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FORFWORD

ment Station (WES) was authorizéd to aésign 2 wave machine for the Hilo
: ved 1& August 1963 from the

‘l‘izis ang. 37- riisal m:estlgat‘on was coaducted by Dr. G. H. Keulzgan,

consuit i vdmulvcs Division. simmltaneously with testg to investi-~

L‘*’

\.
q .
-4

gate :‘ies.xgﬁfo:ﬁ pare ‘generator for the Hilo Harbor model, during the
period Hovember 19034‘{:91;-; 1961& in the Hé.ter 'daves Branch, Hydraulics Divi-
sion, WES, under the direction of Mr., E. P. Fortson, Jr., Chief of the -

: Hydreulies bivision, and ¥r. R. Y. Hudson, Chief of the Water Waves anch.
The Fortran pragram {or the numerical sol{'ztion of* equations 93, 94, and 95
wns worked out by Mr. Michael Dorl of the Hydraulic Analysis Branch. This
report was prepaved by _=':'. Keulegan.

Dirertors o the W8S Jduring ths conducf of tﬁis investigation and

preparation of this Vreport Zera Col. Alex G. Sutton, Jr., CE, and

ol Jo?m R. Oswalt, dr., CB. Technical Director was Mr. 4. B. Tiffany.
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GLOSSARY

Pneumatic generator and channel

D Depth of nozzle ’chroz;t

h Wave height, surge or oscillatory wave

Maximum wave height in oscillatory wave )
Maximum height the water is raised by suction in chamber
Base height of the prismatic portion of chafmel

Depth of water in channel downstream of wave front

Height of generator ceiling measured from channel bottom

e A

Wave number; k = 21/

'

Length of pneumatic chamber

£, ZLength of nozzle

& ok

Volume or area of oscillatory wave in channel of unit width,
positive or negative portion

t Time

t, Characteristic time; ses equation 81

T Period

V Value of air gap during wave generation; V = £(8 + 4) « 1
VO Initial value of air gap; VO = 4A - 1
8 Fall of water surface in chamber during wave generation

A Initial air gap in generator; }!T =H+A4A
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Velonities

. 2 2 2

“q Absolute velocity:; @ =u + v

u Horizoatal component of velocity or particle velocity in wave
motion

Maximum partizle velocity in oscillatory wave
Particle velocity in sirges from generator
v vercical component of velocity
v Velocity in the direction of the normal to a surface
v, Fall vslocity of water surface in chamber
& Yave velocity in surges
Pressures
A Semiamplitude of the pressure variations

kl’kZ Constants to describe the fall of pressufe in the pneumatic
chamber for surges or long waves; Ap = (1 - k - 2k2t)Apo

Atmospheric pressure
F Pressure in chamber measured relative to atmospheric pressure

P, - Pressurc in water at nozzle mouth measured relative to atmospheric
pressure

Ap air suction pressure in chamberrduring wave generation
£&p. Air suction pressure in chamber during the start of waves

épL A positive quantity; represents the additional pressure difference
to overcome the friction resistance through the air nozzle

Ap. A'. suction pressure to raise water tco elevation H ;

Energies
E Total energy; E=T + V
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Internal kinetic energy of air in the vessel

Ev Rate of dissipation of kineiic energy from the surface of contact
g Constant of gravity
€/ V
I€e An expression equal to - f AL 1 &b dt
¢\ "1 &2y
M A numerical factor in the e(pressica relating the kinetic energy
of liquid in the chamber and the nozzle to h and HO ; see
equation 33
M A numerical factor in the expression relating fhe kinetic energy
of 1iquid in the chamber and the nozzle to v, and £ ; see
equation 86 -
Nt A numerical factor in the expression relating the kinetic energy
of 1iquid in ihe nozzle to u, and H, ; see equation 6
T Kinetic energy of moving liquids
TN Kinetic energy in the lower part »f the pneumatic chamber
‘1‘2 Total energy, 'J.‘2 = T21 + T22
T21 Kinetic energy in °  pneumatic chamber and the nozzle below
T22 Kinetic energy in the wave in the channel
- V Potential energy of liquids
—: 3 B ¥ Work done by pressures
§ L2E Differcnce in energies of a portion of liquid for the instants
P ¢ t, and t
T 1 2
- 2 Gravitational potential; © = kv
¥ -
> i Flow of air into receiving vessels
: a Cross-s2ctional area of orifice; a = nda/h
N e Velocity of sound in the uir outside vessel
3
co,c Initial and later discharge coefficients, respectively, real or
I apparent, of orifice
E 4 CP Specific heat at constant pressure
' t C, Specific heat at constant volume; Cp =C_ +R
F ix
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d Diumeter of air orifice

e P i/
. .
K Humeriozl def'ined by K = 71/2 ‘9'('9")

VO ApG

m Mass of gas in receiving chamber

Momentu * of liquid erxteringrthe orifice

n A constant ,

N_ Numerical defined by Np = 7po/ApO
Pressure of outside air

pl Pressurs at venz contracta of the orifice
pl Pr;assure inside receiving vessel

g, Velocity of air at the vena contracta

R Gas constant; pv = Re

v Specific volume; v = 1/p

V. Volume occupied by air jet

e

Initial volume of receiving chamver

O<

X, ZLength of air jet

W o

fs— rositive ~constant

¥y Ratio of specific heats; 7 = cp/c
A Initial air gap between the vater surface and the chamber ceiliné
€ Internal energy of gas per unit mass; or a numerical t;hich depends
on the circumstances of the filling and which can be a variable

changing with time

& Absolute temperature

€. Temperature in degrees Rankine corresponding tec 32 F
r Density
Density of air outside

p, Density of air at vena contracta
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Density of air inside

Crocse-sectioral avea of vena contracta

Directional cosines of normal drawn inward of
Length of curve, closed or open
Swrface area

Longitudinal coordinate

Vertical coordinates

Nozzle coefficient of resistance; see equation 143

Nozzle factor of resistance; see equation 52
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SUMMARY
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.

After a brier discussion of the genesis of oscillatory waves ty the

naumat! c method, the required pressure condition for the genesis ot long

urzes with 2onstant wave heights is inauired into. Reasoning from the
erpcrgy point of view, it is szen that the sum of the pcessure head in the
neumati: chawbor and the water elevation therein should remain constant
during the issuance of the wave from the generator.,

E:zperience Indicates that this condition would be realized for the ]
= cperation where, subszguent to the raising of water into tne chamber, one "
allows the outside air to enter the chamber through an arerture., Because
of the inertia ol water, marked pressure oscil ations occur in the chamber

instant of aperture ovening. These oscillations last Yor a short
time, and soon the :2ll oF water surface and the increase of prassure,
both, are uniform, Thess aspects of the generator behavior are amenable
to analysis,

The design of 2 vneumasic generator £ - long surges may be effectec-
-solely on Luc basis of latter manifestations of the generator action, Fro- B
r2dures for the design of a rneunatic generator for long waves are. outlined -
and are applied for the generator used in the Hilo Harbor model used to
study the protlems o protection sgainst tsunemis,
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THE APPROXIMATE THEORIES OF PNEUMATIC WAVE GENERATORS

Hydraulic Laboratory Investigation

PART I: INTRODUCTION

1. The first phase of the Hilo Bay model investigation will comprise
examinntion of thé effectiveness of various protective structures against
tsunanis using a singular positive wave o.f“ translation of great length with
large and wniform heights entering the bay. Such a wave can be created in
a model by suddenly reieasing ‘the A:’gmpmm&ed waters o“ a reservoir, by uni-
formly displacing a bulkhead through a distance, or by using a pneumatic
weve generator of copnsiderable capacity. The elementary aspects of the
theo\ry‘ relating to the latter will be discussed herein,

2. The'o;x‘igi;;al idea of a pneumatic wave generator goes dack to the
late Professor R. T. Knapp, California Institute of Technology, who used
such & machine. in a model to study the long wave conditions of Apra Harbor,
Guam. Professor Knarp was well known for his ingenious and original idecas
in mechauical devices, and the air<operated machine uaquestionably is a
firm testimoniul to his invezitive genius., In an unpublished paperl* Knapp

‘briefly touched upon the theory of the machine that was used for the Apra

Harbor model. In kindly transmitting a copy of the paper to this writer,

Mr; J. M; Caldwell of the U. S. Coastal Engineering Research Center added

remarks to the effect that there is difficulty m foliowing the arguments :
of the paper. The brevity of the treatment and possiblé typographical :
errors could be the reasons for this 4ifficulty. The oxplanations of Knapp

purport to deal with the machines for the purpose of generating oscillatory
translation wavés. In the following, before entering into the discussion

of air machines to generate singular waves, it would be instructive to con-

sider first the matter of the generator for long cscillatory waves. This

is done for the purpose of develoving a feeling about the all-round aspechs

of the problrm.

¥ Raised numerals refer to similarly nunbered items in the Literature
Cited at end of text.
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%, When a pneumatic generalcr is provided with an exit nozzle, and
this seams to bs neccssary for the genosis of oscillatory shallow-waber
waves of long length, the flow of water from the pneumatic chamber into the
shannel outside is one of deflection., Owing to the latter condition, it
would appear that the mechanics of flow are more readily treated by resert-
ing %0 cnergy considerations rather than to the momentum principle. The

-

7 relation can be expressed in-two wiys, one represerting the

3

enar

gr

Lagrangian point of view and the other the Eulerian point of view. In the’
review of Knapp's probleh, both forms of thé energy relation were used.
This was successful, and sccordingly the same approach was incocporated in
the problem of a pneumatic wavz generator to produce a singular impulse of
wave o7 great length and of constant height moving over water of coastant
depth and width,

4, The preseat report is not meant to be a systematic treatment of
vneumatic generators. It merely presents the original thinking that guided
the conduct of experiments on a few éhapes of zenerators. The order of the
material shown here does represent the progress of analysis running parallel
with the tests. The zim was to dé#elop certain basic relations that by »
themselves were sufficient for design of the generator which could be
used in the Hilo Bay model. These relatic s are shown in the section
dealing with design. ‘ _

5. For the interpretation of the various theoretical results in the
paper, reference is made to some of the experimental results with various
shapes of pneumstic generators. Test procedures leading to these data are
~ly explained by Mr. C. C. Shen in o separate report.c
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FART II: THEORY OF PNFUMATIC GENFRATORS FOR OSCILLATGRY YWAVES

Kinematic Relations

- 6. Definitions of symbols for wave height and particle velocity
(translation waves) arc as follows:
h Wuve elevation measured from undisturbed surface
Semiamplitude of wave height, maximum value
HO Depth of undisturbed water in channel
T Period
u Uniform particle velocity in a section
u, Semiamplitude of warticle velocity, maximum value
x Distance measured from moutn of uozzle
A Wave length
The mouth of the nozzle is that opening where the mean depth of water dur-

ing a complete oscillation equals Ho . It is assumeu that

h=h sin (ot - kx); 0 = 21/
and
u=umsin(at-kx);’k=2ﬂ/}. )

The relation between hm and um is determined from the condition ¢°
continuity

R ACSEL

oh cos (ot - kx) - u Bk zos (ot = k) =0
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7. Let Q Vbe the area of ihe elevated portion of the wave or the

~ased

portion in channel of unii width. See fig. la, For t =0

E: 2n, BR ‘
8. Under the action of sinusoidally varying pressure P , the sur-

face of water in the pneumatic chamber during a complete cycle is forced
from level A to level B - and then is pulled back to the initial level A .

The average level is in the same plane as the undisturbed water surface in

e S g
At P

the outside channel. Let the displacement & of the water surface in the -

P S R AT

chamber be measured from the undisturbed level. By storage conditionms,
where £ 1is the chamber length,

. as
3 3 == = ~ul :
2 at 0
k. B “where u is now the particle velocity at the -mouth of the nozzle, that is
3 at x=0. As u 1is sinusoidal, assume that & is also sinusoidal and,
A as 5 varies from d to. -d , then A -
e d = &_ cos ot
3 m
E At the nozzle mouth, that is, at section x = 0 , the particle velocities
3 ara
E: 1 =u_ sin ov
B- m
3 This ard the storage equation yield
u T hA
i Y g 0" _m
N ..._LO Io ememetes T e
. m ﬂ it
3 L
4
4
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or

208 = Q (2)

Accordingly, the pneumatic chamber will require a storage of only Q .

9. To produce waves of specified wave heights 2hm , the pressure P
of the pheumatic chamber needs to bec properly conirolled. To determine the
relation of P to hm , resort may be made to the equation of «nsrgy tc be
discusced below.

Energy Equations

10. For the case of two-dimensional flow, the squations of motion are

given as
du _ _1op o0
at  pox ox
dv _ 1 o0
R"'p%"g ()

where d/dt -denotes differentiation along a:particle path, that is

4 _29 + 2] + s}
dt-SE u‘g}? Vg:y:

where u and v are the velocity components in the coordinate axis x and

Y . The ph&sical meaning of §& is that it denotes the potential energy,

per unit mass, at the poinmt x,y in respect to gravitational forces.3 As
both p , the pressure, and & , the gravitational potential, enter iuto
the equation as rates, the resuiting motions are not altered if the value

a of P is reduced by cone constant and £ by another c.ustant. This allows

us, when dealing with gravitational wave moticn,; to put atmosphneric pres-

sure equal to zero. The mathematical expression for & is gy if y is

dravm vertical. low ¥y may be measured from zny horizontal plane. For

Y

the problems ot nand, y will be measured {rom the channel bottom.
11. The derivation of the energy equation on the basis of {low

2
equations is given by Lamb.” For incompressible flow in two

I

Ly ol .
Lo P e e .

g s a8 I

)
o
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dimengioas, the equation reduces to
d . T 5
= (P +V) = L (£u + mv)p ds (5)

~uizh applies to the body of liquid snclosed in a cylinder of unit length
iz the 2z direction and having s as the circumrerential boundary curve,
Here ¢ and m are the directional cosines of an inwardly directed normal
to the bounding curve element ds or the bounding surface of area

dA =1+ s ., The gusntities T and V refer to kinetic and potential

onergies of the liquid btounded by s and are determined from

T = éﬁ (u2 + ve)ds s dS = dx dy
and S
V= gdf'ﬂ ds ; dS = dx &y

S

Maltiplying the two sides of equation 5 by dt and integrating between two

instants tl and t2 yields

R . _
2
(T + V)2 « (T + V)1 =.I; ~/‘ (Zu + mv)p ds 4t (6)
Yo, Vs

The interpretation is that the total increase in energy, potential and
kinetic, of thetéame portion of liguid in its path of di-placement is equal
to the work done Ly the pressures on its surface. This ic stated by Lamb.
See fig. 2a. Since the expression in equation 6 gives the change in the
energies of the same portion of liquid in its path of displacement for the
times tl ani t2 , this exprescion may be referred to as the Lagrangian
form ¢f the egquation of energy.

12. An alternate forma of the equation of energy is

.2
o o 2 . ;
24 .O_{L.\ 43 = (5\1 + mv) (9- q +cit + p)ds (7)
2 ot 2
3 s .-
. o2 2 . . -~

where g =u + 7 and s represents a curve drawn in the field of ve~
ilo-ity and S is the arca =nclosed by the curva., The interpretation is

wna* the change in kineti~ onergy in & region delineated in tne flow field
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by a closed curve ig due to the inflow and outtlow O potential energy and

into ana awayv from the enclosad area, and 1o the work

of kineticr enerov 1. Aan
“- o e * M H

dona by the pressures on the vody of ligquid in the delineated area. See
fig. 2b. Since the expression in equation 7 gives the changes in the

energies in the fixed area, this expression may be referred to as the

Eulerisn form of the equation of energy. The proof of the expression in .

equation 7 will be given in the Addendum. ‘
13. In the ordinary application of the energy relations, usually the

flow is through passages with rigid walls, for which at the walls- v and

B

3

v vanish.

Pneumatic Pressures

14, Use may now be made of equatibn 6 to examine the increase in 7 «

sl e et AR s

wave énergy with time in the channel downstream of the nozzle mouti. See .
f1g. 1b. It is assumed that at time ¢ < O the liquid in the chamnel is -

EN

- &t rest; the wave motion comménces at time ¢ =0 ; and during time 1 =1 f

the front, @ node point, has traversed the distance x = %y
" A : |
kx, = ot , - (8)

the disposition of the surface of the wave is .

A 3
h=h sin (ke - kx) 50 <x < x4 )
and - ] I
] h=03x>x%, : (9) . o

15. Consider the area under the wave b;mnded by the wave surface,
the ~ertical A'B' at x =0 , the vertical CD at x ==, , and the tot-
tom segment B'D . Call this the final area 32 . The liquid of this area
initially, that is at time t = 0 , was contained in the area of the rec-
tangle bounded by the vertical AB at x = -&x , the straight line AC ,
the vertical CD at =z = Xy s and the bottom segment BD . Call this the
initial area S, . Since ihe liquid is incompressible, Sl and 82 are

1
equal and
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The potential energy in 52 s when referred to the channel bottom, is
x .

| (2B
V2=pg -é-‘fﬂoh“l"é— dax
. 0 -
2 2 -
the kinetic epergy, since uw” =gh" M, , is

X0

[, 2
Keof pra-wl G
o : 0 0

and the total energy is

0

dx

(v + K)2 =

A i) -
h+h1{0+-é-dx -

&
o Dx
o
Fom

In Sl s the potentizl energy is

i

. 0
rg o (x, + &)

-V.
i

or

}O(Hoh ‘%)
N W= \Zrz)&

M

and, as u =0 for the instant -t =0 , the kinetic energy Kl is zero.
Denoting the increese in the energies by

s
]

(V+K), - (v +EK)

from %the above

=
I

> f (h + )dx ’ i

After substituting h from equa.tiqn 9, iIntegration gives

pzh A, gh2

E, = (cos kx, - 1) + e (kx - sin kx, cos kxo)
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and ae kv = aft . also
0
2
pghmI{ ogh
E, = (cos ot - 1) + ==2 (ot - sin ot cos ot) (10)

16. This energy comes frcm the work dcne by the pressure P, , pre-
vailing at the section x =0 , on the line AB , and the work it

i H, '
=f f POQ dy dt
0 JO

The integral El will equal E2 only if

= pgh + og, - pgy = ng(HO +h~-y) (12)

where h is the surface displacement at x = 0 . Recalling that
u = sinot and h = hm sin ot , the integral for E, yields

oo (5 ,,go) -
° %y gy,

(cosot-1)+-—2—-—'~(0t-sm0‘tcos ot)

umkHo = uhm s see equation 1, also
2
S i
E, = (cos ot = 1) + —— (ot - zin ot cos ot) (12)

The equality between El and E2 s thus, is shown.

17. One recognizes, of course, that the pressure Po prevailing at
the nozzle mouth (that is, at section x = 0) is made up of two parts, one
due to the wave disturbance h and the other due to the undisturbed liquid
of depth Ho + Having ascertained the magnitude of P0 s equation 11, the
proper pressure P in the pneumatic chamber over the water surface may
next be evaluated after resorting to the alternate, or the Eulerian, form
of the equarion of energy, equetion 7. For the present case (see fig. lc),
‘the bounding curve S is made of the following parts: the segment S:L
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ongisiing o the free swrlt o of the liquid in the chamber, the segrent
S, to be identified as the nozzle mouth, and the rigid boundaries of the
chamber and the nozzle in contact with water, The apprepriate form of the

-apergy 2quation, then, s

q

124 z ;
J;-é’:i%g;dx dy=L z'l(-g-‘~'i el + P)dﬂ -J; ue(%ug + o, + Po)dy {7a)

where vy denotes the water surface velocity in the chamber and U, the
velocity at the mouth., The sums of the terms in the parentheses of the

individual integral. are constant, and since

./.e k
Vdﬁ=f UGy
Ol 0 2

vyé = Wi,

or

the simplified forr- of the energy equation is

H

\2 o

e 30 o (B2 4 o (22
fiatd“dy*.l; “2‘13"(2"1+°‘:1+P) (Bup ey +B) (M)

-+

18. TFor the purpose of evaluating the term on the left-hand side,
measure first the vertical distances in term< of H.o , and. the horizontal
distauces in the direction of wave motica in terms of A/2% . Thus,

introducing

' =x/M and y' =2my/A =y/fk

the velocity g now is expressed as the tunction
q = umf(x',y') sin ot

and with it the lef{-hand term in ecquation 7b may be evaluated, giving

10
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H

2 0
899 iy dy+ = [ -n, 2 05 3
'[; i dy + . u2dy Nt % Yn ©OS ot Jt 5 ghm cos ot (13)

N
ofo

wnere I‘It is a pure number, its value depending on the shape of the nozzle.
Using this result and next erpressing vy in terms of w, = (um sin v),

the energy relation equation 7b simplifies to

& B\
e 211 () e ot = o, -

5 )thhm cos ot + u [.L 7 sin at]‘ = oﬁl pQ2 + P P0
Iantrodvcing into the right-hand member the va’ue of P0 from equation 11,
ﬂl=g(H0+5) ,92=gy

and also writing
P = pghy - Pgd (1)

the final form of the energy beconmes

2
H
- 1 1.2 (._0.)]-2
gh]~gh2+2thhmcosot+2um[l- Z sin ot

Since hm is small in comparison with HO s the last term on the right-
hand side involving u: will be small in comparison with gh and, thus,
will be ignored. One now has

= 1
by =h + 358

and accordingl; - the drsired pneumatic chamber pressure shouid be
£ oy sinot-(s -E‘lh)cosot (13)
ful: m n 2 'm ’

This may be put 'n the form

Ellé = A sin (0% - o€) (16)

et e |
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wher-

iN o
A=nh \/1 +(-§+#‘-‘-)
o “m
and
N & -
k" C = -—E- -—IE
uanC-—- 2'fh
m

the wvalue o N Dbeing evaluated from equation 13.

13, One ::;ay now summarize tne results. The generation of long waves
o wave height Ehm and or period T will be brought about in a practical
manner through the introduction of sinusoidally varying pressure P in the
pneumatic chamber of period T and of semiamplitude pgft . The phase dif-
feronee in the pressure variations inside and the wave surface oscillations
outside is given by € . Pressvre P denotes the excess or deficiency in
refarence to atmospheric pressure.

20. In tue analysis given above and leading to the chamber pressures,
losses in th chamber and nozzle passages are ignored. The theoretical
treatment of the losses would certainly bte scmewhat uncertain for nozzles of
arbitrary shape. To account for the losses, one may iacrease the semiampli-
tude of the pressure variaticns A by an amount BA . If, in the nozzle
used, the two sides of the throat are not symmetrical, losses would be of
differert amounts for the inrlow into the chamber and the outflow. As a re-
sult, wzves gene:ated in the proximity of the chamber would contain higher
harmonics. Pernaps this difficulty can be overcome by choosing a nozzle
having small i.sses. 'This is a matter thai could be examined in models.

2i. Simultaneously with the develcpment of thought and the design of
pneunatic wave geners ‘s at California Iustitute f Technology, similar
developments were ¢ 2d at the David Taylor Model Basin leading to
elaborate machines for the generation of deep-water waves .h In the latter
type machines the diffuser nozzles are avoided. Under the direction of
¥r. Brownell, a system of generators with accessory controls has been
zvolved which is capable of sizmlating a calposité sea state of any speci-

fied complexity. The design criteria of the machines were established froem
sodels.
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22, In these types of machines with nozzles absent, if desired, the
mechanics o0 flow may be adequately descrived with results from the monen-
tum principle., A form of the andlysis along these lines is given by
Kergoat in a brief c<:-mmmaica‘l'.ion.5 In the paper are included experimental
results vhich show good agreem>nt with theory.
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PART ITT: APPROXIMATE THEORY OF PNEUMATIC GENERATORS FOR SUKGES

23. Th: feasibility of pneumatic wave generators for the purpose of
czreating a singular positive translation wave of great length was being
examined experimentally. In this section an approximate theory of the

generator is developed to serve as a guide for the analysis of the test
data.

Wave Characteristics

24, It is desired to produce an elongated wave of constant neight h
advancing with a constant velocity of propagation « i1 still water of

constant depta Ho . Applyirg the Boussinesg concept of propagetion to the
present case

-V, (1 +E,}‘—O-) (1)

sirce 3°h/2x° vanishes.® Let w, be the purticle velocity in the weve,
constant in any vertical section. By the contimuity condition

ua(}io +h) =ah (18)
ani hence, neglecting powers of h/!!0 R
ua = 0) smme ( )
Eliminating o , using equation 17,
w=VF g (-12) (29)
Operation of Wave Generator

25. The generator, which consists of an air chaxber with = long dif-
fuser type nozzle at the bese opening into a channel, is shown in fig. 3a.

1k
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Thi_s is of the type to be referred to as a low generator. At the top are
two apertures, one of them connected to an aspirator and the other to out-
side ajir. The openings are controlled. The pressure in the pneumatic cham~
ber is changed from Py to Py - Apo , where Apo is a positive quantity,
by opening the aperture leading to the aspirator. As water in the chamber
is raised 40 a level H , and water remainir> in channel is of depth Ho ,

Pl - Lp, = gl
or
op, = pg(H - Hy) (20)

At & = 0 the aspirator is disconnect=d, amd the aperture ta the outside
is opened, allowing air to enter. At time t let the chamber relative
pressure be =4Ap , 6 the fall of water surface in the chamber, L the
langth of the wave generated, and h +the height of the wave with respect
0 the undisturbed water level. )

26. If v, is the downward velocity of the falling surface,

1
v, = db/at (1)
By the condition of continuity
t
daL
52 = o h T dat (22)

where £ is the longitudinel lemgth of the air chamber. Differentiating
with respect to t and since dL/dt = ®

vll = wh (23)
Also
= u.‘,(no - h) (2u)
Problem of Chamber Preszure

27. From the above cGevelopments it is ceen that a requisite for the

15
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generation of a wave of constant height h moving with a constant speed
of propagation ® 1in a channel of constant depth HO is that the water
surface in the pneumetic chamber must fall uniformly (that is, with a con-
stant rate). This poses a restriction on the reduced pressure 4p , and
the devendence of Ap/Apo on t may be determined conveniently by again
using the principle of encrgy.

28, 1In rig. 3a the disposition of liquid jn the channel to the left
of the limiting section A-~A' , and in the pneumatic chamber for the ini-
tial time t =0 , is shown. In fig. 3b the subsequent disposition of the
same liguid at time t is shown. The limiting section A-A' is at such a
distanze from the mouth that the issuing wave has not reached it at the
*ime t . Consider the energies of the water to the left of A-A' for
these two instants, t =0 and ¢t =1 . Since at time t =0 the 1liquid
is at rest, the initial energy cf the system is only potential. On the

basis of the notations of fig. 3a. .
(r+v), =88 (P2 + L) (25)

At time t <vhe liquid has kinetic energy made of two parks, one (Tal) re-
lating to the water in the chamber and in the nozzle, and the other (T22)
selating to the wave in the channel. Computation will show that )

T21=§"§(B'8’KB”*§“§H§“1; (29)

where Ht is a numerical constan}{ the value of which devends on the shape
of the nozzle 2nd the path connecting the main body of water in the chamber
with the nozzle. Between the levels of H and HB the cruss section of
the pneumatic chamber remains the same. With low generators as ir fig. 3,
EIB is identical witn the narrow opening  of the nozzle. The expression
of N‘-; in terms of nozzle dimensions is derived in the Addendum for two
types of pneumatic generators, the low and the elevated. Ac this time the
exact numerical value of Nt is not needed. As regards the second part

o7 the kinetic energy, One has

16




ur

Tpp =

I\Jll'-'

pu2 (H, + h)L (27)

vhere L 1is the length of the wave. Finally, the total kinetic energy,
T2 T2 + T Do 9 is

22 -5- o 2 2 ( LY
s =5V (n ) HB)+2 252u+ B\l + g

0

) (28)

29. The potential energy of the liquid to the left of A-A' in the
chamber and in the channel for the insvant t is
v,=-2L@m-s)fr+&Lm +nL+ L@ -1 (29)
2 2 2 0 2 ] 0

wWrite (T + V)2 for T2 + V, . Denote the difference of the energies for
the instants t =t and t =0 as

=(T+v), - (F+V) (30)

Substituting from the above and also making use of the continuity condition
5 =Lh , since h 1is constant throughout,

28 = -pg(t - H))L + £ eonm + £ (e + o)1
+8 (L - A+ 22 (- + 855, ()

Por s further simplification of this expression one may first neglect vi
comparison with ug s since 1 is many times larger than Ho . Again,
two sets of terms may be grouped separately as follcowc

3(ubn + & + ) = e (32)
N =1+%%

(-
~




Vi (H‘"B”*“gng“t:gh“g“

- (33)

where

H -
SCREE R (REE AN
M=.——(l- o )| e + ()] -« 2 =N
do 2 HO £ HO t
30. The simplified expression for AE , equeation 31, now is
x 1 . 1
Ab=pg[§htﬁm+h2NL-(l{-ho)hL+-2-5hL] (34)
Since L=uot and % = vlt » the last may ve written aleo as
1 1 .
OE .-.pg[§t.n§4+112m- (H - By)nL +§5m.] (35)

Here AE represents the difference between the energy of the system at
time t and that at time t =0 . The quantities M ard N are inde-
pendent pf time and have set valuves for H, ﬂo , and h constant; and,
thus, & is a quadratic algebraic function of time. The variation of 4&p
with time must be such as to account for this particuler form of AE .

What the desired variation is, as suggested before, may be derived from the
energy relation in equation 6. If W is the work done by the pressures on
the boundaries of the liquid to the left of A-A' , by the energy princirle

fE=W (36)

&
W=.flfapv1«u at (37)
070

Since v is constant along the water surface in the pneumatic chamber
t
W= -Ef VlAp dt (38)
0

where

Before proceeding further let us consider the physical conditions at the
instant of wave generation. At % = O , the water in the pneumatic chamber

18
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is at rest. At t = € and thereafter, vater particles in the chumber

will be moving with constant velocity Vi

t > € the wave is of constant height. On this basis

, since it is assumed that for

€ t
W=-t 5 v e ate “'JJ; Lp dt (39)

Here vn deuotes the surface velocity of water in the chamber for times

less than € . We may write also

or

and if we put

-Je = (Z-vl,i- 1)&-61; (40)

W= -tlepO(-Ie + f %a at) (x1)
0

Using one of the forms of the condition of continuity, equation 24, and
introducing the value of Apo s eguation 20, yields

t
= - - - &
W = -u,(H, + h)es(d HO)( Ie +-/:, Zx; dt)
or
t
W = —pgohi(H - i) (—Ie +f z%; dt) (s2)

0
31. Por % > € , we suppose thst the pressures are given as

19
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g’—=l-kl-2k2t (43)

An. 1
™0
and if we denote by Api the pressure thut would exist at t =0

’ oo, = (1 - x))dp, (k)
3 7 and hence
& ap, -
;' k‘l = (1 - Zi(-)-) (""))
Now
2 t 5
* ./(;%;;dt=(l-kl)t-k2t
A and this msakes
W = -pgwh(E - no) [~Ie + (1 - kl)t - k2t2] (46)

vwhich like AE , equation 35, is an algebraic guadratic function of t .
Comparing terms in the two expressions, equations 35 and 46, not involving
t one finds

pg(H - Hy)I€ = 5 hHM (47)

Accordingly, since M is a positive number, I is also a positive number.
The suggestion is that there should be a relatively sudden increase of
pressure which then after a short period of time falls to Api . Further
discussion as regards the transient pressure may be omitted here. Initial -
conditions will be discussed later.

32. Coumparing the coefficients of t in the expressions of AE and

Ay £ )
FdpsiaAda

iy

PRI FUET WA

itz

W , equations 35 and 46, one finds

W - (H - ) =-(1 -k )(H - &)

or (:3)

A hN =

20

(& - Bk,
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This expression enebles one to determine k] in te

(49)

rms of the wave height

h and the elevation of the water surface in the pneumatic chamber H at

the time the wave starts. From k’.l. one next obtains the value of the

pressure in the chamber to generate the wave of the desired height h .
33. Comparing the coefficients of t2 in the expressions of 4

and W , equations 35 and 46, one finds thut

/2y = (0 - Hyk,
From the continuity relation

vl£=a>h=hjg_g(1+%

i

Th. above yields
h

which determines what the rate of fall or pressure

(50)

)

(51)

in the pneumatic chzmber

should be in order to maintain & constant wave heigzht with time in the gen-

erated wave. Here k2 is determined in terms of

h, H, and £ , the

latter being the dimension of the tank in the longitudinal direction.
34k, Bquation 50 may be written in another form. Since vy = ad/at

and 2k, = -a(4p/Apo)/at

ad d
f-@-n) ()
Rt
Ap, = og(H - Hj)
and hence
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S

f--w(®) (502)

indicating that the rate of fall of water surface in the cliamber =quals the
rate of increase of chamber pressure.

35. The relation, equatior 49, conmnecting h with k. is for the
condition that in the flow of mter through the nozzle there is no loss o7
energy from friction associated with turbulence and deflected motions.
Since in the best design=d nozzle some loss is expected to occur, a provi-
sion must be made to account for the effect of the loss. The frictional
lcss reduces the energy available to create the wave. Iet this loss be

AL , and write
AL = AoghPHL (52)

as discussed in the Addendum. This means that in the energy expression

AE , equation 37, in the place of pghzm. one must now write (1 + A)pghzm.

Proceeding as before one now has

n {H 1\ 5
Ho‘(Ho‘l)(l'EKo)ln (53)
We may refer to A as the nozzle friction tacto .

36. Examining the two expressions, equations 51 and 53, it is seen
that the quantities kl and k2 t.e not independent but are related.
Comparing these equations with each other, it is found that

2k

SRR (PP (3

so that, if the friction factor is known, vhe ratio 21;2/k1 can be evalu-
ated from the assumed values of h and Ho and the chamber size 2 .
Conversely, if 2k2 and kl are observed, the relation is utilized to

compute A , since

1+x=-,—-~——-(1+%%) (55)
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- BExperimental Evidence

37. The preceding analysis dealing with the generation of an elon-
gated wave of constant height suggests that this kind of wave would be more
readily and easily generated if the pneumatic chamber is elevated. If the
chamber is clevated, the total fall of water surface therein would be a
smaller fruction of the initial height H , and accordingly the pressures
could be conveniently produied without a wvariable control of the air open=-
ing. To examine the feasibility of the idea, experiments were conducted
with a generator as shown in fig. 4. The relations shown in equations 51
and 53 still hold. The only modification would be in regard to the coef-
ficient M , equation 47, which changes with the type of generator adopted.
This is not important since transient pressure effests at the time of wuave
issuance will be ignored.

33. For the prescut, the important observation data to be examined
are: the wave height at the mouth of the nozzle as a function of time, the
pressure variation in tie chamber, and the fall of water surface inside the
chamber. An example of a tracing from an electronic record is shown in
fig. 5. The lower curv: shows the variation in wave height in the vi:zinity
of the noz:le mouth. Note that for a long time the wave height remains
constant. The middle curve shows the increase with time of the pressure in
the chamber and in the area above the water. If cne ignores the oscilia-
tion of pressure in the short duralion following the instant that the air
passage is opened, the increase of the pressure with time is linear. It
would be adequate to represent the pressure course by a single straight
line for all instants. Note that the intersection of tne pressure line
with the zero time axis is indicated by Api . For the present the reason
for the pressure oscillations for small + values will not be dis ‘1ssed.
The matter will De taken up in another section. The upper curve shows the
fall of the water surface in the chamber with time. Thc rate of fall is
constant, and its absolute value equals the rate of rise of the pneumatic
presgure. These results are in accordance with theory. The data obtainead
from this and a few other records are presented in table 1.

39. The data will be examined to compar > the theoretical results
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with the observed results. The quantities involved are
h s
= J (1 T ) ) (19 bis)

which is the expression for ihe particle velocity in the wave ;
h\/ghc '
..(_._._7(1 +§H0) (51 bis)

which is the expression for the rate of increase of pressure in the pneu-
matic tank and time; and

(D CRE T PR

which is the expression that determines the required (effective!) pressure
in the tank at the time when the wave commences to issue from the nozzle.
L40. The constants kl and X appear in the last equation, and thus
it would serve to determine A , the no2zle resistanc: factor, in terms of
h and kl as observed quantities. Another way to determine A is from
1+1-k1 gao(lsv ) (55 vis)
bi. It is helpfui to mention that the quantities k, and k, are
not observed but are derived from the obse ved quantities Apo/pg > &p/og
and d/dt - Op/og , using the definitions

2, = - & oln

K =1- Api/Apo (See equations 43 and 145.)

and

42, The computed values are shown in the lower part of tabie 1.
There is a fair degree of agreement between the observed and the computed
values of u, and k2 « There are two determinations of )\ , and as ex-
pected, there are considerable variations from one run to ancther.

2y
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PART 1IV: THE MECHANICS OF PRERS'TRE BUILDUP IN PNEUMATIC CHAMBERS

43. It was shown in Part III that the mere raising of the level of
the water in the chamber and allowing the outside air to enter through an

aperture without the assistance of additional controls is sufficient to
cause the pressure to fall at a constant rate. The fall is as required by
the theory of long waves of constant height. This behavior of the gener-

ator needs to be explained on the basis of the mechanics of air flow into
the chamber.

Mass Rate of Air Inflow

4k, As a first step in the analysis, consider the closed vessel
shown in fig. 6 which has an opening in the form of a circular orifice of
area a . Let the volume of the vessel be Vo .« When the pressure inside
is below atmospheric there is a mass rate of flcw inward. Let the condi-
tions outside be given by po and P and those of the interior (that is,
Let o

at the vena contracta) p, and be the area of the vena con-

D, .
1 1
tracta. Assume an adiabatic flow. For the mass rate of flow one has from
3 ;
Lamb 1 /2
1/2 P \ 7
dm (2. h 1 <
R e K i ( 7 - 1) 0Po ( o/ ( (%)

where ql is the velocity of air at the vena contracta, ¢ S iz the veloc-
ity of sound in the air outside, that is

Po \a 1
0 (7)) - tmog) (57)

and 7 is the ratio of the specific heats at constant pressure and con-
stant volume. For eir 7 = 1.408 , and for standard atmosphere
¢y = 1089 ﬁ:/se‘ H 60 is the temperature in degrees Rankine corresponding
to 32 F.

s, 1In our applications the difference between Py and Py is
small. Denoting the difference by 4p , pl/po =1 - Ap/po .

25
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With tuese approximations the expression of mass rate of f'low, equation 56,

1/2
%% =(%) °o°o\/;£;_' 1

Introducing the value of ¢

reduces to

o from above, equation 57, yields

dm _ 21/291/2@ .o

dt 0
and putting
ot/ 201 =Ca (55)
inally yields
% = Coé/ “aN2p (59)

One may refer to C as the coefficient of discharge, since it is a dimen-
sionless quantity.

46, To coeffizient C one may ascribe a meaning more general than
that implied by equation 58, Equation 59 mey be used also in the cases
where there ig dissipation in the flow reaching the vena contracta or the
rassage may be through-a tube of any kind. The formula serves to relate
the mass flow of air to the pressure in the closed chamber. In such cases
C may be thought to depend on Reynolds mumber B =@ . % , 4 being the
diameter of the tube.

47. It is advantageous to express the relaution in equation 59 in a
dimensionless form. Omitting the steps of transformation the expression is

dm o
3t = Cag, -1-172- \/g (9%)

To illustrate we now consider the Fliegner formula cited by Prandtl.7

26
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Polson et al.8 have shown the valiaity of the formula. In metri~ wnits

@ = 0,76V (p) - py)p,/T)

In the terms of this paper and if 4p is small with respect to Py »

dm _ < {"'_J-.

One has, omitting the steps of transformation,

1/2 cap,
dm _ R Ap 00,4
-— = 0.76 = 1. I
3t - 0-T0a =5 n, Vpo L3 \/po

since R/g = 29, meters per degree. Accordingly, C = 1.31 and the vena

contracta occupies the entire area of the opening.

Determination of Coefficient of Discharge

- 48. In the applications to be made eventually, it will be necessary
to know the value of the discharge coefricient. A method to determine it
would be to ascertain the rate of increase of the pressure inside the ves-
sel with an initial difference of the pressure Apo o If the volume Vo
is large enough the filling may be regarded as an adiabatic process. Then,
the pressure and density in the vessel are thnose at the vena contracta.

49. 1In this hypothesis one uses

m= olVO
and
dp
w30
& - ~at Yo (60)

since VO remains constant. Now for adiabatic conditions

Y

=0
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Sinre Ap is a small quantity
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and differentiating with resprect to time

2ol 1am
°O dat 7 &t

.u. 2
Introducing the sound velocity c, , ¢ = 7p0/bo

P1_ 1wy
at c2 dat
0

and from equation 60

Yo anp

at,

(1

8
3 mlo

Equating this to the mass rate of entry from outside, equation 59,

0 4 _ 1/ e
2@ & = Ca~Ndp
0
or
2 LR
iz __ 0 %
T APO Vb-——77-va \ Nn
cr
4 4p |2
- === = -KCa
dt Ap, Ap,,
24183 ot t] /2
1
Y Sg( f’o_)
Vo \ &8
28
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The solution is

AD KC¢ -
11258 =1 - —Ei t (v3)

50. An experimental determination of € sas carried out by noting
the filling rates of & rectangular box 2 ft high and wiith a c¢ross se~{ion
of 1 by 2 ft. In the upper plate (0.485 in. thick) numerous ~ir~ular u;or-
fures with varying diameters were drilled, The edges of the aperiures aore
sharp., Taking an aperture at a time when the air pressure in the vesgsel
was reduced by an amount Apo s the aperture was next opencd to the air
outside, and the increase of the pressure within the vessel was noted. )
Fig. 7 is an example of a plot chowing the linear variation of (Ap/bpo)lfe
with time. This is in agrecment with the theoretical form in equation 63.
Thus, if m is the slope, the coefficient is

C = 2nfka

The values of C for orifices of various diameters are chown in table 2,
The coefficient of cischarge is practically independent of the diameters
except that the coefficient shows a slight increase in vaiue when the ratio
of plate thickness to orifice diameter is increased. The constant value is
C =0,71.

51. The tests were continued with vessel volumes Vb smaller than
4,03 ft. These lesser vclumes were conveniently obtained by filling the
original vessel with water. Theiresults of the tests are shown in table 3.
It is seen that C when determined by equation 63 decreases with Vg - In
the routine tests on wave generastion it was observed that owing to inertia
the water surface in the chamber remains still for a short time following
the instant when the chamber is opened to outsige air. This would mean
that for the initial period the air is flowing into a closed vessel o un~
varying volume. In figs. 8 and ¢ the initial increase of pressure with
time for the two types of generators is shown. The zir openings «
the form of circular crifices, Since the manner of the innrezse iz !

agreement with equation 63, C may be computed by this formula. Thc °
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results of the reductions are shown in table k.

52, It will be shown in the Addendum that the effective values of
C (that is, the values computed on the basis of equution 63) may be depen-
dent on the volume V: occupied by the air jet and the length Xj of the
jet., provided that a short distance below the air opening the jet is de-
flected laterally over the surrace of the water. This would suggest that
C could be a function of vj/vo and XJ/A where A is the initial air
gap between the water surface and the chamber ceiling. In fig. 10 the
effective discharge coefficient is plotted against xjﬁs « There is a fair
congruency of the points with the curve drawn. For the cases considered,
the effect of the ratio V. /vO on C is negligible, The meanings of X.j
and Vj are discussed in the Addendum.

53. In a more general seuse, as previovsly mentioned, C will be
interpreted to be a proportionate factor in the empirical formmla, eguation
59, connecting the mass rate of {flow of air with the pressure in a receiv-
ing chamber. The air passage may be c¢f any form. In the first runs of
pneumatic wave generation the chambers were connected to the aspirator and
to the zir outside by means of a so-called three-way valve. In fig. 11 are
snown the initial rises of pressures and these also yield smailler discharge
coefficients,

54, The present study on the discharge coefficients unfortunately is
very incomplete. It would have been the better procedure to base the eval-
uation of C on the direct measwrement of the mass rate of flow as deter-
mined by the simultaneous temperature and pressure measurements in the
receiving vessel as function of time. It was the intention to follow the

procedure in an extended study, but due to the lack of a sensitive tran-
sistor for the temperature mcasurements at that time, the idea was avan-

doned. Another precaution in the conduct of tests would have been the

RPN TR

measurements of the pressures in various locales, one imrortant place being

Llariaid

the vicinity of the orifice. There was cnly one pressure-measuring element

used in the tests made, and thic definitely was not sufficient. Again, for

TTSOETPRAR

a more reliable control of the tests, it would have been dcsirable to con-~

n=2t the recelving vessel to a very large discharging vessel to replace the

I

cutzide air, In this errzngement there would be an additional means to
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determine the mass rate of flow of the air,
55. The main assumption ot the above analysis leading to equation 63

was that
.1
°0 7Po

Now suppose that in an actual situation the relation between the pressure
and the density of the air in the receiving vessel is

!

_—=] -

Po

Um
Fi8

where € is a numerical, the value depending on the circumstances of the
filling; it can be a variable, changing with time. If the process is to
approximate isothe.mal adjustment, it may be a number close to 7y . Re~-
peating the analysis one now obtains,; in the place of equation 62, the

Ti% (e g;) = -KCa \/g; (6b) J

whkere K has the same meaning as bef,re. When information relating to €

relation

is lacking, owing to the insufficiency of observation, +he solution of
equation 64 is uncertain.

56. In any case one may revert to equation 62 or to equation €3 as a
convention, and C determined in this manner would be referred to as the

effective coefficient of discharge.

Pressure Buildup in Pneumatic Chambers

57. In computing the pressure changes in pneumatic chambers open %o
air, due consideration must be given to the fact that during the generation
of an elongated wave of constant depth the air voiume in the chamber woula
be changing. The chonge is measured in terms of the fall of the water sur-
face inside. Ideally. the fall must be uniform; that is, if V is the air
volume at time ¢ and Vo the initial value
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VA, =1+nt (65)

where n is & constant., Simultaneously the pressure buildup in the zham~

ber must conform to the expression

dp/fpy =1 -k - 2kt (43 pis)

especially in the .sater stages of the wave formation. The bearing of the
quantities k1 and k2 upon the wave height h and the water depth in
the channel HO has been shown previously through equations 51 and 53.

53. The rate n here is proportional to 2k2 « Denoting the eleva-
tion of the chamb.r ceiling from the channel bottom by H&

Vy = (HT - H)2
and
V= (HT - H+8)
Hence,
v o 3
F=l+z (66)
0
where
A-Hy-H (67)
Comparing this with equatiorn 65
Y
=2t (68)
or
n= vlﬁA
and from equation 30
H-H
n=-—x 2. 2k,
or
n = HT ~—5 " 2k, (69)

59. In the experiments of pneumatic wave generators of the type
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considered here, the vassage from the pneumatioc chember 4o the cutside air
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consisted either of a short tube or & rubber hose leading from the short

Gax )

Nl v

tube or a circular orifice. 1In all these cases, once the water was sucked

t0 level H and the passage was opened to air outside, the fall of the

,‘ 1 water surface inside and the subsequent increase of pressure in the chamber
: took place uniformly without further control of the air passage. This
¢ matter deserves an analytical examinetion, and it will be supposed that the

air aperture is in the form of an orifice, since the coefficient of dis~
charge of this type aperture is known.

: 60. We take the general problem of flow of air into a vessel of
varying internal vclume. The mass of air in the chamber is Vpl and using
equation 66

m=v0(1“'%)“’1 (70)

Differentiating with respect to time

dm _ o (1+§)i’1+1’221£§
a - Yo 2)i® YA &
or )
dm _ 5yad P1 . Pr1gs
it - o"o[(l*A)dt Fo | P AdE (1)

Assuming ar adiabatic process and remembering that the pressure inside the
chamber differs but little from the outside atmospheric pressure,

Substituting this information in egquation 79,

dm _ - 8) 1 d&p 14 \1 a8
dt“"ovo[(l"A)rpo dt+(l 7%3)4;&]

or
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Sinece Ap is small in comparison with 7po . the latter equation may be

simplified, ignoring £gy2$b , to

&p
dm _ ., o_( °Y4 &p 18
i = 2% 71’0[ l+A)d€Apo+NpAdt] (72)
where
P
=y 2
N, 7Apo (73)

ol. It will be recalled that the mass rate of air flow from outside

into a vessel will be expressed by

B - Y2 calon) )2 Vi, (59 bis)
or writing
" = Ap/Ap,

ém _ 1/

3 = P Ca(Ap('

) 1/2 /2

Here, C and =a are the coefficient of discharge and the area of the ori-
fice, respectively. Eliminating dm/at between equations 52 bis and 72

and meking some simple transformations, the result is

d)dn 5 _ /2 /
'(l + A) O N KCarx \74)

where
5 y 1/2

T e /P
0 o (%o
N =7 —— and K=—-———-—-<—-—~)
P 4w Vo \2&p,

Th's 1s the general =quation for the buildup of tiae pressure in a vessel
whose internal volume V = Vo(l + 8//A) changes with time. To specialize,
put

&/A = at

and introduce this in equation 74%; since n will be taken to be a constant,

3k
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(1 + nt) an +N = KCan/ 2o
-( at) it ;pn = KCa \iz)
The dimensions of the product KCa are the inverse of time. Introduce
_ -1
ty = (kca)
T = b/t
m=n- T,
With these, equation 75 tases the dimensionless form
~(1 + m1) % L uN = ﬁl/é (76)
dt P

This is the differential equation that should apply for the pressure build-
up in the pneumatic chamber when the water surface is falling uniformly.
The differential equation with m a constant permits an exact solution.
For the purpose at hand, however, it woull be better to consider a series

solution in the ascending powers of T .

2
an lfdmn 2 {
f e x +(_) ,h.(._\f, P {17)
(0] ax 0 4 dTe/

where the Q@ subscript outside of a parenthesis indicates that the quan-
tity is to be evaluated for T =0 . Assuming thet C 1is independent of
time, and this would be the case if the coerficient of discharge were not
affected by the volume of air in the pneumatic chamber, one will obtain the
following sequence for the coefficients appearing in -~auation 77 by refer-
ring to equation 76 and those obtained by the successive differentiation of

the latter with time. The sequenze is:

=tk )
(g_g)o = - "cl)/ ° ? (78)
(EE2) (e AAR) (a2
(drz)o (m fer )(ST)O )
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The wantities in the first parenthetical term on the right-hand side of

the last equation are positive, and therefore the secord time derivative of
%  cdoes not vanish. The meaning is that the curve of xt versus time is

not a straight line but is curved slightly. The solution of equation 76
does not exactly reproduce the linear variation of the pressure in accor-
dance with equation 43. It is, however, expected that the time variation
of ® as given by the second line in equation 78 would be sufficiently cor-
rect. Identitying (dﬂ/df)o with -2k,t, and supposing that k is small
in comparison with unity, the second equation in equation 78, after revert-

ing to the original variarles, yields
2k2.= an -~ KCa

Introducing n from equation 69, rememvering that Np = 7p0/2pb , and
simplifying, one has

_ KCa
2k, = -0, P
l+7'———.-0—
Bp -0 fp,

Since pQ/hpO is a large number, the g&bove may be written next as

2k, = =g ﬁcoa 5 (79)
7H'1"“0 28,

where

o A2 15 \L2
-5 ()

0 o]
Equatin-n 7G purports to connect the rate of increase of air pressure in the
pneumatic chamber with the area of the orifice opening. From the tests on
the orifices one suspects that C 1is close to unity. Fairly reliable
values of C may be obtained, it is believed, on the basis of equation 79,
using data of the quantities appearing in this equation. The pertinent

d2ta are shown in table 5, together with the computed values of C .
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For the four tests the mean value of C 1is 0.95.

62. Because of the manner of derivation the values of € just re-
ferred to apply for small 7T or small water displacement in the pneumatic
chamber», What the values may be for subseguent times or greater displace-
ment can be obtained from equation 74 inserting in it the observed values
of dn/dt , dd/dt , m , and & . The values of C that were evaluated in
this manner are presented in table 6. It was mentioned previously that
during the action of the pneumatic generators the water in the chamber re-
mains immobile for a few seconds after the orifice is opened *o outside
air. Thus, for this initial period d%/dt is zero. Accordingly, a spe-
cific value C may be computed from equation 74, putting dd/dt equal to
Zero. Values thus obtained, see tigs. 8 and 9, are also included in
table 6. Now C is a discontinuous function of T or 6 , so that if
equation 74 is chosen as a basis for the analytical treatment of generator
action, this discontinuity must be borne in mind. This may be accomplished
in the following mznner. Let Co be the effective coefficient for the
initial period or for the times wnen db/dt vanishes and C the effective
coefficient for the later times. Denote the ratio of C to C0 by »

Insert this in equation 74 and write in the resulting equation

8 =58/
This gives

- an 5 46 /2 )
L+ o) F+n F=roprr (60)

Note that the dimensions of Kcoa are that of time inversej accordingly,
put

t, = (KCa\)'l (81)

and introduce the dimensionless time variable

37
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0
in the above equation. The result is
, an a6 1/2
- 6) == )y — =
{1 +6) =t .ip 37 = ™ (82)

Now, when Jd€/at does not vanish, the first term on the left-hand side of
equation 82 is insignificant with respect to the second term, Np is a

large number, and the above equation for larger times may be replaced by

N
; ar a0 _ 1/2

63. 1In the example of a numerical analysis of the pneumatic gener-
ator action th2 above form of the equation will be used to represent the

flow of air into the pneumatic chamber.
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PART V: INITIAL CONDITIONS OF CHANGING PRESSURES

General Relations in Air and Water Flows

64, The discussions given in the preceding sectiors refer to the
later stages of the pressure buildup in the pneumatic chamber, after the
chomier has been opened to the air outside. For these later times the in-
crease of pressurc is uniform, and the accompanying fall of water surface
in the chamber is also uniform. For the initial times, just after the
chamber is opened to air ouwtside, the pressure change within the chamber
is undulatory. First, there is an increase of pressure of ~onsiderable
magnitude, arnd next, a pressure fall. These are followed by cyclic changes
of gradualiy decreasing magnitudes.

65. Consider once more the curve in fig. 5. Note that the wave
does not emerge from the chamber immediately after it is opened to air,
but about 0.3 or 0.4 sec later. During this period of time the eleva-
tion of water in the chamber remains the same; that is, during this time
interval Vo
of pressure owing to entering air, over what it would have been if the
water surface had started to fail immedisztely after the chamber was
opered., The large increase of pressure forces the water out of the
charber almost suddenly and at a rate that has the effect of producing
a vacuum, a depression of pressure. Similar effects are reproduced in

is maintained. As a conseguence, there is a large increase

the sequence but with lesser severity. The explanation is that the
inertia of water is the underlying cause cf the initial oscillaticns of
the oir pressure.

66. Iu a mathematical treatment dealing with the initial condition
it is nece;ssary to determine the flow from the chamber into the channel.
The expression for the flow may be obtained from equation 7a2. In this,
write g(H - ) in the place of Q, , -&p in place of P, gy in place
of @

2
independent of £ and u, independent of y . Thus, the energy cqua-

» and pg{H, + h - y) in rlace of P, . Assume that v, is

tion is
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- u?(E{O + h) [s;_g(}{o + L) + -g- u, | (84)

T o Vow whrous: the nozzle 's resisted because of friction, then A&p

A

1o 42 bo replaced by A o4+ S where A@L , & positive quantity, repre-
4

2 nts tne gdditional mressure difverence to over ome the resistance, In-

troducing wald remoenmb- ving that v, é = uD(HO + n) , the result may be

AT . S 2 . Qe
5) 0 = - 5 u, + og(H - i) - ogh - ogb - &p; - A@] (8%)

o s 503 2 e D 2= 7y .
= Bt e 1 S > Sy T L= T 1 V%Y
= f‘_+_ iy = 3 “.‘E v, M7 o= pve 1] - (56/
“ 19 — N S - U

wer. M s & dimensionless quantity, the value of which depends on the

“orm 07 the pneumatlic ~hambar and the nozzle  The determination of it is

:-»3 in the Addendun. In view of this latter relation, eguation 85

=S 2 8.2, ]
S 5% -~ 35U+ sg(H - }{0) - ogh ~ ogd - Ap; - Op

Dividins by <o(H - i.) or by its ~cuivalent A@O and remembering that

Va = &.Z';/l(it -
ES
,\ 2.2
e do_ b, _r 2”71 h 5
(i - H > T - T sd-~-H) " H - “H -
s - Hy) 2 2g(d~H)  H-H) ~H-H

+ yransrormztion will show
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or with o sufficient degreec 0 apmrox mut on

2.2
Y2 T e (n)2
sUL - il ) = - i, \H;

And also, as it is shown ir the Adicnduns,

cz(H - ﬁ67 Ho= 1 2 \H,

so thet

“r

: A i\

+ By - [i.;i(_lﬁ)J
-H.) og(H - HO) H - HO 2 2\

Substituting these in the encrgv eguation the latter becom-c

. i (27
B a%_ 8 o n_ Mo 1 M) hnf m g
s(H - H)) a2 H-H) H-H H-H 2 a1 7

=R

T
]

roj

g

o

Introducing the dimensionless variables
n = ly&ﬂz

6 = 8/A

A
]

2o/ap,

T

t/to

whare to is a characteristic time, see equation 81, the energy sauation

bezoues

a8 2

~—~ =20 -A0-AN-47 - 39
I AU - A0 - A1 - Ay ) (29)

where

-1
Al =
A,




’

A - =
3 Ha- HO
and
A = HO
b T H -

\’l

» .
Lag Vel - Hp -

In terms of dimensionless variable

s
8 T e t
2—6.-4:,}{0 HOTa
dt £A
Inverting
_ 4é
n = A5 a1
raere
A. =
> Ty
2nd

3,2
he = A

HO[%J’é(%Q).J

The relation betwe n d and h results from the continuity condition

€7. Equations 88 and 89 describe the

ber. To these one must now add the equation describing the flow of air

ntu the ~hambery that is,

qn
(1 + 8y 4%
(1 +8) =

+ kg
A\

aé _
dt =~

2N

i= u2(HO + h)

(%0)

(91)

low of water out of the cham-

Aqﬂl/z

i

«nizh, in conformity with equation 83, yields

(92)
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68. Our study of the flow of air into the pneumatic chamber was not
sufficiently complete to formulate & theoretical bacis for determining AB
and A7 a priori. 1In the numerical analysis to be shown subsequently, the
values of A8 and A7 will be inferred from te.t records that enable one
to give n and € as functions of 71,

69. Equations 90, 91, and 92 are the basic relations describing o,
6, and T as functions of T . The desired solution may be from the ap-
propriate difference equations showr below, using the technique of
computers.

Initial conditions:

Differences: T = nAt

PN
910:
Lo s+
N’
=]
+
b=
| il
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en-l-l T n &1 (o)
= 7 4an
Ny =0 4'(GT)AAJ )
Relations at =t = nt:
a0 ‘ 2 \
;—2_ =A@~ 88 - A, -y - )
T ~
n
-1, (2) - ag(%)
n=hsl\Em) M\ E ) (95)
n n
(dﬁ) = [A N - ] 6
=) =- - =)l
at/, 7 n 8( 2} (1+¢ )
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An Example of HNumerical Evaluation

T0. To see whether th. relations developed in the previous section

z“ : are sufficient to Adescribe the actions of a pneumatic .caerator, the case
of Run A10-2 will be considered. The graphs of the fall of water surface,
; the Increase of internal pressurz, and the height of the issuing wave were
3 showm in fig., 5. First, th- characteristic time to as defined by equa~
E T tion 81 necds to be established by noting the variation of pressure in the
;4.Vﬁ hamber with time prior to the emergence of the wave from the generator.
E. f.ae data are shown in fig. 12, and the straight line drawn implies that
N §-KCa = 1,65 per sec
i and hence
3 Ty = 0.3 sec and T = 3.3t
% ;f To -complete the listing of the pertinent quantities cf the run, the
; 3 following ones are added:
_ ; Hy = 0.319 7t po/pg = 34,1 7t
H=1.419 £t p,/eg = 1.0%4 £t
E 3 H, = 1.885 £t 7 = 1,408
4 E T
A = 0,466 £t 6=66F
T
2=21t ¢ = 1.66
3 M = 6.99
) The gensrator is of *the elevated type, and the appropriate values of
and M are dis:ussed in the Addendum. With the above, the constants ap-
;3 K pea~ing in equations 89 and 91 are:
Al = 2.06 Ah = 0.682
3 A, = 0.h2u A5 = 3.11
‘.'
ERLY M
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T1. Next must be indicated the values of the constants A7 and AS
in equation 92. The connections to outside alr and to aspirator wer. nmade
through a so-cailed three-way vaive. The claracteristics of the air passage
are not kncewn. However, the limiting values of A7 and Ag can be estab-
lished on the basis of equation 92 by inserting in it the limiting velues of
dn/dr and d6/at . The data of the observations are skown in fig. 13 in
terms of the dimensionless variables. It is seen that d8/dT anda dn/dt

are practically constant for large values of T . For T = 10 , one hss

6 = 0.656

n = 0,676
46/dt = 0,062k
-an/dtr = 0.0254

Substituting these in equation 94 vields
0.822 a7 = 0,0121 + 0.0624 A8

a linear equation in the constants A7 and. Ag . If it is desired that
equation 92 yield the pressure increases observed during the initial portion
of the {imes, one must have

A =1
Ag = 12.7

72, It would be instructive to inquire *f there are differences be-
tween the values of AS for the moderate \ ..., of T and the limiting
value just given. Since A8 = % , any variatiou in As would indicate a

and hence

corresponding variation in r : that is, the ratio oi the effective coef-
ficient ¢ to its initial value Co . Through eqaation 90, expressing
48/dt in terms of 1N , one has from equation 92

Ag = A5 xrl/:zl% ; 0)an/at
£1)

(%)

b5

R

P N

[ROZI S PEAPEES Ny

.
AT casnrb SR B &

Aag LS v (DL

RIS

SIS APRETIRS TR PR (UL | RN P




= T SRS Y

e AT R R P O TR

Jhe values of AS ~omputed on this bazis are given in fig. 13. The
streight line drayn in the [igure shows the limiting value of Ag = 12.7.
The value of Aa for moderste 1t oscillates about the limitiag value.
This fact will be ignored, and the nuxerical asslysis will be attempted
assuming that Aﬁ is a constant throughout.

T3. A Forivan program for the nuxerical sclution of eguations 23,
94, and 95 is snown in table 7. The numerical result;': are plotted in
fig. 1b and may be compared with the observational values. The initial and
final values of ® are correctly computed,; except that for the modzrate
times there is 2 difference in the osclllation periods. This is due pri-
marily to the circumstance that in reality 58 is not a constant guantity
as assumed for the computation. The firnal values of % amna 6 are also
reproduced nearly correctly. There arz, however, merked di fferences be-
tween the observed and computed values- for the Initial portion of fizre
This suggests that {he relation betiteen 1 and d6/dr implied in eq\mtmn
90 or equation 91 although valid for large values of 7 is mot suffictently
valid for the instant that the wave is émerging‘ from the gensrator and ac-
cordingly for the rigor of the analysis the n.cessary modification needs to
be intreduced.

7h. The above example of the analysis shows that in essence the
mathematical formulation put FPorward is qurhe adequs.‘bc: to describe the
mechanical action of pneumatié _generators for burges. £ better Jmowledge
of the orifice or the air passage charxzcteristics can lead to a more faith-
ful represcntatior of the asiions transpiring. The analysis empioyed by
Shen,2 from the point of view of meckarics, is equivalent to the present
analysis. There ar:a, however, differences in the mathematical details
arising from the foct that in establishing the Tlow equations Shen con-
sidersd the Farticle velocity at the nozzle mouth wherees the present
analysis congidered the wave height. .
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PART VI: DRESIGH (F RIRIMADYIC TARXS FOR SINGLE SURGRS

75. The yreceding discucsicn of experiment; and alse of theory has
shown that pneumatic tanks would serve weil for the generation of elongated
surges moving with constant heights 4nd constant depths. The required cone-
trols and manipulations are trnidy simple. The channcl waters a:c¢ raised to
preseribed heights in She chamber by suction, and the chamber air suction
Pressure is reduced by allowing the zir from outside to enter the chamber
through en sperture, preferibiy & circular orifice, the aperture opering
remaining the same during the filling. In Lhis process marked oscillation
-occurs both in the alr pressure in the chamber and in the generated wave,
due to irertia effect, This oscillation is of shory dwration, and soon
steady conditions are established. - The pressure increases uniformly in
aszociation with $he wave generation of the required form. It is more sim-

pie 0 base the pnéumi:i:: tank design with reference 1o these later condi- -

tions. With this understanding the relations needed for the design are the
following: -

) 1ki : ()

B Fs
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: klflix %(14*%%) ©
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‘%=1-;&-2x2:;; OAPO ‘jkl ()
Apg=os(ﬁ-%) S ()
o o

2k, = (1"’7;.-‘,“3"43%;) (6]
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T(. Terms and s mbols, slihough defined in the Glossary, are re-

pegiad herse fov cugy reflereace, See Tig. 15.

fize prorated per foot of chumber width, f‘tz.

B Aran Of

A, .otzl area of openings; B, section width. a = A/B

<y

'ici .ot of discharge for apertures

-
%4 Velocity of sound for cutside air, ft/sec, = 49.1 * V6 .
€ . temperature in degrees Rankine = %60 + 9F - :
E D Depth of the narrowest part of the deflecting nozzie, ft

~
= ps < % / =
= £ Constant of gravity, ft/sec

h UWave height at the nozzle mouth, %
H  Zlevation of water in the pneumatic chamber at the stavt of the .
aave,

w
El
3
3
i
=
fzf
3
F
3
3

b H Undisturted depth of water at nozzle mouth, ft-

,’ i, Elevation of pnoumatic chamber ceilin:g, Tt ‘"
5 - B

¢ Length of shimber in the rlongitudinal direction, £t :
1 tn Auzospheric pressure oubside of chamber, gbunda.ls,’ftg

- U Has parilcioe volocity at nozzle mouth., H/sec K

g - - T e

ezt . s - < >
E Y. Inlilal welwwe of 2ir in ~hamber per foot of chamber lengtha, It o
E . V. = "(‘-r ~H) -1
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&n Suckion prw sure i chuamber during the subseguent wave motion,
. poundals Aed ~

A&p.  -Snectiom ,,re.:"u.«: in chaaber 2t the beginning of wave motion,
pounda.s/“c - -

!)po Inttial sus tmx: yressu}:"z in chember %o raise water to height H,
poundals/ 72 (Note: &p, ic a positive quantity)

X - Friction- 1& tor of nozzles

: -5 Density of water, 1b/ft’

w dave velocity, £t /zec 7

7. O'n&:é ‘the design wave height h ié selected for a given depth of
aglar.;xel water Ho _, emction 'A,is‘ the relation to determine tae height H
to whmh thne wate‘r in the’cha.mbev- must be raised. For the evaluation, ,kl
15.. assamed, and ghe restetance factor A is asslgned a very likely value

coxnputed by the rela.tmn

el
- 0

diéch‘ssed in the Addendur. Here D is the depth of the narrowest part of

the geflecting nozzie. A good selection for k, would be z value of 0.07

-up 0 0.19 or 0.22. - _ ’ ’

- 78. The significance of kl is found from equation D which gives
the law of variation of pressure in the pneumatlc chamber air space for the
generstion of an elongated wave of constant depth. The effective suctior
pressure at the start of‘_'save metion is Api s @ quantity less than ADO

the suction pressure to raise the water to a height H . BEquation E-

gives the suction pressure Apo in terms of H and H0 « Now

=(1 - kl)Ap - The multiplier 2k, gives the rate of ch nge of
pressuro in the pneumatic chamber air space and represents the quant ity

d .
= /"»/Apo ; wrere Ap 1is the suction presswre during formation of the

wave. Equation C gives the value of the ratio .:k?/k, in terms o; the

wave height and tne length of the generator in the longitudinal direction.
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T2. Eguation F shows that the value of 2k2 is dependent on the
area of the arertures that allow air tu snter the pneumatic chamkher. Be-
rause of this_relation one has a certain latitude in sclesting the value of

Unforturat=ly, relation F is not immediately applicable to pneumatic

wave generatgors of a type where entrance of air into the chamber is through

k- L]
1

tortuous wvalvas vather than through a circular orifice as in some of the

laboratory tests. For such casas the form of equati»n F, although ualita-’

ively corrsct, is not applicable quantitatively, since the appropriate

it

value of € is not known. This means that each pneumatic chamber ubiliz-

ing various Torms of valves needs to be individually calibrated. This will

~ause no Aifficulty if in the design of the valves provisions are macde to
change the velve opening areas Treely and arbitrarily.

80, Such factors as particle velocity, wave celerity, discherges,
and discharge rates may be directly obtained from equations H, I, and J if
desired. ) - ‘

%l. Vher designing the pneumatic generator to be used in the Hilo

Bay tsunami riodel the above rrocedure was used. A sketch of the generator

o

s originally designed is shown in fig. 16. Assuning that the limiting
wave heighis in the central vortion of the bay shall never exceed 50 f%,
and that the depth of water at the bay mouth is about 300 ft, one has

h/HO = 0.157 . In the model Hy = 1.5 £, and therefore the design wave
height is h = 0.25 £t . The base of the model is 80 £t; and the super~
ficial area 1600 ?tg. The volume of the wave would be 5 fta, prorated per

o

foot of length of the mouth,

2., The depth of the nozzle throat was chosen as 1 ft. Applying
equation 142, X = 0.31 . - 1. was noted during the experimental study that
kl nad 2 value close to 0.075 for the betiar runs made with the elevaied
generators. We shall accep§ this value. Placing kl = 0.075 ,
h/Hb =0.157 5, and X = 0.31 , ecuation A yields H= 6.0 £t . This.
is the height bthe water cen be reiscd in the chamber. As z reasonable
" was pub equal to h.S. Since the maximum storage will be
(i - HB) 2nd siace this eguals 5 ftj, the rouyaircd chamber length would

be £ =6 % . The air gap is arbiirary and therefore was assigned the

velue 0F & =2 £t which mkes N = 8 #t , the height of the generator. .
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The nozzle was 3.5 £t in lengih and weas .secessed in oxder to heve & compact
generator. A curved surface was intraduced behind the nozzle to reduce the
losses » dcflection. ‘

83. To know approximately what size circular aperture might be
nzeded for thg passage to outside air, r<sort may be made to eguations F
and G. Fi'rst, cne must determine 2}12 . From equation B, 2}12 = 0,071
hence 2}:2/?,1 = 0.95 , which is in agresment with eguation C. In view of
the quantities po/ApO =75, ¢y = 112¢ ft/sec , VO =12 i‘t3 s, equation C
yields K = 363 per se: i‘te.* Returning to equation F, the required aper-
ture area is 0.0048 i‘te, the value prorated per foot of chamber width: If
the cha;mber widtn is 10 ft and only one aperture is used, the area of the
aperture would be 0.045 fte.

84, It is discussed in the Addendum that the influence of the air
Jet from the orifice impinging upon the surface of weter would be quite -
insignificant, if the air gap is about ten times the diameter of the cir-
cular aperture. For the above value the diameter is 0.2% ft; thus the

air gap selected is satisfactory.

-1

¥ Another way of expressing this woula be XK — = 0.00276 sec f'tz.

91
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ADDENDUM

1resentes a Tew results of general nature, especially in

o treatment of flows (gas and iiguid), which may prove to he

in elarivying tie numerous eppiications made {in Tthe main text.

ot assistance i

1. Eulerian "orm of energy equation., The Bulerlian form of eneygy’
12 in an area within a fixed boundary
from the Lagrangiun form (that

Lamb3 gives

opuation (that is, the Yorm aprlicab
not moving with the liguid) may be obtained
: applicable to the same licuid portion in gotion).

is, the form
However, there is some interest if the
b4

the derivation for the latter.
derivation Is made in anotlier manner, Conzider the equations of moticn for

a two-cdimensionel fields

du, du, 9w M 19 -
at.mdox-*fgs;- 9% 055 (9!)
v , . Qv av _ 1 QB
Tt Yy T E b oy (98)
Together with these one aiso has the condition of continuity
2,2 () + < () =0 (9)
3t ox 3y PV
or - -
0 ég ol o ou _ :
= ru vt AR ay =0 {100)

in the velocity field of fig. o one takes & closed

. -Since the field 1is twoe

Imagine that
surve 3 Tixed in space and of area S
*jow is into and out of a cylindrical surface which is
The -curve s 1is the intersection

Tske the length of the cylinder to
pv , and add.

Aimensional, the
‘pormal to the plane of the flow l:ines.
of the ~ylinder with the plane z =0 .

be unity. Multiply eaquation a7 by U , equation 98 by

Hence,
U NS "ol V- G 2
505 % TIWI T2 ve gy T BE T u > UV oy
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where .

q?“ =+ v {101)

AT A R R T

i The last equation may be written alsc as

P AN

£ () - 3 2 (ovd )“_(,pu 1) :

oY

v

9 r(ﬁ’.’fl‘. .‘\7_‘2")
-2 () - o) ol

o 3 (E;u ou)
- - +pl=+=—
o (w) -5 o) v (v 55
which in view of the cpntinui;hy relation, -equation 100, simpilifies to

2 N
g 2
%“’g‘iq?* 2 a&p*ga§p=‘%8&x(°“f)"é]:doy(p"Q)

o1

(o) - ‘c% (ova)

2 - 2w (B

QX

Multiply the two sides of this equation by dx dy and integrate cver the

-

surface S delineated by the curve s . &ffect the integration using the

1)

Green's theorem:

- ﬁm+mv)d =-f(%§+96§,-)ds
X s . ¥s

! wnere £ and m are the directional éosines of the normal drawn Inward to

o As s R, L

the curve s , and U and V each are functions of x and y . One has

2
1(r3 2 . dp -
f(ggqu +G‘o-1;')ds =']’(932-+Qp+p)(£u+mv)ds
o] s

+ (" + )dS © o (102)
P = S-:; 16

E

N
If the liquid is incompressible, grg = 0 and the above relation simplifies
to ; . B,

\n
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i where g

v = fu +nv
7 n
»‘«

- This ic *he Eulerizn furm of enargy equation for incompressible liquids.

[ The interpretation is that the rate of change of Xixetic energy in a

E bounded region is equal to the difference in the potential ard kinet'e

3 cnergies of the liquids entaring and leaving the boundary and the rate ol :

work done bty the pressure on the periphery. ;
2.

i

ARG O h’;‘,_r;‘f il
) bt

)

Internal energy of gases. -Deaote the intermal energy »f gas per .
unis mass by € . Thérzxod,ynamics suggests two processes by whicl. the in- P
ternal energy of a gas may be determined. In the first, the gas is made to
expand without the inflow or cuatflow of heat. Taus, /

pdd

pdv + de =C

O )
AR TR o2 PRI

Hence,

B - d

3 c=-fpa=[p% (104)
3 : )

and utilizing the adiabatic relation

5 7

b pp° = constant

one has

R A, ..*1 2 .- .
] ’ €=yTIis T % (105)

In the secund prccess heat is added while the volume is kept constant.

- dQ = de

aQ = Cvde

: %
: 3
Sk b
- 3 E:
) 3 :;;
5 i 3
d -2 '%
: E
2 3
3 £ d
.1
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whore ('.‘V is the gpecific Aheai; -at constant voiwse and 40 is the change
ir: the absolute temperature. Accordingly

€ é-._cve + € (105)

C

For a perfect gas © = p/lRp) , cp =R+C, ,s8snd € = Cp . And
accordingly the expressions in cqimtions 99 and 109 are eguival=snt to each

.other. Directly from eqtmtior; 98

g

ae’:
- St
de

5%
o€ _
-

(107)

Ouks Onfe Tule
o1

&y

3. Energy eguation for gases, Lamb3 shows that-the energy eauation

for gases is

gf (T+V+W) =Jt'p(lu + wv)ds
B - A S ’

w'=fpea_s,m=f%_-pq2as,v=f o 48
- Jg S s ,

This is the Lagranglan form. To obtain the Eulerian form consider the last
iﬁtegral in equation 102. Using the continuity condition, equation 100,

JEC AR AE 25 B3 T
S ) S :

where

-and frém equation 107

fp(gxi+av)ds=- (ag{-?‘m§+pv%§)as
S )

or .
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With this understanding ¢
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N >
-f 1= {cus) + % .(:;.,":)] as

w

S E:) G \ -
Dl +— + = }4C¢ = - ~—— )48 + u+m ds
f‘(w’ = )as E {pg)ds (Zu + mv)pe d:
S

. ] - )
hY
o 2 - - Q - .
<= (0a” + pe + 21)ds = (s A 4 Do 4+ 60) v.ds + | pv. ds {108)
ka2 ] =3 B ] n on
S - ’ s 5 ]
In tnis ol is uegligiblé in compa:ison with p€ . Consider the expres-
sion )

(/e

which is the ratio of potentizl energy of gas ot a point per unit mass to
the internal energy of the same mass. As k) may be measured from any hore
izontal level, let the plane of reference be the plaue passing through the
center ofihe vessel containing the gas and let Yq be the maximum dise

placemeni of a ga.é; molecule from this plane. Accordingly, &8 is B and

==
or -
o gymﬂ g.Ym
- = - — =y -
=0 -1)—5=0-1) &
or ;

o &, :
==7r-1) 5= :
- CO N

2 ) 3 o o, > '4 2 .
whers =, 1s the velocity of socund for the gas. Since g,'m/co is a very

small quantity, it is obvious that & is aegligible in comparison with ¢

Lo

bed

uation 108 reduces to
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a.
{pg” + oce)as = (p %;» + Ec) vdz + | pv ds L109)

whizh is the Eulerian form ol energy equation for geses, The interprota-
tion ig that the cﬁange in the kinetic and internal cnevgy of w gad ir a
fixed vblume S.1 is equal to the work done by the pressures on the boundary

and the difference in the inflow and the outflow of internal and kinci
-énergies tarough the boundary of area £.lk. -
R & o it shown in the above that the statement o' enerzies is consistent
with the equations of motion in the ubsence of viscous dissipation or of
‘tui'bt‘zienée and also when there is no heat {low through the s0iid boundaries.
S lar ‘derivations may be "epea.t\,d for the cases involving viscous disa:
pa.tmn or turbuiencde, However, for the problem at hand i% is Just &s *@el],
7tha,t the statement of the energieslis excepted a priori. . e

Ly, Energ method to detcrmmg the f‘low or air intsc a closed vegsel, - T -

The prekus deri vatlon leadmg to equation 62 was based on the condition
of continuity- o“ nsss assummg a definite relation betwoen the density and
the pressure of air in the vessel. - One may examine the flow of air into T
the seme vessel using the method of energy. This may provide new infor:m; . -
‘tion on the reia.tidn between density and pressure. . B
. Let E be the total energy of the air, kinetic and inbrinsic, core

i‘.'gj,ned in a vessel of volume :VOf at time t ,- In the absence of fiow of o )
heat through thé solid boundaries S ~r T

=E

1+E

> . (110)

wi;eré 3:'.‘1 is the rate at whlch worx is being done on the .opening by the
Ifréssures and ga is the ra te of convection of total energy across the
bounderies and in this instance through the opening. Thie is in accordance

o

SR B AR

wrt;h the general result in eauation 109. Let Py and Pg be the pressure ' : -

and density of air outszde, p1 and Py the pressure and density inside,
. the veloc: v at the entrance, and q the crosg-sectional area of the
vena contracta. How, -

2
,
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5 B, o= S - i Y 1 S -
By *+ 5 ulcla-(}(,{- TP 7‘*‘ 3P By / {111)
Assumi::lg +hat the flow of air into the vessel is ediabatic
- 7 2 - 27 pO 1 - 23_._ 7
N b BN | 2

ano M E » - i
1 : -

=4

o \Y \ : :
¢ “Pol . -

kP bt ASRASA 10T, NI AR 2 T RIS S d

3

¢

.
s s Tyhem ey 224 1

Put p, = P, - 4p end assume that ke square of Apfn, is negligible in -

¥

)

comparicon with unity, with this approximation

. N - o 2 ;_: S s
-2 - ) . u1=2£$,’p0_7 R

}‘H
[}

. &,J»
¥

ks
e

:’.—:"‘7&1 - V B
Py Py
Substituting in equation 111
B, +E, = u Lo o ot @-yl'éi‘t’z}‘
~1 2'“1“1?0 Y-1 7-1F, 7\% i

Since (.{\,p/ps} is negiigiblc in comparison with unity, finaily

ozt
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Introducinz the appreximste valle of u, from equstion 112
- <+

VEGE- )

-

ATTR

R
W,; 7% §.

& : By 8 2oy

§§K’v). ‘
W

T

) Since -

[

e

R " % = 7B/%

duces an uncerfainiy -in the estimate of internal energy inside if the vol-
yme occupied by the expanding jet is comparable to the volume of the ves~ =

sel. On the other hand, if the vessel volume is many times larger than the

_yolume occupied by the expanding jet, the errors in thz energy -estimate 2

wiil be small. The uncurtainty cores about by one’s inability to account

- properly for the kinetic energy ir the expanding jet. This can be broken i
into two parts, the kinetic energy of the mean flow at & point and the

: iiigeti{: energy of the turbulent fluctuations. As the lsiter energy goes

into heat, one -should be concerned with the kinetic energy of the mean
flow. This will be neglected if the volume V. of the jet is « small
{raction of *.'o ,» the volume of the vessel, Thus E = —Ei ,» Where Ei

denoteés the intrinsic energy of the air contained in the vessel. Now

Z Ei =C Vﬁlm
£ and since
%=
e = Voo
gfa" B, = tnt
o By = Ve
.59
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Tf:e ,,jcj‘:ik'cﬁzf'.ir entering into the vess - most immediately downstreum )
of the opening «i.mdgergoes‘a' turbulent expansion. This circumstance intro- e
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or

— 0 tat
Bi =501 RGlol
Bub
fa! = ' = -
RE6 2y P po Ap
and thus
- VO
B =527 (g, - 40) (11k)
ani difrerontiazing with time
& To_ay (115)
it = ry-1ladt

Subsztituting equaﬁions 113 and 115 in equation 110 and dividing the result-
ing equation by Vbﬁyo , the resuit is

c71/.2 . 1/2
-%Z@P_=ﬁglgr_(_&) (1-;4\2) =
o o \% 7 2y) VAR,

Writing
o

=d2 %
c-JEa

c071/2 B, 1/2
K - * g
Vo \%

and neglecting the small fraction in the last set of parentheses of the

rigit-hand sige

.4 & ap
& g KCa P (116)

and this is the same egquation as the one previously derived, equatioun 62,
The implication is that the density relation assumed in the first deriva-

tion
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is in accordance with the principle of cnergy where the volume occupicd by

the jet, VJ' , is very smell in comparison with VO . the volume of vessel.

If the volume of the receiving vessel is small, account must be made
This mey be done as follows. Let u' be

The internal kinetic energy novw is

Yo

for the internal kinetic eaergy.
the velocity of air at any point.

-

==

K 2
0
is a volume element, If Yo is the initial entrance velocity,

2
L
E pl(u') av,

where dVO
one may express the air veleocifies inside in terms of this initial velocity.

ol e
2“1000 Yo! Vo

. 2 _
ignoring the small differences between po and p:L Since ulO = 2Ap0/po,

a more useful expression of EK is

Thus,

V

By = %501 Op, (117)
where
1
1\ ¥,
Yo/ Yo

0
Accordingly, for the condition the total internal emergy is

v,
E = 52 (5, - 29 + %p)) (118)
and, hence,
&__Y (QQ - 2 (119)
a - "7 -T\a APOdt) 2
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Proceeding as before and omilting steps that are obvious, onc now has
0

A I - i/é.v. 5
e Ap0+dt KCa 2o, (120)

which shows the oifect of internal kinetic energy on the pressure changes

R RRR aRE

S e B B A ey s ool s

in the f£illing of a receiving vessel., The quantity « remaining unknown
_ the solution of the equation cannct be wurked out. Speculate for a moment
that

@ = -pap/ip, (121)

wnere B is a positive constsnt. In this it is tacitly taken that & in-
creases with time whereas Ap dccreases with time. Inserting this in the

pressure =quation above, one finds

: P N g \ /Q’_
3t Ap L 52\ (102)
(o} 0
which accords with the experimental results that the effective coefficient
of discharge in the cases of the vessel of small volumes is less than the
values obtained with larger volumes.

A somewhat different situation arises when the lowez part of the
closed vassel contains water instead of & rigid base. In the case where

the surface of water is close to the air opening st the top, the entering
“air in the form of a jet would be impinging on the water and then would be
deflected. In this encounter work is done against water primarily by vis-
cous tractions and also possibly by normal tractions. ILet the energy con-
sumed in this manner be of the rate E, . In our inability to appraise the
Joss numerically, let it be supposed that it is proportional to the work
done by the entering jet and the energy entering inj; that is,

Ey = a, (B +E,) (123)

Accordingly, the encrgy valance eguation is

- (1-a)E +Ey) (124)
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in place of the one shown by equation 110. Repeating the analysis and

onitting the steps of the transformations, one has

.4 o i - .\/_élz (125
e %5 * K KCa(i 052) 7B, (125)
and adding that « = -Mp/Apo , finally
1-0
.4 & 2 /92_
w o, " TTE Vg (126)

Thus, in these adoptec views the effective coefficient 0" discharge depends
on the volume of the vessel and the part of the surface of the water in the
vessel in contact with the air jet.

5. Energy method %o determine the flow of air into a vessel of
changing volumes. Let V, be the volume at time t, and V the volume
at time ¢t . V= Vo + A& . Placing AV = 028 , where vy is the areu of
tue lower moving surface, the velocity of the surface is v = d&/dt . In
agreement with equation 109 the energy relation is

g% = (B, +E)), - (B-+E), _ (127)

where the second term on the right-hard side represents the rate of work
done by the gas on the moving surface and the flow of energy, intrinsic and
kinetic, associated with this motion. The terms E, +E, and % have
the same metning and the same values as in the previous section cxcept that
Vo will be replaced by V . ‘

The work done by the air in the vessel on the moving surface is

o= F %
and the outward flux of energies, kinetic and intrinsic, is
[1( 1’1] o B
7 1 pl 1 at %2
Since the kinetic part is small ia comparison with the intrinsic,
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Eiwation 127 now muy be written as

P
V_ dp Y av _ -0 LA e
7 -1 at +7~lpldt_cacO(7) 7 -1V

Dividing by VOApO , and writing V = (l + %)‘O ,» one has
N
2)d &, 2B £p
-(1+A)dt o, F @ TR (128)
whoere i
N, = 7R/2p,

This is the relation for the rate of increase of pressure in a vessel of
changing volumes. It is of the same form as eguation 74, which was derived

by assuming that the prossure and density relation is

. el e e

L1 ’ %

One may modify this result according tc the conditions that the vol-

umne of the receiving vessel is small and the moving surface is in the form
of a water surface falling Jown. Introducing the corrections to take
account of the internal kXinetic energy EK and the rate of dissipation
Trom the surface zontact EV and repeating the steps of analysis as was
done in tho ~ase of 2 closed vessel, and omitting details, one obtains

" R
& da Lyp do dd 4p:
(R E R -B) R0 ey Ve

YRR RET

TR T SR TR

1

ST IR
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A ap, "T+ED T+p \/Bo,

In view of the fact that Ot2 and B are not known, it would be
desirable to adopt thz relation

5\ a W, " .
-(1 *Z)d—t'ﬁ‘;;”a % = KCa %“P; (128 bis)

to describe the variation of pressure in the receiving vessel with its vol-

=
|8
I

ume changing with time, with the understanding that € , the effective dis-
charge coefficient, could be a function of time.

6. Turbulent expansion of air jets. It was assumed in the develop-

ment of the two preceding sections, that if the veclume of the expanding jet
is small in comparison with the volume of the vessel receiving the jet,
then the internasl energy of the air in the vessel is essentially intrinsic.
What the jet size is, longitudinally and laterally, will now be discussed.

It is known that in a one-dimensional jet issuing from a slit, or in
an axial jet issuing from a circular orifice, the width increases linearly
with distance from the opering. The result from Pérthman’ on the width 2b
of the expanding jet, the jel issuing from a slit, is given in fig. 17.
Axial distance x is measured from a point :upstréa.m of the entrancz and at
a distance three times the width of the slit. Roughly, now,

b = 0.158x 7 (129)

The distrioutions of the velocities in the various normal sections are sim-

ilar to each other. If u 1is the longitudinal component of the veloucities
at a point of distance y from the median plane, and - u. the velocity at
the axis itself, then

ul = f(y//b)

8

At the edges of the jet wu . vanishes and also the derivative du,/dy .
Subject to these conditions, one may adopt the expression

65
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H -
N - 3 _1(1+cs2y) (130)
E b u 2 b7/ !
<3 v m
R
i E as a first approximation of the actual velocities. Since the veriation of
f b with distance x is known, one may utilize the velocity expression to
A determine the value of wu = on the basis of momentum. It will de assumed
I that the results obtained for a one-dimensional jet apply also to an axial
; ‘ ) Jet. Since the pressure is constant everywhere, the momertum of the liquid
. traversing a normal cross section should equal the momentum M, of the
e 3 liquid entering the orifice. Accordingly,
E .
~. ;? M b 5
| ' i -— = 2n uy dy
. ‘ o 0
‘\ " . _' Introducing the value of the velocities from equation 130
S 2 ,
. Y _ 2u§‘b 3 2 ’4)
;3 : e TE e - *
L 3 N A
. B Since the area of the vena contracta is half the area of the orifice and
4 ; w is the entrance velocity,
E '« -
4 E = 20 =3 2d
: e . 1’8 Yy
| 33 3 1
', ;; where 4 is the diameter of the orifice. Equating to each other ) i )
3 ' %w *uf’_;’?' = -3—-2- i‘ 2 - l{, u&bz
¢ B 2\2 m
b E 7
‘ ~ and in view of equation 129
2 }
N B 2a3(8)
‘r k> 2 - Lo X
. Y
=3 E BN
;. E - In the pneumatic chamber, let the distance of the water surface from ;
7 the orifice be zg - The jet is defiected laterally after reaching the
’~ r water surface. The pressure of impact at the axial point is denoted by 2
2 E
. g u ;
2 3 = p. == 3
s 4 Apm ol 2 §
- 3
£ 3 66 §
.r i’: §
N 2
B 2 z
3 3




e . e XY - R
and, thus,
2
éd 2
fp, = 113 5 oy
s

is small, and

Introducing Uy i‘romf equation 112, tne difference b5 = P

o, /op = 1.13¢% /42 _ (231)

vwhere Ap is the air pressure prevailing outside the jet and this is also
tue pressvre in the vena contracta for & pneumatic chamber of large dimen-
sions. The distance below the orifice such that Apm will be equal to -
0.01Ap may be taken as the effective length xj of the jet. Thu§ , the .
length of the jet on this basis is

X; = 30.68 (132)
And the velume of the jet,
v = 31.243 {133)

If @& is 1 in., for example, the jet length Xj is 10.6 i1., and the vol-
ume of jet V, is 0.018 ft3. If, on the other hand, Apm is chosen to

J
equal 0.0029 Ap , then

and

The above results are for an isnthermally flowing air. If Ap/po is
small the results may be applied alsc to & case of adiabatically moving air
as in the pneumatic chamber since the errors in the application can bve
ignored.

7. Kinetic energy of liquid in chamber and nozzle, Previously in

discussing the kinetic energy T21 in the pneumatic chamber and the
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nozsle below, vhe energy was expressed as

i .02 2 26 bis
Ty =5 vy (- Hy = 8} + 5 ujM, (26 tis)

18] 1o

in which the Tirst term on the right~hand side represents the kinetice
anergy ir the upper part of the chamber, prismatic in shape, and therefore
of constant c¢ross section, and the second torm represents the kinetic

cnersy in the lower part of the chamber and the nozule extension of it.

Lot the kinetie energy of the lower part be denoted by Th s that is,

= _ £ .22 .
b ] B Iﬂ - 2 u2 ‘t ) (131“)
whers ﬁt is a numerical constant, its value being dependent on the shape

cf the nozzle and the type of the pneumatic generator, either low or ele-

vated. For these twc types the evaluation of N, 1is carried out

= differentiy.

Consider first a low generator as in fig. 18a. The areas for which
the kinetic emergy T, is to be evaluated consist of the area (1) and the
- 2 : )
arca {(2). ILet ¢ denote the velocity at a point in these areas,

2
!

f)

o
o It suffizes t¢ write for a point in area (1)
v =vy/b _and u = %D o

and for a point in area (2} -

i “u=gqfli/b and b =D+ (H - D)x/E, L

where D 1is the depth of the nozzle throat. Hb the depth of the nozzle ‘ T

mouth, 7. Is the lengih 07 the nozzle and 9 the velenity at the nozzle

v
mouth., Ilow,

Fee sty
"
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{2). Introducing whe ahove values of the velocity componentis,
and i

n the raguli making nge of the continuity condition

one obtains

Since vli = uQ(HO + h) , also

integrating,

iSfln_cé qb = q,;rlg .

z‘ ) »
Y IR (2. h 5
Tn“e[ﬁo-nbgn*z. D](l+ )ueﬁ (135)
Comparing with equation 135, then,. for & low pneumatie chambey )
{1+ Y {136)
) s A\ ra) T 13

vwhere ‘ - :
I {30 ne] "f"g T - 3,(‘2 * })—)] ~

For am elevated gn&me:t*c c'he.mber tne eveluxvion of N is done best

fby the methoﬂ. of grat-mcs, Consider- ﬁg. 18, Let s be the median curve

of the ﬂeflector md b . -the vevtmn width. Ob%iously

S 1 =Sagh| £

In‘vikey ¢ qoﬁo §Aué(Hg + h) , one has Tinally

o
I
min

0

9

‘ 2
& 33.. das 327)
vH, (l * 1 ) b (237}
V o
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Comparing this with equation 135, then, for an elevated pneumatic chamber

'
S 2 b e S AN DAL B T

S\2
n -
N, = <1 + E‘) I, {138)

F r the elevated pneumatic chamber used in the tests it is found that
I, = 6.72
In the treatment of the initial cendition of changing pressures it was con-

venient to introduce ¢ numerical factor M in equation 86 of the meaning

that

n !b
N T i, AT S A AT AT RS T A N

2 - _‘g 2 - p 2
RN BRI £

Since u (H + h) = vt the‘last relation ¢an be writien also as

B - 7 :
2a_22{8-% s :
P = vk ( 7 'I*It) }

Hence,
H - ﬁB'
- o}
Me—g—=-7%%
: and for brevity
H-f(1-02) (239)
V 3 a

where

_ H-~H

HO = - + It
end

m = Ay%MO

During the enmergence of the wave from ihe generator the numerical

7C
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factor M decreases with (that is, with the £8ll of the water surface
in the chamber). For the elevated chembers the term conteining & may be
ignored. To illustrate this we now evaluate M for the pneuwnmatic chamber

used in the tests and for the szpecific run A that was selected for

10-2
the numeriral analysis previously discussed. The pertinent data as seen in

table 1 are:

Hy = 0.319 £t Hy = 0.872 ft
H=1.49 £t Hp = 1.885 £t
£ =2 1% ' A= 0.486 ot
Equation 139 yields )
" = 6.99(1 ~ 0.032 8/4) (1%0)

which shows that even when the fall of the water surface is twice the ini-
tial air gsp the error in neglecting the 5/A term is only 6 percent.
8. Nozzle coefficient of friction. In dealing with the problem of

chapber pressures, it bécame neceszary to introduse in the e:iergy equation
a term to represent the total loss of energy AL during the time a wave
having the lehgth L and the height h is produced. &5 a matter of

- convenience, the loss was expressed in the formr ] )

AL = hoghoNn (52 bis)

that is, a&s a fractional part of the energy of the wave produced. The pro-
portionality factor A was referred to as the nozzle friction factor. If
the 1osses are fron viscosity, A would de a constant independent of the
wave height h . However, as it is readily understood, the losses origi-
nate from turbulence and for this reason A would bz dependent also on
wave height. This is a matter that requires some elucidation.

From above, since 1 = wt , the rate of loss %0 be asscciated with
the pneumatic champer nozzle area is of the ferm

AL

& Apgh‘?Nw (52a)
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Since the loss in the roglon arises from two sourczes, the deflection and -
b

the subs-quent exiansion, the rate of loss may be expressed also as

Rl

= APLumD

where . is veleeity in the narrow part of the throait, D 1The depth of

&

the throat, and APL the dif'®rential energy head associated with the com-
o

bined losses. It is customary to write B

p 2
AP =0 s u
B Tl - ™
where { is the loss coefficient, In this relation § 1is constant, its -
valic depending on the Torm of the rassages. Hence,

) AL

. . == ¢ (1a)

o
%

From the condition of continuity u D

H

il
n
[

Ao ol 0
EE-CZ'(

Comparing this with eqguation 52a,

(9 2, )

hDghew =g g

Ignoring secoudary guantities,

Hyu, = ho
and
2 \
u”/gh = M,
and hence eguation 1lu42 reduces to
; -ﬁ(ﬁo)a-/a (143)
“AEo\T/ Wiy 3

T2
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vhich conncets the loss coefficient 7 with the resistance factor A .

] Table 3 presents the values of A for ditferent runs with the cle-
vated tank together with the wave height of the run and the water depth.
The individual values for every run are the averages from two ways ¢! ovale-
uating A . See tables 1 a2nd 5., In the last column of table 8 are given

the values of §/2 reduced from X using equation 143. The average value

for { is

~ t =1.66

which "5 quite reasonsble. Since the nozzle of the generator used is of

e

low flare, the¢ expansion losses would e small and the substantial part of
the loss should be to the flow deflection through the throat bend, In this
respect the bend action is similar to that in an elbow {low and for which
the uvsually ind.cated coefficient is § = 1,13 .,

AN

A
¥
e

An alternate expression for AP, in terms oY wu, is

3 2 N

i H

k- -t &{8 by,2

E ¢ &L-ge(n)(1+2n)u2

. ©

.: which may be put in the form

E 2

= & AP H 2 H

e ¢ - L — = °o_ . &L (_'-) . (.2) (14%)
E pg(H - 0) -H - HO 2 HO D

a result which was used in the section dealing with the general relations
_; governing the flow of air into the pneumatic chamber and the flow of water

out of the chanmber.

UM

4 voury geray

Bz
s
=
B

-
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Table 1
Analysis of Elevated Pnewratic Generator Data

) (Chamber connection to air through threc-way vaive)
Chamber width, 1 £t; leagth, 2 ft; Tlume width, 0.995 1't;
py/PE = 34 It

Run Run Run Run Run Run Run
A

Run
Aol Moo Aoz Pios A Mae Mg Mg

Cbserved
h 0.052 0.051 0.088 0.0%2 0.051 0.050 0.052 0.053
H, 0.308 0.319 0.338 0.364 0.303 0.303 0.302 0.305
H 1.500 1.h19  1.337 1.119 1.470  1.A470  1.469  1.490
Apo/pg 1.193  1.09% 0.976 0.75% 1.167 1.167 1.165 1.167
Api/pg 1.109 1.021 0.917 oO.704 1,085 1.09: 1.091 1.089
d/thpO/pg c.102 0.0¥3 0.092 C.079 0.106 06.103 0.108 0.108
a5/ at 0.101 0.097 ©0.09% 0.080 0.10: 90.104 0,106 0.108
ky ‘ 0.071 0.067 0.061 0.066 0.070 0.063 0.063 0.067
- 2k, 0.085 0.08% 0.09% 90.111 0.093 ©C.088 0.090 0.093
U, 0.547 0.512 07T 0.390 0.57L 0.570 0.583 0.586
H; 1.385 1.885 1.885 1.885 1.885 1.885 1.885 1.885

Computed

0.074 0.082 0.090 0.091L 0.076 0.073 0.073 0.079
0.506 0.400 0.445 0.382 0.500 0.492 G.512 0.518
o.43 0.0 0.4  0.08 0.31  0.22 0.18 0.2
A 0.56 0.54 0.1 0.30 9.5k 0.1 0.37  C.b3
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: Tavle €
] 4 Determination of Discharge Coefficient C
2 c.' 3 po
v 9 v, = 4,03 ft'; === 34,1 ft, @ = 66 F, c, = 1125 ft/sec
. e og Y

v J./vo

:" s—— T y— 23 i /
Z d, in. /d P 2.9 It pg Lo Mean x 103 x_[ A

- e g

R
5
X

E. 3 1.467  0.33 0.670 0.690 0.680 100.5 1.32

. 1.002 0.43 0.700 0.711 0.706 36.1  0.39
b ¢ 0.706 0.68 0.722 0.741 0.732 149  0.62
0.608 0.79 0.701 0.739 0.720 8.0 0.54

3;9 . - 0.501L ~ 0.97 0.71h 0.750 0.732 L5 0.k

3 0437  L.11 0.691 0.711 0.701 3.0 o.1
0.360 1.3k 0.792 - 0.792 1.7 0.3
E 0.257 1.88 0.768 0.833 0.801 0.6 0.23
B

-

1 | zabte 3

: "3 Decrease of Discharge Coefficient with Volume

£e.

3 ¢ &p

. 231, =211t

E | PE pg

e 3 d = 1.002 in. ‘ 1= 0.360 in.
E 3 v, vj[vo v;7v0
£t3 %78 x 10° c i x 10°
= .03 0.720 0.90 36.1 6,820 0.32 1.66
E 3.05 0.672 1.19 47.8 0.743 0.43 2.20
4 2.00 0.592 1.81 73.2 0.696 0.66 3.35
4 1.16 0.551 2.4g 10.0 0.564 0.90 k.59
. 0.92 0.383 4.09 15.9 0.k82 1.18 7.00

Q

. o
3 2
3 <3

b=
3 b
" .
\
g
r, &
pec

A
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Table 4
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Determination of Discharge Coefficient

from the Wave Data; Pneumatic Generator Tests

~Low Tank tlevated Tank
~ Run - Fan Run ) Run
Ajyeg Ays A2 A6-3
Ho(ft) 0.297 0.291 0.298 0.300
H(ft) 1.070 1.076 1.471 1.469
HT(ft) 1.609 1.609 1.885 1.885
£{ft) 4.5 L.75 2.00 2.00
v (%) 2.58 2.53 0.825 - 0.832
a(£42) 2.73% 1073 1.36x 2073 1.36x 2073 2.81 x 1073
Apo/pg(ft) 0.771 0.775 1.171 1.168
K - 3430 3480 8670 8600
KCa 3.06 1.8 6.1 13.5
Ka 9.28 k.70 11.80 24,20
c 0.332 0.383 0.516 0.556
d{in.) _0.706 0.500 0.50C 0.717
Ain.) 2.5 2.5 5 i 5
XJ/A 5.96 4,22 2.12 3.0b
vj/vo x 107 23.h 7.1 21.9 76.8

%
g
=
E
;
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Table 5

Analysis of Pnevmatic Generator Data

(Chamber connection to air through circular orifice)

py/Pg = 34 £t; 6 = 66 F

R
3
i
J-" m
7 &
324
3
A 28
i3 B
G v
23 <.
b =2
Y. k
4 X
3 et
N .3
.

: h
- o
’_ ‘; H
1
- .
= a
8p./rg
4 b ’
5 2 Api/ g
.. é
3 Fe/re
. d6/at
i k-

Sk Gl e O R A

Low Chamber

Run

Aog

Run

U

2.73 x 1073
0T
0.680
0.068
0.075
0.170
0 .089
3.43 x 10°

0.42
0.25

0.85

gbserved
0.064
0.291
1.076
1.609
k.75

2.58

1.36 x 107>
0.775
0.724
0.040
0.045
0.090
0.052

3.8 % 105

Computed
0.h6
0.08

l.01

Elevated Chamber

Run
Ao

Run
A2

0.066
0.298
1.7
1.885
2.00
0.825

1.36 x 1073
1171
1.081
o.112
0.110
0.077
0.095
8.67 x 10°

o.l-LG

0.29
0.92

0.120
0.300
1.469
1.885
2.00

0.825

2.81 x 10~3
1.168
0.875
0.208
0.209
0.184
0.217

8.60 x 10

0.49
0.62

1.01

. K.
rad
b
o
s
A
-3
. 3
£ Y
43 .
0 3
3 3
. P,
>
o 3
b A
3
¥ 4
3 F:
¥ b
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%E Table 6
Effective Coefficient of Discharge of the
Experimental Pneumatic Chambers

PR [ PR PRy TR R AT
SHAEE L Ea Es

3 C - N .
Low Chamber Elevated Chamber <
Run )

Run Run ]
t’l sec A Ali!-z Alh-‘é ‘A16-2 Al -3 ~

0 0.85 ~1.0L 0.92 1.01 -
1 1.06 1.19 1.03 1.12 2 j
2 1.1k 1.27 i.09 1.39 I
3 1.25 1.39 17 . 1.91
o* 0.33 0.38 0.52 0.56 3

s

I
Y]
dx

oy Jele e
T

-
iy
W

.
[

< . &
AR

boh

" PESCE
AR TR B

t

06

f
a

* Determined for the initiai instant cf filling prior to the issuance of
wave from chamber, The table indicates the discontinmuicy in valie of
-the exfective discharge coefricient in the action of the chamber,
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Fortran Program for Proumatic Chamber Analysis

PRINT 52

52 PORMAT (1H1,10K,HUDIME, 10X, SHIHETA , 13X, 2HPT, 12X, THETA )
PAU=0, 0
THE=0,0
DTHE-=C,0
ET;\:0.0
PI+1.0
RFAD 50,DEIIAU,PINTAU,AL,A2,A3,44,A5,A0,A7,A8
50 FORMAT (LOF7.3)
3 PRINT 51, ‘PAU,THE,PI,BTA
51 PORMAT {Ui15.k
™ (TAU-FTRTAY) 2,44
k READ 50,DELTAU,FINTAU,AL,A0,A3,44%,A5,A6,A7,A8
IF (DEITAY) 92,29,2
2 ETA=DTHE* (25~ C¥DTHE)

DATHE=A 1¥{ 1, 0-4 2¥THE-4 3¥ETA ~AL¥ETA¥ETA~PT )
DPL=-(AT*SGRTF{PI)-AS%DTHE) /{ .O+ITHE)
THE=THE+DTHE*DELTAU

PI=PI+DPI¥DELTAU

DTHE=DTHB+D 2THESDELTAU

TAU=TAU+DELTAU
CO TO 3
29 STOP

EiD

T I
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Resistance Coefficient ¢

Tuble 8

for Elevated Chamber Hozzle Flow

D= C.209 %

Hys Tt

0.308
0.319
0,338
.36k
0.303
0.303
0.202
G.305
6,292

0.300

Mean
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{a) LAGRANG.AN VIEW:
2
/
T+ V), - (T+ V), :/} (fu+mv)pdsdt
1 s 1
T='Z'p/(llzf‘42'lds V='z'p/ﬂds
s s
y
X
TRAJECTORY

{(b) EULERIAN VIEW:

2/ ot K3
S -4
8s?=d®+dy*  @@=uvi+vd dS=dxdy

/.
4 ﬁdS:/(t’u+mv)(pqz+pQ+p)ds

ig. 2. Two Jorms of energy ogquation
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Fig. 15. Notation diagram. Elevated pneumatic generators
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Fig. 17. Turbulent expansion after Forthman
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Fig. 18. Notation diagram relative to kinetic energy

in chamber and nozzle liquid
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