2000 < 7' (0) < 3000°K).*

23 (2m) = 0,476 + 3,44-10~4(T (0) — 3000} —1,6-10"7 (T (0)—3000}%,

(39a)
13000 < T (0) < 3500°K].
L = 67—9-10"*{T (0) — 2000} + 0,44- 10" {T" (0) — 2000}%, (40)
{2000 T(0) < 3000°K]. ,
- L=21—2,6-10"{T (0)— 3000}—0,8-10~5{T'(0)— 3000}*, (40a)
13000 < T (0) < 3500°K]. .
s = 2,7 4 5,83.107 {T (0) — 2000}, (41)

12000 < T (0) < 3000°K].
8 =83 +0,558-107* {7 (0) ~— 3000} —0,464 - 10~ {T" (0)— 30003,
(41a)
15000 < T (0) <C 3500°K]. o
s (zm) = 0,5887 + 0,33 (z; (0) — 0,87}, (42)
10,87 < ¢; (0) << 0,93 mec. poms].
€3 (2m) = 0,6085 -+ 0,1758 {c, (0) — 0,93} — 4,29 (¢; (0) —0,93}? (42a)
10,93 < ¢, (0) < 0,99 Bec. monm],
L=2,0421, 7{cl (0)—0,87) + 3,88-10% ¢, (0)—0 87)3, (43)
10,87 < ¢; (0)<<0,93 Bec. gomm).
=47+ 2417{6 (0)— 0,93} + 2,04 10, (0)—=0,932,  (43)
[0 B (0) < 0,99 Bec. monu],
=100, [0,87 <7, (0)< 0,93 nec. noauj. (44)

s = 100~ 0,301 .10 (¢, (0) — 0,93} — 0,417 {c, (00,932, (44a)
10,93 e, (0) < 0,99 nec. no:mj,

#Note to formula (39): Within the brackets are indicated the
ranges of change of inputs for which these dependences hold.

The above formulas for all outputs as functiors ¢l the
inputs c, (0) and T(0) show that the plasma-chemical reactor
is a non-linear Uransformer for these inputs, and the curves
we have constructed, topether with the corresponding approxi-
mate analytical Cfﬁrc; ions, are its nom-linear characteristics.
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2. The influence of fluctuati nitial conditions o
the solution to equation set gjﬁz; settiég up_the problem.

In carrying out the calculations above, the initial con-
ditions %, (0) and T(0) were assumed to be independent of time,
Tn comnection with this the characteristics obtained for the
reactor, when the reactor is regarded as a non-linear trans-
former, are the reactors static characteristics., Under real
conditions the initial concentration of methane and the ini-
tial tempgralture of the gas mixture undergo random fluctuations
over time, "e shall describe in terms of stationary random
functions (source [381,{39)) these mathematically random time
fluctuations of the initial concentratior T, (0) and of the ini-
tial temperature T(0), assuming 2} (0) anu T%O) to be absolutely
continuous, normal, random functions of . ¥ Since the raniom

*In order to compare the results obtalned for such an approach,
with experimental data, it is evident that it must also be
assumed that these random functions are ergodic, For this it
is sufficient that their self-correlative functions do not
approach zero too slowly (source [39]).

unctions under examination vary over a finite interval

XB ¥| (where x 1is either of the two functions 2, (0) and
S it is necessary to use truncated normal distributions

(source [10]).

The one-dimensional truncated normul law of distribution
has the following form:

o - #‘« ‘](I.'
hiz)= D——’_—__exp — o= @) Pp a < Hu <2, (45
Y 2ast [ 23 ] 1 N ()
0 -R;‘-"l>$ff -
where = x(ty) and 6x is the mean square deviation of t..¢

random Tunction. The magnitude D is chosen such that f, (x )
is normal to unity in.the interval of definition for the rén-
dom function.

If the inputs of a non-=linear transformer are stationary
random functions of time, then the transformer's outputs L,
T, (z4n), and g will also be stationary random functions of
time (assuming that the non-linear transformer has stationary
characteristics). For the determination of the statistlcal
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characteristics of these random functions we use formulas
(39)-(41}), Here it is assumed that the ngn-linear transfor--
mer is non-inertial (sources g} [ﬁ (427); that is, any
output y{t) at a glven moment of time t is expressed as a Tuno-
tion of any input x(t) at the same moment of time:

] () = elz (g “8)

3. The determination of the mathematical expectations
and of the correlation functions of f: Eﬁ!é;!: and §.

The basic practical consideration in the study and cone-
struction of non-linear systems at the present time is know-
ledge of the correlation function and the mathematical expec=
tation of the random output function. The mathematical expec=-
tation {yY of a stationary random process y(t) for an output
of a non-linear transformer is determined in the following
way (source [43]):

<y} = <ud + <y, | 47)
where .
W=D z Ax{ z,,(k o % (<2 — 2" 101 (B)— Qi1
N 48)
(yl) =D E Ah{ k= (k—-l)l GI ((Z‘) - ZO)H [Ql (Eo) - Ql (EO)]} ’
and . . (49)
Q) = § Horn(— 0 )t o)
and
p= 1 (54)

dere A are the constant coefficients in formulas (39)a-
(i), 5° is %he value of x dividing the region of variation

[ﬁ;, >§] into two =aqual parts.

The computational formula for the correlation function
of the output “7(6 ) is written in the following form (source

Laa)
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R,@) = 3 Bi(ay, a0 22, 52)

Where A=t

L B
Bol2i )= D 3 S\ Ax gy oh (e — 2 M )
Pg (=0 .

1 Xl
~MuEN+D3 S A ngE—1 %
Rl [l

X &k (2> — zo)*! (M1 (80 — M1, (50)],
0=t — L, ' (53)
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where ry (8 ) is the normal self-correlation function of input

X,

Mln (&) = § gl d""i;(;gdg, (54)

Wﬂ—vywﬂ;ui) | (55)

In practice in computations using formula (52) it is
necessary to be limited by the finite number of terms of
order m. The evaluation of accuracy of the approximated deter-

mination of the correlation function ?7(9) is given by the
following formula (source [13]):

| R, (6)— R,,(G) I< ":v - 5;‘,

. (56)
where "
Ry(0) = 3\ B (C2d, 0,) 2O | (57)
vy n!
+ . bt 3 Tz
G =R,(0) = 3 2ol 58)
=)

The results of comnutlng the dependences of the mathe~ '
matical expectations {% (zm) (syand L on the rmean-
square deviation of inf g‘temperature (for a given mathe=
matical expectation of the initial temperature.gT(O)) = 3000°K
and a constant value of the initial concentration of methane
% (0) = 0.95 by weight) are shown in Figure 15a, curves 1-3
r§~pcct1vely. nl*arc 15b curves 1-3 show the denenden01ﬂs of

q% , and { Ly on the mean-gquare deviation of the
ini cowcenuratlon of methane 6w (where the mathematical ex-

pnctatlon of thne initial concantration of methane { ¥, (0)) = 0.5

o; unight and the constant of the initial tcmpcraturh
T(0) = 3500°% Tgicy ).

Wy oM (G0m)), ﬂec.donu® )% U)om (65(20n D), b &WI@

| 050 p 89 —— {.%
2601 , ! o
a5 sy
)
445 i J
: 055+ 95

L 1

2 & 0 201 [TH

O, Dec donu
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For Figures 15a, 15b: The dependence of the mathematical
gxnectation of zi) the maxlimum concantration of acetylene
% (zp) >, (2) the degreec of decomposition of methane( s) ,
and?(g? he length of the reaction chamber {L on the mean-
square deviation of gifferent inputs to a plasma-chemical
reachor v{(0) = 3+10% m/sec. .

Key: 2. Eg(z,ﬂ, by weight

1. % (2,), by weight 3. B (zq), by weight,

On the basis of these curves the following approximate
analytical functions were set up:

€3 (2)) = 0,475 — 3,166 - 10783, —1,833.1077 43,
(L) = 2t —1,135.100, + 0,355. 10~ o},
(s> = 83—0,217-10%0, —0,283-10~ &2
(fort 0 0, < 300°K). 59)
(€3 (2) > = 0,6103 — 04256, + 9,54}, ,
(L) = 6,0 + 150, + 5-10%3;, ,
(8)=1992—40q, +2-10'a}
(Rew 0o, 0,02 K by weight (60)

A calculation of formulas (52), (53), and (54) gave the
folleowing formula for the correlation function of the output
¥ (z9) R4 (©). (Ia the calculation, m = 3, T(0) = 3000%,
c‘(o'i' = 0.95, and & = 100°K):

R}, (6) = 1,122.107%r,,(8) +1,62-10-413, (6)+6,61 - 10773, (B). (61)

The relative error in the determination of the correlation
function of the outovut 'c‘_:, (zy) is about 107.

b, ™ae_influence of the values of the constants of
reaction rates on the inputs of a plasma-.chemical reactor,

for the hiph-temperature decomposition of methane and ethy=

lene,

It is well known that the values found by various authors
for the cnergy of activation and the pre-exponential coeffi-
cients of the constants of reaction rates, for one or another
cnemical reactions, often fluctuate over wide ranges; hence,
selection of their most probable values is a matter of consi-
dzrable dAifficulty. Such a -~ituation is true for_the process
of conversion of methane into acetylene (sources Eﬁh-h ).

Table 6 shows the reaction process and values for the
enaergy of activation and for the pre-exponential coefficients
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of the consta: of reaction rates which have been obtained

by various anthors for this process in different cxperiments
usingz various methods,

Peamumcp ks, “l"‘@ E, N-clu,’.gn Iluropa~ry®p.1
ks
2CH—~ Gt + 2H 4,540 91 [44]
o e o 103 451
He» CiHy + H 2,57-100 40 144
Gifles Gallat T 2,2-40u 60 el
CyHy—» 20 - Hy 1,7-400 30 t44])

mable 6. The values of the constants of reaction rates
of the process of the pyrolysis of methane, according to
variousd sources.

Key:
1. reaction 3. E in kilocal./mole
2, kO in sec.” . ‘source.

In order to clarify the question of the sensitivity of
the mathematical model of the plasma-chemical reactor to a
chan“c in the constants of reaction rates k; and k,, for dif-
ferent initial temperatures T(0), we have conotruc%ed the
static characteristics reflecting the output O (zm) as a
function of input T(0) for various selectloqs of, the indi-
cated constants and for fixed inputs v(0) = 3 +10% cm./sec,
and ¥, (0) = 0.9 by weight, For this purpose an integration
by ﬂomputew wau carried out on equation set (36) for the
following combinations of constants taken from Table 65

Lin el

C [V
(k\al 1‘1_) (k?’ -{1) (1'{?, 1{1), (k?’ 1-:1)1.-

axd for the following three inpubs of T(0) @ 2.5 109;
2,0°10J and 3.5.107, for fixed inputs v(0) = 3+10% cm./sec.
a1l ¢{0) = 0.9 by Nb1ﬂht

®*¥Tha indices A, 2, and € for ithe constants of reaction rates
of Ltha chemical roa LlOi indicate that they were taken [rom
gources [, (e [ #6] respnctively, The coastant g
was in all carcoc thc uamo lsce Tatle

The conputations were carried out al the compuber ceater
of Lhe Academy of Sciences of the UZ27 on a "Ttrela" Arrou
computer using the Adamc-Stermer meothod with autonatic,selection
inkorval of imbe~sration and a relabive accuracy of 1077 The
compntation time for one varianht was about 10 wirubzs, The
statistiecal characterictics obltaired as a romulc of thoso coni-
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putations arec shown in Figures 16a, 16b, An examination of
the curves shown in these figures permits the following quali-
tative conclusions to be made:

1. As could have been expected, the influence of a
change in the constants of reaction rates was different for

different temperature ranges.
By (2p), S Banu :

>
-

¥ & & 5 ¥ 8 € 3L

25 J0 5 15
< ,M',as': . T{0), 07k

Zigures 16a, 16b. The dependence of various outputs-of
a plasma-chemical reactor on the initial temperature T(0) for
different selections of constants of reaction rates k' and keq.
16a: the maximum concentration of acetylene, & (z4). (curves I)
and the decrees of decomposition of methane, $ (curves II),
15b: the length of the reaction chamber,

e
neY,

1. % (z,), shares by weight,

2. Nerlacing the constant of the reaction rate of the
decomuosition of methane ki with k? has practically no effect
on th2 values and intervals of the curves, but replacing the
constants of reaction rates of the decomposition of ethylene
(1A for 5 ) has a substantial effect on the curves. This is
naturally explained by the fact that in the given bemperature
ranze, the relative change k| is small compared to the relative
chanse of kz.

2, In accordance with the vhysical sense of the constant
of rraction rate of a chemical reaction, a change in k; most
of 211 affects the effechtive length of the reaction chamber
{that i3, in practical terns, it affects the time of the reac-
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tion up to the point when thc formation of C,H,reaches a maxi-
mum), It affects less the ahksolute magnitude of this maxi-
mum, Hence it foliows that the experimental value of k; must
be determined with far greater accuracy, and the possible
sources of errors and discrepancies in the values of KL ob-
tained in sources [44] and [ 467 should be analyzed.

In order to clarily the effect on the numerical solution
of equal relative changes of k, and kﬁ’ ve examised the inter-

mediate value of the latter constant = 5.8°107 exp(-51/RT),
for which 8
ke A
¢

that is, its relative change 135 equal to the relative change
of k,.
1

Figures 1fa and 14b show the rcsults of the computation,
given equal relative changes in kg and ke, As could have been
“XUEOuel the effect of replac1nw m with k, is somewhat larger
than that of revlacing k “ with k he rela%ive change of the
constants in both cases belng equal) The influence on the
time of the reaction is not large and decreases with an increase
in temperature, The influence on 83 Zm) 1S somewnat greater
for higher temperatures than for lower ones, and greater than
the influence of an equal relative change of k for k

Tt is possible that the results found above have a some=-
what more general significance for the high-temperature processes
that are a successive link in the chain of conversions. In each
concrete case the decisive role will of course be played by the
ratios of the magnitudes of the constants and the "remoteness"
of the reaction to which they relate from the end »nroduct
whose output is being monitored. At the present time there
is ne criterion to indicate to what degree this or that constant
oft reaction rate affects the output of the plasma-chemical
reactor. The results obtained point to a possibility of using
the following sensitivity criterion of the outputs of the plasma-
chemical reactor to a change in a constant of reaction rate:

_ﬁmm—ﬁmmqw*q*

[?l (zm )]y ky )

where [c (zm) ] %y, [ s (2m) kg are the values of output
1

& (Z) rrcspondln" to two different values of thk: same con=-
stant of reaction rate, ky and L. respectively.

Tt is rossible to comstruct analogous criteria of sensi-
tivity for the outputs L and g.

1
- \n
0
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n conclusion we note that the question touched on above
iz a part of a .ore general problem concerning the sensitivity
of solutions of an equation set of chemical kinetics to the
chanze of the constants of reaction rates that are embodied in
the equation set (see Section V, beginning).

The investigation thalt has been carried out allowed us,
to construet the static characteristics of the process and to
show that the reactor may be regarded as a non-linear trans-
former. In the latter sense approximate analytical dependences
may be established between the inputs (for instance, the ini-
tial concentration of methane ?ﬁ (0), the initial temperature
T(0) of the gas mixture) and the outputs, that is to say, the
mapgnitudes characterizing the process of conversion of methane
to acetylene (for instance, the maximum concentration of tle
end product %3 (zy), the effective length of the reaction chame-
ber L, and the degrec of decomposition of methane, g), These
dependences may be established for several selections of con-
stants,

The relationships found for reactor outputs as functions
of reactor inputs enable the clarification of the degree of
sensitivity of various outputs to one particular input, and
also the effect of one particular input on various outputs,
both for the case of fixed inputs as well as the case of con-
tinuous random fluctuations of the inputs. The results ob-
tainred for this enable a comparison of the effect on the out-
puts of fluctuating inouts with the effect on outputs of inac-
curacy in the given constants of reaction rates used in the
equations. In particular, for the process of the pyrolysis of
nethane cxamined above, it can be seen from a comparison -of
curves 1 in Pigures 14a and 14b that in the given region of
change for the magnitudes of inputs T(0} and & (0), the maximum
of the concentration of acetylene % (zm) is more sensitive to
a change in input T(0); it is evident that this must be taken
ints acconnt in the resulation of output 2, (zm). In the case
where the inputs [ in our case, T(0) and @ﬁ(o, continuously
a1l staticnarily fluctuate, they may be mathematically modeled
with tih~ 2id of stationary random functions of time. The ap-
rroxinata static characteristics of the process enable us to
firdl the mathematical expectations of the outputs (in this
eample, T (zy), L and s) as functions of the mean-square devia-
tione of the inputs--in this example, T(0) and T} (0)--and also
nomputa the self-correlation functions of the ou%puts--for
ezample, 3(zy). In particular, the graphs of mathematical
svrectaticn {7y (2m) P 1 Pigures 15a and 155 show that for ran-
iom oscillations of inputc T (9) an’ 770), the average value
2f tlo outrub of the end preduct, acetylene, Ga(z_ ) may be as
much az about 5.57 lower than tne value of thid magnitude for
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sonstant initial conditions,

The static characteristics of the plasma-chemical reactor
that have been obtained in this article may be used for the
solution of a number of problems:

a) for investigating the question of controlling the
end-condition of the process({ e.g. achieving a maximum of the
concentration of acetylene by means of changes in the inputs
ﬁ&(O) and T(o)];

©) for solving the more general problem of choosing the
optimal (for a given criterion of optimality) value of the
inputs--e.g.,T(o) and ¢,(o) and others.

The correlation functions of outputs and inputs may be
used for solving problems of predicting the behavior of oute
vuts of the reactor given fluctuating inputs (by using the
theory of prediction of stationary random functions).

It can be geen in Figure l6a that the scatter of values
for the output 3‘(zm) caused by inaccuracy in the determi-
nation of GOnstagts of reaction rates k, and k,, for different
values of input T(0), lies in the 2-10% range.- Since the
Jecrease in output 03(2 ) due to random fluctuations of in-
puts is of about the’salle order of magnitude, these fluctu-
ations must be taken into account in any calculation for the
plasma-chemical reactor,

The approach developed in this article may be applied
without difficulty to problems with a great number of in-
puts, outputs, and constants of reaction rates.

It should be noted that we have examined, strictly speak-
ing, one section of the characteristic surface in that multi-
dimensional space called "inpus-oubtput;" to construct approx-
imately that surface in its entirsty could be done only with
the expenditure of a large amount of computer time,

In conclusion we note that certain of the problems
examined above are problems of information theory as well,
and warrant the corresponding written exposition in that
field as well .

V. The influence of the values of the constants of
reacvion rates of chemical reactions on the solution of a
Set of equations of chemical kinetics (for example, the oxi-
dation of methane).

In looking at one or another variant of a reaction
mechanism, chemists evaluate the possible influence of a
change in value of certain constants of reaction rates on
the course and results of the reaction, if the reactions are
relatively non-complex. It is evident that such evaluations
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cf the sensitivity of a reaction mechanism to a change in
values of coastants of reaction rates, if such evaluations are
even pozsiblc, become more difficult in the case where quite
couplex reactions are under study, It is in this regard that
the problem arises of working out objective, quantitative cri-
teria of "sensitivity" of mechanisms of complex chemical reac-
tions and standard methods for computing these criteria.

As will be shown, the method developed earlier (see Sec-
tion T) allows us to obtain by computer useful and objective
information about the sensitivity of mechanisms under study
to changes in different constants of reaction rates in various

stages of the reaction, for various conditions under which the
rcaction is proceeding.

This section is devoted to the working out of a mathema-
tical meth¢d which will permit:

1) giving a quantitative expression of sensitivity of
this or thet reaction mechanism (for a given aggregate of
constants) to 2 change in values of the constants of reaction
rates of individual stages, using the quantitative criteria
of sensitivity to be introduced below: ’ :

2) constructing an algorithm of computation of the cri-
teria we have introduced;

3) finding the dependence on time or these criteria for
various conditiors: under which the reaction is proceeding and
for various selections of constants,

This method will aid in increasing the information derived
from experimental kinetics data, and will help give the chemist
objzetive criteria for evaluating and comparing the influence
cf various constants in various stages of this or that reac-
tion, .

The methodology proposed is illustrated below for the
:

1. Forimilation of the —»ohlan.

Az 15 w2ll ¥nown the problems of chemical kinetics, fronm
a1 mathomatical peint of view, come dowm to the problem of sol-
ving ard anelyzing sats of non-linear, ordinary differential
conationr of the first order with coofficients representing
conzhants of reaetion rates k,(q = 1,2,..,.,m)., For the sake
af zimnlicity the exposition %hat follows a2xamines the case
Af foothormal reactions (for whick all ¥4 = const,) under
“hatie condibioma; axvnding the resulis obtained below to
nor=icotharmal reactions in a current stream does not offer
Aifrionlties in principla.

™Mo et of aquations of chemical kinetics may be wriitten

oo



in the following form:
de i .
't =l =12 ,n @)

for initial conditions ¢.(0) = cQ, where the function
fj(c,k) is the sum of tesms of the form

8 wale B,

where ¢; arc the present concentrations; n is the number
of ccmpénents taking part in the reaction; p,s is the order
of the reactions,

The solutions to equation set (62) are functions of time
and depend on as well as on the parameters, namely -
¢, = ¢.(t, k). From the linearity of the right-hand sides of
eduatidn set (62) relative to kq, it follows (source [47])
that the derivatives 3 c.(t,k)/3 k, exist and are continuous.
Hence the mixed second*ogder derivdtive of the functions
c,(t,k) with respect to £ and k exist and are continuous,
Differentiating the equation se® (62) with respect to ky
(for a given aggregate of kq) and designating

)
Uh(‘, k) = ?k:’ *

we obtain the following set of equations for the functions
Uigs
49

d"ill
@ = Fule(),uq), 4, .
Wheve (63)
Fale(), u(), k= 2l 8
kg

n
+ D aule(t), klugle ), K],
==y
ajl[c(t)Q k] = ﬂ’jg(ém_ .

In view of the fact that the functions F;, depend not
only on ujq but also directly on c., the equaé?on sets (62)
and (#A3) Should be solved concurreﬂtly for the following ini-
tial conditions:

€1 (0) = ¢j; up (0) = 0. (64)

The secormd of the LwWo equalities in conditions (é4) peflects
the fact that cg does not depend on the constants of reaction
rates kq.

Solving concurrently the equation sets (62) and (63),
we obtain all the concentrations ¢, and also functions u.
for all moments of time. At prescmt, it is not possibledlto
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solve such equation sets (62) and (63), even for not very com-
plex chemical reactions, except on electronic computers. The
methed preoposed in section I of this article enables us to

: obtain a numerical solution to the equation sets on a compu=-

: ter, to the required degree of accuracy.

The basic difference between equation set (63) and equation
sct (62) is that the functions u,, may take both positive and
negative values (in distinction #%om ¢ ), an? also that there
are no limits whatsoever on the magnitédes of us,. These
peculiarities of equation set (63) are not crucigl if the
numerical integration is carried ocut with the use of the algo-
rithm worked out earlier in this article,

llowever, it should be taken into account that for the
functions ug% as well as [or the concentrations ¢,, the equa-
¢

tion of bal e must be satisfied, Actually at moment

of time & ujq (t) = 0, and inasmuch as Zuj,(0) =-0 from
conditions (649 3 (t) = 0., Thus solving gﬁe set of equa-
tions (62) and f63), 91 addition to the information derived
from the solution of the equation set (52) of. chemical ki-
netics, also yields quantitative evaluations of the sensiti-
vity of the solutions of equation set (62) to a change in

E the constants of reaction rates embodied in the equation set.

~ 2, GCriteria of the sensitivity of equations of chemical
kinetics of isothermal reactions to a change in the constants
of reaction rates embodied in the equation set.
Using the numerical solution of equation set (62) and
(63) it is possible to determine the following criteria of
sensitivity of the set of equations of chemical kinetics (62)

to & change in the constants of reaction rates embodied in
it.

Host evident, probably, but not the most suitable cri-
terion is the very function itself:

wy = % .
o= g (65)

The difficvlty in using this criterion is comnected with the
knovm fact that k, may take on various dimensionalities

;- hecause of the various orders of the reactions that are a part
: of the mechanism under study. Also the values of k., may dif=-
fer from each other by many orders of magnitude, Mgreover,
the various concentrations ¢, may differ greatly from each
other, as uell as change condiderably during the course of

*he reactiorn, Because of all of the foregoing it 1is expe-
dient to iatroduce the following criteria of sensitivity:*
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kBes(t R)  dey (1 )

By = olmk, — Fubia (b K} (66)
deg (8, k) dlnc (e, &) u, {t, k)
A A i .
e{t. kyok, — ok, YN T (67)
ke Oyt k) dlnci(t k) uy (k) kg 68
o (0, ) oy dlk, T Tk - (89
k%uﬂ=~%mﬂ _ kg k)  (69)
cj(k) 2, cj(k)dink, T

e note that criteria (67) and (68) may be used only when

values of €5 £ 0,

where (k) is some characteristic (depending on the con-
stants Of reaction rates k. as well as on the parameters)
value of the concentration=of the j-th component. The maxi-
mum value of cj may be taken as @j k).

The criteria (65)-(69) give answers to several different
questions, For example, criterion (65) shows (for all values
of t) to what extent the concentrations ¢, change as a result
of a change of @& k_ in a constant of reaction rate k_, where
Ok —> 0. At the 3ame time criterion (68) determine8 for
eacﬂ mement of Linc Lns relative changeAc./c. in the con-
centration ¢. zaused by the corresponding &haﬂge S k./k, 0

f the constfnt k., etc, The constants of sensitivi%y %65)-
(69) may be partifularly useful in evaluating the influence
of a changze in each of the constants k. on any of the cone
centrations ¢, Tor any moment of time g, and alsc for evalu-
ating the infiuence of any of the constants on all or some
of the concentrations for any moment of time. Tt is evident
that in the course of this procedure it becomes clear which
of the constaats, and for what siages of the reactions, (and
At wnat moment in time) are crucial or conversely, have lit-
tle influence on the reaction (for a given aggregate of k.).
Such resezarch may be carried out for any initial ratios o?
the concentrations and any initial thermodynamic conditions.

tle shall make one more. remark, All of the results which

have been described concerning the criteria of sensitivity
are good for infinitesimally small changes in the constants
kq {for a given aggregate of k ). Tn practice, as it is usu-
ally done, the final increments of kq are examined, Inas-
mach as the solutions of equation set (62) and (63), yiel-
ding ¢y = cj(t,k) and u q = Ujq(t,k) are for mosi moments

of tim® smootn functiong of tAS parameters k , such an assump-

tion does not lead to significant errors if9the necessary
watehfulness is maintained. It is evident that a sufficient
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mathematical condition for this is the smallness of higher-
than-first-order terms in the expansion of the functions
cé(t,k) by degrees Dly in size, Since equation set (63)

1% 1inear with respect to us,, the sensltivity of the con-
centrations to a simultaneogg change of several constants kq
may be shown as the sum of the respective sensitivities of
the concentrations cj to a change of the individual constants
[taken separatelyl.

3, The reaction of the oxidation of methane,

As an example of the use of the method outlined above we
shall examine the isothermal reaction of the gaseous oxidation
of methane. The reaction process of this reactlon, not inelu-
dine the reactions of chain breakage, is described in sources
L4871 and [49] and is shown in Table 7. In Table 7 the values
of the congtants kg for T = 103 9K are converted to the dimen-
sion sec,”* using $ne following relationships:

Fo=hee 6=~ = 0422404 mole/Cm’
whaere I I
. To=21K, Vo=22410' cm¥/mde
: dragernun *
L Pum.um® u,:'._ cex “:" N _tq' er'@
® ”15 (Tai000 °K)
T :
CH, + 05~ CHs + HO; 104 55 0,116.10-1
CHy+0;— CHy00 qou 0 0,122.10°
CH00— CH40 -+ CH fouer | 20 " [ 0,425-100
CH, + OH— CHy 4 Hy0 104 8,5 0,168.10°
CH,0 -+ OH- H,0 + HCO 108 6.3 0,512.10¢
CH,0 -} Ox HCO + HO;4 10w 32 |20 T
HCO 4 03—~ CO 4 HO, 10n 0 0,522-10
CH, + HO+— H 0y =+ CH, 10 19,75 0,588.]05
CH,0-+HOs— H,0, +4- HCO 10u 8.5 0,169-10* -
€0 4 O0H-+ COs + H toe - 7 0,359-101 "
CH, 4 H- CHy 4 H. 1,5.1018 1,2 0,643.100
CHO+H= HCO 41y | 4100V T| 2 | 0,563-108

S kg mkggexp(— é/RT)_ e lw'_,“‘_|.®':-. ¥

mable 7. The mechanism of the oxidation of methane.

¥ey: 1. regction 4, the values of k¥ in
2. cm?/mole-sec. sec,~1 q
3. kilocal./mole, 5, w EkOB_l = sec,=2
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The equation set (62) for this reaction and the part of equa-
tion set (63) corresponding to a change in only oreconstant
of reaction rate, kq, has the following form:

dﬂl

—

de
d(."

'
o
dt
dc.

[hene-oN

dt
de,

=53

dt
dc.
dt
deq

—

dt

dey
o
dc.

= — ¢y (Ryea + kyes + Koty + Ka004)

= — ¢ (g - KaCy + kate + krci)

= —kyess + ¢y (uca + Rier + Rl + k)
= — 4 (haey + kice) + €2 (key + kees + Feta)
== — kyy -+ Kecaty

= — &g (kycy + keos + kocy 4 kyscid) + kics

= ==e3 (ks + ksCs 4 Kroy0) + Kacs

= ey (ke 1+ Kyey)

=5 = ~—kegty + co(kser + kacy + kacs + Kpacrd)

deso
e
dCu

—

deys

——

ds
déy

D
dey

dr

= — Kyotaye + krtole
= ¢4 (Kacy + kots)

= ea (kney + kisce)
= kyotyfro

= — k€104 — KrateCra -+ kyoCacso
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'Ide ( g:: ) - ch e ie kier + ke + ke +

(3:', ) '99“ (kyer 4 kyeq + ke, + kney) —
d, e
— e (kl a"t + k“ ’ + k. '87:'" + k“ —a—;—‘) -—-City

-gt—('%) =— g (k,cl + kzca + keta 4 kito) —

ac.

T
— Ig,c,— — kyty 'gr + eica
()= St rea—afu b )+
= (’ﬂcx + koo + k) +
+%@M+u N
Ny ) 37.' + ke gy

8w &la
2

—~
Wi
EEE

S _ (k,,c-,- 4 kyey + knc.; + kuacy) —
_.,_-.(k, an + k. 7 + kv +"-‘n am) + k‘ak,

-~
-4
E
N e
It
;—
u

&la
P
[~

¥

__) = — (k@‘ + ks¢s+ kyaty0) —
—cy (k‘l + k; + k1o &“) + ky 6:;

g'f (‘:‘_") (klcl + k) + 6 (kc + ks -g;::—)
‘;;‘(%.;) = k?‘-‘l'gch - "“’"55{ +

+ B (ke + keer + b+ kel +
B
—"“"”ak — krocro g o+ ks g T 'H"c’bi','
B ey + b e (b i+ bv 5]
"‘" (bues + kuace) + ea (R o + e 5i)

dc Bey
kmC1 a,:o + kit 5

5
S
L]

;g

¥y

¥ s

EHE
V\_/v

i

s gl afe gfn 8
TN TN TN TN TN
¥ 2
H

“'— (i"n"n + kyete) —

3
Z

Cu("u + ku her )'f"'wc' T 'f"'m‘-'m dk
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Used here for the concentrations {in volumetric shares) of the
fourteen components taking part in the reaction are the desig-
nations introduced in Section III-1. 1In order to determine
the influence of the magnitude of constant k; on the solution
of equation set (70), the equation set (70) and (71) must be
solved concurrently. In the case where it is necessary to
find the influence of a change in other constants, equations
analogous to those of equation set (71) must be written and
then solved concurrently with equation set (70), Thus it is
possible to find the sensitivity of all concenbrations with
respect to all constants kq. In order to obtain data about
the sensitivity of all concentrations ¢, to a change in one
constant, it is sufficient to write an eéquation set of the
type (71} and then integrate it concurrently with equation
set (70). However, in order to determine the sensitivity of
one concentration to a change in all the constants k, it is
necessary to obtain a solution to all n(m + 1) equat?ons for
functions Cy and uig. In order to obtain such a solution it
igs possible*(if th& capacity of the computer permits it) to
construct and integrate concurrently all n(m + 1) equations,
If it impossible to do it all at once, however, then the func-
tions ujy = ® ¢35/ k, should be integrated first for one
group of "constants, %hen for another, and so on until all the
constants kq have been included,

The equation zet (70) and (71) for various k. was inte-
grated on the computer 'BESM'at the zomputing cenfer of the
Academy of Sciences of the USSR by the method proposed in Secs-
tion I=3 of thig article with a relative accuracy of from 10-
to 10~5, using automatic selection of the interval of integra-
tion. The computation time for one variant, corresponding to
changing one of the constants of reaction rates, is about 30
minutes, )

Tn the integration process on the computer, significant
time in wasted on_the computation of thoss concentrations

Chaving ¢3(0) = 0] whose values become sgreater than zepo very

slowly. For example, for an integration up to t = 10=° sec.
about 507 of the machine time is spent on the integration of
equation set (70) and (71) during its induction period (up to
ta 107" sec.). During this period the statc of the system
has practically not changed at all from that of the initial
conditions, The computation time may be considerably decreased
hy means of removing the accuracy check with respect to these
conetvtrations while they are still small within the limits c¢f
acouracy. Tn the computation process, balance with respect

te ¢; as well as te Ujg is satisfied to an accuracy of five

cr elx zisnificant figures,

h, A discussion of the results of the intezration of
2quation set (70), (71) for the reaction of the oxidabion of
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methane,

*The authors thank I.V. Igonina, who carried out the numeri. i
cal integration of equation set (70)-(71) and checked the i
preliminary graphing of the results of the computation. ‘

The curves shown in Figures 17-22 illustrate the compu-
tations for ecriteria of sensitivity (65)-(69) for the oxidae
tion of methane. These curves were obtained as a result of
the integration of the set of differential equations (70)
(71) for the model isothermal reaction of the gaseous oxiéa-
tion of methane under the following conditions:

ot R v AL,

Ty = 10°°K; ¢, (0) = O,ZQ\? ) = 0,74; ¢, (0) = 0

.= . ac’ e )
(p 314; --1'44)1 (57";)‘_0 =0 (j = "2,.00’ 14; q = l. 2...-, 12), (72)

and also under the condition of a fixed aggregate of vaﬂues
of conslants of reaction rates for the reaction (see Table 7).

In
2

-

K}
o i
1
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Figure 17, Tne dependence on time of the sensitivity

of the concentration of formaldehyde (cg) to a change in

constants ky (q = 1,2,404,412).

Solid lines:  dcg/ dn ky; Dotted lines: ¥1n cy/ Qln k.

The numbers on the curves correspond to the numbers of the
constants kq that are being allowed te vary.

The line of mixed dots and dashes: the concentration of for=-
maldehyde,

Key: 1, L. in sec, & " g
- o c
2, t in sec. % F" ‘ Tinky
W of 10

T
L%
Y,
a

3

Figure 18. The dependence on time of the sensitivity
of the concentration of water (cg) to changsgs in the con-
stants ky, kg, kg, ki

S01id lines: 'bc8/ Jln L% Dotted lines: dln cg/ dl1n kq.

The numbers on the curves correspond tc the numbers of the
constants kq that are being allowed to vary.

The line of nixed dots and dashes: the concentration of water,

Key: Lt in sec,
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Figure 19. The dependence on time of concentrations of

methane (cq) and oxygen (c¢3) and their sensitivity to a change
in the conStants ka, kg, kg.

Solid lines: dcy/ 'Oln k,; Dotted lines: Jcz/ Viln kq.

The numbers on the curves correspond to the numbers of the
constants kq that are being allowed to vary,

The line of mixed dots and dashes: 'bln,cl/ Bln.kq.
Key: 1. t in sec.

‘:‘”O L -0

=

?i?ure 20, The dependence on time of the concentration

o &CB and its sensitivity to a change in constants ky, ks,
iy Qe

30l1id lines: ‘003/ Viln kq; Dotted lines: Dln 03/ Vin k

qlt
The numbers on the curves correspond to the numbers of the



o

constants kq that are being allowed to vary.

The line of mixed dots and dashes: the concentration of CHB (cj).

Key: 1. t in sec.

Figure 21. The dependence on time of the c¢oncentrations
CHa (cq), CHA00 (cs), and HCO (og) and their sensitivity to a
chgnge in thé conséant ky.

Solid lines: dci/e; pay  dln ky; Dotted lines: Vei/eyvyin Ky,

The lines of mixed dots and dashes: the concentrations of
CHB(cj)’ CH300 (05), and HCO (eg).

Key: 1. t in sec, e,

dink,
3 -

—L.
~ 207
1, cex

Figure 22, The dependence on time of the sensitivity of
the concentrations CH (eq), CH,00 (ee), OH (07), HCC (eg)
to a change in constant KZ. “
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- The numbers on thé curves correspond to the numbers of the

concentrations c; under study.
Key: 1, % in sec,

In Figures 17-22 are shown the dependences on time of the
criteria of gensitivity of five concentrations [CH,) , [0},
[C!Il, [Clrzoiand [,0) to a change in various constants of
reaé ion rates (see"Figures 17-20); as well as the criteria
of sensitivity of various concentrations to a change in two
constants of reaction rates (ky and kg) (see Figures 21,22),.
For several of these figures, Tor purposes of comparison, are
shown curves of the dependonce on time of various criteria ’
of sensitivity for the same concentrations (c;) or constants
(k,), and also--for convenience--the curves gf the dependence
onltime of the concentrations themselves, o

As can be seen from the figures, the values of the cri-
teria of sensitivity may be positive, negative, or approach
zero. The positive (negative) value of a criterion of sensi-
tivity at the moment t means that for the given values of the
constants, an increase in the given constant of reaction rate .
leads to an increase (decrease) of the value of concentration
cy for that given moment of time, It is evident that when the
vglue of the criterion 1s zero at time £, this means that '
at that point in time a small change in kq does not lead to

any change in Cje

An examination of Figures 17-22 shows also the following
details. ‘

Tor concomkrations having a maximum (for example, for
>0 In Tisursz 17a, 17b), tas curves for the sensitivity with
Spcst o a change in various constants of recaction ratsos
11 into %wo categories: a) curves that remain in the posi-
bive region (or the negativs region) of values of the criterion
of comsitivity for all values of t (that is, for the whole
duration of the reaction); b) curves that may go from a region
2f onc eisn for the values cf the criterion to a region of the

chther sicm.

Tor conceatrations whose valucs simply rise continuously.
or fall continuously over time (for example, H,0 in Figure 18),
only curves of-the flrst category occur,

Thits, bthe magnitude and slen of the value of a oriterion
of sensitivity of any concentrabion cJ with respect to the
same constant & may in the course ofYthe reaction change sone:
ciderably., IlenSe it follows that for a ocomparison of the -
values of criteria of sensitlvity for various ¢, or k , it is
nacnstav, to stipulate the time or at least thejstage of the

-7}
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reaction at which the comparison is being made.

As could have been expected, for one moment of time and

under the same conditions of the reaction, different criteria

of sensitivity have different numerical values but of the same
sign (in particular, they simultaneously cross the x-axis) (sce
Figures i7a, 18-21).

If the curves corresponding to some criter:on have a posi-
tive maximum (or negative minimum), then the curves for the
other criteria may have the same characteristic at a location
shifted some vertical and horizontal distance away. (See
Figures 17z, 10 and 11,) The criteria of each of the concen=-
trations of CH,0, H,0, CHy, O, and CH3 with respect to a change
in various conftants of reaction rate’k. at various stages of
the reaction are shown in Figures 17a, i?b, 18-20,

Let us look at the behavior, for example, of the criteria
of sensitivity of the above-mentioned concentrations at a time
close to t, = 2+10~7 sec., where the concentration of CH,O reaches
a maximum Tsee Figure l?aj. W, note that the concentration of
formaldehyde at this stage of %he reaction is most sensitive to
a change in the constants of reaction rates kj and kg {(which
determine the rate of reaction of CHy with the radicals OH and
H0_.) and in the constants X and k.. The sign of the criteria
onSensibivity of the conce tratiog of CHp0 to a change in k4
and kq is positive, while the sign of the criteria with res-
pect To a change in k5 and k. is negative,*

9 .
*Tt can be seen in Figure 17a that an increase in k, (or k8)
of about 10% at time £, = 2¢10"? sec. leads to an increase

in the concentration of CH,0 of about 303; at the same. time
an increase in k, of 10¢ causes a decrease in the concentra-
tion of Cil,0 of dbout 70Z.

At the same time the sensitivity of the concentration
of CH,0 to a change in the constant k, (determining the
react%on rate of CH,O with 02) is sma§l near tp = 2'10‘3
sec, Tt can be seen in Fizure 17b that near t_ = 2¢10-3
sec, the sensitivity of the concentration of f@rmaldehyde
to a change in constants ky, k,, ki, k,, ki (see Table 7)
is relatively small. (Near this point’of time seveBal of
the values_of these constants change sign.) Hear
t = 2+10-2 sec. the concentration of il,0 has the greatest
s8nsitivity to a change in kg (see Figufe 18), The concen-
tration of CH, has the maximum sensitivity, with a peositive
3imm for the ériterion, to a ckhange in constant k,.; and a
somewhat smaller absolute magnitude (but with a négative
sign for the crlterion) of sensitivity to a change in k.
'see Tigure 20). It it possible to comparc the sensitivfities

-7 .
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%,» k¢ and kg (see Figure

of the concentrations of Og ?nd CHu to a change in the constants
9).

It is also possible to see from these figures the extent
tg which the relationship of the values of the criteria of sen-
sitivity of ore concentration with respect to various con-
stants changes over the course of the reaction. In this instance

there are several cases:

a) The qualitative relationship (less-more) is main-
tained over the whole course of the reaction, hut the quanti=-
tative relationship of the values of the criteria differs in .
various stages of the reaction (for example, it can be seen in
Fizgure 17a that the sensitivity of the concentration of CH,0 to
a change in k), and kg is greater than the sensitivity of tﬁis
concentration to a change in k¢, for the whole duration of the

reaction).

‘h) The qualitative relationship changes in the course of
the reaction, Tor example, in Figures 17a, 17b it can be seen
that this is the case for the sensitivity of CH,O with respect
to a change in the constants kS and k9; ko, and §11, etc,

Figures 17a, 19 and 20 show for purposes of comparison
the curves illustrating the change with respect to time of cri-
teria (65) and (68); while Figure 21 shows the same for cri-
teria (68) and (69). It can be seen from these figures that, as
could have been expected, with the pessage of time these curves
behave differently. This behavior is easily. explained, For
axanple, the difference in the behavior of criteria (68) and
72) in Tigure 21 is explained by the fact that criterion (68)
Actzrnines the change of the concentration relative to its cur-
rent value, while criterion (69) determines the change’ of the
concentracion rclative to its maximum value,

‘I also note that the computations that have been car-

rixd ont enable us to separate out those constants whose changes
have the luacy effect on one or another concentration over the
whale course of the rcaction., Thus it can be seen from Figure
17h thal the curves of dependence on time of the criteria for

%~ and %», for the entire reactlon, are closer than other

ciovee be the axic of time. This means that changes in cone-
astants k3 a1l k, have the least influence on the concentration

of Cii,0.

Zouputatlions showed that a change ia constant k. had
11Lela inllumsiice on other concentrations as well (wigh the
exceptlon of the concentration of CH_00, whose magnitude is,
howcver, small itself).. This circumdtance indicates that in
the reaction drocess, the gtage that is determined by the con-
swant k., occurs with great speed., 3Such a conclusion agrees
with Ul rocults obtained by Semenov (source h ). From

- 75 a



P

the point of view of the mathematical structure of equation set
{70), the small influance of constant k, is explained by the
fact that this constant enters the equa@ions only in the form of
the derivative of k, with respect to €y and the latter 1s small
over the whole course of the reaction.

In conclusion we shall make several observations.

1. The critecria of sensitivity that have been constructed
must permit us objectively to evaluate the role of one or another
constants of reaction rates of individual stages of complex
chemical reactions, At the same time we find which reactions are
determining [c_:ruciaiﬂ for the process in its various stages,
However, we do not yet consider the interprectation of the curves
obtained above to be clear enough.

It is necessary to keep in mind that both in the mechanism
of the complex reaction, as well as ir the set of differential
equations corresponding to this mechanism, & change in one of
the constants k. causes in the system as a whole other changes
which affect, s%rictly speaking, all of the concentrations to
one extent or another over the course of the whole reaction, In
determining with the help of criteria (65)=(69) thc sensitivity
of various concentrations to a change in the constants k , we
are really determining the sensitivity of the whole chemical
process to that stage of its mechanism that is characterized by
the given constant k ., At the same time it can not be for-
zotten that because 3f the very character of the set of 4dif-
ferential equations of the process, in any such criterion
there is reflected to some degree or other the changes in all
of the concentrations; that is to say, there is reflected the
indirect influcence of the values of the other constants kq.
Trom the standpoint of cybernetics the reaction mechanism®is
a system whose elements are mutually interdetermined, both at
ary instant of time t and also in the system's evolution over
tine,

A ¥nowledge of the magnitude dc./ Bk, is essential for
the proper organization of the experiﬁent rr determining the
constants of reaction rates k_ aad for evaluating the quality
of the results obtained.* q

I carrying ont ioothermal reactions, ror exarple, the teh-

rerature is determined wikti. a certain amount of error AT,

Taer the consequant cerror in the determination of the constants
Ok, = (A, /A7) A7, Using the aprenjus cgquation with the

energy of adtivation D) 2T, we find

LiowlinG B ehere a7 N
& olnk, AT 7
e
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it follows that Akcj/cj may be quite large even when

L 4

peb jde

ce
t &L

Tan

The criteria of sensitivity may be used not only in the
case of honogeneous gaseous reactions, but also in any other
types of chemical processes (heterophasic processes, processes
occurring in condensed phases, solid state processes, etc,).
“his apprecach, analozous to that developed above, may be used
for the study of the influence of various parameters (for exam-
ple, the degree to which the surface of a catalyst is occupied,
the length of a molecular chain, etc,) on the course of a
chemieal reaction.

2. In non=icothermal reactions it ic possible to for-
2112y alior She temperature of this or that stage of the reac-
tion ('t can e done, for instance, in the case of reactions
nzeurrins i a ctationary current). Then a knowledge of the
m271itndc of dcy/ W, will help in the evaluation of the con-
shvriacas of oueM an axirancous thermal action on the courc:
St COmrlex 2niraical reaction. A similar situation arises

LYY AL

el UE Lo waaesasary Lo take into account the influence of
s walle of a reactlien chamber |, additional radiation

fun- oubcide the system , or additional quantities of one or
nnthor reagentes introduced into the area of reaction.

“he anoroach Lthat we have deﬁéloped may be extended to.the

2um. 28 wom-icotnermal reactlions. For this purpose it is only

*, . r *y

c.7utoary to lock ab the magaitudes of e,/ kg and e /%,
~ctead of tne megaltude of Ocj/'bk , wheve X q 1S the pre-
teoaacauial cosfficient and S to ot g cnergy c? activation,

Chloookse of equations of t¥pe (71) then increases, but the

cothels for zolving the equations remain the same.

i
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