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ABSTRACT 

Subtidal sand waves occur atop shoals and on shoal margins in the north¬ 

ern part of the tidal entrance to ChesapeaVe Bay, Virginia. Wave length 

ranges from 200-800 ft; height ranges from 5-11 ft. All major slopes are 
2-3°, far less than the angle of repose of the constituent sediment. In 
flood-dominated tidal channels, sand waves are asymmetrical and face landwards, 
in ebb-dominated tidal channels and atop most banks, sand waves face seawards. 
Where near-bottom flood and ebb tidal currents are equal in time-velocity im¬ 
pulse, sand waves of symmetrical-trochoidal profile are developed. 

Data from 21 successive echo-sounding profiles taken over a 17-month per¬ 
iod show that the seaward-facing asymmetrical sand waves are migrating seaward. 
Rates of migration of these waves range from 115 to 492 ft/year. Symmetrical 
sand waves did not show significant migration. Sand wave height Ranges sea¬ 
sonally, trochoidal waves experiencing a tvro-fold height change. Small 
heights occur from October to late April when surface water waves are frequent¬ 

ly higher than 5 ft; large sand wave heights occur from Kay to September, 
particularly during the latter month when surface water waves are usually 

lower than 5 ft in height. 

Prominent shoals in the entrance area characteristically have ebb- 

dominated near-bottom tidal currents on one side and flood-dominated 

near-bottom tidal currents on the other side. This pattern is 8UJge®^® 
a sand circulation conjoint with the shoal. Geomorphic evidence is consistent 
with the existence of such sand circulation cells. The circulation mechanis-* 

would explain how the shoals maintain their positions in the face of strong 

tidal currents and heavy wave action. 
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Introduction 

At present, the migration rate of subtldal sand waves ^ “^ readily 
obtained from comparisons made between at least two successive bathymetric 
surveys in which corresponding sand, wave crests can be confidently identified. 
ÜÂÍ run. are 'required to detect end to 
cause of an increase or decrease in sand wave migration 
study a series of 21 successive profiles taken over a period ofJ7J™1*® 
examined for evidence of the effects of tidal phase, 
The ubiquity of sand waves in tidal inlets and entrances, port approaches, 
navigation channels, as well as the probable role of sand waves in shoal evo lu 
tion! sediment movement, and burial of minefields would appear to warrant an 
analysis of travel rates. 

Even in the very earliest studies of undulóse bed forms, migration rate 
was seen*1 to vary with fluid flow velocity. Before 1871 an empirical equation 
had been developed in which sand bank travel rate was related to the square 
o? the surges flow velocity (Leliavsky, 1955, p. 12). This expression (Fig; 
1) was deduced by the French engineer, Sainjon, from observations in the Loi 
River. Chang (1939) and Salsman, et al. (1966) have presented other migrati 
data from flume and field that are fitted by fifth power f“n^ions of flow 
velocity, Allen (1963) reduced the Loire River migration data of Ballade 
(1953) to a power function in which the fluid flow velocity bears the 
2.41. Although flow velocity is probably the single factor that produces the 
largest effect on sand wave migration rate, other factors are obviously of 
considerab le significance. 

Sand wave migration is perhaps more purposively associated with the move¬ 
ment of bed sediment than with fluid flow velocity. Unfortunately.here it is 
seen that all the unsolved problems of initiation of sediment motion, turbu 
lent transport, and non-Newtonian behavior of sediment-ladened suspensions are 
obstacles to a full physical understanding of sand wave t^vel rate. ^ c 
be deduced readily that among the relevant factors are. 1) particle 
including density, size, shape, and cohesion; 2).fJuid 
density, viscosity, and therefore temperature; 3) boundary ProP®r^>^nclud 
ing roughness, sand wave height, wave length, and bed slope; and finally, 
4) water depth or depth below an internal fluid flow boundary. The shear 
stress exerted by the moving fluid on the bed is a key factor in sedimen 
transport and in sand wave migration. 

In most studies of sand wave migration 
cause of migration is usually preceded by a 
(Deacon, 1894; Gilbert, 1914; Simons et al. 
regime, the direction of motion of the bed 
direction of the fluid flow. Kennedy (1963 
sion for the minimum Froude number at which 
The symbols are defined below. This lower 
depth relative to wave length. 

The migration rate equation that follows was also developed by Kennedy 
(1969) and illustrates for the two-dimensional case, the plurality of factors 
relevant to travel rate of fully-developed bed forms: 

rate, detailed consideration of 
determination of flow regime 

, 1961, 1965), since in the upper 
forms may even be opposite to the 

1969) gives the following expres- 
antidunes form: F2 • (l/kd)tanh kd 

limit is seen to depend on kd, water 
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Ub (Tb/tf)nk [U/(U - t'c)] [U “ f2 ltd tar‘h l<d)/(tanh kd - F2 kd)], 

where Uk Is bed form migration velocity; Tb is the average volume rate, per 
unit width of channel, of downstream sediment transport due only to the migra¬ 
tion of bed sediment; 8 (taken as unity by Ilennedy in a sample ®°"»PuJatlo2' 
the ratio of bed load to total sediment f-v sport; n (taken as 2.64 in a aamp 
computation for sediment 0.93 mm in ’»-an size) is a dimensionless exponent in 
an assumed sediment transport law; k is the wave number, 2tt/L, where L is wave 
length; U is unidirectional iw.m fluid flow velocity; Uc (taken as 1.30 ft/sec 
in a sample computation tor spdiment u.93 mm in mean site) i8 th® 
ocity for initiation of motion; and V is the Froude number, U/ s/gd, where g i 
gravitational acceleration, and d is water depth. 

Under strong, but svbcritical, unidirectional flow, profiles of 
moving undulóse lU forr are asymmetrical, -d often exhibit steep dovnstream 

faces which slope at Ue underwater angle of repose of/he "on8ti^tt^fent• 
This angle ranges from 24 to 34 degrees. Under revers!ag flow, «3 in tid^ 

channels, if ebb and flood currente are of equal 8tre"&th,and_du 
trica1 bed form profiles of trochoiaal shape are developed. -Orel (10 / 
regarded profiles of this type as composites of two asimétrica! oPP°aad 

Profiles of intermediate symmetry, produced when ebb ana ;lo°d cur5®.. , (v 
equal in strength and duration, are aptly termed asymmetrical-trochoida ( 

Veen, 1935). 

Migration of strongly asymmetrical form.; with slip faces *®d 
erosion on the upstream slope of tb- wave and by deposition on downstream^ 
face which builds forward by intermittent or continuous avalanching o ^ 

(Allen, 196?, 1965; Jopling, 1965; Hanns, 1969). Small 
level bottom may oscillate "nier revers’,, flow, but Jo no* 
latic' . Bed waves that are asyir^etrical-trochoidal in f the 
direction of the net, or asldual, current and are stee: or do«..«.«, of the 

dominating current. 

Increasingly evidence i. coning to light that mlaxlnun elopes of many large 

.end wave, are considerably lese then the angle of repose o Cartwright, 
sed loten t (Bucher, 1919; Lane and Eden, 1940; Carey end Keller,.l»57._Cerwrlg 
1959; Allen, 19(.3: Vlnher, 19Ó5; Ubrie end Buchenen, 1965). 

thet there is no bounoary layer separation of the flow 8 rnrrent. Under a 
of euch features, no persistent lee eddy, and no lee town .. . 
competent .midirectional flow, sediment at the bed would be trensported unl 

directionally along the entire form profile. The origin and mainte 

low-slope sand waves are unclear. 

Large sand waves advance more slowly than small sand waves of 

profile if the bed sediment transport rate per unit width of chan"eJ, . . 
same for both features (Cornish, 1901; Cloet, 1954a, b; Simon. 
1960; Allen, 1965; Ashida and Tanaka, 1967; Crickmore, WTO). Smith (1968) 

Nordin (19o8) concluded that sand waves of short wave length “^at 
than those of longer wave length. The prefet-r^d expienation is that larg 
waves have a large sediment storage volume and thus require more ” 
move a unit distance. A consequence of the rapid movement of small bed forms 

is thet they overtake larger features in the same wave train, »«S* taa®» 

increase the size of the larger forms, and increase the. lncií®^e °^^fator8 
lengths by decreasing the incidence of short wave lengths. Some investigato 
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have argued that sand wave height should therefore Increase among the forms In 
a wave train with distance in the direction of migration. It is a corollary 

of this idea that larger sand waves are older waves. 

Sand wave migration rates vary seasonrlly in some estuaries and 
rivers. In the Loire River, Lallade (1953) found that during the season of low 

run-off, sand waves at Ile de Bois, 32 kra from the mouth of the river, exPe“" 
enced only back and forth excarsions of 3 to 8 meters and only the tops of th 
bed features were affected. During the season of high run-off, the ebb current 

was aided, sand wave asymmetry developed, anl the entire train migrated own 

stream at a rate of 2.5 m/day under peak discharge. 

The migration of sand waves and the evolution of some sediment shoals are 

apparently related. Using the then newly-developed recording echo-sounder. 
Van Veen (1935, 1936) showed that the great current-parallel sand rWges or 

the southern Worth Sea were surmounted by sand waves. Earlier, Cof“1®1' ' 
had noted in his study of intertidal shoals and sand waves of English es 
les, that there was a clear correspondence between the facing direction o 
asymmetrical sand waves and the asymmetry of the shoals that they surmounted. 

Following the firm establishment by Cornish (1901) of the finding that 
ebb-dominant and flood-dominant currents tend to be at least partly confined 
to different, mutually evasive channels among tidal shoals, and the reiatea 
finding by Van Veen that parabolic-shaped shoals were a fundamental form c - 

joint with this distribution of currents. Van Straaten (1-50, 1953) 
sand waves found in the tidal channels between limbs of parabolasfscedthe 
closed or dead-ends of the channels. He also showed that in the tidal channels 

on either side of a linear shoal, sand v ves faced with the dominant current 

and in opposite directions. 

It would now appear likely that many sand shoals subject to mutually eva- 

alve tidal flowa are coexistent with sand circulation celle ^olt 
which ia revealed by the napped pattern of send wove facing directions (Houbol , 

1968; Smith, 1968, 1969; James and Stf-nley, 1968; Klein, 1570). t 
banks subject to tidal currents appear to owe their existence to the 8 

motion of sand waves from opposite sides of the ban 3 (Jordan, 19 , 8 > 

1965; Jones, Kain, and Stride, 1965). Alternate exposure andshieldingofthe 
two sides of the bank to ebb and flood currents account for the observed dis 

position of the asymmetrical sand waves. 

Certain fields of large asymmetrical sand waves ^the North Sea off the^ 
Netherlands did not experience migration ^hin detectable limit 0 

a survey period of 2.5 years (Langeraar, 1966; Anonymous, 1967), this 
is possibly an indication of a slow rate of migration. Other workers ^ th 
seas surrounding the British Isles have mapped in considerable Retail probabie 

regional sand distribution pathways from the facing directions of "aves 
fStride and Cartwright, 1958; Stride, 1963; Belderson and Stride, 1966, Harvey, 

1966; Kenyon and Stride, 1968; Terwindt, 1971). Dominant tidal currents an 

sand wave facing direction are strongly correlated. 

Field Area and Methods 

The present study was performed in the entrance area of Chesapeake Bay, 

the largest estuary on the Atlantic Coast of the United States (Fig. 2). 
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Physiographically the water body is a coastal plain estuary iorned by drowning 
of a Pleistocene-incised river valley. The estuary is approximately 314 km 
long and 24 km in average width in the lover reaches. Water depth in the lower 
part of the bay is 9.1 m and in the entrance area averages 11.1 m. Fresn water 
river inflow averages 15C0 m3/soc. Salinity in the entrance area ranges from 

18 °/oo to 33 °/oo seasonally. 

The distance between the capes at the noutli of the estuary is 18 km. TWO 
principal shipping channels pass through this entrance; Thimble Shoal Channel, 

the approach to which is 25.3 m deep; and Chesapeake Channel which is 15.8 m 
deep. In the northern half of the entrance area there is a complex array of 
subtidal sand banks and intervening tidal channels. Water depth to t0P ® 
these banks ranges from 3 to 5 m relative to MLW. Water depth in the 
parts of the channels ranges from 10 to 20 m. 3y following a ^RWg path it 
is possible to move from the north side of the entrance to within 4 km of tha 
south headland without entering water deeper than 7.3 m. This ia possible be¬ 

cause of the serpentine shape of the shoals and the position of some shoals in 

a blocking position athwart main channels. 

Chesapeake Bay is unique in that it is sufficiently long to accommodate 

one semidiurnal tidal wave at all times. Owing to frictional lo8S*® 19 
very nearly no reflected wave felt in the entrance area and hence 018 
there is of the progressive type: maximum tidal currents are nearly synchronous 

with high water and low water. Mean tidal range at the north side of the 
entrance is 0.89 n. At the south side it is 0.86 m. At spring tide the cor¬ 
responding ranges are 1.10 m and 1.04 m. Duration of fall exceeds duration of 
rise on the northern side of the entrance in contrast to the south side. 

Suiface tidal currents in the entrance area of the bay, range from 50 to 

100 cm/sec at ebb and flood maxima on most days. The greatest 
ed surface current at any place in the entrance is 17j cn/sec. This is in the 

channel west of Flaharaan Island (Fig. 3) and occurs on u dirent, to- 
nual maximum ebb current for the entrance occurs in tne same channel but is 

only 140 cm/sec. 

There are pronounced differences in ebb current speed and flood current 
speed at different places in the entrance. At the surface, £lood cwrenta pre¬ 
dominate over ebb currents in the northern part of the entrance, in North 
Channel, and in Chesapeake Channel. In the seaward opening channel between 
Inner Middle Cromad and Nine Foot Shoal, on the average, the surface flood at 
strength is 93 cm/sec; whereas, the ebb at strength is 57 ^/«^- Surfaceebb 
currents predominate over flood currents in the approaches to Thimble Shoal 

Channel, in the southern part of the entrance. 

At the bottom, the pattern of ebb or flood dominance is somewhat altered. 

Flood currents are of greater duration at the bottom than ac the surface and 
reach their local peak velocities sooner. Thus some stations that exhibit min 
ebb dominance at the surface ara shifted to flood dominance at the bottom. Thi. 
is especially the case in the deep main channel in the southern part of the en- 
trance.6 A provisional pattern of abb-flood dominance for the entire entrance 

area at the bottom has been adduced by Ludwick (1970b). 

At two specific locations, one in North Channel and the other atop a sand 
bank, water motion effective In moving local sediment Is seen to be substantial¬ 

ly different (Fig. 4). In Worth Channel, effective flood-directed motion 
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exceeds effective ebb-directed motion, whereas, atop the hank, effective ebb- 

directed motion dominates. 

The gross circulation of the estuary averaged over tire is that of a 
moderately stratified estuary (Pritchard, 1967). Tidal currents reverse with 
ebb and flood at all depths in the entrance area; however, the mean flow is 
such that there is a net outflow of water in the surface layers as a whole and 
a net Inflow of water in the bottom layers. The depth of the zone of no net 
motion is presently estimated to be between 5 and 7 n. 

The geographic location of a fixed survey line wns chosen with regard to 
achieving perpendicularity to the trend direction of the crests of sand waves 
as determined during previous surveys (Ludwlck, 1970a). It was also Intended 
that the line should be located in such a position that, if direction and mag¬ 
nitude of sand wave migration were detected, some new light might be shed on 
shoal construction processes, on the role of tidal currents acting in North 
Channel, the master channel of the northern entrance area, and on the effect 
of tidal currents on bank tops. The locations of the three points, A, B, and 
C, that define the fixed survey line are shown in Figure 3. The A-B distance 
ia 2630 m; the B-C distance is 3619 m. Total line length is 6.2 km. 

Each day, before the fixed line was occupied for the purpose of resurvey¬ 
ing, eight buoys were set out along the line. Every effort was made to set a 

buoy exactly on point B. The other seven buoys were set cn or very near to 
the line but not necessarily at predetermined places along the line. Average 
distance between buoys was 910 m, c distance that permitted the sighting of 1 
to 4 buoys on the line ahead of the vessel. Average water depth along the line 
is approximately 7.6 m. A buoy tether line length of twice the water depth, or 
15.2 m, was found satisfactory under most conditions of current. A set of four 
3.6-kg. rod-shaped iron weights linked together comprised the anchor for each 
buoy. When the currents were especially strong, a set of 6 weights was used. 

After a buoy was provisionally set, the bow of the survey vessel was 
brought up to the buoy and an observer on the bow, using a sextant, measured 
horizontal angles between three known landmarks such as lighthouses, bridge 
spans, and radio navigation towers. Immediate plotting of the position using 
a metal, precision 3-arm protractor showed whether the buoy location was suf¬ 
ficiently close to the survey line or not. If the distance between the plotted 
buoy location and the survey line tías 10 m or more, the buoy was dragged closer 

to the line, and the new position determined as before. In practical, realis¬ 
tic teats, it was repeatedly shown that a point in the water could be 
reoccupied to within 10 m or less using the sextant method, the same instrument, 
the same observer, and the same sighting points. Buoys were often checked to 
determine whether dragging had occurred. If so, the run was rejected. If It 
so happened that the tide turned after the buoys were set but before the line 

was run, a correction was made to the chart position of each buoy. 

Water depth along the line of buoys was recorded using an Edo Model 578 
precision depth recorder aboard the survey vessel. The paper record is made 
on rectangular coordinates at a depth scale of 1 cm (recording chart) per 1.28 
m water depth. Chart speed through the instrument is 5.08 cm/min which corre¬ 
sponds to a horizontal scale of 1 cm (recording chart) per 6.09 m ground 
distance at a ship speed of 10 knots. Frequency of the sounding signal is 80 
kHz. The acoustic cone angle between half power points is 8 degrees. Draft 
adjustment, power supply frequency adjustment, and depth check were made prior 

to each run. 
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The line of buoys vas followed by the survey vessel in making ®/un- 
liaximum use was made of multiple buoy sightings ahead of the ship. Compass 
heading was observed continuously and a run was not considered acceptableu 
less a constant angle of crab was maintained during a run. This last Pr®c«utioi 

insures that the ship does not drift systematically away from the fixed line 
between buoys due to cross currents. The strip chart was marked as each buo} 

was passed abeam. On each day of survey the line was run twice. 

Sand Waves on Profile A-B-C 

Although comparisons among runs of the profile taken at differem. times 
reveal substantial differences, there are gross features of the bathymetry 

along the line that are more or less unchanging. It is th®se 8ros® ®8£ec ® 
that are to be described in this section. The changes with time wiil be treat 
ed in a foilwing section. Among the gross aspects of the profile, the most 

obvious is the presence of larger sand waves on the seaward half of the Pr°“le* 
in contrast to the presence of smaller sand waves on the landward half of the 
profile (Fig. 5). In the paragraphs below the larger features ere first 

described. 

The trough to crest height of the largest seaward sand waves averages 

1.9 m. The measurement refers to the vertical distance betwean 4 “f** 
the trough that is situated immediately seaward. Water depth to the shoaleat 
sand wave crest averages 5.0 m relative to HLW. Most of the sand waves on this 

part of the line are of approximately the same height. There is ™ 
indication of an increase in height with distance along the seawards part of 

the transect. 

Wave length of the seaward sand waves was determinedly means of spect .al 

density analysis (Wordin and Algert, 1966; Wordin, 1968; Grictoore, ^7°). 
The peak of the spectrum (Fig. 5) corresponds to a wave length of 274 m. The 
mean of the spectrum, an alternative characterization, is 21 m. T° obtainthe 

spectral analysis, the original record of the run for December 29, 1969, was 
digitized at record intervals of 0.847 mm. Water depth was fasured relative 

to ULW. In calculating ground distance, adjustments were made for ^1 
ferences in speed of the survey vessel between each pair of buoys along t e 

survey line. 

Overall slope of toe bottom along the »hole line Interferes ^ 
analysis. A filtering procedure designed for slope removal was performed by 

fiHng a 101-point moving average of the water depths. In a final pro , 
elevations were calculated for each point relative to this mean surface. The 

resulting data set is characterized by a mean of zero. .Elevatlo"%are 
ized by setting the maximum deviation from the mean surface equal t0 unl^; ®"d 
changing all other values in the data set proprotionally. The actual spectrum 
was obtained using the fast Fourier transform method embodied in a computer 

program written by my colleague, Dr. W. D. Stanley. 

The asymmetry of the seaward sand waves is pronounced. Long gentle slopes 
on the backs of the features are inclined landwards; whereas, shorter, steeper 

slopes forming the forefronts of the features are inclined seawards. Back- 
slopes average less than one degree; steeper forefront slopes average 1.5 

degrees and occasionally reach 6 degrees. 
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In contrast uith the fore£oin? features, the sand v/aves on the landwards 
part of the profile are smaller and shorter. The average trough to crest 
height of the largest uaves in this group is 1.4 m. Water depth to the crests 
of the shoalest sand wave averages 5.2 m below ÎILW. There is a rather strong 
indication that the height of the waves decreases with distance from B towards 
C, but the amount of decrease is less than 0.5 m. Sand waves essentially die 
out on the inner 0.5 km of the transect except for a single feature near the 
Inshore end of the line. 

Wave length of the inner sand waves was clso determined by means of spec¬ 
tral analysis (Fig. 5). The peak of the spectrum indicates that maximum power 
is contained in a sinusoidal component whose wave length is 86 m. The mean of 
the spectrum is 93 m. The principal component dominates over other nearby fre¬ 
quencies to a greater extent than is the case for the peak frequency in the 
seawards part of the profile. The inner sand waves are more regular in spacing 
and height and better fitted by a single sine wave than are the larger sand 
waves present on the outer part of the line. 

The profile form of the inner waves is asymmetrical-trocholdal in contrast 
to the asymmetrical form of the outer sand waves. A few of the inner waves 
occasionally approach a perfectly symmetrical trochoidal form. When this is 
the case for a wave, both seawards and landwards slopes are concave upward, and 
the crest is quite peaked. This aspect of the features is emphasized by the 

vertical exaggeration in the field record, but nevertheless when allowance is 
made for this distortion, the slopes near pointed tops are seen to approach the 
angle of repose of the sediment. Host of the time, and over most of the pro¬ 
file, slopes of the inner sand waves are »»ell below the angle of repose, as is 

also the case with the larger outer sand »•»aves. 

The contrast in sand wave length, asyrmetry, and height between the outer 
part of the whole profile and the inner part of the whole profile is marked. 
The line of division between the two sections is not sharp, but it appears to 
be located between 900 and 1000 n west of point 3 on the profile (Fig. 5). 
When the position of this zone of division is transferred to the transect pro¬ 
file obtained after smoothing, it is seen that the inner sand waves lie on one 
side of the high point, or divide, and that the outer larger sand waves lie or 
the other side of that point on the profile. The high point, or divide, sepa¬ 
rates North Channel from the unnamed channel to the south (Fig. 3). There is 
apparently some difference in near-bottom tidal current regimes on either side 
of the divide. 

Small Scale Features of the Sand Waves 

Certain small scale features of the sand waves are sufficiently common 
among the set of sequential profiles to warrant description. Tnese features 
Include the catback profile, the foreslope step and hole, and some very small 
order features discernable on the profile traces. 

The term catback was first used by Van Veen (1935) to describe some unique 
profiles of sand waves surmounting the great tidal sand ridges of the North Sea. 
The term denotes a profile humped at one end and terminated at the other end 
by a small higher pointed peak from which the bottom drops off abruptly into 

deeper, water. Features cf this form are common to both inner and outer 
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sections of the present profiles (Figs. ?A1S 61)1, 6F1). The surmounting peak 
often rises 0.7 m or so above the top of a sand wave. Peaks occur at the top 
of the foreslope of an asymmetrical sand "ave, or in the center of a wave pro¬ 
file, or on the forefront slope itself. Presence of the features in identical 
positions on repeated profiles indicates that the peaks are not spurious re¬ 

cords due to surface water wave motion. 

On the foreslopes of asymmetrical sand waves occasionally there are step¬ 
like features that interrupt the slope as it descends into the trough (Figs. 
6B1, 6B2, 6E1, 6E2). The more or less horizontal surface of a step is approxi¬ 
mately 150 m in width. The diop at the edge of this surface is approximately 
0.6 m, beyond which the foreslope continues downwards into the trough. The 
edge of the step often bears a small peak. There are some instances in which 
the trough beyond a step appears to be abnorvally deep, with steep sides so 
that the trough itself appears as a hole or notch in the profile (Figs. 6B1, 
632, 6D3, 6E1, 6E2, 6F1). Troughs between waves of the outer profile section 

are often complex in form (Figs. 6E1, 6E2). They are the site of holef» ex¬ 
pound smaller waves surmounted by small peaks, multiple steps, small sharply 
asymmetrical dune-like forms, undulations, and other features. Some waves of 

the outer profile, particularly those that are n(* ®tronC;¡;y 
display steps on both seaward and landward sides (Figs. 6C1, 6C2, 6C3, 6C4). 

It is quite possible to separate waviform bottom features on the echo¬ 
sounding record from oscillations due to surface water wave motion if the 
apparent periods of the two are substantially different. At an acoustic cone 

angle of 8 degrees and a water depi.h of 6 m, a bottom area 0.8 ra across is 
insonified. At a ship speed of 10 knots, this distance corresponds to a record 

length of 1.4 mm, or 1.65 soc. Thus fear.’.res 0.8 m in wave length 
tom can be distinguished from the average surface water wave motion which has 
wirf Of 5\ec. When the ship moves In the direction o' eurface w.ter wave 
propagation,*88 we. usually the case, the effective period of the aurf.ee wevee 

becomes 15 sec, and small features on the bottom are even less confounded. 

It is evident that much of the profile conmonly bears small waviform fea¬ 

tures on its surface (Figs. 6E1, 6E2, ÔF1). These irregularities are 
approximately 10 m in wave length and 0.3 m in height and may be small sand 
waves or dunL. Direct observation by divers will ultimately resolve this isaur 

The features are often strongly asymmetrical in profile. A u 
shows small features on one face of a large sand wave and an absem-eofsimilar 

small features on the other face which is usually the steeper sida of the sand 
wave (Figa. 6B2, 6F1). Another occurrence shows small asymmetrical features on 
both sides of a largit sand wave (Figa. 6C1, 6E2). In this instance, the sma 
features on both aides commonly face upslope in the direction of shoaling. 

Bottom sediment along the profile is medium-grained sand. Coarsest quartz 

grains in each of 15 samples taken from the profile range from 3 to 7 ““J* 

diameter with no systematic variation along the profile. The weight of 
finer grained than 0.062 mm ranges from 1.7 to 0.7 percent amongthe samples. 
Moat of the samples contain 10 percent of coarse-grained broken worn shell 
fragments. Both the shell fragments and coarse quartz particles are iron- 

stained giving the samples a brownish coloration. 
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Changes in Tand Uaves on Profile A-B-C 

The most obvious change vi.th time in the sand vavos on profile A-B-C is 

in the height of the features. Among the 21 successive profiles, 5 show the 
bottom undulations to be low in relief, rou.'ded in profile form oarticularly 
at sand wave crests, and free of irregularities along the surface. In co®“ 
trast, 8 profiles show the bed waves to be high in relief, sharp and peat- 
particularly at sand wave crests, and frequently marked with sharp irrer a* “ 
ties on foreslopes and in troughs. Steepest slopes found anywhere in *■ w o ® 
ensemble occur in this set. Some of the slopes among the forms in th' 8ro**P 

are as steep as 24 degrees. These steep slopps are usually near f^e^8 
sand waves and occur on the seaward side of the outer asymmetrical ^ 
the inner asymmetrical-trochoidal features, the steep angle of rep 
comprise the aforementioned sharp trochoidal peaks (Fig. 6A1). 

i hâIf-cArclös 
Survey dates of records in the low rounded class, denoted . 

in Figure 7, and dates of records in the high peaked class, ^e’{ecurïenÎ 80 
gles, are entered in the time-series plots of tidal height, t^‘ ^ ^ 
strength, tidal current dominance, and wave or swell height 
readily seen that there is no correlation of the two classes " swell 

data. There is a strong correlation of the classes with 0£ severai 
data. Dates of the low rounded records correspond to that - r£flce water 

months duration in which there are frequent episodes of neriods 
waves or swells. Dates of the high peaked records corresr „aves or 

during which there áre infrequent épisodes of high surfa' i.e the value 
swells. A surface water wave height of 1.5 m (5 ft) aF'arg ?-ig'an¿ hence 
that best separates high waves or swells from low wav*®^ time- 
low records from peaked records. The actual statist^cjlot observatlons of 

series diagram is the average, for eacn day, of eipit . . „ „..j ln 
wave height and swell height. For each of the 3-lourF <*■ ^ de¿eIldlnf, on 

computing the average, either wave height or swe-1 •* 

which is larger. 

An analysis of the dates of the low rounded gt'UP of ioÎq’ 

with one exception, they occur between October 6, to which 
The one possible exception occurred on April 25, -'69, a 

there is no continuous analyzed record of wave an swe 6 ® . f.r nftVi.r>her 
tlon. The most characteristic member of the groip is c e rec°r 

8, 1969 < Sand waves are lower and more rounded m ^®co . . first 
other. Examination of Figure 7 shows that Octoter 6, > * 11 «moIIs No 
survey made following a 5-day period of unusual-y hiß ^av®8 a nf,ri0d from 
peaked, end hence contradictory, recorda were otalned during the period from 
the beginning of October to the end of Decerfcer. It seevs very Ukely that the 
period of low rounded profile types extends be*ond December per f 
April, but no recorda were taken during thla p<rlod oyAng to unevelleblllty of 

the survey ship. 

Dates of records of the high peaked type r*nge from June 
September 12, 1969. In 1970, records of this sane type were obtaln g 
12 and on September 9. Thus it would appear that this type of r«cord occurs 

from May to September, a period of 5 months. There is an n ca tvoes 
cords obtained in May and June, although showing high pea es » 
are not extreme; whereas, records taken later on in September show t e max 
development of high peaked forms. This latter month shows very ew occurrenc 

of surface water waves or swell height greater than 1.5 ro. 
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The maßnitude of the change in sand wave height during the year is consi¬ 

derable. First, vxith reference only to the seaward part of the profile, and 
with reference only to highest sand waves on each of the records, the height 
ranges from a minimum of 1.46 m to a maxirun of 2.50 m, an increase of /1 per¬ 
cent. Second, with reference only to the landward part of the profile, and 
again with reference only to the highest waves on each of the records, the 
height ranges from a minimum of 0.92 m to a maximum of 2.13 m, an increase of 
232 percent. The landxvard sand waves which are asynmetrical-trochoidal in pro¬ 

file undergo more than a seasonal doubling in height during the year and 
experience a greater change in height than do the seaward sand waves which are 

asymmetrical in profile. 

A question that is closely related to change in sand wave height is whether 

an increase in height is due only to a build-up of the crest, or an in” 
crease in height is due only to a deepening of the trough, or whether the 
observed increase in height is due to both crest build-up and trough deepening. 

Examination of the data from the profiles indicatos that both crest build-up 
and trough deepening occur when the height increases. Relative to tILVT no sand 

wave was observed with less than 4 m of water atop its crest. 

In addition to changes in sand wave profile and height with time, arf 
also significant changes in sand wave position during the 17-month observation 
period. It was found possible to identify corresponding sand waves from record 
to record with essentially no uncertainty despite one time g*P of four months. 
The average time gap between successive surveys was 24 days. Slowness of sand 
wave migration relative to elapsed time between surveys is what makes crest 
matching certain and error free. The time-position history of 36 different sand 

wave crests or troughs was followed during the total period of study. 

üirration rates of sand waves on the profile were determined from plots of 
crest, or trough, position against time, so-called travel-time plots (Fig. 8). 
The slope of the best fit travel-time line is equal to the migration speed o 
a sand wave under study. Preliminary examination of the travel-time plots re¬ 
vealed that there was an irregular linear trend to the travel-time curves, and 

for this mason linear regression analysis was used to fit straight lines t 

the observed data. Linear regression analysis, as is well-known (Sokal and 
Rohlf 1969), assumes that one of the arguments, either time or position in 
this study, is error free. Since the date of each successive survey was known, 
this argument was taken to be error free, and hence is taken as the independent 
variable. Position of a sand wave was taken as the dependent variable. Thu 
the line of fit that was obtained in each instance was the regression of sand 

wave position on time. 

The relevant statistic obtained from the repression analysis Is the repres¬ 

sion coefficient, which le the slope of the line of régression of sand wave 
position on time. A regression coefficient, or slope, was obtained by the con¬ 
ventional least squares method for each of the 36 sand waves studied. The 
units of the regression coefficient are length per time. It was convenient to 

choose meters per year to express sand wave migration rate. 

Examination of Tables I and II reveals that the maximum sand wave travel 

rate was 150 m/yr. The direction of travel was seawards. The aanJ í““ 
volved in this motion was situated at the extreme seawards end of the profile. 

The rate may be somewhat in doubt because only four successive runs were 
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available for this feature. It exited beyond point A on subsequent runs. The 
other extreme sand wave mip,ration rate observed Tías 15 m/yt (Table II). For 
this wave the direction of travel was landwards. This wave is in the landwards 
section of the transect where the bottom features are asymn)etrical”trochoidal 
in profile form. This wave is one of two on the entire transect that showed 
a landwards direction of travel. The average of all the 36 migration rates is 

40.2 m/yr, and the direction is seavrards. 

It is seen in Tables 1 and II that sand wave travel rates differ between 
the landwards and seawards sections of the transect. Landwards of a point ap¬ 
proximately 760 m west of point B on the transect, most sand wave migration 
rates are less than 34.0 ra/yr; whereas, seawards of that division, travel rates 
are greater than 34.8 m/yr. If valid, average migration rate of sand waves on 
the landward segment would be 22.2 m/yr; whereas, average migration rate of 

sand waves on the seawards segment of the transect is 63.1 m/yr, or nearly 
three times as great. Direction of sand wave migration is seaward? in both 

segments. 

The question naturally arises as to whether there were a sufficient num¬ 
ber of successive observations of the sand waves to warrant ac‘Cptance of the 
calculated migration rates. A significance test for regression coefficients as 
given by Sokal and Rohlf (p. 420) was used to answer this quation. In the pre¬ 
sent instance, the calculated regression coefficivmt was tes-ed against a 
regression coefficient of zero, i.e., zero migration rate. The significance 
test indicates the probability that an observed differenc-J in regression coef¬ 

ficient from zero would occur by chance alone. 

With reference only to the 1C features on the sef'iard segment of the 
transect (Table I), 8 of the regression coefficients obtained were significan 
at the 0.05 level or better; 14 were significant at the 0.20 level or better. 
That is to say that there is only a 5 percent probability, or less, that a re¬ 
gression coefficient as large as that obtained would occur by chance alone if 
the true regression coefficient were actually zero. At least one-half the cal¬ 
culated migration rates, and perhaps all but two, are deemed significant. It 
is concluded that the large outer asymmetrical sand waves are actually migrat¬ 
ing. Those closest to point B yielded the least acceptable significance teste. 

With reference only to 20 features on the landward segment of the tran¬ 

sect (Table II), 16 of the regression coefficients obtained were considered 
not to be significantly different than zero, the test yielding values of 3.40 
or larger. This figure indicates that 40 percent of the time one would expect 
to obtain regression coefficients as large as those obtained if the true 
regression coefficient were actually zero. It is concluded that aymmetrical- 
trocholdal sand waves found on the landwards part of the transect are not 
migrating, at least not within detectable limits of the experiment. 

For those large asymmetrical sand waves that were found to migrate signi¬ 
ficantly, 95 percent confidence limits were calculated for the migration rate. 
It is seen in Tables I and II that the statistically justifiable conclusion is 
that these waves migrate at rates greater than, say, 15 m/yr but less than, 

say, 100 m/yr. 

Detailed examination of the travel-time curves indicates the existence of 

some instances in which sand waves appear to move oppositely to their long term 
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seaward motion. Come of these instances arc supported by several successive 
surveys, each of which shows a r^tro<»rade motion. The fact that not all the 
sand waves are affected at the same time lends credence to actual retrograde 
motion rather than an explanation based on posttioninp error. An example is 
shown in Figure C, sand wave number 5, late August and September. 

The fluid envirnome it of the sand wave area is comprised of many factors 
all of which vary with time. In Figure 7 the variation during the 17-month 
observation period has been shown for tidal height, tidal currents, fresh water 
run-off, wind speed, and wave or swell height. As regards tidal height, for 
each day the forecasted higher high water and lower low water elevations were 
obtained from tide tables for a point near the transect. As regards tidal 
range, for each day the larger range from high water to following low water was 
plotted. Synodic variations dominate the plof. As regards tidal currents, a 
plot is presented for the shoal top (Station 9, Fig. 3) of the variation in max¬ 
imum forecasted ebb velocity at the water surface and miximum forecasted flood 
velocity at the water surface. There is a strong correlation between tidal 
range and tidal currenc speed. A plot is also presented of the difference, or 
residual, of ebb and flood tidal currents. Surface ebb currents are dominant 
at Station 9 on a time basis during the 17 months and also in the magnitu e o 
the residual velocity. Data are also plotted for the sum of the fresh water 
discharges of gauged rivers that enter Chesapeake Bay. Destructive flooding in 
the Appalachian fountains following the rains from hurricane Camille are evi¬ 
denced in August, IS69. Also shown is wind speed at a light tower station off 
the entrance to Chesapeake Bay. Individual data points are daily averages of 
eight 3-hour observations. The wave height or swell height data have been de¬ 
scribed in a previous paragraph. Finally, surface salinity is given for the 

entrance area. 

Discussion 

The finding, in this study, of large migrating tidal sand waves whose 
slopes are everywhere substantially less than the angle of repose of the con¬ 
stituent sediment, requires an explanation different from that usually given 
for the mechanism of sand wave movement under unidirectional flex», with nacK- 
slopes and foreslopes of 1 degree, or thereabouts, and at near-bottom flow rater 
less than 1 m/sec, significant boundary layer separation at a sand wave crest 
is unlikely, there ia no lee eddy, there is no avalanche slope, and hence the 
usual mechanism of sand wave advance by the continued forward building of 

avalanche faces is infrequent or non-existent. 

By prior usage, these low-slope forms would be termed para-ripples (Bucher. 

1919) if symmetrical or nearly symmetrical and lacking grain assortment, 
would be termed accretion ripples (Imbrie and Buchanan, 1965) if asymmetrical 
in profile form, the term, accretion, being taken from Bagnold s (1941) term, 

accretion deposit, which denoted gently sloping, curved, tapering aeolian 
cross-strata lacking conspicuous grain assortment. Although the last pair of 
authors did not observe the actual formation or movement of accretion ripples 
in their study of Bahamian deposits, they concluded from other evidence that 
accretion deposits with set thicknesses of 2.5 to 15.0 cm are formed by high 
velocity currents at least one-half meter thick moving down the lee side of an 
accretion ripple or other migrating embankment. They reasoned that accretion 
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deposits, and hence accretion ripples, vere fornod at current speeds greater 
than those required to form avalanche faces but still In the lower flow regir«. 
In the following paragraphs &n alternative mechanism is presented for the mi¬ 
gration of low-slope sand waves under reversing unequal tidal flow at velocities 

substantially less than F * 1. 

Near-bottom critical erosion velocity varies with bed slope (White, 1940; 
Vanoni et at., 1966), a lower downslope flow velocity being required to initi¬ 

ate sediment motion on a sloping bed than on a horizontal bed because the 
downslope component of gravity aids entrainment. The form of the relationship 

is 

V(, = (tan “ cos 0 - sin A) 

where Vc is the critical flow velocity for initiation of sediment motion and 
is measured near the bed; Kj, is a dimensional constant that includes the ef¬ 
fects of particle size, shape, and density as well as fluid density; « is the 
under-water angle of repose of the sediment; and 0 is the slope of the bed 
measured positively downward from horizontal in the direction of fluid flow. 

As seen earlier in this paper, small bedform migration speed when related 

solely to fluid flow velocity, is not unreasonably given in the form. 

cr = K2 (V - Vc)n , V » Vc 

where cr is bedform migration speed, K2 is an empirical constant and depends 
on the choice of measurement units, V is the fluid flow velocity measured near 
the bottom, Vc la the critical pick-up velocity as in the preceding equation, 
und n is an empirically determined constant that appears to depend on size of 

the bedforms, particle size, and probably other factors. 

If the previous expression for Vc is substituted in the equation above, 

small beform migration speed, cr, is then given In the resulting equation as 
a function, primarily, of bed slope and near-bed fluid flow velocity. Consist¬ 
ent calculation of bedform migration speed on beds of different slope can be 
made if the various constants are assigned reasonable values. In the analysis 
that follows, “ is taker, as 30 degrees, is taken as 0.4, which value gives 
Vc an acceptable magnitude in meters per second when 0*0 degrees, K2 Is taken 
as 200, which when coupled with n - 2.5 gives a relationship between bedform 
migration in meters per day and fluid velocity in meters per second not unlike 

those of other workers (Fig. 1). 

Now under tidal flow of knoim or assumed velocity near the bed, the equa¬ 
tion can be used to estimate small bedform migration speed. To model sediment 
transport conditions on sand waves similar to those found on the subject survey 
transect, it is further assumed that near-bottom ebb velocity, Ve, is constant 
and greater than near-bottom flood velocity, Vf. Duration of ebb and duration 

of flood are each taken as 6 hours. Ilodel sand waves for the area have a wave 

length of 200 meters and foreslopes and backalopes are equally Inclined at 1 

degree from the horizontal. For purposes of analysis, foreslopes and back- 
slopeu are divided into serially numbered cells, each of which is 5 meters in 
length. 
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The results of n sample computation usine the equation described above are 

illustrated in Figure 9, where ’'e is assumed to be 0.A2 m/sec and Vf la assumed 

to be 0.A1 m/sec. Residual migration is seaward on both elopes. This J“'“" 
tion obtains if ebb flow velocity exceeds flood flow velocity by more than 

0.009 m/sec. 

Under ebb flow, small bedforms that have been moving rapidly downslope are 
slowed when an ups lope is met. This slowing-down by itself would be expected 
to produce .a contraction in cr*8t-to-v rest bedform spacing of the small bed- 
forms on the upslope. This is tantamount to an increase in sediment thickness 
per unit length of upslope as compared to the thickness of moving sediment per 
unit length of downslope. Bumper-to-bumpcr automobile traffic occasioned by 

slow passage through a tunnel is an analogy. The ratio of the number of bed” 
form crests per unit length of upslope to the number of bedform crests per un 
length of downslope is given by cred/ creu, where the numerator is bedform mi¬ 

gration rate on ebb flow on a downslope, and the denominator is bedform 
migration rate on ebb flow on an upslope. Under flood flow, the relative 
increase in sediment thickness on an upslope is corresoondingly given by crfd/ 

Crfu* 

It is inferred from the foregoing that the slowing-down of bedform migra¬ 

tion rate on adverse slopes is responsible for the development of sediment 

steps seen on the sand wave profilée that were described and figured earlier in 
thia paper. Steos were found on both forealopea and on backslopea of aand waver 
giving the waves a "head-and-shoulders" appearance. The coomon complexity of 
the bottom seen in troughs betwean large aand waves la thought to be due to the 
change in bedform migration rate at that place, both on ebb and flood flows. 

At the top of the large sand waves where the slope of the bottom is more 
or less levai, the ebb-dominated tidal flow causea a net seawards sediment mo¬ 
tion which, over time, fills the pocket on the seaward side of the feature 
between the crest and the seaward step. By these mechanisms, the Urge aand 

wave* are believed to migrate seaward. 

The expUnatloft given above singles out small migrating bedfortna as the 
main cauaal agent for movement of the Urge bedforma; however, obaervationa by 
scuba divers have shown that there is. In addition to the small bedforma, a 
cloud three feet thick, or thereabouts, of moving sediment and water in contact 

with the bed when tidal currents ore ilowing. Thia moving sediment probably 
aUo pUya an Important role in migration processes of the large send waves. 
The equation presented above can be used to explore consequences of such move¬ 
ment by assigning a Urger magnitude to the constant, K2. This alteration 
allows for the much greater mobility of the aediment-vater cloud as compared to 

small migrating bedforma and yet maintains the effects of upslopes and down- 

slopes on speed of sediment motion. 

Trajectories of particles for one ebb-flood cycle under different ebb and 
flood velocities were examined using the equation. One sediment particle was 
petitioned initially in each cell of the model sand wave referred to above. 

The InltUl departure of a partida from a call waa danotad b*J;h* .. 
The coming-to-vest of a particle in a cell at th. end of ^ 
was danotad by the symbol, +1. Tha algebraic sum of the lossesandgaina in 
each call aftar one ebb-flood cycle indicates the net accumulation or net 



renoval of sediment from that cell. Trajectories that begin on adjacent sand 
waves affect the outcome on a central sand wave to which Interest was princi¬ 

pally directed. 

Results obtained Indicate that for most reasonable combinations of ebb and 
flood velocities there is an accumulation of sediment on seaward-facing slopes 
and In troughs between sand waves. Minor erosion or zero net change occurs in 
cells positioned elsewhere along the sand wave profile. 

The migration rates of the larger seaward sand waves, as veil as the tra¬ 
vel rates of the Inner asymmetrical-trochoidal sand waves, are slow compared to 
the probable movement rates of sediment ripples and the even faster translation 
rates of the cloud of moving sediment and water near the bottom. This dispari¬ 
ty in relative travel rate requires the existence in the bed of a traction layer 
at least 30 cm thick. It seems likely that there is net sediment transit 

through the sand wave field In this upper surface zone. In this sense the 
large sand waves may be likened to the kinematic waves described by cloud mete¬ 

orologists, traffic engineers, and queuing theory mathematicians. These 
kinematic waves, either stationary or moving, result from local bunching-up of 
particles, or automobiles, or unit parcels due to a change in forward velocity 
of the units. Nevertheless, the units pass through the waves. It would appear 
that considerable development and extension of this analogy should be possible. 

The migration and profile form of the sand waves on profile A-B-C shed 
some new light on the configuration of ebb-dominated and flood-dominated tidal 
flows in the sand bank area of Chesapeake Bay entrance. Judged from findings 
presented above, the unnamed shoal on which profile A-B—C is situated (Fig. 3) 
is an embryonic flood parabola, in the usage of Van Veen (1936, 1950), i.e., a 
parabolic-shaped shoal open co flood tidal currents. The seaward-facing asym¬ 
metrical, faster-moving sand waves of limb A-B and part of B-C are apparently 

located on the flank of what Hayes (1969) has termed an ebb spit. This is a 
long trailing tail of a flood parabola (Fig. 1C). This section is exposed to 
ebb currents which are quite strong because of the convergence of channel mar¬ 
gins. Flood currents in this position outside the limbs of the parabola are 

much weaker than the ebb currents. 

Limb B-C is chiefly through smaller asymmetrical-trochoidal sand waves 

that also face seawards. These waves apparently owe their more symmetric form 
and low migration rate to flood currents which somewhat offset the oppositely 
directed powerful ebb currents. The ebb currents are not as strong in this 
section as in section A—B because there is much less channel constriction. The 
flood currents are stronger over this section (B-C) as is consistently the case 
for flow between horns of flood parabolas. Nevertheless, as shown in Figure 

A, ebb-directed currents still exceed flood-directed currents. 

The sand bank area in the entrance to Chesapeake Bay is contiguous with 

the sand ridge and swale bathymetry of the continental shelf off the eastern 
United States (Uchupi, 1968). The question of the origin of that bathymetry 
is not markedly clarified by the present study because the tidal currents inso¬ 
far as they are known are so appreciably different in strength between the two 
areas. Findings of the present study relate chiefly to shoaling in tidal en¬ 
trances or to areas like Nantucket Shoals or Georges Bank where bottom currents 
are strong enough to move substantial quantities of sand-sized sediment. 
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Conclusions 

The following are the principal conclusions reached In this study: 

1. In close proximity, on a shoal In the tidal entrance to Chesapeake Bay, 
there are large asymmetrical searard-facing sand waves and smaller 
asymmetrical-trochoidal seaward-facing sand waves. The large features 
are approximately 270 m in wave length and 1.9 m in average height. 
The smaller features are 85 m in wave length and 1.4 m in height. 
Both waves lack avalanche slopes; the average slope is 1 degree or 
less but slopes up to 6 degrees occur occasionally and in the extreme 

reach 20 degrees. 

2. The asymmetrical-trochoidal waves occur on one side of a bathymetric 
divide atop a shoal; the asymmetrical sand waves occur on the other 

side of the divide. 

3. Profiles of the sand waves display catback shapes, sediment steps on 
one side or on both sides of central sand waves, and holes or other 
irregularities, especially in troughs between sand waves. Small sand 
waves, 10 m in length, 0.3 m in height, display avalanche slopes and 

commonly face upslope on both sides of large sand waves. 

4. A survey line across the aforementioned features was surveyed 22 times 
over a 17 month period. The large asymmetrical sand waves migrate 
seawards at rates between 15 and 100 m/yr and average 63 m/yr. These 
rates were shown to be significant statistically. The smaller asym¬ 

metrical-trochoidal sand waves could not be shown to be migrating 
within the detection limits of the experiment. 

5. The sand waves studied were shown to be located on the margin of what 
is probably a flood parabola (Van Veen, 1936); the large asymmetrical 
sand waves were on the ebb-dominated flank of the ebb spit (Hayes, 
1969); the small asymmetrical-trochoidal oand waves were on the ebb- 
dominated shoal top but so situated as to be subject to strong flood 
flow emanating from a flood-dominated channel between the horns of the 

flood parabola. 

6. The low-slope sand waves lack avalanche slopes and are believed to mi¬ 
grate under the existing subcrltlcal flow conditions by the 
construction of sediment steps or secondary waves on sand wave flanks. 
These steps or secondary waves represent accumulations due to upslope 
slowing down of small migrating bedforms. Sediment transport on sand 

wave crests, by small migrating bedforms, fills the pocket between the 
crest and the step or secondary sand wave. Under abb-dominated flow, 
this filling occurs more rapidly on the ebb side than on the flood 

side of the wave, thereby causing an apparent ebb migration of the 

entire large wave. 

7. Sand waves were seen to undergo a pronounced seasonal change In profile 
form. From Hay to September, profiles showed relatively steepened, 
higher, peaked forms; whereas, from October to April, profiles showed 

lower rounded forms for the same sand waves. The apparent cause Is the 
near absence of surface water waves or swell higher than 1.5 m from 
May to September; whereas, surface water waves and swell higher than 

1.5 m occur frequently from October through April. 
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Figure 1. - Various proposed relations between the 

migration rate of undulóse bed forms and unidirectional 
fluid flow velocity. Ilote the differences in size of 
feature, v/ater depth, and definition of velocity used. 
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Figure 2. - Chesapeake Bay, the tidal entrance, and 

the study area of shoals and tidal channels. 
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Figure 3. - The sand bamc and tidal channel area 
of Chesapeake Bay entrance. See Figur<; 2 for location. 
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Figure 4. - Tidal current speeds in North Charme1 
(Station 3195, October 16-19, 1963) and atop a sand bank 
(Station 9, September 15-22, 1952). See Figure 3 for 
locations. Total depth at Station 3195 is 56 ft; current 
data are for a point 18.5 ft above the bed. Total depth 
at Station 9 is 16 ft; current data are for a point 5 ft 
above the bed. Estimated bed shear stress, tc, Is given. 
Observed speeds were corrected to mean tidal range and 
averaged over 6-12 tidal cycles. I'd is median diameter 
of the bed sediment, Zq is the roughness length estimated 
from vertical velocity profile, ks is the height of bot¬ 
tom roughness elements deduced from z0, and is the 
critical shear stress, calculated from Shield's entrap¬ 

ment diagram. 
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Figure 5. - Sand waves on profile A-S-C on Decem¬ 
ber 29, 1969. Numbers designate sand wave crests and 
troughs for reference. The second profile is obtained 
by smoothing the first. The third profile is obtained 
by subtracting the second from the first. The lower 
diagrams are spectral density analyses of the indicat¬ 

ed sections. 
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Figure 6. - Depth recorder profiles from parts of sur¬ 

vey line A-&-C (see Fig. 3). lumbers under sand waves 

correspond to those of Figure 4. Vertical exaggeration Is 

approximately 47X. Seaward is to the right, landward is to 

the left on each record. Al, asynuetrical-trocholdal highly 

peaked profiles of short wave length sand waves, September 

12, 1969. A2, same features on 'iovenfcer 8, 1969, showing 

low rounded form. A3, asymmetrical profiler, of long wave 

length, with 6° foreslopcs, September 9, 1970. A4, same, 

showing low rounded form on liovember 8, 1969. Bl, step and 

hole on May 12, 1970. B2, same on June 27, 1969. B3, step 

and hole on November 25, 1969. Cl, step on two sides of 

sand waves, on July 31, 1969. C2, same on August 28, 1969. 

C3, step on two sides of sand waves, on July 31, 1*69. C4, 

same on Auguat 28, 1969. Dl, catbacks, or. September 9, 1970. 

El, complex trough topography on June 5, 1969. E2, same on 

June 5, 1969, second run of line, n, small scale sand 

waves and other minor features, on June 27, 1969. 
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Figure 7. - The dynamic environnent of Chesapeake Bay 
entrance during the survey period. Heavy horizontal lines 

mark survey dates on which sand waves on profile A-B-C were 
notably high in relief and sharply peaked. Triangles de¬ 
note these lines; the lowest number indicating the most 
characteristic record of this class. Dashed horizontal 
lines mark survey dates on which sand waves were notably 
low in relief and rounded. Half circles denote these lines; 

the lowest number indicating the most characterestic record 
of this class. Light horizontal lines mark survey dates on 
which sand waves were neither notably high nor notably low 

in relief. 
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Figure 8. - Typical travel-time curves for sand 

waves on the outer end of profile line A-B-C. 

035 



1 D
 



Figure 9. - Upelope end downslope estirated ripple 

nigratioa ratee for ebb and flood flous over an idealizad 

sand eave. 
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TABLE I 

Ulgratlon Races of Sand Waves on the Seaward Segment of 
Tranaect A-B-C in the Entrance Area tu Chesapeake Bay, Virginia 

sand Wave 
Designation 

1 T 
2 C 

5 C 
6 C 
7 T 
8 C 
9 C 
10 T 
11 T 
12 C 
IS c 
14 C 
l) C 
18 T 

Regression 
Coefficient 

WyQ.— 

-ISO 
- 61 
- 72 
- 63 
- 89 
- 37 
- 52 
- 60 
- 54 
- 49 
- 82 
- 62 
- 43 
- 33 
• 44 
- 33 

Significance 
P- 

<0.20 
<0.01 
<0.01 
<0.20 
<0.001 
<0.20 
<0.02 
<0.02 
<0.01 
<0.10 
«0.01 
<0.05 
<0.20 
«0.40 rs 
<0.20 

«0.50 MS 

952 Confidence 
Llsdts 

(«/yrj- 

-102-402 
- 19-118 
- 31-112 
- 37-163 
- 48-1» 
- 18-93 
- 14-90 
- 19-140 
- 24-83 
- 10-108 
- 37-127 
- 11-113 
- 1:-99 

- 11-9^ 

Position on 
Nov. 25, 1969 

_ifii- 

A+21 
A* 305 
A-4530 
A4*90 
A+770 
A+llOO 
A+1332 
A*1408 
A+1826 
A+1931 
A+2036 
A+2291 
A+2539 
»♦134 
»♦378 
»♦370 

T • proal sent loe between sand waves; C • sand wav* crest: C • »«all crest 
between larger sand waves; MS • not significant. Motes negative regression 
coefficient indlcatee seawerd migration; positive '•freeston coefficient indi¬ 

ca tee landward «igratloo. 
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table ii 

Migration Rates of Sand Waves on 
Transect A-B-C In the Entrance Area 

the Landward Segment of 
to Chesapeake Bay, Virginia 

Sand Wave 
Designation 

17 C 
ia C 
19 C 
20 C 
21 C 
22 C 
23 C 
24 C 
25 C 
26 C 
27 C 
28 C 
29 r. 
30 C 
31 C 
32 C 
33 C 
34 C 
35 C 
36 C 

Regression 
Coefficient 

-13 
+15 
-15 
-25 
-21 
-27 
-27 
-25 
-33 
-27 
-27 
- 34 
-39 
-31 
-20 
-14 
♦ 2 
-34 
-26 
-24 

Significance 
P-_ 

<0.90 NS 
<0.93 NS 
<0.90 NS 
<0.40 MS 
<0.40 NS 
<0.40 NS 
<0.40 NS 
<0.20 
<0.20 
<0.40 NS 
<0.40 n:î 
<0.20 
<0.20 
<0.40 NS 
<0.40 NS 
<0.90 NS 
<0.90 !$ 
<0.40 NS 
<0.50 rs 
<0.40 NS 

952 Confidence 
Limits 

_kZgJ_ 

-17-66 
-14-31 

23- 91 
24- 103 

Position on 
Nov. 25, 1969 

_Í5Í_ 

8+838 
ft+960 
B+1090 
8+1260 
8+1372 
8+1471 
8+1570 
8+1655 
8+1750 
8+1814 
8+1996 
8+2094 
8+2173 
8+2262 
8+2332 
8+2402 
8+2504 
8+2944 
8+3188 
8+3377 

C • send wave crest; C • small crest Between larger sand waves; US • net 
significant. Note: negative regression coefficient indicates seaward migra- 
tIon; positive regression coefficient indicates landward migration. 
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According to Griffiths, classification is one of the basic steps in order¬ 
ing a given complex of events. Any classification scheme requires a number of 
criteria for assigning objects to classes. Tliese criteria are generally attri¬ 
butes which the individual objects have in common. Ideally, the classes that 
are established by the manipulation of the criteria are mutually exclusive and 

exhaustive. 

Obviously, the most basic form of classification is one which subdivides 
a population of individuals into two classes. The criteria used to establish 
the classes should be the ones which would most likely lead to mutually exclu¬ 
sive and exhaustive classes. Fisher (1936) proposed the discriminant function 
as a statistical method for subdividing a number of individuals into previously 
defined classes on the basis of a number of common variables considered simul¬ 
taneously. If two sets of samples can be clearly assigned to different classes 
established on the basis of a priori knowledge, they can be used to establish 
criteria for the classification of additional samples as well as testing the 

validity of the original classification. 

In setting up a discriminant function it is necessary to define, on the 
basis of a priori knowledge, two classes which are mutually exclusive and ex¬ 
haustive and to select properties of the individuals to be classified which 

will allow tha assignment of each individual into one of the two classes. 
Usually the classes chosen possess various degrees of overlap so they are not 
mutually exclusive. In this case the assignment of an unknown individual to a 
class based on the application of the discriminant function has an associated 

probability of nisclasslficatlon. 

Various refinements and modifications are possible in establishing a dis¬ 
criminant function. It is possible, for exarfla, t> test whether a function 
basad on tan properties Is es sffactive as one based on s lesser niaber of pro¬ 
perties. It la poasibla to encompass more than tvo classes by the establishment 
of a múltipla discriminant function. Thera ars also examples 01 »oth slapls 

and múltipla non-Untar discriminants. 

Discriminant analysis la a powarful multi-variate procedure which may be 
ueed in tha cUaaif ication of ob jacta. ¡; nay be applied simply as a procedure 
to find eone mean« of subdividing a p vu 1st ion Into tvo or more classas. Or, 

mora llkaly. It nay be e primary step in an attempt to eetablieh rtlatlonsMoa 
among groups of Individuels with the ultl».*“ objective of Interpreting the re¬ 
lationships between the discriminated classes and among tha propertlea of tha 

elatest which permit the discrimination. 

The discriminant function is commonly used es s cleaaifIcetlc« tool in the 
sciences. There ere literally hundred« of artlclas ranging over several disci¬ 
plinas (blologv, anthropology, psychology, medicine, economics, geology) end s 
wide variety of aubject ñauara, tome of which ara discuaaed below. 

It ia in the realm of biology that we find the first applications of the 
discriminant function. Fsrhapa the beat known esanpLe is a plonevrlng work in 
19)6 by Sir tons Id A. Maher entitled “The tee rf Multiple Measurement« In 
Taaonomic rrrblens." In this paper Maher used neasurements obtained from the 
flowers of fifty plants of each of twu apéelas of iris (1. setosa «nd K versi¬ 

color) to develop a numerical function that best classifies ami separata« tha 
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two species. Another early work is that of II. K. Barnard in 1935. In thia 
study she applied the discriminant function to distinguish between four series 
of Egyptian skulls. 

There are many other papers of anthropological, biological, and medical 
concern which make use of the technique. A few of these are mentioned below. 
Hahalanobis, et al. used the technique in an investigation of the skull char¬ 
acteristics oFfive different tribes in India, linear discriminant functions 
were applied to four dimensions of fossil milk canines of Australopithecine in 
a paper by Bronowski and Long (1952) in order to decide which of two stated al¬ 
ternatives is preferred; ape or human. Jolcoeur (1959) uses discriminan, 
analysis based on twelve skull dimensions in discussing geographic variation in 
the wolf. Cania lupus. 

One example of the use of discriminant functions in medical research is 
found in a report by Wirta and Taylor (1970) on the development of a myoelec- 
trlcally controlled prosthetic ana for above-elbow amputees. In order to make 
the arm truly effective it was necessary to determine which synergistic muscle 
gt tups in the back, chest, and shoulders would allow the subject to perform 
eight desired types of movement with minimum cognitive effort. The use of dis¬ 
criminant functions proved to be Ideal for this purpose. 

Discriminant function analysis has recently come into its 
sciences. A few applications follow below: Mellon (196*) has used the method 
to estab!Iah parameters controlling the cement distribution of sandstone. 
Griffiths (1957) differentiated between uranium bearing and barren sedimente. 
Middle ton (1962) shows that the chenical composition of sandstone ''«I** *1««- 
flcantiy with the tectonic environment of the basin of deposition. McIntyre 
(1961) used heavy minerals in a comparison of three different 
settings (glacial till, fluvioglacial delti, and beach 
shown by Potter, el el. U963) that marine and fresh vate, shales can be dle- 
tlneulshed by applying discriminant analysts to trace element contents ..n a 
saa*la. Chayes (im) uses a discriminant function to classify Igneous rocks 
plotted in a ternary diagram in terme of 3 normative end menbers. le aleo ueed 
the technique to distinguish basaltic Uvas of clrcum-ocsanie and ocnnic types. 
Sahu (1964) shows the send from verioua environments (dune, beach, ■melum 
water, etc.) can oe dletlngulshed ueing a discriminant function ***** Z*'**“11" 
el parameters. Hiller (1950 shows that the environment can be discriminated 
by the testural properties of the sedlnsmts la each environment. 

As previously mentioned. Plshsr’s discriminant function and the cloaaly 
related generalised distance «*> of UahsUnobie were developed for discriminat¬ 
ing between similar plant or animal apecur by meant of multiple measurementt. 
The discriminant faction la eaaentlally a weighted average of a set of mea¬ 
surements. The confuted weights compersato for redundancy which tends to occur 
due to IntercoTTeletlona between neasurenen’s. D2 is the »m of squares of 
differences butweer. cu»responding mean vaU»e of two sets of measurements ama 
eay be interpreted as the ‘ distance* hatween the naans of the two groupe. 

An appropriate problem for discriminación would be one l" ***/*** 
My be divided on £ Priori grounds into two or wore groups. The 
function may then be defined ss the linear Íunction which best separatas the 
croupe of Mesures. -Best** discrimination occurs when the ratio of tha bevw 
■sane of groups stem of squares to the within groups sms of squares is nesi- 
nited (Middleton, 1962). 
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The argument may also be expressed geometrically. Consider a multi¬ 
variate (K variables) sample as a point In a multi-dimensional (K) space. A 
cluster of these sample points in K dimensional space defines a population. 
A second population described by the seme variables forms another cluster of 
points. It is now desired to compute a K dimensional plane that provides the 
best separation between the two clust' rs. Any unknown sample may be classified 
as belonging to a population depending on which side of the K plane it falls. 
The locations of the populations are described by the K dimensional coordinates 
of their multi-variate means. The distance between the multi-variate means is 
a measure of the degree of distinctness of the two populations. 

The discriminant function may be developed mathematically as follows from 
Davis and Sampson (1966). A set of nj samples consisting of variables Aj, 
C, . . . K, is taken from population 1. A second set of samples (1¾) with 
the same ITvaiiablvs is taken from population 2. Then the sums of variabler, 
sums of squares at the variables, and suns of cross products for each population 
sattle art computtd. They are then used In the following series of equations 
to produce the discriminant function. 

U) Ki - LA^ 

nl 

A2 - £A2 

n2 

*1 « -fl 

nl 

*2 - r*2 

(2) ¿Ã • Ai - Ä2 

¿r • *! - *2 

«1 "2 

¡H-c:r} ♦:«!>- < i«i>2 ,<jgi>! 
ni »? 

(SSA . . . SS,, ire imbiaaed estimate* o* the pooled variances of 
the K variables 

(4) SSAg • ( lAjlje TAjIj) - 4 **a **2 
ni «2 

M * 
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SSAC - ( LA1Cl ♦ IA2C2) - tAj 3*0^ ^ EAj ICj 

"2~ 

SSAK “ 

ssit: • 

ssBK • 

SSIK-1)K “ 

AJI, AC, . . . (K-l)K r«pr#»ent all poaalbla ccmbinationa of tha K vari- 
ablaa. Tha number of co^lnattona la aqual to |K|, or In tha caaa of 4 

varlablaa /aÎ ^ • b. S5AB, SSAc, . . . ara unblaaad aattnwten . t fix' 
IJfjTl 

covartanca of th»> variable. Varlanca and covarlanca aatlaataa ara^aat into Hon¬ 
or V qua dona which ara equated to tha valúas AÀ, A», ...,,4¾ ttaoa tha 
constant (oj ♦ Oj - 2) 

(5) ssAVa 4 ssABxb 4 ssACxc ♦ • • • • 4 * **<•! 4 »2 * 2) 

SSAB*a 4 SSB»b • SSAClc -....♦ SSAIt»k - bitni ♦ n2 -2) 

a 

5SAX‘a 4 SSBltvb 4 SSCKkC 4.4 SVV * ****1 4 °2 “2> 

Tha K aUaulcanaoua aquatlona ara than solved to prcv.uca valúas of Xa, lb» 
..Xk. Tha discriminant function i la in tha form 

(6) « • 1.A ♦ ibB ♦ 'cC ♦ . . . . 4 

Bo, tha discriminant Inda» may be found by utlnt the naans of tha coaèlnad 
population aanplas in the discriminant function. 

<2> *o rAi ♦ *2 .., »i ♦ '2i. .,1^ * Ih 
*1 4 «2 nj ^nj n^ ♦ n2 

Dlacrimln.i«it valúas for each population aanpla ara found by etftotltwtint 
tha means for e*.cb oat of data into equation (6). An tmknovn aanpla nay ha aa- 
slgnad to either of tha two populations by std»atitutini tha appropriais valúa 
of tha variables Into tha discriminate function. If tha value obtained la on 
tha It aide of «o tha mrapla is assigned to population I. If on tha •* aida ti 
a ft la anaignad to population 2. linca *„ is tha computed plana which bisects 
the apace between sample clusters tha prcbablllty of mise leasifying a aanpla 
from either population 1 or 2 la equal. 
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Sine« discriminant analysis la basad on the assumption that two samples 
ara dravn from different populations It Is desirable to test the statistical 
dlstlnctnssa of the multi-variate means of the two groups. A significance test 
My ba derived from the generalised distance (1/^) of Mahalanobis. Is derived 
by Middleton (1962) by substituting the differences between the variable means 
Into the discriminant function as foliotai 

(8) D* • K.& Ã + Vt»Al ♦ XcöC ♦.♦ XfcAK 

A test of significance for the multl-varlatc means Is given by: 

(9) rK. "! ♦ n2 - K - 1 - nln2 
i (nj-HijV (nj4t»2*2Í 

nl'fn2”K"l 1 
—ï— 

a D2 

The contribution by each variable to the total distance between multi¬ 
variate Mana is given by 

(10) X contributed by A •(XgüÄ/D*)* HW 

X contributed by B •(Xbûi/D2)x 100 

Variables Mklng Insignificant contributions to D2 can be detected In this Mn- 
ner. One slight drawback Is that the equation tests only for the contribution 
of the variable under consideration and does not consider contribution made 
between variables that are highly correlated. If the variables are not truly 
Independent, their Interactions contribute more strongly to D2 than the test 
shows. Since one of tK assumptions of the discriminate function la an Inde- 
petstance of variables, known dependent variables should not enter into the 
computations. 

Equation 10 permits the elimination of variables with low contributions to 
02. These can be eliminated on succeeelve runs until the r teet (equation 9) for 
significance of difference between the saltl-varlate Mane la reduced below the 
value of the aselcned significance level. Ever, though all variables contribute 
to the function. It Is desirable to limit consideration to those that give t> i 
dealred degree of discriminâtion. 

The progrM used to ccmpute the discriminant function fur two sample groups 
la on# modified for use bv an l.B.H. 1130 computer. The original program by 
Dsvla and Sampson was for use by an I.E.tt. 1620 computer. Tha program can use 
up to 20 vartablse and have any nusber of samples in either «.imple group. Sums, 
sum of squaros, and sum of cross-products are accumulated as the date are read 
Into tha computar. Unbiased estimates of asnple variances and covariances 
(equations 3 and A) are computed and bccoM taras In K simultaneous aquations. 
These equations ere then solved for b> s nod Iflest Ion of tVm Cause " Jordan 
Mthod. The Xfc terms art constants In the linear discriminant function. 

ProgrM output consista of constant tema0i>, tha discriminant Index (^), 
tha discriminant valuta (1} and Ij). for each of the tv» frPvps, Mahal «obla ' 
feMraliaed Mstancv (D2), and tha percent contributed by each variable to D2. 
An r value for determining significance Is siso obtained. 
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It has been noted that there are two distinctive sand types found In the 
mouth of the Chesapeake Bay. The first, hereafter called the "brown" popula¬ 
tion is definitely brownish in color, relatively coarse grained, and has a low 
percentage by weight of material finer than 0.062 mm. The second or "gray" 
population is definitely grayish in color, relatively fine grained, and has a 
relatively high percentage by weight of material finer than 0.062 mm. 

There were 95 samples that were easily classified by visual inspection. 
These samples (AO brown and 55 gray) serve to establish a priori classes into 
which all subsequent samples can be catalogued by discriminant function . 

analysis. 

Four variables were chosen to build a series of discriminant functions. 

These variables and the Z scores for all samples are listed in Table I. The 

variables are as follows: 

Variable (1). Intermediate diameter of the coarsest grain, (largest quartz 

or worn crystalline rock fragment in the sample). 

Variable (2). Intermediate diameter of the coarsest hydraulically active 

shell. 

Variable (3). Weight percentage of material finer than 0.062 mm. 

Variable (A). Water depth. 

Eleven discriminant functions were built using all combinations of the four 
variables. Two "discriminated" better than the others. These were the functior 
constructed using all four variables and that using the coarsest grain and 
weight percentage of material finer than 0.062 mm. Even though the function 
using the four values is the more significant (see Table II) the one using the 
coarsest grain and weight percentage "fines" was chosen as the classlfatory 
tool. This decision may be justified by several reasons: (1) The contribution 
to Xr by the coarsest grain (96.9A%) and weight percentage "fines" (1A.03%) is 
much higher than that contributed by the coarsest shell (-11.68%) and water 
depth (0.70%). (2) Coarsest grain and weight percentage "fines" are direct 
measurements of the sample itself as opposed to water depth and are always 
easily and accurately obtained while water depth may not be. (3) There is good 
correlation between the coarsest grain and coarsest shell measurements (Ludwlck, 
1970, Appendix B, Figure 6). As the discriminant function is bases on the as¬ 
sumption of independence of variables known sets of dependent variables should 
not be included. Therefore, since the coarsest shell measurement makes a negli¬ 

gible contribution to d2, it may be eliminated. 

An Interesting comparison may be made between Figure 3 and Figure A. 
Figure 3 shows the geographical distribution of the "brown" and "gray" sands as 
determined by discriminant function analysis. Figure A (Ludwlck, 1970, Appen¬ 
dix B, Figure 3) shows the geographic distribution of the maximum grain. The 
very close (indeed, almost identical) distribution of "brown" sands and those 
samples with a maximum intermediate diameter greater than 2.5 mm. should be 
noted. The same applies for the "gray" sands and those samples with an inter¬ 

mediate diameter less than 2.5 mm. This is another indication of the 
effectiveness of the coarsest grain measurement as a discriminating agent. 
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The majority of the coarsest measurements and the "brown" sands are con¬ 
centrated in one area. Coupled with other information (such as the shape of 
the shoals and the fact that the brow coloring may be due to iron-staining) 
this cluster of samples may mark the sand banks in the aforementioned area as 
relict features which are in equilibruim with a former hydraulic regime and are 

presently being modified by waves and currents. 



Miller, R. L., 1954. A model for the analysis of environments of sedimentation. 

J. Geol., 72: 786-809. 

Potter, P. E., Shimp, II. F. and Witters, J., 1963. Trace elements in marine and 
fresh water argillaceous sediments. Gcochim. et Cosmochlm. Acta, 27: 669-694. 

Shaui B• K•j 
sediments. 

1964. Depositional mechanisms from the size analysis of clastic 

J. Sediment. Petrol., 34: 73-83. 

Wirta, R. W. and Taylor D. R., 1970. Multiple axis myoelectrically controlled 
prosthetic arm, Final Report. U.S. Dept, of Health, Education and Welfare, 

RD-2169-M, 50 pp. 

A-9 

051' 



REFERENCES 

Barnard, M. M., 1935. The secular variations of skull characters in four series 

of Egyption skulls. Annals of Eugenics, 6: 352-371. 

Bronowski, J. and Long, W. M., 1952. Statistics of discrimination in anthropolo¬ 

gy. Am J. Phys. Anthrop.,10: 385-394. 

Chayes, F., 1965. Classification in a ternary diagram by means of discriminant 

functions. Am. Mineralogist, 50: 1618-1633. 

Chayes, F. and Velde, D., 1965. On distinguishing basaltic lavas of Circum- 
oceanic and Oceanic—Island type by means of discriminant functions. Am. J. 

Science, 263: 206-222. 

Davis, J. C. and Sampson, R. J., 1966. Fortran II Program for Multivariate 
Discriminant .Analysis Using an I.B.M. 1620 Computer. Computer Contribution 4, 

State Geological Survey, the University of Kansas, Lawrence, 1-8 pp. 

Fisher, R. A., 1936. The use of multiple measurements in taxonomic problems. 

Annals of Eugenics, 7: 179-188. 

Griffiths J. C., 1957. Petrographic investigation of the Salt Wash sediments, 

Final Report. U.S. Atomic Engery Comm. R.M.E.-3151, 38 pp. 

Griffiths, J. C. 1966. Application of discriminant functions as a classifica¬ 

tion tool in the geosciences. In: D. F. Merrian (Editor), Computer 
Applications in the Earth Sciences: Colloquim on Classification Procedures. 
Computer Contribution 7, State Geological Survey, the University of Kansas , 

Lawrence, 48-52 pp. 

Jolicoeur, P., 1959. Multivariate geographical variation in the wolf Canis 

lupus. Evolution, 13: 283-299. 

Ludwick, J. C., 1970. Sand waves and tidal channels in the entrance to Chesa¬ 
peake Bay, Technical Report. Geography Branch, Office of Naval Research, 

N00014-70C-0003, 107 pp. 

Mahalonobis, P. C., Majumdar, D. H. and Rao, C. R., 1949. Anthropometric survey 
of the United Provinces 1941, a statistical study. Sankhya, 9: 90 pp. 

McIntyre, D. D., 1961. A comparison of three association environments, glacial 
till, fluvioglacial delta and beach sand, in terms of their quartz, garnet, 
and hornblende grains, Min. Ind. Expt. Sta. Pub., the Pennsylvania State 

University, 78 pp. 

Mellon. G. B., 1964. Discriminatory analysis of calcite-and silicate-cemented 

phases of the Mountain Park Sandstone. J, Geol., 72: 786-809. 

Middleton, G. V., 1962. A multivariate statistical technique applied to the 
study of sandstone composition. Trans. Royal Soc. Canada, 56 Ser. Ill, Sec. 

Ill: 199-126. 

A-8 

052 



Figure 1. - Sample location map. The numbers below 

are sample numbers keyed to the diagram. 

Line Line Line 

1A-1B 2A-2B 3A-3B 

1-1 12-199 12-200 

1-3 12-198 4-71 

1-5 7-131 4-70 

1-6 7-130 4-69 

7-129 4-68 

7-128 4-67 

7-127 4-66 

7-126 4-65 

7-125 4-64 

7-124 4-63 

7-123 4-62 

7-122 4-61 

7-121 4-60 

7-120 4-59 

7-119 4-58 

7-118 4-57 

7-117 4-56 

7-116 4-55 

7-115 4-54 

7-114 4-53 

7-113 4-52 

7-112 4-51 

7-111 4-50 

4-49 

4-48 

4-47 

Line Line Line 

4A-4B 5A-5B 6A-6B 

12-201 3-24 8-156 

10-168 3-25 3-155 

10-169 3-26 8-154 

10-170 3-27 8-153 

10-171 3-28 8-152 

10-172 3-29 8-151 

10-173 3-30 8-150 

10-174 3-31 8-149 

10-175 3-32 8-148 

10-176 3-33 8-147 

10-177 3-34 8-146 

10-178 3-35 8-145 

10-179 3-36 8-144 

10-180 3-37 8-143 

10-181 3-38 8-142 

10-182 3-39 8-141 

10-183 3-40 8-140 

10-184 3-41 8-139 

10-185 3-42 8-138 

10-186 3-43 8-137 

10-187 3-44 8-136 

10-188 3-45 8-135 

10-189 3-46 8-134 

10-190 8-133 

10-191 8-132 

10-192 

10-193 

Line Line Line 

7A-7B 8A-8B 9A-9B 

5-92 2-9 6-110 

5-91 2-10 6-109 

5-90 2-11 11-194 

5-89 11-195 2-13 

5-88 11-197 6-107** 

5-87 11-196 6-106 

5-86 2-12 6-105 

5-85 6-107* 6-104 

5-84 2-13 6-103 

5-83 2-14 6-102 

5-82 2-15 6-101 

5-81 2-16 6-100 

5-79 2-19 6-99 

5-78 2-17 6-98 

5-77 2-18 6-97 

5-76 2-20 6-96 

5-75 2-21 6-94 

5-74 2-22 6-93 

5-73 2-23 

5-72 

«Intersects line 9A-9B at this point. 

**Intersects line 8A-8B at this point. 

Line 

10A-10B 

9-167 

9-166 

9-165 

9-164 

9-163 

9-162 

9-161 

9-160 

9-159 
9-158 

9-157 
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Figure 2. - This histogram is based on the 2 scores 
of the samples (55 "gray", AO "brovm") that were selected 
by visual inspection to form the two a priori classes 
on which the discriminant function is based. This is a 
two-fold function, the variables being intermediate dia¬ 
meter of the coarsest grain and weight percentage of 
material finer than 0.062 mm. Reasons for choosing these 

variables are discussed in the text. 

All samples whose 2 scores fall to the right of 2o 
(the discriminant index) are classified as brown sands 
all falling to the left are classified as gray sands. 
2g is the mean 2 score of the gray population, 2B that of 
the brown population. The generalized distance, Mahalano- 

bis D , between the two population means is 3.9688. 
Coarsest grain contributes more to the discrimination than 
weight percentage "fines" (84.8079% vs. 15.1920%). The F 
value for 2 and 92 degrees of freedom is 45.4608 making 
the discriminant function significant at the 95 percent 

level. 

Fourteen (9 brown and 5 gray) of the 95 samples used 
to delineate the two populations were misclassified. 

Those that were visually selected as brown but which dis¬ 
criminant analysis classifies as gray are denoted by B 
in the gray area of the histogram. Those visually select¬ 
ed as gray but are classified by discriminant analysis as 
brown are denoted by "G" in the brown area of the histogram. 
Four samples are not represented. These are the three 
"brownest" samples with 2 scores of 10.5071, 10.3621, and 
9.0354 and the "grayest" sample with a 2 score of -3.9760. 
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Figure 3. - This figure shows the geographical dis¬ 
tribution of the "brown" and "gray" sands as determined 
by discriminant function analysis. The two extreme 
"brown" samples (2 - 10.5071 and 2 - 10.3621) and the two 
extreme "gray" samples (2 - -3.9760 and 2 - -1.7438) are 

denoted by asterisks. 
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Figure 4. - This figure shews the geographical dis¬ 

tribution of maximum grain (i^e. intermediate díamete» 
of the coarsest grain of quartz or worn crystalline rock 
fragment). Shown are two classes, the boundary between 
which was determined by trial and error so as to maxi¬ 
mize the geographic coherence of the pattern. The two 

extreme coarsest grain, 8.12 mn. and 8.59 mm., vee f.s- . 

noted by asterisks. 
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TABLE I 

(D 
Sample Coarsest 

Number Grain (mn) 

(2) 
Coarsest 

Shell (on) 

(3) (4) 
Y7t. 7, Water 

‘Fines" Depth (ft.) 

(5) 

Z Score 

1-1 2.04 4.59 

1-3 3.30 13.90 

1-5 0.S9 3.06 

1- 6 3.66 3.01 

2- 9 4.72 4.72 

2-10 4.68 9.05 

2-11 5.10 6.97 

2-12 2.51 7.23 

2-13 3.49 8.54 

2-14 2.93 11.22 

2-15 6.76 11.39 

2-16 4.34 8.63 

2-17 3.91 8.93 

2-18 4.63 10.67 

2-19 3.74 11.48 

2-20 5.73 9.65 

2-21 7.48 16.66 

2-22 3.06 7.57 

2- 23 2.38 2.93 

3- 24 1.66 9.27 

3-25 0.89 8.84 

3-26 1.83 11.98 

3-27 3.10 7.99 

3-28 2.08 11.69 

3-29 0.89 5.61 

3-30 1.62 5.02 

3-31 2.00 4.93 

3-32 1.28 1.87 

3-33 0.77 5.18 

3—34 0.68 2.21 

3-35 0.72 3.57 

3-36 0.72 3.15 

3-37 1.15 2.51 

2.69 39.0* 1.6477 

2.79 36.0* 4.6308 

3.06 28.0* -0.2643 

1.61 24.0* 4.1307 

1.38 27.0 5.5878 

1.69 25.0* 5.4190 

0.98 23.9 6.2288 

1.00 23.0 2.8722 

0.30 24.0 4.2085 

1.54 24.0* 3.2230 

1.06 23.0 8.3407 

1.32 19.0* 5.1156 

1.03 24.0* 4.6731 

1.11 24.8 5.5771 

0.96 24.0 4.4791 

1.15 23.0* 6.9899 

1.71 23.8 9.0354 

1.34 23.0* 3.4611 

1.01 22.8 2.7038 

1.61 28.0* 1.5501 

1.97 30.6 0.4296 

2.21 34.0 1.5494 

2.66 35.6 3.0313 

2.03 36.1 1.9266 

1.66 34.1 0.5434 

1.03 30.7 1.4878 

1.96 27.1 1.8608 

0.97 23.6 1.2909 

1.69 21.6 0.5880 

0.93 21.9 0.5369 

1.66 20.1 0.3238 

0.87 19.1 0.6139 

0.87 17.6 1.1629 

(1) Intermediate diameter of coarsest grain (mm). 

(2) Intermediate diameter of coarsest shell (mm). 

(3) Weight percentage of material finer than 0.062 mm. 

(4) Water depth (ft.) 

(5) 2 Score based on discriminant function developed from coarsest grain and 

weight percentage "fines" measurements. 

♦Accurate to ± 2 feet. 
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TABLE I (continued) 

(D (2) 
Sample Coarsest Coarsest 
N«m»h<»r Grain (ram) Shell (mm) 

3-38 1.06 3.91 
3-39 1.02 3.57 
3-40 1.02 1.83 
3-41 0.98 2.76 
3-42 0.94 6.93 
3-43 1.19 4-48 
3-44 1.02 1.49 
3-45 0.98 5.44 
3- 46 0.81 2.30 
4- 47 1.49 3.87 
4-48 2.13 7.82 
4-49 2.17 7.86 
4-50 3.49 8.29 
4-51 2.04 6.55 
4-52 3.91 8.29 
4-53 5.06 10.71 
4-54 4.34 9.69 
4-55 0.98 4.17 
4-56 2.30 6.84 
4-57 2.04 6.38 
4-58 2.72 3.87 
4-59 1.74 5.10 
4-60 1.83 3.91 
4-61 1.32 4.85 
4-62 2.85 3.61 
4—63 0.98 2.13 
4—64 1.70 6.72 
4-65 1.28 4.63 
4-66 1.36 6.21 
4-67 0.77 3.49 
4-68 0.81 3.61 
4-69 2.30 8.84 
4-70 1.57 10.12 
4- 71 2.13 10.63 
5- 72 1.28 5.74 
5-73 2.64 5.06 
5-74 0.64 2.13 
5-75 1.40 4-21 
5-76 1.11 2.89 
5-77 0.89 A.21 
5-78 0.94 4.08 
5-79 2.08 4.29 
5-81 4.21 11.56 
5-82 1.49 9.01 

(3) (4} (5) 
Ut. % Water 
»Fines" Depth (ft.) Z Score 

0.98 16.7 1.0127 
1.00 16.6 0.9505 
0.99 16.6 0.9542 
1.14 17.2 0.8442 
1.04 17.2 0.8260 
0.98 18.2 1.1775 
0.98 18.2 0.9578 
1.34 18.7 0.7966 
1.01 19.7 0.6723 
1.69 31.0 1.3011 
1.49 29.5 2.1981 
1.13 30.0 2.3852 
1.02 28.0 4.1277 
0.82 29.0 2.3343 
0.84 29.0 4.7428 
0.83 28.0 6.2290 
0.80 28.0 5.3066 
1.62 25.0 0.6679 
0.83 25.0 2.6601 
1.04 29.5 2.2535 
1.00 25.0 3.1467 
1.35 28.5 1.5718 
1.G8 30.6 1.7440 
1.55 31.6 1.1329 
1.76 32.6 3.0324 
1.83 31.1 0.5908 
2.02 29.1 1.4544 
2.32 28.6 0.7952 
2.31 26.1 0.9087 
2.74 23.6 -0.0178 
7.59 20.6 -1.7438 
2.12 17.1 2.1864 
1.85 14.1 1.3521 
2.05 11.6 1.9925 
1.11 19.1 1.2395 
1.12 19.1 2.9928 
0.78 20.1 0.5371 
0.93 20.3 1.4703 
0.94 14.3 1.0823 
0.69 21.3 0.8996 
1.27 23.3 0.7415 
0.79 27.3 2.4002 
1.20 29.3 4.9950 
1.85 29.3 1.2423 
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TABLE I (continued) 

(1) (2) 
Sample Coarsest Coarsest 
Number Grain (mm) Shell (mm) 

5-83 1.62 5.10 
5-84 2.51 9.10 
5-85 5.19 14.83 
5-86 5.23 14.24 
5-87 4.29 7.44 
5-38 3.36 4.29 
5-89 3.49 5.61 
5-90 5.61 6.12 
5-91 8.59 16.36 
5- 92 5.87 9.94 
6- 93 1.06 6.33 
6-94 1.40 6.04 
6—96 1.36 5.99 
6-97 1.57 5.99 
6-98 1.32 5.02 
6-99 0.98 4.25 
6-100 1.66 5.48 
6-101 1.36 5.57 
6-102 2.59 5.02 
6-103 1.11 6.76 
6-104 8.12 9.27 
6-105 5.61 7.06 
6-106 2.08 5.31 
6-107 1.57 7.44 
6-108 3.02 4.72 
6-109 3.49 8.54 
6- 110 6.72 7.86 
7- 111 0.85 2.72 
7-112 0.93 3.06 
7-113 2.68 8.50 
7-114 1.15 6.33 
7-115 1.36 4.97 
7-116 1.79 4.76 
7-117 2.21 8.24 
7-118 1.53 6.84 
7-119 0.85 2.89 
7-120 1.61 4.63 
7-121 0.81 3.78 
7-122 2.00 6.55 
7-123 0.94 8.46 
7-124 2.93 8.50 
7-125 1.36 4.29 
7-126 1.36 4.76 
7-127 0.81 3.91 

(3) (4) (5> 
Wt. % Mater 
'Fines" Depth (ft.) Z Score 

2.22 28.3 1.2712 
2.09 28.3 2.4719 
2.79 25.3 5.6740 
3.00 25.3 5.6518 
2.09 27.4 4.7780 
1.46 25.4 3.8014 
1.93 25.4 3.7935 
0.97 22.4 6.8913 
1.59 22.4 10.5071 
1.05 25.4 7.1914 
1.08 20.3 0.9760 
0.95 17.3 1.4630 
1.37 29.3 1.2539 
0.84 17.3 1.7230 
1.00 15.3 1.3348 
1.29 17.3 0.7891 
0.89 17.3 1.8145 
0.90 18.3 1.4265 
1.03 17.3 2.9710 
1.76 16.3 0.7812 
0.34 16.3 10.3621 
0.15 16.3 7.1924 
1.85 15.3 2.0110 
0.81 15.3 1.7340 
1.68 15.3 3.2814 
1.22 13.3 4.0542 
1.16 12.3 8.2491 
7.55 37.8 -1.6742 
2.70 28.8 0.2100 
2.20 28.8 2.6512 
8.32 33.8 -»1.5726 
1.97 36.3 1.0335 
1.94 38.0 1.5936 
1.09 43.0 2.4548 
1.17 47.0 1.5469 
1.38 19.0 0.5913 
1.01 15.0 1.7155 
0.86 15.0 0.7274 
0.73 15.0 2.3125 
1.11 17.0 0.8003 
0.93 21.0 7.3227 
1.07 20.0 1.3650 
1.80 23.0 1.0960 
3.21 21.0 -0.1355 
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TABLE I (continued) 

(D 
Sample Coarsest 
Number Grain (mm) 

(2) (3) 
Coarsest Wt. % 

Shell (mm) "Fines” 

(A) 
Water 

Depth (ft.) 

7-128 
7-129 
7-130 
7- 131 
8- 132 
8-133 
8-134 
8-135 
8-136 
8-137 
8-138 
8-139 
8-140 
8-141 
8-142 
8-143 
8-144 
8-145 
8-146 
8-147 
8-148 
8-149 
8-150 
8-151 
8-152 
8-153 
8-154 
8-155 
8- 156 
9- 157 
9-158 
9-159 
9-160 
9-161 
9-162 
9- 163 
9- 164 
9- 165 
9-166 
9-167 

10- 168 
10-169 
10- 170 
10-171 
10- 172 

1.01 
0.94 
2.00 
3.44 
1.79 
2.38 
3.65 
2.12 
2.25 
1.66 
1.70 
0.89 
0.60 
0.72 
0.81 
0.94 
0.55 
0.60 
0.85 
1.19 
0.89 
0.81 
0.81 
0.98 
1.36 
0.64 
1.79 
0.77 
1.02 
1.70 
3.19 
5.23 
6.55 
5.44 
6.33 
4.89 
1.83 
1.23 
2.25 
0.85 
2.76 
1.74 
2.51 
2.47 
1.79 

3.99 
4.85 
3.91 
7.99 
6.72 
7.74 

18.95 
8.50 
7.27 
5.91 
6.04 
5.31 
4.89 
3.14 
3.83 
3.87 
3.49 
3.44 
5.70 
8.29 
3.49 
6.50 
4.72 
3.99 
5.19 
7.14 
7.01 
7.74 
5.56 
3.78 
7.61 

11.35 
12.03 
7.74 

16.36 
6.89 
4.34 
4.08 
4.63 
2.08 
8.29 
6.08 
6.29 
4.34 
6.97 

3.35 
3.53 
2.21 
1.78 
1.84 
1.56 
1.79 
2.37 
2.18 
2.28 
2.18 
2.45 
5.26 
3.66 
2.22 
1.98 
1.70 
1.23 
1.64 
2.18 
1.24 
1.25 
1.31 
1.11 
1.C4 
1.76 
2.09 
2.24 
1.81 
1.31 
0.85 
1.06 
1.03 
1.17 
1.48 
0.76 
0.71 
1.10 
1.06 
0.85 
2.53 
1.83 

19.65 
1.91 
1.61 

19.0 
16.0 
17.0 
19.0 
20.0 
20.0 
21.0 
22.0 
23.0 
24.0 
24.0 
25.0 
26.0 
22.0 
20.0 
16.5 
15.0 
13.5 
13.0 
13.5 
12.0 
13.9 
14.9 
15.9 
18.9 
20.9 
15.9 
14.4 
14.9 
25.4 
21.7 
20.7 
29.4 
37.9 
37.0 
15.2 
10.4 
13.0 
13.4 
14.7 
22.0 
25.8 
31.4 
31.1 
22.0 

(5) 

Z Score 

0.0876 
-0.0882 

1.7690 
3.7937 
1.6303 
2.5018 
4.0646 
1.8750 
2.1095 
1.3041 
1.3957 
0.2533 

-1.1627 
-0.4105 

0.9624 
0.4808 
0.0895 
0.3170 
0.4959 
0.7368 
0.697b 
0.5842 
0.5621 
0.8526 
1.3750 
0.1773 
1.5385 
0.1657 
0.6531 
1.7151 
3.8058 
6.3641 
8.0772 
6.5983 
7.6374 
6.0350 
2.1002 
1.1883 
2.5207 
0.7859 
2.6398 
1.5791 

-3.9760 
2.4831 
1.7148 
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TABLE I (concluded) 

(1) 
Sample Co rsest 

jjunber Grain (mm) 

10-173 
10-174 
10-175 
10-176 
10-177 
10-178 
10-179 
10-180 
10-181 
10-182 
10-183 
10-184 
10-185 
10-186 
10-187 
10-188 
10-189 
10-190 
10-191 
10-192 
10- 193 
11- 19* 
11-195 
11-196 
11- 197 
12- 198 
12-199 
12-200 
12-201 

1.32 
2.13 
0.85 
1.79 
1.74 
0.89 
0.60 
1.15 
1.74 
2.25 
2.04 
1.45 
3.02 
1.91 
1.62 
3.02 
1.91 
0.81 
0.6S 
1.14 
1.70 
3.19 
4.16 
3.87 
3.48 
2.93 
1.36 
2.08 
2.93 

(2) 
Co rsest 

Shell (ram) 

(3) (4) (5) 
-.jt. % Water 

"lines" Depth (ft.) !_Sço_re 

5.82 
9.48 
2.04 
5.14 
5.06 
3.87 
2.47 
3.15 
4.93 
5.10 
4.93 
3.99 
4.76 
5.19 
8.16 
3.74 
3.49 
2.81 
2.04 
4.17 
4.25 
6.08 
6.04 
7.73 
5.99 
6.33 
7.01 
8.84 
9.69 

1.31 
1.07 
0.99 
1.20 
1.44 
2.33 
2.05 
2.16 
1.58 
1.33 
1.28 
1.15 
0.82 
0.88 
0.89 
0.81 
1.2? 
1.C7 
2.20 
2.18 
2.29 
1.47 
1.23 
1.18 
1.34 
1.89 
2.56 
1.96 
2.24 

15.6 
12.4 
11.2 
10.2 
14.9 
19.2 
21.5 
22.3 
21.2 
19.5 
18.9 
18.1 
18.2 
18.8 
16.2 
15.6 
19.2 
22.2 
27.4 
29.8 
28.5 
19.0* 
18.0* 
20.0* 
20.0* 

8.0* 
4.0* 
5.0* 
5.0* 

1.2210 
2.3523 
0.7345 
1.8654 
1.7223 
0.2974 
0.0159 
0.6893 
1.6709 
2.4142 
2.1654 
1.4445 
3.5972 
2.1476 
1.7596 
3.6008 
2.0227 
0.7972 
0.0706 
0.6819 
1.3553 
3.5781 
4.9291 
4.5631 
4.0102 
3.0944 
0.8169 
1.9706 
2.9659 
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TABLE II 

Function I 

Variables - (1) Coarsest grain, (2) Wt. % "fines" 

2 Brown ** ^ .9205 
20 - 2.6227 

Z Gray . “ 0.9561 
Mahalanobis D2 - 3.9688 
F =45.46 with 2 and 92 degrees of freedom. Significant 

at F.05- 

Function II 

Variables - (1) Coarsest grain, (2) Coarsest shell, (3) Wt. % fines , 

(4) Water depth 

2 Brown 

«0 

- 4.0330 
- 1.5726 

z Gray , " "0.2167 
Mahalanobis D2 - 4.2498 
F = 23.81 with 4 and 90 degrees of freedom. Significant 

at F.oi- 

Function III 

Variables - (1) Wt. % "fines”, (2) Water depth 

2 Brovm “ "0.7366 
g0 - -1.0882 

2 Gray 0 “ “1*3439 
Mahalanobis D2 - 0.6073 
F -6.96 with 2 and 92 degrees of freedom. This function 

cannot be considered to be significant. 

Functions I and II are examplas which exhibit a high degree of discri¬ 

mination and significance. Function I was chosen to establish discriminatory 

classes for reasons that are discussed in the text. 

Function III is an example which shows low discrimination and very little 

significance. 
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