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BALLISTIC RESEARCH
LABORATORY REPORT NO, 374

EJMcS/ler
Aberdeen Proving Cround, Md.
2 July 1943

CORRECTIONS OF ELEMENTS OF BOMNBING TABLES FOR EFFECTS OF HRIGHT OF TARGET

Absgtract

Two possible procedures for computing the effect of height of target
on range or trail are discussed. The simpler method is shown to yield
corrections differing very little from those obteined by the theoretically
sounder but more complicated method, It is, therefore, recomrended for
use,

INTRODUCTION

iy In conversations with Dr. H. E, Heinecke, and in correspondence
0.0. 063.2/1541 APG 353,42/1205, it has been brought out that, meny air
flelds at which bombardiers are trained heve altitudes between 3000 and
6000 feet above sea level., Since borbing tables are prepared for targets
at sea level, a systematic error is introduced by the use of sueh tables
at the fields having high altitudes, It was, therefore, suggested that
the Ballistic Research laborestory prepare tables permitting correction for
height of target sbove sea level,

The present report contains a discussion of the theoreticel
basis for the computation of such correction tables, The computations
have already been comrleted, under the direction of ¥r. E, S. Martin. The
principel conclusion is that there is no point in adopting any procedure
of greater theoretical refinement than the pure-drag solution presented in
gection I,
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i The Pure-Drag Solution
If the air produced no effect on the motion of the bomb except
through dreg, and the drag coefficient were accurately known, it would
be very easy to produce such tables,

Suppose that a bomb is launched from horizontal flight at an
altitude Y feet sbove see level and speed v, feet per second. Suppose
also thet the drag function is G(v) and the reciprocal ballistic coef-
ficient is ¥, and the air z feet sbove sea level has the ballistic
standard density

p = pge
Xl

(p, = .0751 Ib/ft2, a = .0003158 ft;

Choose axes with oririn at the point of release, x-exis horizontel in
the direction of flight, and y-exis verticelly downward. The trajectory
igs then the solution of the equations:

(1.1) X = -Ye‘a(y‘y)c(v)i,
IR e G L

with initiel conditions

(1.2) x(ﬂ) = y(O) = }.'(O) = O, :T((G) = vO .

(As usual, the factor p, is incorrorated in G, and v denotes the aeir
speed of the bomb.)

Now consider a bomb aimed at a target Y, feet above sea level,
launcted from an airplane in horizontal flight Y feet above the target
(and, therefore, ¥+ feet above sea level) at speed v, feet per second.
Axes are chosen as before, with origin at point of relesse, x-exis in
line of flight and y-exie vertically down. The point with coordinates
(x,y) is now at altitude Y + Yy - y feet above sea level, so air density

tipes stardard dereity £’ cea level,

e-a(Y t Y = y)
The differential equations of the trajectory are:

@) | Rk P T T Wand 5.

LY -8 Y + - ) .
Yy =g - Ye X+ Y% = Yoy,
with initie) conditions (1.2). But equetions (1.3) can be written in the
form

i e by g e Gl

0 -8.\_'0)> e-a(Y-y)

:g"(YQ G(V)'jf.

-2- RESTRICTE®



-~

RESTRICTED

These are equations (1.1) with only the chenge thet the constant y is
replaced by the constant

Ye-a}g;.

Hence, if the drag function G(v) is accurately known and the
air produces no effect except dreg on the bomb, the trajectory of a2 bomb
with reciproecal ballistic coefficient Y launched Y feet above a target.
Y,y feet sbove sea level will be exactly like the trajectory of a bomb
with reciprocal ballistic coefficient

Ye-aYm
launched Y feet above sea level, and with the same speed.

II. CORRECTIONS BASED ON PURE=DRAG SOLUTION
The effect of replacing y by

Ye-aY@

is to increase the renge of the bomb and decrease its time of fall, How-
ever, it would be quite invonvenient for a bombardier to have to inter-
polate for two different small corrections, one to trail and one to time
of fall or DS, and set both corrections on the bomb sight. In the absernce
of cross-wind, & correction to trail elone can be given which will produce
the correct point of impact, Let RPy be the track of the airplane; in

O s a o r sl

R ¥ P4Py
the absence of cross-wind, this passes over the target N to obtain a hit,
Let Py Dbe the ‘point vertically below the girplane at the instant of impact.
For a hit, WPy must equsl the trail A\, of the bomb., Let R be the point
vertically below the airplane st the instant of release, Then RPy is
the travel of the airplane during the time of flight Ty of the bomb, If

Vo is the ground speed of the airplane,

RES-= ngl, 80

If an incorrect time of flight T, is used instead of T4, impect
will oceur when the airplane is vertieally above Pp, where

RPQ = VgT2 . Hence
PyPy = R(Ty = T1)~

A hit will still be obtained 1f 250 i% 1P, is get in a3 the trail
inatead of the correct value MPl. For then

RY¥ = VgT2 - Az -

To express it more simply, in still air it is immaterial whether
the correct trail and time of flight are used, provided only that
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v,T - A 1s equal to the true value of the range X = RM of the bomb. The
effect of raising the target above sea level is to increagse the range by
an amount A X, In still alr, a hit will be obtained if v.T - A 4is also
increased by an amount A X, This can be done correctly, Sout inconven-
iently, byreducing both T and X to their new value, More conveniently,
it can be done by decreasing A by the amount &OX, This simplified
process leads to no error in still air,

It remains to investigate the error cszused by this simplifica-
tion when there is & wind, Let W be the vector representing the wind at
release, The situation, like many others involving winds, ean be rather
easily visualized by choosing axes fixed with respect to the air at re-
lease, In these axes there is no wind, but the gzround is sliding by the
axig=-system with vsloecity =¥, The situation is thus mathematically the
same a3 in bombing a uniformly moving target in still air, The Norden
bomb sight takes correct account of such target motion or wind (apart
from an error called the "range component of crosg trail" which is in-
signifieant except for light bombs in high cross-winds), provided that
the correct time of flicht is used., The sicsnal for releage ig siven
when the relative position of airplane and target is such that T seconds
later (T = time of fligzht of bomb) the tarzet will have reached the point
of impact, If, however, the time of flight is falsely assumed to be
T + AT, release will take place at such an instant that T + AT seconds
later the target will have reached the point of impaect, But the bomb
reaches this point T seconds after releass, at which time the target has a
vector displacement (-W)(- AT) = W AT from the point of impaet, The
effect of height of target is to produce a negntive AT, So the bomb will
strike upwind of the target, at a distance equal to the distance the re-
lease wind travels in time {ATI! ,

The magnitude of this error may be seen from the following brief
table in whlch Y is the altitude sbove target in feet, W is 5000 feet

and AT is the change in time of flisht of & 100-1b, Bomb, Practice, M38A2,

TP
: mi
Y N 150 400
10,000 ! -.15 -,20
20,000 ! -.37 =ei2
30,000 | -.57 -.63

From this it follows that the target error, in feet, due to a
50 mi/hr wind at release is as follows:

3,

. b i 150 400
10,000 Y £ £ e
20,000 o -
30,000 . 2

or in nils is

-h= RESTRICTED
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S, ACE 150 400
10,000 1 Len e 5
20,000 i5ys 1.6
30,000 1.4 55

It would not seem practieal to reduce this small error by further com-
plicating the bombardier's task,

JERY FRRORS INHERENT IN THE PURE-DRAG SOLUTION
The pure-drag solution in section I is based on two false

assumptions, namely that the drag is accurately known and that no aero-
dynamic forces other than the drag produce appreclable effects., The
former can be further subdivided into the two errors that the drag
functlon is know for standard temperature and thet the temperature
structure is the same between Y, and Y +Y¥, as between 0 and Y, This
last may be disposed of at once. This last may be disposed of at once,
The effect of temperature may indeed be appreciable, but it would be
absurd to consider it in a small correction term while its effect on the
data in tHe main table is ignored. At some future date, temperature
corrections to trail and time of flight may be made, But then these will
be corrections to the tabulated trail and time of flight, and it is
hardly to be anticipeted that the small correction for height of target
will ever need to be itself corrected for temperature,

A somewhat similar statement applies to the error in the drag
function, At present all bombing tables are obtained with the help of
ballistic tables, based on the Gavre drag function, and there are many
indieations that this is not even a fair approximation to the true drag
function for any bomb in present use. Consequently, all corrections based
on the Gavre drag function are subject to suspicion, But this is far less
important than the faet thet uncertainty also prevails in the bombing table
jtself, When s better drag funetion is determined, the outstanding use of
it will be to improve extrapolation in bombing tables, and only after that
to improve correction terms., In any case, it is out of the question to
try to correct for erroneous drag function in the height-of-target
correction, since as yet, no adequately trustworthy drag function has been
determined,

The other false assumption in sectlon I is thet no aerodynamic
force except 1ift is worth considering, The 1lift force also produces very
perceptible effects. This will now be dlscussed,

IV, ©EFFECT OF STEADY LIFE ON HEIGHT-OF-TARGET CORRECTION

Tt has been known for some years, &s a result of range bombings
at the Aberdeen Proving Ground, that the drag is not the only eerodynamic
force which eppreciably affects the motion of the bomb, There is also =
force perpendicular to the direction of motion of the bomb, This has been
investigated in some detail in Ballistic Research laboratory Report No, 325,
"The Plane Yawing of Bombs Launched from Horizontel Suspension™, The
effect is produced almost entirely by a slowly varying component of force
in the vertisal plane containing the trajectory and perpendicular to the
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trajectory, and with magnitude

MA(P/P,) cos O ,

Where O is the angle between the horizontal and the tangent to the tra-
jectory, A 1s & constant depending on the bomb and with the dimensions
of an acceleration and ¥ is the mass of the bomb,

The coefficient ) can be evaluated from the results of range
bombing at the 2000 foot level.* The result at present has not as great
accuracy as might be desired, but it is hoped thaet improved equipment will
help in this respect, Never-the-less, the values given in the report
cited are at least of the right order of megnitude, It appears that the
value of A for the M38A42 practice bomb is greater then for any other,
and is about ,0llg.

The equations of motion, when the steady 1ift is included, take

the form
ve g (Y~ . ‘&(Y“ )oo
(4.1) x ==Ye al y)G(v) x +)e 4 /e
a5 -a(Y-7) ! —a(f-y),
y=g- Ye G(v) y - Ae Xz/y2.

As before, consider a bomb Jaunched from a height Y + Yg above
a target whose altitude is Yo . The differential equationsof the iraject-
ory became

& % = Ye-a(Yer 1-y) Gv)x  + Ae-a(%’;* ) X/,
A a(Ipt ¥-y) , .. - * Y-y):
y = g- Y& i % Glv)y - e a (e y)xz/uz.

These can be written in the form

e e e o R R oty (YY) p2

o -aYy, -a(Y-y)

y = g-(ye e Tl e

G(v)y = (e

’

Thege are equations (4.,1) with the change that Y, , are replaced by

*

Bellistic Research Leboratory Report No. 337, "Separation of Lift and
Drag Effects on Boxb Trejectories by Analvsis of Ranze Bombing Data."

Ak
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Y e-an ) Ae-an

respectively,

The effects of the steady 1lift are too large to ignore, but
are small enough to be accurately treated ag differential corrections
to the pure-drag trajectory. A table of the effeet of 1ift on range
and on time of flight has been computed by the method set forth in
Ballistic Research leboratory Report No. 327, and will be found at the
end of thie present report., This table is not extensive enough for all
purposes, and since it will later be extended, it has not been put in
final form, However, it is adequate for the present discussion, The
argument log Cg 18 the logarithm to base 10 of the "sumnital ballistie
coefficient”, which is 1/7"3"3Y when the launching is at Y feet above
sea level, Hence

(4.4) 16#°0 ~& 5¥ "log

€10 e = 10g10 Y

= ,000013716Y =~ 1logipV,

if Y is in feet.

Now, if the drag function were accurately known, a correct
procedure. for determining the effect of a height of target Yy would be
the following, First, using the reciprocal ballistic coefficient Yx
determined by the range, find log C, by (4.4), and find the effect
of 1ift A =,0lg on range, Multiply this by A /.01lg (which for the
100-1b. ¥38A2 practice bomb is 1,1) and subtract from the observed
range, This gives the range eorrected for 1ift, From the Ballistic
Reduction Tables find the corresponding y . Properly, this should be
repeated using this new Y in place of Y 4 , but in fact, the change in
1ift effect due to the correction to Y 1is negligibly small, Next
multiply the corrected Y by

-8Y,
e “ﬁ

and from the Ballistic Reduction Tables find the range corresponding to
this new Y . From the table of 1ift effects, find the effect on ra ge
corresponding to reciprocal ballistic coefficient

Y e"a.Yi-B
or \

(4.5) log Cg = .000013716(Y.+ Yy ) = logyg ¥ o«

Multiply this by :
(x e e y /.0lz

and add to the range found from the Ballistic Reduction Tables., The diff-
erence between this sum and the range for target at sea level is the range

-7 RESTRICTED
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correction sought, and as seen in section II can be used as the correct-
jon to trail.

If the drag function were accurately known, the process of
correcting Yy for lift effect described in the beginning of the preced-
ing paragraph would lead (except for experimental error) to the same
value of ) as would the exactly analogous process of correcting Y
for 1ift effect. Since the Gavre drag function is not correct for
bombsg, there will still be a dlscrepancy between the ballistic coef-
ficlents for time snd range, even after correcting for 1ift, As previous-
ly stated, nothing cen be done about this at present, and so the ballistic
coefficient for time will be ignored.

The process just described, although accurate, is rather cumber-
some to use. Its form will, therefore, be modified, To begin with, it
is convenient to replace the range X by the range lag

B = vacuum range - X.

Since the velocity at launching and the height above target are unchanged
in making the correction, the vacuum range is unaltered by elevating the
target., So the increase in range is equal to the decrease in range lag.
Also, since speed and altitude are fixed, B depends only on Y . The B
corresponding to a given y will be denoted by B(Y), and the Y corres-
ponding to & given B will be denoted by Y (B)., Also, B' (Y ) will mean
aB/dYy and Y'(B) will mean d Y/dB, and B'*(Y) will mean d B/d y <.

Let By be the range lag for the bomb launched at the given speed
at a height Y feet above a target which is at sea levwel, and let 1, be the

additional range due to 1ift effect. Then the renge lag which drag alone
would produce would be Bo * 1o and the reciprocal ballistic coefficient

(for renge) &scorrected for 1ift is

Y(Bo %50
Congider now the trajectory of a bomb dropped from Y feet above a target
at level Y . As has been shown, the range lag due to drag is that which
corresponds to reciprocal ballistic coefficient X Y (By + 1), that is
B(x Y (B, + 1,)). The new 1ift effect is found by computing the 1ift
effect l?%.Y'S corresponding to the new reciprocal ballistic coefficient

% Y (By + 1o) and multiplying by & ; it will be denoted by “1(wA ¥ ).
The range lag is then

B( o Y (B + 1o)) = & (%Y ),

The pure-drag method expounded in section I would lead to the
new range lag
B2 Y (By))s

Hence, the error in the pure-drag method due to ignoring the 1ift effect

-8- RESTRICTED
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is
(4.7) § = B(XY (By)) - B(XY (By+ 1))+ o 1(a Y )

= B(XY (Bp)) = BIXY (Bg+ 1))+ &1y + «]1(x¥) - 1,1

The first two terms represent the difference of the values of the function
B(df(Bo * 2)) &t z =0 and at 2z = 1,, By the theorem of mean value,
this is -1, times the derivative of the function at some point 2z between

0 and 1,. But

& B(AV(Bo+ 2)) = B (AY (B 2)) ok V' (Bo+ 2).
Hence
(4.8) & o {1 =B (AV(B, +2)) YV (B 5)}* o {12 Y) - 1,1

By the theorem of mean value,

BY (Y (B, + 3)) = BT Y (Bg+ 2))+ (3 =1) ¥ (Bo + BB!(RY (Bo+ 2))

mhere G is between % and 1., On substituting this in (4.2) and recalling
that

Y1 (By+ z) =1/B'( Y (B, + 2)) ,
it is found that

(4.9) g =d4(1 - )1, ¥ (By+ %) BY'(AY (By + 2))/B (Y (B, + 2 ))

DR GTCE DI W

Inspection of the tables shows that B! ig positive and B''
negative, while 1{a Y ) is greater than l,. Hence, the two terms in
(4.9) have opposite signs, and the error is numerically less than the
numerically larcger of the two terms on the richt. In order to discuss
a fairly extreme case, it will be supposed that Yo = 5000 feet, whence

o = .8539 .

Also, elevation by 5,000 feet increases Cg by .06818, Inspection of the
table of lift effects shows that for 1ift coefficient ,0lg & change of
log Cg by .06818 does not affect the range correction by more than about
5 feet, Hence, for A = .01lg (which is the value corresponding to the
100-1b. K38A2 practice bomb, and is apperently not exceeded for any G.P.
or A.P. bomb) the term o [1(X7V) - 1o] remains under 2 feet, If it is
numerically the greater of the two terms on the right of (4.9), € 1is
negligible; otherwise, the second term merely serves to reduce the
effect of the first term.

RESTRICTED
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Both B! and B!'!' decresase mumerically as y increases, so

~
-

(4.20) Isn(e v(m, + 2)/B1(y (B + 2) |

SOUEY (3T (By b 2))/BY (Y (B ¢ 2)) |

Both 1, and the right member of (4.10) increase wit). speed of launching,
8o they will be estimated at 480 miles per hour., The argument ¥ in the
Ballistic Reduction Tables is tabulated at intervals of .1, and it is
quite adequate to consider that B' ( Y) is ten times the mean first
difference, and B'*'(Y ) is ne hundred times the central second differ-
ence. Computetion ghows that - Y B''/B' does not exceed 462 for Y <
1.3, and does not exceed ,528 for Y < 1.9. For JK/.Olg:= 1.1 the
lift effect on renge does not exceed 105 feet for any entry in the table,
So for Y ¢ 1.3 the velue of the first term in (4.2) can never exceed
6.05 feet.. The same estimate will continue velid past Yy = 1.9 because
of the decrease of lift effect on range with increasing v , Moreover,
this 6,05 feet is still to be diminished by the small term

e [l( XY ) - 10].

At lower altitudes and speeds, the error is still smaller,
For exarple, at altitude 20,000 feet ebove target and-speed 320 mi/hr.
true, it is less than 2,5 feet for all bombs having Y 4 1,0,

It is, therefore, clear that it would be pointless to complicate
the computation of the table of corrections for helght of target by consider-
ing 11t effect separately from drag effect, Accordingly, the tables of
beight-of-target corrections already computed for the 100-1b, M38A2
preéctice bomb were prepared by the pure-drag method of section 1 , and
this method will mleoc be quite accurate enough for use in preparing
height-of-terget correction tables for any bomb.

£ A IS b

E, J, Me Shane
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EFFECTS OF STEADY LIFT WITH > =.0lg

TRUE AIR SPEED 160 mi/hr

: Range Effect, Feet Time of Flight Effect, seconds

Y\ Log Cq MY 0.4 0.8 1.2 0.0 0.4 0.8 1.2
2000 15 16 16 16 042 L4 AT 041
4000 23 24 25 25 .049 .048 048 .048
6000 ) 30 31 31 NS 051 .051 .050
8000 33 35 36 B .053 .052 sBA .050
10000 36 39 40 40 .052 .052 .050 .050
12000 5.2 42 L4 Lt 051 .050 049 .049
1/000 41 45 4% AT .049 .048 .048 048
16000 43 ol 38 39 | .048  .047  .046 047
18000 L, 48 50 o <045 045 044 .045
20000 4, 49 51 52 044 043 .043 043
22000 L4 49 52 53 L041 041 041 041
24000 A 50 52 53 .039 .039 JEp) . 039
26000 43 50 P 54 037 .038 ke /2 .037
28000 43 30 52 54 .035 .036 .036 .035
30000 -4l 49 52 54 .033 ) .034 034
32000 40 LE 52 SIE] O .032 252 032
34000 39 47 51 53 .030 .030 .030 .030
36000 38 47 50 52 .028 .029 .029 .029
38000 36 46 50 51 027 BT .028 .028
40000 25 44 49 50 3005 .026 .026 .026
42000 33 43 48 49 .024 024 .025 .025
44000 42 46 48 JBR34 . = TR/ aed
46000 41 45 47 .022 s023 .022
L8000 40 Ld; 46 .021 .022 021
50000 38 43 45 .020 L O .020
52000 37 42 L .019 .020 Aot
54000 35 40 43 201 % 3 B0 .018
56000 39 41 .017 s 027
58000 38 40 - 3)iiad] e
60000 N 38 016 015
62000 55 38 cOl'S <O
64000 34 37 100/ ek
66000 35 .013
68000 34 .013
70000 33 .012
72000 32 L012

Al
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2000

4000

6000

8000
10000
12000
14000
16000
18000
20000
22000
24000
26000
28000
30000
32000
34000
36000
38000
40000
42000
44000
46000
48000
50000
52000
54000
56000
58000
60000
62000
64000
66000
68000
70000
72000

EFFECTS OF STEADY LIFT WITH >. - ,0lg

TRUE AIR SPYED 320 mi/hr

RESTRICIFD

Range Effect, Feet Time of Flight Effect, seconds

Log Cg4 0.0 0.4 0.8 e 2 0,0 0.4 0.8 %12
23 26 26 27 ELT .050 .050 .049
B 36 38 38 .063 .063 .062 .061
40 bd, 46 47 J 071 .069 .069 . 067
45 50 53 54 - 75 073 071 070
49 55 58 b4 SO 074 072 S0t
52 59 62 64 076 074 .073 .071
55 62 66 67 075 073 071 071
56 65 68 70 074 072 < OF0 069
v 7 66 70 T2 oAl .070 069 067
60 68 7] 74 069 . 068 067 066
58 68 73 D 066 066 $065 064
58 69 74 76 .063 064 062 .06,
5€ 69 s 77 060 .062 060 P2
o €9 T4 76 .057 w059 .058 w1
55 68 T4 76 054 > a0 055
54 68 74 76 w51l 054 5 .052
53 67 i §i 047 252 WG] .051
o 65 72 74 045 .050 519 .048
49 64, 71 73 =@z 048 £ 07 046
47 63 TAL e <040 045 044 044
46 61 68 7 .038 « 043 042 042
60 67 70 .041 .040 .040
58 65 69 @88 .038 .039
57 6/ 67 $856 " . 5836 o 037
s 63 6 034 034 035
53 61 64 .032 .033 .034
51 60 63 w8 | ol Fy o
58 61 .030 A%
56 60 .028 .029
o 58 027 .028
54 57 .026 .026
51 be 025 .025
455 .02/
52 .022
50 - L2
42 .020

S
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TFFECTS OF STEADY LIFT WITH . - .Olg

TRUE AIR SPEED 480 mi/hr

N Iog BSes 0130 0.4 0.8 1.2 0,0 = “£084 0.8 e
2000 32 36 38 38 .055 .053 30 .052
4000 42 48 52 53 .072 . 069 067 L066
6000 49 58 61 63 .082 .079 ROET= NR
8000 54, 64 69 " .087 .083 .081 079

10000 58 69 7= w7 .090 .086 L084 .082
12000 61 73 79 23 .090 .087 .085 .084
14000 63 76 84 a7 .090 .087 L085 084
16000 65 78 86 89 .089 .087 .084 .083
1£000 66 10) 88 92 .087 ,086 .083 .082
20000 66 81 89 94 .084 084 .082 .080
22000 66 82 90 94 .081 .082 .080 078
24000 66 82 Q1 85 ,078 079 .078 076
26000 66 82 92 95 .075 074 076 SO
28000 65 82 92 a5 (@78 074 075 072
30000 6L 81 91 95 .068 071 073 .070
32000 62 80 90 94 .065 069 g 0740) 068
34000 60 79 89 93 062 066 067 L0645
36000 59 78 a8 92 .059 .063 064 .063
32000 56 % 87 91 ALt/ .061 .061 L061
40000 55 %5 85 90 054 .058 .059 .059
42000 53 74, 84 88 .051 .055 .056 .056
L4000 i) 82 87 .053 .054 054
46000 70 80 85 .05 .052 .052
8000 68 79 83 049 ,050 ,050
50000 66 77 82 207% L04B L048
52000 64 75 £0 044 JOL7 046
54000 62 73 .78 042 .045 044
56000 7 76 Nei3 1042
52000 69 75 .042 SO
60000 67 73 041 .038
62000 66 71 .039 <037
64000 69 2035
66000 68 .033
68000 65 032
70000 60 .028
-13-
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