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ABSTRACT

Various computational aspects have been investigated to numerically

solve charge-conservation equations and Poisscn's equation for the elec-

tric field yielding jion and electron distributions. These equations
were derived and presented by the Harry Diamond Laboratories as part 1
of this stuady. The computational aspects, reported herein as par: II
of the study, include: (1) transformations to reduce the steep sLopes
of the input functions and to simplify the solutions of the equations;
(2) linearization of the equations to permit use of matrix methods in
their solurion; (3) derivation of small-value, asymptotic solutions to
provide starting conditions in the matrix solution; (4) a computer pro-
grem listing, description, and sample output; and (5) descrijptions of
an independent check solution and other checks to confirm validity of
the results. The computer program is written to accommodate any con-
sistent set of boundary conditicns. Althcugh the equations are lirear-
ized, the nonlinear terms are approximated in a way to insure rapid
convergence of solutions to the exact equations.
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\A study has been conducted by the Harry Diamond Labkcratories of ion-
electron distributions for a hypersonic vehicle with a 10-degree semivertex,
sharply pointed cone at Mach 8 and 10 for sea-levi! flight. Deteiled cail-
culations are reported by Pollin® as pert I of this study. This report,

3 vhich represents j art I1-of -the-study, is corcerned specifically with
computational aspects of the ion-electron-distribution equations detatled
in part I.} The equations to be solved are presented hereiti to describe
the transformations required to simplify their numerical solution. Readers

who are particularly interested in the derivation and precise symwbol defi-
nitions should refer to part I.!

Basically, a parabolic system of five first-order, partial differential
equations describe the phenomenon (listed as equations 18 and 20 in part I).
Use of the compact "*" notation to condense two equations into one is shown

belog.
iﬂ_ - _g[vgx,zzl _ wsq'g'-ZS(x) + u(n)d(x)+ (1)
en, P(n) In PeCe P(n) “x
§ + + +
. 6(x)P(n);;- + s(x)v(x,y)s F K(n)§¢n
5 = T (2)
D(n) + DT(x,n)
101 [8(x)]2 + -
¢rm =~ B8.85 M P(n) (s - s) (3)

Equations (1) and (2) are each two equations--read first with upper and
then wi.it lower signs whenever two signs appear. The dependent variables

+ - -
are J, J, g, s, and ¢ : the independent variables are 0 < x < = and
0<y < 8(x)w.thn ddfined by

n ’3%';)' (4)

so that 0 < 1 < 1 is used as a normalized independent variable. This is
convenient also because many of the input functions zre ultimately functions
of n. The other symbols arz either constants (pe, cgr @ M ), or other

+®

+

known functions [P(n), v(x,y), W(n,gyg), §(x), u(n), B(n), DT(x,n), K(n)1;

some of the constants and functions change with geometry, velocity, and
altitude of the vehicle.

'pollin, I., "Ion and Electron Distributions in the Boundary Layer of
Hypersonic Vehicles for Chemical Nonequilibrium Flow--Part I: Aero-
dynamics and Numerical Results," HDL-TR-1565. August 1971.
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Subscripts x and n indicate parsial derivatives with respect to these
variables. Note that ¢ does not appear except with subscript n; ¢_is

considered as a basic dependent variable. The voltage ¢ is calculdted
once ¢n is obtained.

The knecwn functions are sometimes derived from formulas and sometimes
are calculated in point-data form. We have

§(x) = bx"*%, b constant, (5)
u{n) = U6n1/8, u, constant, (6)
W(n,%,5) = KFNO(n) - B(n)3s ™

where KFNO is used for Kf<N><0> and B(n) is used for Kr[ne/P(n)lz. Both

Kf and Kr are found as functions of the known temperature function
T = T(n):

g = 31071 Texp(~32,500/T)

f TU -3
K_ = 3x1073/7!*% €:))
r
Also,
> 11,600
K = T
(n) -E?;j-ﬂ( ) C))
DT(x,n) = 0.02u66(x)n9/8 (10)
+ -
and D{T) and D(T) are related by
- +
D(T) = 234D(T) (11)
Finally, v(:x,y) must satisfy
X 1/8] + [v X ‘] =0
[uG P(n) " x X Pm) y (12)
with v(x,0) = 0. A lengthy computation shows that in the case considered
here, -
vix,y) = ug S g0 (13)
where f(n) is given by
n 1.8
) = o/8 _ 1.8t y
f(n) = 0.8 n P(n)j0 P(t) dt (14)

+
+ System (1) to (3) is also subject to boundary conditions; if s(x,n),
J(x,n), and ¢n(x,n) are solutions, we have

i A

plagh i

A i A

i A et b o S b i St

T WU HIPTIC L, WOy v, TWTIL MURET T Pry O R S e APy WO




$O,n) =50,n) =0 (15)
¥(x,0) = 5(x,0) = 0 (16)

Tx,1) = 3(x,1) = 0, (x,1) = 0 (17)

2. THE J' TRANSFGRMATION

A convenient simplification to system (1) to (3) results from trans-
+ +

formation of the current variables J to J' defined by

+

+ +
S svi{x,v)
[ene P(n)

]G(X) (18)

By taking a derivitive with respect to n,

+
& i e sl
( )n = [‘ene i + SN(P)+ g P)H]G(X) &)

and substituting into equations (1) and (2), we cbtain a simpler system,
hers expressed in terms of the more primitive functions

5 2 >, 2 Y
(}.)n -y LS@IZ ) ¢ lg_%).l_ [KFNO(n) - B(n)&s5]
e e

§ x P(n) °n

2
+u L8]° 1/e £ (20)

§ Py " B
+
D(T) = e
g = 711,600 T{H% s¢n + P(n)J -
T
n D(T) + D (x,n)
14 2 -
¢nn = - §?85 €Ng [ggﬁgl (g - 8) (22)

This transformation has two purposes: (1) to eliminate the need for
derivatives of f(n)/P(n) in the solution, and (2) to eliminate the singu-

larity 6(x)/x at x = 0. This term now appears as 8%/x = b2x%-8,

3. SMALL-VALUE, ASYMPTOTIC SOLUTIONS

Because of the fractional powers »f x, a Taylor series solution dces
not exist at x = 0. In an attempt to find small-value (of x) solutions,
we may eliminate the fractional powers in x by the transformation

t =x0:2 or t5 = x (23)




with
dx 4 t .3 dt
dt 2, % ¥ %t ax (24)
and
6(x) = bt* (25)
Equations (20) to (22) transform to
u hzt:"nl/8 §
- u.p2e3 £(0) £ . b2et _ +- 8 t
(J ) ug b4t Ok oc, [KFNO(n) - B(n)ss] + 5500 (26)
7 11,600 —il B9, + P m3
§rl = (27)
ﬁ(T) + DT(ts.n)
ol b2t8 + -
%00 = " 8.85 e P(my &~ ) (28)
A power series solution now takes the form
Z J (et (29)
i-O
5= I8 (30)
i=0
Z (4 )i(n)t (31)

By substituting equations (29) to {31) into equations (26) to (28) and
equating coefficients of powers of t, ordinary differertlal equations are
found for the coefficierts. [This procedure first requires a power series

*
representation for 1/(D + DT)'] The smallest set of nonvanishing coeffi-

cients occurs for subscript 8 in equations (29) and (3G) and subscript 16
in equation {31). We have

+ 2
(Ja)n= - X KFNO(n) (32)
¢y =23, (33)
T (1)
101'+ b2
[(¢n)16}n T - 8.8 % P (sa - sg) (34}
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subject to the boundary conditions of equations (16) and (17); that is,

$5(0) = 55(0) = 5(1) = 58(1) = (4)16(1) = 0. Thus, we observe that for
smail t corresponding to small x,

t +

J'(x,n) ~ Jg(n)x!-® (35) !
$(x,n) - 5gin)x!*S (36) |
¢, (x,m) = (8n) g (n)x3+2 (37) ’
This analysis also suggests that ¢ is essentially decoupled frcm the g

- +
equaticns for g and s for small x. The nonlinear term ¢,.8 is negligible. ;
In addition, the "+4" and "-" equations are decoupled, since the -onlirear

term g; is negligible. These results are almost independent of the boundary
conditions end must be cunsidered when sets of boundary conditions are
desired other than those given.

4. THE z,q TRANSFORMATION

The independent variables n and x are inconvegient variables tg compute
with, At x = 0, we have from equation {?6) that 5y, = 0, but that 5,y and
higher deriv§t1ves are infinite. The finite,difference scheme used to
approximate 54 from a sequence of values of § is subject to large error
when 8yxx is large. Therefore, it is advantageous to use smaller inter-
vals near x = 0 than are othgrwise used. This situation is reinforced
by the expected behavior of §, - 0 as x + »; the intervals in x can then
be taken further apart. To acccmmodate both situations, we compute in a
new variable z defined by

z = x0'8 or x = z1:25 (38)

postly to simplify checking small-value results (s ~ z2) and provide for

8,, to be finite. The equations are changed by replacing x by z1+25 apgd

x Szax " ,0.25 (39)

wi+

A similar, but more severe situation exists for the n independent 5
variable. The driving function KFNO(n) is monotonically decreasing and ;
is almost an impulse function. For the Mach 8 data, KFNO diminishes more
than three orders of magnitude in the range 0 < n < 0.01. 1t is essential !
in any finite difference scheme approximating derivatives with respect to i
n to have many intervals for small n. A transformation that automatically
increases the number of n intervals for small n is given by

q = Zn(n + a) (40)

11




where a > 0 15 chosen to gatisfy any particular requiremen:. In this case,
a was chosen so that £n(a + 0.0001) - Zn(a) was equal to 1/400tk of tne
total range of q. Equivalently, this assured that when %00 equa. intervals
vere Laken in the q direction, the first value of q corresponded ton = 0,
and thz second to n = 0.0001. The procedure was motivated by the fact that
many of the input functions, including KFNC(n), were constant for

0 £ n < 0.0001 and dropped of steeply thereafter. A special computer
program computed £nfa) = -4.7939598.

From 2quation (40), we have

q

n=e -a (41)
%2 - (42)

This transformation is made by replacing n by ed - a [eq (41)]} and replacing
any variable r, by

Y
t mp 99w (43)
n q dn o4

In practice, the n notation was retained, except for derivatives with
respect to n. All functions were computed as functions of n as found from
. equation (41) for any q. The transformed equations [from (20) to (22)]
 § now appear as

: +
1 @an g3.25 2, 1.25
; —9q9_, 3(z-"N)f(m)t _8°(z"77) _ 4
q = 05 eq z1+25 P(n) Sq b c [KFRO(n) B(n)ss]
1 = ee
\ 62(21.25)n1/8 5,
[ + 0.806 20.25 P(n) SZ (44)
3 P .
s 7i1,600 XL &, 4 p(m)T
q _ i(n) n
PSR (45)
(T + DT(zl-25,n)
E (’bn) 101'& 62£21’252 + -
el LIS 8.85 " "P(n) (s - s) (46)

with 6(21'25) = bz.

12




5. NUMERICAL SOLUTION METHOD--LINUARIZATION

A "marching" technique is used to solve system (44) to (46) numerically.
+ o
Given solutions at z = z5., 1.e., §(zj_1,q), J'(zj_l,q), and ¢n(zj_],q),
ordinary differential equations in ¢ are found at z = zy = z4) + Az by ar
+ +
appropriate finite difference approximation for 8, in terms of §(zj,q),
s(zj 129)s etc. To simplify notation hereafter, we refer to a function at
fixed zg with subscript j; i.e., s(zj,q) = sj, understandi.g that it is
also a fun«tion of n.

The marching technique requires the soclution of a two-point boundary-
value problem with nonlinear differential equations. Although these can
be solved directly by iterative processes, faster matrix algorithms can
be used for linearized equations, which, at the same time, do not materi-

ally affect convergence characteristics. Accordingly, systam (44) to 1
(46) is linearized by deriving differential equations for changes in

substitute equations (47) to (49) into equations (44) to (46) and subtract

55-1 s 35_1, and (¢n)j_1. Defining ;
- * {
By =8, + Asj (47) i
t' t' + J
SRR X (48) i
)y = (), + Wb, (49) |
we note that system (44) to (4€) holds at both valuzs of zj_1 and zj. We

from the resulting equations a similar set of equations obtained when

;j L -j Lo and (¢n)j , are suthituted into equations (44) to (46) This
yields differential equations for Asj, AJj, and {A¢ )j with sj 1’ j-l’
and (¢ )j , 88 additional input functions. The final equations, however,
depend upon how th derivative s is treated, as well as the nonlinear

terms Asj(A¢ )j and AsjAsj

A backward difference approximation? is used for 5 when substituting :
at z = z_: & :
8
3+ 4s + s
®3 del =2 2
z 2Az + 0(az%)

| o+

%Kcpal, Z., "Numerical Analysis," John Wiley & Sons, New York, 1955,
pp. 515-516,

13




3t &
ASJ - ASj_

. ,
B ———— 2
e e + 0(az%) (50)

+
where §j-1 = j 1" j P quantity that must be stored during the
computation. The appendage 0(Az2) indicates the approximation is of
second order in Az.

Equation (50) is not valid when z = Az, i.e., for the first yalue of
z, because Aso is nonexistent. Here, 'e use the condition that 8, = 0 at
z = 0. We may then shos that the approximation becomes

+
S 2—22.1- + 0(az2) (51)

4

A central difference approximation is used for s when substituting

x
S Bl L TN (52)

+
Vhen z = Az, we' tke §z =0 at z = 0, since it is a boundary condition.
Similarly, it is shown in appendix A that

- _ 2.
Asj(A¢n)j =0 + 0(az%) (53)

A§3A§1 = 0 + 0(4z2) (54)

The substitution of equations (50) to (54) yields second-order computations

of As j’ and (Ad )j which, in turn, p*oduce linear convergence in z for

+]°
;, J', and ¢n (If Az is halved, each As, AJ and A¢n is produced with one

fourth the error, but there are then twice as many intervals to sum to rcach
a given z. Hence, if 2z is halved, the final error is only halved.) How-
ever, it was found that the error introduced by equations (53) and (54) was
greater than that of equations (50) to (52). Accordingly, equations (53)
and (54) were changed to (see appendix A)

AS.(A® ). = AR, (A¢ ). + 0(Az3) (55)
(805 = 854 faep)y
3 = + =
As.As, = A8, . (8s), + 0(az3) (56)
i3 j-1 ]
= ..t
or = Asj_lxds)j + 0(az?)

which still are linear terms in subscript j variables.

14

i
|
%;
|




The final systea of linear equations that must be solved for each j is
given by (the subscript j is hereafter omitted to emphasize the dependent
variables; As = 4s,, etc.):

h)
-q d(88) 1 + P - .
i = L) [ s (6,),_ 88
e dq 5(n) + DT(Z;.zs,n) { ¥ (n)[(sj_1 + Asj_l)Acbn + ¢n j-lAs
8D Gy ]
D(n) + DT(z;;ﬁs,n)
* + AD,
+ P(n)[AJ - (J')j_1 T L 1 ]} (57)
D(n) + DT(z:i;IS‘n) !

" + £
o d(A3) _  £(n) [ 53 85 " A( 62 1Bq)j-1]  kmvo(n)as?
z1.2

eq L = ece

B( o f + + -, - +] ot -
+ {6 l(s _, tAs. )As + s -IASJ + AS sjwlsj-l}

0.4u, /8] 362  &2_ 62 &
5 bl o.:zls - '%75'.1 HE .25 + '%"‘5; 85 0 8
Az P(n) 24 zj-l zj zj-l =1

d(A¢ j 14 en
-q nl_ . 10 e 2.t = + o =
e 8.85 70 [(Sj(As As) +A<52(sj_l Sj-l)] (59)
where
ap, = 0.02uAzn1/8 (60)
8 62
§2 J i-1
A(zl.zs) = J1.25 = J1.75 (61)
J j-1
2 1 A2 _ ab
882 = 8§ 63-1 (62)

+
If A8y is initially set egual to 0, the correct formulaes are obtained when
j =1 if the term 36;/22"5 is changed to 46%/23’25 in equation (58).

15

kol oy bt

ittt RO b ik e i b

A Vathan il

PR R S0 WRTRTY




£

Y

It should be emphasized that quadratic convergence in Az can be ob-
tained if all approximations are such that the Aﬁ, A§, &nd A¢n are com-
puted with order Az3. Although this was not done, appendix B indicates
the changes required.

5.1 Matrix Formulation

If a grid of N + 1 equally-spaced points is placed along q, starting
at qj corresponding to n = 0 and ending at U1 corresponding ton = 1,

we may correspond to these points 5(N + 1) functional values we seek.
Tgus, for every j, we seex for all ¢,, 1 <1 < N+ 1 the values a8, A§i,
Aji' and (A¢n)i. Approximate values may be found with second-order error

in Aq by satisfying equations (57) to (62) at the half-interval stations
by using the approximations

r =T
+
(F)gpryp = e+ 0(aaD) 151N (63)
r +r
+1
ri+1/2-i——2-—i+omq2) 1<1cN (64)

where r is any required variable cr stored variable at j - 1. This
results in 5N linear algebraic equations, which, co.pled with the five
boundary conditions of equations (16) and (17), nay be 4olved for the,
5N + 5 functional values. By incrementing z§, storing the required As
at each 1 (to be the new set of Asj_l), and mechanizing equations (47)
to (49), the procedure may be used to reach any desired value of z.

5.2 Computer Solution

The computer program is written to accommodate any set of feasitle
boundary conditions, sirnce this was one uncertain aspect at the time of
development. It is important to prearrange the eqguationc so that their
final matrix form has a matrix coefficient that is block-tridiagonal
(each block = 5%5 square matrix), in order to use an efficient algorithm3
for their solution. A difficulty in doing this is the uncertainty of
where the boundary conditions will be imposed. There must be five con-
ditions, but m of these will be at n = 0 and 5 - mat n = 1,

31saacson, E. and Keller, H.B., "Analysis of Numerical Methods,"” John
Wiley & Sons, New York, 1366, pp. 56-61.
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The method used is described with the aid of figure 1, where the
scheme is drawn fcr the boundary conditions expressed by equations (16)
and (17). An array IDX is read ip with values 0 or 1. As shown in
figure 1, IDX(1) corresponds to &, etc. If IDX = 0, then the finite
difference equation obtained at station i * 1/2 (the vertlical arrow)
is used in the i-th group of five equations (the diagonal arrow). If
IDX = 1, the finite difference equation obtained at station i - 1/2
is used in the i-th group of five equations. In the first group of

five equations, there are no AE and AJ finite diflerence equations;

these are replaced by the boundary conditions (in this case, A% = 0 and

As ="0). In the last group of five equations, there are no Ag, 68, and
Oy finite differencg equatious; these are also replaced by the boundary
conditions As = 0, 4s = 0, and A¢n = 0}, Note in this case that 1DX(1) = 1
and IDX(3) = 0 could have been used because of the symmetry in the bound-
ary conditions; similarly, IDX(2) = 1 and IDX(4) = 0 could have been used.
‘he final coefficient matrix appears as

fa, ¢

B, Az Cp

N
By1 A //

where each nonzero entry is a 5x5 matrix. If IDX(L) = 0, nonzero elements
are contributed to A; and C; on line L. If IDX(L) = 1, nonzero elements
are contributed to By and Aj on line L. The procedure to solve the
Eesulting equations3 requires the storage of N 5x5 T' matrices and 5(N + 1)
y elements. Thus, the limit of N is about 400 on the HDL 7094 without

external storage. A more complete description and llsting of the code
is given in appendix C.

31saacson, E. and Keller, H.B., "Analysis of Numeri~al Methods,"
John Viley & Sons, New York, 1966, pp. 58-61.
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5.3 Solution Checks

A separate program, COMPF (not included here), computad f(n) using
equation (14) from the P(n) data fed in, and punched the data out in the
proper formzt. It utilized a standard integration routine; the final
results were checked approximately by Simpson's rule for the Mach 8 data.
Thereafter, the program was assumed correct for other data.

Another separate program, FTEST (also not listed here}, checked out
the FUNCT subroutine listed in appendix C. This was important to insure
that all functions of n were properly generated and stored for use in the
main body of the prcgram. Included was a printout ut‘lizing the stored
functions. Points were spot checked in each column .o insure rezsonable-
ness. The printout for the Mach 10 cdata is shown in table I.

In addition to the printout of all functions, graphs of the functions
were plotted against n using HDL's CalComp plotting equipment by another
specially written subprogram GRAPHS. In this way, gross errors or any
disturbance from the quadratic interpolation of the input data could be
easily detected. Examples of the grapns are shown in figure 2.

The major check on the validity of the results was a separate inde-
pendent program, POLCHK, which solved system (57) to (59) directly with
the aid of a dfiferential~equation-solving subroutine FNOL2. Solutions
of two-point boundary-value problems require nc iteration with linear
differential equations. Let the vector-matrix differential equation be

A(n) j—jj = g(n) (66)

with xy = Ag, Xp = AS, X3 = Aj, xy = AJ, and x5 = A§ . We start at

n =1 and run solutions with decreasing n, using the known initial (at
n = 1) conditions x;(1) = 0, x,(1) = 0, and x5(1) = 0. The other con-
ditions vary in each of the three separate solutions:

A(n) g(n), p3=4d;, py =0 (67)

dn

A(n) -g% gn), q3 =0, q4 =d; (68)

[

A(n) gﬁ‘ g(n), r3=4d;, ry =4dy (69)

where pk(l) = qk(l) = rk(l) = xk(l) = 0 when k =1, 2, or 5.
Because of the superposition theorem, it is easily shown that
x = ap + bqg + cr, (70)

if and enly if
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a+b+c=1, (71)
and the boundary conditions are satisfied:

83(0) = %;(0) = ap;(0) + bq;(0) + cry(0) = 0O (72)

85(G) = x%5(0) = apy(0) + bqy(0) + cry(0) = 0, (73)

Equations f71) to (73) can be solved for a, b, and ¢. The initial con-
ditions 4) and dy can be arbitrarily nonzero, but in practice they are
chosen so that r(n) is close to x(n); i.e., ¢ will be very nearly equal
to 1. This minimizes roundoff errors since the magnitudes of a;, b, and
¢ can otherwise be quite large but of opposite sign. The program was
written so that d) and d; were iterated on successive runs h anrd i + 1
before z was stepped up:

(d1)h+1 = (dz)h(a + .¢) (74)

(d2)yy, = (@2), (b + ©) (75)

The iteration was stopped when the magnitudes a and b were appropriately
small enough. ‘Theoretically, ¢ at step 3 should equal c at step 2 exactly,
but because of roundoff errors and the inability to exactly solve differ-
ential equations numerically, the iteration index occasionally went to &.

. A fourth-order Runge-Kutta integration scheme was used to compute the
values of variables at fixed points. These points were sufficiently close,
so that error in the n direction was essentially negligible. This check
showed that the finite difference scheme of section 5.2 was working cor-
rectly, and that the error introduced in the n direction was less than
2 percent when using 400 intervals (for Mach 8 data).

By obtaining runs at a given Az, Az/2, and Az/4, the linear nature

of the convergence in the z direct’on was verified. In addition, the
error using

Az = 1000'8= Zmax
50 50

was less than 5 percent {(for Mach 10 data). Such a run corresponded to
about 8 minutes of IBM 7094 CPU time.
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Appendix A. Order of Errors in Nonlinear Appioximatious

Since
s % 25 1[223
§ =8 22 - =5 2
8 8j~1 + az) (z zj-l) + 2 3"2) (z zj 1) o
j=1 -1
i
we have g
+
+ + b 28 13 -
g8, -8, ., =48, = —-) "( 5 Az + ...
j j 1 _’] 9z j -1 2190z ’j"l !
Similarly, ;
¢ 32¢
6 ). = [+ sz + =2 a2+ ... ;
n’j oz 219z
j-1 3-1 ;
so that
3¢
85, (8¢ ), = ( ) ( N oaz2 4.,
=g 3-1 -1
= 0 + 0(az?)
% AtjAE - (as\ (Bs)
. 31132054
ﬁ = 0 + 0(a22)
This implies that ignoring the nonlinear terms simply introduces a second-
order error. On the other hand, we also have
+ 35 a *
A8 _l-(-i) Az : Az2+... 1
J j-2 3
{ 8o that by subtracting
+ + + + :
+ + 35 38 17325 1325
AE, - A, . = “—) - (—) ]Az + = 1= - 577 lAz2 & e
3 j-1 |0z j-1 dz -2 Zilaz Ij-l - o
But, 3
+ + 1 ot ]
35 _ (98 ;'325)
=i ieste = (z -2z, )+
| z |3z 31 kaz 3-1 j=1 ]
l so that
f

R N A
! = |57 z + ...
i j-1 oz j-2 9z =1
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This leads to
+ + =
A5, = AS + 0(az2
jE 10 ) S ClBza)

and

Ai ) ,‘t 3
usj(Mn)j Asj_l(A¢n) + 0(az3)

3

Equation (56) follows similarly. Since Agj-l must be stored for the

derivative approximation equation (50) anyway, no additional storage

S

TR KRS

O Maalg

1s required.

24

oo by B0 il o




e

ot ks ks

e

pikianihd &

3

Appendix B. Formulas for Quadratic Convergence in z

+
The first set of Aé, Aj, and A¢p can be computed with a second-order
error, but each set theresafter should be computed with third-order to
obtain quadratic comvergence.  No change, therefore, occurs for j = 1;
equation (51) applies for the 8, approximation at z = Az.

For j = 2, i.e., z = iAz, a special computition must be made, taking
into account the sto;ed A%y and the fact that §; = 0 at z = 0. Note that
we need to estimate Sz at z = Az as well as z = 28z. If z = z;,(= A2Z),
we set up a Taylor expansion of s(z) about z;.

s 81 + - _]_-_ " - 2 1-_ " - 3
=g, +s8{(z - z;) + 7 s1(z - z)° + ;81 (z - z))

L nun - l+
+ 24 81 (z - z7) T

s' = si + sY(z -z;) + —-s"'(z - 21)2 + L ""(z - 21)3 + ..

6

At z = z) - Az (=25 =0), s =0 and s' = 0. Also, at z = z; + Az = z,,
8 = s5. Thus,

Lo y2 1 3.1 iy
0 =8g =8 - sjdz + 3 s]82° ~ = s)'82° + 5 sT"Az" + ...
0 = g} - sjAz + %-s&hzz - %-ST"A23 + e
s, = 8; + sjAz + %’SYAZZ + %-sf'Az3 + f% si"az* + ...

Eliminating s} and s}'from the equations yields '

v 2 A8y + sy s1M 3
Sl 43z -ZTAZ + ...

or, in terms of As, and As,,

548, + As
i = ——lﬁ-z__l + 0(Az3)

since s, - s; = As, and s; = As;.

To find s) in terms of As; and As,, a Taylor series about z = z, is
constructed:

v, 1
s =8, + si(z - z,) + —'s (z - 22)Z + 3 sy' (z - 22)3
1 ,
& 5% sh''\2 - zz)“ + ...
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with

s' =8y +s85(z -~ z,) + % sy' (z - 22)2 + %-sg"(z - 22)3 + ...

At z=0(z-12,=-242),s =s8'=0, and at z = z;, s = s;. Thus,
16

0 =s, - 2sjAz + 2syAz? -»% sy' 823 + 27 sy"azY + ...
0 = sy - 2shAz + 2 sy'az? - %s'z'"Az3 + ...
s, =8, - sjyiz + %sgAz - % sy'azd + ET sy"azt + ...

Eliminating s} and s)' from the equations yields

U =—‘——+-+%s'£"A23 + ...

In terms of As; and 24s;,

24 - 2As.
SZ——‘L + O(Aza)

87 Az

A projected Asy for use in the nonlinear approximations (55) and (56)
can also be found by eliminating s; and s} from the above equations.
We have
s, = 4s, + 2 U azd +
2- 1 38 z LI Iy

or
s, = 38s) + 0(8z3)
From appendix A,

85,(86 ), = 305, (0g), + 0(82")

- T
Angsz 3As 48, + 0(az")

or 318,05, + 0(4z")

For j > 3, we may use standard formulas?

= 1 J 3
i1 ~ iz + 0(az>)

' sj_3 - 6sj_2 + 3Sj— + 2s,

2Kopal, Z., "Numerical Analysis," John Wiley & Soms, New York, 1955,
pPp. 515-516.
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831 ™ 6Az =2+ 0z
and

33 - ~28y_5 + QSj-ZA; 18s,_, + 1lsg D
or

. llAsj - 7Asj*l + ZAsj-Z . O(AZ3)

j 64z

Tge use of these formulas naturally requires the additional storage for
£84;.

A projected As4 may also be de-ived with error of order (az)3 by
constructing a Tayior series about z = zyt

= ] = l " LA 2 l " - 3
g = sj + sj(z zj) + 2 sj(z zj) + 6 sj (z zj) + ...
and substituting for previously found points:
& . l "e 2 _,l m, 3
sj-l sj sjAz + 2 sjAz 6 sj Az + ...
= = ' i "y, 2 _§_ " 3
sj_2 sj ZSjAz + 2 sjAz 3 sj Az + ..,
- - ' 2_ "y 2 __Z_Z_ " 3
sj_3 sj 3sjAz + 2 sjAz 6 sj Az e .
By eliminating ss and s;, we get
3Is -3, +s =g, -s"az3 + ...

i-1 j-2 j-3 3

or

- = 3
Asj ZAsj-l Asj_2 + 0(az3)




Appendix C. Program Description and Listing

in the listing of the computer program (prcsented on pages 30-40), the
main program, POLMD2, utilizes the following subroutines to simplify the
flow.

FUNCT--Reads in the main data, computes some needed constants and all
needed functions of n at half-integer stations by quadratic interpolation.
TERP2N (not listed)--Called by FUNCT to perform quadratic interpolation.

INITLZ-~Initializes all variables and computes other needed constants.

The subroutines FUNCT, TERP2N, and INITLZ were overlayed by subeequent
subroutires, since they are needed only at the start of the run.

XSTEP--Steps z and computes all constants that are functions of z only.

EMPTY--Initializes the Aj, Bj, and C; matrices, and the f; vector to C.
Note that the Aj matrix is called X in the program, the B; is called BB,
and the Cj matrix is adjoined with the fj vector %o form a 5%6 matrix
called D. (This permits the later computation of A7'C and A7'f; in one
operation.)

EMPTY starts the minor i loop, the purpose of whicli is to eliminate
the i~th block of five equatioas

/ E !

s ady A;j Lty
fo C _
/ Asj | ASj I Asj i
[+ + I +

Bii AJj +Ai. AJj +Cii AJJ = fi

{ - : = = f
N | YAl \ .
, i &J5

, By A5 4 IRCAY

(B4 =0 for i =1 and C; = 0 for i = N + 1) where the subscript j indicates
that z = jAz.

FIRST, SECOND, THIRD, FOURTH, FIFTH--are entries into EMPTY that fill the
X, BB, and D matrices line by line. Note that single subscript arithmetic
is used to conserve computer time and core.

ENDO, ENDl--are called when i = 1 aid N + 1 to take the boundary conditions
into account.

BOUNDO, BOUNDl--define the boundary conditions at n = 0 and n = 1. This is
the only subroutine the user must write if his boundary conditions differ
from equations (16) and (17). [Actually, the supplied BOUND1 cortained the
condition that ¢,(x,1) = P;§; P, was read in to be 0 tc satisry equation
(17;.]

28




i
|
|
l
|
\
|
[
[
|
PRSI

Laa oot

XDCORR~-corrects the A; and f; arrays by the matrix multiplication: ;
Ay = Ay ~ BTy, , 1=2,3,...,N41 |

W

e o

fi L fi = Biyi-l s 1 = 2,3,-..,N+1

& s

as required by the algorithm.3

To speed the process, only the possible nonzero elements of BR; were
used and every term was written out.

GELG (not listed)-~~computes AIID by Gaussian elimination using complete
pivoting.

The first five columms of AJ!D are stored ac the 'y array (in the com-

1 puter Z array) and the last cclumn of AIID is ztored as the yj array (in
: the computer XX array).

REST--does the reat of the computation in the i loop:
1. Back multiplies to find the *ariables.

2. Updates all needed variable

functions of n and some functions
of x.

3. Determines if a printout is

required for the value of z just
completed.

If a printour is needed, computes ¢j by rectangular formulas,
+ +

retransforms to J from 3', and computes other functions as

nreeded for the printout. A sample printout is shown in table
C-I on page 41.

In the main program, the unlabeled COMMON is placed in equivalence
with the Z array to save core. All input data and some variables needed
in the FUNCT, INITLZ, and REST routines are not needed during the i loop

| and can be shared witih the Z array. Liberal use of labeled COMMONS served
;! to otherwise transfer data from subroutine to subroutine.
1

s e ey sl ie)

31saacson, E. and Keller, K.B., "Analysis of Numerical Methods,'" John i
Wiley & Soms, New York, 1966, pp. 58-61.
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.POLMO2... .. -. EFN _ SOURCE STATEMENT _=.  .IFN(S)_.~_. __ _.

DIVMENSICN 2(10200) -
Cu¥HDN ETAPT(120), PPT(BOO).ETALG(lOOl.BOB(ZOO).TPTZ(IOO),DPT(IOO)v
) 0(2)oF1(2) gPHI(GOL ) HE2 o XNy X2 o XEND ) XPRINT 4 SNEJDY YO ETAT X1 e Y
2 EXPDyUPLS AL ¢42,A3,DELTAX, S0P, JOM VSM,PHIY,NSYSP,USYSM,SNM, .. ... ...
s TSYSP,TSYSM :
CUVEOI/CONSTL/XJ0CLIXy 207 25,DELY
COMMON/CONST2/P1,P2,P3,P4%,P5,P5 . .
COviG/CONST3/ DCLZ4CUTL2,RHOECE, VUX, ENEE.xzxz.lez.DELJ12.0=LJx2.
1 D12524C(8) ¢V NEZCUEL JCOELEZNDILTAZOELTA
COVIUN/FUNL/DPLUS (4001, DMINUS(©00) ,EP(400) ,ETA98(400),T29(429), . ...
S BLA.U) o FPEY (43S ) KFNN(6N0) DYV (4CI),P{400), T29M(420)
COv“IN/FUN2/ BY48B1,KMLGIKF 101
COVMDI/FUNT/ ETAGIS1),FQISL) DTPLUISL)FPOLSLiyPO(SL),DPLUQISL) g .
1 DPHIULISL)HETAIC(S])
COMUDN/TNTLZZPHII(40L),SPI(601) s SMI(40L) o JPI(401) 4IMI(40L),
1 USPIESOLY WDSHIC4CLY,SPIII4GI), SHIII400) yPHIJHIGODY .. . . . . .. ..
COVMON/MATIZX(25),0(20),BB("5)
CO¥NUNI4AT2/ X%(2005)
e . COMMOZINOLY L1aJdeM,11,00,K T Fu—
COVEAN/INDX/ 10X(6)
COMEDN/NUMB/ Mo NW NP1 NGy NCIUNT
.. EQUIVALINCE (Z(1),ETAPT(.)? R S
KAl JOP, JNNM, KFNU.JPJ.J"J"JE'NEZ'KFNOOQKFVOI
€ COMPUTE FUNCTIONS
CALL FUNCT SR~ e T—
C INITIALIZE ALL VARIABLES
CALL INITLZ
C ROUTINGS FUNCT, INITLZ, AND TEPP2N ARE NO LONGER NEEDED. . oo .o o
C MaJDR Z LOOP
o
o
o

NO 999 J = 1M
INITIALIZE X FUNCTIONS. .. . . ... .
CaLL XSTEP
MINOR cTA LOQOP

DO 500 I = 1,NP1 . . e em e—
EMPTY 4%0U FILL Xo D¢ AND BB MuTRICES WITH A. C AND Fy AND B
CALL ENMPTY
IF(L.€0L) GC TO L0 . s e e -
IF(1.CONPLY GD TO 2V
CALL FIRST
- CALL $COMD . e e e e e = e
caLt THIRD
CALL FOURTH
vem e . CALL FIFTH . . o i
GO T0 :
10 CALL ENDO
R GD TO 159 @ e e e e e e po _.
20 caLy EnNODY
C COCPRECTY FOR B8 WHEN 1 NOT EQUAL TO 1
3 CALL XDCNRR(Z) . S e el s
c “EADY TU INVERT
153 CALL GELGIDyX546)
€ TRANSF:IR GAAMA MATRICES ANO Y VECTOR TO.STORAGE... .o e et v
IF(I.CC.NPIY GO TO 200 .
JJ = 2ur{I-1) .
00 159 I1 = 1,28 . e e e e e

NOT REFRODUCIBLE
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i dis el My Rl i

TRy

T

L= II ¢« J)
.. 160 2UKy » DYy — . . L. L
200 JJ = S5¢(1-1)
D0 210 I = 1,5
2 K= JJ + 11 _ .. c—
210 XX(K} = D(11+75)
C END OF ¢TA LOOP.
- . 903 CONTINUS. .. o e R T
C UPCATE AdD WRITE IN REST ROUTINE.
CalL REST(L)
o END OF 2 LOOPe oo e e .
%99 CONTINUE
STgP

eeei A END. e =i

31

e marditd

Cim b i g S oy s il il S0 R 2 L i

Ny T,

Lo sty it A Ml




veer weeeFUNCTa o _=_  EFN . SOURCE. STATEMENY. _ -__IFN(S) =

SUBROUTINE FUAIT.. . S oo o

COMMON 'TAPT(l?O)oPPT(}OO)QETALG(lOO’QBOB(IOO’QTPYZ(IOO’oDPT(lOO’o
1 QU2Y,FL(3)yPHI(H0L)yNE2y XNy XZ o NEND o XPRAINTsENE DY YO oETAL o X1 ¥y
2 SAPI,UPLS,AL4A2,A3,UELTAX,JCP, JOM,V5M,PHIY,DSYSP,0SYSM, SNM, Y
3 TSYSP,TSYSM
COrMMDN/CONSTI/ DELZsCDEL2,RHOECE VDX ENEEXZ2129XJ12,DELJL2,4DELIX2,
.- 1 O2222,C(8),V4NEL,CUEL,CDELE,DOCLTA,DELTA . . SR
CONVU‘/FUN[/DPLUS(‘DO)oU"lNUS(‘OO’1591690’157A98(40°’9729(400’9
-l 5(500)'=P:V(43°)'KFNO(4)O,'DVEY(‘DQ’ P(400),T29M(400)
L O¥N40:/ FUNSS 083,31, KFNOD,KFNOL s
CU‘PUN/FUV’/ ETAO(DI).FO(Sl’oDTPLQ(Sl)oFPO(Sl)QPQ(’I’QDPLUO{SI’O
1 OPMIQ(SI),ETAZN(S51)
- . COMRUNZINDLZ ledeMelleddeK I vy . Sy N e ey s W N
© COMMON/NUMB/ NyNW,MNPL,NC,MNCOUNT
REAL MNELNE2,J0OP o JOMKFND,KFNOQyKFNOL
REAUIS,1300) VrCDEL'RHOECE'NE’COELZ . Em  Seeeee— .

'10U0 FORMAT(5E13.5) 5

REAV(5,439) 114544K

. 30 FORMAT(315) e ]
RZAD(5,1000) 0 ETAPT (1), 12l,11)
READ(5,1000)( PPTIL)yI=L,11)
4 =11 +1 e
N = Il ¢« 11 e
REAU(5,1200)¢( PPT(1),13J,N)

.- J =zN+ 1 S . S
N =N+ 11
READ(S5,1000) ¢ PPT(I)o1=J,N)

.- .- READIS,1092)( .. 80B(1),1=1,30).. ... o e

.- READ(3,1003)( .. BOB(I)el=J,N) _ —__

—- . - BOHIN) = ALOG(RDB(N})Y . . o

J=JJ+1
N = Jo+ J)

READIS,100%3)( TPT2(i)el=1,K)

READ(541CG02}( DPT(I)y1=1,4K)

00 2 I = 14dJ.. . . e —— -
ETALG(IY) = ALOG(ETAPT(I)) !

N = Jd ¢ 1

S5 BO3(I) = ALOG(RDB(I})
REAU(5,1009) XN, XI+XENDyXPRINT,YO0,DY

- N = XN 5 g : — =

Nd = N/50
IF(NWecQe0) NW = 1
.~ NEZ= NiL#NE*.,00375 e e Tt
VSV = DY = ¥YC
DY = VSM/XN

.- . Bl = £XP(YDY . . . S e o~

NPL = N + 1
DU 1D I = 1,N
CXD 2 FLOATUI) .= o5 o iome e e e -
Y = YO ¢ XI/XN $VSM
EXPU = EXPLY)
- DYZY(I) = 1./5XPO/OY e e e e e =
£Tal = €700 - Bl
30 = CTAI##,125
STA96(1) = BOSETAL SO ————

NOT REPRODUCIBLE
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R b e . T

IF(ETAL «67..0001) GO TO 7

Fi(l1) = PPT(1) . . C s
F1(2) = PPT(II +» 1)

FL(3) = =, BeETA98(1)

- KFAULER) = 8008(1) +« B8OB{JJel). ... .  __ . —

GO Y0 38
CatL TEﬂPZN(llo3oETAl oETAPT.PPT.Fl)

. XI = ALOGI(ETAL L .. -~ _

- X1 2 F1(2)%4,5 R

CALL TZRP2N{JJe 25 xloETALGvBOB Q)
KFNOUI) = 01(1) + G(2)
CaLL TERP2N( Ky1,.71(2),TPT2,0PT,DPLS)

LI = FLI1)
T29(1} = 5800,/F112)%0PLS
EP(IY = BO/P(I) T = e -

DPLUSII) = DPLS*2.
OMINUS(I) = 23&4.8DPLUS(I)
ETAY3(1) = ETAIB(1)#L0cL2%2. : RS

T29r(1) = T29(1:%234.
FPIY(1) = FL(3}/P(I1)+DYEY(])

-‘KFNO(I) = EXP(KFMNO(]I) ~ 32500./F1(2) - 23,718998) /X1

19

- 27
28

. ENB . . B T

. EXP0 = EXPLY) ok fmrrerree=e

-FL1(2) s PPTILII « 1) ____

CFOUD) = P30 L.
DPMIQ(T) = DPLS®234u ... .o
SR EIERN! A
. KFNOO = BO8(JJ+1) + BOB(L)

-XT = PPT(1)*e.5 3

B(I) = NE2/F1(2)/X1 /PCIYV/PLT)
00 20 I = 1,51 . e —_

Xl = -1
Y = YO ¢+ X1/50. *VSM

ETAQ(1) = EXPO -~ BL
IF(1.£Q.1) ETAQ(1) = O,
ETAYQ(I) = ETAQII)®*s1.125 . . ___ .

IF(LVAQ(]).6T..0001) GO TO 27
F1(1) = PPT(1)

F1(3) = =,8%ETaARQ(I)
GC Tu 28
CALL TcRP2N(I11,3+ETAQUI}(ETAPTPPTF1) _

CALL TCERP2N( Ky1,F1(2),TPT2,0PT,DPLS)
PR(I) = F1(1)

FPCII)= FI(B)IFI(I)
DPLUQ(TI) = DPLS

ETA9Q(I) = ETASQ(1)*COEL2
OTPLQ(I) = 11630./F1(2)%0PLS

X1 = PPT(1)%%,.5
80 = N2/ PPTIIN/X1/PQ( 1)/PQ( 1) =*4,

KENDD = EXP(KFNOO = 32500./ PPT(I) - 23 7189981 /X1
1 =11 ¢+ 11

Bl = 52/ PPT(1)/X1/PQ(51)/PQI51) *4,
CALL TERP2N(JJy240.+ETALG,COB,Q)
KENUL = 2(1) + 0(2)

KEHOL = EXPIKFNOL = 32502./ PPT(L) - 23.718998} /X1
RCTURN
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- 11

- COvMONZINDX/Z IDX(6) = SN S—

INITo - = EFN . SOURCE STATEMENT. = _IENIS)_.~ _ . _.

SUBROUTINE INITLZ =_ e S —
CoMMON ETAPT(100), PPT(300);ETALG(100)0308(200)9 PTZ(!OO)QDPT(IOO)Q

1 0(2), Fl(!)oFHJ(401).NEZ.XN.Xl.xENO.XPK!VT.ENE.DY.YO.ETAI.X! Yo

2 ZXPOLOPLS )AL ,A2,A3,0ELTAX,JOP, JOM,VSM,PHIY, DSYSP,DSYSMoSNM, .
3 T3YSP,T5YSM

COVvROM/CNNSTL/XG o DELIXS 29 D225,DELY

COMMINICONST2/P1,4P24P3,P4, PS5, P> S —
COMMON/CONSTI/ DELZ,CDEL2, RHOE'EOVaXOENEE'lez'lez'DELJI:'DELJX:'

1 VZ252,C(8),V,VE,COEL,COELEyDDELTALDELTA

COVMUO/INTLE/PYTII(401),SPIL4OL) o SMIL40L),IPUL40L) (SMJL40LYy — . .

1 USPILG3L)DSPIC4UL) 9 SPIHIS00) ., SMIHI400),,PHIJH(400)
COMON/ TNRYY Ts oMy IT0JdsK

COMPONINUAY/, NeNWo NP1 HC o NCOUNT
REAL HzyNE2,JO%yJOH,IPJy JMY

RZ30(5,10) PHII(1),P1yP2,P3,P&yP5,PS .. S, =
FORMAT{7£10.5)

REVD(I911) IDX(L)cTOX{2),I0XL3), IOX(4)o IDOX(5),1DX(6)

FCMAT(S15) E e -

.
o Akt Ko

XZAD = XCENCse 3
CDEL2 = CDEL»CDEL

ENE = LoSKE-~19%E - =1 © . ===
ez = EVE/B.BSE~-14%,.5
COZLE= COEL/ENS

DS 21 1 = 1,N o T S

CPHISLD) = PRIS(L)

C SpJ(l) F-Go._.

i e SPILPL) .3 Q6o

T S

34

.. DSeJtl) = 0. . ..

PHIJH{I) = PHIJ(1) + PHIJI(])
5PJHLT) = 0. .- g - -

Ss4Jn(l) = 0.
sPJtl) = 0,

Jratn) = 9,
JY¥JLI) = 0,

0s*J(I) = 0. 5
PHIJ(HPL) = PHIJLL)

SVJINPL) = 0.
JPJ{NPL) = O,
JUIINPL)

- ’.
DSPJ(NPL) = O, '

DSMJINPL)
XJ = Ve -~ em=-
DELIX = 0.
DELS = D,

B B T, ,

D225 = 0.

NC = 0

NCQUNT _s XZ/XPRINT
M = X2

DELZ = XEND/XZ

VDX = J2%V/DELZ .. ... ... .
DUZLYa = CDEL#DELZ

RE TURN

cHR L e - - . .. I S

NOT REPRODUCIBLE
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v STEPo e o= EFN .. SOURCE STATEMENT.. = _IFN(S) =~

.. SUBROUTINE XSTEP ;
CDFMDY/COVSTI/XJ'DELJX'lJ'DZ25'DELJ
COMMON/CONST3/ DELL; CDELZ'RHDECE'VDX'ENEEOXZlz'XJIZODELJIZQDELJXZO

1 DI252,C18) ¢V NEsCDEL,CCELE, DDELTA,DELTA.
COMMON/INDL/ 1,00 My11,304K
RzAL NS
- X1z « 2J + DELZ
DELTA = CDEL*XI12
DELJL12 = DELTA#DELTA
—— XJ12 = _X212%%1,25 . I Ty

e o —————— . ——— & = < e e —

ODELJXZ = DELJILI2/XI12
01252 = DELJL2/(X212%%,25)
-— Cf 8) s DELJL2 ~ DELJ - ..

Ct 1) = DELJIZ/RHOCCE

Clt 2) = vOXe{2.#D2252 - D225)
- - IF{J.EQ.1) Ci2) = Cl2)/.715 - —

€t 3) =V *DTL X2

Ct «) = ENEE*DELIL2 '
--—-Cl £) =. v . *{DELIX2 ~_DELIX)

Ct &) = C{ 8)/RHOECE
Cl 7) = VOX*(Dl252 + DI25)
- C1 8) = ENEE*C( B8) . Py -
RETUKN 0
ENC
< - . ..BOUND,s. .. —=. EFN... SOURCE STATEMENT _= _IFEN(S} - ..

- SUBROUTINE BCUNDO . P
COMMON/FUN3/ ETAQ(S1), FQ(SI)'DTPLQ(SI).FPQ(SI)'PO(Sl) DPLUQ(51)9
1 DPMIQ(51),ETAIQ(51)
COMMOM/ INTLZ/PHIJS(40L),SPI(40L),SM3(401), JPJ(#OI) IMJ(401),
1 DSPI(4J1)yDSMI(4A0L),SPIH(200) s SMIH(400) »PHIIH(400)
COMMON/MATL/X(25),D(30),RB(25)
, COMA40./CONST3/ DELZGCDEL2yRHOECE (VDX ENEE XZ129XJ129)DELIL24CELIX2y-.
1 DI252,C(8),V,NE,CDEL,CDELE, DDELTA,DELTA
COMMON/CIONST2/P1,4P2:sP3,yP44P5,P0
- . COYMON/CONSTI/XJIeDILJIX9ZJeVZ25,DELY .
REAL JPJyJIMIINE
X(3) = 10.E10
- ---X{2) = 10.E10 .

0(28) = Q.
D429) = 0.
.. . RETURN L . S g p—
ENTRY BOUNDL
X{ 1) = 10.€E10
m—— XU 7) 5.10.E10 —
X{25) = 10.€E10
Di{2e) =2 0,
—-~ -Dt27) = 0. = i
: D(33) = Pl'DDELTA‘X(l)'
RETURN
IS -3 {11 B
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- -

e EWPTYe.... =_ EFd SOURCE STATEMENT __ = __IFN{S) =~ . _ __.

. SUBROUTINE EMPTY . " i —— e

50

-D125) = DDELTVTA®ETA98BI(K).

L Xil1l) = . =P(K)/X(11)

CO¥4DN/CONST3/ DELZ,COEL2,RHOECE, VDX o ENEE,XEL2,XJ12,0EL J12 ,DELIX2,y

1 D2252,C(8),V,9E,CDEL,CDELE, ODELTA,DELTA
COME0N/ FUNLZCPLUS [4DD) o CHIfIUS [ 40D) yEPL400) »ETASB1400) 172914000, — —
1 BL&G,Y ¢FPEY 430 ) o KFNOT40D) 4 DYEY(4005,P14CH) 2 T29H(400)
COMMON/INTLZ/PATIN401 ), SPJ(401).SMJ(401l.JPJ(«Ol).JNJ(AOl).

-1 USOJL49L) \DSHIL4GL), SPIHIADD) , SMIHIADUD o PHIJHIGOC) .. .o .
COVAUN/HATLZX(25),0132D) +BB125) :
COMMONZINDL/ 14Jd¢My11434,K
COvYMO:/ INDY/ INX(6) M ~Pero cL o
REAL NIy JPd s JHY, KFND
DD G Il = 1,25
B8'I1) = 0. . e P

X(11) = 0.
DU} = 0.

RE JURN e e e _ —
ENTAY FIRSY
K = |=10X(1)

X(i1) = DPLUSIN) + 0€L'A‘ETA98(K)

Cl25) = DI2e)/IXILL) = DI26}%)

X(1) = T29(Ki/X(11) e ——— . =
X(21) 3 X(L)#(SPIH(K) DSPJ(KOI) + DSPJI(K))

Xt1) = x(1)*PHIJH(K?

D(25] = (XILI*SPUHIK) ¢ Xtll)'(JPJ(KOIlOJPJ(K)))‘D(26)
IFLIDXI1).EQ.1) GG TO 80

. Dl1) = X(1) + DYEY(K) S e— e W

X(1) = X{1) = DYEY(K)
Dirl) = Xil11)

. 0r21) = x(21).. — - =

RETUAN
B(1) = X(1) = DYEY(K)
X(1) = X(1) ¢ DYEYIK). . . — o . ..
A1) = Xi1l)
8gt21) = xi2l)

. RETURN . e e e e ——— -

e = XUT) s =T29UKI/XILT) .

10

36

. XULT) = =PIK)/X(17) (o

ENTRY SECOND

K =1 10X12) :
D(27) = DOELTA®ETAQB(K) . . .. __
X({17) = DMINUSIK) + DELTA®ETA98(K)
D127} = DI27V/(XILT)I-DI2T))

X122) = X(T)+(SMJHIK) + DSMI(K+1) + DSMJI(K))
X(7) = X(T)%PHIJHIK)

D127) = (X(T7)*SMIHIK) ¢ X(17)‘(JHJ(K01)4JMJ(K)))'0(27)
IFLIDX(2).EQ.1) GD TD 10D

DI7) = X(7) « DYEYIK) ... o ...
X(7) = X(7) = DYEYI(K)

0(17) = X(17)

D{22) = Xx(22) : L I . ==
RETUAN

BB(7) = X(T7) = DYZY(K)}

X(7) =2 XUT) ¢ DYEYUIK) .. ... vl et e

» b s

T

i

b o S 1 el

e

1l sl st O
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20

BB(17) = X(1T7)
. B3(22) = X122) ._ . = o P = PR
RETURN
ENTRY THIRD
K =1 = 10x(3) S R U~
X(3) = 3(K)*C(1)
X(3) = =X(B)*SUIH(K) -~ C(2)*EP(X)
X(3) = =X(8)2(SPIH(K) + DSPJ(K+1l) ¢ DSPI(K)) e
X(13) = C(I)*FPEY(K)
D(23) = CUS)HFPEY(K)*{SPI(Kel) = SPI(K)) +C(6)*(-KFND(K) + B(K)®
1 SPIH(KIASMIHIXY)  ~CUT)*EP(K)*(DSPJI(K+L) 4 DSPI(X)) . . _ .
[FLIOX(3).5Q.1) GO TO 20
Dlsi = X(3) - X(13)
X(3) = X(3) + X(13) . R s
ble) = X(R)
D(12) = OYEY(K]}
X(13) ==DYEY(X) e S ———

RETuURM
Bu(i) = X(3) + X(13)
X(Z) = X(3) - X(13) ..

- BB(3) = X{(8)

oo 1 SPUHIKI®SHMIHIKY) =C(TI®EP(K)*iDSMI(Kel) .+ DSNI(K))

83(13) =-DYEY(X)

X{135) = DYEY(K) . . B
ReTURN
ENTRY FUURTH
XK 2] = 100} . —eiimh e —
X(a) = B(XI*C(1)
X(9) 3 =y (6)*SPIH(K]) ~ C(2i*EP(X) .
X(&4) = =X{&)#(SMIHIK) ¢ DSMJI(Kel) ¢ DSMI(KY) — . . ..
X(12) = C(3)*FPEY(K) 2
D(29) = C(S)#FPEV(K)®(SMI(K+1) = SMI(K)) +C(6)*(~-XFNO(K) + B(K)*

IF(ICX(4).50.1) GO TO 30

Dls) = X(4)

0(9) = X(9) = X(19) DB e - et
X(9) = X(9) + X(19)

0(19) "= DYEY(X)

—e- X(19) ==DYEY(K) e < M = o —

N

<. BB(Y) = X(9) # X(19) . .. . - L -

——— X{19) = DYEYI(X) . —— —_—

- K =1-10xt5y . . - . ...

KETUR'
BB(4) = X(4&4})

X(2) = x{9) -~ £(19)
BB(19) =-DYEY{X)

RETURN

"ENTRY FIFTH

X(5) = Cl&)/P(XK) ey
X(10)=s =X(5)

S 0U33) = =CU8)/P(K)®(SPIH(K) “SMIH(K) ) .

40

100 RETUARN..

IF(IDX{5).EQ.1) GO TO 40
0(5) = X(S)

0119) = X(19) e T
0(25) = DYEY(K)
X(25) ==DYEY(K)

RETUAN e

BB(S) = X(5)
88(10) = x(10) ._.._.
AB(25) ==DYEY(K)

X{25) = DYEY(K)

it oo ST GO0 GG B e TOa

END
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oyt ol s RESTe ...~ . EFN  SOURCE STATCMENT.. -~ IFNIS) =~ ... __ _

SUSROUT INE REST(Z) s - - R P S — .
DIMSNSION 2(10000)
COrMON ZTAPT(1J0),PPTI3D0),ETALGI100),8038(200),TPT2(100),DPT{1001},
1 QU2)+F183) ¢ PHI(S0L) oNE2 XN XL o XENDy XPRINT ¢ENEoOY YO, ETAI ¢ XToYy ..
2 EX?0,UPLSsAL,A2,A3,DELTAX,JOPyJOM, VSM,PHIYDSYSP0SYSH,SNN,
2 TSYSPLTSYSM
COMMDY/CONSTLIXIoDELIX,2JeDZ25,0ELS . . ... . . S y e oo
COMMIHN/CONST2/PL 4 P2,P3,P4oP5,P5
COVMRUN/CONST3/ DELZ,CDEL2,RHOECE,,VOX,ENEE¢XZ125XJ124DELIL2DELIX2,
1 D2252,C(8)¢VNE+CDEL,CDZLE,DDELTALDELTA . R —
COVIO/ FUNLZDPLUS{4D0) o DMINUS (400 ) 4 EP(4CD) ¢ ETA9B(420)iT29(400),
1 Bl40U) JFPEY(4LI0)KFHD{4D0)4DYEY (40D),P1400),T294({40D)
o CQUPMONIZFUNY/ ETAQIDL1),FQ(51),DTPLQL51),FPOI(S1),PQ{51),DPLUD{SY) -
1 DP4IQ(51),ETAIC(5]1)
COMACA/THTLL/PHTI J(401)ySPI(401), SMI{401),JPI(40L1) 4 IMJI(4O1),
1 DSPJ(&DL),DSMI(aD17,5PIH(40D), SMIH(40U) PHIJHIGOO) ... ... ... S
COYPFUN/PAT2/ XX 20D5)
COUMBRII/INDLYZ 14JeMe110JJ0K
eee oo .o COPRON/INDXZ 1DX(&) S
COM~0N/MUMB/ Ny tiH P 1, HC,NCOUNT
REAL JUPJIMGKFNDyJPJIgJKI¢NEZNE2
€ - READY FOR BACK MJLTIPLICAYION he Mo e ye— —
JJ = e
I1 = 258N
T .- DU 2:D f = 1N O 4 S ——
11 = 11 - 25
JJis = JJ
JJ = JJ-5 - eI e -
DO 250 X = 1.5
Ll = J0J ¢ K
e 1.2 2 Il ¢ X o __
00 259 L = 1,5
L3 = JJ5 + L
. CX(LL) = XX(L1} _~ Z(L2)eXX{L3) .. ___ _____

250 L2 = L2 + 5
c ANSWZRS ARE IN XX ARRAY, WRITE AND UPDATE BEFIORE STEPPING X.

- - - K =4 o R ol = e S
V0 200 I = 1,NPL
K 3 K ¢5

ceee e . DSPUCIY = XXIK).. . oL o e —_
DSMI(I) = XX(Kel)
SPJLI) = SPJU(I) + DSPILI)

—— e SMIT) 3 SMI(I) & DSMIID)
JPIJ(I) = JPJ(I) & XX(Ke2]
JMI(T) = JMJ(T) ¢ XX(Ke3)

cieee PHIS(I) = PHIJUIT) + XX(K4&Y ___ . .-
IF((.CQ.1) CC TO 260
1t = 1-1

...... SPIH((IY.= SFPIIT) « SPICII) . .
) =

SuJnltl SMILT) ¢ SMJLIL)
PHIJHO(T) = PHIJIT) ¢ PHIUIII) : .

.- 260 CONTINUZ o coofo - I S,
XJ = XJ12

DILJ = belJt2
VELJX = DELJIX2 D metce) e b e TN Tt FiTea| - o s e ea ¢
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el L s ong S

—

e

YT

T

et

€ WAITE MESDING

13 = X212
~. 0225 = LiL82 i . Tt el W s
NC = nC o+ )
1F(iC. LT.NCOUNT) RETURN
NG = 0

WRITC(591001) XJoDELZWN

-1001 FDIMAT(SHIX = oFTe2e5X+10HDELTA .Z .5 oF9.495K, L6HETA_INTERVALS = ,

113+/788XSHKPLUS ¢ 4X96HU PLUS,9H D MINUS(3X,6HOTPLUS,9H DTMEINUS /

23Xy SHETASXy GHIMTINUS 94X ¢ SHSPLUS ¢ 4Xo OHSMINUS e 5X ¢ SHIPLUS ¢ 64X eHIYINUS

- 333X UHPHIETA 5K ¢ IHPHI o TX y 2H=V, 5Xo SHEPHI Y &X oy SH®5Y/S ¢ 6 X0 5HESY/ S,
CaX oL 1H8S5Y/S1hXy5SHESY/S £/)

C COrPUTE PUHL [ = PYHJ)

e = K 3 NPl - |

.- 11 =0 -.- o o e P e o

e— v A3 = PQUIIN/DELTA . .. .o

~ma=.-A3 3 ETAOQ(I1)*DELTA . R

———amee. DSYSP = DSYSPEDPLUQIIIN/TSYSP _ .. .

~———TSYSH 2 .DSYSM®A3/0PMIO(I]) . ...

1003 FDRMAT{1P2E9,2,1P5C10.3,1PT7E9.2)

280 1F(SMI(1).NEoG.) GO TO 300

- IFUIUX(2).EQ.1) GO TO 251 & SUNISNINIEN =
PHJIIAPLY = O
CO 252 1 = 1.N
252 PHJIK) = PHJ(KOl‘ = .S‘PHIJH(K)IDY‘Y(K)
GO 1o 275
251 Pty = Do - .- L. L o Lo oo

DD 253 1 = 1,N
253 PIHJ(1+41) = PHILL) + SePHIJHIII/DYEY(])
275 Al = VeDELJUX .. ... B, -
A2 =CDELE*LY
DELTAX = =DELTA/XJ¢V

DD Z0C ! = 1.NP1,NW

11 = 11 + 1

A3 = ALsFPO(IT) - o bt e -
JOP =(JPI(1) - A3¢SPJ(I))IA2

JOY s(JMJIT) = A3eSMI(T))/A2

VSV = DELTAX®F2(IT)
SHM = NEeSHI(1)/PO(TT)

. PHIY = OTPLULI] JsPHIJC(TIV/DELTA . . . _ S
DSYSP = =PHIY & A38JPJ(1}/SPJ(I]} :
DSYSH = PHIYS234, + A3‘JﬁJ(l)/SHJ(I)

TSYSP = DPLUCHII) + A3
TSYSH = DPMIC(II) + A3

DSYSM = DSYSMANPMIQUIT)/TSYSM
TSY5P = DSYSPeA3/0PLUQITT)

1F(SPJ(T).NE.CG.) GO TO 280
DSYSP = 1.E38
- TSY3P = 1.E3R .

DS':M = lo--
TSYLM 1.538 o e et e e+ e e e -
303 WRITE (3.1331) =TAO(ll)oSNH,SPJ(l)uSHJ(l)vJOP'JDH,PHlJ(I).PHJ(I).
1 VSKPHIY DSYSP,DSYSM, TSYSP, TSYSM
I1F{XJ.GT.P4) STDP
RETLAN
NS

39

i

TR T Ie

A0




. - XUCOR. —=_ EFN . SOURCE. STATEKENT .= _IFN(S) = _. 3

SU3BKOUTINE XDCORR(Z) - N L S - . -
DIMENRSIUN Z110200)
Cor-'mwanl/:((ZShD(30).03(25)

... CUNYMON/MAT2/2X(2005) S — — :
COVADNZINDLZ 1yJdeEe11,0J4K :
COV-ADM/ INDX/ I0X(6)

JJ = 2;:e(1-2y L . - o
JJIz 3%l - 9 .
JI1 s JJ2e ]
JJ2Z = JJO+ 2 . SR STl S AT s e e ten I T, . 1
JJ3 ¢ JJde 3
Jd= = JJ0¢ &
e oo IFUIUX(1).EQ.D) GO TO 7. -

DO 5 Il = 1,21,5
K 3 Jj ¢ 11

S5 X(I1) = X(I1)=BRB(1)82(K )=-BB(11)82(K+2)-BB(21)*2(K+4). __
D(2.)2D(25)=-38(1)exXX(JJOI=BB(L1)*XX(JJ2)-BB(21)&XX(JI&) E

7 IF{IVXt2).EQ.0) GO TO 12
. DO LU IY 2 242205 - e e e =
K = JJ ¢+ Il
15 X(1I) = X(I11)=8B(7)e2(K )-B88(17)=2(K+2)-8B(22)%1(XK+3)
e . DUZTISVI22T)-8B( T eXX{JIL I =BO(LI7IEXX(JII ) -BRI22)OXX(IIS) . _
12 IFLIDX({3).EQ.0) GO TO 17
00 15 11 = 2,23%,5
K = JJ ¢ I | SR — S— m——
15 x{I11) = x(ll)-BB(B)‘l(K-Z)-BB( 8)‘[(K-l)-BB(l3)‘Z!K)
Di23)=D128)-88(2)exXX(JJO)=BB( BIeXX(JJi}=-BY(13)eXX(JJ2)

- 17 IFLIDXL&3.EC.Q) GO TO 22 - o Sas e e tlm e | e e e, R
PO 2¢ 11 = 4,24%,5
K =2 JJ ¢ 11 )

.. 23 XUI1) 3 XUI1)=-BR(4)*2(K-3)-B8( 9)*2(K-2)-BB(19)eZ(K)
0(29)=D(29)=-R814)*XX(JJ0)-BB( F)*xXX{JJL)-BB(19)*XX(JJ3)

22 1F(ILUX(5).EQ.0) RETURN

O DO 25 I1 = 5425,5 . = o - U S,

K s JJ + 11
25 X(11) = X(I1)=-BB(S)eZ(K~ 4)-BB(10)‘Z(K-3)-85(25)‘I(K)

— e e D(32)12D(30)=RB{5) *XX{ JJOI-BB( 1) *XX(JJ1)=BB(25)¢XX(IJ%)
RETURN
END

T R TR PIOT

ki

i cee - - ENDOe.— . _=__ EFN._. SOURCE_STATEMENT. - _IFN{S)._=_.

: . SUDBROUTINE ENDY ... e e e e
S COM®ON/INDX/ . 1IDX(6)
i IF(IUX(1).€EQ.0) CALL FIRST
- . IF(IDX(2).EQ.0) CALL SECOND......_.. __.. - - :
4 IF(1DA(3).EQ.Q) CALL THIRD ’
IF(IDX(%)EQ.0) CALL FOURTH
1 ee . TFUIDA(5).E0.0) CALL FIFTH .. ..___. ...
| CALL BOUNDS
RETUAN
- ENTRY EMNDY —— 1
E IF(IDA(1)Y.5Q.1) CALL FIRST ‘
- IF(IDX(2).EQ.1) CALL SECGND
m—em TFUIOX(2).8Q.1) CALL THIRD .o
IF(IUX(4).EQ.1) CALL FOURTH
IF(IDX{5).EQ.1) CALL FIFTH g

- €atL GOUNDL . o
RETUAN
END
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in their solution; (3) derivation of small-value, asymptotic

. solutions to provide starting conditions in the matrix solution;

4% (4} a computer program. listing, description, and sampie output;

and (5) descriptions of-san independent check solution and other
checks to confirm validity of the results. The computer program

is written to accommodate any consistent set of boundary conditions.
Although the eguations are linearized, the nonlinear terms are
approximated in a way to insure rapid convergence of solutions

to the exact equations.
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