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ABSTRACT 

Using a direct proportionality between the rate of fatigue crack 

growth and crack opening displacement above a threshold, it is shown that 

fatigue crack growth data for a wide variety of different materials can 

be accurately described in terms of the mechanical properties and two 

material constants; the constant of proportionality A and the threshold 

stress intensity factor K^. Some 65 sets of data for tests at R«0 were 

analysed by computer and it is shown that the approach is valid to growth 

rates up to about 10 in./cycle, i.e. until the onset of crack propagation 

by dimple formation. It is found that A can be related to the yield strain 

for crack growth in non-aggressive environments, and is increased by increas¬ 

ingly severe environments, while Kth is decreased. These changes provide a 

measure of the severity of the environment. Crack growth rate in non- 

aggressive environments is shown to be independent of the yield stress and 

proportional to the strain intensity factor above the threshold. The 

tabulation of A and values as a function of material, environment and 

loading conditions provides a systematic engineering approach to estimating 

rates of fatigue crack growth and in determining the residual lifetimes of 

flawed structures. 



CRACK OPENING DISPLACEMENT AND THE RATE OF FATIGUE CRACK GROWTH 

INTRODUCTION. During the past decade the process of fatigue crack growth 

has been studied extensively and much data has been gathered. From time 

to time this data has been used to check various semi-empirical equations 

developed to relate stress state, crack length and material parameters to 

the rate of crack growth. One result of these studies is that the stress 

intensity factor has emerged as a useful unifying parameter. However, 

expressions which simply relate on an empirical basis the rate of crack 

growth to some power function of the stress intensity factor lack a 

mechanistic rationale and therefore obscure the role of material properties. 

In order to incorporate these into a crack growth expression consideration 

of the growth mechanism is necessary. One mechanism that has received wide 

support is the crack opening and closing or plastic blunting mode, Fig. 1 

(1,2). This mechanism implies an increment of growth per cycle by a sliding 

off process during the tension stroke of the loading cycle. Such a model 

can be treated in terms of the crack opening displacement (COD) per cycle. 

If it is assumed that the amount of advance is proportional, to the COD, 

such a treatment leads to a second power dependence of the rate of crack 

growth on the stress intensity factor, as predicted by Liu (3) and McClintock 

(4) for example. Opinions have varied as to the applicability of a second 

power expression and the purpose of the present study is to reassess in a 

comprehensive fashion the general usefulness of a modified COD approach. To 

this end, some 65 sets of data on a variety of metals and alloys have been 

analyzed. 
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GENERAL APPROACH. Crack growth curves are usually presented as a plot of 

log Ua/AN) with respect to log K, where a is the crack length (or crack 

half-length for a centrally notched specimen), N the number of loading 

cycles and K the stress intensity factor, here defined as: 

K * a / a it a . 1 

where o is the gross section stress and a the finite width correction. 

Such a crack growth curve is shown schematically In Fig. 2. Because of 

the wealth of data for crack growth at R = 0, only this case is considered 

in the present paper. Analysis of the case R ^ 0 will be the subject of a 

separate publication. 

The form of the curve indicates that all crack growth rates fall within 

a range of stress Intensity factor, bounded at the high K end by Kc, the 

fracture toughness, and at the low K end by a threshold value, here designated 

Kth. In contrast to the value of Kc, the value of Kth is very sensitive to 

the environment, since it has been well established that the position of 

may be shifted to lower K values under the influence of an aggressive envi¬ 

ronment, (5). The lower bound means that a minimum value of the stress 

intensity factor is necessary for a crack to grow at all. The threshold 

concept has been incorporated in studies of fatigue crack growth notably that 

by McEvily and Illg (6,7) and more recently by Hartmann and Schijve (8) and 

by Paris (9). Any comprehensive analysis of fatigue crack growth must take 

into account the value of and Its shift with changing environment. An 

Important consequence of the existence of a threshold is that it does not 

permit the description (10) of crack growth curves in their entirety in terms 

of a single overall slope. 
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At low stress Intensity factors where the diameter of the plastic zone 

at the crack tip In a sheet specimen Is much smaller than the specimen thick¬ 

ness, crack growth occurs under plane strain conditions, and the crack grows 

1n the flat mode. At higher crack growth rates where the plastic zone 

is of the order of the specimen thickness a transition occurs to plane stress 

conditions, leading to slant fracture, and Initially to a decrease in the 

crack growth rate. Fig. 2. The stress Intensity factor at which this 

transition occurs will be a function of specimen thickness. In the slant 

mode crack growth does not occur primarily by striation formation but rather 

by a process of crack nucléation and dimple formation ahead of the main 

crack front (11), which quickly leads to a sharp Increase In the rate of 

crack growth. This transition In fracture mode Is observed to occur—for 

steels—at growth rates of about 10"4 In./cycle (12). At growth rates above 

this value the Idea of the COD applied to a single crack front 1s no longer 

applicable since crack growth then occurs additionally by tearing and 

dimple formation. It Is expected that the present approach will be valid 

only at growth rates below about 10-4 In./cycle. 

We now proceed to the development of a modified COD expression for 

the rate of crack growth below 10"4 In./cycle. It has been shown that K 

Is related to COD of a stationary crack by the relationship, due to Wells 

(13): 

COD * 2 

where Is the yield stress of the material and h the Young's modulus. 
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A lower limiting value of K for crack growth thus implies a lower limiting 

value of COD for crack growth. If a direct interrelation of crack growth 

rate and COD of the type implied in Fig. 1 is assumed, then: 

-fr * AtC0D - <c°D>thJ 3 

where (C0D)th is the lower limiting value of the COD for crack growth and 

A is a dimensionless material constant of proportionality. Physically A 

reflects an assumed proportionality between the COD and the crack advance 

per cy"!e. It also incorporates any reversibility of the plastic blunting 

processes which may take place during unloading. The value of A will be 

much less than unity, based upon direct observation of the blunting process 

(14). However its assigned magnitude will of course reflect the particular 

numerical constants of Eq. 2. 

Using Eq. 2 for the COD, Eq. 3 may be Rewritten as: 

4 

This equation expresses the rate of crack growth as a modified second power 

function of the stress intensity factor, through the incorporation of a 

threshold value below which crack jrowth does not occur. The material 

properties are reflected in the constants E, a. A and K*. . 
y tn 

At gross section stresses where the crack tip plastic zone diameter 

becomes large. It Is appropriate to apply a plastic zone correction to the 
» 

crack length. This correction is made by taking the crack tip at the center 

of the plastic zone; Fig. 1, so that the left-hand side of Eq. 4 should be 

multiplied by the factor (1 - ), (15). In anticipation of the results 

to be discussed later it may be said that this correction Is not Important 

In the present treatment and may be neglected. 



- 5 - 

ffimoLmms. The present study has been ajmed at evaluating the 

usefulness of the approach expressed In Eq. 4 in describing the rate of 

growth of fatigue cracks in as wide a variety of „étals and alloys as 

possible, using published crack growth data at R , 0 and the mechanical 

properties of the material as input to determine the values of A and Ktl). 

Eq. 4 may be rearranged in log form: 

4A 
109 "aR- = 109 Ï5T + 'og (K* - k^) 

Aa 
According to Eq. 5 a plot of log - vs. log (K* - K?h) should result in a 

straight line of slope 1. Based on this principle a computer program was 

en to obtain A and Kt(l values for as much slow crack growth data that 

allowed the overall slope of the plot to be 1.00 t 0.05. A typical computer 

comparison for the data of Sallade and Clark (16) is shown in Fig. 3. From 

such a computer plot the upper limits of the validity of the expression can 

be noted at once. Typically those experimental points that diverge from the 

trend expected of Eq. 5 correspond to growth rates higher than lo’4 in./cycle. 

RESULTS AND DISCUSS,OR. The analysis of sme 65 sets of data is solarized 

in Tables I - III. Table I gives data for aluminum alloys in all environments. 

Table II for steels in air and Ta,le III for titanium and copper alloys. 

Included in each table is information on the material, the source of the data, 

stress, best fit values of A and Kth and the environment of the test as 

far as this was specified. Values for A and Ky, have been assigned to every 

set of data, however, an adequate test of the method is only provided by those 

data collected over a wide range of crack growth rates, say 10'7 to IO'3 in./ 

cycle. For growth rate ranges of only one or two orders of magnitude, a fit 

to Eq. 4 is of course easily obtained, but the values for A and Ky, cannot be 

regarded as reliable. Those data that are felt to be particularly useful in 
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providing a critical test of the approach, and thus give reliable values of 

A and are indicated with an asterisk in the tables. Examples of the 

comparison of crack growth data and the best fit from Eq. 4 for an aluminum 

alloy (6), a titanium alloys (16) and a steel (12) are shown in Figs. 4, 5 

-4 
and 6 respectively. The fit is excellent up to a growth rate of about 10 

in./cycle, deviation occurring at higher rates for which Eq. 4 1s not 

-4 
expected to be valid. Crack growth rates above 10 in./cycle may be 

accounted for by assuming a linear relationship between logarithm of growth 

rate and the stress intensity factor (6,7), by incorporating a rapid but finite 

crack growth rate corresponding with K , the fracture toughness(39). 

By definition is the threshold stress intensity factor. Values 

for steels. Table II, range from 12.4 to 63.5 ksi/in. We do not feel 

confident about the correctness of all of these values since the computer 

program tended to define a threshold rather close to the lowest crack growth 

rate point, so that some of the Kth values are undoubtedly unrealistically 

high. These values have been enclosed by parentheses in Tables 1-3. This 

uncertainty would be greatly reduced by measurements down to about 10 ^ 

in./cycle since the downward curve of points to the threshold should then 

become apparent. However, examination of all values in Tables I-III 

reveals a trend for increasing Kth with increasing Young's modulus; e. g. 

steels show values of about 17 ksi/in., while aluminum alloys have values 

of about 5 ksi/in., in the absence of environmental effects. 

The parameter A in Eq. 4 relates the crack growth rate/cycle to the 

COD/cycle above the threshold. In the absence of environmental effects A 

has a value of about 0.01, implying that the crack advance is about 1% of 

the COD above the threshold. It is particularly interesting to note that 

A can be related to the yield strain, oy/E. A plot of A, for non-aggressive 

environments, with respect to 2<?y/E gives a straight line of slope 1, Fig. 7t 
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This implies that a value for A in Eq. 4 for crack growth in vacuum can be 

calculated from a knowledge of and E only. 

The dependence of A upon the yield strain suggests that the advance per 

cycle is dependent upon the strain hardening rate, since in general it is to 

be expected that the higher the ratio of yield stress to modulus, the lower 

will be the rate of strain hardening. This finding is in accord with the 

expectation that an increase in strain hardening rate will increase the 

ratio of COD to the crack advance per cycle, (14). 

As shown by the values listed in Tables I-III, for inert environments 

the value of AE/2 ^ may be taken to be unity. We shall presently discuss the 

effect of an aggressive environment on the value of A, but it should be noted 

that other factors can lead to AE/2 ^ values other than unity. In Table II the 

data of Brothers and Yukawa (31) and Crooker et al_- (32) may be compared with 

that of Greenberg et a]_. (28) and Wessell et aK (29) respectively. The 

former authors' data yield values from 1.8 to 4.1, while data from the latter 

authors for the same steels give values of about unity. We believe that this 

discrepancy arises from the fact that data of Brothers and Yukawa and Crooker 

et al_. were taken at relatively high growth rates, from 10'5 to 10"3 in./cycle, 

in which range the present approach becomes invalid. Thus, although a computer 

fit of these data was obtained—giving values of A and Kth—these values are 

almost certainly too high. 

Upon substituting 2 ay/E for A in Eq. 4 we obtain: 

4a _ 8 r K^thn 
ÃN " 7 [ P - 3 .6 

where K/E is the strain intensity factor (37). It is seen that crack growth 

rate depends on the square of the strain intensity factor and that a dominant 

material parameter affecting crack growth is Young's modulus. The yield stress 
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does pot explicitly appear in this equation, however it should be kept in 

1 » d . 1 
mind that this equation is only valid for net section stresses well below 

i ' 1 ' i ' i i- 

yield. 
, , i ■ i ■ 

A number of other investigators, (12, 17, 37) have shown that crack 
i i 

growth rate where the environment is n,ot a factor should be independent of 

the yield stress, and of the form: 

= (Const.) p-, 7 

Such a relationship can only be valid where the threshold is no longer 
' I 1 i 

important, and is readily deduced from Eq. 6. It is of interest to note 
1 . i > i t 

that the study of Clark and Bates (17) based on striation spacing, of i 

Barsom et al_. (12) on steels, of Hahn et al_. (37) for a number of alloys 

,-5 at a constant crack growth,rate of 10 in./cycle, and the present 
I I 

investigation for the range in which it is valid all yield the same constant 

of proportionality in Eq. 7. , 1 

An evaluation of the effect of environment on A and 'K^ is possible 

by comparing results on crack growth in vacuum with results on the same 
f I ' . If 

material in an aggressive environment. Analysis of the results obtained , 
‘ ’ I 1 

by, Bradshaw and Wheeler (24) listed in Table I shows that in vacuum the 
' • i I i 

aluminum alloy 5070A (equivalent1 to 2024-T3) has a value of A of 0.01 and 

,1 

the parameter AE/2a a value of 0.9. The same result obtains for tests in 
i y ‘ 

nitrogen and oxygen atmospheres of low water content, so that it may be 

concluded that these environments are neutral for this material. On testing 

in air the A value is 0.019 and AE/2ou 1.75, while in water A is 0.033 and 
y i- ' i 1 ' i 

AE/2o 3.0. Three different investigations of crack growth in 2024-T3 
y 

i i 

J 



I 

aluminum in air give A values of 0.02 and AE/2oy values of 2.1. The shift 

Kth ^ower* stress intensity factor values is shown by the same results, 

changing from about 5 in an inert environment to about 3.5 in aggressive 

environments. 
I ( 

f ¡ 

( The same pattern is shown by Bradshaw and Wheeler's results (24) for 

aluminum alloy 683 (comparable with 7075-T6) for which A values rise by a 
• * i '1 

factor of about 9 from vacuum to water, while the Kth values fall from 6.5 

to 3.5. For a given material in different environments, the rates of crack 

growth relative to that in vacuum are given by the ratio of A in an environment 

i t0 A in vacuum which equals AE/2a , at stress intensity values remote from 
¡ «y 

the threshold. Thus for 5070A tested in water (AE/2a = 3) the growth rate 
i y 

, is three times faster than in vacuum, where the threshold stress intensity 

factor is no longer important, Fig. 6. Insufficient information on crack 

growth in vacuum and in various environments for alloys other than aluminum 

does not allow confirmation of these conclusions for other materials. How¬ 

ever ^ from the evidence presently available it is to be expected that 
I I ¡ 

increasingly aggressive environments will cause A to increase and to 
th 

decrease. Physically this means that a crack will propagate at a lower 

stress intensity factor than is possible in vacuum (lower and that the 

advance per cycle increases for a given stress intensity factor, a likely 

result of surface chemical reaction. 
. 1 11 

I > I 

SUMMARY AND CONCLUSIONS. Using a direct relationship between crack opening 

displacement above a threshold value and the rate of fatigue crack growth 

Aa/AN it has been shown that fatigue crack growth data for a wide variety of 

different materials can be accurately described in terms of the mechanical 

properties of the material and two material constants A and Kth in the equation: 
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A3 _ 4 A 
AN nËOy r*2 - 

This relationship has been found to be valid up to crack growth rates of 
-4 

about 10 in./cycle, i.e. up to the onset of rupture by dimple formation. 

The constant A is found to be proportional to the yield strain, 0y/E, in 

non-aggressive environments, but increases with increasing severity of the 

environment. For a given specimen tested in an aggressive environment the 

parameter AE/2a^ gives a direct measure of the crack growth rate with 

respect to a specimen tested under the same conditions in a non-aggressive 

environment. Most of the data concerning the threshold stress intensity 

value has been obtained for aluminum alloys, and for these alloys it is 

seen that the is highest in vacuum and decreases with increasing 

aggressiveness of the environment. Although sufficient data are lacking 

for other alloy systems, it is expected that this trend will be followed 

for these materials also. At values of the stress intensity factor where 

the effect of the threshold can be neglected the crack growth rate is 

directly proportional to the stress intensity factor K2/E2. 

It is concluded that the crack opening displacement concept is 

successful in describing fatigue crack growth data up to the onset of 

fracture by tearing dimple formation. Further, the tabulation of A and 

Kth values as a function of material, environment and loading conditions 

should provide a useful systematic engineering approach to estimating 

rates of fatigue crack growth and in determining residual lifetimes of 

flawed structures. 
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FIGURE CAPTIONS 

Fig. 

Fig. 

Fig. 3 

Fig. 4 

Fig. 5 

Fig. 6. 

Fig. 7. 

Fig. 8. 

1. Schematic diagram of the fatigue crack growth process showing the 

interrelationship of crack opening displacement (COD) and crack 

advance per cycle (^) , after (1). 

ï. Schematic plot of crack growth rate per cycle ($) with respect to 

log (stress Intensity factor) showing the upper and lower limits of 

stress Intensity factor, K and K*u. 
c tn 

. Computer plot of Eqn. 7 of data for T1-6A1-4V from (16) showing excellent 

fit up to a crack growth rate of 10"4 In./cycle. 

• Comparison of calculated best fit curve and experimental crack growth 

data for 2024-T3 aluminum from (6). 

Comparison of calculated best fit curve and experimental crack growth 

data for T1-6A1-4V from (16). 

Comparison of calculated best fit curve and experimental crack growth 

data for 10N1-Cr-Mo-Co steel from (12). 

Plot of the proportionality constant A with respect to twice the yield 

strain ( E ) for a variety of materials In non-aggressive environments. 

Crack growth data for aluminum alloy 5070A In various environments 

from the work of Bradshaw & Wheeler (24). 



TABLE 1 

Values of parameters ln Eqn. 4 calculated from crack growth data for 

Aluminum Alloys 

MATERIAL 

7079-T6 

REFERENCE 

Clark & Bates (17) 

Y.S. 
ksl 

*th_ AE 
kslvHfn. fã” 

65 0.012 12.2 0.95 

* 7075-T6 

7075-T651 

6061-T6 

5456-H321 

McEvily & Illg (6) 
Forman et al. (18) 
Hudson & Hardrath (19) 
Hudson & Scardlna (20) 
Broek & Schljve (21) 

Wei & Landes (22) 

Fleck & Anderson (23) 

Clark A Bates (17) 

70 0.05 4.7 3.75 

70 

43 

37 

0.035 
0.115 

0.008 

0.0058 

8.1 
5.5 

8.6 

5.7 

2.65 
8.7 

1.0 

0.85 

5070A Bradshaw I Wheeler (24) 58 

*683 

* 2024-T3 

Bradshaw A Wheeler (24) 

McEvily A Illg (6) 
Donaldson A Anderson (25) 
Hundson A Hardrath (19) 

Al-2.2Cu-1.6Mg Bradshaw A Wheeler (5) 

0.01 
0.01 
0.01 
0.019 
0.033 

0.015 
0.015 
0.05 
0.13 

51 0.02 

77 

40 0.01 
0.03 

5.8 
5.1 
4.8 
3.7 
4.3 

6.5 
6.5 
2.8 
4.3 

5.0 

5.3 
4.1 

0.9 
0.9 
0.9 
1.75 
3.0 

1.05 
1.05 
3.5 
9 

2 1 

1.35 
4.0 

ENVIRONMENT 

Air (Striation 
spacing) 

Air 

Argon 
H2O or D2O 

Air 

Air (striation 
spacing) 

Vacuum 
N, (H,0 
0¡ (H|0 
Air 
Water 

Nnf 9) 
1 Nnr ) 
8 

Vacuum 9 
N? (H20 7Nm"¿) 

Air 
Water 

Air 

Vacuum 
Air 

* Considered reliable (See Text) 

( ) Unrealistically high 



TABLE II 

Values of parameters ln Eqn. 4 calculated from crack growth data for 

Steels 

MATERIAL 

* HY-80 

* HY-130 

* 10N1-Cr-Mo-Co 

* 12N1-5Cr-3Mo 

18N1 (250) 

18N1 (300) 

* Nl-Mo-V 

Nl-Mo-V 

Cr-Mo-V 

N1-Cr»Mo-V 

HP-9-4-25 

REFERENCE j<s 

Barsom et al. (12) * 95 

140 

191 

185 

Carmen & Katlln (26) 252 

295 

Clark (27) 84 

Greenberg et al. (28) 74 

94 

156 

Wessel et al. (29) 175 
Clark & Bates (17) 
Clark (27) 

A533 

4330 (1000) 

18N1 (900) 

18N1 (1100) 

4340 (1400) 

4340 (500) 

4340 (200) 

H-ll (950) 

Cr-Mo-V 

NI-Cr-Mo-V 

HP-9-4-25 

Clark & Bates (17) 73 

Miller (30) 163 

245 

218 

63 

222 

193 

208 

Brothers & Yukawa (31) 100 
127 
85 

117 
84 
73 

Crooker et al. (32) 183 

Kth AE 
A ks1\/Tñ. ?a 

—y 

0.006 24.8 0.95 

0.011 16.8 1.2 

0.014 11.1 us 

0.013 18.6 1.05 

0.016 14.2 0.95 

0.025 • 21.6 1.3 

0.005 30.0 0.9 

0.0055 (35.0) 1.1 

0.006 (62.0) 1.0 

0.009 (47.5) 0.9 

0.014 29.6 1.2 

ENVIRONMENT 

Air 

II 

0.005 (35.4) 1.0 

0.029 16.6 2.7 

0.055 12.6 3.3 

0.066 12.4 4.5 

0.02 20.0 4.8 

0.1 15.8 6.5 

0.19 17.7 14.0 

0.27 19.5 16.0 

0.014 (68.4) 2.0 
0.015 (63.5) 1.8 
0.015 (62.9) 2.5 

0.016 (39.3) 
0.015 45.8 
0.016 (51.7) 

2.0 
2.5 
3.0 

0.05 (40.7) 4.1 

II 

II 

♦Considered reliable (See Text) 

( ) Unrealistically high 



TABLE III 

Values of Parameters in Eqn. 4 calculated from crack growth data 

MATERIAL 

T1-6A1-4V 

Titanium and Copper Alloys 

REFERENCE 

Clark & Bates (17) 

Kth AE 
Y.S. A ksiv/^Tn. ?g 

120 0.014 (21.2) 0.95 

Sallade & Clark (16) 141 
91 
70 
35 

0.036 6.7 2.4 
0.020 6.2 1.57 
0.016 3.9 1.6 
0.014 2.5 2.75 

T1-5Al-2.5Sn Fleck & Anderson (23) 0.022 5.3 4.45 

Ti-BAl-lMo-lV Bucci (33) 135 0.016 
0.03 
0.037 
0.045 
0.052 

17.7 0.95 
19.5 1.75 
10.8 2.15 
10.6 2.65 
15.0 3.05 

Meyn (38) 136 0.018 
0.032 

14.2 1.0 
8.9 1.85 

OFHC-Cu Kumble & McEvily (34) 

CU-5.6A1 McEvily (35) 

Cu-6.5A1-2.4Fe 

12 0.0015 

18.9 0.002 

32.8 0.004 

3.7 1.05 

6.4 0.95 

7.1 1.1 

Cu-30Zn (Ann.) 

Cu-30Zn (.W.) 

18 0.002 6.7 0.95 

92 0.019 6.7 1.65 

for 

ENVIRONMENT 

Air (striation 
spacing) 

Air (80°F) 
" (550°F) 
" (850°F) 
" (1150oF) 

Argon, 5 cps 
" 0.5 cps 

3.5%NaC1, 50 cps 
" 5 cps 
" 0.5 cps 

Vacuum 20-30 cps 
Air 20-30 cps 

Air 

♦Considered reliable (See Text) 

( ) Unrealistically high 
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