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THE EQUATIOLJ OF INTERIOR BALLISTICS
Chapter 1

Thermodynamic Foundations

In establishing iz ;hegmcfyr;zlc Foundatlons of interiss

ballistics we bepin for simplicity by aesuning for the p¢"¢cp £iS &n
equation of state of the co~voliume typuw wUCh an cguation is & van
der Waals equation containing ihie "b" torm but not the "a" term,

Possible modification of the equation of state and the effect on the
equations of interior ballistics will be mentioned later. Tor a gas
obeying such an equation of state the specific internal energy depends
only: on the temperzture and not on: the density., Even if such an equation
holds for each component gas, howaver, it can hold for the mixture only
if al). ckemical reacticns that occur are equivoluminar and if gas
imperfection has no appreciable effect on the chemical equilibrium
constants, This statemeht follows from the facts that an equilibrium
‘constait is independent of defisity oply if the letter tw8 assumptions
hold and thet -depandence: of - equ111br1um constants on-den31ty would ‘mean
dependence of relative concentrations on density as well as temperature,
with a resulting dependence of specific internal energy on demsity as
well as temperature,

The assumption of the co-volume ‘type of equa-ion of state thus
involves a restriction of the theory to "cool powders, for with ot
powders dissociatZins and other nm-—equxvo]unuxm PGdCLlOHS come into
play. With this same ruling out of non-equivoluminar reactions and of
the effect of gas 1mperfe»tlon on -equilibrium constants one also has for
each powder composition a definite explosion temperature which is in~
dependent of the density of loading. Thus the decomposition of one gram
-of such a powder alwdys Jiberdtes the same emouni of energy, which then
warms the one gram of nowder gas to the same temperature, indepeniently

- of the density of loading. On the other hand, dependence of equililirium
constants .on density would involve a dependence on the density of - ’
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loading of relative concentrations and thus «f specific heat and éx-
plosion temperature,. .

Eerlier treatments of interiop ballistics involved the
assuaption that the specific heat of the pouder gas is 1ndepcndcnt of
tanperature, Modern developments in quantum physmcs and ir heat
measurcrents have shown that such an assumption is untrue., Dederick(1)
pointed out that the internal energy of the powder gas at temparature
T can be expressed in terms of an average o the specific heat over: the
vhole tonmpeaturs r- oo fros otoolule sero to T. By restriction 6f
the whicory, however, to cool poudercs znd the consequent existence of a
definite explosion temperature, 'such long range averages may be avoided
by the introduction of Kent's concepn of the potertial of the powder.
We proceed next to develop this concept and to obtain the fundamental
energy equation of interior hallistics.,

Let To be the explcsion temperature® and T the temperature of

the wmain body of the gas; thé gas is formed at ‘temperatuce To** and drops
to the lover temperature T because of work done on and heat loss to the
JUP!OUﬁdiL’R. Let u(T) “ﬂ the specific internal energy®®® of the gas at
-L( ‘X '. L* 1‘ r .'P “ U('PO)
Then i C is the ovrigiezl maszs of the pouder and G the £raction burred

at time %, in time dt mass C dG of ges is formed at temperaturzs Ty, so that

the gas gains'energy C dG u(Ty)% This gain is expressible as the sum of

a termd CG u(T) , the gain in internal energy 6f the main body of gas,
and a term &4, composed of work done in impartlng translational kinetic
energy to the p"03ecllle, to the powder and. powder gases, and to the gun,
in overcoming passive resistance, -and in stretchxng the gun; and of heat
loss to the gun, We have thus:

spzoific inteinal encrgy at tewperature T,

¢ the

€46 ulTy) =d [éc u(T)} + &0 ‘ (1)

Eq. (1) can hold utPlCtlj only if all gas Peactions are equivolumlnar
and gas imperfiection has ne effect, on equ111br1un constants. MNow, since
u(T ) is censtant,

¢ dG u(T,) - d [gc»u(T)?’ =d 106 uw(Ty) = CG u(T) 1

| i ' (2)

(1) L.S. Dederick: Certain Considerations in the Thermodynamics of Gases
with Applications to Interior Ba~listics; R-1-14, May 17, 1928,

#The adiabztic closed chamber explosion temperature is referred to
throughout,

%#%Gee Addencun to Chapter I,

fifenclusive of the macncscopic kinetic energy of flow.
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Thus &Y is a complete differential dW, where W represents the sum of
total work done and heat loss up to time t. We have therefore from
Eqs. (1) and (2): '

' CB ulTy) = C6 u(t) + W + ky, (3)

where k; is a constant of integration. Now customarily the time origin

h t = 0 is taken as the beginning of motion, but Eg. (3) holds also for
negative values of time as far back as the beginning cf burning, at -
which time G = 0 and ¥ = 0, ‘Thus the integration constant k, vanishes,
so that: ’

€6 u(Ty) = C6 u(T) + W )

The introduction into Eq. (4) of a short range average specific heat c
(T4,T), defined by:

(1) = urg) - u('r)} / (1y - 1) (5)
gives
CGe T = CGe T + W (6)

We nov introdice some definitions:
Free volume Q: gas volume. - co-volume
) p: appropriate space - average pressure jn the
equation of state; We assume that the proper space ~ .average pressure

for use in the rate of burning equation is: equal to it.

R, 1 gas constant per unit mass of gas.

Potqntial.? g c To : (7)
y,vanalongS to the ratio of specific heats in the older
theory, defined by:

. 1 _ - .

. y=1 = QlRI (8)

The equation of state then takes the form:

1

Egs. (6), (7), (8), and (9) together lead to the fundamental energy
equation of interior ballisties: ‘

L pf = CGR,T : (9)

QCe = pa/(y-1) + W . . (10)
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Y is analogous to the ratio of specific heats in the older theory, (7 to

the specific energy of the powder, and pQ/(y-1) to the internal cnergy

appearing in that theory. The @ralopy, hougvgr, is not to be confused

- with icentaty., Thus the term p2/(y-l) = CGcT = CGT LL(T) - u{T )

interial enerpy referred to in the older theory was @ i"q) - u(O)

. It is apparent from their definitions that E;;?, and y are

' weakly varying functions of temperature. We consider them henceférth

to be conqtont, assuning, ih 2t they are evaluated for some mean temper-
ature ju the a0 of tepporatures celunlldy oceveing in the gun. In
soue cowefiicients that apgeul Jater . and y-4 ocgur toget they as the
product . (y-1), which is seen by Eqs. (7) and (8) to be given by:

€ly-1) = R;Tq , : (11)

The quantity RTq, which we shall denote by A, is sometimes called the
"force" of the powder., If R is the universal gas constant, i.é., the
-gas constant per gram mole, and if Z is the number of gram moles per
gram of gas, then

7R, : (12)

A

!
so that A = ZRT, (13)

With the restriction to "cool" powders, .all gas reactions that occur are
equivoluninar or, speaking more strictly, equimolar, Since displacement
of such a reaction will :not change the number of moles p2r gram, Z and
thus R; and A are independent of temperature and of density of loading
for such "cool" powders, :

The quantltles Tos c and A may be calculated as ‘ollows.
Let Q; be the heat of fornatlo : at 15°C of one gram of the solid powder
from the elements and Q. the constant volume heat of formstion at 15°C
of one gram of the powder gases, Then Q2 ~ Q; is the ‘energy liberated
when one gram of the solid powder at 15°C decomposes into powder gases,
at 15°C, If the reaction takes place cdiabat1ca11y rather than iso-
thermally, then this available enérgy heats the powder gases to the
explosion temperature Tg. In this final state there will be a definite
number of moles x; (Tg) of the i th gas. Although in the actual process
the molal concentrations may change during the heating, the same final
state will be reached if we assume the =011f powder to decomposa directly
into the finzl molal conceutrations present at temperature Ty : this
statement follows froa the first law of thermodynamics. Thus we
interpret Qp - Q) as the enorgy liberated when one gram of the solid
pouder decomposes iutc pouwder gasas at 15°C; the CU1pentr ticns, how-

- ever, being as at temperature Tos

* in a closed chamber
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If we now denote by Ui(T) the molal internal cnergy of gas i at temper-
ature T we have ..

Q - Q =y 5x;(Ty) !;Ui(.'l‘o’) - ui(:zas)f (1)

where the summation is over all the species of gases present. To solve
Eqi (14) for Ty, one assumes a value for Tp, calculates the equilibrium
constant for eac¢h reaction, and uses the equilibrium -equations and
equations expressing the conservation of the number of gram atoms of
each element; these latter nmubers ave knoun fron the composition of the
] solid powdexr, There are then as many equations for the xi's as there

L are unknouwns; these equations are then solved and the solutions inserted
into Bq: (14), This process is continued until Bq, (1u) checks. In
carrying out this process there appears as a by-product a table of values
of the x;'s as functions of T, and thus of the function F(T), where

Sty

> o L

F(T)s >ixi('l‘) ‘l‘ui(‘r,-) —01(288): (15)

Values of U;(T) - U;(288) are given in a book by Lewis and von Elbe,?
Our specific internal energies (per gram) are. now expressible as:

il

u(T) =:‘/:ixi('lf) U;(T) (16)
wTp) =} gxi(Te)  U3(To) (17

Combination of Eqs. (15), (16), and (17) gives:

WD) - w(Tp) = F(T) - F(Tp) + 3 ;04(288) |xy(T) - sci(fro{j’ (18)

Now let X (T) - %{(Ty) = Bk, 7 (13)
- ~.° 'As the gram of powder gas drops in temperature from ?0 to' T the
L ' equilibria of ‘the chemical reactions get displaced. In each reaction )
_gas I gets a: cevtain mole increzse, positive or negative; let bx s (j) be :
4 the mole increase of gas i in the jth reaction as Tp->T; and let N' be
3 the number of reactions tqkehuihto account,
3 B} L) Bas
] Then ' Axg = }L bx3(3) (20)
E ~ Then from Egs. (18), :(19), and (20): - )
- W) - u(Tg) = FT) - BTp) + 5208 > oaxg3) (31)
E 7 B ' '
o = F(T) = F(Tg) + 4_ 2 ‘-“,i“““! ax5(5) (22
M ) N e T - co- T, J N R
E ~~ 2Bernard Lewis and Gunther von Elbe; e
1  * "Combustion, Flames and Explosions of Cases", Cambridge (1938}
! .. ' , .5 ‘ ;
f -
E b s e L "Q""""!‘P"*"“"s”!ﬁ’!'.ﬂ;"‘ TENOW TE e ¥+ e s e *'_-'-_:rf‘ ?',V*“(_"";»*“ *t’%‘v.’:’w*-"a’v-w l::‘*"wl:"’*""""'rw-‘“? -




Now the quantity - :1“:Ui(288) Axi(j) has a simple interpretation,.
readily deducible from tﬁe first Jaw of thermodynamics, It is
interpretable as the heat liberated in the jth reaction taking place at
15°C and at coustant volume, when the mole chifts are the same as those
that oceur in the jth reaction when the whole pouwder gas drops from
equilibrium at Ty to equilibrium at T, Now the constant volume heat at
15° of the jth reaction can be calculated from the constant voluwe heats
of formation at 15°C, and the mole shifts above referred to are known
from the calculations already done to find Tq. Thus the second term-in
Eq. (27) can be calculated, so that u(T) - u{T,) can be caleulated:

L 0@ i)

i

the calculation of E(TO,T) and of ., follows al once, The evaluation

of R, y , and A fcllows as soon as % has been obtained; we have immedi-
j ately, however,

- A AN |
Lo 3%3(Tg) (23) i :
3 so that all quantities so far introduced can now be evaluated.
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Addendun to Chapter I

(e et el A Tk

In deviving the fundamental eqLatimn (4) it wen arsumed that
gas is actually Foramed at temper ature Ty and then drope o the Toapays-
ature T of the main boldy of pas. Tt is the puepse of this addendnn e
. point out that L, (4) ha¢dg independently of such an @astinpiicn. 1t
is important to show this fact because on gertain plausible theorice of
burning the temperaturc Ty would unot exist amywherc within the gate

» .

S

Ly arhe st o

As before lat W = work done by gas on ﬁurrauudiLgs + kinetic
energy of gas end powder + heat lost by gas to surron-iinss. Let u{7)
he the speeific cucryy of the prader gar ot 1o vopaine: T, w{(0) 1k
specific energy of the powder gazs al T = 0, and ug ihe zkci{SC enersy
of the salid powder, all rcferced Lo & comton zero level, viz the clo-
1 ments at 0° K al venishingly smell density. Reioprcd to thiz zoro Jovel,
‘ the internal energy of the pouwder gas is CG u(T) and the less of internsl
enargy of the solid powder whern mass CJdG burns ie Cd8 ug. Then by the
first law of thermodynamics:

d ‘i:_cc ' (T)_‘, -CdBug +8W=C (22.1)

ALl

TR

L2

-

i ey

Now ug is net a function of T,\so that
v ren ~ : .
d ey -CCu: ') = & U {23,2)
Irtegration gives:

CcG {'s «u (T ) =W 4k (23,3)

; S0 t ‘hus N
s ~u (M) = (23.4)

Now ug deperds ‘only on the chemical composition of the sond powder and
on its temperature, #hichk probably differs very little Foom its initial
temperaturc because <f the low thérmal conductivity of solld propellants,
There will be a temperature uf ihe powdcry gas, however, at which the
specific enevgy of the gas ww*l ba enual to ug, InSpPC¢1on of Eq. (23.8)
shows that this temberature is 10 M2 adiabavic cloass’ chamber oxplesion
itemperature; this statuwent aCllOﬂs from thz2 facts that for an .adiabatic
closed chamber % = O and T = %o+

Thus 7 )
ug = u (To) “fow enmol powders).. . (22.5);
and
- €8 w (Ty) =C6u ¢, ()

‘this beiny the equation wé wished to rederive.
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Chapter IX

The Heat Loss Probloa

ic next consider the evaluation of the various terms of which
the quantity W in our fundawental energy equation (10) is composed. The
imost difficult part of W to handle in any rational manner is the loss of
heat by contaet of the hot gases uwith the walls 6f the gun. Unfortunate-
Jy this heat Yoeo teews s on fepovtant one in smald ories®, where it may
be cqual e e kinetic cnergy eccquired by the projectile, This chapter
is devoted 1o outlining the main features of a possible rational attack
on the prcblom and a statorent of the empirical procedure that we shall
actually adopt,

4

Wotation: t, time from beginning of motion
~ty), time at which burning begins
%, distance fraa breech to an arbitrary cross-section

L, len_th of poudzr chauber

n

» travel of projectile with respect to the gun
Dy, diameter of chamber .
Dy, diameter of bore
* A3, cross~sectionzi area of chamber
Ap, cross-sectional area of bore
T, temperature of main body of gas
Ty, temperature of breech face
Ty (x,1) tewperature of walls of chember and bore
Tp, temperature of base of projectiie .
hy, coefficient of heat transfer from hot gas to breech face

hy,, coefficient of heatiransfer from hot gas to walls of
chamber and bore,

% There is scume theoretical indication that the heat less may be im-
portant also in large caliber guns.
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h,, coefficient of heat transfer from hot gas to base of projectile:
L), %oiul heat Yoss at time t by contact of gas with gun,

The tolal loss Q(t) is made wp of the parts Q, to the brecch,
Qe to the chamber wall, Q, to the bore wall, and Qp to the base of the
projectile., The component losscs ave given by:
1

Q = by Ay \T~Tb) dt (2m)
“%1
I

t
/'n

- o : 6

I hydt %Dy (T-T,)dx (25)

———
~

]
i i
Q. = / b dt 5 D, (T-7)dx (26)
/

. 1

Frbm the beginning of burning at time ~t; to the beginning of motion at
= 0 there is no motion of the pouder gas as a whole; so that The

t ansfer coefficients in inis interval are for a sort of "free con-

vection', After time t = O there is still ne motion of pouwder gas &s

& whole w1th respect to the breech face or the projectile face, so that

the transfer coefficients hy and h, are still for "Fpee conveciion”

There is after t = 0, housver, motion of the gas as a whole mith ”cspect

to the walls of chamber and bore, so we spesk of h, s a trepcfer coel-

ficient for "forced cenvection®. ;

To determine h, one might use the expressions for forced con-
vection given in ¥cAdams 5, although these cupresszions seem to be for
values of the Reynoids number somewhat lower than thgue that occecur in
a gun, AJ1 such exp”;ssions, however, give zero as the answer when the
velocity is zero, and it is hard to believe that the heat loss with tho
gas zt rest would not be apprecialhle.

3%, H. Mchdams "Heat Transnission", McGraw-lill Book Cuompany, (1933)
Chapter VII.
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% Fuethermore, the "free couveclion" iransfer coefficients that occur here
s ave for situatiens that do not occur in ordinary cases of free convection,
) since free convection in & gun is probably associated with strong turbu-
lencc,  Then asalp the wall tooperaturszs arve not knoun, Of course if one
) knes the teansfer cosfficients onc might calculate the wall femperatures
from the geoaetry, therinal conductivity, and speeific heal of the gun and
the transfer cocfficient from the outside of the gun to the air, Such

a caleulation, however, would have to be a special one for cach gun, and
would appvﬂ“nulv not be applic:=ble to a general trea’ jent of interior
baldistics,

Furthermore, even if one could evaluate the heat loss accurately
s a function of tine, the »esulting conplicalion of the equations with
ihe addition of many exlra paransizrs might maks it lnadviszble to use
3 the accurale formula, Por all these reasons we adopt tentatively the
2 procedure of taking ¢ to be proportional to the kinetic energy of the
projectile. Thus if m is the mass of the projectiie and v its veloecity
with respeet to the ground, we have:

Q(t) = k 1/7 wv? : (28)

T

We evediuie Lopy oesin, incsle values of 1/? '
marzle velues of § are best knem for mach!

measur e the total heet developsd in a la

: T 3
fra guns, for which ons can

nuzher of rounds, and divide

om
R
-
o

. that value by the nuiber of rouids. It is probably bettcr to take heat .
9 loss into account in this way than to negleet it altopgether, as has been
the custom up to the present. .

In the place of any better treatment we may regard any energy
lost in stretching the gun ss nropox otional to the kinetic energy of the
projectile. Thus in Eq. (28) we regard Q as the sum of heat loss and
stretch loss, and k as & constant that takes hoth into account.
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E : Chapter III
:
3 The Mechanical Probloms
% . In this chapter we consider the translationzl snd rotodionsl
. inotions of the projeciile and the passive resistance. The notion of the
g ponder and powder gases and the recoil of the gun ave omitted here,
L since theix proper consideration requires a treatment of the hydio-
3 dynamical problems (Chapter IV).
¢ If m ds the wmas of ths projectile, v its velazrity with
E respect to the ground, p, the pressurc reguired to praduce lhe transe
& Jational acceleration, Hy..n. Lhe translational kinelic cnergy of the
% projectile, and A? the crosa-scetliondl area of the borz, then
: 2
o) Py = m dv (29)
3 Ay dt
L 2
EC
= Wepans = 1/2 mv® (30)
3 . In trcating cotational motlion we consider only the case of a
I constant angle of rifling ‘.’"1" Uith censtant »iflieg © Joudl of the gwn
S is helical iIn foruw, so that developrent of ihe bore of the gun on &
E plane resulis i the siteation depicted in Pig. 1.
L . .
3 .
: ] .
3 Fig. 1.
- Development of Bore on Plane
i | |
3 ) ) .
E -
1
- o
: 2
d
e .
2 - For the point P cn the rotating band, touching one of the lands,
3
Yp = 7p tén (31)
11
Py
; .
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If the angular cecordinate (in cylindrical coordinates) of the poirt P
is denoted by 0, and D, is the diameter of the bore, than

yp = 1/2 0D, (32)
Frow Bgqs. (31) and (32),

0 = %5 2, tan o, (33)

1f v iLs the lincar vo1ouluy of the projectile and w its angular
velocily, then
dx .
v __P (34)
dt
w= 40 . (35)
dt
Eqs. (33), (34), and (35) give:

= 2tan T, v (36)

3
2

Letting ¥, dencte the rolational kinetic energy of the projectile
and Rg ils ra@ius of gyration, we have

i - 2 .2
Woor = 1/2 m.R- o (37)
g
Eqs. (33) anu (37) then give:
- 25 2, . ’
Woor = 1/2 mveftan®s (38)
where £; = (2R, /D?)2 (39)

about 0.6 for most projectiles,

ow let Ppot denote the pressure required to produce the
rotation. The power going into rotation is

aw a

Agbpoy v = _rot =mv Ez'fl tanz-_P (10)
dt
- - 4
so that p . \§é gz £ tan? @, ‘ (41)

1e next derive an expression for the energy loss due to
passive resistance, i.e., due to friction between the rotating band
and the bore of the gun, It is assumed that engraving has been com-
pleted: We call the part of the rotating band between two of the

12
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grooves a "ridge" of the band, and of the forces exerted by the bove on
the projectile take into account only those forees exerted on the ridges
by the driving sides of the lands of the bore. Ve alto asstme The lov

of friction to hold between a ridge md the contipucus deiving Jaund,

Thus in Iig. 2, of the pressures indicated, only 'l’;) is taken inlo accountl:

RiDGE

/

)

("‘ \\ *
NLanos— ~~— \
. w A
=t

The forces acting per unit area on the side face of the ridge ave P_,
the pressure exerted by the side face of the conliguous driving lasz,
and T, the friction force per unit area., Wemnow introduce the unit
vectors lj, along the normal to the ridge in the general direction of
rotation and 1, along the tangent to the ridge in the geneval direction
of the breech. In the system of eylindrical coordinates 1/2 Dy, 8, znd
z, vwhore Qs perdtive in 2 Slrocidion o vowoninn ud 2 1o 2ho wisiinne
frew the breech aleng the azis of the bore, wo inwroduce the univ vectos
13 and 1,. Then

P = 1P

) — M -
Fz-l £

. 1, = -1, sind, + 14 cos¢r (12).

11: =1, cosg{ir + 14 sinér

The components of tetal force per unit area on the side face of the
ridge are then:

] z component = = {Py sin Pp + £ cos QL) i (13}
0 component = P, ~°°SS"’r ~ f sin ¢‘r (fiw)

Integration of Eq. (43) over the side Tace of the ridge &nd multipli-
cation by li, the rumber of lands or of ridges, givas the total forward
force on the projectile due to the bore, Hultiplication of Eg. (h&) by
1/2 D,, integration over the side face of the ridge, and multiplization
by Il gives the total torgue on the projectile, On the assumption that

P and f are uniform and that the angle of rifling is constant, we get:

. F, ==MNAy (P sing +f cosd)) - - ws)
Torque = 1/2 N:‘\RDZ (Pn cos <,?>1,- ¥ sin q’ar,‘) {u8)

vhere Ay is the area 0f the side face of a ridge.

13
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The law of friction states that f is proportional to Pn’ so that

£8P, : (7

vhers pis a coustant, Eq. (47) may or may not hold accurately for the

friction of the lands against the ridges. If it dwes hold, however, the
coc{ficient of friction y may not have the value that it has for ovdinary
cascs of the fricticu of steel and copper., Ve may now express N ApP, in

terms of the accelc tion %34 as Sollows. Inscrt Eq, (47) into Ea. {16),
dt
4 "' L] i ”, LK) .
equate the torgue to o BY S8 and wee Bg. (38),  One readily obtains:
¥ :
it
N ApPy = nfl tan 4 (u8)

- dv
cos¢c ., - ¥ sin Upoeodt

vhere £y is given by Eq. (39). If we now let Fp denote the force on the
base of the projectile, we have from Eqs, (45) and (47):

F, -NAP (sin: +"cost) =mni¥ 49
y ~ W AR (sinc cos ) m (49)

Bgs. (48) and (Ly) teguthor give:

- 1

L %ﬂ 14 £y tan o, (ten 2 4 w) (50)
t - f
L - wtan _,

- . X > - K - -1
%ettlng Ppass deno&e the passive pressure gné Wpa the encrgy»?xpendca
in overcoming passive resistance, and realizing that Eq. (50) gives the
total forcs necessary to produce translational acceleration and rotational
acceleration and to overcome passive resistance, we have from Eq. (50):

: Prot * Ppass © 2 %ﬁ, £, tang, (tan 2 + ) (51)
] Ag dt 1 - p tani, tan Q,
W . - 2 = ! - .
oot + Wpags = 2/2mv% £ tann, (tan 3, +y ) (52)
L - u tan :')1’
 We ray expect to have
¥ tan‘qr << L . (53)

n

With the approxira

vion (53), coaparison of Eq. (51) with Eq. (41) and of
Eq. (57) with Eq. (38) gi

ves the equations:

: P R ut (54)
) pass A2

e,
o<

I
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Wyass © 1/2 mv? y (55)
where w' = ouf) tan @ K (56)

In view of the difficulty of obtaining the valuc of the
coefficient of friction under the actual interior ballistic conditions
and possible doubts as to the validity of the law of friction, we shall
not commit ourselves to the subsequent use of Lq. (56), but shall treat

' as a quantity to be determined by experiment or by comparison witl
firings,

In order to take into account the fincr details of a tra-
jectory one might use a certiuain constant value for ' during the process
of engraving and a smaller constant value thercafver. One should also
mention here the suggestion that has been made, potably by Dederick", of
using a constant value not for i' but for the passive pressurc itself,
or of one constant passive pressure during engraving and a smaller one
thereafter, Assumption of a constant passive pressure

- e
Ppass = Py (57)
© leads to the ewprassion

Woass =P1 S (58)
vhere s is the fravel.

. The pressurc p, on the base of the profjectile may now be
expressed with the aid oprqs. (29) and (41) and Eq. (5%) or Eq. (57)

Case I Passive Pressure proportional to Accelerating Pressure:

-m AV (1 4ut £ tanlq) (59)
PR, ow 1 ¥y
Case II. Constant Passive Pressure:
pp =1 v £ tan®>,) + p; (60):
A2 dt ) )

If ve now let vy denote the recoil velovity of the gun, e
the ratio vy/v, (which will be shown later to be a function of travel),
and u the velocity of the projectile with respect to the gun, then

.

v = u/(Lte) (s1)
and = __m du - u dz (L4p' + £ tan @ )  (62)
e Pp A5(1te) (dt (1te)? d;] 1 r
. (Case I): -

4L, S, Dedevick: Wproject for a New Table for Interior Ballistics",
R I 17
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Chapter IV

The Hydeodynamical Probleous

X. The Equation of CoﬁLipuiig, We adopt the folluwing

notation.

%, distance from brcech face to a variable cross-section
in the chawber or the bore,
X, distance from breuch face to base of projectile.
a(x), cross-secticnal area at distance x from brecch faco, -
w(z), total vodune Frer brzoch face to cross-—sertion at
distance x,
C, mass of pouder charge.
1, MuSs of projectile,
€ £ C/m
p(1), dersity of pouder and pouder gas mixture,
Ug(X,L}, velocity at distance » from breech face of pouder gas
with respect to the gum,
Ve (x,t), velocity at cistance » from breech fece of pnuder gas
with respect to the g“OLnd.
u, velocity of thz projectiie with respact te the gun.
Y, qefinsd in Chefor 7,

: fundenented hypothesis of

In thic chapte ) the fu
¢ ‘ion in the gun., Theoe ares

Ramsey 's® tncorj of £

(a) tne density of the mixture of pouder . and powder gas
s uniform although variable with time;

(b) the velocwgyfof flow of this mixture is parallel to
the axis of chamber and bore and uniform over a cross-~

> °e¢t19?13-

In regard to bynoth s5is (a) we refer to a paper by Kent®
ia which he shows that non-unlfo”ﬂafy of denoltj czn have only a small
effect. He shows that non-uniferaity of density changes the ratio of

~breccﬁ pressuwe to projectile base pressure only ky the fraction

€2/2y; for = 1/3 and y = 1.2, this figure amounts to 1/260. His
cdlculation is first carried out on the assumplions that the powder
is all burned, that the pouder gas is a perfect gas, and that the
expansion process is adisbatic; in the latter part of ithe paper, how-
ever, he points out that the resuit is independent of these )
assunptions,

Hypothesis (b) is a natural one to make in view of the
turbulence that undoubtedly exists in the gun.

54.F. Ramsey, Jr.s Ballistic Resemrch Laboratory Report No. 2, (with
J. R, Lane) January 25, 193%,

R. H, Kent - Physics 7, 319(1836). Sec also Love and Pidduck, Phil.
Trdnu. RO". Soc. 222, 222 (1922)
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It has long daen known that for viscous flew ina tube the distribution

of velocity ever a cross-wsection ds parabolic, but that for turbulent :
flewr the velocity 1“ unifora over most of a cross-section, One should
2 reulize, Hoﬂr.cp thal ihere nay be violent statisticel fiuctuations

in the vclouxty, duc to tne passible existence of large rvather than
small eddies,

ﬂn-cmmtmno*ommumlq.&aumsduwdlyfmm1mcgmh
servation of mass, with the use of hypothasis (a) and (5). Thus in
time &% thee flotn into 2 slab of crass-seevicinl areu a{x) and thick-
neas &x the nass pultx)a(a)dt and from it there flows the mass
b(x!dw)a(ai\ ¥}t The net ga-n of wass in time .dl is thus

- ¥ (dl )ﬂ'LL, vhich wxpressicn ig to be equated to the product of

P

i
£ ;
3 the volune of the slab and its gain of wensity in time dt, viz,
o LS
) a(x)dx %ﬂ;dt. Thus we zet the equation of continuitys !
T H
ﬁ’ " Dt A o _adD H
(AN ) T il {64 }
p $lang) = P (1) |
B . i
i Dividing Fguatien (£8) by p, integyating with respect Lo x feom 0 to %, i
and ntroduaing the defindtion: {
=8 anp z v (1), (55) ¢
at .
ve have: !
) X, 1
- £66
. aug 66) -
d
o i
Introduction of the boundary condit sion u lo,t) = 0, corresponding to thé ;
fact that the gas at the breech face has mo forva“d velocity, ahd use of [
the fact thdt _
: X
a(:)dx = w(x) (67)
;gives:
a(alu_(x,t) = ¥(tlwlx) {68) )
g &
3 e
% At the base of the projectile x = X, and Ug(x,t) = u(t), so that e
a(u{t) = 71 ) N

Elimination of V(%) between Equations (68) and ((89).-gives:
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#ille are thus excludang tapored-vore guns from considerat

o o) 5 A0) 800 e
g 32 a(x) (X)), uf)
ax

.

(70)

where u(t) ¥ 3 2 the velecity of the projectile with respect to the

gun. Eq. (70) was first derived in a diffevent: monner by Dedericldt,

2. Recoil of the Gur,

Recoil of the gun is treated in this chaptcr‘becau°
consideration reguires the use of Lgnation (70).

assumption about the shape of the gun, Actually the gredie
chamber of a gun is of essentially constanl cross-seciion and the bore

is of strictly constant cross-secticn®™® somewhatl smaller

da .
S

b

N TR -
Wo nust now TRC LAt

v part of the

+hen that of

the chatnber. The two are ordinzrily JOIHCd by a portiv: of a cone.,

The preblem of pressure distributio. in the gua would be ¢
very seriously by ewplicit treatment of the coue.

corplicated
V¢ shall therefore

use a slightly icdealized model for the gurn. Ye assune & constant cross-
section A, for the bore equal to that required to give the correct

volume to the bore when the lands .are teken into account, and a

constant cross-section Ay for- chgwbgr plus jeining cone, £y to be so
inhen po jolning cone,
plus joininz couc' to
Behamber! and call its length L. We also assume that when

chogen that it gives ihe correct volune fov ol

fle subscquenily bbb””VldLO the phr :sc "clambor
Jectile is seazted that its base is fiush wiil
coie,. SO that L is also equal to the distance
the base of the seated projectile. Ve .denote
jectile by s, Then

=L +.5
- w(X} = AL + Ags

Abbyeviating the ratiﬁ,Ai/N? to g3, we have for

x<l, 3 w(x) L

I = R
’~a(x5

ool ¢ owly o Mk BD)

3 lea

the pro-

he end of the joining
ch Fazen to

frea the Lrec
the travel of

= x 4+ (o - 171

a(x) A2

He alsd iet v be the vélocity of the ppoigctile with :
t to the ground

ground, vj the veloc‘1y of 4¢he gun with respeet
v3/v £ e, the recoil ¥atio. Then

u fx) = v (Y + @y
£ ) g( X

a

U=V+Vl

19
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(72)

£73)

{74)

#B.R. L. Report Ho, ¥81, Jan, %, 12933, 4ddendum to npp,hﬁix D,
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Equations (70), (72), (75), and (76) and the relation a(X) = A,
now give: )

) 9 () YV FV
voem) b vy Bl & W) . 1 w(x) 7
LT s V) B e )

s + oly  a(x)

Bquations (77), (73), and (74) now give:

L. wfw) = [ L) :
%Lt vg(x) = vy 4\ 5 +~0I,/x (78)
)
5 :) = .- e e X + (0~ P . !
®>] vg(x) Vo e | ', (70)

We now assume free recoil, so that the total momentum of the system is
conserved, The momentum lHg of powder and powder gas with: respect to the
ground is: )

L Lts
Hy= 'f pvgcx)hldx +'{ pvg(x)Ade (80)
(o ¥
Using p = C/u(X) (81)
ard equations (78), (79), (80), and (72), we obtain an integration:
C(v + vy)
Upo = =CVy + o (oL2  + 8% + 20Ls) (82)
° 1 2(s + GIJYZ

With the abbreviation s/LZ r,
Equation (82) becomes:

v 7 -
{. = Cu. + C . . fo~- 1)
M3 Cvi + 2 (v 4 v)) [3, YCTEDL (83)

The momentum of the projectile with respect to the ground js:

My = mv (8u)

and that of the recoiling parts with respect to the griound is:

ifé Hl = mlvl (% 5 )
5

[ The couservation of mementunm gives:

% .

F by 4 Mg = My, (86)
E . so ‘that

: c (o - 1)

< _ ¢ . o olo = )

i nv Cvl + 5 (v + vl) [ - -73-15572 = m&vl (&7)
?

3‘ 26
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Solution of Lq. (87) gives:

<
S oy (7(0 hid l)
s V) - ! 2. ’l =fx S x4 (88)
v ;‘;— (: - \1 O(O . 1 .l:
ity = . el SR AP
1" 7 ‘_“ o T)?

In the special. casc <that A /A, 50 =1, . (88) reduces to:

e = m C/? (89)
myt /7
Bg. (€9) is the usuald aurcssicn found in treotiwnte of iniedor |
ballistics, Fg. (88) may be somwewhat sinplified by noting that even in
the most extreme case the ratio of C/2 to my is only ) pnxt i 600, sa
that, to a good accuracy, the dononinator of Fq. (88) wmay be q41p13fied
to my. This simplification, togethce with the use of © 2 C/m, gives

- M € "1 - Glo - 1) “7=' ’ (90),
“Tm [“ 7 {1 GRS

Actually the recoil is always damped, and the effect of this damping
is to reduce e by 2 vary small anount; the effect of o value ¢f 0 » 1

s ¢lso such @5 to reduce e, Tha twe ¢fl<cty thus el in the same
dnrcciicn,.ﬂo that inclusicn of the corsection tera in o chould improuve
matters., (If the effects acted in oppusite ﬁir:c;ions, they would
partially cantel each other .and taking the ¢ term inte account might
not be an improvement).

The erergy of recoil ¥y is given byt
W = 1/2 myvy2 _ (91)

Using vy = ev, we have:
« wR . m 2 - ¢
175 w2 = ___3-_ ev - (92)
m
. Applying Eq. (90) and the abbreviation

o(o ~ 1)

i me ¢ R ‘ 7 %)

‘.I - . -
* . R . — m € € \2 B -

Ty - (13 & LK 1 -

: /7 e ml 1+ 5 5 v_f,“l,l (91) ‘
3. Kinetic Lnergy of Pouder and Pouder Gases "
\g - -
" » »
o (a) With leglect of Recoil.
21
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In this case we take vg(x) = ug(x7 and v = v, The kinetic¢ energy

»
2

of the ypowdcr amwd powdor gases is given by:

L l#ks
{‘ .
Mpoud, = 1/2 pv2(:)AYdE + 1/2 / pvE(3:)Ads (95)

: _ 0 1,

3 .
lith the a ;»-vo ination of Ve (.‘) hy u, (‘-) and the use of Egs. (70), (72),
72y, (44}, L3), Fyo (23) f"-o. ) :

3 ! < = ; 7:‘ o 3 :j_ -~ O\0" -~ 1) S

A Yhoud. 172 3 l "%'5“:!7“{) ‘} (u6)

(b) With Recoil Taken into :‘*ccouht.
Egs. (95), (78), and (738) give:

""’powdg = Wy + Wy, where

L
( { P
v . . (v + 0y .. . P
ﬁl = J-tl? Ql‘ul f 1 ~Vl - O*‘i:?n‘é;.).m .'.j d/- ig})
J ot -
()
. Lts - . 12
Wy = 1/2 phy 2 (vrv) ]
2 = M2 phy | \_—-vl " Y x4+ (o - 1)1,% ax (28)
. L : oL + s L .J
Egs. {72) and (81) and the relation v * ev giver
‘ ’ r
M. = 1/2 av? €0 3+ e ¥ 3 ,
t 3(1 % e) !} o+ e) +e (99)
and’ ’ .
S ~ . S3]
Wy = 3./2 my? - f_ ; Ly - 10(1 :—e-)—*’—i-c:’ (200)
- 34 1 { C b o )J
” Thug
4 ) 1
P ) = .2 e . 3 + e 3
;4 Wpouwa 172 m"' S ey o tel o e
-’Z-,_"{
- {0(1 + ?3_- - e."" - (101)
c+r S J A
N Note that if e is put egual to zero that Eq. (101) reaices to Eq. (96).
- Fa. (101) may ke cizplified as follows, Place ’
l+e (302)
E o+r -4
4
22
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Then the expression in brackets I'py(r) is expressible as:

F?(r) =1l4+0c¢d +o(q- )3

(¢ q-c)3 (103)
Thus
Fp 2 1leo (0?2 -2)g% + 380 (0-2)g% ¢+ 3 (2.04)
or Fop =1+ ed - Fy [géiﬁL (L4 ¢e)® -~ ze(d + 0)2J (105)
g+ r

-

In Bgo (165) sre nay cuit, with ecrors of less than 1 part
ir 1000, 2)) terms not lincar in e. Then

he ]
Fp =1~ F [?_i_l (1 + 3e) - 3cJ (106)
- g+ 7 )
o A + 1
F,=1~T e 42 ; gt= (107)
2 1 [‘E’T? tllgyy -V
i Pressure Distribution witheout Gag Pri

1 on.

Becaure of the acceloraticn of ihe povder cul jovdir gaves
there is & dvop in prezsure from the brecch to the base of th N
The differential equarion for this prussurc drov muj be duerived by cal-
culating the net forward Foree oir a slah of pis whose facen are tvo
cross-sections of separation ¢z, and equating ihlo net force to the
product of the mass and the acceleration of the slab., Ve indicate in
Fig., 3 the portion of the gun between two cross-sections. Let p{x,t)
be the pressurc at time t at distznce x.from the breech face, R, the
radius of the tube (chamber, joining cone, or bere) at dlstauce % from

the breech face, and B the angle between a normal to the tube and a
normal to the axis. Then

P (x#dx)

dF !
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the forece dF exerted on the slab by an clement of wall area

dax sc;ﬁkydo ise .
dr = p(x)R.seefdx do , (108)
and the forward compounent of this is:
-dl' sin B = -p(x)R, tanfdx A0 (109}
hou dr. = -dx lun £, (110)
so thal ~dP sin B = p(x)R,dR.d0 (111)
The total forward force due to the.-walls is thus
dF,, = 2wp(x)R,dR,, = p(x)da(x) (112)
To dF,, must be added the net forward force due to the faces of the
slab, viz,
dfy = p(xde() - plx + dx) a(x 4 dx) = - ey (pa)dx (113)
= & pda - a 32 dx (124)
s ax
Thus 3
Ay, + dfy = -a 2B dx (115)
c dv (x,t)
\ aSS§ < :lerati v <t : 1 —— et .
The mass acceleration product of the slab is oy T adx,
so that ®.t
caax = Ca_ dglot) ax,. (116)
ax Cow(X)  dt
or
ap(x) ¢ dvgln®) (137)
8x ~  w(X) dt

Eq. (117) is the fundamental law of pressure distribution when gas
friction is megligible; v, (x,t) is the gas velocity with respect to the
ground. Now we nay expreés vg(x,t) by

vg(x,t) = ug(x,t) - V3, (75)
vhere ug(x,t) is the gas veloeity with respect to the gun, and v; is
is the valocity of recoil, :
Then fzgfx,t) i} dug(x,t) _ dvy (118)

dt at dt
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Insertion of Eq. (118) into Eq. (117) gives:

Ppbe,t) . . _C T dnglet) - dvy, (229)
ax w(X) dt dt ,
Thus % .
: -!A du_(2,1) 4,
p(x) - plo) = - '6%("5' i A dx + _Cx f_]:}_ . (120)
J’ dt w(X) &t .
°

du_ (5 ¢
e #,t) , “ s
The derivative E%gl ™ may be evaluated by means of Rg. (70). This
derivation is given in Ramsey'sd report, but is sumuarized hore for
vurposes of completeness and clarity. The acceleration Guh(x>t) is

a

4

dt
the acceleration of a definite mass of gas and ug is a function of » and
of t, say f(x,t). At time t, ug“has the value £(x,t}; at time t + dt

the slab has an x-~coordinate -equal to x% + g dt, 'so that Ug has the value

> ofe 4 o - - - . o ai: . ’a-f; a. Py A Y
f(x ! ugdt, t + dt) = f(x,t) 4 5;-u2d1 T ot (123}
The acceleration is thus given by
dus - 3 . af (122) .
I ox 8 ot
How, from Eq. (70) )
CE(x,1) = H 50 (123) ;
vhere
Fy(x) = w(x) (221) :
1 a(x) z
and )
fo(t) = 8V1) (125)
2 w(X) u(t) ‘ v
In Eq. (125) the factor ‘Egg%Tis a function of ¥, since the x-coordinate
X of the base of the projectile is a function of t. ] - . R
Thus d{gg . '
pre = ugfy(x)Fp(%) + £{x)f (1), 7 (1267 )
. 1 -
= £5(0) 5 00E () + F(D)E (), Q279
25
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b3 = X
so the du,, D n " 1 .
so that a,&_ dx = 1/204()F5(x%) + Fo(t) | £p(xddx (128)
: o
o ~ o o

Now El(o) = 0, so that:

Fau ' x wgy\
£ dy = 2(4-)£2( 50 . ATV :
J’zﬁ_ br = 1/28208200) + £,(¢) j ST d (a2s(
o ) (
%
= 179 u?(+ . £ ! w(») F
= 1/?2 wi(x,t) + fo(t) dx (130)
& i ~0 a(x)
Insertion of Eg. (130) into Eq. (120) gives:
‘ X
p(x) —p(«o) E3- C 1 UZ(X ) + f'('t) ,Lo.(.?.{:). dax - X?.Y-g‘.} (131)
wE |7 &7 2 a(x) at_

Thie is the gencral law of pressure distributicen without gas friction.
for cur 1ol o (1) = Qa4 Aps, a(l) = Re, and

Cowlx) o _ oL
X -< L —a—‘-(‘:;:j- = X (73)

w(x=)

a(x)

Thus for our model, vhen

x > L: x + (o~ 1)L . (74)

X
. wlx) 2
x < I [ ,,((x') dx = 1/2 %’ (132)
)

L

x - X

x > Lt rw(X) dx = = dx +'(. x # (o0 -L)L}] dx
;j a(x) 1

o o - L

1/2L2 + 1122‘ {% + (o -l)g} Z .92 L2

»

-3

-

(133)

——

Also, from Ege, (323), (128), (125), (72), €73), and (74), we have for:

xu(t) ' .
< L: .t = pbdnd S SN 34
x <L uglx,t) s (i34)
. and for
e gl
> - B
2> broug Gyt o2 *‘(g’h i)&ﬂ u(t) (135)
26
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Mso, since  f,(1) = EéI%*E" (by Bgs. (125) aud (72)),

we have ul(t) - yz(i)

Gl, + s (ol, + s)¢ (136)

]
£,(t) =

Insertion of Eq. (136) and Eq. (1.34) or Eq. (13%) into Dq. (131) gives:

. ) v &
C/[\ a i "
x < Lt p(x) - plo) = =22 ‘1/2u'(t)x2 ~ x(ob +8) b (187)
: P Col, + g-).?- . dt ! -
C/.“\ f 9 2.9 {;
x>L: p(x) - p(o) = - 2 (07~ 1)L7u R ot Y
: : 2(o +'8) || ohds +ut(t) L(V + (0 ~1)L)
ava
- ul)L%} - 2ol 1s) E%AJ (1238)

Eqs. (137) and (138) give the distribution of gas pressure for our model
provided gas friction is neglected. For.a gun of uniform cross-section
we should have A; = Ay = A and ¢ = 1,

For such a case we should have; for all x:

dv, ]
p(s2) - plo) = ~ __C/B_ [1/2u'(1—):-:? - 2L 4 =) ‘Eﬁ-l-; (139)

[REL )

3'(t) is the acceleration of the projectile with respect to the gun, and
v

—X  is the acceleration of the gun with respect to the ground,

5. The Effect of Gas Friction on Pressure Distribution.

It is known that for turbulent flow of fluid in a pipe of
diameter D, the pressure drop per unit length is representable by means
of thé equation:

2wpp (140)
D g

—

9

p _
== -
where p is the mass density of the fluid, ug its velocity, and fy 1is

a dimensionless factor, usually called the Fanning friction factor. It
is a rather weakly verying function of the dimensionless Reynolds

number, the latter being defined as the ratio of the product of diameter,
density, and velocity to the viscosity, Curves showing the variation

of £ with Reynolds number will be found on page 110 of icAdams's

"Heat Transmission". Rough estimates show that the Reynolds number is
of the order 107 in a guny this is somewhat beyond the range of the
curves given by lcAdams, Furthermore the conditions of turbylence

existing in a gun may bé so different from those prevailing in steady

flow in an ordinary pipe that Eq. (140) may not hold well in. a gun.
However, Eq. (140) is all that we have to go by in trecating gas friction
in guns. Ve shall therefore adopt Eq. (1l40) as representing the -

27
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falling off of pressure due to gas friction, but shall treat fp

as ceonstant throvgphout the gun, dnd use sowe sort of average value for
it. Yor a Reyao)da nuwber of 307, NeAdoms's "rough pipe" curve gives
approxinately 0,003 as the value of fP

Addition of Egs. (119) and (i%0), with o = C/w(X) and
D =Dy for < L and D = Dy for x>L, gives as the ceumplete differcntial

equation for pressure ¢istbibution: :

H _— , . A .
oo L | o) )
REY w(X) . dt dt °~ D

Our effective Qiuncters are defined by the equations:

LS '
TR A § : (152)
2

T e

i U2 "2 (143)
where the effestive wrirs Ay aul &g haver boen definced in Section 2 of
this chupier, The queslion nay arise es to ulicther vp OF Vg should be
used in tq. (140) in g:hrwalwvxvs from wteady flou in a pipe at rest
to accaleraticd flc. in a gun in woilion. The ansuer comzs &t once from

e
the fact that vg :. 0 for gas at rest in a tube in motion, in vhicl: case,
however, there is no pressure drop due to gas friction; use of Yg in

place of ug in Eq. (140) would thus. be incorrect.

The gas friction correction to Eq. (137) for p(y) - p(o)
when % < L is readily obtained by inserting Eq. (134) into Eq. (lul)

and integrating., e obtzin for .
c/A N 5 dv,
x < L p(x) - p(o) = « 2 ut(e)xs ~ 22(ol # 8) == (154)
pRar 2(oL + s)7 - dt
3 2 y
)3 u 3
1 X
+ 4/3 173
Dy (oL + s)
On inserting Eq. (135) into Eq. (1%1) and integrating, ve
obtain for -
gLt plx) - plo) = - 12 |(e® -D)L%? 4 wrce)-d Tx + (o-1E2
DA 2(oL ¥ s)’ oL +s . s -
) vy . ., Ty (r . .97
- (o? -J)LZS - 2a(ch + 8) ——1* i*/'0-——-————»’-;5--— {3 1 (o-I)hj
, 5 dt 2 (oL + s) (7
+ L3> - 63)5 } ) (2453

.
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10 calculate the pressure pp at ihc base of the projectile we insert

= L + s into Bq. (145), thus ohidlnang

.

Clhy  Y(g2 - 1)122

Py - p(o) = = Hroi T8 2 T -4 out(t) | {»(oLi s)?

2 2) dvy fF u?
- \g - 1)L -2({L 4s oL 4 s ——— . 1 e o+ s e y 3 3
( ) } (I +s) ( ) il 1/3 NG (oL + s)

g 2 .
+ 13 (¢ - 03)}j (146)

6. Average Pressure in the bguation of State,

In Chapter I on thermodynamic foundations it was assumed
tacitly that the temperature was uniform. Actually it will be a
function of x even with our model in which heat loss is treated as in
Chapter II. Gas friction, for example, produces a dissipation of
mechanical energy into heat energy, and ue have scen that its effect
depends on %,  Ye may thus czpcct T to depend on %, It is clear,

hoirever, that the u(T) thore introduced <hozld be a mass averase of
u(T,,). ”hus, if we let pg(x) be the dencity of the powiler gas (not
of pouder plus pouder gar), our Bg. (1) shovid be weitten:

Cddu(Ty) = dy \[u(Tx) pg(x) d x & & 4, (au7)

The subscript t is. appended to the differential sign in front of the
integral to denote that the change thought of is a change occurring in
time dt, so that the operations dy and f are not inverse to each other;
dt is the gas volume element, Eq. (147) may also be written:

.

CdGu(T,) = d '[_Efiﬁﬁg:fk't &M, (148)
where .
S /
(T, ) = \;U(‘x) pg(x)dr/ G, (1u9)

the mass average of u(Ty); the integration is over the volume of chamber
and bore unoccupied by solid powder, -Comparison of Eq. (148) with Eq.

(1) shows that our earlier u(T) must be 1nterpreted as our present .
ulT, )
1%

Now u(T «) = Ty, where we assume the spnc1f1c heat ¢, at constan:

vQlume to be indepondent of x; this assumptidn is equivalent to saying
that there is no change in relative gas concentrations with x.
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Thus . -
u(T) :'u(T;) = oeyTys v, (150)
3 . wherea 7; is the WASS averages:
7"_=J~- b D) 1%
T, = Ealjaxgs(xjdr £151)

TN
X

The integration is again over the volume of powder gas alones Now if
the cc-voluma of the pos per wndt mass is My then the cquation of scate
may be written as:

1 1
A . —— s
z p()-) {: pg(x) - l]a;‘( o R].)TX’ (152)

Where Ry is the gas constant per unit mass,
Then

o\ ‘. J.' ' . -,y '_
pg(x)'lgz = -ﬁ-_:p(x) [{l_ - nlpg(‘x)J ’ (153)
so that - e e 4
'IK H Eé'-;\i',p {\) ;."l - nlpg(x)_i dr (1‘514)

The factcy 1 - hlpg(x) is a correction factor not very different from 1
for all x. Remeoubering Lere that Keat found non-uniformity of density
to be unimporiant, we regard this factor as constant, so that it may be
taken outside the sign of integration. The integration is over the
volume of powder gas alone, so that:

) CRyT,, = pVg(L ~ mypy) : (155)

In Eq. (155); Vg is the volume of powder gas alone, end p is a volume

average of pressure over the region unoccupied by solid powder., Ve ape
naturaily led at this point to replace it by a volume average over the
whole volume of chamber :and bore, since in the Ramsey hydrodynamical
theory powder and powder gas are *treated as one Fluid. Now Vg(1~nlpg)

is cur free volume 2 and T, our earlier T, so that Eq. (155) reduces

to our carlier expression of the equation of state Eq. (9) if we use
that equation a volume averaga of the pressure..

v<

Caaatoad o

TR

Thus The effective pressure p in the equation of state is
given by:

T

L Lis
ﬁ ) (8 b+ Ays)p = p(x)a dx + ‘} pr)Azdx (156)
.
3 (o] L
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Nos: I, Lis

(A1 + Ags)plo) @ J plodAydr & | plo)hydx (287
.0 0
Thus . : L . - 3 Lis,. ,
: (AL 4 Ags) [§4p(o§] = f %p@x) --Ap(o)_‘i Ayén + i tp{x)ﬁp(o?! hodz (158)
- - o - . Adad .
K Ve now insert Lq, (MM4) dote the first inlegral on the right gide of Yo,
2 (158) and Eq. (145) into the secoud integral, theveby obtauining:
3 L i
3 - X : -C {]3 ; dv,
- S plR) = plo), dgdx = Tt VI3 ey L1261 4y VR
5 té [} prol, 4y o 7 8)F | 3 wt(ty - L*(eh + 5} .
4 4,2
3 i fF? u :
- 3D,01/7 (oL ¥ 8§ 4 (15¢)
and Lts "
- 3 - (g2 24,2
) - p(0)  Andx = - __C i (6% - 1) L%su
If A Lp Ry T2 20l ¥ s)* TG L+ s
‘ \d,n ¢ . 5 ol
~(oL + s) {EL + 8)% - nggéﬂ. + i 1/3 E(GL + )2 - 03L%,
. ‘. ‘.ﬂ; 2 , e ) , .l
= (02 2% wi(e) & EE 0 apm g‘(‘cL # s) - o¥L¥,
J 3D2( L+ 3) z L.
+ L3s(om 1/2.52) j} . (16¢)
: Lts = A
Addition of Egs. (159) and (160) gives f t?(X) - @(o)j adx.
o

On performing this addition and’ equating the sum to w(X) (p-pyl}, vhers
where w(X) = AjL + Ays,, and wherz p i% the desired averige pressude,. ue

obtain: :
p - p(o) = ~ E%EZPI’ 7 ' (161)
where . R _ .
f[(sz ~ Yo fp (g M2 - s un(a” ¥ 2"033;"&2 ) (162)
ACEE N (l T EECEEIL ,wf}

In Eg. (1€2) u'(t) is the acceleration of the projectile iith respeet
£o the gun, u? the square of its velocity with respect to- the gun, and
vl(t) is the acceleration of the gun with respect to the ground.
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Now Eq. (1416) may be put into the form:

ey L C ' :
where
Hy = Lo? - 1)0?/1 " Fl _ ot -1 1 wi(e) - 20 + 1) V'(t)
: (ot )3 o 4 Eﬁ’i‘ pogr 1
g0 T a2y
4+ H/3 e 11 4+ O - 0‘_' (164)
by L (o +1)°
Then
- = S . ' "
P - pp 2h, (Hy = Hy), (165)
vhere
t. - -
5 @2~ 1)1, tey | (6 -~ 1) ]
Hy = Hy = 2/73us(t) | -1 + LST _T2his v (t) |1~ ELil,,.“
l 2 t. (U + -)3,.) l L; 25)“1
+ )~ (o - e/l - ff.f; # (¢ V%~ " ?1 u? (166)
(o + )" D2 | “'*‘(‘5""7;*;51»'“’
v

In the special case of a uniform cross-section ¢ = i, so that

1 £
Hy - By = - 2/8u() vy - kw2 (167)

2

Now, from Eq. (59), we have:
pP. = m_'_ 9_\_/_ (168)
P K, dt

vhere -

m'z m{1l + u' + Ty tanqu) {(169)

Inserting Eq. (168) into Eq. (165) and using Eq. (76), we obtain for
the average pressure:

=m' E g o(o - 1) : '
PR, L} 3 3‘ T r)° Ji ui(e)
~£-.-i¢-°@;idj](u
Ao 2 (o + )¢ J Y1
smiet | (% v, fr(, (62?2 ") (170)
2h, l CEEIN D (o + )" ﬁ £
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where
et 2 C/ut . (171),

I is to be cnphasized that in the derivation of Eg. (170)
no assumption -has been malde as to the reluetive magnitudes of pro-
Ject;lc nass and powder mass, Mote also that

vy (t) = 3’*‘ — a(t) ] (1'12)
e .

where ¢ is given by Eq. (90). In g, (272) ihs ¢ in the d(nﬁﬂ‘“JtOP
may be neglceted; so that, accuralely cnough:

vy = cu : (173)
and
vli; = eu' + e'u (174)
Now - )
e=m 1+11Q- (O‘-—J.)\'t_;, (90)
Y I G CRTE L
s0 that - . "
teom g 0o =1) (=2) u 1753
¢ my 2 (o +2)? - ] (1757
‘since ]
r' = s'/L, = u/L
Thus :
V)= 2 heefll-olo- l)ﬂU' + Mg oo 1) u? (176)
myf 27 L (o+r)J ml (o 1)’ L
Now introduce the abbreviations:
. = € §a _ o(o~ 1) - € -
and
= olo- 1) 7] _ el .
Fy(r) 2 1+ {} NCE I 1+ (1-F) (178)

and- insert Eq. (17¢) into Eg. (170). Ve obtain:

_m' et olo? - 1)W m ] )
PTR [l i {17‘ (6 +2)%m Bgfy - w'(®)

~

(¢ ~ 1)o/L F-Eu {173)
my (0 + p)

+ m'c? r(o2 ~ 1)o/L __.;. (0172 ,‘okghin om?'
24, L {o + r)* DQ\ (6 + )t
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It is a matter of some importance to vote how the effeet of
pas friction changes when one changes the caliber of the gun. In order
to compare the change in average prossure due to gas friction with the

total pressure we may rourite Lg. (79) as follows (hesides the Jeading
) lern only the gas Iriction teri is retained):
2 A2p . C‘fi? (: (0_ 1/2 —-0’" .? 2 (180)
; * B . ———— =Wt —— St IRy it 4 U+ o o
mn ?D? L (" + 1") J
"3 -

o obtaii sens iden of the compurisun of the terw in u? uith
the term in w', e aopro~thL v? by the Leduc equation, which is known
) to give a rou*ﬁ representation of an intepior ballistic trajectory. The
3 Ledus equation states: .

= S8
- PAEy . {181)
We -easily derive from this: }
2 = t{+ §_ kS b
u u'(t)s (1 + P ), 162) §
Ll !
f where 8 is the velue of the travel s for masinw u'(t), which ve nay §
? take here as eguivilent to maximum pressure. Inscrlion of Iq. (182) §
3 into Eq. (180) gives: ;
3 - . - " .o
- A2p C'fFS i (o /2 _ Gl{) ) s (183) ;
- R =l 1+ m, il + G~ (o T
- m_f
3 Now in Eq., (183) lét us consider geometrically similar guns, and let s
3

have its muzzle value. Then the Values of o, %. , and r are rigorously (

equal for the different guns, and those of sism ppcsumabl& so. ¢£! is
about the same for the different guns. Only fp, the friction factor,
remaing to be considered. If we compare a 16 inch gun with a calider
+50 gun, ‘the Reynolds numbers will be in the ratio 32 to 1, but in-
spection of the curves on p. 110 of McAdams's “Heat Transmission" shows
that the resulting ratio of friction factors will not be larger than

: 2 to 1. ¥e have therefore the important result that the fractional

. change in average pressure due to gas fricticn is aboul the same in

all guns. Such diffcrences as abise coie maiuly freom differences in
shape rather then from differences in caliber,
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Chapter V

Ibc Chemical Kinetic Problom

In this short chapter uve consider the problem of the vate of
burning of the powder. Since this subject is in a state of flux, much
of the material of this chapter is neccessarily somewhat indefinite and
tentative, .

‘The only generally accepted law concerning burning scems to
be that known as the "law of burning in parallel layers." Accordng to
this law a given layer of a pouder groin burns completely before the
next layer begins to burn at all®, Stated in another vay, at all points
on the surface of a pouwder grain the surface reccdes at the same rate,
commonly called the rate of regression, It is slandard notation to
denote the lincar distance, of regression in time t by %y we shall
follow this notation, sirce there secms to be no danger of cchfusion
with the % .of Chapter IV, The smallest linear dimension of .a powder
grain is known as its web, denoted by w. Thus for solid cylinders
(cordite), the diamcter is the webj; for single~perforated wouler the
difference of the radii is the web; for multiperforated powder the
distance from any perforation to the nearest mcighboving perforation
or to the periphery is the web, The uel has the plysiczt) sipuificance
that vhen it is burned <through the pouder is covpletely burnzd, encept
in the case of multiperforated pouder, which at that merenl falls apirt
into slivers. This burning through of the web occurs when » = w/2; w
arce thus led nzturally to introiuce the dimensionless vorieble z,
defined by the equation: .

2% /v (134)

11}

z

The variable z is the fraction of the web burned chrough; it has of
course the valuc 1 at the moment when the web is just burned through.
For all powder grains of the same shape the fraction G of the powder
burned will be & function of z and of z alone; thus G = G(z). E.g.
cordite of diameter w and length Lg,--

6(z) = 1 - (1-z)2 (1,¥_ z) (185)
‘o
For single perforated powder of length L, and difference of radii w,

6(z) = 2 ! 1+ 2% (- 2)‘ (186)
L Ly A

For wultiperforated powder the forimule for G(z) is given in Ordnance

Technical Note No, 1 by G, P. S%. Clair. Tables of G(z) for multi-

perforated grains of typical shape are given in Table VIII of Bennett's

"Table for Interior Ballistics". For ball powder, just begimning to

come into use:

G(z) =1~ (1~2)3 (187)

“Deviations from this law may, however, arise from turbulent flow or
flow inside a perforation.
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The law of burning of the powder is the exprcssion of the
rate of vegroession, dx/di, as a function of pressure®, The effect of
initial teamperature of the pouder @and of chemical composition, including
espeeially poreent moislure and peveent volatiles, is ordinarily taken
care of thvou h adjustwant of the values of paramdters occureing in the
above Function, The pariticular average pressure that should be used in
the law would secw to be an averege over the surfaces of the grains".
8ince, however, thae grains are apl to be more or less uniformly dis-
tributed thvoughout the volume behind the projectile, no serious error
should be muce by treating such an average as identical with the volune
averaze vsed i the eqtni:on of state, viz., that given above in Lq. (179).

The most commonly used form for the law of burning is the
pressure Iindes Jaw:

dxn

T ° bp™ (188)
Bennett used » = 2/3, Roggia used n = 0.7, and various other ballis-
ticians have used values of n ranging ﬂli the Wdy from 1/ to 1, The
British have c¢rstomarily used n = 1, but Wadley’ has recently replgced
the first pouer of the pressure by 11c first powcv of the density of
the gas, . Such a procedure was sutﬁ,ﬂc ted by the work of Crow and
Criwshau®, oo the basis of whose kinetie tnccr] the rate sheuld be pro-
portionsl to the densit

ty. “n intevpretation of their theory by R, H.

Kent end ihe author would indicate, however, that the rate should be

roportional on thair Liec ot to.the density of the nkain hod' o“
P y

)

the gas, but to the dcnqlty or the freshly formed gas in immediat
contact with the grains. Experimental work by R, B. Dow now in progress
at this labcratory may lead, however, to results in disagreement with
such a conclusion,

Another form for the burning law that has been used to some extent
in thi’s laboratory is the general linear function:

dz/dt = a 4 bp . (189}

This law was first proposed by ¥ansell? and later used by R, H. Kent
on the physical grounds that the law should contain a term lﬂdependcnt
of pressure to account for the direct effect of radiation on burning.

* Lack of simultaneous ignition may also affect the rate of regression,
On the reasonable assunrtion, however, that ignition is complete before
the start of motion, its effect on the trajectory may not be serious.

7pLT, Wadley, Resexzrch Department Woolwich, R.D. Report Ho. 72 (1936).

84.D.Crow and W.E.Criushaw, Phil. Touns. Roy. Soc. London A, 230, 387 (1932).
Mbansell, Phil. Trans. 4 207 (1907).
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A recent analysis by Hirschfelder of the data given in Table V of Crow
and Grimshaw's paper on "he Combustion of Colleidal Propeldlantstd
confirms the experimenial validity of such a law, Hirschielder Found,
moreover, that a is independent of the indtial tenperalure of the powler
and that b is inversely proportionald to Tiqu, vhere Tp is the pouder
temperature and T; is the "touchoff temperature" given by Crow and

Grimshaw. In some cases a came out to be zero.

Yle shall consider only the two above laus. In terws of
the variable z they bacdauc: .

Pressupe Index Law: dz/dt = %k-p“ (120)
‘General Linear Law: dz/dt =2 (a + bp) (191)
v

Questions concerning the dependence of the parameters a and
b on the initial temperature of the powder and on powder couposition
will not be considered in this report,
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Chapter V1

ihie Collected Bgnations

1 3s necassry ot lhie point lo stmiarine sone of the
resulls alyoa Iy Wlandne’, e hove First the geaeral cnergy cquation:

cc6(z) = ‘%w- + W, (10)

at W ’ (120)
or

~~ = = (aiby) (191)
iven by the sum of Fgs. (28), (30), (38),

) is ¢
S g ;

On pariorming this addition and expressing the
‘o the grounl in terms of the velcecity u with

The energy W
(55), (94) en
velocity v wi

ti

respoct 1o

t s (].92)

n

W= 172 ma® (), . (193)

vhere

r P ]
Fe(r) =1 ')+ u' + F tan?c +k+ P Gl e~z F(p)e 2
5 ez ! 1 e Sy mo U707 )

€ F (r) (394)
3(L+e) 2

-y

—

In Eqs. (192) and (18%)

Mg m e ~ g
e= 5~ = Ei 1+ 5 :l - Fl(rl‘ (88)

p = z ;F (r)ut(t) 4 T, (r) u?/ > (195)
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where i R “ 9
. n' et o(e?~ 1) moo. . ,
e 1 e B SO - . () » 196
Fg(r) = = 11 o G y 15(7)1,[(:)'i (1496)
and - ~ -
! 2 £l ! l/) ) [ i
e (o4 -~ o 1 : (a ot )i
e e - ’ K — .ot Sw—— W s
F,?(I‘) 5 i‘(0 PR ] ])2 \kl + (o + e J (19’/)
o ' og(o ) )
hl (o 1 1)° 4,

Note that the functions of travel Fl s Py o ¢ a F7 are all dimcnsionlesa.

The functions Py, Fg, Py are delined dumediately above.
L]

Fl’ Fg? P3, Fn‘are:

2
The functions

= 0o ~ 1)
e S i 93
R sy (93)
- S , ; ot
F(r) "2 .p, 8+11y39+1 o (107)
2 RS g4 r
Palr) 214 2 (1 -Fy) (177)
» = " 4 fi - P y
Fy(r) 2 71 4 5 (1~ F) (178)
- It is desirable to list the values of the functions Fl, Fos o o Frs
and of ¢ for the case of uniform cross-section, so that ¢ = 1, In this
special case they are all constants with the values given in the
following table,
. Table I v
Function Value
Fp 0
e M (1+Z)=e For short
ml 2
£
F3 1+ 3
ot
F 1+ 5
) y -t 3
. i i 2 n € 42
P e e L p' + £ tan*Q_ 4+ k 4+ = (L + = )?
- )2 . k .
5 (L + co) [1 1 r y 2
i e
T |
3(3 4 c.o)J
. 39




Pable 1 (Cont'd)

lunct:un Vaiue -
] . ! K ) A
(. | AL I WY 4 . £ € )
b S R = (L L+ ),
. LI % < ln!l 7 2 3

} fl — 1‘\

N

If the furilier specializing assumplion ie made that gas -
is

frictiry Jy po=2" ThYe, o F RS

) s

15 Bge. (193) aud (195) zve inscerted into Eq. (10), the

RISl Pt Soor St 201

G 0G(z) = §;~- B Fs(v)u'(t)+?7(r)3?; + X/2 mu2F5(r) {1.98)

together with Eq. (195), constituted

Egs. (198} and (190) or (191),

the fundzasnted cqrations of interior bd]llﬁthb of which the
sinvdonens:s soducion o desired 1] treatnents of interio
b3t e - i 5

and }3
constay

4
=
5

!

3

3

o

~,
-t
w0
w
N

and an Yenergy mass"
mp Eu Fg " (200)
so that

mooyr(e) (201)

o]
il

and

WP LT

ea(z) = -9.1-- SBwi(t) + 1/2 mpu? (202)

Por ety
-2

'enpts now to generalize to the case in uhich
on and gcs friction are taken inlo account.

non-tnifor-ity ol cr cti
3 Then, in so far az the cnergy equ atiun alonc is concerned, one can
: : group the tera in Fy with the W term, so that cne could introduce
: variable nzsres as follews: ’
é‘(
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i
2

‘&(l‘) (203)

Fe(x) & .-WJ§)-NW_
(Y" .‘12-

Wn

[}
mp o = i (7o)
!

Now, however, in the preusure cquatien it is no longer .
possible to introduce an effective varicble rars nb(r) such that:
m (r) .
p R et u'(%)
ﬁ2 .

The preblen of succeccing chapters is to put the equaiions of
interior ballistics inte Jimensianleozns foron conte lning s fod pa-
raneters as possible, Onc mighc for this purpcae bezin with the equations
(195) and (198), perheps later finding that the funciions Feo Fgs and I

could be replzced by some sort of averea thout causing toc much error,

1ith such a purpose in nind, hewever, it seeme desirable if possible
first to trausfora the equations (195) and (198) into such forms that
variuzble offective nassss can be uced to corvest for gas iriction and
non-vnifori:itly of cross seaiion, The cavnticrs ull1 then heopr 2 grestier
rederDlinor te opianlio.ns fnvel Tir DOl oo T,

er; inou

Pl

[&)

In Eq. (195) the
vanish for unifcrm evors-3

.
is
A, T ey o
SCYICN 2.l N0 Iad
.
S
s
-

\J
]
.
2

i
the travel s, The
Leduc theory emables us to do this. Ve have,
the necessary equation, viz: :

\

, w2 = u'(e)s /J.+-§:~ s (1823
\ €n J

where s, is the value of-the travel s for maximum u'{t). Denoting as
before s/i; by r and s /L by 7, we then have:

u?/L = a'(£)r 1+ IL—-\ ~ (205)

. \ 2PN - ,
Then 'U.?'
i Fp(r) = u'(t)Fg(r), (208)
r 14+ fﬂ?‘ F7(P) (207)

\ A -3
% u'(t) Fg(r) + Fglr) (208)

[{}1

vwhere Hg(r)

so that p=

The ratio v, way be lecked on as a purameter to be deteuained by com-
T 8§

P
parison with firings, or it may be given an approximzic value a

2 follows.
5 »
.
Er s -
E . )
2 i .
3
«7 -
1 B T T 2 LT .- B T T T T T R
£ -
/...
7 -
o et e i T e s e e aare et o o i o L e B L
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The quantity & ie the value of s for maximur ut(t). MNow let V denote
the toilal voluie belhidnd the bass of the projectile, i.o., our w(X) of
Ch.pter MY If ¥V, d&enotes the indtia) value of V, i.e., *he volume of
the eherbery, then the 1ot voluie cxpzinsion rallo & iz giveun by:

&= Vi, (209)

The varizble & ic identical with €1 travel variable occurying in
Beuuctits "'ebler for Iutcrior Bollistices™s, Wou we have

LiyLo4 Aes T ~
£ R T S 14 ,%. =194 = (210)
.‘A'.]L (31] [})

I Ronnait's 1alles ihe value of £ arimn acceleration is seen to
range frow ciout 1.2 1o 1.8 with the wost imporvanct cases around l.d.
If we adopt the value 1.5, we obtain v = o¢/2.

of course still pessible to

Nouw in the encrgy eguation it is
rod n the pf tewam over into the W
S

move the u2 correction teorn occured

-~ ty
toriy end ther ly obiein the offective masses of Egs: (203) and (204):
In Y frn.-0 0 07 con falney, hotiouloy U st e geaireite te zppronie
mote iha U lon du o p7 st e we i in the prresuse equa.ion.  Fhen
. - b
£Ce(x) = oo == ut(4) F (x) + Folr) + 1/2 mul Fe () (2131)
-1 f‘.-z 1. b- g 23

Egs. (208) and (211) are fo“HJlly the same as Egs, (201) and (202) for
the case of uniform cross-section and no gas friction, where now the
"momentum mass"

. ~ “1 .
hm(r) = = Erg(r)‘+vF8(r1L z mFg(P), (212)

with Pg(r)

'
3

Felr) + Folr), (213)
and tha "energy mass" nF(“) mEg(r), (214)
are, however, Ffunctions of travel.

Suppose we multiply the energy equation by y-l and use the
fact that 7 {y-1) = X, the "force" of the powier R,T .

1 o
Then n.(r)
ACG(2) = -”{;-;—« 61(T) + 1/2 me(e) (-2 (215)

In the event that mp(r) and mp(r) may be replaced by constant values we
mzy take into account the difference of the effective masses m
throuzh use of an of

introduce an effeetl

n and mp
fective y suggested by R, H., Kemt, We simply
ve Y, defined by the equation

SOpdnance Boosrrrmaent Deewsnnt Mo, 2039,
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so that n.

Then Q"‘m

voeeem

Ay

ACG(z) =

(y--1)

ll‘(t) g

1/2 m
mn

(Yo

(216)

(23¢)

(218)

~

“y,

The egualions ubibeh will) fown the budls Jor the sveconding ch-y’ex: :
. the cneryy cquation (215) torether with the deindoions (217) al (230
% the rate~of-burning equation (190) or (1€1), end the prescure eguation

: (208), which we may writc as:

PN,
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m ()
= ._'H:..._.. ut(t) (2031)
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Chapter VII

Dinensionltonn txa"cl Vawichles

S K hmree ek % T R MwA & e Al e w4 X Waw e wewee

1, The Tot. 2 Vo

'--. » vy -. " T - 4 >
Bovopaion Lolio

9 . e € s =y i s b et o o r o w o e v .
K
! The total volwne cupiusion ratio § has already been defined
: . in ecquaticn (209) in Cnapter VI. Tt is identical with Bennett's di-
wehsionless travel veriable. In order to express our previous equations
in teras ¢f & wo tast rpocity free volus, travel, velecity, and : -
seocYon tic D Lt ol T Soaonen v Gl ot tha rone denzity of the
uﬂl:Q pat 2ol by €panen the oo vodie o fhe pundo» opecked dn the gun -
6 C/¢ and the volvrs Yemrned ot tine 1ode CO(%)/5. IF ¥V is the tot

vm T frens

V. (0/6) l - G(z). t
-

tiko b NG tion he Lol volw.e at Lim i is
1= Fre e voluae @ ds obtained fron the luiten by
wre.  Let ug nov druobe the co-volume per unit
volume of Sollﬂ po eor by Y 4 «. Then the totled co-volumz is (1 + «)
CG(z)/¢&, so that the free volune @ is given by:

™ . (L4 ¢)

Q=V - 1 - G(z} alean s ce(s)

- I3 - - 1 . ~ . . .
irv g Vv iy Lt oweions Foo 0 ol Lo pre
!

S ; %
It i5 to be especcially noted that ocur density of loading &4y has
dimensions, so thet its value ezrezs uumerically with Beanett's di-
mensicnless density of lozding A only if C is expressed in grams and .
Vo, in cubic centineters., Of course the rztic 4;/8 is dimensionless
and thus always zprees in numzrical walue with Rennett's A/6, In the
energy equstion (213), hewsva», the ters ACC(z) givas rise to a factor
- 4y which Heos not et divided by 8. If we wich therefors to introduce
the usuzl dimenzicnless &, we nust express A3, a3

where pg reprosents & density of 1 gran per cublc centimeter.

- In the British EBrzirecring systenm po, hes the value 1.9M0 slugs per

cubic foot,
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Bermett used « = 0.5 for his interior balXistic tables and
ROopeda, vith his asswption that e co-veluns o cqual to the volune

of the poudnr burnced, uvsed « = 0, Crov ond Criusler ¢icingd o = 6,46

by an:lysic of lhols closed chandiov recorndas on nforecctiuloce podues,
Jith the wse of dmproved cowdin, corvesiions given in BB, Beport
Ho. 281 by R. H. Kent and the aulhwr, the millior's anulysis of Crow
and Grimshow's data gave a = 0.70 (B.R.L. Report Ho. 288),

How if A, is 1he crosc-segtionzl zrea of the bore, ¢ the
‘) 2

traved vith respect o ihe gun, anl D Vo the dndiifY voduie e breed

to projectile basc, ve have

If we use a superscript dot to denote diffr -entiztion with respect to
the time 1, the velecity u(t) is given by )

u(t) = Yo ¢ (224)

u't) = ‘o § (225)

It is to be emphasized that V, in the above eguation is the actual
total volume behind the projectile as it sits in the gun before being
fired, It will not be exucgly equzi to the actual chamber volume in
those cases where the base of the projectile initially 3uts out into
the powder chamber or in those cases of separate loading in an old .gun
where the projectile is rammed in until the rotating baﬂd cones in
contact with the origin of rifling. ¥Neow, however, we must cxpress
the functions Fg(r) and Fg(r} in terms of §. peparture of Fo ()

from coustancy arises from pcw—uu;;o”mity of cross-szection and
depavture of T (r) frcem constancy arises frer non-uniforaity of cross-—

section and gas friction. ¥e hive treated these effects in Chapter IV
in terms of a definite model Ffor vwhich Vo = Al and V= AL + Ags,

Thus for such a modal

AlL 4 AhS .
R Y A 5 = r
4 Y W g== 14 = . (210)
and
r=o(f - 1) ) (226)
ns
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Yor the aetlual cun 1q. (220) is thus an approximation giving the ratio
of trovil to Jonih o7 chinbee dne teris of the expsncion ralio &,
thae w1 Y ue oo a3 the Factions Fplr) and Pg(r) in teran of &%,

Insvartien of Bgeo (220), (221), (228), (%2%), and (226) into
the enopy couetion (21%), the pressues equation (2041) and the rate-of-

burnivg cuation (1#0) or (191) furpisnes the follouiiy, system of equations,

K

.).‘:" ‘ ,]. = () I - ‘]- (1 4 c‘-) :’, + X/2 v () (*,‘..1)3‘,? (22°1)
v N S e ' -
G .
{83 }l('{
p = ,“S;.w,i,,l ; (228)

\v > “\n
(/ b / " }9(1) £ (229.1)

P Sre e e
*

/

s
',>

&z 4

- -

- __M_*..ww,. g (229.2)

where
r &.0(f -~ 1) (226)

It may be possible to find, by experience with actual
calenlations, a method of choosing constant values of the functions
F (v) and Fc(r) that will give good results. Let us nencte the best

LN

possibie constznt values of these functions by Fg and Fs , and define

-

T
the functions Bl(:) and- By(r) as

'F (230)

’
PN O] = ~ " E"’ N 3
B, Pg(r) /%y (231)
“Bq. (278) is sufficient for i 3Jvo£ynamlcal corrections, Accurate
translation fron tedular values of § to travel s requirss the use of
o
£ =] F - 8, (2261%)
‘o
vheye is as in Eq. (225).
he

e e en




(z) in Lgo (227) in tcras of Ly (p) and

ud Gefire an (ffoctive Yo WY lhw eguatian:

If we now express g(e) and T

o Lu

B,(r), divide through by Vg, a

}'5/1'9 (v =2) £ vy -1 ’ (232)

we obtain for the cnergy equation:

)A I3 ((..) X A »
e ( )b 4wy w1y 1, () (I - 1) (755
m V. Iy ! ¢ 1

Fid i o5 e i ea st

The pressure equation bhecoucd

,,
H

p = By (1) (22u)

'y
5
<<

>0
-

0

L2y e
~

: The ratc-of--burning equaiion beccnes?

ii e y ; . )] v

4 "1_) = % u L P
})/'——c‘ = DN (23u.1)

< \ A/ﬁ i d ‘

3g
H
|
N
o]

"

S 5
2. Bl(p) (235.2)

;
j
§
n ; ( .
bmnV_ T o e \
. i &
The choice of* constant values for Fg(r) and ?s(r) leads to
the value unity for By(r) end By(r). Replacement of ine functions Fy(r)
and Fg(r) by the functions By (r) and B (r) should make the effcet of

the parameter oncurring therein qcmauh,u weakar, i,e,, less effective
p .: 3 2
in governing the behavior of the equations

2. Thc Erec Volume Expansion Ratio

: Roggla in his system of interior hallistics used a di-
3 mensionless travel verieble n, defined as the ratic of the free volume
X at time t to the initial Ffrec volume. On Kizpla's assuaption that the
3 co-volume is equal to the volumz of the powder burned, the frec volune
2 . remains constant {rom t g a In e b ing
3 motion. Thus Rdzg 1 s
. free volune at t =

e
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As soon as one att upts to wprove Ropgla's co-volume
asswaption, houwver, onae prens inta cenplicalions with the use of the
froe volwe cipan fen ratic o0 a travel variable,  Thus the free
volunw Covt 1ot rednadn const ut frow the hegluning of burning lo the
begiuning of motion, We may of course uae as Yinitiad" value of @
the value of @ at the beginning of buening, viz,

. Qi =V - C/G (236)
The o velvs coplncion Yalio m will then be given by

n = 9/95 (237)

The difliculty then arises that at + = 0, tite value of n is not known
accuralely, It uil) be scmeuherc peay the value unity, but will vary
from case to case., TFurthernore, the equations become zuch more
complicated than ;1o&r above, In order, therefore, te preserve some
of the simplic i { Rozpla's ireatment without using nis incorrect
co-volinz assunplicp, we procesd to the introduction of a new di-
nony ‘f-‘,~‘.>)_n.|

e La % - - o

Let G be ihe velue of G(z) at soue point in the trajectory.
Also, let .

g =1~ 1 + aB) (238)

(Ve do not have to save the letter g for the acceleration
of gravity, sinee the latter could enter into interior ballistics
only vhen effects due to elevation of gun ave considersd, and such
effects are lesyb negligibly small in interior ballisijes). Then

with £ = V/V,, the total volume ex xpansion ratcio, we define [ as:

1 f by )
02 4§ - ~—-(J #eB) 21+ 1/g (€ - 1) (239)
& i i

Then the time derivative is given by:

t = E/g ' (240)

.

Initislly & = 1 and § = 0, so that the initial values of § and ([ are:

Lo™ 1 (2u1)
&oz 0 (212)

1f we were 1o assuune that o = 0, we should have:

hg
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- C - Ay /6 \r,.@/(s P
¢ = EnbIS eS| (2u%)
«=0 1l - Al /6 Vo -Ci 8

Thus ¢ is a lincor function of the totel voluwe cupunsion ratio £,

A
satisfying the iniiia) conditions Lo ® L and g, = 0, and reducing to

the free volume expansion ratio n id, Roggla's assuuplion « = 0 is made,

To obtain the cquations in terms of r, ncte that Eg, (239) can be
solved for &: :

=1L+ g @~ 3) (2un)

Lad

On inmserting Bq. (284) into Fgs. (223), (23%), and (235), one
obtains:

28, A26(2) T = 1. .
—eSrge— = B. (1) ¢ - h(G ~ G) t o+ 1/2 B (r)(y, - 1)¢° (249).
m\log~1-‘g 1 ) . 2 c
vhere A
k= T ) (245)
B
mvog; Fg .. . .
p = "-'i\’r/:‘-—- BJ(I‘){; (2u7)
. 2 .
- n
mV g FgBy(r) .
o L z (2u8.1)
az _ 2 _ ( '
at =~ w -
o bmvog?gBl(v) . (2u8.2)
Qv

2
A2

Hote that if o vanishes that h also vanishes. In such z case the entire
right side of (245) is frec of terms in z, When a is corvectly *reated
&s non-vanishing, then h remains ih the energy equaticn and there is
some explicit dependence of the right hand side on z. The factor of h,
‘hawever, viz., g - G, changes sign 8uPng the motion, so. that is is
reasonzble to believe that a proper choice of G will ninimize the effect
of h ip influencing the solution of the equations., In fact the term
h(G ~ G) become smell comparcd to { not far beyond ‘the pressure maxinum,
-and is appraciable compared to § only on the initial cide of the
pressuce maximum., It appears then that a value ¢F G ac some point
between the stari of the wmotion and the cccurrence of maximum prossure
should be chosen for g,

4g .
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Such a value of & uill be souc

th i than 172, pevhaps 1/4, It
should be nenticn~d here that Be ¢k chose a travel) varieble that
1y
L

gave rise to a focewvolume i recenbling ours in COHLdlﬂ‘Up G - 1/2.

,A. o
-
J=o =
[e]
T

AN
(AW
In order 1o cupress Bl(r) and B, (r) as functicns of g we need also

the equation comnweting r and . I'ron Eqs. (226) and (244) we obtaint

r = galz- 1) (249)
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Chapter VIIY

Dimensionless Time Vardiables

We nou consider vapious wcans of inly ‘acing a dimensionless
time variable iuto the fundamental interior bhallisiic equations. To
do so, let us first define v to be some constant quantity having the
dimensions of the reciprocal of a time. Then we define 1 by

. T E vt (250)

We continue to indicate derdvatives of dincuzionloss s;;c& varinbles
with respect to t by superscript dots, and now intee uce the new
convention thal derivatives of such quantities with 1espect to v shall

be denoted by primes., We have als

A

. .

d .4 (251)
dt dt .

Thus
Ex g ¢252,1)
3 =v?§" (752.2
z =y (253.1)
T =v2g (253,2)

Then Eqs. (234), (235), and (236) involving the total volume expansion
:dtlo ¢ :become:

: A
EG(x) = Bj(n) |€ = El-fl + o Gg} £+ 1/2 B,(r)(v, ~1)gt? (254)
p = PBl(r)a” ' (255)
(TQBEKr)s” b (256.1)
o, | (
dr = N or (
Q + QB (P)E] (256.,2).

where the "energy parameter"

AA ? XA .
- "' R e (257)
mV Fgv? P
the "pressure paramcteb® o

TV Fgv?

) P = A2 s (258)

2 — -
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and the "quickneuses®

The paramelers L, Q,, and Q are dimensionless, but P is a pressure;
For the second role-of-burning law the cxponent n in Eg. (24%9,1) is to
be ot on enult to vnity, ‘

On intreduction of 1 the equations in ¢ become:

- - lx ! X
EG(z) = By(») {g - h(€ ~ @) "0 1/2 By(e)(y, ~ 1)g'? (28607
p = PBy(r)g” (262
e .
g LCO LI (262.1)
- :
Az | .1' \
e T oy \\
Q 13
| . .
LQ + Qb ()L (262.2)
‘where

2 ‘
.. My A2 o (263)

1 Foy2
mlog ng

P.....-..._—.....-

: —Zpn 361)
A2 2

- 2 ~

= gg.pn

(259,1)
IV Y

. 2a ;
= ———— g Sg » 2,
Q, - . (259.2)

It is instructive at this point to make comparisons with
Bennett, With Bennmett the functions By(r) and By(r) are unity, v,
is fixed at 1,30, and_the fiprst of the rate-of-burning lawis (256) is
usced, His velucs of Fg and Fg also cerrespond to fp =0, ¢ = 1, and
k =0, i.e., to neglect of gas friction, non-unifornity of cross-section;
and of heat loss. His procedure awcunts to using the § eguations,

<hoosing v L such a way that

P =R A > © (265)

52
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where P, denotes unitl pressuve in a standard sys

tem of vuits (1b/in?)

‘ond Mg denotes a standard valuc of the "foped", Trom Eq. (11)
= oy -1Y, and cince he adways lekos ¢ o= L3, he hes
Ao O T {266)
T w, ¥
Ag e
where ¢, is a standa~d value of the potential 7, which correcspords
’o“mxlly 1o his epecific cucvgy n'., In this comncetion note the rawrrhs
foXdowing lr. (30). hen fre voo. (957) and (205), .

’ r = lsAl

S V—

(:267)
P,
o

ch to"e her

The encrgy equation tien contains only oné paramcter 4y, whici
uation, gives a differ-

with the quickness Q in the rate-oi-burning e

» . . » ». b, m g 2t -~
Iw order to get rid of a weak pzrar ater that misht be brought in by
. et . o
initial covlitfens, be soouves thot the Initlal prescury s QNlJLTmQ};
33 : e s Yar oxoooo Ay e 23,0 1}
envept for prowrlionnliity To vhe "oroe™, Ghwr by occsoadng thit Lhe
A -

. py = 2500 I A/hg, (268)

‘hé obtains a universgl initial value for &", viz: 2500. .

‘. By a ‘Fstrong" porgmbieﬂ we mean one the variation of which
n

olution. and by a "wea<" parameter
ohr will produce only swall changes in the solution.
o ocs_nog occty in the -equations that have to be
1ntegratec, hut owly in the equation connecting actual pressure p with
“tabular p*essnre" gE". GCne might thus imagine thac it would pay to
choose v ii & diffebent manner, viz, by setting equal to unity
the pa“aﬂe‘ﬂrs E or Q. With the

#i)) produce 1ar«e changes in the s
-one uhose var E W
G|

oie of

.

equ tloﬁs hot ven,‘no?hing.would‘bc
gained by such a procedurs, since the parameter 3, would still be
Aeft as 3 factor of 1 + ¢ G and would ;zaaumauly have a strong effect
on the solution, Thus two str ong 3aaamcters, viz, &y &nd either L or 0
vould stild remzin, and they would be independent, since the ralation
(267) would no longer hold, bCCdUgﬁ Ea. (2€5) po longer holds.

: In. order
in aszume that the functions B ér) and

ggécg)_gpe unity, that Yo #s universal, and that the firpst zace~of—

burning equation is used. Instead of having a strong parameter 4;

multiplying 1 4 « G we now have a weak parametcr h muliiplying G ~ Gi

The situation is different with the 7 equations.
to compare with Benneit we aga

Choice of ¥ equal to P_ or to B, X/Ag would still leave two strong
pavameters £ and Q. e
53
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Now, however, il we

we reduce the number of siropg parascters by one.
should be a grect iuproveuncnt over the £ equations.
Theve is still another way of veducing by onc the number
of stroug paraneters. This is a method whieh under certain special
conditions reduces to Roggla's. To obtain the Ripgla-type equations,
JliferanJ“te the energy equation (260) with respect to T . Then,

df a4,

. AG ({,) -.».n. e (\C,s Z) (‘269')
dx ‘
ther o
G'(v) ¢ .-3.“ @(z) ! (270).
and J(r, =) & By(r) ic—h(G-a)gc” + 1/2 By(r)(yq -1)t? (271)

Now insert Eq. (262) for %% into Eq. (269) and call

7{6;-— = ap(z) (272)
Thui
(Q“l(')’ ,
B (Oag() o b= dat, w) NS
art
Qg + QBl(r);"x
. J
Now chodés v in such a way that
EQG'(0) = (274)
Then
~ s ™
1) n .
HY 'B" z;!l :
(’“l(r) j
; « [ _a '
0362)133 or = EETJ(;’ z) (275)
/ Qo :
o+ By (r)g™
AR,

In the gbove equations G"(0) is the value of G'(z) for 2:=0, ise., at
the begirniug of burning. Horeovar aplz} is equal %o the ratio of the
powder zuriace 0 abt time to t powder sunface 0, at the begnnnlng
of burning. To se¢ this, express the mass of pondﬂr burned in time at

tha
in teris of both AWz) ard the surface 8. Thus the mass burned is

)
ot O
oo g
(1]

CdG = CC' (%) dz (276)
or 0&dx = 063?’. dz,. (277)
54

we choose v in such a way as to make ¥ = L.o» Q = ),
Thus the ¢ «equations
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vhere § is the mass density of thie solid powder and dx is the linear
distance burned, Thus .,

CB'(z) = 0 7’ (278)
and -
o) = ¢ W .
CG' (o) 0,8 5 (279)

On dividing Fq. (278) by Eq. (279) and using the definition (272)
one obtains:

ap(z) = 0/0, (280)

Thus for powder of constant burning surface ap(z) remains equal to

univy. Horeover, a (A) corresponds to Roggla's « which he takes to
be a function of expans:on ratio. It is seen that such an assumption
is false; .op is a function of z. In the esent that one can use
constant values for Fg(r) and Fg(r), the funciions Bj(») and By(r)
reduce to hnle, so that

z)llr. =
- -~ 1
- ’ i
op(z) l & -h{G-G) . " % J./?(*(e -1}y 5 {281)
. o ) 1
Qo- h\ -
Tt

If one chooses the first rate-of-burning law, assumes constant
burning surface so that ap(z)'= 1, and makes Roggla's co--volume
assumption o = 0 so that h = 0, then

v

<

gin =4 rt‘" + 1/2(yg ~1)547] = CEMT 4y, Lron :
R dT Laz: - Yc o > »l = L% ‘ ;Yc 3 C (?82)

Eq. (282) is the Rdéggla equation in the universal form due to Kent10
Fq. -(28) or the more general Eq. (275) gives the form for use when

the go-volume is properly tresated., If the surface is not comnstant,
one must use also the rate~of- burning equation:
- {" )
] \QBR(I“')C"n ; (256,1)
z .
dv 7 N op {
L Q. + QBy ()g": . (256.2)
10g, H. Kent, B.R.L. Report lo, #8 "Riggla's Equation ‘.dﬂi@§ :
Application to Tnterior Ballistic Prébleéms (Pcflsnd)" July 3, 1942,
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so that ono thed Vax o podr o stadtaueons differential cquations
rathee Coa oo ol e o 1I¢ e quantity o affects oucwors to
oo T tuo vy . Ples ﬁ’ e R ferent 1Y equatic

the voine o b, w7 L x-;l e on okt selun il
epter. ivoo Do (00F) For g Lrion from el eaduce n"vif"ion
ratio £ to Lhadosr empnbioict, dad
has ¢ steaag e{fict. Scan Lgawnomont over Rogpla's co-volume as-

«

swmpticn tay thrs be rade by nolecting o in e differential equation

ey, it governs
Sooard, 3L

[
¢ L. In this scecond plmf? it clearly

ot weisivie, it 3a e cgu,{i-d Ter tubules oentry.  Such a procedure

fwrovnae Fo 0 Foo e ot T T T T Y T gy pe g vard e I, Such
@ proce oL o 0 s e Ty Duloxe mew Juter jor
Padliotdiswiltes B o0 L7 ey The nlin irportence of these
rorarha oo oroey Por il rentioition of the fact that concivuction
of dnteric, 1128 lle wodie, noll ot @i vpou an accrrcte cquation
of statc, i 25 £7fedt of fmpeotinints in the ‘q*htion of

[
‘ e
state will be Improvenzuts in the ecuation for entering the teble.

According to the above treatment it will be noted, on
inspectivn of By, (26Y), that even for consiani burning surface the

Irpecse” wrelrrot of co=voitn v noneis thz inlegraiion of two
sihu’i U S TR wus frew

(Y U R P A B e 4 Ly ?

The=w Fa ar o ber e o, T Lo Tare vLich

1o ot Clitorcnel.? g Ainr Wloy he ig =t

Por varl.ll. itening s Tue, hovova 2 Zarocdny

1o be much wore couplicatzd, Iu view of the fact that there is no
powder in use, except possibly Flake powder, which epproximates.at
all closely te constant burning surface, it seems highly improbable

‘that Zarocdny's equation ochrs eny practical improvements. This
statenent Is further strengthened by the fact that, as pulhted out
above, the co-volume corpection can be largely taken into account
merely by the equa*zon for tabuwlar enmtvy without any eAplLCLt
correction term
then reduca to & sin 51e eguation if
It hardly sscems worth while fo treat

into account the van'ability of burning surface. As soon as one decides

to treail the burnirg suefacs proporly, one sees that the above systen

of equxtiosns is {ar more precticsbie, For ccmpletenass, however,

Zavoodny's cquaticn will new be_prisented, To obtzin his equation,

begin ni h Eg. (250), chousing © = 0, and solve for EG(z). One obtains:
By(r)ogh + 1/2 By(edly, ~1)5'7

E6(z) = . KAdSd Beigdii
1+ §By(rig®

Next differcntiate Fg. (2%3) with respact to z, place G'(z) = '(o)ug(s),

ingsert the vato-of-burning e
for vy j.e., chotse v so tha

e

. inen |

a e maem o A cemeeme v e ke . AW My | s mewe g e e

the system of differential equations. 'The latter
constant burning surlace is assumed.
co~-volume exactly withdut taking

i
(256), and make the Roggla choice
y= 1
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<
necoieiieies the rlradionesus weg of the roio=o/=tuand: o equaiioag Jor
congianl buruin: curf, oo ot wo0s thnt enty o 3 dnvolve Yy rooth L one
hes only a sinhle driferentind cqgualian, Antunlly Yuoolay £33 nud
choose v in the <hove mannor, bat lefr B as o foctor of L Lhus haviig,

- a strong paraneter ¥ in the equation insyvead of the wezker paranetor
hW/E. Eq. (28%) is thus Zorcedny's cquation as nodificd by the author,
The complications above referrad to arise fronm the requived differ~ -

entiation of a fraction,

[ Sovmr dex ¥ ~Jerms b . - > PIESN
‘he follawing table gives tha valves of the pureitoers vy P,
- . PR - . . -
F, and @ for- koo ol v w"zah M SN N PR A AT SR € RSO
* LY - . . ~ .
11 the scoond pate-ol-Duinpivg s vlon fa w8 o0 We Leve

. Q a_
Q bP >
where @ and b are the constants in the ia: E%'"

= 2 4+ bp; giving iincar

u

-

rate~oi~burning as a function of piessur‘
of~burning equation is used, we mus
formulas for P =P, or P =

© put the exponent n = 1. The

P A/ls ére not included, since such a choice
leads to an additionral strong parazmeter. In wvltlng down the formulas
fér the Réggla cgse>EQG'(o)-“ 1, we use Eq. (279) 16 -express 6'(o0) in
terwus of the initial burning supfdce 0o
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- Strory ond Woad Foontars mad Tndtiel Coelltlon .
bet us cxovdins Tivio b €7icor 07 107 oo clie e by -
) Ey. €232
K ) v , - - \
. Yo - =y - 1)(11"!}9"
E
vhere Y; and Po are the Yer! oot vatwn el dhe ft“‘f;vﬂ' Fg(!)
an? Tole). ‘.‘,,,‘ RS N RS B S U A S Sty
5 of Cl" LN ""‘Cul. When 3'[{') '-'ﬁ!i.":'}\.L‘.T oYl f‘g;(,t ), .,,, P (/L’i) i}
2 (213), reducez to F(). Tucn T2 2202¢ 1 e bove $he .lecs:
- " », v - T
3 P = 1l ¥ R v a m 7 !
: [ R - 'k Fy tanr, v kD (L ) A —

H
o
]
éﬂ
!5
=
v
[y
!
[]
=
-~
)
o+
o
S
-~
(=]
-le
N

[EQ (I.‘.‘_l. .

] e n € Ne . .2 . 4 e LR - .
1 wheve of = = G+ G Yo 01 peglectior reondd ent vefny the eracierns
‘} ,‘,:l -

3

s

Blox3 4 pr iy ian? . ’ {169)

Nl
e sttt e
.

e' = C/m' n (173) '
we have

15
!

(286)

oy
m(
b}
[
+
=
-
]
[
Py
f
15
-+
g
-+
wim

; _ Fg 1+ ¥ + £ tan’ *oE ‘ (287)

(285)

; , ‘ o ]
3 #2) 4+ Kk [} - p! - £y tan’ Ip = %. 4+ higher order terms {289)
Tn general the pessive resistance term p' and the rotational
» tevm £y tan? Ty will be smal) compared to 1, so that approximately:
§ - - -
| ‘ €2 _ !
- 1 '

T
Py
sel]
—
ml .
*
.
‘ L ]
o~
X}
O
o
N’

For larga guns the hext loss coe

£F3 cie

- compared to 13 for small arnus It may reach the v
4.
[

it kobeay be sunlld

ue 3. Ordinarily €

1111 not exceed 1/3, but recenl high velocity gun in Iome cHSTs use &
grcatbr mass of powler than of projectile, so that € m.y reach or excecd
1 in these extrene caces, In any case, either frou by, (288) or from
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Ego (2:3), oozl fhat the o it of Pg/Pq irve unity depoends

GiBrory g b b fee dnocore s wheen i fretedion and nore-wn Tealty
Of el Aty e Jtire D, vfy D i thal variciisg 0L Yo
Frows tho wvadim oy uill depeni Toogedy on the el doss coef ficient ko
In gone. o3 the voelation in g is 2417, the variation foe PR pouders

A,

s

ordivas iy boeing fecn aout 1,24 to 1428, mz for larpge gunr, (xmazldi k),

onu Far 8- by to vary only dwer O Lieil raenge, so that proboldy

3
Tho vt D g ev g X b anfTieicat in sach o table.  For susld i
. . s

Lt X . " e LA S S S LEnBtlly ta L, voxioti-g §yy § 19
WRNOL bal o Vvl g fron 1 10 3,6 ol ulervals of 0085wy Do
Lo Jeodner oy, In b wnasnialdy a streng Lisseter vhich hes to
bo Sut Do P Lo T cve b bmatoont &) hest Jeve. o

he funotiogs c](r) and B?(r), aye, respociively, the ratios
of Fglr) srd Fglr) to their best constant values. MNow from Chapter V1
the function Fe(rd is seen to @-pzd aot only ot k, but also on the
t

2.

paréve tues w4 £y ten” T 7w, mfmg, ¢, and 9. The function Fg(r)

- . - . - 3 - e my A P, " o —
oo pee Dom ety P foo dentnd Lo oendy onon", L/Ll, £, ord o,
- ¥ - ¥ =t P ] x Yo LIPS - el
butl ¢ M ,!n/ I o rr. v ST E LS LLAT Tz hoct conztant
e 17 -
.. b o g o Y ~
values I 2 o £ 0 teras of thoss

LT paramsiers plus
3
-

ws
one ¢l poieniocir, viz il 1atio of he to & to the chanbler
lengin L or lo ihe bore dienwier D3 S/f)2 is the lengih of ‘the bore

in celibers, Altogether then the functions B,(r) and B,(r) -depend on
the eight p2raucters k; p", m/mi, €, 0, fpL/D,, T, and S/Dz. The

facts that Bl(r) is the ratio of Fg(r) to its best constant value and
that 32(P7 is the retio of Ps(ré to its best constant value should serve
to make the variations in Bi(r) and B?(r) small, Thus each of these
eigh® pavenetors should have only a small effect on the solution; i.e.,
each one should b2 a weak parameter as regards its influence on the
solution throizh Bl( er B (r). k is not a new parameter, since it

oceurrad algo in Yq.

The functions B and By thus introduce only seven
new parematers, and this number will be reduced to six if we adopt the
value v, = 0/2, surjested in Chadter VI, In the event that B

t » and B9
: 1 ,
may be chosan equal to 1, all these paraumcters disappean.

. -

The coofficient h = nf G ~ G introduces only one new

a
: . &
weak plramcter, viz. Ay, since g is a function of By

The choice I = ] leaves ¢ as the only strong paramcter
(beosidas ‘,*C) :
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/ Weighted averages for the two sizes of Sambor used hy Crew and Grimshau
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s
. . =9 PO P 3 ,
F‘é ) Bq (265): #1 = 1076 ~ 0,021 oen’ /o .
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) For the @ of Eq. (2%5) wi have written, "l as (L + «)/8, sc
N thal the values § = 1.53 gn/cm 3 and "1 = 1.674 cm /gm lead to u'= 0,77, ,
3 - :
1§ we now represent the ny occurring in the'Q' of Eg. (?%} by :
. . -
n = ,L:,.a_“ : (297) :
: ‘ £
ve find ¢% = 1.37 for ny’z 1,50 cmslgn and § = 1,58 gm/cm3 Let us also
dafina;
i\ - >
- I -
( g =1 - “&:J‘ (1 +a'@) : (238)
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ht = 2L T (239)
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corresponding to the g and n of Bgs. (238) and (285), the differ-nce Leing
/ that we now use tiv value u? instead of ¢, As before we let V denote the
total volume from the breech to the base of the projectile.
A Ve now consider the ¢hanges that have to ba nade in the -
: - interior baliistic equations when Eq. (225) is replaced by Fg. (2969,
. ‘Only the energy equetion is affented, and it is affected only throu bh ,
f thé term containing Q. We have: ,
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Ve now estimate the relative values of ¢, h'(G-G), and "Ar®
in about #s wnfavorable & case as can be found. To do so we mak e use of

¢ Bennett!s Teble L1, taking a density of loading 6y = 0,800 gin/ci? and
Benwcft'% eu:c}vaso q = 0, His Table II gives the value £ = 1,un
«  for mmeimum pressure, Interpolation in his Table III gives the corre-
» sponding Vclh ¢3 a2t naxinum pressure: £V £ 190.1 and E" = 47,610,
k Ingertion of thuse valuas into his energy equation o page (%) gives

ve then *1nd,

+ 0,335 = 2.497 T (305)
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Glossary of Symbnlg

fShe erder is that in vhich they appear)

Ciapd o T

T adial e clorod chunbor explosion lewperciure of the powlder gas,

jo interna) encrgy of the powder gas al abeolute temperature T.

¢ LR TRR RIS B ST e UL L P
G Feracidon of woule bumncl al ine t

« VUL N - et PO xym ~ S .y
|1 COrR <G by Lauaet guo &t tine Lopluz hedl loss to gun

c(Ty,1) Sm—remmme— , mezn constant velume specific heat over

» A
<
T,=7
G
» ~, ¥ - - - ]
terporzivrie rangs ?o to T ,
$* < regn s 12 e oI I I aat
H Iree VoI O LA0 L LLad Pl
H Py Sy qem T ¢ P
Ry £ conront pir unit nars

&
1t

z ¢T,, mean potential of the powder over the temperature range T,
to T .

# 14R,/c, analogous to ratio of specific heats in older theories of

a
1

interior ballistics

o s

Z nunber of grem moles fer gram of porder gas, or pound ioles per
pound of pouwder gzs, etc,

Qy  consiant volune hoat of fornatien at 15%C of unit mass of the ¢
concentraticns being as at chemical :

Telpsratlure Ty !

' ) - . N

xi(T) Runbor of woles of Jth gas per unit nase at absolute temperature T '
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Ujfﬂ) molal. internal energy of gas i at ébsolute tomperature T
NT s W o

BOE) ¢ o (1)

[:Xi £ g (1) - Xi('f'o)

8%, €]) smele imerease of gas i in jth reuction as T, 7T
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Addendur, 1o Ch-uter
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we  specific encrgy of the golid powder, rofrarred to the elemenis
o°K at zero density as ihe zero level
Chapter II
t time from boeginnin

2 -0f motion
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IS Aletarrs Fye~ Y o=} % rery w3 By y s, Lk B ...;-’ - o P S
X CISLUNCL JTLD DMLl Lo 20 GFADEYY CI'0.bmllLtinl O Chi, 2!
A *
-or bore g

L. lenpth .of pounder chamber (distance from breech face to beginuing
of bore) .

8 travel of prejectile with respect 1o the gun

K} re3n. cross-sectional erea of chamber

A crcgs-sectionsl evez of hore

.D} dievcter of chenber; first sccurutely defired in Chapler IV by
}~'.K‘__‘ i B
relanloq E.Dl = Ay _ ‘ .

D, Jdismeter of bore, first zccurztely defirzd in Crapicer IV by
o " - :
- prelation - D = A A -
S T 2 . ,
T  (absolute) tewperature of main body of ges i

T, temperature of hreech Jace

'?w(x,t) temporatuse of ualls of chaw.uer ana booee
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tewporature of basc of projectile

*
.

‘}:h cacliicienl o Loent (rensler {rea hot gas to broceh face
b, covificicil of heatl trunufer frow hot gas to walls of chamber

and bore

hp cocfficient of heat transfer from hot gas to base of projectile

QL) 1ol Loat Jouo: vu Une t Ly <oncent of Lo gas with gen
QL) = Q% s 402

Q;, lost to breoch

Q loss to chamber wall

cw

0 loss to hore wall

(9174

Q{l Yoer to ko oo grojeciils

k ratic of Leat Joos 4{1) 1o translaticsa enseozy of projectile,

this »«tio being assumed constant
Chapter IIT

m mass of projectile
v velocity of projcctile with respect to the ground

p, Ppressure required to produce translational acceleration

. £ l/?mvz

‘trans .
T, angle of riflirg ) o -
% coordinates of point P on rotating buud (on develeped bops)
p¥ " p * © ~
6 augular ccoedinate of point P
-ae - i . - .
o *4r @nnuliar velecity of projociiie
ot Tetatienal enerpy of projertile
R vralius of gyration of projectile
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o (9R 2
£ % (2R, /D))

b . h
Py Prosewse reguived Lo prolar s rolitis:d aceelealion
s :
o) ) .
3 P, pressure of driving side of land on »idpe of projectile
. >
f Friction force per aunit arza
5
L, uwndlowveotor tUeo g, 1 e sidse
J¢  un¥l veebtae along wornal 1o tangent
N miber of lands or of ridoces
b ?? total fpictional famce on rotating band in direction of motion
a 7]
3 A, wrca of side face of a ridge
- .
» corificlont of felesdvn Mo o2 Dot omld s et
’ F? toin) force < if2 nase of the puajs - ize
. . .
o Ppass forcing resistance per unit cross-secticnal area of projschile
3 (Ypassive" pressure) : .

e

gyass energy lost in overcoging pasSsive pressure

»

' ratio of !pﬂss to 1/2 wv?, this ratio being assumed coénstant, =
wfy tart, if the law of friction holds
P passive pressure (if taken to be corstant)

3 -
! . V) recoil velocity of gun

. € recoil ratiio vl/v

gﬁggfer v -

2 . X distance from breech feee to base of projectile .

3

3 R a(x) cross-sectional zyex ot distanve % Frou breocch

L ) u(x3 totnl voluns fron breech Tace to eross-section wi distance x
.’(' - - -

- £ = C/m. ’ - .
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vg(x,t)
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with respect to the ground of the racoiling parts

with rnecpeet to the ground of the projectile
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' ev = o/t
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é B angle defined in Fig, 3

3 L]

.

- pla,1)  precoure &t Uime T al distance x fros hre ol

e p(0,t) pressure at timz t at brecch

: o) = W0x)
; fl\.() e

= 0 = 2w '

3 ()
3 fP Farming fricticu fector fur gas friction
pg(x) density of pouder gas alone
u(Ty) specific internal energy of pouder gas at distance x from breech
E u(Ty) nass average of U(Ty), interpreted ac u(T)
By co~=Velvie of ey pos zope owurinr o :
x P volune averuse of praiswte
s
Hl(r)‘seerﬂq. (162) on page 3] ”
4
’ H,(r) see Fq, (164) on page 32
. . ' .
) Cis €y, constants occurring in the Leduc equation for velocity as
] - s
L - ) a function of travel.
F = © 8, travel at maximum acceleration
_ _ - -
T Chapter V
’ ¥, @regressicn of any-surface of the powder grain
3 - W, wWeb thickhess \
L Sl
3 - L. 2ength of & single perforated grain -
R n exponent in rate-of-burning law
. . . . : . . dx T -
i b, coefficient of pn iu rate-of-purning law Frli bp -
. P S S Y - - S
or cozificient of p in law g cet bp .
R - 3 S - . .
R - i - B 3
- 71 . - -
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a, constant tery in rate-of~burning law

Tp, inftial teaporetues of solid poader

Tis Movelh efY teaparsiwee of solid ponder
Chapter VI

Pb(“)‘50¢ Fg. (1a1) on puase 38

Fo(r) vun Tae (Qou) on pose 30

tglr) sce Fg. (207)

Jar}
[1a]
—~
*3
<
t

T & /L

¥V, total volume from breech 4o base of projectile

£ T VIV,

Yo defined for co

1 4 co-volunz of p

&l = C/Vo: déﬂﬁfty

=
"

- e b 3 -
best consis:

F

il pl,e 39

on page Ul

FG(T’) 4 Fg(l")

m (oY Mocaentun wise¥y ser gl (212) on page w2

initial value of V

nstant m and mg in Eq, (217). on page

ni

Chapter VIT
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w(®)

ouder fas unit volume of solid powder




By(r) = Ty (#)/Ty

At SR s in Ay Pdtt & DU R

i‘{; *
Yo ¥ 1t o3 (y-1)
: g Fe
3 J
: . n, Roggla's free volume expansion ratio

e

arbitrery value of G at some peint in trajectory (proLally to
be taken as 1/u)

L _ A } .
g "1 - EL (1L+0G)

(£~ 1), modified expansion ralio

(o
HY
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Fre—
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> Chapler VITI
v,  dimensdonis oot o n T e
is]
v, propuptionzdity consiant comnecting physlical 3.2 1 and
dimensiopless timz 1 by ihe relatico 1 = vt
- .

E, dimensionless energy parameter, coefficient of 89z) in
dimensionless energy equaticn

pressure parameter, proportionality constant occurring in
equation coinecting physical pressure and dimensionless pressure

T T T
! ~
o
-

o]
,

3 = % quickness, parameters occurring iﬁvéﬁmensionless~vatevofwburaing
¢ Q) ‘equation - :
« ] . unit pressure in standard system of units ,
i As% a stacdard value of the "Force™ A
’ By 2 standard value of the potentizl ' ‘ -

P;, the initial pressure

. J(rz), see Lqs (27L) on page 54

ol(z) G’(é)/G‘(o) -
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gt surface of £olid pouwder at time t
0, initicl surfeee of so)id ponder

Superseript dols or priues over dimensionless travel vaviables denote
derivatives with resgpect to ¢ or 1 respectively,

‘Chapter TX

Chapter X
Q'y, a more accurate expression for the free volume
ny .and n,, coefficients in the more accurate expression for the free
by ot B8 e Tt g T ot s wy oy w2 Y ol Chortar VII
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