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ABSTRACT 

Various computational aspects have been investigated to numerically 
solve charge-conservation equations and Poisscn's equation for the elec- 
tric field yielding ion and electron distributions. These equations 
were derived and presented by the Harry Diamond Laboratories as part I 
of thij study. The computational aspects, reported herein as par; II 
of the study, include:  (1) transformations to reduce the steep siopes 
of the input functions and to simplify the solutions of the equations; 
(2) linearization of the equations to permit use of matrix methods in 
their solution; (3) derivation of small-value, asymptotic solutions to 
provide starting conditions in the matrix solution; (4) a computer pro- 
gram listing, description, and sample output; and (5) descriptions of 
an independent check solution and other checks to confirm validity of 
the results. The computer program is written to accommodate any con- 
sistent set of boundary conditions. Although the equations are linear- 
ized, the nonlinear terms are approximated in a way to insure rapid 
convergence of solutions to the exact equations. 
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A study has been conducted by the Harry Diamond Laboratories of ion- 
electron distributions for a hypersonic vehicle with a 10-degree semivertex, 
sharply pointed cone at Mach 8 and 10 for sea-lev«1 flight. Detailed cal- 
culations are reported by Pollin1 as part I of this study. This report, 
which represents \ art H of the Btudy^ is concerned specifically with 
computational aspects of the ion-electron-distribution equations -detailed 
in part I.1 The equations to be solved are presented herein to describe 
the transformations required to simplify their numerical solution. Readers 
who are particularly interested in the derivation and precise symbol defi- 
nitions should refer to part I. 

Basically, a parabolic system of five first-order, partial differential 
equations describe the phenomenon (listed as equations 18 and 20 in part I). 
Use of the compact "±" notation to condense two equations into one is shown 
below. 

+ 

^„^pd^i _ml^(x) + -i^m (i) 
en    L P(n) Jn   P C        P(n)  x 

e e e 

J +  ±  + 
6(x)P(n) + 6(x)v(x,y)I + K(n)s> 

n 
  (2) 

en 
e 

D(n) + DT(x,n) 

loil en \H*)]\t - s) (3) 

Equations (\)  and (2) are each two equations—read first with upper and 
then wieii lower signs whenever two signs appear. The dependent variables 

+ - + _ 
are J, J, s, s, and <j\ : the independent variables are 0 < x < °> and 
0 < y < 6(x) w, ♦* n defined by 

so that 0 < i| < 1 is used as a normalized independent variable. This is 
convenient also because many of the input functions sre ultimately functions 
of n. Ihe other symbols ara either constants (p , c , e, n ), or other 

+ _ i    ±       ± 
known functions [P(n), v(x,y), W(n,s,s), 6(x), u(n), D(n). DT(x,n), K(n)]; 

some of the constants and functions change with geometry, velocity, and 
altitude of the vehicle. 

Pollin, I., "Ion and Electron Distributions in the Boundary Layer of 
Hypersonic Vehicles for Chemical Nonequilibrium Flow—Part I: Aero- 
dynamics and Numerical Results," HDL-TR-1565. August 1971. 
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Subscripts x and n indicate partial derivatives with respect to these 
variables. Note that $ does not appear except with subscript n; <t> is 
considered as a basic dependent variable. The voltage <j> is calculated 
once y    is obtained. n 

The known functions are sometimes derived from formulas and sometimes 
are calculated in point-data form. We have 

5(x) - bx0,8, b constant, (5) 

u(n) * ufi
n  » u* constant, (6) 

W(n,s,5) = KFNO(n) - B(n)si (7) 

where KFNO is used for K,<N><0> and B(n) is used for K [n /P(n)]2. Both i re 
K. and K are found as functions of the known temperature function 

T = T(n): 

„   5>'10-11exp(-32.500/T) 
Kf "      T1^ 

K - 3xlO"3/T1,5 ^ r 

Also, 

K(n) = ^fo(T) (9) 

DT(x,n) = 0.02uö6(x)n
9/ö (10) 

and D(T) and D(T) are related by 

D(T) = 234D(T) (11) 

Finally, v(:;,y) must satisfy 

L 6 P(n)   Jx  I P(n) Jy 

with v(x,0) =0. A lengthy computation shows that in the case considered 
here, 

v(x,y) = u6 ^fL  fCn) (13) 

where f(r,) is given by 

f(n) - 0-8 n?/8 - p(n) j ~~ - dt (14) 

+ 
+  System (1) to (3) is also subject to boundary conditions; if s(x,n), 
J(x,ri), and $  (x,n) are solutions, we have 



■ 

- 

s(0,n) 

s(x,0) 

3(X,1) 

s(0,n) " 0 

s(x,0) - 0 

s(x,l) - ♦ (x,l) - 0 

(15) 

(16) 

(17) 

2. THE J' TRANSFORMATION 

A convenient simplification to system (1) to (3) results from trans- 

formation of the current variables J to J' defined by 

+ 
J' 

r + 

en    P(n) 
L e       J 

By taking a derivitive with respect to n, 

+ 

<5'>n - en MfMfl 6(x) 

(18) 

(19) 

and substituting into equations (1) and (2), we obtain a simpler system, 
hers expressed in terms of the more primitive functions 

$.> . „, upjtmt . lifrui tKrao(n). tMUi k+-i 
P(n)   n      p c e e 

+ 

±      +11,600 jjffi Un + P(n)J' 
s    " +   

n D(T) + DT(x,n) 

+ u hs&ni ni/61 u6   P(n)     n       8J 

10 14 

nn 
[6(x)l: 

8.85 ""*e   P(n) en (s - i) 

(20) 

(21) 

(22) 

This transformation has two purposes:  (1) to eliminate the need for 
derivatives of f(n)/P(n) in the solution, and (2) to eliminate the singu- 
larity 6(x)/x at x = 0. This term now appears as 6?/x = b2x0,6. 

3.  SMALL-VALUE. ASYMPTOTIC SOLUTIONS 

Because of the fractional powers of x, a Taylor series solution dees 
not exist at x = 0. In an attempt to find small-value (of x) solutions, 
we may eliminate the fractional powers in x by the transformation 

t = x0,2 or t5 = x (23) 



with 

and 

f'(x) = bt* (25) 

Equations (20) to (22) transform to 

3  c e e 
+ 

+ 11,600 f£l ±.    + p( )§• 
I      T<n) D  (27) 

± ffn1» *       v2^8 . u.b2tV'8 i 
<3,)n - u.b2t3 fgr *n - M- tKFN0<n> - B(n)fc] +        5P(n)     *   (26) 

s 
n D(T) + DT(t5,n) 

1014 b2t8  ,+      -, ,,flN 
*nn - * O? ene FÖÖ (s - 8) (28) 

A power series solution now takes the form 
00 

J' = I  J.(n)t1 (29) 
1-0 
JO 

±   r ± , x i 
s-2 s (n)t (30) 

1*0 

*n " I (*n>1(n)t
i (31) 

n  i-o n 

By substituting equations (29) to (31) into equations (26) to (28) and 
equating coefficients of powers of t, ordinary differential equations are 
found for the coefficients.  [This procedure first requires a power series 

± 
representation for 1/(D + D).] The smallest set of nonvanishing coeffi- 

cients occurs for subscript 8 in equations (29) and (30) and subscript 16 
in equation (31). We have 

<$8>n" " ^-KFN0(n) (32) 
e e 

(§8) = V^1 % (33) 
n  D(T) 

1014 b2      +        - I(V16ln " - "OF ene PÖÖ (S8 " S8) (34) 

10 
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subject to the boundary conditions of equations (16) and (17); that is, 

s8(0) « s8(0) - 88(1) - s8(l) - (4>n)i6(l> - 0- Thus, we observe that for 
small t corresponding to small x, 

J'(x,n) - J8(n)x
1-6 (35) 

s(x,n) « s8(n)x
1's (36) 

*n(x,n) - (*n)16(n)x
3-2 (37) 

This analysis also suggests that 4>n is essentially decoupled from the 
+    - + 

equations for s and s for small x. The nonlinear term 4>ns is negligible. 
In addition, the "+" and "-" equations are decoupled, since the -onlinear 

term ss is negligible. These results are almost independent of the boundary 
conditions end must be considered when sets of boundary conditions are 
desired other than those given. 

4. THE z,q TRANSFORMATION 

The independent variables n and x are inconvenient variables to compute 
with, At x = 0, we have from equation (?6) that sx ■ 0, but that s^ and 
higher derivatives are infinite. The finite+difference scheme used to 
approximate sx from a sequence of values of s is subject to large error 
when sxxx is large. Therefore, it is advantageous to use smaller inter- 
vals near x = 0 than are otherwise used. This situation is reinforced 
by the expected behavior of sx •*■ 0 as x * »; the intervals in x can then 
be taken further apart. To accommodate both situations, we compute in a 
new variable z defined by 

z r>  x0,8 or x = z1,25 (38) 

mostly to simplify checking small-value results (s - zz) and provide for 
szz to be finite. The equations are changed by replacing x by z1,25 and 

+ 
±   ± dz  C'8§z ,„„. 
Sx = Sz d^ = ^25 (39) 

A similar, but more severe situation exists for the n independent 
variable. The driving function KFNO(n) is monotonically decreasing and 
is almost an impulse function.  For the Mach 8 data, KFNO diminishes more 
than three orders of magnitude in the range 0 < n < 0.01. It is essential 
in any finite difference scheme approximating derivatives with respect to 
n to have many intervals for small r\.    A transformation that automatically 
increases the number of n intervals for small n is given by 

q = ln(r\ +  a) (40) 

11 



where a > 0 is chosen co gatisfy any particular requirement..  In this case, 
a was chosen so that ln(a + 0,0001) - £n(a) was equal to l/400#i of the 
total range of q. Equivalently, this assured that when 400 equ».\ intervals 
were Laken in the q direction, the first value of q corresponded to n » 0, 
and tha 3econd to n = 0.0001. The procedure was motivated by the fact that 
many of the input functions, including KFN0(n), were constant for 
0 £ n <  0.0001 and dropped of steeply thereafter. A special computer 
program computed &t(a) = -4.7939598. 

From equation (40), we have 

n ■ e   -  a (41) 

§ - •« <«) 
This transformation is made by replacing n by e" - a [eq (41)] and replacing 
any variable rn by 

dq  rq .... 
r = r "3* ■ — «,43) 
n   q dp,        q 

In practice, the n notation was retained, except for derivatives with 
respect to n. All functions were computed as functions of n as found from 
equation (41) for any q. The transformed equations [from (20) to (22)] 
now appear as 

(J') 

T* •"«9i^m h - ^ «<•»«> - ■<">* e e e 

62(z1-2S)n1/8 + 
+0'8u6        «■•»P(n)S« (44) 

s_      +11,600 7©"9*n + P(n)J' 
-4 =  ± -^  (45) 
e D(T)  + DT(z1-25,n) 

lq    - - "Os ene   PM      (s -s) (46> 

with 6(z1,25)  - bz. 
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5. NUMERICAL SOLUTION METHOD—LINEARIZATION 

A "marching" technique is used to solve system (44) to (46) numerically. 
+        ± 

Given solutions at z» 3j-i» i.e., s(zj_i,q), J'(ZJ_I,q), and $_(zj_j,q), 

ordinary differential equations in q are found at z « z*  * z*-\  + Az by aR 
+ ± 

appropriate finite difference approximation for §2 in terms of s(zj,q), 

s(*1—l,q)> etc. To simplify notation hereafter, we refer to a function at 
+       + 

fixed z. with subscript j; i.e., s(zj,q) 3 s^, understanding that it is 

also a function of n* 

The marching technique requires the solution of a two-point boundary- 
value problem with nonlinear differential equations. Although these can 
be solved directly by iterative processes, faster matrix algorithms can 
be used for linearized equations, which, at the same time, do not materi- 
ally affect convergence characteristics. Accordingly, system (44) to 
(46) is linearized by deriving differential equations for changes in 
+    + 
Sj_j , Jj-i» and (♦n'j-1* Definin8 

+ 5J 

(47) 

(48) 

(Vj ■ <Vj-i + (AVj (49) 

we note that system (44) to (46) holds at both values of z   and z . We 

substitute equations (47) to (49) into equations (44) to (46) and subtract 

from the resulting equations a similar set of equations obtained when 

s. ., J! ., and (<(»)., are substituted into equations (44) to (46). This 
J-1  J-1      n J-* ±   ± ±    + 

yields differential equations for As., AJ , and (A$ ). with s  , J'  , 

and ('I')..! as additional input functions. The final equations, however, 

depend upon how th derivative s is treated, as well as the nonlinear 
+ + -     z 

terms As (A<fi ). and As.As . 

A backward difference approximation2 is used for s when substituting 
at z = z : z 

±    jj - 4°j-l + °J-2      , 
8z Uz +0(^) 

2Kcpal, 2., "Numerical Analysis," John Wiley & Sons, New York, 1955, 
pp. 515-516. 
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3As, - Al,.! 
s2 =   

J
2Az    + Ö(Az

2) (50) 

±     +     + 
where s   ■ s   - s. , a quantity that must be stored during the 

j-i   j-i   j-2 
computation. The appendage (?(Az2) indicates the approximation is of 
second order in Az. 

Equation+(50) is not valid when z ■ Az, i.e., for the first value of 
z, because As0 is nonexistent. Here, **e use the condition that §z ■ 0 at 
z = 0, We may then sho<* that the approximation becomes 

+ 

K * nfr+0(Az2) (5i) 

+ 
A central difference approximation is used for s when substituting 

at z = zyi 

±        ± 

f    + 
As, + As 

^ + 0(Az2) (52) 2Az 

+ 
When z - Az, we take s ■ 0 at z = 0, since it is a boundary condition. 

Similarly, it is shown in appendix A that 

As (A^). = 0 + 0(Az2) (53) 

As As = 0 + 0(Az2) (54) 

The substitution of equations (50) to (54) yields second-order computations 

of As., AJ,, and (A$ ). which, in turn, produce linear convergence in z for 
+ ±JJ       r'J +± 
s, J', and $_.  (If Az is halved, each As, AJ, and A<|>_ is produced with one 
fourth the error, but there are then twice as many intervals to sum to reach 
a given z. Hence, if z  is halved, the final error is only halved.) How- 
ever, it was found that the error introduced by equations (53) and (54) was 
greater than that of equations (50) to (52). Accordingly, equations (53) 
and (54) were changed to (see appendix A) 

AsJ(A*n)  = A$ (A+* + Ö(Az3) (55) 

As,As. = As. , (As). + 0(Az3) (56) 
J  J    J-1   3 

or       = As. .(As), + 0(Az3) 

which still are linear terms in subscript j variables. 

14 



The final system of linear equations chat must be .solved for each j is 
given by (the subscript j is hereafter omitted to emphasize the dependent 
variables; As 5 As., etc.): 

1- 

-q d(As) 
e    An " + dq    D(n) +D,(zJ.25,n) {«<n)[rfJ-i + AlJ.l>A#n + <Vj-i

A* 

4- P(n) 

A
¥J-I

(
VJ-I 

D(n) + DT(z*:
25,n) 

AD, 

V-j * 

] 

[AJ - (}•)   7 1 ]}    (57) 
L       j_1 D(n) +DT(zi'25,n)Ji 

-q diAJl m        finl 
e   dq    U6 P(n) 

r   «3  4, 
+ A 

S2     jCiq)^ 
TT25 til. 

■« J 
KFN0(n)A6' 

P  c e e 

e e 

°-Au6 „i/«ri i6!   6]-i i ± iA   !l-L.i ± l (b8) 

-q   dlAM 10" 6ne   r,2/.+ 
dq 8.85 P(n) L j 

[6j (As - As")  +AÖ2(s - S      )] 

where 

AD_, = 0.02uj.Azn T o 
1/8 

°J     "j-1 
ZT723"| 

_ z1.25 " z1.25 
j 

AÖ2 = 62 - 62 
j   J-1 

J-1 

(59) 

(60) 

(61) 

(62) 

If ASQ is initially set equal to 0, the correct formulas are obtained when 
j = 1 if the term 362/z°-/-5  is changed to 462/z°'25 in equation (58). 

15 



It should be emphasized that quadratic convergence in Az can be ob- 
±  i 

tained if all approximations are such that the As, AJ, and A$ are com- 

puted with order Az3. Although this «as not done, appendix B indicates 

the changes required. 

5.1 Matrix Formulation 

If a grid of N + 1 equally-spaced points is placed along q, starting 
at q\  corresponding to n ■ 0 and ending at qN . corresponding to n ■ 1, 

we may correspond to these points 5(N + 1) functional values we seek. 
Thus, for every j, we seek for all <,, , 1 < i <N + 1 the values As. , As., 
± * ii" 

AJ , and (A$ ) . Approximate values may be found with second-order error 

in Aq by satisfying equations (57) to (62) at the half-interval stations 
by using the approximations 

(Vi+l/2 * T±\     T± * 0^2)     1***» (63> 

ri+l/2 " "^H " + ö(&q2) 1  " ±  ~  N (64) 

where r is any required variable or stored variable at j - 1. This 
results in 5N linear algebraic equations, which, co-pled with the five 
boundary conditions of equations (16) and (17), nay be Molved for the+ 
5N + 5 functional values. By incrementing z j, storing the required As 
at each i (to be the new set of ASJ.J), and mechanizing equations (47) 
to (49), the procedure may be used to reach any desired value of z. 

5.2 Computer Solution 

The computer program is written to accommodate any set of feasible 
boundary conditions, since this was one uncertain aspect at the time of 
development. It is important to prearrange the equations so that their 
final matrix form has a matrix coefficient that is block-tridiagonal 
(each block c 5*5 square matrix), in order to use an efficient algorithm3 

*or their solution. A difficulty in doing this is the uncertainty of 
where the boundary conditions will be imposed. There must be five con- 
ditions, but m of these will be at n = 0 and 5 - m at n = 1. 

3Isaacson, E. and Keller, H.B., "Analysis of Numerical Methods," John 
Wiley & Sons, New York, 1966, pp. 58-61. 

16 



■S*§*F4* £'■? 

The method used is described with the aid of figure 1, where the 
scheme is drawn for the boundary conditions expressed by equations (16) 
and (17). An array 1DX is read in with values 0 or 1. As shown in 
figure 1, IDX(l) corresponds ro £, etc. If TDX - 0, then the finite 
difference equation obtained at station i <■ 1/2 (the vertical arrow) 
is used in the 1-th  group of five equations (the diagonal arrow).  If 
IDX - 1, the finite difference equation obtained at station i - 1/2 
is used in the i-th  group of five equations.  In the first group of 

•f 
five equations, there are no AJ and AJ finite difference equations; 

these are replaced by the boundary conditions (in this case, As = 0 and 
As ='0). In the last group of five equations, there are no As, üS, and 
A^f, finite difference equations; these are also replaced by the boundary 
conditions As * 0, As - 0, and A<J>n * 0. Note in this case that 1DX(1) « 1 
and IDX(3) = 0 could have been used because of the symmetry in the bound- 
ary conditions; similarly, IDX(2) - 1 and IDX(4) ■ 0 could have been used. 
Tie final coefficient matrix appears as 

Al       C! 

I$2       A2       C2 

0 

B1      k±      C± 1(65) 

... I 
0 .     .     . / 

/ 
BN *N CN ; 

B 
N+l Vi/ 

where each nonzero entry is a 5*5 matrix.  If IDX(L) = 0, nonzero elements 
are contributed to A^ and C^ cn line L.  If IDX(L) = 1, nonzero elements 
are contributed to B^ and A^ on line L„  The procedure to solve the 
resulting equations3 requires the storage of N 5x5 r matrices and 5(N + 1) 
y elements.  Thus, the limit of N is about 400 on the HDL 7094 without 
external storage. A more complete description and listing of the code 
is given in appendix C. 

3Isaacson, E. and Keller, H.B., "Analysis of Numerical Methods," 
John Uiley & Sons, New York, 1966, pp. 58-61. 
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5.3 Solution Checks 

A separate program, COMPF (not included here), computed f(n) using 
equation (14) from the P(n) data fed in, and punched the data out in the 
proper format.  It utilized a standard integration routine; the final 
results were checked approximately by Simpson's rule for the Mach 8 data. 
Thereafter, the program was assumed correct for other data. 

Another separate program, FTEST (also not listed here), checked out 
the FUNCT subroutine listed in appendix C. This was important to insure 
that all functions of n were properly generated and stored for use in the 
main body of the program.  Included was a printout utilizing the stored 
functions. Points were spot checked in each column to insure reasonable- 
ness. The printout for the Mach 10 data is shown in table I. 

In addition to the printout of all functions, graphs of the functions 
were plotted against n using HDL's CalComp plotting equipment by another 
specially written subprogram GRAPHS.  In this way, gross errors or any 
disturbance from the quadratic interpolation of the input data could be 
easily detected. Examples of the graphs are shown in figure 2. 

The major check on the validity of the results was a separate inde- 
pendent program, POLCHK, which solved system (57) to (59) directly with 
the aid of a d'^ferential-equation-solving subroutine FN0L2. Solutions 
of two-point boundary-value problems require no iteration with linear 
differential equations. Let the vector-matrix differential equation be 

A(n) ~ = g(n) (66) 

+     -     +     - 
with x\ -  As, X2 = As, X3 = AJ, xi» = AJ, and X5 = Ao_. We start at 
D = 1 and run solutions with decreasing r\, using the known initial (at 
n = 1) conditions xj(l) = 0, x2(l) = 0, and x5(l) = 0. The other con- 
ditions vary in each of the three separate solutions: 

A(n) ^j.= g(n),  P3 - dlt Pt( = 0 (67) 

A(n) ^- = g(n),   q3 - 0, q„ = d2 (68) 

A(n) -jr = g(n),  r3 - di, ri» - d2 (69) 

where pR(l) = qR(l) = rk(l) = xk(l) = 0 when k = 1, 2, or 5. 

Because of the superposition theorem, it is easily shown that 

x • ap + bq + cr, (70) 

if and only if 
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MRCH   10  DilTR MRCH   10   DRTR 

-3.CO -2.00 -1.00 
LOGIC  ETP 

-U.00 -3.00 -2.00 I.00 
LOGIC  Elfi 

MRCH   10   DRTR 

-11.00 -3.00 -2.00 -I.CO C.CC 
L0G10   Elfi 

MRCH   10   DRTR 

-«.DO -3.00 -2.00 -1.00 
LOGIC   Elfi 

MRCH   10   DRTR 

11.00 -3.00 -2.30 -1,00 

MRCH   10   DRTR 

-U.OO -3.00 -2.00 -1.00 
LOGIC ETfl LOC-10 ET« 

Figure 2„ GRAPHS output. 

21 



a + b + c = 1, 

and the boundary conditions are satisfied: 

As(0) '  xi(0) - aPl(0) + bq!(0) + cri(O) « 0 

As(G) - x2(0) ■ ap2(0) + bq2(0) + cr2(0) - 0. 

(71) 

(72) 

(73) 

Equations ^71) to (73) can be solved for a, b, and c. The initial con- 
ditions i\  and d2 can be arbitrarily nonzero, but in practice they are 
chosen so that r(n) is close to x(n); i.e., c will be very nearly equal 
to 1. This minimizes roundoff errors sxnce the magnitudes of a, b, and 
c can otherwise be quite large but of opposite sign. The program was 
written so that di and d2 were iterated on successive runs h and h + 1 
before z »./as stepped up: 

(dl)h+1 - (d))h(a + c) 

(d2)h+1 = (d2)h(b + c) 

(74) 

(75) 

The iteration was stopped when the magnitudes a and b were appropriately 
small enough. Theoretically, c at step 3 should equal c at step 2 exactly, 
but because of roundoff errors and the inability to exactly solve differ- 
ential equations numerically, the iteration index occasionally went to 4. 

A fourth-order Runge-Kutta integration scheme was used to compute the 
values of variables at fixed points. These points were sufficiently close, 
so that error in the n direction was essentially negligible. This check 
showed that the finite difference scheme of section 5.2 was working cor- 
rectly, and that the error introduced in the n direction was less than 
2 percent when using 400 intervals (for Mach 8 data). 

By obtaining runs at a given Az, Az/2, and Az/4, the linear nature 
of the convergence in the z direct'.on was verified.  In addition, the 
error using 

Az 1001 ,0.8 

50 

zmax 
50 

was less than 5 percent (for Mach 10 data) 
about 8 minutes of IBM 7094 CPU time. 

Such a run corresponded to 
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Appendix A. Order of Errors In Nonlinear Approximations 

Since 
at 
@|    (. - Vl>> ♦ .- 

we have 

±        ± »± f 9s\       .     .   1 Irl     AZ
2
 + ... 3z2 

Similarly, 

(AVj =  13, 
3<j> 

J-l 
» ♦ *!!> 2|3z' Azz +  ... 

J-l 

so that 
H„\ 

'V'VJ • ft-il" i 
Azz +  ... 

J-l 

= 0 + 0(Az2) 

+ -   [3s\  fail  . 2 . As,As, - T-   k~   Azz + . 
J J  l3zlj-l\0Z j-l 

- 0 + 0(Az2) 

This implies that ignoring the nonlinear terms simply introduces a second- 
order error. On the other hand, we also have 

^.-tflHC Azz + ... 

so that by subtracting 

+ 
As.  ■ 

+ 
• As.   ,   * 1—1 i   ± 1 

¥■ J J-l 3z   .   . l\     /j-l 9z, J-2 

±\ 

1 

!a2s 

But, 

a| fill  . V^ 
3z   13z , .   Ilz7 

J-l 
(z " »j^) + 

J-?J 
!AZ

2
 + . 

so that 

J-l 

32M 
azi  - fa# . ,&2 + 

j-2   »   »j-l 

23 



This leads to 

As = As   + (?(Az2) 

and 

ilj(A*n)j = As  (A^) + 0(Az3) 

Equation (56) follows similarly. Since As-.j must be stored for the 

derivative approximation equation (50) anyway, no additional storage 

is required. 
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Appendix B. Formulas for Quadratic Convergence in z 

+  ± 
The first set of As, AJ, and A<j>n can be computed with a second-order 

error, but each set thereafter should be computed with third-order to 
obtain quadratic convergence. +No change, therefore, occurs for j = 1; 
equation (51) applies for the sz approximation at z = Az. 

For j = 2, i.e., z = 2Az, a special computation must be made, taking 
into account the stored AS] and the fact that sz  = 0 at z = 0. Note that 
we need to estimate sz at z ■ Az as well as z = 2Az. If z = zj(= Az), 
we set up a Taylor expansion of s(z) about Z\. 

8*8!+ si(z - zx)  + \ s'{{z -  z2)
2 + * sT' (z - Zl)

3 

+ ^sr(z - zo1* +... 

= s{ + si'Cz - Zl) + \ s'{' (z - Zl)
2 + \ a'{"(z  - zx) 3 + 

At z = Zj - Az (= z0 ■ 0) , s = 0 and s' = 0. Also, at z *>  zx + Az = z2, 
8 = s2. Thus, 

0 = s0 = 3X -  sjAz + y s^'Az2 - j s'^Az3 + ^ s'^'Az1* + ... 

0    = s{ - s'^Az + j s'{'Az2 - ^ s'^'Az3 + ... 

s2 = sx + sjAz + -j s"Az
2 + j s"1 Az3 + jr s'^'Az4 + ... 

Eliminating s" and s"' from the equations yields 

Sl   4Az    TT üz   "• 

or, in terms of As2 and Aslt 

,  5As, + As,      - 
•I fei 2.+ 0(Az3) 

since s2 - 8^ ■ As2 and Sj = Asj. 

To find s2 in terms of Asj and As2, a Taylor series about z = z2 is 
constructed: 

s = s2 + s2(z - z2) + j s2'(z - z2)
2 + T s2" (z - z2)

3 

+ ^-s2"\z - z2)
4 + ... 
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with 

S'    =   S2   +   S2'(z   -   Z2)   + i S2" (z   -   Z2)
2   + i S2

m(z   -   Z2) 3   +   . . . 

At  z ■ 0  (z - z2 ■ - 2Az),  s » s'  =0,  and at t ■ ij, 8 • S>.    Thus, 

0 = s2  - 2s2Az + 2s'2
,Az2  - | s2

MAz3 + || s^'Az1* +  ... 

0- s2      -  2s'2
:Az    + 2s2"Az2-    |s£"Az3 + ... 

3j = s2 - s2Az + ys'-jAz
2 - ~ s2"Az

3 + •*• •jj,,Asl> + ... 

Eliminating s2 and s2" from the equations yields 

2s„ - 'is,   i 
52 ■ \z +  6 S2"Az + '•• 

In terms of As2 and As^, 

2As, - 2As,   ,  - 
si -  2-7 i. + 0(Az3) & Az 

A projected ASj for use in the nonlinear approximations (55) and (56) 
can also be found by eliminating s2 and s2 from the above equations. 
We have 

2 
s2 = 4sx + — s2" Az3 + .. . 

or 

As2 = 3Asx + 0(Az3) 

From appendix A, 

As2(A<j>  )2 =  3As1(A<i)n)2 + 0(Az4) 

As2As2 = 3As1As2 + 0(Az
l+) 

or        = 3AS2AS! + 0(Azu) 

For j > 3, we may use standard formulas2 

Si_, - 6s,  + 3s.  + 2s. 
sj-i ■jLJ—JL 3—-+ "<^s> 

2Kopal, Z., "Numerical Analysis," John Wiley & Sons, New York, 1955, 
pp. 515-516. 

26 



OTT 

2As, + 5As, , -As, ,, 
--J- —J"- ^-+0(Az3} j-1 6Az 

and 

-2s, , + 9s,  - 18s,, + 11s, 
SI 1J- Hr- ^ i + Ö(Az3) j 6Az 

or 

llAs, - 7As, , + 2As, , 

•i ■        d—~+ °<4*3> 
The use of these formulas naturally requires the additional storage for 

£s,_2> 

A projected ASJ may also be derived with error of order (Az)3 by 
constructing a Taylor series about, z - zA : 

s = s + sj(z - z ) + | «J(i - z.f  + £ sj" (z - Zj)
3 + ... 

and substituting for previously found points: 

s.  - s. - s'Az + \ s'.'Az2 - \ s'"A23 + ... 

s.  - s. - 2s'Az + 4 s'.'Az2 - | s'"Az3 + ... 
J-2   j    J    2 j     6 j 

s.  - 8. - 3s!Az + | s'.'Az2 - ^ s*"Az3 + ... 
J-3    J     J     *  J      O  j 

By eliminating s' and s", we get 

3V1-3sj_2^Sj_3 = sj-s'"Az3+... 

or 

ASj - 2Asj_i - A8j_2 + 0(Az
3) 



Appendix C. Program Description and Listing 

In the listing of the computer program (presented on pages 30-40), the 
main program, P0LMD2, utilizes the following subroutines to simplify the 
flow. 

FUNCT—Reads in the main data, computes some needed constants and all 
needed functions of n nt half-integer stations by quadratic interpolation. 

TERP2N (not listed)—Called by FUNCT to perform quadratic interpolation. 

INITLZ—Initializes all variables and computes other needed constants. 

The subroutines FUNCT, TERP2N, and INITLZ were overlayed by subsequent 
subroutines, since they are needed only at the start of the run. 

XSTEP—Steps z and computes all constants that are functions of z only. 

EMPTY—Initializes the Aj, B^, and CA matrices, and the fA vector to 0. 
Note that the Aj_ matrix is called X in the program, the B^ is called BB, 
and the C^ matrix is adjoined with the f^ vector to  form a 5X6 matrix 
called D.  (This permits the later computation of A^C and A^fj in one 
operation.) 

EMPTY starts the minor i loop, the purpose of whic'.i is to eliminate 
the i-th  block of five equations 

+ /  + 
As.. AS- 

/  -"   \ - I       - , I      ASJ   \ Aij i  ASJ   ', 
+ I   + 

B, j  AJ4       + A.,   AJ4       + C, :  AJ1     = f.. I i UJ4 T Ä£ ÜJ4 T  ui ■ aj1 ri 

AJj 

1-1      (AVj i      \ <A*n>j i+1 

(Bj. = 0 for i = 1 and C^  = 0 for i = N + 1) where the subscript j indicates 
that z = jAz. 

FIRST, SECOND, THIRD, FOURTH, FIFTH—are entries into EMPTY that fill the 
X, BB, and D matrices line by line. Note that single subscript arithmetic 
is used to conserve computer time and core. 

ENDO, END1—are called when i = 1 and N + 1 to take the boundary conditions 
into account. 

BOUNDO, B0UND1—define the boundary conditions at n = 0 and n = 1.  This is 
the only subroutine the user must write if his boundary conditions differ 
from equations (16) and (17).  [Actually, the supplied B0TJND1 cortained the 
condition that ^(x.l) = P^ö; Pj was read in to be  0 to satisiy equation 
(17).] 
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XDCORR—corrects the A^ and f^ arrays by the matrix multiplication: 

Ai " Ai ' Biri-l » * * 2»3 N+I 

f± - f±  - B^.j , i - 2,3 N+l 

as required by the algorithm.3 

To speed the process, only the possible nonzero elements of B-i were 
used and every term was written out. 

GELG (not listed)—computes A^D by Gaussian elimination using complete 
pivoting. 

The first five columns of Aj^D are stored as the r^ array (in the com- 
puter Z array) and the last column of AJ*D is stored as the y^ array (in 
the computer XX array). 

REST—does the rest of the computation in the i loop: 

1. Back multiplies to find the "ariables. 

2. Updates all needed variable functions of n and some functions 
of x. 

3. Determines if a printout is required for the value of z just 
completed. 

4. If a printout- is needed, computes ^ by rectangular formulas, 

retransforms to J from J', and computes other functions as 
needed for the printout. A sample printout is shown in table 
C-I on page 41. 

In the main program, the unlabeled COMMON is placed in equivalence 
with the Z array to save core. All input data and some variables needed 
in the FUNCT, INITLZ, and REST routines are not needed during the i loop 
and can be shared with the Z array. Liberal use of labeled COMMONS served 
to otherwise transfer data from subroutine to subroutine. 

3Isaacson, E. and Keller, K.B., "Analysis of Numerical Methods," John 
Wiley & Sons, New York, 1966, pp. 58-61. 
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P0LM02... . . - EFN - SOURCE STATEMENT --  IFN(SI_-  

DIMENSION Z< 10300» ...    -  - - 
CÜ-HÜN   ETAPTU30),PPT(30O»,ETALGUOO»tÖOB(2O0J,TPT2UO0),DPT(10O), 

1 Q(?).Fl(3)|PHJl<.Ol),NE2iXN.XZ,XEN0,XPRINT,=NEtDY,Y0,ETAItX:.Y. 
2 EXPO,uPLS,Al,42,A3,DELTAX,J0P,J0M,VSM,PHlY,r*SYSPtUSYSM,SNMi       ..     .. 
i   TSYSP.TSYSM 
C'JVi-.CU/CONSTl/XJsOCLJX.ZJ.oriStüELJ 
COyKfJK/CONST2/Pl,P2,P3,P*,P5.Pä 
Cü>»MG;</CONST3/  DCLZ,CU:L2,RHOECE,VÜX,ENEE,XZ12tXJ12,DELJ12tOELJX2, 

I   DZ.::i<2fC(8),V,NE,CUEL.CDELfc,ODC:LTAtt)eLTA 
CÜu;.ü:i/FUNl/0PlUS(400),üM[NU$U00),SPU00)tETA98(«00)tT29(<t00)t 

- 1   aU.J) ,FPEY<A3C»tKFNn(400l,0YiY(4C3),P{'.00>tT29M(4S0) 
C0"<ü;M/FUN2/   BltlltXrr.QO.KF 101 
COtt»0;j/FUN3/   ETACi(51),rQl3lJ,OrPL0t5i),FPO(SU,PO<$l),OPLUQ(51), — 

V   DPKlUJ*l)iETA?G(51) 
COKi10N/INTLZ/PHlJCtOn,SPJ(^01J,SMJ(AOn,JPJ(40l)iJMJ«*Ol)t 

.     I   USfJU0l).DSMJ(4Gll,SPJH(400),SMJit(A0ü)tPHIJH(A0C) _ 
C0VU0N/MATl/X(?51,UJ30),8tt(n5) 
CO^>'uU/M4T2/XXt2005> 

--.-.     COVNCU/IND1/    I.J.Hf IIiJJtK -        
COVKON/INDX/   IDX(6J 
COMMO."«/ NUMB/   N, Nu,NPl, MC t NC3UNT 

-      -     EQUIVALENCE   (ZIll.ETAPTl i»!       ..._ 
K£AL   JOi>,jnM,KFNO,JPJ,JMJ,N£,N£2.KFNOOfKFNOt 

C     COMPUTE   FUNCTIONS 
CALL   FUNCT        ......  

C  INITIALIZE ALL VARIABLES 
CALL INITLZ 

C ROUTI.\LS FUNCTI INITLZI AND TEPP2N ARE NQ LONGER NcEOED.  
C KAJOR Z LOOP 

00 ')V9 J « 1,M 
C      INITIALIZE X FUNCTIONS.  ...    :  

CALL XSTEP 
C  Kl NOR cTA LOOP 

00 :>0Q I » l.NPl 
EMPTY ANü FILL X« Dt ANO BB MATRICES WITH A, C ANO F, ANO 0. 

CALL EMPTY 
.  IF(I.tU.l) GC TO 10  —  

lF(I.CO.NPl) GO TO 2U 

10 

CALL FUST 
CALL SECOND 
CALL TillRO 
CALL FOURTH 
CALL FIFTH 
GO  TO   i 
CALL EriDO 
GO  TO  150 
CALL ENUl I 20 

CORRECT FOR B WHEN I NOT EQUAL TO 1 
3 CALL Xl)CORR(Z)  - -    —  

.^EAOY   TLT INVERT 
15J  CALL  ^LLG(D,X,5,6) 

TRANSFER  GV1MA  MATRICES  AND  Y  VECTOR  TO.STORAGE.    
IFU.tO.NPl)   GO  TO  200 
J J  »   2 •> * (I -11 
UU   liJ   II   -   1,25 .   ...     — . 

NOT  REPRODUCIBLE 
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X  •  II   ♦  JJ 
160 llKt  ■ ojin  
203  JJ  »   5*t1-11 

00 210   I!   >   1,5 
K   «  JJ  ♦   II ..... 

210  XX(K)   *  0(11«75} 
ENO  Of   sETA   LOOP. 

903 CONTINUS   —. . 
UPDATE A.JO WRITE IN 

CALL RESTU» 
ENO OF I LOOP. - ■ 

799 CONTINOe 
STOP 

. ENC     

REST ROUTINE. 

1 
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 FUNCT. *. .EFN  -SOURCE. STATEHEMT—.- !FM(SI. 

SUBROUTINE FUK:T  __.      ..  
COHMOM   iTAPTC 130» ,PPTC 300 J.ETAlGI 100 ),608(200) ,TPT2( 100) tOPT( 100) t 

1 0(2>|F1(3).PHJ(401>.NE2tXNfXZ.SEND,XPRINT,ENEtOY.YOtETAI.XItYt 
2 EXP0,UPlS,AliA2iA3,UELTAX,J0P,J0H,VSM,PHIY,DSYSPtDSYSM,SNM, 
3 TSYSP.TSVSM 

C0KM0N/C0NST3/  DELZ,CDEL2,RH0ECEtV0X,ENEE,XZ12tXJ12,DEUl2t0EUX2, 
l   0Z252,C(8),V,NE,COEL,COEL£i00tLTA,OELTA    . . ...   .  _ 
COKI'.ü.'</FUNl/OPLUSK00),UMINUS(*OO),£PH00)tETA98(4')O)tT29(40G». 

•I   8UJu)tFPEY(O0),KFN0U00).DYEYU00)tP(*00»,T29M(*00) 
......      C0XM0N/FUN2/   03,3l,KFNOO,KF^Ol -   

CU'MCM/FUN*/   ErA0(?l)tFQ(Sl),0TPL(i(51)fFP0ISl)tPQ(51)t0PLU0(Sl)t 
1   0PM10(Sl),ETA?0(51S 

- -      COMKUM/INOi/    t,J,M,Il,JJ,K   
COPMON/NUHB/   N,NW,HPl,NCfMCOUNT 
Rc4L   NEiME?,J0°tJOM.KFNO,KFNOOtKFN01 
REAUI5.1330)   V.CUELfRH0ECE,NE,C0EL2      :„  

10Ö0  FORMAT<6C.13.5) 
REAUCi.iO)   Ii.JJ.K 

30 . F0<if:AT(3!5) -  .  
R£4U(5,l<V)0)(   STAPT(I),I»1,!I) 
REAÜC>,1000)(        PPTU),!*LiIl) 
J  *   II   ♦   1    
N   *   II   ♦   II 
REAJIStlOOOX        PPTCl),I*J.N) 

--      J   *  N  ♦   l     
N   «   fl  ♦   II 
READiSf 1000X   PPT(I),I-J,M) 

..... READ«5,1003)(   B00(1),I>1.JJ)  
J ■ JJ ♦ 1 
N « JJ ♦ JJ 
RE1UI3,1000)1 -     90»M),I*JtM) 
RE40I5.1009M     TPT2(I).I«liK) 
REMjl5tl003»(       DPT(l),I»l,K) 

- -    00 5   I   «   l.JJ   
ETALÜ(I)   «   ALO'CSTAPTU)) 
M   *   JJ   ♦   I 

_..    -  ÖOH(N)   s   ALOGCftOB(N))  :  
5   30311)   >   ALOGinOBim 

ReAU(5,1309)   XN,     XZ«XEN0.XPRINT,Y0>DY 
H   s   XN  ~ 
NW  *   N/50 
IF(NW.cO.O)   NW   «   l 

.  ....  ME2*  Nt*NE*.00375 --       - 
VSf   =   DY   - YO 
DY   '   VSM/XN 

..—  -  31   *  tXP(YO)     -   --         - - 
MPl   » H  *  1 
Oü  10   I   *   1,N 

   XI .*  FLOAT(I)  -   .5       
Y   *   VÜ   ♦   XI/XN     *VSM 
EXPU  =   EXP(Y) 
PY-YU)      *   l./EXPO/OY 
cTAI *   EXPO -   Dl 
HO   =   cTAI+*.l25 
2TVJ61I >   =   bO*?TAI 

NOT REPRODUCIBLE 
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] 

IFJcTAl        .CT..0001)  CO  TO 7 
FU1I   »  PPT(l) -.   _ _ 
F1C2) « PPTUI* il 
PII3I - -.fl*ETA98II) 
KFNUUI ■ B08(l) ♦ BOB(Jjn)  ... 
CO TO 3 
CALL   TERP2NC!I,3,ETAI        ,ETAPT,PPT,F1) 
XI   «  ALOGtETAI        ).    . . .      _  
CALL   HRP2N(JJ,2,   X I ,ETALG,BOB,Q) 
KF.VOCI»   ■   0(1)   ♦   0(2) 
CALL TERP2N« K,1, .t(2),TPT2,DPT,OPLS )-. 
PCI) * FIJI) 
T21(I)   «  580Q./F1U)*0PLS 
£-P(I>   •  BO/PI I)      
OPiUS(I)   «  DPLS*2. 
oMiKusm « 23*.*oPLusm 
ETVJ3II)   *  ETA98(I)*CDeL2*2. ■_ 
T2JMI)   ■  T29(T'.*234. 
FPJVII)   »  F1(3)/P(I)*DYEY(I) 
XI       *  Fl(2)**.5 _   
KFN3II)   >  EXP(KFNOII)   -  32500./F1I2)   -  23.?18996)/XI 

10  BID   *  NE2/F1(2)/XI       t?il\/P\\\ 
00 20  I  »  1,51    
XI   -   1-1 
Y  *  YO  ♦  XI/50.   *VSM 

 EXPO  »  EXP(Y)  _ ,  
ETAOII)   -  EXPO -  Bl 
IF(I.cO.l)   ETA9I1)   > 0. 

_-    ersvom « ETAO(I)**I.125  
IF«i»'AQ(n.GT..OOOL)   CO TO 2? 
Fl(l)   *  PPT(l) 

 Fl(2)   s.PPTCII  ♦   1) .  
Fl(3)   «  -.8«ETA90(I» 
CC  TO 28 

_27 CALL TcRP2N{II,3,ETAQ(I),ETAPT,PPT,Fl) ..  
28  CALL  Tc*P2-N(   K, 1, Fll 2), TPT2, OPT, OPLS) 

POC!)   -  Fllll 
   FU(I)   «  FU3)      _   

FPO(I)«  F1(3)/F1(1) 
DPLUO(I)   ■  OPLS 

 OPWIQ(I)   ■  DPLS*23*.    
ETA9QI!)   ■  ETA?0(I)»CDEL2 

20  OTPLO(I)   -   11600./F1(2)*0PLS 
 I   «   II   ♦!    

XI   »  PPT(I)*«.5 
BO  *  Nc2/     PPT(I)/XI/PQ(   1»/P0(   1)   *A. 

   KFNOO  *   B0B(JJ*1)   ♦  BOB(l)          
KFNÜJ  *  EXPtKFNOO -   32500./     PPT(I)   - 23.718998)/XI 
1 •   II   ♦  II 

.- XI   «   PPTH>»*.5 - -_   
Bl .»  ;kc2(     PPT(I)/XI/P0(5l)/PQ(5l)   *4. 
CALL  TEKP2N(JJ,2,0.,ETALC,B0B,Q| 
KFNÜ1   «  0(1)   ♦ 0(2) 
KFUOl   =   EXPJKFMOl   -  32500./     Pt»T(I)   -   23.718998)/XI 
KETURM 
EMU —  .   - 
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IMIT* -.  EFN       SOURCE  STATEMENT-.._-__IKNtS)—;•- 

SUBROUTINE   IKirU .  .   ....   .    ..  
COMMON   ETAf»TinO),PPT(300l,ET4LG(100),a06(200»,TPT2(100),DPT(100), 

1   0(2}tFl(3),PHJUOl),NE2,XS,XZ,XENO,XPKl!a,ENE,DY,YO,£TAI,XI,Y, 
?   cXPO,OPLS»Al,A2,A3,0ELTAX,JOP,J0M,VSMiPHlY,DSYSP,OSYSMtSNH,   
5   TSYSP.TSYSM 
CCVOM/CONSTl/XJ, DEL JX.ZJ, 0Z25, OEU 
CaxM0H/C0NST2/Pl,P2,P3,P4,P5,P:> .._    -    _     _   j 
CQNMO.VC0NST3/  DClZ .C0SL2, KHOECE, V0X,ENEE,XZ12,XJ 12.0EL J12 .0EUX2. 

1   U£.,i2,C(B),V,NE,C0El,C0ELE,DDtLTA,DE..TA 
CO»xO..l/lNTt.Z/P<l.M<rOl),SPJ<40l>tSHJ<A0l)tJPJU0l>,JMJ(4Ol). _    .     

i uii'jj^;ii,os^j!'»jn,spjH{nOO),SMjmAOü),PH!jHi'»ooj 
C0-<«0-!/I!101/    l,J,."*f II.JJ.K 

- -   CO.VKOfJ/INOX/   I0XJ6J ...  
tOVKOH/Wm/   N,NWtilPl,fiC,NCOlW 
REAL   H=tNE2,J0°,J0H,JPJ,JMJ 
R£40«5,t0!   PHlJ(l),Pl,P2,P3,P4,P5iP6  1  

10 FO-t:iAr<7E10.55 
a£lO(ii11) IOX( nt!0XC2).I0X(3I,10X14)tI0X(5l*10X16) 

11 FC1.VAT(M5> —  
X-lND *   X£NC»*.3 
CDEL2 * CDEL*CDEL 
E.NE « 1.6£-1<3*NE -  .      —   
Z:ii'z  « c'JE/8.85E-l**.5 
C0;LE« C0EL/EN5 
03 21 I « l,N     _  
PHIJJ1) » PHIJ(l) 
PMIJHII» « PHIJ(l) ♦ PHIJ(l) 

- 5PJHÜ) «0..      ....       
S^JH(I) *  0. 
SPJ(l) *  0. 

— SKJUI *.o. :  
JPJII) ■ o. 
JVJII) ■ 0. 

... DSPJ(l) »0. .     .  
21 DSVJ(I) »0. 

PHIJtNi»!) « PHIJU) 
  SPJ (HP 1) * 0 . :  

SMJ(NPl) « 0. 
J?J«NP1> « 0. 

.-.- JMJINPl) ».0. !  
OSPJJNKl) « 0. 
DS«J(NP1) = 0. 

— XJ = ü. :  
OEUX = 0. 
DELJ »0. 

012J   ■ 0. 
NC = 0 

34 

NC0UNT_? XZ/XPRINT-. 
M = XZ 
OtLZ -   XENO/XZ 
VOX = .2*V/DELZ -  ■ 
DU:LTA *  C0EL*DELZ 
aeruaN 
ENO ... • 

NOT REPRODUCIBLE 



 STEP. ^—EFN   -SOURCE  STATEMENT—-- IFN(S).—a.  

SUBROUTINE XSTEP  
COCMON/CONSTl/>U,OELJX,ZJ,OZ25,DELJ 
C0MM0N/C0NST3/  OELZ«CDEL2,«HOECE,VOX,ENEE.XZ12,XJ12,DELJ12.0ELJX2, 

1   DZ252,C<8».V,NE,CD£L,CCEl.E,D0£LTA,DELTA. .  _.       
COPMCN/INOI/   I,J,M,II,JJ,K 
R=4U  N£ 
XZU   -   ZJ  ♦  DELZ    
DELTA « CDEL«XZ12 
DELJ12 " OELTA*OELTA 

-XJ12 *.XZ12"*1,25       .  .      
ÜELJX2 « DcLJl?/XJ12 
DZ2b2 ■ DELJ12/IXZ12«*.25) 

_ C« 8) » 0ELJ12 - DELJ   
C( t) « 0ELJ12/RH0tCE 
C( 2) > VDX*(3.*DZ252 - 0Z25) 

-- IFIJ.EQ.l) C'2) =    CI2)/.75-~ 
C( 3) * V   *0=LJX2 
C(   -I   «   ENEE*D?LJ12 

.._  C(   i)   «V       «CDELJX2 -i-OEUX.)—_ 
C(   6)   *  C(   8I/RH0ECE 
C(   7J   «  VDX*(0Z252   ♦  DZ25I 

-     C!   3)   «   ENEE*C(   8)   
RETURN 
ENC 

BOUND. - .EFN  SOURCE  STATEMENT—^—IFNtS} -- 

SUSROUTINE  eCUNOO        -        
COfMON/FUN3/   ETAQI51),FQ(5l>»OTPLQI511,FPQ<51)»PO(51J.DPLUQC51»* 

I  DPM!g(5l),ETA90('51) 
COMMON/ 1NTLZ/PHI J1401) r SPJ( 4011, SMJ( 401 >, JPJ C401) , JMJKOl > ,     

1   DSPJK31),DSMJ(<-01).SPJH(400),SMJH(400),PHIJHKOO) 
COMflON/MATl/XJ25),ü(30».B8«25) 

,   C0«<0.i7f.0NST3/  0ELZ,CDEL2,RH0ECE,V0X,ENEE,XZ12,XJ12,DELJ12,DELJX2,- 
I   DZ2ä2fC(8),V,NE,CDEL,CDELEtD0ELTA,DELTA 
C0M.M0N/CriNST2/Pl,P2,P3»P4,P5,P6 
Cü:".M0ri/C0NST1/XJ,UiLJX,ZJ,lJZ25.DELJ .     ...     -.        
REU   JPJ.JMJ.N5 
X<3)   = 10.E10 
XI5)   « 10.E10 .. 
0(28) *   0. 
i)(29) » 0. 
ReTUKf . 
ENTRY BOUND1 
X{   1) »   10.EIO 
XI   7) «.10.610 
X(2b) ■*   10.E10 
DI26) »  0. 
D(27) » o.     .. 
0(3J) *  P1*00£ 
RETUK!\ 1 
eno    .   
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EhPTY..—    -.-EF;J       SOURCE STATEMENT -—IfNISI .-_ 

SUBROUTINE EKPTY     - - —  ._ — 
CO*"0r</CONST3/  OELZtCOEL2tRHOECE.VOX,ENEEtX£12tXJ12,OEl.J12iOELJX2, 

1   0£2 92.C(8)iV,^E,C0EL,C0ELE,00£LTAt0ELTA 
.      CCK?.0.j/FUNl/0PLUS(400),O«lMUSI'»0O)»EP(A00J,ETA9ei*00)tT29C'i00).  _  . 

I   B(<.G.,>,FPc.YU3C).KFNO('t00>tOYcY('»00S,P<4CO),T29M(400) 
co^o1j/imz/PHijKon.spj(*oi),SHJi4ou,jpjci»oi)tJMjf*oi)f 

.1 DS,JJ(v,n),DSMJ(*Gl),SPjHS<',00),SMJH(*Ou)tPHIJH(«.OC) — 
COWKON/HAT1.'X(25>,U(20>,DB(25J 
CO«Vf)N/IM01/ It JtH.IItJJtK 

- CO^HO.V/INOX/ 10X(6)      
RfcAl NJ. jPJfJHJ.KFMO 
00 50 II « 1,25 

-  Btt'lII « 0. -■■   -   
X(II) ■ 0. 

50  Oil!) x 0. 

ENT<Y FIRST 
K « t-ioxm 
0(23) » 0DELTA*ETA98<K1   
XI11) ■ OPLUSK) ♦ 0ElTA«ETA96(K) 
C(2j) * OI26)/(X(ll> - 0(261) 
XU> ■ T29(K)/X(U) ...._.  
X(2l) » X(1)*(SPJH(K) ♦ DSPJ(IUl) ♦ OSPJ(K)) 
X(l) - XII)*PHIJH(K! 
X( L11 « -PUI/XIU)      _   
0(2«») • (X(1)*SPJH1K) ♦ X(1U*(JPJ(X*H.JPJ!K)))*0(26) 
IFd'JX(l).EQ.l) GO TO 80 

... 0(1) « X(l) ♦ DYEYfK)       _ 
XU) « X(l) - DYcY(K) 
o(ii) > xui) 
0(21) « X(21)         
RETURN 

80 U0(l) ■ XIII - DYEY(K) 
. ..  XU) »Xil) ♦ DYEYCK) .  

BBIUI - X(ll) 
05(21) ■ X(21) 

.... RETURN •   ---  —  
ENTRY SECOND 
K * I - IDX(2) 

.-01271 « DDELTA*ETA98(K)  
X(17) « OHINUS(K) ♦ 0ELTA«ETA981K) 
0(2?) « D(?7)/(X(17)-0(27)I 

 X(7) » -T29K(KJ/XI17) 

I 

XI2Z) • X(7)*(SKJH(K> ♦ OSMJIK*:) ♦ OSMJ(M) 
X(7) « X(7)*PHIJH(K) 

.._ X(17) » -P(K)/X(17)  1  
ÜI27) ■ (X(7)*SKJH(K) ♦ X(l?)*(JMJ(K*n*JMj(K)U*0(27) 
IF(!DX(2).E0.1) r.O TO 10 

  0(7) a X(7) ♦ OYEY(K)   
XI7) « X(7) - DYEY(K) 
0(17) ■ XI17I 
0(22) * X(22)    

RETURN 
10 B»(7) * X(7) - DY£Y(K! 

XI'/J * X(7) ♦ DYEY(K) ....   _. 
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B8U7J   ■   Xt 17) 
- -  B3C22)   s  X(22>          -.    ..  

RETURN 
eUTkY   THIRD 
K   =   I   -   10X13)     .      .  .         L. 

X(d)   *  3(<)»C(l) 
X(3)   «  -X(8)*SMJH(K)   - C(2J*E«MX) 
XIJI   *   -X(9)*ISPJH(K)   ♦   DSPJU*1)   ♦   OSPJIK))  
Xf 13 I   »   C(3)*F?6V(KI 
D(2i)   «   C(5)*FP£Y(K)*(SPJ(K*1)   -   SPJ(K))        +C<6)*(-KFN0(K)   ♦   8CKI* 

I   SiJJM(K)*SMJH<K))      -cm*EP(K)»(DSPJ(K>lJ   ♦   DSPJ(K))-       -- 
IFCUxm.SQ.il   CO  TO 20 
•Olli   *   X(3)   - X<13) 

--.  X(3)   =   X(3)   ♦  XII3I -       
Did» * xm 
0(13)   =   OYEV(K) 
X(U)   =-0YEYK) .    .      ._...._      ..    

RETURfl 
20  BöCi)   *   X(3)   ♦ X(13) 
.._   X(i)   =   X<3)   - X(13)  

88(3)   «   X(8) 
B8I13)   »-OYEY(K) 
X(lj)   *   DYEY(lC)      

RcTIMN 
ENTKY  FOURTH 

- K   s   I   -   10X(4J        ._  
XK)   ■   3(K)*C(l! 
X(9»   »   -X(4)*SI>JHIK.J   -   C(2i*EP(K) 

.    XK1   *   -XU)MSMJH(K)   ♦   DSMJUn)   ♦  DSMJ(K))  _..      
X(l?l   «   C(3)*F!>EY(K) 
D(2v)   -   C(5)*F°EY(K)*(SMJ(K*1)   -   SMJU))        *C J6»*<-KFN0(K.)   ♦   B(KJ» 

...  1   SPJHU)»SMJH(.<)>     -C(7)*EP(K)»jOSMJ(K*l) _♦. DSXJOU)  
miDXUI.CQ.D   GO  TO 30 
U(^)   *   XUt 

- 0(9)   =   X<9)   -  X(19>  -    -_   .  
X(9)   *   X(9)   ♦  X(19J 
0(19) '»   DYEYtO 

 X(19)   =-0YEY(K)  ....  
RETURN 

33   BBK)   '   X(<rt 
   08(9)   a   X(9)      ♦   XU9)        

X(9)   =   X(9)   -   X(19) 
BBII9)   »-DYEYIS) 

   X(19)   =  OYEY(K)  —   
RETURN 
ENTRY FIFTH 

r.(5) = C(4)/P(K) 
X(10)= -X(5) 
0(33) = -C(8)/P(K)«(SPJH(K)-SMJH(K))  
IFIIOX(S).EQ.l) GO TO 40 
ÜI5) * X(5) 
0!10) * X(10)        
0(23) = OYEY(K) 
X(25) =-DYEY(K) 

RcflMN . ■ -   - -.... 
40 BB(5) « X(5) 

Bö(lö) * XUO)    
«0(25) «-DYEYK) 
XI25) = OYEY(K) 

100 RcTUSN.     .  
END 
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~ „. R£ST.  - EFN  SOURCE STATcMEHT ..--_ JFN(S)—■:  

SUBROUTINE REST(Z) _.    _     ..... 
OIKt'NSIO* Zl 103.00) 
COfKON  cTAPTmOI,PPTf300t,ETALC(100),B38t200),TPT2(100),DPTilOOIt 

1 a«21.Fl{3).PHJU011,NE2,XN,XZ,XENO,XPRlNT,ENE,DY,YO,ETAI,XI,v,     .._ 
2 EXi»0,OPl.S,Al,42rA3,OELTAX,JOP,JOMtVSM,PHlV,DSYSPtDSYSM,SN.M, 
2   TSVSP.TSYSK 
COPM.>:4'COTSTl/XJ,DElJX,ZJ,DZ25,DEU       -          ,. _ 
CU».".0iJ/C0NSTZ/Pl,P2tP3.P4tP5,P& 
C0?rtl.VC0NST3/ OELZ,CDEL2.RHOECEtVOX,ENEEtXZl2iXJ12,OELJ12tOELJX2t 

I   DZ2i2,C(3I.V,NE.CDEt.,C0=!. = ,DD£LTA,DELTA . ...     _.. — 
Cü*;:0.</FUNl/pPLU5UOö>,DM!NUS('»öO)tEP{*CO>»5TA9e«*00)«T2«>C400>t 

I   ti l«.00I t FPEY I 00 I. KFHOI <r00I,OY£Y t400I, P( 400I , T29M (400 J 
. ...     -   Cü»KO:4/fUN3/   ErAOJSl),F0lalJ,OIPLQC51J,FP0(51).PQ<5l)t0PLU0(51lt — 

1   0P"IQ(äll,ETA9CIMI 
CO*<C.</n7LZ/PHlJK01l,SPJK0tl.$MJI4Ol»,JPJ!40l»t,«MJU0l)t 

l   0SPJIOll.üS>yi40l},SPjm400l,SHJHC40ul.PHUHC<r0&l     ._.      
C0m>N/PAT2/XXJ200iJ 
CUPHiKJ/INOl/   I,J,M,II»JJ,K 

  .. COPhü.'1/PlOX/   I0XI6I 
C0MH0fl/ftUM8/   N.HW.'lPl.NC.NCOUMT 
REU   JüP,J0M,KFNO,JPJ,JKJ,NEfNE2 

C -    READY  FÜ4  BACK   PJLTIPLICATION 
JJ  *  i»N 
II   *  2i*N 

■ ...     DO 2iO  I  • UN —   — 
II   *   II   - 25 
JJ5  •  JJ 
JJ  *  JJ-5 -_ _'— - 
00 2>0  X -   1,5 
U   »   JJ  ♦ K 

-- 1.2  *   II   * K  
00 250  I   *   1,5 
13  »  JJ5  ♦ I 
<X(LIJ   *  XXtLl».- Z(L2)*XX(L3)     

250  L2  -  L2  *•  5 
ANSWERS  ARE   IN   XX   ARRAY.  WRITE  AND UPDATE  3EF3RE  STEPPING  X. 

-    -   K   *   -4        .    
UO  2oO   I   ■   1,KP1 
K  « K  *5 

 DSPJCIi   *  XX(K)     . .  
DSPJ(I)   *   XX(K*1I 
SPJII»   «  SPJ(I)   ♦  DSPJ(I) 

 SMJIII   *  SMJII)   ♦  DS.MJ(l) :  
JPJ1I)   *   JPJ« 1)   ♦  XX(K*2! 
JMJ(I)    a   JKJ(II    ♦   XX(K»3I 
PHIJII I * PHIJII1 ♦ XXJK+4!   ...  
IFU.cO.ll CC TO 260 
It = 1-1 

  SPJHUI5-« SPJ(I) ♦ SPJtIII--.  
SHJHIIII    »   S^JI II    ♦   SMJ( III 
PHtJiUIII   «   PHIJII1    ♦   PHIJI III 

260 COMI.'J'J; .   .  :    
XJ   *   XJ12 
U:LJ   =   UcLJl2 
UEUX   =   0ELJX2  ■- ...  

NOT  REPRODUCIBLE 
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ZJ - XZ12 
_. DZ25 » iXi52    -   

NC  «  MC  ♦   I 
IFCJC.LT.NCOUNV)   RETURN 

C WRITS HEAOING 
K.UrC!s,'.03l)   XJ.DEU.N 

1001  FO-tKATISHlX   •  ,F7,2,5X,10HDELTA   I .«   ,F9.4tSX, 16HETA-INTERVAIS  ■   .— 
l!3,/8dX,5HKp|.US.4Xt6HU  PLUS.9H     0 HINUSf3X.6H0TPLUS.9H    DTMlNuS  / 
23Xt;HfcTAf5X,6HNKlNUS,4X,5);SPlUS«*Xt6HSMINUS,5X,5HJPt.US,*X,6KJKIN'US 

   3i-vX,oi:PHlETA,5X.3HPH!,7X,2H-V,5X,5H»PHIY,4X,;H*JY/St4X,5H«SY/St      .-. 
**X,VH«SY/Si*X,5H*SY/S  //) 

C    COMPUTE   PHI   i   -   P4J) 
IFIIUXfa).EO.l>   CO TO 251 -      -   .— —  -   - _ 
PIIJI.4P1)   ■ 0. 
CO 151   I   >   l.N 

...    _     K  *  NPl  -  I    
252 PHJIK)   a   PHJ(K»1)   -   .5*PHIJHfX>/0YEY(K) 

CO  TO 275 
-    251   PHJUl   « 0.      -      -        

DO 253   I   >   l.N 
253 PHJU + l)   «  PHJCII  ♦   .5*PHIJHJI)/0YEV(n 

...    2T5  Al   *  V+OSLJX           
A2  »CDSL6*ZJ 
UELTAX  »  -DEITA/XJ«V 

- '-- II   a   0      -.-           -    -       —        ■  
00 :0C   !   -   l.WlrNW 
II • II ♦ 1 

.. ..      .    Aj  »   Al*FPQt II)   
JUP   -UPJ(I)   -  A3*SPJU))/A2 
JO"   »(JMJJI»   -  A3«SHJ(I))/A2 

     A3  »  Pami/OELTA       :  
VSK  «  OELTAX^FOdlJ 
SN*  ■  Nc*SM(I)/PO(!I> 

.   PHlY   «  OTPLOCII   )*PHUU»/OELTA .   _.. .  
Dsvsp - -PHiY ♦ A3*jpjm/spjm 
USVSM  »     PHIY*23*.  ♦  A3*J*JU!/SMjm 

 A3  ■   ETA9QU t )*DELTA  
TSYSP «  OPtUCJII)   ♦  A3 
TSYSM «  OPMICUI)   ♦  A3 

 DSVSP  «  OSYSP*OPLUUU!)/TSYSP   
DSYSM * DSVSP*nPMIO(»I)/TSYSH 
TSVSP  «  DSYSP*A3/0PIUQUI) 

 TSYSrt *  0SYSM»A3/0PMI0(m  
IFISPJm.NE.O. )   CO  TO 280 
DSYSP  «   1.E38 

 __.  TSYSP  ■   1.E3R .     
280   IF(S«J(I).NE.O.)   CO TO  300 

OSYSM  »   I.E28 
TSYUM  s   1.E38  

303  WÄlTr(0,1333)   ETAOf11).SNMiSPJfI)iSMJ(I),JOP,JOM.PHIJd),PHJ« IJ, 
1   VSK,PHIY,OSYSPtÖSYÜM.TSYSPtTSYSM 

1003  F0*VATUP2E9.2,IP5E10.3,IP7E9.2)        
IFUJ.GT.P6)   STOP 

:•;«' ... 
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XUCOR. EFN  SOURCE. STATEKENT__-_IFNCS)—  

SU3kOUrlNE XOCORft(Z) 
DIPCUilUN Z(10300) 
CO*r«O.N/HATl/X t25 > < 01 30» t 
COf"».0!'i/KAT2/XX<2005l 
C0":O-i/IM01/   l,J,£,II,JJ 
COJMOVINOX/   I0X«6> 
JJ  *  2J*il-Z) 
JJO*  i>*I   - 9 
JJl   »   JJ3»   I 
JJ2   *   JJO* 2 -    
JJJ   «  JJO*  3 
JJ-i   »  JJO» * 

--   IFJIUXdl.EO.O»   CO TO 7 
00     5»  II   •   1,21,5 
K   »   JJ   ♦   II 

5  XII!)   «   Xim-B8m*Z(K 
t)!2„)^0(2S)-33(l)*XX<JJ0 

7   IF(1UX(2).E0.0)   GO  TO  12 
—  00  lw   li   «  2,22,5  -_      ._ 

K   »   JJ   ♦   II 
15  Xt!I>   «  X(U»-30(7)«Z(K 

0<27)*J(271-BBJ7)»XXIJJl 
12   IF(IDxm.EQ.O)   CO  TO  17 

OU  15  II   - St23t3 
K  •  JJ  *  II 

15   X(II)   «   X(II)-3B<3)*ZtK 
0(2B)sO(23)-BB(?)*XX(JJO 

17   IFU0XI4I.EQ.01   GO  TO 22 
00 2C   II   - 4,2V,5 
K  «  JJ  ♦  II 

2; xmi » xm»-Dem*ziK- 
012,M«D129)-I>B!41*XXIJJ0 

22   IF(IbX(5).E0.0)   RETURN 
00 1-3   II   *  5,25,5     . 
K  »  JJ  ♦  II 

25  Xf 11J   «  XtIII-38(51*ZtK 
 0130 1*0130)^881 5 »♦XXUJO 

RSTUiW 
END 

JBI25» 

,R 

J-BBUl)*2tK*2) 
)-BBtU)«XXtJJ2) 

■RBt21l«ZtK**J   . 
-8BI21)«XX«JJV) 

>-Bfltl7)»ZtK*2» 
)-BflU7J*XX(JJi> 

2)-B0(   8l*ZtK-li 
l-BBt   8>*XX<JJl) 

31-BBt   9)*ZCK-2) 
»-8B1   9)*XX(JJ1) 

4*-88ll01*ZtK-3» 
)-BBU3)*XXf JJ1) 

-BB(22J*Z(K*3» 
-Bei22)*XXtJJ4). 

-BBtl3l*ZtK) 
•B»(13J*XX(JJ2J 

■B8(19)«2SK|J- 
-8B(19)*XXUJ3> 

-BfifI251*7IKI 
•3Q(2S)*XXCJJ4)„ 

ENOO. :_-_.EFN- SOURCE STATEMENT—-—4FN(S)—-— 

SU3R0UTINE END3 - 
C0KX0N/1N0X/ IDXt&l 
IF(tüXU).EQ.O) CAUL 
IF(I0X(2).E0.0) 
IF(IDXI3).E0.0V 
IF(IOXm.EQ.O) 
IF(IDA(5).EQ.0> 
CALL UOUNOO 
RETURN 
ENTRY EM!  • 
i F (i ox ( n.F.o.n 
iFiiox(2).E0.n 
IF1 10X13). = 0.1» 
IFUUX14) .EQ.l) 
IFI I 0X151.EQ.l) 
CALL OOUNDl 
RETURN 
END 

CALL 
CALL 
CALL 
CALL 

CALL 
CALL 
CALL 
CALL 
CALL 

FIRST 
SECOND 
THIRD 
FOURTH 
FIFTH . 

FIRST 
SECOND 
THIRD .. 
FOURTH 
FIFTH 
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