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ABSTRACT

i This handbook on the motion of ballistic missiles
L has been prepared primarily for use in training new per-
gsonnel charged with the responsibility of evaluating the
performance of reentry bodies., Aerodynamic fundamen-
tals and characteristics of the atmosphere are reviewed
briefly, followed by discuseions of the effects on ballistic
misgsile motion of gravity, earth rotation, the atmosphere, .
and initial body rates. The anomalous motion resulting '
from various types of mass and/or aerodynamic asym-

metries is discussed in detail. Simple solutions are

given for the impact dispersion resulting from as,mme-

tries and nonstandard meteorological characteristics at

the impact location., Various trajectory aimulations and

flight test analyses are also discugsed, Numerical ex~

amples {llustrate the material.
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ABSTRACT

This handbook on the motion of ballistic missiles
has been prepared primarily for use in training new per-
gonnel charged with the responsibility of evaluating the
performance of reentry bodies, Aerodynamic fundamen=
tals and characteristics of the atmosphcreare reviewed
briefly, followed by discussions of the effects on ballistic
miasile motion of gravity, earth rotation, the atmosphere,
and initial body rates. The anomalous motion resulting
; from various types of mass and/or aerodynamic agym-

‘ metries is discussed in detail, Simple golutions are
given for the impact dispersion resulting from Asymme-
tries and nonstandard meteorological characteristica at

‘jf-’ the impact location. Various trajectory simulations and
J flight test analyses are also discussed. Numerical ex-
& amples illustrate the material,

i

i

’5‘.

]

L

- {ii -

I
o y — - ! -,.;h“-“,"r\..-:r'.»-'h,,,,. R RTI S f . y

;,1




THE JOMNS HOPKINS UNIVERSITY

APPLIED PHYSICS LABORATORY
SILVER SARING MARYLAND

CONTENTS

List of Illustrations . . . vii

List of Tables . ; ; . xi
5 1 Introduction . . . . 1 §
2 Aerodynamics : . . 5 ]
x 3 Atmosphere . . . . 43 a
| 4 Equations of Motion . . . 71 E
4,1 Effects of Gravity ; . . 75 3
4,2 Effects of Earth Rotation . . 95 :
4.3 Effects of Atmosphere . . . 107 '
| 4.4  Effects of Body Dynamics . \ 129 ;
| 4.6  Effects of Asymmetries . . . 157
4.6 Examples . . . . 235 %
: 5 Disgpersion . ) . . 269 4
;’ 6 Trajectory Simulation , . . 323 ,
7 Flight Dynamics Data Analysis . . 333 “;
f- 8 Constants and Conversion Equations . 365 5 ‘\'
| Index . . . . 369 h

| _ Preceding page blank




THE JONNS HOPRING UNIVERSITY

] APPLIED PHYSICS LABORATORY
i BLVEN BRRING MARYLAND

ILLUSTRATIONS

2=1 Variation of Viscosity with
Temperature . . . . 36
| 2-2 Variation ol Viscusity wilth
1 Temperature . . . . 36 1
¥ 2-3 Cone Axial Force Cocfficient, Laminar E
: Flow, Cold Wall, 8 =10° . . 37 :
2-4 Cone Axial Force Coefficient, Turbulent }
Flow, Hot Wall, § = 10° . . 34 !
2-5 Pitch Damping Coefficient for 10° !
Semiangle Cone . . . 39 !
3
2-6 Roll Damping Coefficient, Laminar Flow, :
Cold Wall, & = 10° : . . 40 i
2=7  Roll Damping Coefficient, Turbulent ‘
Flow, Hot Wall, 6 = 10° . . 41 |
3-1 Typical Atmospheric Temperature ‘
Profile and Altitude Reglons . . 65 ‘1
‘ 3-2 Standard Atmosphere Characteristics . 66
i 3-3  Lffect of Water Vapor on Density . 67
4-1 Range versus Yo and VO . . 89
4-2  Initlaly_versus V_and Range . ; 90 *
4-3 Flight Time versus 'yo, R = 3000 nmi . 01 '

4-4 Flight Time versus Range, Minimum

- Energy Trajectory . . . 02 ;
- P
! i 4-5 Range Sensitivity to Vo . . . 93 } ‘
| 4-6 Ronge Sensitivity to¥ . . . 94 ] :
; LY
\ 4-7 Variation of I;(K) with K . . 125 l 2
| 4-8  Variation of I (K) with K : : 126 i
|

{

f

8 - vii -
1 Preceding page blank




THE JORNG HOPKING UNIVERSITY
APPLIED PHYSICS LABORATORY
WLVER BPRING MARYLAND

II.I /Lo TRATIONS (cont'd)

4-9 Variation of IZ(K) with K . 127
4-10 gX/gX versus K . . . 128
max

4-11  Body Axis System . . . 155
4-12 Variation of JO(X) with X . . 156
4-13 Variation of A and Ay with A ; . 227
4-14 Variation of Ae with D cot 00 . . 228
4-15 Variation of G with A and ﬂo, D=0,2 . 229
4-16  Variation of F(X,D) with A, D = 0,2 . 230
4-17 Roll Lock=In Criteria, Body A , . 231
4-18 Roll Lock«In Criteria, Body B , . 232
4-19  Roll Loock~In Criteria, Body C , ; 233
4-20 @& Decay Characteristics . . 259
4-21  Significant Events . . . 260
4-22 EO Required for gL = 20 . . 261
4-23 Py and w, vVersus Altitude . . 262
4-24 Conditions for Roll Resonance

at h = 89 000 Feet . 263
4-25 Eo Required for Lock=In and Spin

thirough Zero Roll Rate ., . . 264
4-26  Boundaries ofe_ and Ea for Lock-In

at First Resonance . . . 265
4-27 Variation of rmin with Initial Roll

Rate . . . . 260
5-1 Limiting Values of KS. L. . . 3090
5-2 Limiting Values of '}'E . . . 310
5«3 Variations of E withh , 1962

Standard Atmosphere . . . 311

- viil -




THE JOHND HOPKINE UNIVERSITY
APPLIED PHYSICS LABORATORY

BILVER BPRING MaRYLAND

! ILLUSTRATIONS (cont'd)

i
5-4 Digpersion Resulting from Wind and !
Deviation in Density . . . 312 !
5-5 Digpersion Resulting from Meteorological 'j
Characteristics at High Altitude . . 313 |
b 5-6  Probability of Encountering Zero Roll !
Rate . . . ' 314 b
5-17 Maximum Altitude for Zero Roll Rate , 315 4
5-8 Maximum Dispersion Resulting from 4
A9 and r/d . . . . 316 1
, F=0 Dispersion versus ¢0 . . . 3117 . %
- 5~-10 Dispersion Probability , . . 318 g
] 7=-1 Bit Presentation Scheme, DITAP :
o Flight Records , . . . 353 1
7-2  Timing Traces, DITAP Flight N
Records : : . : 354 }
7-3 Bit Presentation Scheme, DITAR Flight ;
_ Records . . . . 355 :
| 7-4  Timing Traces, DITAR Flight {
: Records . . . . 356 !
7-5  Sample Roll Rate History . , 357 1
7-6 Sample Lateral Acceleration History . 358 '
3 7-7  Sample Longitudinal Acceleration
f History . . . ' 359
|‘1’ j 7-8 Sample Pitch Rate History . . 360 Ly
‘_"l, 7-9 Angle of Attack Work Sheet . . 361 E
7-10 Aerodynamic Pitch Frequency (Weather-
: cock Frequency) Work Sheet . ' 362
: ' 7-11  Amplification Factor Work Sheet ' 363
I 7-12 Rotation of Maneuver Plane Work
Sheet . . , . 364
- {x -




THE JOHNS HOPKING LUNIVERSITY

APPLIED PHYSICS LABORATORY
BILVER SPRING MARYLAND

TABLES
2-1 Mass and Aerodynamic Characteristics . 42
3~1 1062 Standard Atmosphere . R 68
o 3.2 Constants for the 1962 Standard
i Atmosphere ‘ . . . 69
4-1 Ruentry Characteristics , . 267
5-1  Values of I, . . . . 319
5"2 Values Of FW 0 . » . 320
: 5-3 Values of 15 . . . . 321
5-4  Values of Fp . . . . 322
! - xi - Preceding paga blank
I,

- L R S i £ <y e e SR o R A e
- oo u s g L . .




THE JOHNS NOPKING UNIVERSITY
APPLIED PHYSICS LABORATORY
BILVER BARING. MARYLAND

1. INTRODUCTION

. o T T TR AL KT L T kit AT WS T il i thin el S e s




THE JOMNS HOPAINS UNIVERSITY
APPLIED MHYSICS LABORATORY

BUYER SPRiNG MARYLAND

The term ballistic missile as used herein describes
arn/ body in motion that is unpowered and uncontrolled, The
motion may occur in cither the atmaosphere or the exoatmo-
sphere, Howcever, most of the interesting motion phe=
nomena occur within the atmosnhere, and most of the dis-
cussions concern reentry-tyve vehicles entering the atmo-
sphere at speeds from 10 000 to 25 000 ft/sec.

The primary purpose of this report is to present
material suitable for training new personnel charged with
the responsibility of evaluating the performance of reentry
bodies; therefore, the subject matter is treated as simply
as possible while retaining enough detail to explain the
missile behavior, Although the material is written pri-
marily for personnel unfamiliar with the detai’s of missile
motion, it provides experienced personnel with readily
available equations suitable for estimating order-of-mag-
nitude effects of phenomena frequently encountered in flight
test analysis, performance, and preliminary design work,

A brief discussion ot the aerodynamic character-
istics of missiles and the nature of the atmosphere is fol-
lowed by a discussion of vehicle motion as affected by
gravity, earth rotation, the atmosphere, and initial body
rates, Also included is a detailed discussion of the anoma-
lous motion resulting from various types of masgs and aero-
dynamic asymmetries. Simple solutions are given for the
impact dispersion resulting from asymmetries and non-
standard meteorological characteristics at the impact
location. Simulations required for various types of studies
and flight test analysis complete the subjects discusseaq,
Numerical examples illustrate the material presented,

In some sections (particularly parts of Section 4)
the material is new and is given in considerable detail,
Since some readers may not be interested in details, a
summary of the material covered and the major conclu-
sions derived is given at the beginning of each section
(each subsection for Section 4),
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An attempt was made to use symbols and units of
measure currently used by specialists in the various
fields covered in this report, As a result, a particular
symbol mayhave different definitions in various sections,
A complete list of symbols is given at the beginning of each
section (each subsection for Section 4), and conversion
factors for units of measure are given in Section 8.
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2. AERODYNAMICS
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SYMBOLS FOR SECTION 2

Symbol Definition Typical Units
A axial force pounds
CA axial force coelficient -
CA base drag coefficient -

B
CA friction drag coefficient -

F
CA pressure drag coefficient -

P
c. g, refers to center of gravity -
C:z rolling moment damping coefficient -

p
Crn pitching moment coefficient -
Cm pitching moment coefficient at ¢ =0 -

o |
Cm pitching moment damping coefficient -

q _ N 3
Cmm de/du ate = 0 -
CN normal force coefficient - '
CNa dCy/da ate = 0 - .
c. p. refers to center of pregsure - ‘
D total drag pounds 1
DF drag resulting from skin {riction pounds :' i
d reference diameter feet ' |
K Knudsen number (see Eq, (2=7)) -
L 1ift pounds

or
body length feet

Praceding page blank -7 -
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Definition
rolling moment resulting from roll
rate (roll damping moment)
moment arm for asymmetric force

Mach number = vyRT
or
pitching moment

pitching moment resulting from pitch
rate (pitch damping moment)

normal force

normal force resulting from an
asymmetry

normal force for a symmetrical
vehicle

ambient pressure
cone surface pressure
flap surfaca pressure
roll rate

pitch rate

dynamic pressure, (~,z/2)PM2 or
(1/2)pve

gas constant = 1716

Reynolds number, pVL/y4 = VL/v
reference area

static margin

surface area excluding the base area
absolute ambient air temperature
reference temperature for viscosity

vehicle velocity

Typical Units

1b-ft
feet

1b-ft

lb-ft

pounds
pounds

pounds
1b/ft?
1b/ £t
b/ £t
rad/sec

rad/sec

1b/ft2

ft'?/sec2

2

£t2

°R
°R
ft/sec

- °R
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Symbol Definition
X digtance from nosge to a point on the

body centerline

Xc‘ g distance from vehicle nose to the c.g.
Xc. P, distance from vehicle nose to the c, p,
ax XC. p. Xc. .

Y distance normal to the body surface
o vehicle total angle of attack

a, local angle of attack

¥ ratio of specific heats - 1, 4

) cone halt-angle

¢ asymmetry deflection angle

P ambient alr density

M dynamic viscosity

Ko dynamic viscosity at To

v kinematic viscosity

T shear stress

A6 body bend angle

Typical Units

feet

feet

feet

feet

feet
radians
radians
radians
radians
slug/ft>
glug/ft-sec
slug/ft-sec
ﬂZ/sec
1b/t2

degrees

1 aan 2
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Wea oo

SUMMARY AND CONCLUSIONS

The aerodynamic forces of interest for reentry
body studies nre discussed, The significance of the aero-
dynumic coefficients {s reviewed, and equations are pre-
sented for estimating the magnitude of the coefficients
for a sharp=-noscd conteal body, Several types of asym-
metric cones arc also considered, Numerical examples
are given for n 10° gemiangle cone having a length of 10
feet,

The major conclusions are:

1. The following acrodynamic forces and moments

are important ih the analysis of motion of a typical reentry
body:

¢ ['orce perpendicular to the body centerline
(normal force) and resulting moment about
the body center of gravity (pitching moment)

o Force parallel to the body centerline (axial
force)

e Moments resulting by virtue of body pitch,
yaw, or roll rotational rate (pitch, yaw, or
rol’ damping moments)

e Forces and/or momenta resulting fromn body
asymmetries,

2, For uncontrolled vchicles, it {8 important that
the normal force act through a point (center of pressure)
aft of the center of gravity, In this case the vehicle is
gald to be statically stable, The ratio of the distance be-
tween the center of gravity and the center of pressure to
some characteristic body dimension (for example, length)
is called the stability margin and is usually expressed as
a percentage of the characteristic length,

3. The nerodynamic forces and moments are repre-
sented by dimensionless cocfficients, thereby facilitating
evaluation of the forces and monients over a wide varia-
tion in environmental parameters (velocity, altitude, ete, ),

- 11 -
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4, In general, the coefficients are functions of
vehicle angle of attack and the similarity factors, Mach
number — an indication of the effect of compressibility of
" the air, Reynolds nhumber - an indication of the nature of
the boundary layer on the vehicle, and the Knudsen num-
ber — an indication of the size of the vehicle relative to
the mean free path of the amblent air particles,
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2.1 Aerodynamic Forces

A body moving through air experiences forces ~
aerodynamic [orces — resulting from the motion, The
aerodynamic forces of interest for a reentry vehicle are;

1. Axinl force,

2, Normal force,

3. Bitch damping force,
/. toll damping force.

The axlal force (for a symmetrical vehicle) acts
along the body centerline as shown in the sketch for a cone,

[T Bt

¢,

X e

! X —]

e.p,
P——— V
L —————

This force is produced primarily by relatively high pres-~
sure acting on the conical surface (pressure drag) and
relatively low pressure acting on the cone base (base drag),
In addition, a force produced by air viscosity (ekin fric-
tion drag) exists on the conical surface,

A normal force (normal to the body centerline)
exists when the body centerline is not directed along the

- 13 -
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velocity vector, The angle between the velocity vector
and the body centerline is called the angle of attack, &.
The normal force results from high pressure acting on
the windward side of the body compared to low pressurc
acting on the leeward side, The integration of this pres- E
sure difference over the cone surface {8 the normal forcc. 1
The pressure differential across the body alsc produces a ;
moment about the body center of gravity, Por convenjence s
_ in analysis, this aerodynamic moment {8 computed ag the i
¥ product of the normal force and a moment arm (X, - :
{ X, g, )» where X, is the longitudinal location at Which

4 the fotal normal fofde acts and is called the conter of
pressure and X, . i8 the longitudinal location of the cen-
ter of gravity, Assume that a vehicle has its center of
pressure forward of the center of gravity and that some
digturbance causes an initial angle of attack, This angle

of attack results in a normal force, Since the normal
force is forward of the center of gravity, the aerodynamic
moment produced iy in a direction to increase the angle of
attack, This process continues, and the missile eventually
tumbles. Similar reasoning will show that, for a center

of pressure located aft of the center of gravity, the aercv-
dynamic moment will always tend to cancel a perturbation
in &, Therefore, a vehicle having a center of pressure
forward of the center of gravity is sald to be statically
unstable; a vehicle having a center of prossure aft of the
center of gravity is said to be statically atable., The value
_ of the ratio(Xg, p, = X, g )/L = 4X/L is called the static '
3 margin, The margin must be positive for uncontrolled .
' vehicles and for high performance vehicles is usually 3% ]
to 5%, 4

T T T e

[P
i e o e i, e

- QUSRI PN

: The use of the word "normal” to define the force
: in the plane of & and perpendicular to the body centerline . _ i
1
j

is used here to be consistent with the usual terminoclogy .
found in the literature. It is hoped that there will be no

confusion with telemetry terminology where "'normal'’

force and "lateral' force are the two components of the N
normal force as defined above. In an attempt to avoid ‘
confusion, in some sections of this report we have used : o

- 14 -
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the term "transverse' force to mean the force in the plane
i) of & and perpendicular to the body centerline,

The pitch and roll damping forces exist by virtue
, of the body pitch and roll rates, respectively, and there-
o fore are called dynainic forcea, Consider a body pitching
' about {ts center of gravity with rotational velocity, q. The
i pitching motion produces a local velocity at X equal to
) (X ~ Xg, g, )9 The distribution of velocity along the body
i is uhowngtn the sketch,

§

s
]
1

T TR Y
o

' N N

B = x:.n.) q -

The local velocity distribution produces a local
ungle of attack, &), whose magnitude is given by the equa-
tion:

tan & =—%-5'v—-—n=u . (2-1)

The local angle of attack results in a local normal
force which, at all points along the Lody, tends to resist
the pitching motion. The integral of the local forces (the
damping force) is too small to be of significance in ballis-
tic migsile analyses, However, the damping moment,
which {s the integral of the local forces multiplied by their
moment arms, i8 very important in some portions of the
trajectory as will be shown later,

- :.-:;.—A*.c‘-_—.-.;"t A:_::"' ‘.'4
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The example cited above is just one type of damping
effect. Any force that exists by virtue of the pitch rate is
a pitch damping force, and these forces do not always re-
sist body pitch motion, The forces that do resist the pitch
motion are said to be stable forces (or moments), and
those that rainforce the pitch motion are sald to be un-
stable forces (or rmoments),

The only roll damping force on a symmetrical body
of revolution is the force produced by the viscosity of the
alr (skin friction). This force always tends to retard the
roll rate,

Ideally, it would be desirable to calculate the wero-
dynamic forces accurately by theoretical means. However,
thig le not always possible, and it is necessary to mea-
sure the forces in ground tests by blowing air past a fixed
body (wind tunnel), or by propelling the body through a
stationary instrumented region (hallistic range), or some-
times by using a combination of both techniques, Economi-
cally it 18 not possible to obtain measurements on the
actual vehicle for actual reentry conditions of ambient
pressure, lemperature, velocity, ete. To circunmvent
this difficulty, the aerodynamicist defines the forces and
moments in terms of aerodynamic coetficients which apply
over a wide range of environmental conditions. The follow~
ing coeificients are of interest in the study of revntry body

motion:
A= CAqS (2-2)
N = C, a8 (2=-3)
M(qg) = C (-‘1‘1)65d (2-4)
a m \V
q
™ Bg- as -
L{p) = C, (V)qbd (2-5)
P
- 16 -
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where q « (1/2)pV? = (y/Z)'Ple and is called dynamic pres- [
sure, The bar over the ¢ lg deleted in some sections of
this report where there is no possible confusion between
the symbols for pitch rate and dynamic pressure, The i
refercnce dimensions S and d may be any convenient
dimensions, For a cone, they are usunlly taken as the

\ bagse area and base diameter, and these reference dimen-
sfons will be used in the cxamples,

%o i

Froulclimenstonul analysis, it may be shown that
for a given & the nerodynamic coetfficients Cp, Cy (and

Xe. b ) Cmq. and C.ep may be obtained from tests using

S a geometrically siinilar model (external shape) provided
o certain model similarity fuctors are the same as those
W for the actual vehicle., The major similarity factors of i
interest for the reentry body arc:

Mach numbeor, ;
Reynolds number, i
Knutdsen number, 1
A}
j
i

The Mach humbeor {g the ratio of the vehicle
velocity (V) to the veloeity of a sound wave (VyRT), There
are four significant Moach number regimes, At subsonic
speeds (M & 0 to 0, 8), the aeradynamic coefficients are
weakly dependent upon M, The transoniec Mach number
regime oxtends from the Mach number at which a local
Mach number over the body first becomes sonic (My = 1) :
to the Mach number at which the flowfield over the body 'y
i predominantly supersonie, This Mach number range 1
extends from about 0, 8 to 1.5, The loeal supersonic
specd results in the appearance of shock waves, The
strength and location of the wavee are highly sensitive to
changes in Mach number, Therefore, in the transonic
speed range, the avrodynamic coefficients are usually A
gensitive to change in M, In the supersonic speed range ;
(M = 1.5 to 8), the shock wave atrength is dependent upon
Mach number but the shock location is somewhat insensitive
to changes in Mach number sgo that the aercdynamic coeffi-
clents are moderately dependent upon M, The effect of

AT e S L el

B ety oo tat i
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aerodynamic heating is moderate in the supersonic speed
range, At hypersonic speeds (M > 6), the aerodynamic
coefficients tend to be relatively insensitive to M and
aerodynamic heating is severe,

: The Reynolds number, pVL/y = VL/v, is indica-

tive of the importance of the dynamic viscosity of the air, !
§ (or kinematic viscosity v). As a result of viscous !
: forces, a region of low velocity is produced in the vicinity ‘:
of the body, In fact, for continuum flow (discussed below) ’
g the velocity of the air relative to the vehicle is zero at the 1
13 vehicle surface. The region of degraded velocity is called |
4, the boundary layer, Since the layer of alr adjacent to the

i body "'sticks' to the surface, a ghear stress, T, oran
element of friction drag, dD, resulis, tending to reduce

the velocity of the vehicle,

y (NORMAL TO SURFACE)

4\ v r e LAMINAR
gt
oo — —= TURBULENT !
P — LAMINAR BOUNDARY
I LAYER THICKNESS !
/ i
/ [Ifunaut.wr BOUNDARY LAYER i
a0 THICKNESS ]

(']
T 77777 //
BODY SURFACE by

The total friction drag is given by: ]
1
. oy ( 8V . A
D = [rds, = -r“(df) dS . - (2-6) )
Y=0 §
Thevefore, the viscous drag is proportional to the dynamic '..\\:
viscosity and the velocity gradient at the wall. The vis- Sy
coslty is very nearly a function of air temperature only T
l i

- 18 - 7
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and is given by Sutherland's equation plotted in Figs. 2-1
and 2-2, The velocity gradient ie a strong function of the
Reynolds number. At very high Reynolds numbers, the
flow in the boundary layer contains much eddy or vortical
motion, As a result of mixing, the high cnergy air near
the outer por.ion of the flow is transported in toward the
surface, Since the layer of air adjacent to the wall sticks
to the surface, thia type of boundary layer has a very
large velocity gradient at the surface and the skin friction
is relatively high., This type of boundary layer is called
a turbulent boundary layer. At sufficiently low Reynolds
numbers, the eddy motion within the boundary layer dis-
appearsi, and the velocity gradient at the wall and skin
friction hecome much less than those for thoe turbulent
case, This type of boundary layer is called a laminar
bounda.y layer, At low Reynolds numbers the flow tends
to be laminar; at high Reynolds numbers the flow tends to
be turbulent. The Reynolds numbler at whirh transition
from laminar to turbulent flow occurs varies with body

! shape and type of trajectory, A typical value of Rp at
whtch'7 transition begin~ to occur on a slender conical body
is 10f°,

The surface heating rate is proportinnal to the skin
frictio1 and therefore is greater for turbulent flow than
for laminar flow. In fact, the heating rate in turbulent
flow may be nearly an order of magnitude greater than
that for laminar flow,

The Knudsen number is the ratio of the mean free
path of the ambient air particles to a characteristic dimen-
sion of the reentry vehicle, This ratio may be expressed
in terms of Ry and M by the relation:

_1.49M

R
e

K . (2-7)

For the very low values of density that exist early
in the reentry phase, the particles of air are spaced at
distances that are large compared to, say, the body length

e arn
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\ or diameter, An air particle bouncing off the hody is not
§ likely to encounter another air particle, This region of
flow i{s called the free moleculer flow regime., At a some-
what lower altitude, the air particles have frequent colli-
sions with other air particles in the vicinity of the reentry
body. However, there are insufficient particles in the
film of air adjacent to the body surface to cause it to
gtick to the surfacce, Therefore, although a boundary
layer exists, the film of air adjacent to the wall "slides" ;
along the body surface, This flow regime is called the &
slip flow regime, At still higher denaities, the air par- E
ticles at the surface stick to the surface, This [low regime _
ig called the continuum flow regime, 3

RS

T e e )

The characteristics of the aerodynamic forces and

BT L

* surface heating depend upon the type of flow that exints
E on the body, There are no sharp boundaries between the
& various types of flow, but approximate boundaries are as g
r follows: !
Continuum to slip M n 10-2 li
Re
Slip to transition M 107
R
e

Transition to free molecular M =10 ,
R

e

The transition regime considered here is a transition in
basic flow regimes which occurs at Knudsen numbers of
approximately unity., This transition should not be con-
fused with transition from laminar to turbulent flow in the
boundary layer,

The Mach number, boundary layer, and basic fluid

flow regimes are shown for a typical reentry body in Fig.
4-21, page 260, Note that practically all the reentry

- 20 -
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phenomena for which aerodynamic data are required occur
in the continuum flow regime; only this regime will be con=
sidered in the remainder of this report.

Sometimes the lift and drag components of the
ancrody.aamic force are required for nnalysis, The rela-
| tionship between the lift-drag system of forces and the
normal force-axinl force system is shown in the sketch,

From this force diagram, the lift and drag coeffi-
cients may be obtained from the following equations:

”

C.cosg-C, sing (2-8)

CL*CN A

C, cosa+C.. sing (2-9)

CD A N

i

Differentiating Eq., (2-8) with respect to o, and noting
that the variation of Cp with & is small, the slope of the
lift curve at ¢ = 0 is given by the equation:

CL =CN _CA (2-10)
o o

- 21 -
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2,2 General Characteristics

It is beyvond the gcope of this report to provide pro-
cedures for estimating the nerodynamic cocefficients for a
body of arbitrary shape, lowever, a few remarks on the
general behavior of the coefficients are given in this sec- :
tion, and approximate cquations applicable to a sharp noscd
cone are given in Section 2, 4, .

Axial Force, For most bodies of interest, the
axial force coefficient is weakly dependent upon o for
% ‘ small valucs of & (1° to 2°), strongly dependent upon M,

f and moderately dependent upon R,. For a sharp slender

cone, the order of magnitude of Cp is 0,1,

Normal lorce, The normal force coefticient is
strongly dependent upon & and M and nearly independent
of Rg. [For small values of o, Cy varies linearly with o
go that Cy = CN,,”' For a sharp slender cone, Lng 2
per radian,

Coenter of Pressure, In general, the center of
pressurc (s strongly dependent upon & and M and weakly
dependent upon Rg. However, for small values of rT,

X is independent of o, For a sharp slender cone,

C. *
Xo. b ~ (2/3)L,

Pitch Damping, The pitch damping coefficient is
strongly dependent upon M, weakly dependent upon o :
for small values of v, and nearly independent of R,. l'or .
a sharp slender cane, a typical value of Cmq is -1 per

radian. The negative value of €, indicates a stable damp-
ing coelficient, 9

Firy Tz

Roll Damping, The roll damping coellicient for a
symmetrical vehicle is very amall, negative, hl;hly de-
pendent upon Re and _M, and weakly dependent upon o : |
for small values of &, l'or a cone, a typical vauue of the !
roll damping coefficient is -0. 003 per radian, b

- 22 -
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2.3 Approximate Equations for a S8harp Cone

For a major portion of the reentry trajectory, the
Mach number is in the hypersonic regime, The aerodynamic
coefficlents are nearly independent of Mach number, and
good approximations to the aerodynamic coefficients for
sharp nosed cones are given by relatively simple equations,

: The skin friction drag coefficient, Cp .., is very

[ sensgitive to the cone surface temperature, to the type of
boundary layer, and to surface roughneas, To provide
some idea of the order of magnitude of the coefficient,
CAF. without becoming involved in details, equations are

given below which apply to laminar flow with a cold wall

! (typical of early reentry conditions) and to a turbulent
flow with a hot wall (typical of late reentry conditions), A
smooth wall was assumed,

An estimate of C, 18 given in which it is assumed
that the shear gtress 7 Pis directed along the vector
V + pr where pr is the circumferential velocity of a point
on the cone surface, The circumferential component of
T is proportional to Clp-

e e i e ————

The following equations are applicable to a cone of
half angle §:

2

Cy *° 2 cos” 8 (2-11)
a .
L) r f‘l
; X = |2 gec? 8| L (2-12) ")
‘ c. p. 3 ;
| c,=C, +C, +C (2-13) ;
AT VAL T AT TAL .
2 .
CA =28in § (2-14)
P ,\j
\ A
C = (2-15) o
AB MZ | :
- 93 - ? ]
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' 2 2 1/2
1.9 |(1 +¥YM” sin" §) cos 8 (2-16)

=
AF tan & Re

Laminar flow, cold wall

C

9 .
o .01 (cos®)t (1 xyM sin 9°° L 14
A ) tan é 2.0,
F \,Re (1 +0,17M%)
Turbulent flow, hot wall

X X 4
1 2 cg L 2 1 oe? c)} :
m 3 [3 4(1+tan 6)--2-cos 6(——1_’—5- (2-18)
g tan 8%

I O o
c, = l-é- cos 6_ CA (2-19)

lp P

2,4 Asymmetric Bodies

Bodies intended to be symmetrical are always
asymmetrical to some extent as a result of manufacturing
tolerances and various types of in-flight body distortion,
The magnitude of the agymmetric force is usually very
small, However, these small forces can have disastrous
results on vehicle performance as will be shown later,

Consider a body for which the asymmetric force is
produced by a small protuberance located near the aft
end of the body, as shown in the sketch,

- 24 ~
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i 2 s o il

Atq = 0, the protuberance results in a downward
asymmetric normal force, Npgy. This force causes the
nose to pitch up, producing an angle of attack. The angle
of attack produces a normal force, Ng. The vehicle con-
tinues to pitch up until the moment about the center of
gravity is zero. The zero moment condition is called the
trim condiiion, and the values N and « that exist at this
condition are called the trim normal force and trim angle
of attack, respectively.

It is convenient to define another dimensionless
aerodynamic coefficient called the pitching moment coef-
ficient, Cp,, such that the moment about the center of
gravity is given by:

M= Cm q8d . (2-20)

From the above sketch (using a noge-up moment as posi-
tive):

M =N N_(X - X ) . (2-21)

L -
agy 1 8§ c.p c, g,
The total normal force is given by:

NaNs-Nas . (2-22)

y
Writing Eqs, (2-21) and (2-22) in coefficient form:

N t, N (X -~ X ) )
C w281 _ _8_¢5p = B (2-23) '
m  gsd g8
N N
CN = :—B- - ___f_sl . (2-24) i :
qS S :
The term, Ng/qS, is the Cy for a symmetrical vehicle, I\

The Nggy term is usually negligible compared to N4/qS !

- 25 =
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and may be ignored in Eq. (2-24). However, the effect of
this term on C,, cannot be ignored, Let

N i
-&?—X—-l— a C .
g sd My
Then
Fep " Xeg)
Cm ] Cmo - CN 3 ' (2-25)

If the body has a linear variation of Cyy with @, then Eq,
(2-26) may be written:

C = C - C Ch po Co ) a . (2'26)

If Cpy, and Xg . are independent of @, then Cp, varies

linearly with .

Within the limitations imposed by the assumptions
listed above, typical C,, characteristics for a stable sym-
metrical and a stable asymmetrical vehicle are shown in

the sketch, page 27,
Note that Cmo is the value of Cp, at o = 0, and

app 18 the value of o at Cyy = 0. The value of HTR is
obtained from Eq, (2-26) as:

c C
e mO l’nO
orR * ®__ -x__) - o X © (227
o 1] L. N T
N d o
o
- 28 -
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+ .
‘\( ASYMMETRICAL VEHICLE X
]

il

et SYMMETRICAL VEHICLE

In terms of the static margin defined previously:

C
_ m |
“rR " {T7AC, 8. M. (2-28)

o

In some reports the term Cma is used, An equa- ;
tion for Cma may be obtained by differentiating Fq. (2-28)

with respect to @, Therefore: :

.- ezs) . ¥

To provide a feel for the magnitude of Cmo' con-

sider the flap-type protuberance discussed at the beginning
of this section,

- 27 -
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The pressure acting on the flap and cone surfaces may be
estimated using Newtonian theory which, in the simplest
form, states that (for zero angle of attack):

P_-P
E s zain®(s+e) (2-30)
9
1:’c - P 2
— =2sin’s . (2-31)
q

The force resulting from the asymmetry may be divided
into normal and axial force components. For small values
of § and ¢, the axial component is small compared to
the normal component. Neglecting the axial component,
the total increment in normal force is:

Nasy =Sg (PF - Pc) . (2-32)
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Using Egs, (2-30) and (2-31), and assuming § and ¢ to be
small:

rh l2%+(§)2] . (2-34)

{ As an example, let § = 10°, 11/d =1, Sp/S =01,
: and ¢ = 2°, For this asymmetry, Eq. (2~34) shows that
Crn,, * 0. 0027,

Another type of asymmetry for which Cmo can he

‘ readily evaluuled t8 one in which the body centerline is the
o arc of a civele, This type of asymmetry, for example, is
an approximation to a distortion resulting from lateral
loads or heating effects, Ior this asymmetry the moment
is nearly a pure couple and C,,, may be expressed in

o

turma of the change in slope of the body centerline from
noee to base,

/‘ 48 ' y

|
At high hypersonic Mach numbers: |

. C = 0,008 88 (2-35)
‘ m, o~
' ™

where A9 is in degrees,
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2.6 Examples

A typlcal reentry body will be uged ih many ex-
ampleg in later sections of this report, To (llustrate the
material in the preceding subsections, the aerodynamic
data required for subsequent examples will be computed,

The typical body is a 10-foot-long cone with a base
diameter of 3,5 feet, These dimensions correspond to a
cone semiangle of about 10°, The masse characteristics
are assumed to be as follows:

Weight = 1000 pounds

XC g = @, 27 feet aft of the nose
Pitch moment of inertia about the

center of gravity = 300 slug-ft2
Roll moment of inertia = 30 slug-ft2

We will use a reference length d of 3,5 fect and n refer-
ence area S of 9,65 fté,

At hypersonic speeds and for angles of attack close
to zero, the aerodynamic coefficients are as follows:

N—
[+ ]

It is observed from Eqs. (2-13) to (2-17) that Cp
is a function of M, Rg, wall temperature, and type of
boundary layer. The valvas of Cp for two combinations
of wall temperature and boundary layer type are shown in
Figs. 2-3 and 2-4, The laminar flow, cold wall case is
typical of conditions that would exist early in the reentry
flight, say above 100 000 feet; the turbulent flow, hot wall
case is typical of conditions which would exist later in

e e

: X = [3 gec’ 10°] 10 = 6,87 feet (2-12)

: c.p. 3 :
2 5 -.
C. =2cos" 8 =1,94 per radian (2-11) 4
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flight, say below 100 000 feet, As will be shown later
most of the phenomena of laterest occur for values of R
from about 106 t; 108, For these values of Ry

TN B e I R 4 T

L b
e

: At M =10 approximately 60% of Cp results from
prescure drag (CAP), 30% from skin {riction (CAF), and

about 10% from base drag (CAB). The percentages vary 3

somewhat with Ry, M, and type of boundary layer, but
the given values are typical of the relative importance of
the three sources of axial force for low=drag reentry
bodies, For blunted bodies, the pressure drag may
account for nearly 100% of the total drag,

i 5 S sl T i

Values of C,,, (Eq, (2-18)) are ghown as a func-

tion of X, g, /L in I“ig. 2-5, and values of C1 (Eq, (2-19))
are shown in Figs, 26 and 2«17,

Dol et 2

In the examples included in subsequent sectlons we
will use typical values of the aerodynamic coefficients,
The values of the mass and aerodynamic characteristics
that will be used are shown in Table 2-1,
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Table 2-1 'S

Mages and Aerodynamic Characteristics

Masag Characteristics

L= 10 feet ;
S = 9,66 it :
d = 3,5 feet d
= 2 4
xc. g 6,27 feet
Weight (W) = 1000 pounds
Mass (m) = 41,1 slugs
Rell momont of inertia (L) = 30 slug-ft°
" Pitch moment of inertia (Iy = 1,) = 300 slug-it
I
—Y__E = 0,179
:' 1 ‘*
Z o e0.0m .
md 4
Aerodynamic Characteristics Combined Parameters ’
_ CN = 2 per radian g = CWS = 1000 lb/ftz [. _.'
. @ . 0,035 per degree A 1
X = 8,67 feet 3
‘ C. P 8. M, = .éz{- = 4% b
C, = 0.10¢ S
(! C__ = -1 per radian .
2 My £X - 0.114 s
) c, - -0, 003 per radian ':
) ,

. g A N e B L i
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SYMBOLS FOR SECTION 3

_I_)_gflnitton

specd ot sound =y RT
Napierian basge

Coriolia force

horizontal force resulting from a
pressurc gradient

acceleration of gravity

scale height, R'I‘/g0

geometric altitude

geopotential altitude

static pressure of dry or moigt air
partial pressure of dry alr
saturation pressure at T
partial pressure of waler vapor
gas constant for dry air

radius of earth

gas constant for water vapor

weather measurements in which a
balloon is used as instrumentation
carrier

weather measurements in which a
rocket is used as instrumentation
carrier

sea level
temperature of dry or moist air

dew point temperature

- 45 -

Typical Units

ft/scc

pounds

pounds
ft/sec2
foet
feet
feet
1o/ 1t2
b/t
1b/ 1t
Ib/ft?
ﬂzlse02 - 'R
feet

ftzlsec2 -°R

‘R
°R

Preceding page blank
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dx, dy, dh

Z

Subscrlgts

n

Definition

time

misaile velocity

wind specd

weight of an clementary volume of nir

dimensions of an elementary volume
of alr

refers to time at the zero meridian
change in density defined by Eq, (3-22)
ratio of specific heats
relative humidity
or
latitude
mean free path
kinematic viscosity
dengity of dry air = P/RT
density of moist air

earth rotation rate

Typical Units

seconds
ft/sec
ft/acc

pounds

feut
percent

degrees
feet

2
ft%/sec
slug/i?t3
zsslug/ft3

rad/sec

refers to a reference altitude or to altitudes at which

weather measurements are obtained

refers to sea level conditions

- 48 -
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SUMMARY AND CONCILUSIONS

The atmogphere from ser level to about 400 000
feet plays an important role in the motion of reentry
vehicles, In this scction the general nature of the atino-
gphere Ig considered, and equations required tor studies
concerning vehicle motion are discussed, The variables
of most concern nre atmospheric density, temperature,
wind, and moisture profiles (variations with altitude),
The 1062 Standard Atmosphere {8 used {n many analyses,
Some of the characterigtics of this atmosphere are pre-
sented, and differences from other types of standard days
are noted,

The major conclusions are:

1. Most phenomena of interest in the annlysis of
reentry body motion oceur in an altitude region called the
homospherce (sea level to approximately 300 000 feet), In
this reglon the atmosaphere obeys two laws ol considerable
importance, The perfect gas law provides a relationship
between pressure, temperature, and density; the pertect
gas law in conjunction with the hydrostatic equilibrium
law provides a relationship between density, temperature,
and altitude, The hydrostatic law {8 tfrequently uscd as
an interpolation equation for tabular values of density

versus altitude, permitting relatively few values of the in- .

dependent variable for a given nccuracy, This considern-
tion i of particular importance in trajectory simulation
work,

2, Winds are obtalned from dircecct measurements
(balloon observations, or RAQW's, for the lower atmospheroe | ;-5

and rocket observations, or ROCORB's, for the upper atmo-

gphere), from forecasts based on observations,or {rom I
l'orecasts based on statistical analyses of many previous D
observations (climatological data), These sources are L
listed in the order of decreasing accuracy, and all sources |
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are frequently employed in some phase of annlysis of body
motion, A law used extensively in the forecast procedure
is the geostrophic wind law, which is derived by eouating

the Coriolis and pressure forces, However, this law be-

comes {nvalid at low latitudes,

3. 1If the mo.zturc content of the air is high, the
perfect gas law must be applied using partial pressures
of air and water mixtures with appropriate gas constants,
Sometimes moisture {8 accounted for by using an effective
(or virtual) temperature, The effect of water vapor is to
decrease the density when it is compared with a computed
density in which the moisture content is neglected, Neglect
of the moisture effect results in a density arror of a few
percent at most, and the error decreases rapidly with de-
creasing altitude and decreasing temperature, For most
analyses this effect may be ignored,
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3.1 General Characteristics

The atmosphere ig divided into three broad altitude
bands called the barovgphere, exosphere, and interplanctary
gas (Mg, 3-1), The barogphere exists from sen level up to
about 500 km (1. 65 x 109 feet or 275 nmi).  I'he exospher
exigts from H00 to about GO 000 km (33 000 nmi), In the
exosphere, the aiv density 18 so low that atoms havdly
ever collide with one another, Molecules entering at the
base of this region describe ballistic trajectorics, and
gome travel beyond the gravitational field of the planet,

In this region, temperature hos no significance gince
there ts no Maxwelllan distribution of velocity, Inter-
planctary gons exists at altitudes above about 60 000 km,

|
lIi
!

The barosphere is subdivided into the troposphere,
Wl stratogphere, mesodgphere, and thermospliere with the
tropopause, wmtratopnusc, mesopause, and thermopause ]
y located between these reglons, as shown in Fig, 3-1, '
: These altitude bands are based upon the temperature .i
o variation with altitude, The reglon from sea level to the
' top of the mesophere i9 also called the homosphere,

The behavior of each altitude band varics gsome= ?
what with carth latitude, Many types of standard atmo- |
spheres are in common usge; only three will be considered K
in this section, The 1062 Standard Atmosphere is typical
;o of middle latitude locations; the Tropical Atmosphere is '
typical of low latitude locations (0° to 20° N, latitude), and )
the Polar Atmosphere is typical of high latitude locations .
(north of 60° N, latitude), i

In the tropospherce the variation of temperature
with altitude is strongly influenced bty the earth acting as )
a heat source. The temperature, in general, decreases v
with increasing altitude. The top of the troposphere .
: occurs at an altitude of 36 000 feet for the Standard Atmo-
3 sphere, at 56 000 feet for the Tropical Atmosphere, and at
' 83 000 feet for the Polar Atmosphere, Lssentially all
weather phenomena occur in the troposphere,

- 40 -
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The tropopause {s the top of the troposphere and
is an altitude of minimum temperature, or the Standoard
Atmosphere the temperature 1s constant from 36 000 to
GG 000 tect, where it beging to rise; for the tropical atmo-
sphere the tempernture begins to risc at 55 000 feet; for
the polar atmosgphere the temperature is constant to 46 000
feet, where it begins to rise, The temperature rise is a
result of absorpzion of ultraviolet solar rodiations by
ozone, The tecmperature continues to rise with increasing
altitude to about 156 000 fect for the Standard Atmosphere,
Characterigtics to sutficiently high altitudes are not avail-
able for the tropical and polar atmospheres, Above the
stratosphere the temperature again decreases with in-
creasing altitude, reaching a minimum temperature at
the mesopause. I'or the Standard Atinospherce, this alti-
tude is 263 090 tfeet. Above the mesopausce the tempera-
ture again increases with increasing altitude up to the
thermopause, which occurs at approximately 1 650 000
feet (275 nmi). The temperature rise is caused by the
absorption of uliravinlet rays with a wavelength of 100k,

The homosphere (sca level to 300 000 feet) is the
altitude band of primary interest for analysis of recntry
body motion, 1In this aliituce region, the atmosgphere is
characterized by constant proportions of Ny, Oy, and
argon, and the atmosphere obeys the hydrostatic equilib-
rium and perfect gas equations.

For analysis of reentry vehicles, the atmospheric
property of most interest is air density; of secondary
interest is air femperature, The ratios of density for the
tropical and polar atmospheres to the density for the
1952 Standard Atmosphere are shown in Fig, 3-2, It
may be expected that the tropical atmosphere would have
a lower density and the polar atmosphere a higher den-
sity than those of the 1962 Standard Atmosphere. How-
ever, this is true only for altitudes below about 20 000
to 30 000 feet, Therefore, depending upon the vehicle
design and trajectory, the tropical day may be equivalent
to an atmosphere of greater density than that of the 1962

- 50 -~

> R
— FF T

i el & [, N R R I W S

i

el i HE =22 i i, Y

Bl G




‘ 41‘{‘“

! THE IOHNS HOPRINE UNIVERSITY
I APPLIED PHYSICS | ABORATORY

NiLvEN BEMING MARILAND

{ Standard Day, and the polar day may be equivalent to an
atmosphere of lesscr density than that of the 1962 Standard
Day.

The temperature, in addition to the effect on den- K
gity, affects the speced of sound, and thus Mach number (= ;
V/a). The speed of sound (=\J‘yRT) is proportional to the i
sguare root of the ambient temperature and these charac-

i teristics are also shown in Mg, 3«4, Note that the speed
of sound at @ given altitude does not vary [rom one stan-
dard atmosphere to another by more than about 7, 5%.
This amount of variation is relatively unimportant, ilow-
ever, extreme variations in temperature from the 1362
Standard Atmosphere, such as those of the winter months
at northern latitudes, may have o significant effect on a
reentry body trajectory by affecting the Mach number
history,

1R nAi L ewidid L

s Dt e ki it

Some characteristics of the 1362 Standard Atmo-
sphere are given as a function of altitude in Table 3-1,
More elaborate tables are given in Ref, 3-1, Similar
data for the tropical and polar days are given in Rers,
3-2 and 3. 3,

3,2 Variation of Density and Temperature with Altitude

Lok e AR NN Y

M Consider an elementary volume of air (page 52) of
: base area dxdy and height dh, If the element of volume
is in static equilibrium (the acceleration cf the elcment
of volume is zero), then the following equation applies: N
dpP

dxdy(P + IS dh) - Pdxdy + W = 0 . :

iy

e,

The weight of the volume of air is given by:

el Bl A et

W = pgdxdydh ,

Therefore,

SNET IR E RO AL

|
|
|
dP = - pgdh . (3-1) ;
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dp
P*'a-ﬁdh

5 — 1
; . dh
o b
W
k W
1 !
¥ | @
i i
i( P
¥
3

This equation {8 called the hydrostatic equilibrium equa-
L tion, and all three standard atmospheres discussed in this
A sectlon obey this equation, A second equation that is valid
B in the homosphere is the perfect gas law which states:

P = DRT ' (3'2)
- Differentiating Eq. (3-2):

dP = R(Tdp + pdT) . (3-3)

2 Substituting Eq, (3-3) into Eq. (3~1) and expressing g in
o terms of g,:

|
g

9.2. - i.r- =-—9— ..g. - l
. 3 + R RTgodh' (3-4) B
g |
By definition: ol
= E._ 1 - l\
A th 2 dh (3-5) ~

© |

1 - 62 -
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) where hg 18 called the geopotential altitude and h is the
geometric altitude, If g is assumed to vary inversely
i . with the square of the distance from the center of the

, earth:
. ;
| R\
. E- =(-—-—-° ) ' (3-6)
Substituting Eq. (3-6) into Eq, (3-5) and integrating: 2
. _h , ]
hg =- . (8-7)
h 1 R i
o
or
Ay hG -
h = . : (3-8) |
r' 1 - 4
k. Ro ‘
In the remainder of this section, the solution to : ]
Eq. (3-4) will be given in terms of the geopotential altitude, _3

However, the results may be obtained in terms of h by
using Eq, (3-8), It should be noted that, since Ry~ 2,00 x
107 feet, h ~ hg for low altitudes, Even at h = 100 000
feet, hg and h differ by only 477 feet,

In terms of hes Eq. (3-4) becomes:

g
.qe. .d_?.. = -_.o- . 3 -
> + =5 T th (3-y)

The closed form solution to Eq, (3-9) depends upon the
nature of the variation of T with hg. For practical ap-
plications it i8 necessary to consider only two cascs, a
constant temperature (isothermal) relation and a linear
relation.
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Consider an altitude interval from hGn to hG' Inte-
1 grating over this altilude band, Eq, (3-9) becomes:
g h W
-B— _r£. 2 - .._O.. G l.. N 3 - .'
tn 2=+ g = [ gdhg (3-10) g
n n h :
G {
n |
If T is constant, Eq, (3-10) may be integrated to give:
, hGn ) hG ' ]
P =Py X\ — (3-11) ;
where
j
4 H = RT | (3-12) i
g(& ?
i
If T varies linearly over the altitude band, then: !
4T j
T=T +o=—(h, ~-h_ ), (3-13) ‘
n th G Gn !
In this case, Eq, (3-10) may be integrated to give: : 1
g, .
- {1+ n
r &L . (3-14) -}
dh |
=p (L G
p pn(lT ) N
n )

|

3 !
g For calculations, it is frequently desirable to de- -y

fine the densiiy and temperature variations with hg by an P

equation rather than to use tables, If the atmosphere 2

obeys the hydrostatic equation, it may be divided into .

altitude bands for which the temperature is accurately

defined by linear variations of T with hg. Then the

density and temperature within a given band are defined

using Eqs, (3-11), (3-13), and (3-14) and the conditions

at either the lower or upper boundary of the band.
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The characteristics of the 1962 Standard Atmo-
sphere may be defined to within 0, 5% accuracy using Eqgs,
(3-11), (3-13), and (3-~14) and the data in Table 3-2,

For simple calculations, it is frequently assumed
. that the entire atmosphere is at a constant temperature,
13 Such an atmosphere ig called ah isothermal or exponential
1] atmosphere. In this case, Eq, (3-11) becomes o

h
- ___9_) ]
P =P, exp( 7] (3-15)

Values of p. and H are selected to provide the best accu-
racy for p in the altitude region of most interest for the
particular study, The quantity H is called the scale
height, From Eq, (3-11), the scale height is the change in
altitude corresponding to a change in density (or pressure,
since T 1is constant) by a factor of 1/e,

3.3 Nonstandard Atmosphere

F'requently it is necessary to consider atmospheres
other than the Standard Atmospheres. The guantities of
primary interest for studies of reentry body motion (ne-

. glecting such specialized studies as the effects of wind

d shear and wind gust) are density, temperature, horizontal
wind direction, and horizontal wind speed, These data

" are available from observations, forecasts, or climato-

' logical characteristics, The latter data are character- i
istics based on statistical analyses of many observations.

Observations are made in two altitude regions, P
Balloons are used to obtain temperature, pressure, dew b
point, and wind data at altitudes from the surface up to the
highest altitude possible, Frequently, the upper limit in
altitude is about 30 000 feet, Sometimes the data extend
1 to observations at about 100 000 feet, These observations
: S are called RAOB's., In the northern hemisphere, RAOB's
! are obtained dally at 002 and 12Z hours at many observa~

' tion points, Rockets are used to make observations of

T s
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temperature, density (sometimes), and winds as a function
of geometric altituide for altitudes from about 60 000 to

200 000 feet. Data from these soundings are called
ROCOB's and are rnade only at a very few locations,

usually near 12Z hours Mondays, Wednesdnys, and Fridays.

3.3.1 RAOB Data -~ Dry Air

The RAOB pressure and tamperature data are con-
verted to density data by Eq, (3-2), The geopotential alti=
tude corresponding to the ohserved P and T are calcu-
lated using the hydrostatic equation, Since data aroe ob-
tained at a large number of altitudes, the temperaturesg
from one measurement to the next may be averaged and
used as n constant so that Bq, (3-11) applies and may be
written in the form:

R(T_+T ..) [}
h “hG " n n+l n h

(3-18)
G'n+1 fn 2 go pn+1

where n corresponds to the nieasurement at one sltitude
and n+l correspondd to the measurement at the succaeding
altitude,

Equation (3~18) is evaluated in stepwise fashion
starting at the surface conditions where hg  is the surface
elevation of the observation location,

a 3.3.2 RAOB Data — Moist Afr

The values of density computed using Eq, (3-2) are
‘ valid provided the effect of water vapor may be neglected,
. The effect of water vapor on density may be evaluated by
b writing the equation for the density of the air-water mix-
ture as the sum of the partial densities:

(3-17)
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l
- where !

l PP, +P_ . (3-18) :

In terms of p and using R/R,, = 0, 622:

P

', t E - n—w . - j

| P p(l 0, 378 =5 ) (3-19) 5

. A

) ‘ If the moisture content is given in terme of relative "
m humidity, # = P, /Pg, rather than P, then: -
8 o i
; p' = p(l -0.37a¢~1§) . (3-20) K

2

et

‘ The water vapor pressure, P, is the saturation pressure
K : at Tp, and P, is the saturation pressure at T, Empirical
equations for the saturation vapor pressures are:

—

g

&."

\ P _ = exp(22, 6b - -Eﬁg-o-) ) ]
3 W TD A
. (3-21) j
i\ _ 8900 |
i Ps exp (22. 66 - T ) ' , ,;
a i
¥ The effect of water vapor is to decrease the den- "
¥ Bity compared to a computed density which ignores the -.{’
) efteet of moisture, The percent difference in density is i
given by: - i

k|

- p' ;

¢ =1oo(p g,), 3.8 oxp (22.85 - 2200 :i

L p P TD !
k. (3-22) %
(":- . 37,8 9 exp (22. 65 - 29.0_0) . ‘

is given in ¥ig, 3-3. Also shown are the standard

}
!
i
{
3' A plot of the error as a function of altitude and dew point l -:
|
|
|
|
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temperatures for the 1862 Standard Day and the Standard
Tropical Day., For these standard days, the effect of | 00%
relative humidity (’I‘D = T) on percent change in density is
maximum at sea level and is about 0, 7% for the 1962 Stan- i
dard Day and about 1, 8% for the Standard Tropical Day.
Only for very hot humid days is water vapor likely to have
any significant effect on density, and even this effect is :
[ significant only for very low altitudes,

3.3.3 RQCOB Data

y The effect of moisture {8 negligible at altitudes b
where ROCOB data are obtained; therefore Eq, (3-2) is i
valid, When density and temperature both are available
from an observation, the only data reduction required is [
the conversion from geometric altitude to geopotential
altitude by Eq. (3-7), However the density data are usually 4
not measured directly, In this case, Eq, (3-16) may be C
used in the following form: '

O
p =p exp[—T——-_.__ (h - h ) ] (3-23)
h+l n R Tn * Tn+1) Gn Gn+1

i where g,,, i8 obtained in stepwise fashion using a known

\ initial value of density (from RAOB data, for example),

: measured T, and hg computed from Eq. (3-7) using mea~-
sured h,

3.3.4 Winds

A wind is defined in magnitude (speed) and direc-
tion from which it is blowing, measured clockwise from
the north. In some current forecast procedures, the pre-
dicted winds are not based on measured winds but upon
measured pressures and temperature, using the geo-
gtrophic wind equations,

The geostrophic wind is obtained by balancing the
horizontal pressure force acting on an elementary mass
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of air by the Coriolis force, The Coriolis force {s per-
pendicular to the horizontal velocity of the elementary
mass and, in the Northern Hemisphere, is directed to the
right (to the left in the Southern Hemisphere), The magni-
tude of the force acting on an elementary mass of air,

.
[ pdxdydh, is given by the equation:

q F, ® 2V, ew sin P dxdydh , (3-24)

A horizontal pressure force acts on the elementary
mass whenever a horizontal pressure gradient exists,
Consider the following horizontal high pressure system,

. Let x be the horizontal distance perpendicular to the
) isobars, y the horizontal distance parallel to the isohars,
: and h the vertioal dimension,

Vw ISOBAR

bt F
p-—j dy [t py B8y HIGH

O x PRESSURE

The pressure on the two surfaces of area dxdh are
equal, so that the net preassure force acting on the mass
in a direction parallel to the isobar is zero, The pres-
sure on the two dxdy surfaces are unequal, but the weight
of air is just balanced by the pressure force (hydrostatic

- 50 -
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equilibrium is agsumed), so that no net vertical force
exists, L.et the pressure acting on the dydh surface that ]
is farthest from the high pressure center be P, Then the

pressure on the dydh surface nearest the center ia

F+ -aa-}-l:- dx. The corresponding forces are Pdydh and

(P + -2-}-:-. dx)dydh, Therefore, the net force is:

dp ki
Fp * & dxdydh (3-26) i

The total horizontal pressure force is perpendicu=-
lar to the isobar and directed away from the high pres-
sure, Since the geostrophic wind is obtained by a balance
of the presgsure and Coriolis forces, the Coriolis force (s
perpendicular to the Lsobar and acts toward the high pres-
sure center, am shown in the sketch, IKor a Coriolis force
in this direction, the wind must be directed along the iso-
bar with high pressure to the right (for the Northerm Hemi-
sphere), Sinoe Fo-= FP' from Eqs., (3-24) and (3-25):

t e - —————r R

. OP/[3x i .
Vo “ oo smd (3-26) o

Equation (3-26), the geostrophic wind equation, is accurate
except for the firgt few thousand feet above the surface
where friction effects cause the wind to be inclined away G
from the isobar toward low pressure and the magnitude is '
lower than that given by Eq, (3-28), Typically, the maxi-
mumm deviation in direction is 25°, and the maximum devia-= .
tlon in speed is a fsctor of one-third to one-half the geo- |
strophic wind, depending upon surface roughness, In addi- l
tion, the equation is not valld at latitudes near the equator, :
The equation is valid for the Southern Hemisphere, but the ‘
direction of the velocity along the isobar is opposite to that l
|
§
|

e

discussed for the Northern Hemisphere,

Equation (3~28) is applied at various altitude levels
to obtairn the variation of wind speed with altitude, The

i x

- 60 =
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: ' wind direction {8 obtained from the slope of the {sobar at 7'f
{ - the location of interest, Therefore, accuracy inh wind |
| . characteristics requires accurate estimates of density, |
| horizontal pressure gradient, and shape of the isobars,
|
1 ‘
‘; l 3
§ | |
. ! ,
: ' [ |
3 "
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Table 3-2

Constants for the1962 Standard Atmosphere

dT  «
hG T a_h—C: ] s
(feet) (°R) (°R/ft) (slug/ft")

0. 000 518, 670 -3, 56619891 E-03 2,376800882KE~03
36089, 238 389,970 0, 00000000E+00 7.00110929E-04
66616, 760 389, 870 5,48639800E~04 1, 70820000E-04

104985, 875 411, 5170 1,53619882E~03 2,.566609028E-05
154190, 375 48,170 0, 00000000K+00 2,76979072E~06
170603, 826 487.170 -1.00726886E-03 1,47349965-06
200131,168 454, 170 -2,10450995K-03 4, 87180993E-07
2560186,313 325,170 0, 00000000E+0Q0 3, 88260084 15-08
291153,188 325,170 1, 6952008098 EK-03 G6,15079868E-04
323002, 625 379.170 2, 83420981 KE-03 §,651000021:~10
354763, 260 469,170 6, 68669662E-03 1,00709984E~10
386406, 125 849,170 1,14439887E-02 4, 72659067E-~11
480780, 813 1729,170 8, 63499930E-03 3,H5623996115-12
512045, 938 1999, 170 5. 7T7439740E-03 2, 24879924KE-12
543215,188 21179,170 4, 060089856E-03 1,55919982K-12
605268, 375 2431.170 2,92699904E~03 8.434498084E-13
728243, 750 2791.170 2,38109885E~03 3. 0345994BK~13
0398494, 688 3295,170 2, 01519908E-03 6, 95500719E-14
1234645, 000 3889,170 1.63550000E-03 1, 268079073E-14
1520798, 000 4357,168 1.10109988E-03 3. 05989996E-15
1798726, 000 4663,168 7,329'79970E-04 9, 00309B37TE-16
20688776, 000 4861,168 0. 00000000E+Q0 3,04629894E~-16

*
The temperature gradient is applicable to the altitude band
beginning at the altitude for which the gradient is listed and
ending at the next highest altitude,
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The motion of a reentry body during ballistic flight '
is affected primarily by five factors:
1. Gravity,
2. Earth rotation,
‘ 3. Atmosphere, .’
1 t
i 4, Body dynamics, i
' 5, Asymmetries, |

Each factor is considered in simplified form to show the
general effects on the trajectory. '
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Subscrigts

a

¢

SYMBOLS FOR SECTION 4.1

Deflinition

acceleration of gravity

constant defined by Eqg, (4,1-15)
constant defined by Eq. (4,1-5)
range

distancc from the center of the earth
to a point on the trajectory

r/ro

time

velocity
V/\‘goro

flight path angle

central angle, measured from apogee

refers to conditions at apogee

refers to conditions on the surface
of the earth

refers to initial conditions

- 77 =

Typical Units

9
ft/sec”

feet or nmi

feet
seconds
ft/ sec
degrees

radians or
degrees

Preceding page hlank




THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYBICS LABORATORY

RILVER BPRING MARYLAMG

F L S 4 L A I R L Rt T P ———
: g

——
3

SUMMARY AND CONCLUSIONS

The effect of gravity only on the trajectory of a /

ballistic missile is considered, Equations that define the :
' trajectory (velocity, time, flight path angle, altitude, and
g 1 range) in terms of initial conditions are presented,

e Fada

, Plots are given which show the relationship of

- l range and flight time as a function of initial velocity and
flight path angle for minimum and nonminimum energy

trajectories. Also shown are plots of range sensitivity

to initial velocity and flight path angles, An example of

the uses of the equations is given in Example 1, Section

a 4, 6,

KL T NS PR,

The major concluaions are:

T e s aE P

: 1. A ballistic missile follows an elliptical flight .
' path, For a given initial velocity, there is an initial P
flight path angle that results in maximum range, and the v
trajectory is called a minimum energy trajectory, For :
minimum energy trajectories, the flight path angle de-
creages from 4¢56° for very short range to approximately
32° for a range of 3000 nmi; the velocity increases from

0 ft/sec at zero range to approximately 20 000 ft/sec at
3000-nmi range; the total flight time increases from 0
seconds at zero range to about 1300 seconds for 3000-nmi
range; the trajectory apogee increases from 0 nmi at

0 nmi range to about 5560 nmi at 3000-nmi range (a maxi-
mum apogee of about 700 nmi occurs for a range of 5500
nmi and a flight path angle of 22, 5°),

- — 4<N..
PO

e Al e SR e e S e L L

2, Trajectories for which the initial flight path
angles are greater than those for the minimum energy
trajectory are called lofted trajectories; trajectories for
which the initial flight path angles are less than those for
the minimum energy trajectory are called delofted, or
depressed, trajectories, For a given range, the total
flight time increases with increasing flight path angle.

R
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3. The range for a minimum energy trajectory
is extremely sensitive to initial velocity (about 2800
ft/ft/sec at 3000-nmi range) but is very insensitive to
initial flight path angle, With increasing loft at a range
of 3000 nmi, the sensitivity to initial velocity decreases j
but the sensitivity to initial flight path angle increases, 1
For delofted trajectories at 3000-nmi range, the sensi- :
tivity to both initial velocity and initial flight path angle
is greater than that for a minimum energy trajectory.

- 80 ~
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Consider a nonrotating, spherical earth withcut an
atmosphere, The geometry of the trajectory is shown in
the sketch.

The trajectory of a body with initial velocity V, at
ry and fired with a flight path Yo may be obtained by apply~
ing the laws of gravity, conservation of energy, and con=-
servation of angular momentum as defined by Eqs. (4.1-1),
(4,1-2), and (4,1=3), respectively,

2 2
2
\ 2
_.._; - -V-Z— 8,F, - 8BF (4,1-2)
rovo Cos y, = rv cos vy (4.1-3)

It may be shown that the trajectory is elliptical

vé v?

£Or apmmr 1, parabolic for

= 1, and hyperbolic for

ngrO 2gOrO

e | cae kg 2
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1 vi v

- 2—-—-—-——g0r° > 1, For hallistic vehicles, zgoro is always less
than 1 so that the trajectory is elliptical, Using Eqs. '
(4.1-1) through (4. 1-3) and the properties of an ellipse,
it may be shown that the trajectory is defined by the
equation; |

- 2 2
.Vo cos ¥,
1 -Kcos@

r (4.1-4)

y where

1/2
- 2 - 2 2
K =[1 - Vo (2 -Vo ) cos 701 . (4.1-5)

e I o 2 et A e B £ 8 e

PES T ¥

- The range is the arc length OB and is given by the _
;. equation: Pl

R = Zroeo (4.1-6)

eme

where g, can be obtained from Eq. (4.1-4) by setting
r = 1 and solving for cos 6,. Thus:

1 -V"'coszy
cos g = 2 2
o) K

i P A e

el am T

or ,
- 2 :
V. "~ cosy sihy
tan g = — S (4.1-7) .
G - 2 2 .
1-V " cos v '
o} 0 .

T T T T LTI T T .
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It should be noted that the equations derived above
are general insofar as the rcfercence altitude, r,, i8 con-
serned, That is, r, is not necessarily a surface condi-
tion, However, il r'y is not a surface condition, care must ,
be exercised (n evnluating the reference velocity, VT’(')E;, i
and lic. In terms of surface conditions:

' i
' i N A
| NEE 2 it g ) = 226000 [— . (4.1-8) b

o~0 e“o’ T r A

0 0

R,=2r 8, (4.7 40) 4

From Eqgs, (4,1-6) and (4,1-7), it i8 observed that !
a given range may be obtained for various combinations of 3
V, and ¥ _. However, there iy one combination of Vg and i
yo that vesults in minimum V,. This trajectory, cualled
the minimum energy trajectory (MET), represents the
minimum booster impulse for a given range or, alter-
natively, represents the maximum range that may be ob- "
tained from a given booster, The minimum cnergy tra~ -
jectory is obtained by operating on Eq, (4.1-7) using !
gtandard procedures for obtaining maximum or minimum

values, The results nre the following: -
57,3 R l
o i (1) ¥
LI
'
or 5 (4.1-10) :
245 w 0 ‘ “
Yo TW T -y
-— p ! i
V. 2. ] - tan‘a Y (4,1-11) -
0 o
min .‘

It is noted thot v decreases from 45° at very short
range to 0° at maximum range (R/ro = ). The velocity

\

1

increanses from 0 at zero range to V, =¥ Bofp At maximum |
1

|

range, The latter velocity is the velocity for a circular ‘j
- 83 - ' .
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orbit, For ranges that will he considered in this report (R =
1000 to 3000 nmi) the values of Yo and V0 computed from lgs,
(4,1«6) and (4.1-"7) are shown in Figs, 4-1 and 4-2, For

all examples given in this gection, roar,® 2,09 x 10

foet,

The time of flight may be derived in the following
manner, The rate of change in 8 is given by the follaowing
expression:

b=~ 108X, (4,1-12)
The negative gign is required gince, for convenience in
deriving the equation of the eilipse, 8 is measured from
apogee, Using Eqs, (4.1+3) and (4, 1-12) the equation for
time becomes;

r 6 .
r° Tlag (4,1-13)

tﬂ-—-——-—O—.——
VOCOS’)'O '

Substituting for r from Eq. (4.1-4) and integrating gives

the result:
bz J=— (V_cosy ) 1 (4.1-14)
g 0 0
o]
’; where I (s glven by the equation:
3 8
1 K 8in 8 2 (V1K wmat9/2) ¢
R T —Rand . tan . (4.1-15)
V., (@2-V cos"y, Vi -k2 1-K .

and {s evaluated between the limits 8 and 8.

B} If one is interested in just the total trajectory time,
K: Eqs, (4,1-14) and (4,1-15) may be simplified by noting

- 84 =
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that the trajectory is symmetrical about @ = 0, and the 4';;
equation for the time becomes:

2V cosy_ K sin 8 ; AL -~k tan (6_/2)
P = | e tan = ) . (4.1-16)
) o \,1 _KE 1 -K

gr;(?-‘\_’o'

i A plot of Eq, (4.1-186) is shown for a range of 3000
- nmi in Fig, 4~3., For a given range, time increases with
. increasing initial loft angle, y,. The minimum time for a
' range from 0 to B is that computed for a circular orbit
trajectory from 0 to B; that is y, = 0, V, = ¥g T, and
‘ R
X t =

-! Vgoro

energy trajectory, K = tan Yo and Eq, (4,1-16) may be

written as:
v ) \} 1 - Q:an2 y tarn —&-
_\/ro 3 -1 ( 0 4:‘0)
t=22 —_— - -
Z cos” y tany ‘Jl tan Yo * 2 tan T Ton v . (4.1-17)

o i i i il

= 692 seconds for R = 3000 nmi, For a minimum

e Mt o clin

The time for a minimum energy trajectory varies
from 0 seconds at zero range to n¥T,/g_ = 2520 seconds
for maximum range (R = 7r,), For ranges of 1000 to 3000
nmi, the flight time is shown in Fig, 4-4,

: The local flight path angle may be expressed in the Y
3 form; | 4
' d E
. _ r R o
i tany = -~ o095 (4.1-18) L
R v

A
s

o v e 2ee
(=]
(W7 ]
H

P
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Solving for dr/d@ from Eq. (4.1-4) and substituting into
Eq, (4.1-18):

K sin 6 . i
tan ¢ 'T-Reoosd (4,1-1Y9) f?

Differentiating Eq. (4.1-19) with respect to t and

using Eq. (4,1-12), it may be shown that ¢ is given by _L;}"
the following equation: .

3
. . K(K -cosf) Vcos v (4,1-20)

- A

{1 - K cos 6)2 d ;

Evaluating Eq, (4.1-20) for can ditions near impact, F
it may be shown that 4 is very small for 1000 to 3000 nmi .
trajectories. Therefore, in the absence of an atmosphere,
the flight path during reentry is nearly a straight line.
This fact will be useful later when we consider the effects

of the atmosphere,

[
1
!
)
The velocity at any point along the trajectory may i

be obtained by solving Eqs, (4.1-1), (4.1-2), and (4.1-4) i
to obtain the following equation: 3
|

!

J 2
T . K ;2KcosB+1 (4,1-21)

V _ cos )
o Yo ;

’ At apogee =y = 0, and from Eqs, (4.1-4) and ]
! (4.1-21): ,

-2
- Vo cosz‘yo Vo
I‘a * 1 -K ’ 1

S T, I

V0 cos

o3
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orhit, For a minimum energy trajectory, K = tanyg and
Vo~ =1 -tan2y _, so that the altitude (r - r,) and velocity
at apogee are given by the equations:

ha = x‘o [(si.n Y, tcos yo) cos ¥, - 1‘| (4.1-22)

,/’é"r‘ 1 ~tan?
_¥°% o o

a cosy 1 +tan?
o 0

— il 4—5 Lo

(4.1-23)

or

- 1 .
Va/vo = — 7T - 7 . (4.1-24)

For a minimum energy trajectory, the altitude at
apogee is maximum (hy = 700 nmi for rj = ry) for Yo ©
22,5° (R & 5500 nmi) and varies from about 250 nmi for
R =1000 nmi to about 550 nmi for R = 3000 nmi, Since
the sensi{ble atmosphere extends to about 50 nmi, most
of the trajectory occurs in the exoatmosphere, The ratio
of velocity at apogee to initial velocity decrzases from 1
at zero range to 1/¥2 for maximum range, For ranges
of 1000 to 3000 nmi, V,/V, varies from 0, 71 to 0,72,

Another consideration of interest is the sensitivity
of range to the initial values of Vj and ¥,. These sensi-
tivity values may be obtained in the following manner:

sk__aR %
3V, 28, BV,

. (4,1-25)

3R /8.8, and 3 eO/avo may be obtained from Eqs, (4.1-8)
and (4, 1-7) so that:

gt e ans

3R ro Vo gin Zyo ‘
P = 2 —_—— (4,1-26)
0 go K

L | "o

ey N phr———— e 8= Y
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:

:

; Similarly, 3R/ay, may be obtained from Eq, (4,1-7):

5 -2 w2 2

SR 2ro V" (cos Zyo Vo cos V)

’f 3y 37,3 ) (4.1-27)
"; % ) K

Plots of Eqs, (4.1-26) and (4,1-27) are shown in
) Figs. 4~5 and 4-6, respectively, Note that the range of a
minimum energy trajectory is sensitive to initial speed
’ but not to initial flight path angle. With increasing loft
angle, the range sensitivity to V, decreases but range
sensitivity to 70 increases,

n T e i i
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4.2 EFFECTS OF EARTH ROTATION
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SYMBOLS FOR SECTION 4, 2

Definition

axlal force coefficient
altitude

refers to the impact location
refers to the launch location
range from L to I

re +h

2,00 x 107

3441

earth radius

nn

reference area

total flight time

increment in reentry time
velocity in inertial coor'dinates
vehicle weight

vehicle balligtic coefficient, EW—S
A

flight path angle in inertial coordinates
(positive for launch angles)

latitude, positive for N. latitude
longitude, positive for E. longitude
earth rotation angle during time t

azimuth angle, positive direction is
clockwise from north

azimuth angle from L to I (Eq. (4.2-19))

half the range angle for nonrotating
earth (Eq. (4.1-7))

Precading Page blank

Typical Units

feet or nmi

nmi
feet

feet
nmi

ﬂz
seconds
seconds
ft/sec
pounds

b/t

degrees
degrees
degrees

degrees

degrees

degrees

radian
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Symbol Definition
ee half the range angle for rotating
: earth (EHa, (4,2-17))
] Wy earth rotation rate = 0, 729 x 107%
‘3 Subscripts
}5 e refers to quantities measured relative
;; to rotating earth
i 1 refers to impact condition
i% L refers to launch condition

- 08 -

Typical Units

radians

rad/sec
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SUMMARY AND CONCLUSIONS

The equationg of motion given in the preceding

scction are applicable to the rotating earth case provided
) the trajectory is defined in the inertial nxis system., There- :
' fore, initial conditions must he computed taking into con- ;
gideration the velocity of the rotating earth, In addition,
the amount of earth rotation during the thine interval from
launch to impact must be accounted for, In this section
& equations are given for evaluating the magnitude of these _
' effects and an example is given in Section 4, 6, Example 2, ;

B

{ The major conclusions are:

1, Compared to a nonrotating earth caleulation,
the effect of a rotating earth on a missile fired eastward
{8 to increasge the initial inertial velocity and to decrease :
the initial flight path angle, Westward firings recault in a
decreased velocity and an increased flight path angle, The
largest change in velocity (about 1500 ft/sec) occurs for
launches at the equator, for eastward or westward firings, ]

and for very low flight path angles,

PRI

T A

2. Compared to a nonrotating earth calculation,
the effect of a rotating earth on a missile fired ecastward
s to increase the range and flight time, The impact
latitude is the same for both calculations, For a west- .
ward firing the range and flight time arc decreased,

Sl T o e b T S o
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. The three basic laws used in Section 4.1 to define
' the equations of motion are valid for a coordinate system
fixed in space (nonrotating earth), Two major effects of
the earth's rotation on the flight of ballistic vehicles will ;
be considered, ;

1, The launch site has a velocity caused by the
: earth's rotation so that launch velocity and launch direc- .
4 tion are modified compared to the nonrotating earth golu- )
: tion, ;

2, The earth rotates while the missile ig in flight,
thereby affecting the location of the impact point.

ooy "

Assume that a booster imparts to a vehicle a ]
velocity V,, at an azimuth angle p and « tlight path angle :
! Ye» Where all three quantities are measured relative to a
; rotating earth, The earth geometry required for this
study is shown in the sketch, page 102,

The vehicle will travel in an orbital (or trajectory) A
i plane that containg the velocity vector in inertial space, 7
' V, and the center of the earth. The characteristics of J

the trajectory are defined by the equations derived in Sec- -
tion 4,1, provided inertial quantities are used, The iner- :
tial quantities may be obtained from earth reference quan- :
tities as shown below. The velocity vector is divided into
three components:

AR e NrarAen i S Dok o i en T

¥ Radial component = V 8in ¥ (4.2-1) ‘
¢ d North component =V cos y cos P (4,2-2)

i

Yoy

. : East component =V cosy siny (4.2-3)

Preceding page blank
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Wy = 0.729 X 10°% radfsec

ZERO
MERIDIAN =

WEST

EQUATOR

ry= 2.08 X 107 faot
= 3441 nmi

SOUTH

In inertial coordinates the radial component and
north component of velocity are the same as those mea-
gured in the earth fixed axes, but the east component is
increased by We I CO8 . Therefore, the components of
the inertial velocity, V, are:

Radial component Ve sin )'e (4, 2-4)

]

North component Ve cos Y, cos we (4. 2-5)

East component Vg cosy, sin Yo tw,r cos g (4. 2-6)

- 102 -
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The azimuth angle, flight path angle, and velocity in inertial
coordinates may be obtained from the following equations:

_ eastward component of velocity

tan ¥ = o rthward component of velocity
, w r cos f
tan e
. Sy 4 . (4, 2-7)
tan we Ve cos ¥, 8in Ve

_ radial component of velocity

. sin¥ total velocity
\Y
2 giny _ e _
' sinyY V (4.2-8)
e
2 1/2
v w,r cos ) wet cos P
i _V._; =|1+ 2 cos Yo sin § Ve + ( v ) (4,2-9)

For launch velocities of interest, the velocity ratio
is given by the approximation:

v -w.rcos
~—=1+cos¥ siny (4.2-10)
Ve e e Ve

-4
W = 0,729 x 10 " rad/sec (4.2-11)
rer = 2,00 x 107 feet (4.2-12)
. ) ’ we re = 1520 ft/ﬂec . (4| 2"13)

From Egs, (4,2-8)and (4, 2-10), it is observed that
for eastward launches (y, = 0° to 180°, V/V, > 1 and tends
to be maximum for launc%es from the equator (P = 0) for

- 103 -
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minimum energy trajectories (minimum Va), for direct
east firings (Y, = 90), and for low flight path angles

(Ye = 0). lor eastward trajectories the inertial velocity
(s increased and the flight path angle is decreased (com-
pared to the values for a nonrotating earth); for westward
firings, V is decreased and v lincreased (compared to
the values for a nonrotating earth), The maximum varia-
tion of V/Vg from unity is + wur/V,. For V, 210000
ft/sec the maximum variation in VfVe is about 15%,

Given values of V, and y_, the inertial values of
V and ¥ may be obtained from Eqs, (4,2-8) and (4, 2-10),
These values of V and ¥ may be used in equations given
in Section 4.1, However, the range computed by Eq,
(4.1-9) corresponds to the range measured along a sphere
fixed in space, The range measured on the rotating earth
(in the absence of an atmosphere) may be computed as
shown below,

The orbital plane defined by V and the center of
the earth remains fixed in space, During the flight time
the earth rotates through an angle:

AN =57.3 w,t . (4, 2-14)

For given inertial launch conditions, the impact
latitude is unaffected by w, and, from spherical trigonome-
try,

sin (DI = [sin 29o cos oL cos wL + cos 26o sin QL] (4, 2-15)

where @, i8 the value computed from Eq, (4,1-7) for
Yo =7 and Vo, = V. The impact longitude is given by:

sin wL sin 290)

co8 8, (4.2-16)

. . -1
AI = AL 57, 3wet + 8in (

where t isthe flight time computed from Eqs, (4.,1~7)
and (4, 1-16) for Vo= Vandy =7, '

-« 104 -
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Given @1, Ay, f1, and A the range may be com-
puted from the equation:

R = 2reae . (4, 2-17)

From the spherical geometry shown in the sketch,
the range angle 26, may be obtained from;

cos Zee = 008 ¢I cos OL cos AA + sin ¢I sin QL . (4,2-18)

GREAT CIRCLE ARC
THROUGH L AND |

i i e S e il i

GREAT CIRCLE ARC !
THROUGH A AND |

IMPACT
_—" MERIDIAN

s LAUNCH
- MERIDIAN

~

EQUATOR

The bearing of the impact from the launch site P
may be obtained from '

cos Zee cos 0L - cos ¢I cos AA

cos by ® 5in 26_5in § ' (4.2-19) |
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For ﬂL = 0, Eq, (4,2-~19) becomes:

sin ﬂI
’ (4. 2'20)

cos wLI =

\11 - 0052 Q)I cos2 AA

Sometimes V, ¥, and yp are given and it is desirable
to obtain the corresponding quantities relative to a rotating
earth, The required equations are:

1/2

X_E.’. =11 - 2ol cos ¥ sinycos P +(wer)20052 93] (4.2-21)
A% A" v )
siny
- y‘* . v‘i- (4. 2-22)
tan p,, wr cos p
Wy ! VoosvsmT (4. 2-23)
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SYMBOLS FOR SECTION 4. 3

Symbol Definition Typical Units
A axial force pounds i
a speed of sound ft/sec ]
; Cu axial force coefficient - ‘
| Cmq pitch damping coefficient - "
: CN normal force coefficient -
CNa dCN/da .
D damping factor (Eq. (4. 5-20)) - 3
d reference length feet
g acceleration of gravity ft/e;ec2 ,
8x longitudinal acceleration g | H
H scale height = RT/g feet ;
h altitude above sea level feet 5
ho oy altitude at V. feet |
®
L (K) L '(%_/r?-')r'l' ) i ,;
n=1 P
» n !
Iytk) ™ T 3(251{) T(2nt1) "
n=0 :
IY pitch (or yaw) moment of inertia slug-ft2
K parameter defined by Eaq. (4, 3-6) -
k1 constant defined by Eqg. (4. 3-28) -
. L reference length feet
M Mach number = V/a -
L | m vehicle mass _ slugrs2
;: ' P atmospheric pressure 1b/ft
E - Precoding pags biank e
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E
B

Kol o} |

D

At

Atl' 2

W

c. pu

c. g,
AX

Definltiog

dynamic pressure = % PM2
stagnation heating rate per unit area

total heat per unit area absorbed
at the staghation point

gas constant = 1716
Reynolds number, VL/y
vehicle nose radius
reference area
atmospheric temperature
time

intervals of time defined by Eqs.
(4, 3-20) and (4, 3-21)

vehlcle velocity
vehicle weight

distance from vehicle nose to the
Co pc

distance from vehicle nosc to the
c. g

Xe. p. Xe. g.

vehicle angle of attack

ballistic coefficient = =—e
C,S

recntry flight path angle (always
negative)

kinematic viscosity
atmospheric density

aeradynamic pitch frequency

- 110 -

Typical Units

Ib/ ft2
Btu/t"rzsec

Btu/ftz
ftzlsec2 -'R

feet
t2
R

geconds

geconds
ft/ sec

pounds
feet

feet
feet
radians
2
1b/ft

degrees
ﬂzlsec
slug/ft°

rad/sec
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i Subscripts
(‘
ave refers to average over the time interval
E refers to reentry conditions (K=0) :
i o o 1
i refers to initinl conditions ;
j o refers to sea level conditions g
T -
3 max refers to maximum value except as noted
. A dot over a symbol means the first derivative with respect to tiine, i
et .‘
2 3
(. L
o A
l ."
B b
N :
4
» i
- ;
. A
1
B
y
LI
»
.
i
:
iy
o
™y
!
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SUMMARY

é When o vehicle moves through an atmosphore,
acrodynamic forces avre generated that otfect vehicle mo-
tion. The magnitude ol these forces is milluenced strongly
by the missile velocity and atmospheric density, In this

section approximate cquations nre derived for missile j

velocity, ambient density (or pressurc and temperaturc), y

and related parameters, ;

Assuming that the axial force is the only force act- .

ing on the missile, and making other appropriate simplifi- :

catlons, equations are derived tor velocity, time, dynamic .

: pressure, longitudinal deccleration, Reynolds number, 1
stagnation point heating rate, and the total heat absorbed 1
i at the stagnation point as functions of a paranmeter (K) '
' which, for a given missile, atmosphere, and trajectory, i
8! is defined by altitude only, Most of these guantities in- !
| crease from zcro at reentry, rcach a maximum value, i
i and then decrease prior to impact, Ecquations are given 3
¥ for the maxima and the value of K at which they occur, ;
! An example illustrating the usc of these equations !

‘ is given in Section 4. 6, Example 4, ]

A

:

v 5
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The boost phage of the trajectory is guided to such a

a high altitude that atmospheric effects during the exit phase

i are usually negligible, Therefore, this discugsion is
limited to the reentry phase,

Customarily, reentry into the sensible atmosphere i
is assumed to begin at an altitude of 400 000 feet, "Lhe i
velocity increases slightly under the effect of gravity,
l , reaches a maximum value, and then decreases under the
influence of aerodynamic drag,

YL

The maximum velocity occurs when the axial force {
is just equal to the component of gravity along the flight f
path, or:

ey

CAq = = Wasiny -

Using the definitions of -q and 8, this equation becomes:

': p:-_z.é_sw—z

o -
max

3 ek

i o

i If the reentry velocity, Vg, ts given for some altitude
above that corresponding to V..., the maximum velocity
may be estimated using the equation:

(h,~h_ )
P - E max \
. Vinax = Vet X8 Ve

" where k isa constant having a magnltude between 0 (for
hg » hpyygy) and 1 (for hg >> h . A precise value of
k is not important atnce the drﬁ?erence between Vg and
Vmax 18 small and, in fact, is usually reglected. How-

i aslat s et o a i Sl g

j ever, if a little more accuracy is desired, the equations o
. for p and Vp,,, may be solved by successive approxi- "“_\
! mation, ty
\ The remainder of this section considers the motion ! i
A of the vehicle during the deceleration phase. During this oy
o

]

i

Preceding page blank - 115 -

PO - I ~UI

FE S NV Y S T : -
Mo e el e L el dam.t L e sabbetdaidial,




THE JOMNS HORRINE UNIVERSITY
APPLIED PHYSICS LABORATORY

WLVER BFMING MARTLAND

period the general behavior of the body may be obhtained by
simplifi2d equaticns of motion based on the following as-
sumptions:

1, The earth is flat and nonrotating. E

2, The unly force acting on the budy is the axial ;
I 'orce, and the axial force coefficient is con- b
stant, §

3, The reentry flight path angle is constant,

The reentry phase is of relatively short duration
and short range so that the assumption of a flat nonrotating
carth is justified for this study, The assumption that the
axial force is the only force acting on the body implies
that the angle of attack is always zero and that the effect
of gravity is negligible compared to the effect of axial
force, More precise methods of computing trajectorics
may be used to show that the effect of & is usually samall,
Except for the very-high=altitude and, sometimes, the
very-low=-altitude portions of the reentry trajectory, the

assumption that K%M is small is justified for approxi-

I et gl

mate solutions to the cquations of motion, Precise
methods of computing trajectories may be used to show
that assumption 3 is valid for a large portion of most tra-
jectories and that the validity tends to be improved for
high weight and low axlal force bodies and for steep re-
entry angle trajectories. For many reentryv bodies and
trajectories in current use, the assumption of constant .
Y is valid all the way to impact,

T

The geometry of the trajectory in which A is the
only force acting is shown in the sketch,

P
4

4

i

|

Rl
e
s
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The equation of motion along the flight path is;

W dv ,

-A --é-— -a—t- ’ (4. 3-1) ”‘
Expressing the axial force in terms of coefficients as dis-
cussed in Section 2:

P N .

-

2
-C, (1/2)V’s =

R L VI

x. (4. 3-2)

®|g

AR T

Since the flight path is a straight line, dh/dt = V sin¥ .
and Eq. (4.3-2) may be written in the form:

i parSE R

av__ SafPS an (4. 3-3)
\% 2W  sin?v I

The term W/CAS occurs frequently in reentry equations
and is called the ballistic coefficient, & For an atmo- .
sphere in static equilibrium (see Eq. (3-1)), dP = ~pgdh. \
When these substitutions are made, Eg. (4. 3-3) becomes: o

"117" S
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. dv . dDl R
: V 23 sinY (4.3-4)

Using initial conritions V = Vy al P = Pj, Eq. (4, 3-4) is
readily integrated to give:

K, -K
i

A
vevie ° (4,3-5) _;

where K is defined by the equation:

)
: R=25my (4.3-6)
vk I( VZ by

-5 , : €.« 2. Thi -
Equation (4. 3~5) is valid provided T < T This con

SP AR PIS G

dition is a restatement of assumption 2 listed above,
Therefore the equation tends to become invalid at low re-
entry velocities and at very low and very high values of K.
The limitation at very low values of K is not serious and
was discussed at the beginning of this gection, On the
other hand, the limitation at high values of K may have
significant consequences (see Section 5,1, 2 for example).
When the initial altitude is high, K= 0 and the equations
may be simplified, For some applications of these equa-
tions the initial condition is not a high altitude condition.
Therefore for completeness the K, term is retained in
Eq, (4,3-5)and subsequent equations.

R

Sl Bl i e s s il

Other trajectory characteristics of interest may
be derived (Ref. 4-1) and the results are given in Eqs,
(4. 3-7)through (4. 3-29), The time from altitude h; (de-
fined by P;) to any other altitude (defined by P) is given

by:
“H ¢ o
.. ave i, B - - Y
t-t = v I lln ) + Il(K) Il(Ki) (4.3-1) . i
- 118 - - B
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where the Iy function is plotted in Figs., 4-7 and 4-8, The
dynamic pressurc is given by the equation:

2
--Vi m sin Y

a 7T, 51 eKIfKi] ' (4.3-8)
The longitudinal acceleration is given by:
'Kv'f siny
EX = m (4,3-9)

The Reynolds number based on body length is given by:
ViL

R = "
e T IRTER D)

(4, 3-10)

The heating rate at the body stagnation point is indicative
of the severity of the heating environment, This rate is
given by:

Vv 3
412 ( i ) \[_g_ES(Ki-K)‘ (4, 3-11)

q .
8 \/-ﬁ;;; 26 000

The total heat aboorbed at the stagnation point from h, to
his;

2
Vv ,’T
-1, €9 E ave ~
QA ~-Q == ( ) [\Il« 1,(K) -\]P I,(K )] (4, 3-12)
8 B 26 000 siny 2 i "2 i
i VRNDO

where I?(K) is plotted in Fig., 4-9.

The dynamic pressure, longitudinal deceleration,
Reynolds number, and stagnation heating rate all have a

- 119 -
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trend which increascs from zero at reentry to a maximum
value and then (depending upon the body and trajectory
characteristics) decreases,

The approximate pressure at which the maximum
values of these functions are reached may be obtained by
assuming T isa constant, K, = 0, sclting the derivative
of the function with respect to K to zero, and solving for
the maximum, The error introduced by agsuming T is

) a constant is small, At K= 0, V| = Vi and the equations

!E for the maxima and their K, P, and V/VE values are 3
: shown below, k
Equation K P WVE
- 'ﬂsz sip ¥ i
q =TT 1 -3 sin? 0. 608 (4,3-113) .
4
sz sin Yy ‘

iy * —TIT 1 -4 8inY 0, 608 (4.3-14)

Vi
Re/L * 0,368 —= 2 <28 sin ¥ 0, 368 (4,3-15)

‘i' 3

e 144,73 ( Vc ) -3 sin¥
; q_ - ) 1/3 ~(3/3)8iny 0, 840 (4,3-18)
- 8 26 000 Rr,,T
VDO N

The longitudinal acceleration is a characteristic
, of considerable importance since it is a quantity that can
! readily be measured on a flight test vehicle, It is inter-

rd

esting to note that for an isothermal atmosphere EXmax

T et e R T i i e A it o i il i

i {8 highly dependent upon Vg, moderately dependent upon
- y and T, and independent of the vehicle weight and !

axial force (8), However the altitude at which gx t
. max :

|

|

|

= occurs is dependent upon 8. The greater the g or the
i steeper the reentry angle, the lower the altitude for

X max’

- 120 -
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The gx versus time curve has two inflection points,
which may be determined in the following manner:

dg
. °X dK .
gx = TE W (4. 3'17)
It may be ghown that:
V., 8iny
dK E ~K/2
- - i Ke (4,3-18)
and ' T
3 2
V, sin Yy p
By - 2 =— K(l - K)o K2 (4, 3-19)
2g(H)
The inflection point occurs where Eq, (4, 3-19) is maximum

or minimum, It may be shown that this occursat K =1/3

g 1

and K = 2, which correspond to = 0, 650 and 0, 736, o
max j

respectively, or P = «(1/3)8 sin?¥ and -2 8in ¥, respec~ !
tively, 7

Usaing Eq. (4.3-7), the time between the high alti-
tude inflection point and BXmax is given by:

80T
ave

1 VE sin ¥

At (4, 3-20)

and the time from 8Xmax to the low altitude inflection
point is given by:

T
ave

At2 = *-\-/.—Em . (4.3"21)
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From Eqs., (4.3-9) and (4, 3-14):

, (4, 3-22)

g
X g ey K
= 2,72 ]

8x c
mnx

Therefore, using just the telemetry gy trace, the ratio of
gx/gxmax is a good indication of the K history, The K

§
bl
1
i
!
I
)

A
._“;' history can be converted to air pressure history from :
i known 8 and ¥y (Eq, @4, 3-8)), and the pressure history :
¥ can be converted to altitude history from known atmo- -_;
= spheric characteristics, A plot of gx/gxm . versus K :
- is given in Fig. 4-10, A 1
- Other quantities required for succeeding sections ;
are listed below for convenient reference, ]
- Vg Cy 4Xm sin (=y) .

| ' 2 " K (4, 3-23) |
\ w - s ——— . = 1
A 2 CAIYH EK | 3
i
3 1/2 1
C, AXm sin® (=¥) : :

‘ . 2| e (- KWK 4 S
wp = Vg 3 R (4.3-24) -
8 CAIYH e 1
...\T
n=lx -c sin {7) Vi3 (4.3-25) .
bomyltec, 28X B ¢
9 AT %114 4
i
I\ 1 | s
k = Cy (1 - -I-’-‘-) e (4,3-286) i
o Y/ md
I,
) y
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3 2
Vg msin ¥ (1 -K) K
) e31(/2

g =
2C , SH

2
-~ VE m sin (~¥) (M -K)

d
Hﬁ " '*TR:;§H K
e
v Wsin27
#,_ E K
"'é;ﬁﬁ?" :R73

(4,3=27)

(4, 3-28)

(4, 3-29)

The 1962 Standard Atmosphere characteristics
required for evaluating these equations are listed in Table

3"1-
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|
Symbol Definition Typical Units
a constant defined by Eq, (4, 4-52) -
Cl' C2 congtants in Eq, (4,4-33) -
;i Ca, C4, C5 constants defined by Eqs, (4., 4-45),
3 (4, 4-58), and (4, 4-61) -
-
3 CA axial force coefficient -
! CN rnormal force coefficient -
Cy ch/da -
o
C! roll damping derivative -
p
Cm pitch damping derivative -
q
d reference length feet
Fer Py FZ aerodynamic forces along body
axes X, Y, 2 pounds
Foz CN a8 1b/rad
o
g acceleration of gravity f‘t/sec2
g load factor = N/W -
H scale height = RT/g feet
or 2
angular momentum slug-ft~ /sec
I U | moments of inertia about principal ‘
XYz axes X,Y, 2 slug-ftz
JO zero order Bessel function -
K -P/(8 sin¥y) -
kl constant defined by Eq, (4.4-30) rad/sec
kg constant defined by Eq, (4, 4-31) rad/secz
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Symbol | Deftinition Typical Units
£, m,n norodynnniic roiling moment, pitching
moment, and yawing moment, respec-
tively 1b=ft
m mass = W/g slugs
‘ L 98d” . .
M roll damping factor, C, —— lb~ft-sec
P LV i
P ;
sd°
M pitch damping factor, Cm -q—v—n lb~ft-sec
q E
-2 ,.
M yaw damping factor, C asd_ lb-ft-sec . \4
r nr v ]
8
2 2 4
N total lateral force, FY + F7 pounds J‘
2 o
P ambient air pressure ih/ft 3
p, q,r roll rate, pitch rate, yaw rate, 4
respectively rad/sec i
- g
q dynamic pressure 1o/ £t R
2 ¥
R gas constant = 1716 ft2/sec -°R ;;
S reference area it 5
T temperature . °R 3
t time seconds ' 5;
u,v,w missile velocity along X, Y, Z axes, i
respectively ft/sec X
\% missile velocity ft/ sec . 3
W missile weight pounds {:1
X constant defined (n Eq. (4. 4-40) - !
- X feet :
ax X o .q. ,I
X g distance from missile nose to the ¢, g. feet 3
- 132 - ;
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Symbol Definition Typical Units
J Xc . distance from missile nose to the c, p, feet
1 . E
Lg o angle of attack in the XZ plane radians
 ' ~ vector angle of attack l&_l =\}(12 + /52 radians
B angle of attack in the XY plane radians ;
or i
| ballistic coefficient, W/C,8 Ib/ft? 4
! : 4 flight path angle, negative for re- :
it entry trajectories degrees !
¢ angle defined by Eq. (4,4-22) degrees
) angle defined by Eq, (4,4-23) degrees .
angle between the missile X~axis and
the local horizontal degrees
wg frequency defined by Eq. (4, 4-21) rad/sec

, W transverse rate = \’qz + r? rad/sec
| w total spin vector = \Jpz + qz + r2 rad/sec

wa aercdynamic frequency defined by
Eq. (4,4=36) rad/sec
! w frequency defined by Eq, (4.4-49) rad/sec
' L pericd defined by Eq, (4.4-24) seconds .
g period defined by Eq. (4.4-25) seconds
i phase angle degrees

Subscriets i

E refers to conditiona at entry
o refers to conditions att = 0 In

A dot over a symbol means the first derivative with reapect to time,
Two dots over a symbel mean the second derivative with respect to |
time,

- 133 -

)

[

e - - E T T A L ‘
el et T P T VERTPY g TR R e e i B Sl e - s




THE JOHMS HOPKING UMIVERSITY
APPLIED PHYSICS LABORATORY

SiLvIN BPRING MAaRYLAND

SUMMARY AND CONCLUSIONS

In the preceding scction, the effects of the atmo-
spherc on vehicle velocity and related factors were con-
sidered. In the prescent section, attention is given to the
cffecets of the atmosphere on the dynamic behavior of the
vehicle, We are concerned here with the rotational mo-
tion of the vehicle about its center of gravity over rela-
tively short periods of time, Six-degree-of-freedom
equations of motion are presented and interpreted in terms
of body motion characteriatics in the absence of aerody-
namic forces (for example, motion in the exoatmosphere,
where gyroscopic motion is important) at low altitudes
where nerodynamic forces dictate the motion and at high
altitudes where aerodynamic and gyroscopic forces are
both important, Dynamic motion is important in the
analysis of body heating and lateral loads, Equations are
given for body rotational frequericies that are obsgerved
on telemetry traces from on-board equipment or from
tracking radar signal strength traces., Numerical {llug-
trations are given in Examples 3 and 5, Section 4, 6,

The major conclusions are:

1. In the absence of aerodynamic forces, a re-
entry-type body that is spun about its longitudinal axis
will follow a motion pattern determined by conditions at
the initiation of the spin, If spin is applied so that neither
pitch nor yaw rate is introduced, the vehicle will main~
tain a fixed attitude in space, If a pitch and/or a yaw
rate (sometimes the vector sum is called the transverse
rate) is experienced when spin {s introduced, tte missile's
longitudinal axis traces a cone whose apex is at the mis-
sile center of gravity, The magnitude of the cotie angle
and the period of motion are functions of the transverse
rate, missile roll rate, and moments of inertia nbout the
longitudinal and transverse axes,

Preceding page blank
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2, If the body contains rate gyros, the body rate

i_ observed on the telemetry trace during the exoatmo-
: spheric portion of flight will show a sinusoidal trace,
The half-amplitude is the transverse rate existing at the
time of gpin-up, and the period {8 a function of the roll
rate and the moments of inertia about the longitudinal i
and transversc axes,

3, During the low altitude portion of the reentry 1
phase, aerodynamic forces dictate the motion of the ve-
hicle, Generally, a missile reenters thr atmospherc
with some initial angle of attack, To prevent excessive
lateral loads and heating problems the missile is designed
go that the aerodynamic forces cause the angle of attack
to approach zero rapidly, It is shown that for a sym-
metrical missile the angle of attack follows a damped
oscillatory motion provided certain static and dyhamic
stability criteria are met, The frequency of the oscilla-
tion is called the aerodynamic frequency, This frequency
increases from zero at reentry, reaches a maximum, and
then (depending upon the trajectory and reentry conditions)
decreases until impact, b

YRS SR APNPR - TN~ W YW+ Ok

4, At high altitudes, both aerodynamic and gyro- 1
scopic moments are important, The gyroscopic moments ;
tend to maintain the body at a fixed altitude; the aerody-
namic moments tend to rotate the body so that zero angle
of attack ia maintained, Typically, gyroscopic motion _;
predominates at altitudes above about 300 000 feet; aero- .
dynamic moments predominate at altitudes below about ‘
100 000 feet; both effects are important at the intermediate
altitudes,
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In Scction 4, 3 the body was constrained to motion
along a straight-line flight path, Thercfore the equations
of motion were reduced to a ohe-degree-of-freedom prob-
lem, In this section, we consider the gix~degrec-of-free-
dom problem. However, the equations are simplified by
making the following assumptions:

1. The effect of gravity will be neglected,

2, The body is assumed to have symmetry about
the longitudinal axis,

The primary interest in this section is to consider
how the body behaves over a relatively short time apan,
For this purpose the effect of gravity may be shown to be
very small, By assuming the body to be symmetric about
the longitudinal axie, the principal axes coincide with the
body axes,and the equations of motion are simplified
since the product-of-inertia terms are zero.

The equations of motion are presented in a body
axis system (I'ig, 4-11) which remains fixed with respect
to the body., The body rate terms in the equations of mo-
tion are the rates sensed by rate gyros mounted in a
vehicle; the body translational ncceleration terms are
those that would be measured by accelerometers mounted
at the vehicle center of gravity, The six equations de-
fining the six degrees of freedom are:

bIX =) - qr(IZ - IY) (4.4-1)
qIY =m - pr(IX - IZ) (4, 4-2)
fxz =n - pq(IY - IX) (4. 4-3)
F_g
f = + vr - wq (4, 4-4)
- 137 -
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{/ =—L +-Vlrp-ur‘

ZA
W o= wo Tua- e,

The auxiliary equations required are;

2:=M
oP

¥z

3

AX + M
qq

3
n

- T YAX + Mrr‘

tana=
FX=-CAqS
- v
rF,=-Fa ———— =-Fg
Y o 55 o
v2+w2
-— w
- =~ F &
FZ= Faa - - o
v +w
C.gs _
Fa=(1\_'_ )=CNqS,
o o
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(4,4-5)

(4, 4-6)

(4, 4-7)

(4,4-8)

(4.4-9)

(4,4-10)

(4,4-11)

(4. 4-12)

(4.4-13)

(4. 4-14)

(4,4-15)
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4,4.1 Zero Acrodynamic Forces

Consider first the casce of flight in the exoatmo -
gphere where nll acrodynamin terms are vzero, 1n this
region only gyroscopic effecta exist,

Since the body is agsumed to be symmetrical,
I, = Iy and Eq. (4, 4-1) reduces to the condition where
p equals a constant, Differentiation of Eq. (4.4-2) gives:

(1, - 1)
a+pr-"_1_-é- =0 . (4. 4-16)

Y

Substituting for # from BEq. (4,4-3) and noting that
IZ = IY:
2

I, = 1
4+ p2 (.._.__YI X) q=0 (4, 4-17)
Y

The solution to this differential equation in:

IX
qsw cos[p(l—-—)tﬂb
T IY

L

If titne is measured from the time when q = g .., then
v = 0and

IX
q = W co8 p(l =~ =)t (4,4-18)
T IY

I I

4 = -pr(l --Il() sin pQ1 --I-}S)t .
Y Y
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Substituting into Eqg, (4,4-2):

I

r = -w.q sin p(1 - —}5) t (4,4-1U)
I
Y
. qz + rz = sz (4.4-20)

Therefore, the pitch or yaw rate measured by a rate gyro
mounted on a vehicle is a sinusoidal oscillation of half=
amplitude W having a frequency:

I
w_ =pll =) . (4, 4-21)
g T,

This equation |8 convenient for checking the cali-
bration constant for the roll rate gyro in flight test work,
The term w i8 sometimes called the body transverse
rate,

PRI = RO PN T L F T V- S -~

The solution to the equations of motion in body
axes provides information regarding the time history of
quantities that may be sensed by "on-board' instrumenta~
tion, but no information is provided on the motion of the
vehicle in space,

s

™ el T ST

The motion in space is obtained by solving the
equations of motion written in the inertial axis system, .
It is shown (Ref. 4-2) that, in the absence of aerodynamic )
forces, the motion of the body may be described physically L
as a ""body cone' rolling along a "'space cone'' (or "cone ¥
of precession'), as shown in the sketch, page 141, “q
1
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BODY CENTERL'NE

SR

CONE BODY CONE "

The centerline of the space cone is the angular
momentur vector which remains fixed in space, The
centerline of the body cone is the vehicle's longitudinal
axis of symmetry (roll rate axis). The semicone angle
of the body cone is defined by the equation:

w
tan € = TaT' (4. 4-22)

; The angle hetween the body centerline and the centerline
P of the space cone i{s constant and is given by:

wyp I
tan @ = —= % (4, 4-23) '
P IX

where Wrp {s defined by Eq. (4.4-20), It should be noted

that the magnitude of the total spin vector, w =\}p2 + q2 + r2,

|
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is constant and lies along the space cone surface, Assum-~
ing a positive roll rate and Iy » the body centerline
rotates about I in a LlOCkWiSC direction (as shown above)
when viewed by an observer looking toward +H, The trans-
verse rate vector rotates about the body centerline so that
the period is given by:

S (4. 4=24) w
B T

x 1.

(1 - =p

' .

and corresponds to the frequency given previously in Eq,
(4.4-21), The body centerline precesses about the space
cone with a period:

;s 21 : (4, 4~25)

8 I
T’-‘-le-%tan!ﬁ
Y

For recntry bodies of current design, r4 is an
order of mnagnitude greater than TR

The utilitv of the physical picture described above
may be {llustruled by the fcllowing example, Suppose we
wish to determine the coning motion for n specified set of
conditions at reentry, In particular, select a condition at
t = 0 where & = i, and lies in the body X2 plane, which is
the plane of the trajectory, Coneider first the case of
9o = 0 and r = r,, where r, is positive and may be repre-
sented by a vector along the +Z body axis, Since w lies
on the surface on the space cone and the body cone is ex-
ternal to the space cone, the angular momentum vector
lies in the trajectory plane and & varies from a (n maxi~
mum value) to &, - 20 (a minimum value). Stmnlarly. if
rs I8 negative, @& varies from °‘o (a minimum value) to
a maximum value of o + 20, The body-fixed Y-axis at
t = 0 iz directed toward the right of the trajectory as viewed
by an observer looking toward the impact point, Therefore
for an initial condition of pitch rate only, if q, is positive,
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X BODY CENTERLINE

foa Wy

HORIZONTAL

the angular momentum vector {s directed to the right of
the trajectory so that the nose of the vehicle remains in
or to the right of the trajectory plane, Similarly, if q,
is negative, the vehicle nose is always in or to the left

of the trajectory plane,

4,4,2 Zero Gyroscople Forces

Conaider next the case where the aerodynamic
terms are much greater than the gyroscopic terms (body
rate terme), In addition we will make the following as-
sumptions:

1, The trajectory region of interest {s over a
very short time period so that the dynamic
pressure is constant,

2, 'The roll rate is zero.

3. The pltching motion is planar (i.e., only
pitch or only yaw motion).

4, o« is small so that the uge of linearized deriva-
tives ig valid, and cos o~ 1; Bin & &= &1

Suppose that at some point along the trajectory the
vehicle i perturbed to some o = &,, We wish to study the

- 143 -
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resulting motion of the vehicle under the influence of just
aerodynamic forces, The geometry of the trajectory is

shown in the diagram,

HORIZONTAL

ALL ANGLES SHOWN
ARE NEQATIVE

BODY CENTERLINE

From Eqs. (4.4-2) and (4., 4-8):

C]IY * FZAX +qu .

From the geometry of the trajectory:

Bey+a 1
: . (4,4-26)

f=q=y+a
é=h=y+aj .

From Eqs. (4, 4-6) and (4, 4-26), using a small a approxi-
mation, and noting thatu = V cos o and w = V sina, it
may be shown that:

F,_g
Z (4, 4-27)

2 o mm—

wv
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Using the linear relationship between Cy and &

Z N
" ? o
: FZ = . CN v g8 (4.4-28)
i a
f Z . C:N v a8 '
i Y
Using Eqs, (4, 4-25) through (4, 4-28), it may be shown
“L‘i that the body motion is defined by the differential =quation:
-y o+ kIE + kz‘& = 0 (4, 4-20)
Eé
» where
C.Gs C_ gsd
Naq mqq
K = - (4, 4-30)
Y
B
C. 8X38  C_ C, (qsd)?
Na N m Nor
k, = IY - W Vzt . (4, 4-31)
’ - v

For bodies of interest, the Cmq term of Eq. (4, 4-31) is

very small compared to the CN term, and the equation
for k2 becomes: «

CN AXAS

K =t . (4, 4-32)
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For statically stable vehicles, kg {8 pusitive, and the solu-
tion to Eqa, (4, 4-29) is:

k pa— T
LTt [ k, J klz
o = e Cl sin t k2-——4—-+C2 cos t 1(2"-—4—- (4, 4-33)

where Cy and C, arc arbitrary constants defined by the 3

initial conditions. Let& =&, and & = 0 at t = 0 so that :
Cy =8, and C1 = 0 and Eq. {4, 4-33) becomes: ?e

_ - ;
| o= aoe cos t kz T . (4. 4-34)

x:.l e

Thecefore, for a statically stable vehicle, the o history is
oscillatory and {s (damped (converges to zero) provided

ky > 0. If ky < 0, & diverges cven though the vehicle is
gtatically stable, Some flight tests of reentry vehicles
have been observed to exhibit this type of & divergence,
To assure g convergence, then:

ﬁ; kz >0o0or AX>0 static stability
&
| 5 (4,4-35)
. k.>0orC. -C_ 29 50 dynamic stability
3 1 N m_ 1
| o q Y
b' The frequency of the ocscillation is given by the
. equation:
13 k 2
= k - —1——
“A 2”74 '
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4 K 2
. . 1 .
For most badies k) > T and the frequency hecomes:

(¢ axas
{1,
N, b
w = PR . (4. 1";[‘)
A 1\,

LT e, s

P Thig frequency, called the aerodynamic pitch fre-
quency, is of great importance in the motion of reentry
bodies as will bo ghown later, It should be noted that

wy i8 zero at reentry {¢, = 0Yand, for constant CNU and

AX, w, is proportional to¥q .

A solution to the equations of motion (Ref, 4-3),in
which the dynamic pressure was allowed to vary, shows
only small differrsnces from the resalts given above cx-

cept for very blunt bodies and nearly zero values of X, b

L M A S, e . et = e
———— LS e et e T

The acrodynamic frequency may be evaluated as
a function of altitude (T, K) using equations derived in
Section 4, 3. From Eqs, {4.3.8) and (4. 4, 36):

VEZC AXm sin (=)
2 Ny K (4. 4-37)
W, = —— — L4
A 2 (.AIYH eK .

4,4,3 Nonzero Gyroscopic and Aerodynamic Forces

At very high altitudes the dynamic motion of the o
body is governed by the gyroscopic terms in the equa- '
tions of motion; at low altitudes where the dynamic pres-
sure is high, the aerodynamic forces predominate, We
look next at the transition from one region to the other, I3

Using the equations of Ref. 4-3 and the reentry 3
characteristics given in Section 4.3, it may be shown that L
for p = g = r = 0 al reentry the  history is defined by the ;
equation: i
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K
2 1 =
J - —-—-uié-{]—- 02
: = o V,siny
— = = - 5 {4, 4-138)
o K md .
E  exple—(C. -C e 20 )
4C
; (A N(y mq IY A

where J,(X) is the zero ordetr Bessel function of the first

kind plotted in Fig, 4-12, Writing WA in terma of K
using Eq, (4,4-37):

e s Y

C. AX Y
, . N 1
: J _ 2Hm o K k
T 3 . (4, 4-39) )
(:;.. K md %o
E exp AC cN ) Cm I -2 A
A o qg 'Y

Therefore, for a given vehicle and trajectory, the a
history is a function of P and T onlyand P is the pre-
dominant factor, Even without the exponential damping
function in the denominator of Eq. (4. 4-39), the ¢ history
is a damped oscillation about & = 0, and the frequency is
the aerodynamic frequency, wp. For conditions near

e s s

LR i

. - e '
T s T e i

e i el

eutry (%— ~ 1), K~ 0 so that the exponentizl term in Eq,
E

(4,4-39) = 1, and writing K in terms of P:

St i o R T v e g S+ T e T S b T

Ty A%
nI \ - —2— P =5 (X) . (4.4-40)
g sin" ¥ Y

QIlQI

E

Equation (4.4-40) may be used to determine the altitude
(P) at which the atmosphere begins to affect the body
motion, Arbitrarily selecting a/oip = 0. 99 as the condi-
tion when the atmosphere begins to affect the body motion,
from the Bessel tunction tables,the argument, X, corre-
gponding to @/a = 0,99 is 0. 2.

”

i b B
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0. 02 ¢
. IYg sih VY

o+ P S A% ' (4. 4-41)
Eﬂ Ny
E The altitude for the first peak in o corresponding to
X = 3, 83 shown in I'ig, 4-12 may be obtained from: ;
% 2 4
{ 7.34 IYg sin" ¥ :
| P *—smcax : (4.4-42) !
. N p
o
. 4
%- The & envelope could be obtained directly from ]
i% Jo(X) tables; however, for u/ay less than about 0.8, 1
{ Jo(X) is approximated quite closely by the equation:
1 |
f;' cos (% - X) ' 3
i I X) f —m— (4. 4-43) ;
,11
.l 7 X

Therefore, the envelope corresponding to Ea. (4.4-38) is:

-VE siny

SR S T B P

o a — (4, 4~-44)
a -~

where . i

C C

N m 2
(e-umf ) e
A A Y :

1
Cs=1

and is primarily the aerodynamic damping term, At high
1 C3K
1 altitudes where e  and e ~1:
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9 1/4

'.2ngY sin" ¥

= o) , (4. 4-40)
" SHCN AXP

o

QllQl

E

e i 2 g o

The o convergence at high altitudes i a function of body
mass charncteristics (Iy, 8, X, , ), acrodynamic char-
acteristics (CNof Xc. p. )+ type of‘fmjectm‘y (¥Y), and atmo-

o e PO

spheric properties (T, P), For a given trajectory, mass,
and aerodynamic characteristics, & ts (nversely propor-

F tional to%rP or approximately 'co\/4 . [Por a given
mass, aerodynamic characteristics, and altitude, the o
convergence ig proportional to ¥YsIn¥. That is, at a given
altitude, the & for a shallow trajectory will have con~
verged more than that for a steep trajectory, Increasing
CNa and AX tends to incirease the convergence at a given

altitude; increasing Iy/S tends to decrease the conver-
gence,

If p # 0at reentry, the early & history is changed, g
The gyroscopic terms iend to maintain the body motion 1
about the angular momentum vector, which is fixed in ]
‘ a space and usually is not directed along the velocity vector, 4
! The aerodynamic terms tend to cause oscillation about
the velocity vector. As a result, in the initial phase of .
reentry, & oacillates about an angle of attack which,
itself, is gradually reduced as the aerodynamic forces
increase., The equations defining & and B for the case
of wp = 0 are (Ref, 4-4):

e

a = A cos wt 1
(4.4-47)

8 = -A sin ot} o
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-—cey ~oemNg  SHDNN

3 !

1 L

1 X 1 X .

3 O iy w + —-— p) +———-p !
| B[y¥a (2 2T, P |

' oy ——
IY
A= -t (4, 4-48)
\[ 2 |
1 X :
2 IY
| P
- - : (1% ) 1k
: W= W, * 57P/) "31.P - (4,4-49)
! Y Y
% k
1 In the initial phase of reentry where wp << 3 P the 3
F o envelope is given by: Y ‘
a “a !
a_ -] = (4.4-50) ‘
-— IX N
Y !
1 IX
Where @ , i8 not small compared to 5 = p, it may be !
. A 2 IY ;1
ghown (Ref. 4-5) that the ratio & with roll to & without D

roll is given by the equation:

_°‘p \/'t 2 (4, 4-51) ¥

anha §
*px0
Hpl b
o D4 vy
f T e eemv— . (4.4"52) i-"i
2 VE IY sin ¥ l i
1'.‘,g
z
|

For values of a greater than about 3, tanh a = 1, and the
a history corresponding to Eaq. (4. 4- 44) is:

3 - 151 - »'1




THE JOHNS HOPKIND UNIVERSITY
APPLIED PHYSICS LABORATORY
BILVEN BRRING MARYLAND

L X p
- 2 I, w
- Y "A @
2 vl (4, 4-53)
Om e '
C.K _
Therefore, at high altitudes wheree ° s 1, theo enve-

lope converges to @ = 0 in proportion to/p/wy.

For a nonrollihg vehicle at reentry, o begins to
decrease when the nerodynamic moment is sufficiently
high,and this altitude can be estimated using Fq. (4. 4-41),
For a rolling vehicle, o begins to decrease when the aero-
dynamic moment is significant relative to the gyroscopic
moment. This altitude may be estimated using Bq, (4.4-50)

and solving for wa at _i = 0,99, so that:

#
k:
¥
g
4

‘j:i

.- . e i

| “E
1
H w I . +
A Lo .12‘. . : (4. 4-54) -
P v _

& Subatituting for wA2 uging Eq, (4,4-37) and assuming L
;f e 1, by
| 2 | 2
1]. 0. 021
o= px . S (4. 4-55) j
I,Cy AXSVy 5
o ¥

A rapid convergence in ¢ is desirable in order to
prevent excessive lateral loads resulting from the ap.
The lateral load factor is given by:

L N,

N -~ S-a .
2 o 3 n—— — [} .4-
8L W™ Cn "EWI (4.4-56) L
o aE "
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For a nonrolling vehicle, using a/ay from Eq, (4, 4-44)
and q from Eq. (4,3-8), it may be shown that the maximum
envelope of gy is given by:

e

I
\ 3 1/4
8 \fE2 atny [, (CNP’) ( Iy )( 32 )] kA4
— o cm—  — —_— —— e o (4, 4-57)
: EE gH ap " \E-;- md? H :C-4R

CN Cm 2
. L 1 - q md . .
C4 7] [1+-§ CA CA IY )]-L3+0.75. (4, 4-58)

i P ainie i G

} 5 Neglecting the small variation in H with K, the maxi-
mum occurs at:
g
b K=3 1 . (4, 4-59) i
: 1T ;
_ 4 P
. i
=,r Using Eq, (4.4-59) and substituting for the constants in

Eq. (4.4-57), the magnitude of (gL/EE) {s given by:
max

e .

e T

B . o 34 14 ,
(_...‘:) « 0,128 —E—(-slnv)b“(-—c—q) (ﬁ‘%ﬁﬁ) (4, 4-50) &
max i
A
where |

i 1 1 md2

o q Y
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In evaluating Eqg, (4.4-60), EE must be in radians,

The corresponding equations for a rolling vohicle
at reentry are;

c : 2 1
S I B 125) ap?) (Ve snY Y (L k' (4. 4-62)
iy Cal \ly 8 aR mad \AX R '
e .
and
3/4 3/4 1/2 1/4
g v P CN 1 2
L . E Coon3d Ny X lyP
(;; ) O.IG(T) (-8in ¥y) (.EE-) (.f;:) (WA ) . (4, 4-83)
E max

The maximum value of gy, for a rolling vehicle also occurs
3 1
B.t K bl o
4 C4
The ratio of maximum g for a rolling vehicle to
maximum g; for a nonrolling vehicle, obtained from Eqga.
(4. 4-60) an&(‘l. 4-63), 18:

L, ,1.25l_:_!i&_.1_x.]1/2 : (4,4-64)
o Vg einy Iy f
|
!
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!
I SYMBOLS FOR SECTION 4.
!__ ‘ Symbol Netinition Typical Units
E A amplification factor in angle of attack - "g
| a,8,,8, constants defined by Eqs. (4, [-82), ,
o (4,5-87), and (4, 5-88) -
1 Cy axial force coefficient -

| c, roll moment coefficient, £/qSd - g

c, roll damping coetficient, 3C,/3(pd/V) - ‘

P i

‘ C. pitching moment coefficient, m/qSd - B

i Cm pitching moment coefficient at o = 0 -
| = ° 2 2 |

M C J C +C . g

g m t n o

’ &) (o} (o] -y

't Cm pitch damping coefficient, aCm/a(qd/V) - 3
>
' CN normaul force coefficient - ,
1 C, yawing moment coefficient at g = 0 - },
Qi 0 3
d d - i
' CNa CN/ o
Cl‘ C2 constants in Eq, (4,5-110) rad/sec 4
_ c. g center of gravity - 4
1 c.p. center of pressure - X
)|
i D damping function defined by Eq. (4.5-20) - : 3
3 d reference diameter feot ll
3 I
I 2 " 2 C
F FY +F z bounds ’[\;f
‘ FA asymmetry factor defined by -
_‘ Eq. (4.5-72) - |
k t ".
g Preceding page blank - 159 - !
;
; S !
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Symbol Definition

F oy Fy. FZ force_s along the X, Y, Z body axes

Fa Chh as

F(A, D) function defined by Eq. (4.5-47)

Fl‘Fz factors defined by Fqs, (4. 5-62)
and (4, 65-73)

Ko F, factors defined by Eq. (4,5+125)

G roll amplification factor defined by
Eq, (4.5-37)

Gy G required for roll "lock=-in"

G' roll amplification factor defined
by Eq. (4, 5-80)

g acceleration of gravity

gy longitudinal acceleration

Gl' G2 roll amplification factors defined by
KEqgs. (4, 5~81) and (4. 5-84)

H scale height, RT/g

h altitude

IX‘ IY‘ Iz moments of inertia about X, Y, Z axes

xy lxzlyz Ei‘éiuféis‘?f(i‘fé o) te (4, 5-100)

K -P/(8 8in?¥)

k, k.1 constants defined by Eqs, (4, 5-58)
and (4. 5-60)

Z,m,n aerodynamic moments about X, Y, Z

10, mo, no asymmetric moments about X, Y, Z

M Mach number

‘Mp roll damping momenti/p

e Vol o0 Mbilivma s Lo romine S PSSt Tt b s e A

Typical Units

pounds
ib/rad

ft/sec2
g

feet
feet
rﬂlug-ft2

slug-ft2

1b-ft
1b-ft

lb=ft-sec
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_\)vﬁmtion

pitch damping moment/q
yaw damping moment/r
vehicle mass

ambhient air pressure

probability

body rates about the X, Y, Z axcs

reduced roll rate = pyi - IX/IY

roll acceleration term defined by
Eq. (4.5-38)

P~ Pg _
dynamic pressure (¥ /Z)PNL;a

pas constant = 1716

radial c.g. offset, always positive
reference area

ambient air temperature

time

vehicle velocity

vehicle weight

distance from vehicle nose to the ¢ g.

digtance from vehicle nose to the c, p.

Xep T e g

center of gravity offget along
Y and Z axisg

angle of attack in the XZ plane

angle of attack regulting from 0
in the XZ plane at A— =

- 1681 -

Typical Units

lb-ft-sec
1h-ft-gec
slugs
To/t”

rad/sec

vad/gec

il A sl

)
rad/sec”
rad/sec e
l‘.J/ "\‘.2 ?

S Y
f17/sec” =%

Ce e

tect
{‘t2 !
‘R :
~econds 5
¢ 7 VA
pout.li \ $
feat
feet -
feet j
[
feet ‘4
rad'.ns : \5
radians |
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H; Symbol Definition Typical Units
B -
! o total vector angle of attack =
; o +43 radians
- [ T 2 ,
g o +;36 radians
f H angle of attack in the XY plance radians
L or 2
g ballistic coefficient, W/C,8 Ib/t {
66 angle of attuck resulting from ) 'i
B in the XY planeat A~ = radians
6 inclination of principal axis in the i
o XZ plane radians ;
5 inclination of principal axis in the 1
B XY plane radians "
q
6 ) 2 +9 2 radians i
o R
¢ ang'e defined by Eaq. (4, 5-83) degrees j
y reentry flight path angle, always »
negative degrees E
or i
ratio of specific heat, 1.4 - g
] space cone half-angle degrees ;
or §
angle defined by Eq. (4. 5-31) degrees !
-1 aoc 'y
) sin —__—-—g— degrees Y
o g
oM 'l >
- Y
X pr/wA 5
(a_rfd) . g
A cos 1 _?:___nlg_rl degrees N
ao I'/d 1 .~
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‘ Symbol Definition Typical Units
' ) angle defined in Section 4.5.1 degrees
A angle defined in Section 4,5,1 degrees
T, period of oscillation seconds
w; aerodynamic pitch frequency rad/sec !
W p(1 - IX/IY) rad/sec k
Z’."T transverse rate vector, q + T rad/sec ;
Subscripts ‘
c. g refers to ¢, g. or is caused by c. g. offset . ‘1]
E refers to reentry condition 3
e refers to equilibrium condition ,1
: i refers to conditions att = 0 or to an elementary quantity §
% M caused by agymmetric moments %
max refers to maximum value 1
min refers to minimum value !
o refers to conditions at p = 0 }

refers to resonance conditions
S. L. refers to sea level conditions
A dot over a symbol means the first derivative with respect to time.

Two dots over a symbol means the second derivative with respect to time,
An arrow over a symbol meang a veclor quantity.
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SUMMARY AND CONCI.USIONS

- e Summmmiee

A recntry body is normally spun about its longitudi-
nal axis to provide stability during the exontmospheric
phase of flight and to reduce dispersion resulting from
1 phenomena that occur during reentry, lIdeally, the roll
1 rate remains nearly constant during reentry, However,
I under the influence of mass and aerodynamic agymmetries,
i the roll rate inay change radically, Under certain condi-
tions the roll rate may change so that the roll rate and the
| aerodynamic pitch frequency are nearly the same for long
¥ intervals of time, When this occurs the roll rate is said
to "lock-in'' with the aerodynamic frequency, This situa-
tion is sometimes disastrous since the angles of attack
and thus the lateral loads become very large, The load-
ing situation may be aggravated further by aerothermo-
elastic interaction., On the other hand, the asymmetries
may cause the mmagnitude of the roll rate to decrease and

B e 1

b

i g
P change sign. In this case the missile will be driven off ]
. course in proportion to and in the direction of the lateral 1
' loads exlsting at the time the roll rate is nearly zero, .

Even if the roll rate pasgses rapidly through zero roll rate,

; the impact digpersion may be excessive for high perfor-
mance vehicles,

N The six-degree-of-freedom equations are modified
- to include various types of asymmetry, and the conditions
" under which excessive loads and/or dispersion may exist

are discugsed,

The major conclusions are: .
i 1, The effects on body motion of aerodynamic

asymmetries (abnormal pitching, yawing, and rolling
§ i moments, and center of pressure offset from the longitudi-

‘, nal axis of the missile) and mass asymmetries (center of \
i1 gravity offset from the longitudinal axis of the missile, D
] products of inertia, and unequal pitch and yaw moments l 3
_. of inertia) are considered, All asymmetries considered |8
k] Preceding page blank  _ ;¢ .

, y
:' ‘ Dl




THE JOHNS HOPKING UNIVERRITY
APRLIED PHYSICS LABORATORY
BILYER SPRING M) RYLAND

have some effect on body motion, However, for reason-
able magnitudes of asymmetry, the effects of unequal pitch
and yaw moments af inertia are negligible, the effects of
any one of the other asymmetries are small, but the ef-
fects on vehicle performance of some combinations of the
asymmetries may be catastrophic,

2. Unacceptable vehicle performance s likely if
either resonance (resulting in large laternl loads) or zero
roll rate (resulting in large impact dispersion) occurs
during reentry, In either case the asymmetries must
cause both a trim angle of attack and a roll torque, There-
fore, a center of gravity offset combined with either an
asymmetric pitching (or yawing) moment or with nonzero
products of inertla or a pure rolling moment agymmetry
combined with either of these asymmmetries is apt to re-
gult in unacceptable performance,

3. The conditions under which adverse performance
is likely to occut are dependent upon many variables so
that each vehicle must be analyzed separately. Neverthe-
less, the following trends may be stated, 'The probability
of sncountering difficulties resulting from combined asym-
metries is {ncreased for migailes:;

0  Having low stability margin

o0 Having resonance at an altitude near maximum
dynamic pressurc

0  THaving low normal force per degree angle of
attack and/or a low pitch damping moment

o Flying shallow trajectories
o Having slender shapes

0  Having small dimensions,

4, Detailed equations are presented for evaluating
the probability of encountering "lock~in" or spin through
zero roll rate for a missile of any arbitrary design. Com-
ments are made regarding the accuracy of these equations,
I1lustrations of the use of these equations are given in Ex-
nmples b, 6, and 7, Section 4, 6,

- 166 -
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In the derivation of the equations given in Section

T D IR L T e e i

] 4,4, it was assumed that the body was symmetrical, We .
) consider next the effects on vehicle motion of asymmetry ]
in mass and external shape, j
! X
S Asymmetries in mass and external shape result
- from design and manufacturing tolerances or from in-
l flight phenomena and may cause one or more of the follow- ‘
i ing anomalies: 3
a Aerodynamics i
- ‘ 1, A change in normal force characteristics :
2, A change in pitching moment characteristics

(9]

A lateral shift in center of pressure

'S

A purc roll torque,

Mass

5. A lateral shift in center of gravity o

6, Nonzero products of inertia L

7. Unequal pitch and yaw moments of inertia.

The effect of asymmetries on normal force is { ﬁ
usually negligible but the effect on the pitching moment P
is very significant, A lateral shift in the center of pres- ;
sure has the same effect as a lateral shift in the center
of gravity, and these two effects will be combined in the
following discussion, For convenience, the effect will be D
referred to as a center of gravity offset effect, but it is |-
important to remember that the same effect results from |
a center of pressure offset, This section will be limited
to the following asymmetries:

1.  Asymmetric moment, m, and n

2. Center of gravity offset, Z, g and Yc g

3. Nonzero products of inertia, IXY and IXZ

- 187 -

LR O R L




|
|

P T T TR A s e

T T

THE JOHNE HOPKIND UNIVERSITY
APPLIED PHYSICS LABORATORY

BLVER SARING MANYLAND

4, Unequal pitch and yaw moments of lnertia

5. Pure roll torque, 10.

The asyminetries have negligible effect on all portions of
the trajectory except for the reentry phase,

To account for the asymmetries, the equations
given in Section 4, 4 must be modified to the following (see

the gsketch on page 170):

2) (4: 5'1)

Bl w - aril, = L) # Lyo(d = pr) + Loy (b + pa) + L (a” - r
8Ly = m - prlly - 1) + Iy (b4 1a) + o (rf - p®) 4 1y (b = pa) (4 5-2)

Bl e - pally - 1)+ 1xy(p’ - g%+ plh = 14) + 1y b+ pr)  (4,8-3)

! Mpp + FYzc. e " FzYc. " + ‘o (4, 5-4)
mn FZAX + qu - szc. " * mo (4.8=5)
ne- FYAX+Mrr+FXYc.g. +n, (4.5-8)

4,5.1 Effect of Asymmetric Moment

Assuming that only an asymmetric moment (m,
and ng) exists, Eq, (4,5-1) reduces to:

be 2 Mpp . (4.5=17)
Therefore the roll rate decreases slightly under the in-
fluence of viscous damping, Mp. The trim equations

(4 = # = 0) become:

= - l'_
F,aX + qu +my PI‘(IX Iz) . (4.5=8)
'
|
L] = - B -
FeaX + M r+n  =pgly - L) . (4,5-9) |
- 168 - i
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Consgider firet the trim conditions for p = 0, The pitch

¥ damping terms are negligible for this case, and the trim
h equations become;
My
FZ s '-Z—}-{- ' (4.5-10)
(6]
k. no .
; Fy "% (4. 5-11) :
o ;
b 3
: Writing Fy and Fy In terms of o and g (Egs. (4,4-13) :
| to (4, 4-156 ¥) and expressmg mg and n, in coefficient form
' (mg = cm q8d and n, = Cy qu)' .
! Cmo i ﬁ
) do & C éﬁ [} (4. 5“1 2)
» N d i
: n
i
C
t‘l0 1
ﬂo " - C Ax ) (4. B"‘lli) ]
N d :
oy !
The total angle of attack is
1/2
2 2
- [(Cmo) +(Cno) ] Emo
Yo" o &% o X (4.5-14)
N, a N, d

and the plane of @, defined by the direction of F, is given
by the equation:

F C
Yo Ny 'ﬁo
ot Fo e " (4.5-15)
° Z0 mO ao
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g v,
' Y Y :
1 v )
1 g
" F
4 % Fy | %
.} r 1
§ ! : :
oy ¥
4 j
[
. ‘:‘ J
" !
3 Note that for y_ = 0°to 80° B ls -anda is - g
) bl
= = B0°to180° B is+andpis - d
= 180° to 270° B is +andq is + 3
§ = 270° to 360° 8 is - and o is + I
The angle §, also defines the plane of the asym- ‘-fﬁ
metry. That is, for zero roll rate the total angle of .
attack, o, i8 in a plane containing the asymmetry, For : ?
example, if the asymmetry results from a flat spot on b
the body, the flat is located at a circumferential location f}‘\ﬁ
Y =P ory =y, +180° (depending upon the fore and aft lf}g
location of the asymmetry), ( L
i S
_. The effect of roll rate is to modify the muagnitude N
of @ and to cause the total lateral force to be rotated out ‘ II~~
of the plane of the asymmetry, These effects are given : L
by tlie following equations (Ref, 4-6) based on theory B
given in Refs. 4-7 and 4-8, i g
A i
!
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‘1
— omm  Gam ’%
LheSrdnmd -—;;.z;:;a.uﬁmb-.“.i:uuw

_ . 5 Le1/2 ~
‘ A = g_| e | (1 -;\2) +I)2)\2 (4,5-16)
b o
r (]
lf tan Ay = —22 (4,5-17)
L-"
‘ 2
'; A cos &Y = - 2" (4,5-18)
‘ (1 =2%) +Dp%?
A gin Ay = -I?;‘ (4.5-18) i‘!
2 2.2 N
(1-X27) +D°A
T (1) :
mV I'Y IY n
D = (4, 5-20)
i
X i
| Ww 1 = 4
A y
I 1
X
Pyl T o
) 'Y r .
A 3 — (4,5-21) g
Wa wa ;

From Eq. (4,5-16) {t ie apparent that the amplifi-
cation lnictor increases from 1 at A = 0 to a maximum value

S L
[Dz(l - PT) at A =VN1 - -%— and then decreases to 0 [»

at A= ®, Thus, at A greater than about Y2 (depending
upon the value of D), the trim angle of attack is attenuated
by the effects of roll rate, Typical values of D are of
the order of 0 to 0. 2 so that Ay, occurs near )\ = 1 and
Amax ® 1/D. The condition of A =1 s called the pitch-
yaw-roll, or simply the roll resonance condition. Since

I
|
|

. R e L A LIS T = A N T A S gP )
p P 0 T ¥
3 . Ly "




}; THE JOMNS HOPKING UNIVERNITY
it APELIED PHYBICS LABORATORY
BiLvER SPNINA MARYLAND

3 Ix/ly ~ 0.1, the resonance condition ia very close to the
' condition p/wA = 1, Note that near resonance the pitch

f damping term, D, plays a very important roll in limit-
ing o,

The value of D is nlways positive for conditions
(static and dynamic stability) for which Eqs, (4.5-16) and :
(4,6-17) are valid, Therefore,_from Eq, (4,5=17) for ;
positive roll rates the plane of ¢ for a rolling vehicle is §
rotated counterclockwise (A i8 negative) from y,. At
resonance, the plane is rotated 90° from y,: at very high
values of )\, the plane is rotated 180° fromn Yo

Sra S e

——— p

AY 19 NEGATIVE

e AR e A e o e k. o e A e
i -

B i s o -

For example, assume that an angle of attack is
produced by a flap at the aft end of the body as shown in
the sketch on page 173,

S SR e A —_ =

LT T T R T e TRy R S T
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(N}]

. F
At zero roll rate, thig flap produces a +y or a force | = F, ¥
along the -Z axis, As the roll rate increases in a positive Lo
direction, F rotates counterclockwise, At resonance 11

F = FR = Fu/D and is directed along the -Y axis, As the i
roll rate increases further, F continues to rotate coun- A
terclockwlise and decreases in maghitude, In the limit _—
(very high roll rates) F ~ 0 and is directed along the +Z ;
axisg,

To further {llustrate the behavior of Eqs, (4, 5-16) .

and (4,5-17), Fig. 4-13 shows plots of A and Ay as l
functions of X for D = 0 and 0,2, Note that neither A !
T nor Ay changes very rapidly for A from 0 to about 0,5, i
Practically all the change in Ay occurs from )\ = 0, 8 to |

1.4, For X greater than about 1.4, o, is attenuated, l

. The cffect of damping {8 small except near \ =1
where the effect on both A and Ay is large, As the re-
entry body descends through the atmosphere, wp in-
creases, and unless the body ls given a very high spin
rate the resonance condition will occur at least once dur-
ing reentry, If @, were zero, the resonance condition

B
E
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would have no effect on the trajectory, If the only asym-
metry were the asymmetric moments (n, and m_), the '
effect of resonance would normally be minor since p s :
essentinlly constant (changes by viscous damping only) \
and wp would pass through the resonance condition too !
rapid.y to produce significant changes in the trajectory. ‘
i The o would increase somewhat over the a, value, re-

: gulting in corresponding increases in body lift and drag, : A
Y but the time duration would be short, Therefore, the ' A
YR effect of an asymmetric moment, by itself, has negligible i
effect on the trajectory for reasonable values of mg, and . -
noo

- o,

4,5, 2 Offget Center of Gravity ' | ai

The effect on trim conditions of the center of ‘ “:e,
gravity offset (aganin neglectiug Mq) for p = 048 given by: -

[A

F, o Fy & (4,5-42) X

a I C R _r‘ ) ;|:i
Fy bx'Z'icg“ . (4. 5-23) §

e
e s AT g

: ¢ Substituting for Fy, Fy, and F, from Eqs. (4.4-12)
| through (4. 4-15): |

PO W 7Y £ (4. 5-24) O
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_ The effect of roll rate is to modify the magnltude
of & and to change the plane in which it acts in accordance
with Egs. (4,5-18) and (4, 5-17), However, unlike the
aerodynamic agymmetry, the center of gravity offset
affects the roll rate equation (sec Eq, (4,5-4)). The effect
on roll rate {8 illustrated by the sketch,

Fo

LI FAT A=

For zero roll rate, EO is in a plane containing the center N

1 of gravity, and F, acts through the center of pressure

Ky directed away from the center of gravity as shown by ¥q. :

iy However, for a positive roll rate the force vector F is }
‘

rotated counterclockwise from F_ as explained previously,

iy Therefore, F results in a negative roll torque lhat tends

‘ to decrease the roll rate, A similar argument for a nega-

, tive roll rate shows that the center of gravity offset re- '.

‘ sults in a positive roll torque, again tending to drive the : le
|

roll rate toward zero, Therefore, the effect of the center
of gravity offset alone behaves as a roll damping effect

\ and, in fact, must be accounted for when attempting to

g extract C,é‘mm experimental roll rate decay data, For

‘ - 176 -
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reasonable values of the center of gravity ofiset, the
effect on roll rate is small except near resonance wherc

; the roll moment arm is maximum (sec sketch ahove),
! 4,5,3 Combined Asymmetry (5mo and r) ;
| Both the center of gravity offset and asymmetric ;
moment result in minor cffects on the trajectory when
considered separately, However, thls is not the case 4
when the two types ol agymmetry are combined, Using K
the described procedures, the trim angles of attack at K
i . zero roll rate for this case are given by the equations: :
Z g
C + C CO L] .»‘l‘
t‘no A
) '
o, = C 1N (4. 5-27)
4 N ~d ]
2 ;
' K
Yc. . C A
CA - g
= 4. 5'28
ﬁo C AX ( ) j
N d ;
o
;
X _ 9 1/2 .
\ .= =) .Y
'I' o, =l + 30 (4, 5-29) &
~ The direction of F_ is given by the equation 3
; Yc :
1) B, Cno - Gy = t
: cot Y = o= = > . (4.5-30) P
A 0 cl a ll 3
i “Cpy * Gy 5
o |
A I
§
The proper quadrant for ¢, i8 again determined as indi- L
cuted in Section 4,5.1. An important variable for this ;
combined asymmetry is the angle, @, between the plane

of the center of gravity and the plane of o.
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1
b
¥
!, 1
4 h
.?\‘ J
}’ 3
5 'l‘
i) :
i &
rg. \\a
1 4
\'-,;. = - “{
d B=y wc.g. (4.5-31) g
where 4
Yo g j
cot wC. g = > . (4,5-32) o
c. g,
= © -} H : .
wc. . 0° to 90 if Yc. . is + ahd Z’c.g. is +
= 90° to 180° if Y is - and Z is +
c. g c. g,
= 180° to 270° if Y ig -~ and Z is -
c. g, c.g.
= 270° to 360° if Y is + and 2 ig =
c. g, c.g.

It must be agsumed that the center of gravity offset
and moment asymmetries are completely independent
variables so that §, nay have any value, For purposes of
illustrating the significance of @ it is convenienti to con-
sider "in plane' asymmetries (§, = 0° or 180°) and '"'out of
plane' asymmetries (, = 90° or 270°). For the in plane

asymmetry, if §, = 180°, the etfect is the same as that

1 - 177 -
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described previously for the center of gravity offset, If
fo = 0°, the magnitude of the roll rate will increase in-
definitoly (b te always positive) if the initial roll rate is
positive and will always increase negatively if the initial
roll rate is negntive, This case is shown in the sketch,

e

o

At p = 0, I, pasges through the center of gravity,
If the roll rate is initially positiv: P must be counter-
clockwige from Fg as shown, so t.. . a positive roll torque
develops driving p to a larger positive value, Since F
must lie between §  and §, - 180°, the roll torque is
always positive, S?rnilarly, if the initial roll rate is
negative, the roll torque produced by the asymmetries
is always negative,

o T L S T e e 2O

For out of plane asymmetries, the case of §_ = 90°
is sketched for an initial positive roll rate, Let the asym-
metric force be located initially at ¥ (counterclockwise
from F since p is positive). The roll torque is negative
and p decreases, Ior decreasing p, A decreases (assum-
ing wy is constant) and F rotates clockwise. The roll
rate becomes zero when F = F, and then the vehicle begins
to spin up in the negative direction. This process continues

- 178 -«
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until F rotates 90° from ¥ . This point is an equilibrium
roll rate position, since at higher negative roll rates the

; roll torque becomes positive, driving F to a less nega-

vl tive roll rate, This equilibrium roll position also corre-
sponds to the resonance condition, For @, = 270° the same
phenomenon occurs except that the roll torque causes
spin-up to resonance at positive roll rates and therefore
does not spin through zero roll rate,

The potential problems resulting from these com- .
bined agymmetries are;: ;

1
1, Excessive spin rates resulting in structural | :

or payload failures .
2. Prolonged periods of roll resonance resulting L

' in high lateral loads and high drag (structural
: failure and excessive impact dispersion)

3. Spin through zero roll rate resulting in large |
impact errors (see Section 5, 4, 2),

- 179 -
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Both in plane and out of plane components of the
asymmetry cah have digestrous resulta onvehicle perfor-
mance, However, the in plane asymmetries are less
likely to cause difficulty because significant roll torques
are developed only at conditions near resonance, Also,
this type of asymmetry cannot produce the problem of
spin through vero.

4,5, 4 Effect of Combined Asymmetries on Roll Rate

All the potential problems resulting from a com-
bination of asymmoetric moment and center of gravity off«
set listed in Section 4,5, 3 exist because of changes in
roll rate during reentry, In this section we will consider
the roll behavior in more detail.

If Iy = I, and if the products of inertia are zero,
the roll acceleration (Eq, (4, 5. 1) becoines:

Mp+F 2z _ -F Y )

peb ¥ £ ZCg 2,  (4,5-39)
X

Neglecting the roll damping and pure roll torque terms
and expressing the numerator in terms of F, r, and 0:

poofremnd (4, 5-34)
X
Since F = C aSa, Eq, (4.5-34) may be written:
o
-Cy 9Sor sin ,
p a2 . (4,5-35) 1
X
The roll acceleration may be written as a product of two l
terms:
p= Gbo (4,5-36) '
max
- 180 - “
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1 where E
f - |
G=~=ginf=-Asgind (4. 5=37) '
,1 Oio
CNaanol‘
b SR SR (4.5-38)
i ®max Ix 3

-
IS LI et

The G term contains the effects of roll rate and ¢0; the

Boyqx t8TM contains the body geometry, environmental,

| and basic asymmetry terms, Note that bomax i=g the .:.ﬁ

positive roll accelelation that would exist for zerc roll

. rate if the plane of o, were normal to the center of gravity
o plane (that is, 9, = 270°), Since § = @, + Ay, Eq., (4,5-37) :
3 may be written: e

G = -A cos AP (sin ¢o + cos ¢o tan Ay) , (4.5-39)

Substituting for tan Ay and A cos Ay from Egs, (4, 5-17)
and (4, 5-18), Eq. (4,5-39) becomes;

| ) D\ cos §_ - (1 - \%) sin P,

3 G = ' (4,5-40) :

2

(1 -2%) +D%?

We will define p = 0 as the roll equilibrium condition. For

this condition either b, or G must be zero, For a
max _

reentry body in_the sensible atmosphere (q # 0), ﬁomg.x

is zero only if &, or r is zero, Generally, neither o

nor r is zero and the roll rate of a reentry body having

combined asymmetries will vary until G = 0, Defining

Ae 88 the value of X at G =0, from Eq. (4. 5-10), Ag = *=,

or A\, must satisfy the equation:

!

- 181 =
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tan @ —]3-‘?— (4. 5-41)
a o 2 .

1=, .

Equation (4. 5-41) may be solved for xe:

2
-D cot (Do :l:\[(D cot (DO) + 4

o
\
v
!

3 .
i For very large values of D cot @, (§, ~ 0° or 180°): ﬁ
1 A" 0. (4.5-43) !
k For very small values of D cot P (#, ~90° or 270°): ;
D D -
k >‘e 5] - T cot Do or (1 + T cot QO) , (4,5-=44) =

i3 Equation (4, 5-42) is plotted as a function of D cot @4 in
, Fig., 4-14,

] The roll equilibrium condition, A5, may be stable
_ F or unstable; that is, if the roll rate is changed slightly,

. A changes slightly from A,. If the roll torque developed
at A tends to drive X back to A\, the equilibrium condi-
tion is stable; if the roll torque developed tends to drive
A away from )‘e' the condition {8 unstable, The A\ condi-

e e el Sl e -

‘ tion is stable if (dG/d))y is negative and unstable if l,
e 1 U‘
(dG/d))y is positive, It may be shown that dG/d) is ; l:'q
o .
given by: i ‘3
tw%
b
ag Doond [1+2-0Ha-n!] vanang [0 -0 nd -] ,_s;i
o f > v (4,5-40) : P
[0 2% + 2] i
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Therefore, the condition for ), stability is that:

S

2 F(A, D)> tan §_ (4, 5-46)

3’ where

; ) 2, .2 1
‘ F(\ D= oY o (2-D )5‘ 411 . (4, 5-47) |
i afmé -+ a0

I . d

[ ' eg

L For in plane asymmetries the condition for stability re- e

v duces to:

E E

i N

i cos (DOII +(2 - Dz) )\2 - 3)\4 ] <0 . (4, 5-48) i

1 Since X = 0, the condition {s stable for B = 180° and un- B

stable for ¢o = 0°, s

y
" q For out of plane agymmetries, the condition for [ {
o stability reduces to: ;
] _
.I ' ~-'q
C sin 8 x [(0% - 1)+ 2 -2%] <0 . (4. 5-49) .

£ o it

Since A, = 41, the condition is unstable for Ay = +1 and -
q)o = 90° or Ay = -1 and c)o = 270°; the condition is stable [

for Ag = +1 and Py = 270° or Ae = -1 and ¢o = 90°, |

i

Another characteristic of interest is the maximum "
values of G, The term maximum is used to mean either a
positive or negative maximum. Maximum values occur
at values of )\ obtained by setting the numerator of Eq.
(4.5-45) to zero giving the expression: ‘

tan ¢° = F(\, D) , (4. 5-50)

For §, = 0° or 180°, neglecting terms smaller N
than Dz, Eq. (4.5-50) may be solved for values of A and i
G giving the result:

max '
- 183 - 1
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2
; A= H1 - ) (4,5-51)
n From Eq, (4,5-40): |
b :
" 2
;i 1+ —1]267) coa 0”
| G e " E =5 . (4,5-52) .
: n l - :5
5 Therefore, at A m+ 1 Gmax = 5 for 00 0° ]
_ . ]
i >\~"1 Gmax~-5f0r¢c—o° ;
| ».
A+l Gmax“ BfOr ¢O 180° Ny
1 ) . -
Am=1 G w~ fforf -180° -

For @, = 80° or 270°, Eq., (4,5-50) may be solved P
for ), giving the following equation: ,

A=:\T£D (4.553) R

From Eq. (4.5-40): o :

P o WY T FT X

sin §_ 5

= . . -3 |

Shax © ¥ BT D) (4.5-34) A

The value of G 1is the same for A, The * sign in Eq, ; s}

(4. 5-54) corresponds to the #D term in Eq. (4.5-53), o

Therefore for §, = 90°, G, . s~1/2Datx = £V1+ D, ‘ »

and Gy~ - 172D at X = 5 ¥ 1 =D, For @, = 270°,

+ ¥ 1 -D, Notethat, for a givenag and r (i.e,, i
bomax)‘ the potential : o1l lorque for an in plane asymme- X ‘

try is approximately twice that of the out of plane asym- l‘

metry, '

!
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For the general value of @, the maximum valucs ?
1 of G may be obtalned from a plot of F(\, D), Sihce
F . F(=), D) = -=F(\, D), it is necessary to plot only the +\
! valuea of the function, The maximum values of G for .;
) - +) are obtained at F(), 1)) » tan ¢o; the valuesg of -)\ are '
obtained at F(x, D) = = tan @,.

A summary of the characteristics of G is given
in the table for in plane and out of plane asymmetrieas,

! 4
! ', o yer LB 270 i
: i
Onux A umnx A Oax A anx A Q
Ponitive 2 1
D ] A
- - 1) s
Gmu L/D 1 T 1/12p sy 14D 1/D h—r 172D tVi i
oy
: Negative o? D" L
o - - al /4 » - - N +D i
. Clm" Hn I~ 1/2b :Vl 7] /D 1 T 12D t Y1 i
i !
Ay 0 ! 1] £l :
\ Unatable at ¢ . Stable ot +1
} A, Stubility Unstable Stable at -1 Stable Unstable xt =1

i Typical plots of G versus X for D = 0,2 are
shown for @, = 0°, 46°, and 90° in Fig. 4-15, The values
' of G ata given )\ for @, =180° and 270° are the negatives -
o of the values for ¥, = 0° and 90°, respectively. Note that by
for in plane asymmetries the roll torque {from combined '

, asymmetries is small except for a narrow band of X in
= the vicinity of #1 (i. e., near resonance conditions), How-
A ever, for out of plane asymmetries the roll torque may :
be appreciable for all values of A between about -1, 5 to '-
;o 1.5 except at A = %l. ‘

s
PERED- R S

4-16, Using Eq. (4,5-50) as the condition for Gu,, 4, note
that, except for small values of @, (less than ., = 45°),

all values of G, o tend to be near A = Oor A = 1, Fur-
thermore the magnitude of G, . tends to be small when
it occurs at values of ) other ?han w1, For example,

the maxima for @, = 45° or F(A, D) = 1 are shown in Fig.

. f
i The function F(\, D) is shown for D = 0, 2 in Fig. ]r“
|

e et
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4-16 to occurat\ = 0,12, 0,74, and 1,08, From Iig,
4-15 the corresponding values of Gy, are -0.7, -0,9,
and 4,1, respectively,

4,5.5 Roll Resonance

One of the potential problems resulting from asym-
metries is prolonged periods of roll resonance. During
this period the angle of attack increases, resulting {n large
: lateral acceleration and high drag, If the resonance
¥ occurs during the heating portion of the trajectory, the
¥ problem may be amplified by distortion resulting from
iy asymmetric heating sihce at & one ray along the body re-
meains on the windward side of the body and is heated more
than a corresponding ray on the leeward side,

L In this section we will consider conditloans under

! E which prolonged periods of resonance may occur., The

: term "lock~in' will be used to describe a roll history in

21 which p, tends to follow wp 80 that X\ ~ conatant, That is,
bplthp = 1. It should be noted that this does not neces-

£ sarily imply that resonance (\ = £1) exists, However,
asymmetries are usually small enough that roll amplificn=
tion (s required to cause significant changes in roll rate
and the necessary amplification can occur only for condi«
tions at or near resonance,

Typical values of 1'0ll rate at reentry are 1 to 2 Hz,
: and the static margin typically i8 3% to 4% of body length,
4 For these conditions, the peak value of wp i8 much greater
' than pg 8o that A = 1 will occur at least once during re-
entry. If the range is short enough or the reentry angle
shallow enough, the resonance condition may occur a sec-
ond time, ag shown in the sketch on page 187,
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FIRST ECOND
RESO?;JANCE %ESONANCE

A vehicle having no roll torque would exhibit a re-
duced roll rate (p,) trace shown by 1. The roll rate would
pasa through "first" and ''second" resonance without inci-
dent, However, if asymmetries exist, the roll rate may
lock-in on wp a8 shown by 2 through 5. Curve 2 is typical
of the case of large asymmetries that exist early in the
reentry phase, [n this case lock-in may occur at ''first"
resonance, In the more usual case, asymmetries develop
as a result of the heating environment so that ''spin-up"
(cases 3 and 4) or "spin~down'' (case 5) occurs after ''first"
resonance. For cases 3 and 4 the angle @, is between 180°
and 360° so that "spin up' occurs; for case 5, @_is between
0° and 180° so that ""spin down'' occurs, Cases % and 4 indi-
cate that p may lock-in to wy (case 4) or may cut through
the wy curve (case 3),

The roll lock~in conditions are the same whether
the vehicle has poaitive or negative roll rate at reentry,

- 187 ~
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To simplify the presentation, only positive roll rate will
be considered in the remainder of this discussion.

If the reduced roll acceleration (p,.), produced by
asymmetries, is equal to or greater than {,, lock-in
may occur, In equation form, lock=in may occur when:

b1 (4, 5=55) |
“a
X
,/ S
Y

Using Eqs. (4,4-37) and (4. 3-18), it may be shown that
u‘JA is given by the equation (neglecting variations in tem-
perature with altitude):

3 1/2
C,.. AXm sin" ¥

N .:E
. “V 2 - o (1 ‘K) K , (4.5"'56)

B ~3 K
8 CAIYH e

el A et U T T i - i b R B i .-

L

Using Eqs. (4,3-8), (4.5-36), and (4,5-38), b is given by
the equation:

D e W R w3 oSS

-GV 2m siny C
E Na - K
b= — Q= . (4.5=57)
2IXHCA o eK ..

Therefore, lock-in may occur if the following inequality
is satisfied:

1/2

. -C aX I, I siny 1 - Kg
a 3G 55 5 ; — (4,5=58)
N, md® (1_}5) VKg
y\" I

Equation (4. 5-58) may be simplified turther by noting that,
for a given altitude (or given value of K), the minimum

- 188 -
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asymmetry that may result in lock-in is given by Ea.
(4,5-58) for G = Gy If trim conditions are realized
(see Section 4,5, 13‘, then G, 18 given approximately by
(see Eqa, (4.5-52) and (4. 5-5‘3‘)):

G___=k/D (4.5-59)
max

s -
3 a where k has the following values: 1
) . K
e 0° 1 1 g
.| 90° 1 +-12?- 0.5
o D
i 90° 1 -3 =0.5
N 2 , :
b 180° 1 -l o
P
2700 1 +2 =05 .
© D I
2170 1 -3 0.5 =
L
Using.Eq. (4,5-20) and the definitions of F, and Mg, an ‘ 3
expression for D is: P
sin 1/2 .
= - __:.__l__- -3 3
D [k1 Cmq] [20 AX, H] K (4.5-60) ¥
AT 1 d ¥

where s
I 1 B
k =Cy (1= 25 p
' o Y md E.
'
Substituting Eqs, (4.5-598) and (4, 5-80) into (4. 5-58), and ! ’,;f
noting from previous discussions that G 4, OcCurs near L
the resonance condition for in plane or out of plane asym- r)
metries: |
(1-Kg) l {

hnad I‘ - R 2 - R
@ 3* Fy—%— (4. 5-61) “
"
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where

-(I,/1,,) siny 4
§ x'ly
F s - ) [kl i cqu (4. 5-62)

H X
ZCN T (1 "
v Y

and KR is the value of K at the resonance condition.

The general behavior of Eq. (4.5-61) {8 shown in
the sketch,

(@3 MAXIMUM g

k MUST BE (+) -—&i-—-v- K MUST BE (=}

I
l
|

!
LOCK-IN POSSIBLE

s et mnes wa— ——— — A, . p—

i
LOCKAN LOCK:IN

|
|
l
|
I

NOT POuSIBLE NOT POSSIBLE
i | -:'
l h A L K n
0 K, | Ky Ka
AEENTRY v
|
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Following reentry (K = 0), assume that resonance (G »
Gmax) occurs at an altitude where Ky = Ky, If 77-0 r/d =

(EO x'/d)l, lock-in is likely to occur at first resonance pro-
vided k > 0 and lock-in will continue at least to K = 1 unless
dynomic effects (roll rate and n oscillations) or roll damp-
ing effects (see Scction 4, 5, 6) cause "break out, "' Break
out will occur at K = 1 unless 9, is such that p and
therefore G change sign near A =1, Therefore, from
Fig., 4-15, break out will occur at Ky =1 for in plane
asymmetry (8, = 0° or 180°) but may not occur for out of
plane asymmetries (§, = 90°or 270°), Break out would
occur, however, cven for the out of plane asymmetry

at K3. To be assured of freedom from lock in at all
conditicas:

296, o (53
c){od aodl ° 'yodz’

whichever is the more restrictive, The subscript 2 re-
fers to the second resonance condition.

Neglecting a change in roll rate during reentry, it

may be shown that |1 - Kp| = |1 - K;|. Since the slope

of the @ r/d curve for K = 0 to 1 is the negative of the
slope for K > 1, the (o r/d), limit is always the more
restrictive condition. Therefore, {from the resonance
standpoint, it is desirable to select a low value of Py 80
that first resonance occurs at as high an altitude as possi-
ble. The maximum asymmetry allowable is obtained by
evaluating Eq. (4,5-61) at K = 0 so that to avoid lock in;

F1
<= (4. 5-63)

fo¥ 2

%

In Eq. (4,5-61), the asymmetries are given in
terms of @ and r, The anymmetric moment coefficient
is a better parameter for some purposes since the moment
coefficient is a direct function of the asymmetry whereas
&, depends also upon Cy  and vehicle stability (AX). The

components of a are shown in the sketch on page 192,
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CABE FOR ¢ = 90° 18 SHOWN

The component of a, resulting from the center of gravity
oifset 18 always directed away from the center of gravity,
whereas the component resulting from asymmetric mo-

ments may be in any plane. The components of @ are
(see Eqgs. (4,5-27), (4.5-28), and (4, 5-29)):

(4, 5-64)

r
3 } Ca 3
0 h AX
c.g Cy 3

-9 (4. 5-65)

N
T =\/c 2,c 2 | (4. 5-66)
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For ¢o = 0°, EOM must be directed toward the center os

gravity and agy, >, g Then:

—_ r
‘ 5 _ Cmo B CA d :
’ s s ———————— N - K
.2_ ao o 9_}_(_ (4 5 67) |
N d
H (43 ¥,
: 1 ﬁ
. For ¢ = 180"
! E
; _ . .'
- _ cmo ¥ c"A d E
. i 5 ‘
o, -——-—-—--——-C aX ‘ (4,5-68) ;
N d
o
For 00 = 90° or 270°%
5 L_1f2
f T r “
5 To Cad 4.5-69 :
“o’\ﬁi \o. =X - e r;
; N d N d i
il o o
) ( = - _AOY is o - J
: Usually, %o, g. << oo 89 that Eq. (4.5-69) is given ap k
3 proximately by the mxpression:
*‘ T 2
i o = mo 1 - .1.. ..SA— E (4, 5-70) {Is
% AX 2\z d : : g
N a m i
1 0 . o
. Y
) - b
E; ' Substituting for o Ea. (4. 5-81) becomes: (\
2 S fovouc /L. 4,5-T1 i
1 Fpa<Fodm % (4.5-71) }
y 2.
1 )
Y - 193 - |i
x
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where
i C
= r __ATr )
FA -Cm a‘ 1 :——-—-a- fer 00- (e
o} C
m
0]

¢ - C -
| Tk AT )
. =T, zlt+== | forp_ =180 (4, 5-172)
; ‘o C

S m_

o

: - 2
! C
g T L) - AE for § = 90° or 270°,
0 m d 2y = d o]
g o (o
; m
i -~ o]
¥ _ )
! F2 CN F1 . (4,5-73)
3 o X
] The limitirz asymmetry values may be obtained 4

for any in plane or out of plane asymmetry using Eq. 1
(4, 5-71) with the appropriate value of k given in the -
table in Section 4.5.5, Note however that (1 - Ky}/k must )
be positive, P

; The possibilities for lock-in nre shown using the
‘ roli amplification diagrams ghown c.a page 195,

At recentry, for a positive roll, A ~+ » so that
G - 0 and the roll rate remeins constant, As the altitude
! decreases, W, increases and therefore )\ decreuses, As
A -1, G is no longer negligible and, if the p,, produced at
points & (@y = 0°, 90°, or 270°) is equal to or greater
than c'oA, lock~-in may oc.ur at some value of )\ between
a and b where G is just large enough to satisfy Eq,
(4.5-55), As the maxir um dynamic pressure (K - 1) is
approached, &, decreases, becoming zero at K =1, and
then it becomes negative, As a result p must reverse
sign if lock~-in continues., Neither the {Do = 0° nor ¢o = 90°
asymmetry case can produce the p characteristics required

[
r 1]
"J'.
W
4
1
L'.
Al
f!
:
t
t
a
A
!

]
b

N PP 15 e i Nyt D e w e

[
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(-]
AMPLFICATION FACTOR

T
L0 -

LS

RATIO OF REDUCED ROLL AATE
TO PITCH FREQUENCY

—— a8 o

¢.-1|o _____ KN

to satisfy the @, variation, and lock~in cannot be main-
tained at K > 1, However, lock-in may continue to exist
for @4 = 270° until the negative p required for lock~in is
greater than that given by point c. For the §, = 180° case,
lock~-in cannot occur since k (or Gp,p4) i8 <0, The ve-
hicle would pass through first resonance with a slight re=
duction in roll rate, Botih p and &, tend to cause a rapid
transit (both effects tend to reduce )\) through the reso-
nance condition. As w, increases, ) decreases to some
low value and p remains nearly constant., However as

w, decrenses at K> 1, ) increases, Lock=-in at this
time (second resonance) requires a negative p and may
occur between points b and c if p at c is large enough,
For P, = 90°, the shape of the G curve is such that lock-in
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‘ could occur at second resonance between b and c¢. How-

] ever, if the torque at c¢ is large enough to cause lock-in I
: and i{f the asymmetry existed at reentry, then lock-~in
would have occurred between a and b at first resonance,
and A would never be less than 1 + D, Therefore lock-

in at second resonance would not occur, If, on the other
hand, the asymmetry developed during reentry and after
first resonance, then second resonance lock~in for @, =
80° is possible,

Note that lock-in may ocecur only when dG/d\ is >
negative gince, for positive slopes, )\ is unstable for - ]
reasons discussed for A, stability in Section 4, 5, 4. L

The most restrictive limitation occurs for first ~' B
resonance lock=-in with the in plane asymmetry with o
fo = 0\ For this case, with first resonance near K = 0,
if lock~-in i® to be avoided:

C
r A r AX

‘ d -
‘. Cm - . 5
5y o l ‘ 3
3 C ' B
A For _—-—A -;-« 1; '

. C

v m

; o .

2 = o AX .

(s}

From Eqs. (4.5-62), (4.5-73), and (4,5-75), note
that the allowable agymmetry is governed by the following
parameters;

e e P R B T RO A L R L R I ¢ e e 1 e e e, e s
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] '
. Cmor to avold lock=~in
Paramaeter Related Factor . tends to be low for:
Vehicle stability marglin AX/d Small ax/d
Resonance altitude 1 -Kg KR -1
i Plane of asymnmetries k 0¢ or 180° (compared to 90* or R
! 270¢) S
| . Aerodynamic coeffiaients CN and Cm Low CN and C §
a q ] a oG
; . Type of trajectory siny Low y {shallow reentry angles)
Atmosphere H High H
: Vohicle slenderness [xlIY and (.mq Low IX“Y and Cmq
Mass distribution factor IY/md2 Low lYlmd2
Vehicle size d Low d

Since there are so many variables, it is not possi~-
ble to present generalized curves of allowable asymmetry,
However several observations are noteworthy, Consider
a family of bodles differing only by a scale factor. Values
of CN,» Cmq. Iy /1y, and IY/md2 will be approximately the

same for all bodies, If it is further specified that all !
bodies have the saine stability margin (same AX/d),then
for a given atmosphere and trajectory, Eqgs, (4.5-62),
(4, 5-73), and (4.5-75) show that the allowable Cmor is

proportional to d2, Therefore, small bodies may be par- o
ticularly sensitive to mass and aerodynamic agymmetries.

- Note also that for a given allowable F, the allowahle
Cmo (Eq, 4.5-72) has a minimum value for 01; = 0 009 or

N
270°, For P, = 0°, the minimum occurs at: L
|
C
r.l
d 2
s

m M
2 !
T, \
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and the minimum Em is given by:
o

: 11/2
= . &X .
Cmo<2 CAT Fz(l -KR) ‘ (4.5=-76)

For Q)o = 00° or 270°, the minimum occurs at:
T o

; m ‘
Vi Lo BT = (4.5-17) :
L a. CA B

and the minimum value is given by:

Sv {‘ - AX 1/2 Sty
Cl'no<2'29[CA -a—- FZ (1 -KR) . (4. 5-18) :j

s Therefore for a fixed value of F the minimum value for
Cmo for an out of plane agymmetry is about 15% greater

b than that for an in plane asymmetry.
! i

: 4,5.6 Effect on Lock-in of Roll Damping and Pure
g Roll Torque

r« The roll damping, M,, and pure agsymmetric roll

' torque, £, terms in Eq, (4.5-33) are usually negligible.

s However, under some conditions these terms could be

y significant, For example, at usual roll rates M, is small,
but if lock-in occurs and drives the roll rate to high values,
M,, may become a significant torque and may, in fact,
break the lock-in condition,

Rewriting Eq. (4. 5-38) to include the Mp and £
terms;:
pb=G'p (4.5-179)

Q
max
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; where
G'=G+G +G,. (4,5-80)
The amplification factor G is defined by Eq, (4.5=37), The )
o factor G; is defined by the equation: . ?
i i
o Mop !
i o Y = ~ o
o G, _FP_IX N (4,5~81) .
i ! i max Y
Tk A
c, & 3
o P ‘
A C. a =
0t N ao d ;
X o E
& b
. Using Eq, (4,5-21) to eliminate p: = 3‘
. w, dA S
; C! .—..—..é—— : ‘
L p V Ix 1.
I G, = Y o
S R &
N od g ,“
: o
;
and using Eq, (4, 3-23) for Wyt . 7
| 1/2 Cl 'l k
It ! - [
b G = | QXK sinZ) T _Py gy, (4.5-82) B
9 1 ZHCAkl &- r ‘l
1 - od \'._'r
The value of a is always negative, Therefore if
_ the G curve is drawn, the G' = G + Gy (assuming Gy = 0)

) valiies are the ordinates measured from a A axis which
N is rotated counterclockwise through an angle, ¢, where:

tan € =a , (4,5-83)




- S

-

v

THE JOHNS HOPKINE UNIVEREITY
APPLIED PHYSICS LARDRATORY
BILVER BPAING MARYLANG

B Ty

T

A e e o 8 e o s 3 e

e

i Y CTU NG I WY

Similarly:

I

0

“ o “ 0 . (4, 5-84)

Q
0o
x’—‘
%
(@]
R
o

. .

P e T i s _riim A -

If G; = 0, the values of G' = G + G, are the ordinates of
‘ the G curve measured from a )\ axis that is shifted by
-C

£

as sketched (for a negative value of

an amount

-

-

Cy %3

o i'

C, ).
(o]
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Suppose an in plane asymmetry exists and Eo and
r/d are such that an amplification factor, G = Gy (see Eq.
(4,5-58)), could result in a lock-in condition at first reso-
nance if Cy, =0, Lock-in may then occur at point A in
the sketch,
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However, suppose Czp # 0 so that € for resonance at the

initial roll rate is given by €y, The resonance condition
then is obtained by drawing the line BC as shown, giving

a lock~in condition at B, As resonance continues, K in-
creases and therefore € increases, If € exceeds the
value shown by €5, the torque required to sustain reso-
nance is unavailable and break out occurs,

Using Egs, (4,5-58) and (4.5-60), ahd noting that
G -G
—max R
A
Gmax
damping will cause break out when the following inhequality
is satisfied;

tan € = R Gm - GR’ it may be shown that roll

AxX

k X
C, 2 - Ca—7T\"%

- r

2(H/d)CAklcyO-d- 1 (1 ~K

lp [kl -C ]sm(-y) Kr
Mg

R). (4.5-85)

md R

Roll damping tends to decrease the possibility of
lock~in at first resonance and, if lock~in occurs, tends
to increase the possibility of break out, The opposite ef-
fects occur at second resgonance.

When C,  exists (but not C, ), lock-in cannot exist
unless P :

Using Eqgs. (4.5-58) and (4. 5-60), lock-in cannot occur at
first resonance if Cy has a sign opposite to that of the initial
roll rate and a magn?tude given by the following inequality:
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: - v

¥ a0 = a.{l ~K.) ]
(

] where 12 KH >0

1l & :

S C. k AX H

3 N 2C k, =

i 1k =C sin (=) _ '

AX
..IE. Cp = Ky sin ()
I

., a ' (4.6-88)
| 2 1y ( Ix)2 1
-] 9
Y

If the sign of Clo is the same as that of the initial
roll rate, the effect of CIO s to increase the probability
of lock=~in; if C‘o and pp have opposite signs, the effect is
to decrease the probability of lock~in,

4.5.7 Spin Through Zero Roll Rate

In the previous sections, the problem of roll reso-
nance was considered, A second problem resulting from
variations of roll rate during reentry occurs when the roll
rate becomes equal to or passes through zero, Whenp =0
and an asymmetry, 0, exists, the lateral acceleration
resulting from a, ls fixed in space and the missile moves
off course in the direction of Fj, The impact dispersion
produced may be much larger than that required for satis-
factory performance, In this section we will consider the

conditions for which spin through zero may occur, %‘
Referring to curve 5 in the first sketch in Section ' q

4,5,5, spin down through zero roll rate may occur when | ‘!
- 203 - i
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an out of plane component of asyminetry exiets and is in a
direction to reduce the magnitude of the roll rate. There-
fore, one condition for p = 0 is that 180° > @, >0°, The
sccond condition is that the magnitule of p is la: ge enough
to result in p = 0 prior to impnet,

For the asymmetries of interest in this problem,
the vehicle usually passes through first resonance with
little change In roll rate so thit most of the change in roll
rate occurs at A near zero so that roll amplification ig
negligible, The roll acceleration, then, ls given by Ka,
(4, 5-35)

-CquS o, r sin (Do

b = 7 ) (4. 5-89)
X

For very smnil angles of attack (Ea):

JLdy ., Sa®
X g dt w
Therefore:
- rm dv o
qSH -E':-A-’ ai- . (4- 0'90)

Substituting Bq. (4. 5-90) into (4, 5-89):

CN & T sin 00

g;ch °‘I Cﬁ d_‘t’ . (4, 5-01)
X A

If p and V ace assumed to be the only dependent varia-
bles, Eq, (4.5-91) may be integrated to give:

C.. g T
C ao sin¢°

Noz N4
p.pl‘—[_\pa — mv_‘( ‘__-1). (4.5-92)
15 CAIX E VE
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Substituting for V/V,, using Eq. (4, 3-5):

CNO{NO = sin @ ' k)2
Ap = - 5 —(—li(l -c ), (4.5-43)
Cl\ (Ix/md )

L
1

I{! |Ap| > pp at K = K¢y spin through zero will oceur prior
to impact, 1‘?‘l‘hc‘ al*xtud«. (or K} at which zero roll rate
occurs may be obtnined from Eq, (4.5-93):

X
-K/2 pECA md2
e =1 - v — (4, 5=04)
- I 9
C:N "o d - sin ¢
o
or
I
X
PeCa "
K==2m]1l - v . (4,5~95)
C.a =L sy
N "od d 0

o

The minimuin asyminetries which may causc zero roll rate
occur for @, =980° Four this case, Ea, (4,5-95) mav be
written in terms of the moment coefficient using Ea, (4.5-70):

I A

X AX
PrCa 2T )

K=-2m{l - ( 98)
= si@[lnl(CA _)H
m d d 2\ = d
o} C
m
Q

If spin through zero is to be avoided for the entire trajec-
tory, Egs, (4.5-95) and (4. 5-906) indicate that the following
inequalities must be satisfied:
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”l 1
3 Pt Iy Cp
: . VE ma® Cn
o = (4.5-07)
od L ( PS. L. ) :
' XP \ 28 sin
or interms of C :
o
Py Ix ax ‘
_—C 2 2a
C 2 v A 2 4 :
= r 1 A r E md |
\ 0 C_ L - ex ( S. L, )
o P\33 sln y
Using the aszsuinptions listed in Section 4.5.5, page 197,
note tha. the allowable Em r is proportional to d¢, There-
o
5 fore, as ir. the case of the roll resonance problem, small
vehicles are particularly susceptible to the spin through
zero problem, : g
The probability of encountering the spin through ‘ %

zero problem on a given vehicie is highly dependent upon
the missile-to-missile variation in 00. If the asymmetries
are such that f_ is always 90°, and if &, r/d always ex~
ceeds the value given by Eq. (4.5-97), then all the mis-
siles will spin through zero. On the other hand, if @,
always lies between 180° and 360°, the probability of en~-
countering spin through zero is zero regardless of the
value of @, r/d. If the missile-to-missile variation in @,
is random, the probability of encountering spin through
zero is given by:

P-A
”
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where A is an angle between 0 and #/2 radians defined by:

(&'o r/d)

1 min

A = cos —
a r/d
0

and (&, r/d)y,;, i8 the value of &, r/d given by Eq, (4,5-97),

For this assumption, the probability of encountering spin
through zero varies from 0 at &y r/d = (o, r/d)min to 50%

at &g r/d» (&g r/d)y

4,5, 8 Effect on Products of Inertia

The products of inertia are defined by the following

equations:
lyy "TMX Y, (4.5-99)
IXZ ==EmiXizi (4.5-100)
Iy, =ImY 2 (4.5-101)

The Iy term is negligible for most reentry bodies and is
omitted from this analysis. If Iyy and Iy, are not zero,
the principal axes pass through the center of gravity but
are rotated through an angle § measured clockwise from
the body centerline, For small asymmetries, the rotation
angles are (for Iy = Iz):

8 =X (4.5-102)

PR — Y/ (4.5-103)
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sl 8 =48 .“+8 (4.5-104)

where 613 is a rotation about the Z axis and 60: is a rotation

about the Y axis,

Consider a mass asymmetry in which Iz = 0 but i
Iyy # 0, as illustrated by the sketch, : 1

iR &

Assume the vehicle {8 symmetrical except for two small
masses, my, located at (Xy, Y;)and (-X;, -Y1) so that
Ixy = 2m1X1Y,. If the missile is now rotated about the oM
X axis, the centrifugal force acting on each my produces
a yawing moment ahout the Z axis.

El e~ L elen, . - .
it S {7 5 e e i e A MR Lt i

o

Returning to the case where Ixy £ 0, I #0, and R .'.:;

the mass asymmetry forces are much greater}gﬁan the "y

aerodynamic forces (A - ), and retaining only the larger . s

asymmetry terms (p is moderately large but lyv, Ixz, S

q, r, b, 4§, and tarc assumed to be sufficiently small l\’

that the square or product of two small terms may be v

neglected) of Egs, (4.5-1), (4,5-2), and (4,56-3), the "
equations of motion become:
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b=0
I
Q=rwg-p2-%<-zi
Y
2 Ixy
P =aqu +p =
g IY

I
where @ =p(1--§).
4 Iy

Ditferentiating Eq, (4.5-106):

TR f"
ng

Using Eqgs, (4,6-107) and (4, 5-108);

i v 2 g 1
q w q = w ‘p Sn————— .
g T T

The solution to this differential equation is:

|
qg=C sinwgt+c XX

1 2 -1

Y X

= C w_cos t-C sin i,
4 ¢ wg w w

1 27g g

From Eqs. (4.5-106) and (4.5-111):

vz
Iy - Ik

rs= 01 cos wgt - C2 stnwgt-t-p
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From Eqs, (4,5-110) and (4, 5-112):

I 2 I ¢

(2o 2] o (o2 ve e
Y X Y X
Therefore, the g ~ r plot is a circle of radius Clz + C22

4

| Pt 'xz 5
i with center at q = p Ty r=p A In other words, e
£ Y X Y X . %1
the telemetry traces for a body having nonzero Iy and Iye s E

IXY 'f

show a q which oscillates about the value q = p o1

23 Y X o
o IXZ ‘!
o5 and an r which oscillates about r = p . The con= _
N S I.Y - IX i ?
}. stants Cy and C, may be evaluated from given conditions e
! att =0, 3
c:‘1 = Pi_ -p ————-—-—I . N (4. 5“113) |

Y X ;

I .

';, C,=q =-pr—==— . (4.5-114) "
,‘ 2 i IY x .
;_a i
i Equations (4. 5-113) and (4, 5-114) may be used to )
evaluate Iy y and Iy, from flight test data if p, g, and r E:
are known accurately. L

In space, where the aerodynamic forces are zero, |

Ry

the principal X uxis moves along a cone., The wone half-
angle is given by the equation (see Eq, 4, 4-23):

Cl2 + C22 v
il i (4, 5~115)

S

—t

tan @ =

R SN B T I B S AT B e

- —
[ -
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The period of the rotation about the space cone is given by
Eq, {4.4-25). Since the body centerline rolls around the
principal axis, the angle of attack oscillate: with a rela- {
tively long period (rg) and a peak-to-peak ampi.cude of 2 "
with a superimposed short period (1/p) oscillation with
peak~to-peak amplitude of 26.

The constant shift ih q and/or r resultihg from .lf‘

r;._‘.

£ nonzero products of inertia may be interpreted in terms A
H of angle of attack using the following equations (see Ref. k
; 4-9). :
| EETE }-(1" : (4,5-116)
{ P ¢y "% '
" xz

o H (40 5"11 7)

r

G, === -
b » l.Y IX

. , When the missile descends to altitudes where the

: aerodynamic forces are no longer negligible, agsuming

B that o, and B, may exist as well as ag and 8y, the total

[T JNC IR S0y

angle of attack is given by the equation (see Ref, 4-9): 3
‘ 1/2 i
‘ - 2, 2 2 |2 o
, la = Al (B + A ﬁb) +lag AT (4,5-118) | 3
where A is defined by Eq, (4,5-16), The direction of the !
: trim force is defined by the equation: ]
b=y, Oy (4,5-119)
.
where L
[
o (4. %-120) E
——— . B-1c LN
tan tpo = oy =
o]
ifa and g £ 0,
'z
tan l,bo o (4,5-121)
XY
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ifa =8 =0, and

i

2 1

n a +tA a - - & :
| Ay = tan"H{ =2 5 8 —tan1< mz)-tanlﬁ-‘i |
g do * AF By e 0 i
i
| or (4.5-122) i
|
A 4
f Ay = - tan"! ( D"z ) g
1 =-A

if either ao and po or aa and 36 = 0,

3 The proper quadrant for y, may be obtained from

' tie signs of the numerator and denominator in Eq. (4. 5-120),
For oy * B = 0, the trim angle of attack is just that result-
ing from products of inertia.

e T L B S P

Let

ST

Eb = \‘a62+ﬁ62 (4.5-123)

Then, the amplification factor in terms of EO is given by:

-

Amplification factor =

-

%

=LA (4, 5-124)
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The amplification factor 18 zero st A\ = 0, has the same
amplification as that for aerodynamic trim at A = 1 (namely,
A), and approaches unity as A~ =, Thercfore the products
: of lnertin may be important at A near or greater than

: unity and, (n combination with the center of giravity offset,
could result in resonance lock-in., The effect may either
augment or diminish the effect of other asyminetrivs, de-
pending upon the signs ahd magnitudes (see discussion be=
low) of Ixy and Iy ,. However the product of inertia
asymmetry in combination with the center of gravity offset
cannot result in spin through zero since the roll torque ot
p =0 is zero,

Conslder a vehicle having a positive roll rate at
reentry and a combined in-plane asymmetry consisting of
T a center of gravity offset along the +Y axis and a positive
il product of inertia Iyy. At reentry (A= ») a positive Ixy
A results in a positive 8 (Eq, 4. 5-118))or a force F,, along

o Thi e

\ the -Y axis, Since F rotates clockwise as )\ decreases,
82 F,_ i¢ always negative and the roll acceleration result- i
N ing from F is always positive, and therefore lock-in at |
o first resonance is a possibility, k
: :
1
B
\ ,,fFR N\ ’lj
' \ 3
s'.' \ ]
f 4
L' // ( ]
: s :
3 e L < -

RN

N
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Solving Egs, (4, 5-1) and (4, 5-2) simultaneously and retain-
i ing just the P contributions resulting from aerodynamic

forces:
S

r S s vl

‘ X X Y

iy 3
Subsatituting for £ and m using Eqs, (4, 5-4) and (4, 5-5): f
| b= - Tzvep  lxv 2% 1
g IX IX IY

Note that presulting from the second term on the right side
of the equation is negative since Fy is always negative,
Similarly, If a negative Iy, had been gselected F, would
always be positive, Thetefore this rerm resulis in a nega-
tive b regardless of the sign of Iy and, for positive roll
rates at reentry, tends to prohibit first resonance lock-in
"."' but tends to cause second resonance lock=in, L

S-SRI SR SR UL =L R4 DA

f e et 4 e e o

In a manner similar to that used in deriving the ;
! criterion for lock-in for an aerodynamic asyrametry and
a center of gravity offsct (Eq. (4. 5-61)), the criterion for
lock=-in with a product of inertia and a center of gravity
offget is:

-,

I
- r =2 X \AaX -
% d "% (“i;)"a"Fl“""l-t‘ >0

This inequality ig icentical to the inequality for an aerody-
namic asymnietry and a center of gravity offset (Eq,.
(4, 5-61)) unly for the particular case of a neutrally stable
vehicle (AX/d = 0), which is not of practical interest, For
any statically stab.e vehicle (positive AX/d), a4 r/d is
always greater than a_o r/d for a given Fy and K. Solving . I\
for mg at the boundury (the above equation set to zero) us-
ing the binomial theorem: j
[
]
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F,l1 - K,|
= _ [ L o4 R . !
06 = (l‘ 3 d) 1 :tJl T_E—E—_ (4.5-125) ’
( 3d )
é
where |
| 1
i g 1 ;
: X\ax ',
* i Ul o) i ,
i Y '
f
‘ 4 - I "l
| F4 2F 1F3 .
'}% : Mote that lock-in cannot occur unless: i
.: o r o ’ A
t Fyg2qyFall -Kgl

-

For the minimum value of F3 r/d,

g Fy 37y Fall -Kgl . ;
| Another lock-in requirement is that: :
:
", <@, <@, )
: 6mtn 6 6max .
{ b
where Eb and &6 are given by Eq, (4, 5-125) using B
min maxy
the negative and positive signha of the radical term, re- )
gpectively, The general requirements for lock-in for | H
this type of combined asymmetry are as shown in the

gketch for a particular value of KR'
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g - oo
( ts 34
’ A G § e ABYMPTOTE
) ~ r
/ at F3 - 00
/ d
LOCK-IN
NOT POSSIBLE
-y ft
05 = FS a.
LOCK-IN T LOCUS OF Ty AT
r
Fo -
( 2 d) min

POSEIBLE

g = Es 11 =~ K b $m om — L e

5= VFa| R Ay ASYMPTOTE
m [

/./ AT Fg o o

-y —

0

o]
CJRRAY =N Fall—~Kn| Lo
(ad'mln al HI FS d

Note that (F3 r/d)min decreases from \h-‘4 at re-

entry (Kg = 0) to 0 at maximum dynamic pressure (Ky = 1)

and then increases to\ll"‘4 |1 - Ks. L, | at impact. Current

reentry vehicles are designed such that lirst resonance
occurs at Kpa:s 0, so that |1 - Ky | ~ 1. Assuming p docs
not change during reentry, it may be shown that |1 - K|>1
at second resonance. Therefore lock-in is not pousible at
first or second resonance for any value of Eﬁ if the vehicle
can be constructed so that:
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7 B =\/ 2}11/[.3 .

3
Substituting for l~‘1 and F,‘, this inequality becomes:
1 ! I Cm He
Y Y’ md Na

For a given shape, IX/Iy. IY/md2, and Cmq/CNa tend to

be independent of size. Then, for a given shape and aX/d,
the allowable center of gravity offset varies as dd/'z
[sin (-‘y)l1 /2. Therefore, small bodies flying shallow-

angle trajectories are more susceptible to lock-in than are

large bodies flying steep-angle trajectories,

and

4,5, 9 Unequal Pitch and Yaw Moment of Inertia

For a body whose only asymmetry is unequal pitch
and yaw moment of inertia, the cquations of motion
(neglecting small terms) become:

= - 5
bl.x (IY IZ)qr (4, 5-126)
C;IY =m - pr(IX - IZ) (4,5-127)

= - - . 5w
1, = n - pa(ly Ie) . (4,5-128)

The significance of the (IY - Iz)qr term in Eq,
(4. 5-126) is shown (for Iy > Iy) in the sketch, The body
has mass symmetry except for two small equal masses
located on the Y axie equally distant (AY) from the center
of gravity. At some instant, the body has ¢« transverse
rate of rotation shown by the vector W At this time the
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CF = CENTRIFUGAL FORCE

body rotates about an axis coincident with ‘BT‘ and the
centrifugal force acting on my produces a couple

-2my AY4qr = (Iy - IZ)qr about the X axis. The roll
torque is negative when @~ lies in quadrants I and III and
positive when GT lies in quadrants 1l and IV, At very high
altitudes (A~ =), the terms m and n in Eqgs, (4. 5-127)
and (4, 5-128) are negligible and the equations for q and

r are those given by Egs. (4,4-18) and (4, 4-19):

[H

q cos wgt (4.5~-129)

Wep

- wp sin wgt . (4.5-130)
At t = 0, J;’T lies along the positive Y axisand, for posi-
tive p, rotates counterclockwise with constant amplitude

and frequency as t increases, I‘.herefore, the asym-
metric mass and the rotation of wr result in a roll rate
ogcillation, Two Cyclej of oscillation in roll rate occur

for each revolution of w about the Z axis, The equation
for the roll rate history is obtained by substituting Egs.
(4.5-129) and (4.5-130) into (4. 5~126) and integrating to
give:
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T—:sin2 w t (4, 5-131)
X gy

— weeme wmm S

=P = T -1

where

TR T e e T T T I  _Ar TY  p feT Sm e >1g

L
o =p(1-.>£)
gl i IY

Therefore, the roll rate trace in the exoatmosphere oscil-
lates as a squared sine function with a peak-to-peak ampli-
tude of:

2 )
W (IY-IZ)LY

2o \ Iy~ I [ 1y

i The {requency of the oscillation is 2wg .
‘ {

1 When the vehicle descends to altitudes where aero~
't dynamic forces are no longer negligible, the gmp develops
: a pattern of motion that depends upon the initial conditions
g and the vehicle's aerodynamic characteristics,

Unless the rotation of @ about the Z axis be-
comes very slow, a net change in the magnitude of p is
: unlikely and the effect on the reentry trajectory is negligi-
4 ble. Under some conditions it has beexn found (Ref, 4-10)
§ that the direction of rotation @ about the Z axis actually
: changed directions during reentry. During the period
when the rotation changed sign, a significant reduction in
roll rate occurred, :

The possibility of encountering difficulty as a re-
sult of unequal Iy and I, appears to be remote, and this
type of asymmetry is not considered further in this report,
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4,5,10 Applicability of Trim Characteristics at Resonance

. In preceding subsections, it was assumed that trim
i conditions are attained at first resonance, However the
' resonance condition is approached very rapidly, and large
changes in trim occur, Unlegs the missile can respond
very quickly to the changing trim conditions, the missile
will pass through resonance without attaining large ampli-
* fications in the angle of attack, The weathercock frequency,
{ wps i8an indication of the ability of the missile to respond
to a change in trim. If wp is high the missile response
time ls short; if wp is low the missile response time is
long, Since

Yy

e $ub

‘. - 3
‘ i.‘ CN AXgS ¥

\ w ’
1 A Iy

wa 18 proportional to ¥, Therefore, no matter how much
static stability (AX) the missile has, the response time is

; always long at very high altitudes. If resonance occurs at
* a sufficiently high altitude, tt'im conditions are not attained
5 and the loads and lock-in criteria based on trim equations
4 are not valid,

AR il % o P D e Y a2 i

The conditions for which trim theory is valid have
_ not been examined in the literature, In order to provide
4 some insight into this problem, a brief study was made
of the lock-in criteria using a six-degree-of-freedom tra- '
jectory simulation.

I

Trajectories were computed for three bodies hav- !
ing the following mass and aerodynamic characteristics:
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Characteristic Body A Body B Body C
c, 0,104 0,104 0,104 9
- . : i
L‘N 2 0. 88 2 ;
o “
-1 -1 -2, 28 :
m
vl b
f AaX/d 0.114 0. 261 0,114
- , h
| ; IX 30 3 3 4
' m 31,1 31.1 31.1 2
: d 3.5 3.5 3, 8 !
| .
E IY 300 30 3o }
i.
- Body A is the body used for all examples in this report,
) and additional characteristics for this body are given in

Table 2-1, Bodies B and C have the same value of I

‘; (cee Eq, (4,.5-62) a8 has A, Therefore, the lock=in
criterion (based on trim vonditions) for a combined agym-
metry consisting of a center of gravity offset and an uero-
dynamic trim (gee Eq., (4.5-61)) i8 the same for all three
bodies, However, for a given altitude, w, is higher for
B and C than that for A by a factor of about 3, and
therefore, for resonance at high altitudes, B and C are

l more likely to attain trim conditions than A.

e S i B, s . e

Hﬁ‘. The trajectory initial conditions used in this study o
& are Vg = 20 000 ft/sec, yg = -30°, and hg = 400 000 feet, o
An in plane combined agymmetry was used for the first ‘
set of calculations, The asymmaetry conaisted of a center
of gravity offset (r/d = 0,001) along the +Y axis and a
i posilive yaw moment coefficient (Cno). The altitude for
A first resonance was varied from about 40 000 to 140 000 |
’ feet by changing the initial roll rate, For each Initial N
3 roll rate, C,, was increased until lock-in occurred, OQOut
: of plane asymmetries were considered using the same {
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center of gravity offset with positive and negative values
of pitch moment coefficient (Cp, ), Values of &, are
crrectly rolated to Cno and Cmoo( see Eqs, (4,5-67),

(4.5-68), and (4, 5-69)).

Three aspects of trim theory are important in the
establishment of lock-in eriteria,

1, Maximum angle of attack vceours at x =1

I
X
(orwn =pe 1 - )

e

2, At =1 the amplification in angle of attack
(ee/oig or e/ey) 18 1/D,

3. At A =1 the plane of the angle of attack
(defined by Ay) has rotated 90° {from its
value at reentry (K = 0),

The results from the gix-degree-of-freedom tra-
jectories for body A with pg = 1000°/sec (corresponding
to first resonance at 89 000 feet)show that none of the
three assumptions was valid for this resonance altitude,
The magnitude and plane of & lagged the trim values and
the peak amplification was much less than 1/D, The
sketch shows a comparison of the & and Ay time histories
as glven by trim and simulation results,

The trim & history reached a peak value at X = 1
where lock-in was assumed to occur and then decreased
with increasing time, since D increased with time, The
trim value of | Ay| decreased from 180° to 90° at A = 1 and
remained at 90° as time increased, The simulation re-
sults show that & built up to a maximum value but lock-in
did not occur. Following &y, ., the missile began a coning
motion with no large excursions in roll rate. The peak &
was about one-third of the trim value at the initial first
resonance altitude; the peak & occurred about 1, 5 seconds
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e TAIM THEORY WITH
LOCK:IN AT A » 1

waee wen e SIMULATION RESULTS i

ik

|
| A Y
| A
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L 9} N\
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a 8: \
! g, 1
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-y - !
"™ — — !
1 i

0 TIME FROM REENTRY

N ‘ -
-
N -
° d‘/’—-
L )

later, or about 15 000 feet lower in altitude than that cor-
regponding to first resonance altitude; the plane of a .
A rotated through an angle of 80° about 0.7 second later, D
\_ : or about 7000 feet lower in altitude than that correspond- ;]
| ing to first resonance altitude, The angle of attack ampli- -
o fication effect results in larger values of the asymme-~ . L
n tries required for lock=-in than those given by trim theory, '
Under some conditions the lag effects would be similar to
l lowering the first resonance altitude and, thus, asymme-
1. tries required for lock-in based on trim theory would be
too high. However, for altitudes where first resonance
i usually occurs, the amplification effect is predominant
: and the required asymmetries for lock-in brsed on trim
theory are too low,
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The condition required for lock-in is given by Eq,
(4,5-58), If trim conditions are attained, then Ey, (4, 5-58)
may be simplified to Eq. (4. 5-61). Both equations are \
plotted in Fig, 4-17 for body A for an in plane (k = 1) and i
an out of plane (k = 1/2) asymmetry, Nnte that the assump-
tion that trim conditions exist implies very large values of
: the roll amplification factor G at the higher altitudes.

13 Also shown are the @, r/d values required for iock«{n ob- :
tained from simulation results, At the lower altitudes

trim theory provided the correct criterion for lock=in for
in-plane agymmetry; at the higher altitudes the values of

a, r/d required for lock-in obtained from simulation re-

¥ sults were somewhat higher than those given by trim theory,
In fact, the lock=-in boundary is very nearly a constant G

1 contour, The results also indicate that the e, r/d value

' required for lock~in for the out of plane asymmetry is

about twice that required for the in plane asymmetry as
predicted by trim theory,

Similar trajectories for hodies having in plahe agym-=
metries were calculated for bodles B and C for an alti-
tude of 136 000 feet only, These results (Figs, 4-18 and
4-19) show that bodies B and C achieve an effective roll
smplification of aboul 18 compared to a value of about 12
for hody A, Although B and C have the same response,
C was much closer to a trim condition than was B, Note
that for an altitude of 134 000 teet the trim condition for 5
C corresponds to G a 27, whereas trim for R corre- .
gponds to G & 60,

e e T T e,

pm prT

e

iy sk

ELA T

e e T AT B A DL P A I AY I TR S Ll e T e S st

These results indicate that w, s one factor which
affects the attainment of trim but it is not the only factor,
and much work is required in order to define conditions
for which trim theory is applicable, , .

Trajectories were also computed for body A fora
combined in-plane asymmetry consisting of a product of
inertia and a center of gravity offact, In this case &, was
held constant at 0, 636° and r was varied until lock~in
occurred, The nltitude for first resonance was 89 000
feet. The results show that lock~In occurred at a value of

T T —
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o, r/da 2,6 x 10'5. If the asymmetry had been an aero-
dynamic asymmetry and a center of gravity offset, the
simulation value of &, r/d would have been 1.2 x 109 (gee
Fig. 4~17). This ratio of about 2 to 1 between the two
types of combined asymmetries is nearly the ratio obtained
using trim Eqs, (4, 5-61) and (4,5-125), Therefore, al-
though trim was not attained for either set of asymrmetries,
the relative behavior in terms of lock-in criteria was
properly prea.. -~d using trim equations,

Until au.itional data become available regarding
the applicability of the trim equations, the following com-
ments appear to be valid:

1. Trim equations pro.ide a valid criterion for the
lock-in condition provided the roll amplification factor
implied by trim is not too high,

2. At resonance altitudes where trim conditions
imply very high values of G, trim is not attained, and
trim theory predicts asymmetry boundaries that are too
low,

3, Values of @, r/d required for lock-in at very
high altitudes tend to follow a constant G contour rather
than that defined by the trim equation.

4, The limits of G for which trim conditions are
attained are probably a function of many variables, For
the bodies, trajectory, and initial reentry conditions used
in this study, values of G greater than 10 to 20 were not
attained. Until more work is done on this problem, trim
theory may be used to estimate the asymmetries required
for lock~-in., However, the results for conditions corre-
sponding to values of G greater than about 20 should be
considered a8 questionable,

B, For an out of plane asymmetry, the required
Zo r/d for lock~in is larger than that for the in plane
asymmetry as predicted by trim theory, Also the relative
magnitude of combined asymmetry, &, and r, and com-
bined asymmetry, &, and r, are propgrly defined by trim
equations,
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SUMMARY

r Examples illustrating the material presented in
Section 4 are presented in this subsection, The following
gpecific prohlems are considercri;

Minimum energy trajectory for non-~
rotatihg earth

Ballistic trajectory for rotating earth

Lxample 1

Example 2

T

Example 3 - Body motion (oscillation) character-
{stice in the excatmosphere
Example 4 - Histories of reentry velocity and

related factors

Body loada as affected by a combined
asymmetry (center of gravity offset
and a distorted body)

Example 6 - Roll lock-in as affected by the com-
bined asymmetry of Example 5

Example 7 - Roll lock-in as affected by a com-
bined asymmetry - center of gravity
vifset and nonzero product of inertia

Fxample 5

AL D e M e o S i mh ol it e
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4,6,1 Examgle 1

Compute the characteristics of A minimum energy )
trajectory (MET) for a nonrotating earth for a launch from
(OL = 0° A, = 0°to a target at (DI = 45°, Ap = 45°, )

' The range {s(Fqs, (4. 2-17) and (4. 2-18))
| R = 3610 nmi,

|
‘ The range angle is (Eq. (4.2-18)) 26, = 26, = 60°, !
The azimuth angle at launch is €y, (4, 2-20)) \
bpy = 8540
For an MET, the initial flight path angle is
(ch (4. 1"10)) l j
¥, = 45° - 15° = 30,

From Eq, (4.1-11)(7-o = 0,815 and, assuming the
initial altitude to be sea level, the initial velocity is

T Y I

Vo = 0, B15 (26 000) = 21 200 ft/sec,

7 s

The peak altitude of the trajectory is (Eq. (4.1-22))
ha = 635 nmi.

\ The velocity at peak altitude is (Eq. (4,1-24))
Vg, =15 500 ft/sec, or about 73% of the initial velocity,

The time to impact is (Eq, (4.1-17)) t = 1480
secondd,

T T g B S et T

4, 6,2 Examgle 2

For a rotating earth, determine the characteristics
of a trajectory fired with initial conditions Vo' Yo, and
Y11 (relative to earth) computed in Example 1,

S

\

N
z
]
|

The inertial quantities V, ¥, and y at launch are
(Eqge. (4.2-7), (4,2~8), and (4. 2-10)):

Praceding page blank
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i 1520(1) 14
i tan % 21 200 cos 40 sin 35,4 '
tan g, =1,142 tan 35,4 "
g =B |
L_ , v o l1B2000] . o 3
Ve =1 + cos 30 sin 35,4 l 5700 1.036
VL = 1,036 (21 200) = 22 000 ft/sec
— 22 000
VL * 75000 - 0 848
sin?Y . b
L2200 o

gin Ve T 22 000

= 0,963 (0,50) = 0,482

sin YL ';

YL = 28,9
Therefore the effect of earth rotation is to increase the i
initial inertial velocity by about 3, 6%, to lower the flight .
_ path angle by 1, 1°, and to increase the azimuth angle by v
1 3.7°. These changes would have opposite signs if the i
% vehicle had been fired in n westerly direction,

Using VL and ¥y, for -\70 and? ,, the equations ) | )
given in Section 4,1 apply. However, note that the tra- i
jectory is not an MET since Eq. (4.1-11) is not satisfied, - .9
_ For the given V; a minimum energy trajectory would

¢ have ¥; = 28,1 so that the trajectory being considered is
1 slightly high compared to an' MET,

Tt
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The nonrotating earth range angle is (Eq, (4,1-7)):

C———,

I - L/ -]
290 = 07,4°,

The corresponding range,ry(26,) = 4020 nmi,is the arc
length traveled in inertial space (or the range on a non-
rotating spherical earth for initial conditions Vis Y1

and wL)‘

: The impact time {8 (Eqs. (4,1-0) and (4,1-186))
i t = 1660 seconds, 4

1 The {mpact Iatitude |8 unaffected by earth rotation i
and lﬂ pl 2 4B°. ‘

The impact longltude is (Eq. (4.2-16)) A; = 48, 4°,

I The impact range is (Eqe.(4,2-17) and (4. 2~18))
‘ R = 3780 nml,

G e i

A summary of the results is given below:

3 For the initial conditions used, the effect of carth
rotation is to increase the range by 170 nmi and to in- _
crease the flight time by 180 seconds, | ‘

4.6.3 Example 3

The typical reentry body, having mass character-
{stice defined in Table 2-1, is separated from its booster
in the exoatmosphere, At separation, the body is spun
about its longitudinal axis at a rate of 360°/sec and,

ll

o

Non. otating Rotating _ j
¥ Quantity __ Barth Earth o
g i
IFlight time (seconds) 1480 1660 y
¥ Impact latitude (degrees) 45.0 45.0 E
i Impact longitude (degrees) 45,0 49, 4 j
: Impact range (hmi) 3610 3780
;i'

i

C )

T T
e g s

e amad o
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unintentionally, is given a transverse rate of 60°/scc,
_ Determine the characteristics of the body motion during
i its travel in the exoatmosphere,

The only lorces acting on the missile arce weight
and the forces resulting from the body rntes, Under the
influence of these forces, the body 18 gyroscopieally sta-
bilized, and the transverse rate imparted at separation
results in the confeal motion described in Section 4.4, 1.
The period of the motion is (Eq, (4.4-25))

i Tg® 5.12 weconds,

The sighal strength of a tracking radar varies with the
attitude of the reentry vehicle, Therefore, the radar sig-
nal strength would oscillate with a period Ty " 5,12 sec-
onds,

% The semicone angle of the space cone is (Eq,

) (4.4-23)) ¢ = 5Y°, The body rates measutod by on=boattl
) rate gyros bhave the following characteristics (assuming
. a symmetrical vehicle):

1, The roll rato ls conatant and equal to 360°/nec,

2, The pitch and yaw rates very sinusoidally
about zero with peak valueg of +60°/sec, The pitch and yaw
rates are H0° out of phase, The period shown on the traces
is (Bq, (4, 4-24));

Ta © 1,11 seconds ,

$ If the body were gpin stabilized so that the total
o angular momentum vector 1 were nlong the flight puth _
: direction at reentry, during the early phasc of reentry a
would be constant and equal to 5n°, ['owever, the pitch
and yaw (inertial) components of a would oscillate with
a half-amrglitude of 59° and n period of 5,12 seconds,
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4,06,4 Examnle 4

Determine the effect of the atmosphere on the mo-
tion of the recntry body using the following reentry condi-

tions: E
|
hE = 400 000 fou! 1
;, Vl-‘ =20 000 1t/ 800
{ Ty o :
- P ° 0°/mec and 360'/8ec (6, 28 rad/sec)
5 ;;E =10° (l
‘ wrr 2 0 :
, i
: Use the 1962 Standard Atmosphere given in Table 3-1 and "
) l the mass and acrodynamic characteristics given in Table
2=1,
l Since w,. = 0, the vehicle is hot in a conical motion §
, as was degeribéd in the previous problem, The angle of i
I attack & remains constant and ih the original plane i
1 (inertinl pitch and yaw angles of attack remain conatant) 1
1 until acrodynamic forces begin to affect the motion by 1
3 causing a decay in &, Usinga/ap = 0,69 as the beginning %
¢ of the & decay, for pp = 360°/se0C! b
' '
¥ -7 :
; L (Kq, (4,4-55)) = 3,21 x 107",
| % .
g F'rom Table 3-1, this density ratio corresponds to an 1
J altitude between 300 000 and 350 000 feet, A morc com- ]
plete table shows the altitude to be h = 332 000 feet, If , j
the initial roll rate were zero, Eq, (4. 4_-_41) could be o
used to obtain the altitude at which the & decay begins i

P, 002 (300) (32, 2) (0, 25)
'15; 0.6 (2) (0, 4) (2116)

= 2,96 x 10° feet, N
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Using the characteristics ol the 1962 Stondnrd Atmosphere,
thia value of L 1 corresponds to an altitude of about

0
350 000 feet, Thercfore, the effect of the 360°/sec spin
rate was to delay the & decay by about 18 000 leet,

The & decay histories mav be computed using
Egs, (4,4-44) and (4, 4-03), In ovder to evaluate these
equations, the variations of w, nnd K with nltitude are
required, These characteristics, obtnined using Eqs.
(4, 3-6) and (4, 3-23) and the atmosphere defined in Table
3«1, are lsted In Table 4-1. [rom Eq. (4, 4-45) and
Table 2-1, the damping constant is:

C3 = 7.0,

About 60% of C3 comes from the CNN term and 40% [rom
the Cpy,, term, The & decay history for the rolling body

was computed using Eq, (4, 4~54), and the results are
shown in g, 4-20, Also shown ig the case of the non-
rolling missile and the crse of a rolling missile with

Cy = 0, For tho rolling vehicle, the effect of the Cy damp-
ing term is negligible for altitudes above nbout 1560 000
fect, For altitudes helow about 60 000 fect, the & history
for the rolling case (with damping) is neavly the same as
that for the nonrolling case, tlowever, at altitudes above
60 000 feet, the nngle of attack at o given altitude for the
rolling body is significantly higher than that for the non-
rolling body, This fact could be important for some mig-
siles in which the peak lateral lond occurs at these alti-
tudeg, For the body studied, the peak lnteral load result-
ing from EE oceurs at an altitude (Eq. (4, 4-59)) for which;

3 1
QB e . (
K 3T G100 = 0,090

From Table 4-1, this value of K corresponds to an alti-
tude of about 85 000 feet, The altitude for maximum g
is the sgame whethor or not the missile (s rolling. llow-

ever, as n result of the & histories, B Lmnx for the
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rolling missile is about 45% grester than that for A_non-
rolling vehicle (Eqs, (4,4-00) and (4, 4-63)). Forepg =10°
gl.lmnx'ror a rolling vehicle is 2, 70g compared to 1, 9g for

a honrolling vehicle,

The reentry velocity, Mach number, and Reynolds
number arc important environmental factors that affect
body loade and tempernture,  The time history of thesc
characteristios estimated using Eqs, (4, 3-5), (4, 3-7),
and (4, 3-10) and the atmospheric characteristics glven in
Table 3~1 are listed in Table 4-1,

The Mach nit! opr history shows that the vehicle is
in the hWypersonic regime (M 2 6) down to an altitude of
about 15 000 fevt .ud {8 supersonic from 15 000 feet to
impact. The Reynolds number history shows that transi-
tlon on the Lody would be expected at an altitude of about
110 000 feet (Rga 107) with laminar flow at higher alti-
tudes and turbulent flow at lower altitudes. The heating
rate to the conical surface of the body would increase by
a factor of 2 to 3 when the flow becomaes turbulent, and
therefore asymmetries that result from heating would be
expected to lherease rapldly at the transition altitude,
The anerodyhamic frequency data show that roll resonance

(A\=p / 1 - -Ii_f/wA = 1) occurs at an altitude of about

1356 000 feet, It should be noted that the vehicle is approach-
ing a second resonance condition at impact, and any agymmo-
trios that exist near altitudes of 1356 000 feet and sea level
are likely to be amplified. The computed values of M/ K,
show that free molecular flow regime begine at altitudes

well above 400 000 feet (M/Rgya 10), transition flow exists
down to an altitude of about 260 000 feet (M/4 Ry~ 0.1),
slip flow exists at altitudes from 250 000 to 140 000 fect
(M/y{ Rg & 0,01, and continuum flow exists at altitudes from
140 000 feet to sea level, The time from 400 000 feet to
impact 18 about 49 seconds compared with about 39 sec-
onds if the "tmosphere were abgent, Thercfore, the atmo-
gsphere in vreased the flight time by about 10 seconds,
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Although not shown in the table, severnl other
tmportant considerations may be obtained from the equa-
tlons given in Scction 4,3, Using the ratio ay

/qﬂmnx _
0,1 as an indicntion of conditions where heating is signifi- |
cant, the altitudes arce computed (Kgs, (4, 3-11) and ]
(4, 3-106)) to be about 190 000 feet for the beginning of the !
] heating perfod and about 13 000 feet for the ond of heating ‘i
vy with the maximum heating tate at an altitude of anbout :
» 98 000 leet,  The longitudinal deceloration(ligs, (4, 3-9)

K and (4, 3-14)) 18 maximum nt an altitude of about 45 000 fect g

where gxnm“m -64g. The inflection points in the gy

versus time curve (Eq. (4, 3-19)) occur nt altitudes of :
58 000 and 19 000 fect. 1

¥ The results obtnined {n this problem are sume
marized ln Big, 4-21, Although the nltitude bands shown
: vary slightly depending upon vehicle geometry and trajec-
tory characteristics, the results are typical of high 3 re-
k' eptry bodies, Note that practically all of the quantities

of interest occur nt nltitudes below about 150 000 feet and
: therefore are in the continuum flow regime, Both laminar
o and turbulent flow conditions exist in this altitude region,
all three Mach number regimes occut (although only two
i occurred for thig trajectory), nnd both oscillatory and
trim types of body motion may be important,

TR F SN S 35 APy

4,6,5% Exampleh

Suppose the reentry vehicle has n conter of gravity
ofteet from the body centerline of 0,042 inch, Ifurthor- -
b more, assume that as a result of exontmospheric binst
g effects the body {s distorted so that the body centerline _
0 (8 an arc of a cirele and that the tangent to the centerline o
B changes by 0, 25° from bnse to noge tip, Use the same )

initial conditions as were used for Example 4 oxcept use .
P * 1000°/sec, Assess the probability that the missile .
will encounter excegsive lateral loads, ('or thisg problom
we will define g = 20g ns cxcessive,
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From Eq, (2-35)'the Em resulting from the bent
o]

body is 0, 002, We will nssume that the lateral location
of the center of pressure and center ol gravity arc unaf-
fected by the bent body,

. from Eq, (4. 5~65) the trim angle of attack result-
' ing from C;, iq

pRrp.

K-

- 0, 002 q - o 5

; “ops 5% 0,114 * o7 8 = 0.5% ﬁ

The trim angle resulting from the center of gravity offset 1

is (Eq, (4,5-64))

_ 0,104 204 4014% k

& % g X 67,8 = 0,0201°

e g i

1 Therefore, the total trim angle @, i8 very nearly the angle ]

? rogulting from the bent body and we will use &y = 0, 5°, !

‘ The equation for gy is: ]
CNaS L

: R — quz0 ‘ )

€1, " W

o I"'or the moment assume that no amplification in &, oceurs, ‘
do that A =1, For this case, the largest po__e_asiblc ratue N
s of g, occurs at q From Eq., (4.3-13)q_, ocous

b 1000 ,1 8% "

! : . i (=) = 0,237, © o an altitude ..
» at P/Pg = g7 (5) = 0,287, corresponding to an altitu

of 35 000 feet and a temperature of 394°R, The agniturd : s

of qmax s i

5

- , 1000 (20 000)%(0, 5) 2 R

Imax * 9330 (304) * 54 400000 K

and i

gI = 9' 2“ I l-

‘max o

M
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Excessive values of g will not be obtained unless
values of A in excess of 2 ave obtained, Amplifications
of this magnitude will be encountered if large excursions
in roll rate occur. The pogsibilities that must be con-
sidered arc:

i Tid

.
1. Roll lock=-in at first resonance, ]
2. Roll lock-in at scecond resonance, 3
3, BSpin up with lock-in at some intermediate :
altitude, .
4, Spin down with lock-in at a negative roli rate, 5
: Assuming that lock-in jg attained, trom liq,
». (4,6-16) A = 1/Dand D may be evalur*>d using Liq. ‘
‘- (4,5-60), Substituting these equations and the vquation
for q (Eq. (4, 3-8)) into the equation forv ff), exeessive !
E loads will occur when the following incquulity is satislicd, 1
; - e i
] " . - '
i 57,3 >(30(k1 Cm ) g a0 H I {
'&' > q /\ (l .'_““. J
(o] 2 AX -5 1
! = k Vi {
CN \E = l1 411 )’_ [N i
o .
where EZO g exprassed ln dogrees, "'
i
Substituting for the mass, acrodyname, and -
jectorv parameters, and assuriing 11 constant = 22 ang
feet:
_ .Ali'
a =20, 043 —
8] V-I.Z

This inequality 18 plotted in Mg, A-22, I s ohser cd
that @, = 0.6° {8 large enough to vesult in exeosave oids

at someoe altitudes, The firat ond gecond resonance o liindes
are the altitudes for whichw, = p. =p._ [} == o [ac.
A I'F b IY
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Values of wp were computed using Kq, (4, 3-23) and the
results are shown in Fig, 4-23, 1'irst resonance occurs
at ai altitude of about 89 000 feet, and second resonance
occurs at an altitude of about 4000 feet, Therefore roll
lock~in at fivst resonance would result in excessive loads,
hut lock=-in at second resonance would not,

Depending upon the value of 100. the roll rate may
not lock~in at first resonance but may either spin up or
spin down, The magnitude of the decrease in roll rate is
given by Eqg, (4,5-93). This equation mzay also be used
to obtain an approximate value of the spin up character-
istics, However, the magnitude of Ap in thls case will
be underestimated slightly since the amplification in 50
and the change in the angle 9 are neglected, Using Eq,
(4.5-93) and assuming values of ¢C = 90° and 270° (which
give the largest values of Ap) values of pp were computed
and are shown {n Fig. 4~23, From this consideration it
is found that the asymmetries are not large enough to re-
sult in roll reversal, Therefore, resonance at negative
roll rates may be eliminated as a possible condition that
would result in excessive loads, However, if the vehicle
does not lock in at first resonance but spins up, reso-
nance may occur at an altitude of about 13 000 feet, Froia
Fig. 4-22, resonance at this altitude would result in ex-
cessive loads, Therefore, the problem is reduced to an
evaluation of whether or not lock-in will occur at altitudes
of 89 000 and 13 000 feet,

The criterion for lock-in is (Eq, (4.5-61)):

T (1-Kp)

do 32 F1 —
Using the data given in Tables 2-1 and 3-1 and the trajec-
tory characteristics, the value of Fy (Eq. (4,5-62)) is
5.4 x107° for h = 89 000 feet (H = 21 700 feet) and is
4.7 %1078 for h = 13 000 feet (1 = 25 000 feet). Using
r/d = 0,042/12(3,5) = 0, 001 and expressing &‘0 in degrees:
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: _ (1 - KH) 1§
] o 0031 e [Gr b= 89 000 foct 1
¢} k §
(1-K,)

= 0,27 -—-k--‘- for h = 13 000 rect, i
Using the data of Tnble 4~1 a plot of K versus altilude }
shows that Kjz = 0, 077 at 89 000 feet nnd K, = 2, 58 at d
13 000 feet, Therefore, the criteria for lock-in are:
5 =228 ok < 89 000 reet
0 Kk N
' 0, 4: 1
> ;_k—£ for h = 13 000 feot, B '!
1
The value of k depends upon the value of @, and, for - “-"*
lock~-in to occur, k must be positive for Kg <1 and nega- o
tive for Ky > 1. For this proble.: we must assume that 5
fo may have any value. Therefore, we must consider the y
3 following possibilities: 1
3 \\ﬂ
g Resonant Altitude 4 k a = ]
) ——— —Qm— ;
89 000 fect S 0, 286 4
goe 0.5 0,572 i
! 270¢ 0.5 0,572 &
\ b3
: 13 000 feot 270°  ~0.5 0. 854 ' ¢
¥ The other twu values of #, having negative valves for k | .
for the 13 000 foot case are ruled out since the @, = 270° |
value is required to provide spin up during reentry (see §

Ea, (4.5-33)). Of the four possibilities only the SO

case with resonance at 89 000 fecet satisfics the a cr1
terion,

In the preceding discussion we considercd only in-
plane and out-of-plane conditions, lor intermediate values
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3 of f,, &, may be divided into in-plane and out-of-plane
components. Any value of §, for which the component of
&, in the @ = 0° direction is 2 0, 286 will rcsult in exces-
slve values of g, The possibilities arc shown in Fig. .
4-24, Any value of §_ defined by points from A to B i
(shorter arc length) will result in excessive values of gp.
Since any value of [DO is equally likely to occur, the proba-

B e o e |

o bility of encountering excessive gy is: 3
g ‘;
R 0, 500

: P T 0,31,

',E-

: 4,6,68 Example 6

For the trajectory used in Example 4, estimate us
a function of pp the maximum allowable &, combined with
r = 0,042 inch so that neither lock=-ln at first resonance
nor spin through zero occurs, In view of the discussion
glven in Section 4.5,10, assume that the criterion for
!j lock=in ig the trim equation (Eq, (4,6-61)) or G = 20,
' whichever glves the larger value of &,,.

o g e 3 TS

X

r The critical conditions to be investigated are the
| 00 = 0° case for lock-in and the §, = 00° case for spin
through zero.

EY R P U TSP - AN S S P U By S S TR,

For the lock-ih case, assume that H = conatant =
21 700 feet, Substituting the mass, aerodynamie, and
trajectory terms into Eq, (4,5-58), the criterion for
lock-in becomes:

o4 2 S ————
VER

If trim conditions are attalned, the criterion for lock=-in
i8 (see Example b):

a2 0,31 (1 ~ KR).

- 261 -




THE JORNB HOMFRING umivEREITY
APPLIED PHYS'CS LABORATORY
RiLVER SRAING MARYLAND

Setting G = 20 in the firat eguation, the two equations give
the same solution to & at

.
295 _1_ o031

20 \IT\T{
ar

KR = 0,183,
corrogponding to an altltude of about 70 000 foet (see
Table 4-1), At altitudes lower than 70 000 fect (or Kp =

0,183) tho trim eauation i8 psed; at altitndes higher than
70 000 feet tie nontrim eyuation 18 uscd with G = 20,

For eack resonant altitude the corresponding ini~
tial roll rate muy be computed from the equation:

where w, 18 given in Table 4-1, The values of m, re-
quired for lock-in are shown as & function of py in Fig.

4-25,

- The change in roll rate resulting from asymme-
tries &g and r/d is given by Eq. (4, §-03). Spin through
sero roll rate will occur during reentry if &p i negative
and |Ap| = pg Ueing the most restrictive condition
(Pg = 00° and K ¢ K )and expressing &g and pp in unita,
of degrees and deg/sec, respectively, the eritetion for
spin through zero roll rate is:

- -4

&, ® 8,17 x 10 = pp
The values of &, required for apin through zero roll rate
are shown in ig, 4-25,
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This problem {llustrates some of the trade-offs
which must be considered by the designer in selecting a
roll rate for the reentry body., If the roll rate is very
low, first resonance occurs at a very high altitude, where
large values of EO may be tolerated without encountering
lock-in. However, vehicles with low values of pg are
susceptible to gvin through zero roll rate, On the other
hand, for moderately high values of pg, large values of
& may be tolerated without spinning through zero roll i
rate, but e, must be very low if lock-in is to be avoided, 3
For-thisg particular problem the best roll rate is pp = é
i
1
4

b 760°/sec where the missile could tolerate up to 0, 6° in
&, without encountering either adverse condition, A sec=
1 ond possibility would be to select a value of py much

o greater than 2240°/gec, In this case spin through zero

b roll rate would be unlikely, and lock-in is avoided by

' using a roll rate that (s much greater than the maximum
3 aerodynamic frequency. This technique is sometimes L
referred to as ''overspin, " 1

4.6.7 Example 7

Using the trajectory of Example 4 with py =
1000°/sec, first resonance occurs at an altitude of 89 000
feet (KR = 0,077), Determine the values of & and r for '
which lock=-in at first resonance may occur, Assume that )
the trim equation (Eq. (4.5-125)) is valid. Compare the :
results withe, and r given by Eq. (4.5-61),

g From Eq. (4,5-62) Fy = 5,4 x1078 (H = 21 700 feet). -
& Using the mass and aerodynamtc characteristics given in P
Table 2-1, Fq = 4,87 and Fy -+ 5, 26 x10"5, For ey in

j | degree units, Eq, (4,5-125) becomes:

w4

o -8

' -

| q, =279 % 1¢\/1-2‘°5"-—12°
(r/d)

] The @, boundary is shown in Fig. 4-26, Ata given value
T of r, &y mustbe greater than %8 min but less than oy,

Lock-in cannot occur for any value of °’6 if r< 0,06 mch.
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By comparison the trim equation for 50 and r be-
comes:
— 0,286 x107"
“ =
o r/d
The o, boundary is also shown, It is noted that &, has no

aomax boundary,and the ao boundary is less than oq,

Single points on each boundary obtained from six-
degree-~of-freedom simulatlon results (see Section 4,5,10)
are also shown, The (a , *) point was obtained by holding
r_constant and mcrensmga until lock~in occurred, The
(u r) point was obtained by holding “6 constant and vary=-
ing r until lock-in occurred, Note that the real bound-
aries are somewhat higher than the boundaries based on
the trim cquations as diacussed in Section 4, 5, 10,

For other values of py, the & boundary must re-
main within the a6 and m6 asymptotes shown in

Fig, 4-26, and rgip is shtfted rtght or left depending
upon the value of Ky, Using data given in Table 4-1 and
the relationship between pp and wp at resonance,

= , r . is shown in Fig. 4-27 as a function
min

of pype For r = 0,042 inch used in the previous problem,
lock=in could exist only for values of p that result in
resonance very near to the altitude of maximum dynamic
pressure (35 000 feet),

For current reentry vehicles, values of py are
selected such that first resonance occurs at altitudes
above 100 000 feet, In this altitude range r. ., is insen-
sitive to pp, and the ey boundary shown in Fig. 4-26 is
applicable to first resonance lock=-in for all values of pp
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less than about 1000°/sec. For py = 1000°/sec con=
sidered in this problem, second resonance occurs at an i
altitude of about 4000 feet (naglecting a change in roll rate

- during reenttry) wkere r in ig nearly a factor of 2 greater
g than r, . at first v sonance.
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SYMBOLS FOR SECTION 5

Symbol Definition
A axial force
AR component of A in downrange direction
CA axinl force coefficient = A/qS
Cp drag coefficient = D/q9
Ci g, center-of-gravity location
CL lift coefficient = L./q8
cLa dCL/da
CI asymmetric rolling moment

0 coefficient !o/qu
Cm moment _coefficient about body Y

o} axis at & = 0 (see Section 2, 4)
E:n. \/c%n F e Cn ’

o o 0
CN normal force coefficient = N/gS
CNa dCN/da
Cn moment coefficient about body Z

o} axig at o = 0 (see Section 2, 4)
c.p center-of-pressure location
D drag, aerodynamic force parallel to V
d vehicle reference length
B factor defined by Eq, (5-21)
e Napierian base
Fw weighling factor for wind
Fp Weighting factor for density variation
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) ymbol

R

__D__gflnttig_tl

acceleration of gravity
9 . 2 1/2
by "Bz

acceleration along body axes X,
Y, and Z

scale height RT/g
altitude

functions of KS. L.

moment of inertia about body axis X
index numkber
—r

A sin ‘)’E
l1ift, aerodyvnamic force normal to V
asymmetric rolling moment

normal force, component of aero-
dynamic force normal to the hody
centerline

or
number of altitude bands
ambient pressure
vehicle roll rate
dynamic pressure, pV2/2
range
or
gas cunstant = 1716

radius of the earth
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Symbol

ay

MARYLAND

_Ig_e finition

radial c, g, offset

reference area

sea level

ambient temperature

time

vehicle velocity

drift velocity resulting from winds
windspeed

velocity of the air relative to the
missile

vehicle weight

distance parallel to the body center-
line from the nose to the c. g,

distunce parallel to the body center~
line from the nose to the c, p,

X - X
c. p. c. g,

angle between the body centerline
and VA/NI

angle between the body centerline
and the reentry flight path direction

ballistic coefficient, W/CAS

flight path angle, negative for a
reentry body

change in flight path angle

dispersion measured along the earths
surface

refers to an increment except as noted

angle defincd in Section G, 4, 2
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Symbol Definition Typical Units
wc g angle defined in Section 5, 4, 2 degrees
, « 8 )
! 0 ambient denasity talug/ft3 ';:

Subscrigts

ARl

c refers to cross-track component 4
! E refers to conditlons at reentry ', 9
; 0 refers to conditions at zero roll rate except as noted
3 R refers to along-track component \
S, L, sea level ‘
w refers to quantity resulting from wind effects _ \;l
o refers to quantity resulting from density effect " | ‘

: A dot over a symbol refers to a firat derivative with respect to time. 4

An arrow over a symbol means a vector quantity,
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: f SUMMARY AND CONCLUSIONS

‘The factors most likely to cause impact dispersion

are identified, and simple equations are given for eatimat-
ing the magnitude of each dispersion, These factors in-
N clude atmospheric wind, deviations from a gtandard atmo-
- spheric density profile, errors in mass, and aerodynamic
agymmetries, The following examples are given to {llua~
trate this discussion,

Example 1 -« Digpersjon resulting from wind and
deviation in density at low and moderate
| altitudes,

)
i Example 2 - Dispersion resulting from wind and

deviation in denaity at high altitude,
Examiple 3

L]

Digpersion reaulting from a trim
angle of attack for a missile rolling
at a constant roll rate,

LL Example 4 « Dispersion resulting from roll lock~in
, at low altitude,

H Example 6 = Dispersion resulting from a combined
} asymmetry for which spin through

zero roll rate occurs,

Th» major concluglons are:

1, Winds and departures from the assumed density
are the chiel sources of impact dispersion resulting from
meteorological characteriatics at the impact site, This
dispersion increases rupldly as the flight path becomes
rhallow, as the missile velocity is decreased, and as the
ballistic coefficient of the missile is decreased, The den-
gity effect {8 more sensitive to these missile and trajec-
tory parameters than is the wind effect, Equatlons are
presented for evaluating the digpersion for any wind and
density profile,
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2. The equations derived for evaluating the dis-
persion resulting from deviations in density may also be
usged to evaluate the dispersion resulting from perturba-
tions {n misaile weight und drag,

AT R S e MBI
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3, The dispersion resulting from a vehicle that
ancounters roll resonance (but remains intact) is likely

TRt

1 to be small, On the other hand, the dispersion resulting :
i from a vehicle having a combined asymmetry that results i
| in roll rate reversal is likely to be extremely large. - i
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Aiming instructions are required in order to de-
liver accurately a ballistic vehicle to a predetermined
impact point, To obtain launch orders, a mathematical
model containing all factors that influence the trajectory
ls constructed, However, even with the most claborate
trajectory simulation that can be devised, the model is
not pertfect and the vehicle departs from the {ntended tra-
jectory. The magnitude of the miss distunce from the in-
tended impact point will be referred to as the impact
digpersion, In Section 4,1 some of the {mportant factors
which affect dispersion and which oceur at the end of the
powered phase were discussed (error in terminal velocity
and flight path angle). In this section we will discuss only
those perturbations that occur during reentry,

B
i

P

4
i
)
A

Accurate evaluation of dispersion requires use of
a three- or a six~degree-of-freedom simulation, Simpler
golutions, although lacking in accurncy, make it possible
to igolate the important factore and provide insight into
the general behavior of the various types of disturbances,
These simpler solutions will be discussed here,

h.1 Meteoroloﬁcal Characterigtics

A
F‘- The meteorological characteristics that may pro-
' duce dispersion are:

1, Errors in wind speed and direction,

—F e e

2, Errors in atmuspheric density,

3, Errors in atmospheric temperature,

- Temperature {8 included since, in addition to its
. effect on density, it affects also the speed of sound and,
! thus, the aerodynamic coefficients that depend upon Mach
N number, However, the effect of the speed of sound is
usually samall (see Section 3.1) and only the wind and
density effects will be considered further,
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5.1,1 Effect of Wind

Atmospheric winds are a major contributor to the
dispersion of uncontrolled reentry vehicles, A simplified
analysis is given in Ref, 5=1, The important portions of
this theory are summarized below,

We make the following assumptions:

1. The effect of gravity is negligible,
2, The earth is nonrotating and flat,

3, The flight path angle 18 a constant = 'yE.
4, The angle of attack is zero.

5, The wind is a horizontal head or tail wind -
(except as indicated), "

8. 'The reentry vehicle is aerodynamically
stable (the center of pressure is aft of the
center of gravity),

7. The weight and Cy are constant,

With these agsumptions the flight geometry in the absence 4
of wind ls shown in sketch (a). - o

HORIZONTAL

1
I
i
i
: |
Ye ] :
I
|
Vg IS NEGATIVE .
]
|
|
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R :
E The velocity vector is along the body centerline, The only i
ot force acting is the axial force, A, and it also acts along y
. the body centerline (by definition)., Suppose now the body :

encounters a tail wind., The body forces that act imme-
diately are shown in sketch (b). The missile velocity

v

A/M

—

a,, SHOWN
I8 POSITIVE
| 7, 7
(b] L
‘,<
%
vector and A are still along the missile centerline, How- 1

ever the velocity vector that produces aerodynamic forces s
on the missile is V, . = - . This velocity vector :
acts at an angle, e,,, to the%ody centerline and causes a ‘
normal force, N, which acts at the vehicle center of |

pressure, This force causes the body to pitch (weather- H
cock) until the body centerline and VA/M are aligned, L
The conditions that exist when the weathercock motion P
has damped to negligible magnitude are shown in sketch (c). i
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HORIZONTAL

i
vW

‘The normal force is now zero and V is along
the body centerline, At all later times the boé\élr center-
line remains aligned with \7 ; however, since A acts
at a slight angle to ¥ the nuss e acquires a drift velocity
relative to the no-wind trajectory, The force and velocity
diagram including the drift velocity is shown in sketch (d).
We will assume that the geometry shown in sketch (d) is
representative of the reentry trajectory, At any given
time (or altitude) the missile velocity is assumed to be
the vector sum of the no-wind velocity for that time plus
the drift velocity VR‘ Furthermore, it is assumed that
VR ¥V. Using these assumptions it is shown in Ref, 5-1
that the dispersion resulting from winds is given by the
equation:

H N
f Teem—ee— 1 T V F (5-1)
w VE Sm'}’E 3 i=1 WJ w
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A

HORIZONTAL
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Vw
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where
He=Rl/g
I.3 Iy given in Tnable 5-1

[i‘w is given in Table 5-2,

The index number j relers toa particuiar altitude buand,
To account for a variable wind with altitude, the reentry
altitnde {8 divided tnto N bands where the bandwidt) is
small enough that V,, may be considered constant in each
band,

HORIZONTAL

K) Te 7, 15 A NEGATIVE NUMBER

\'"" Vi ~ Vw, h
\]uz Vwm\/w2 h!
\ 03
NG .
L]

L]
h
N
oN VW}\
SEA LEVEL

RANGE

ALTITUDE

The F,, term iz a weighting factor that depends upon the
altitude, altitude bandwidth, and Kg, L. Since KS. L.E

P
- S L , F._ 18 a function of the atmosphere considered
B sin ?E w
(P - a minor variation), the body characteristic (),
ang' "trajectory characteristic (¥g). For a given body
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design and type of atmosrhere, F,, for s given altitude
and altitude bandwidth i8 a tunction of ¥, only, For most
applications this variation may be neglbcted When this
is done the values of F, should be evaluated at the lowest
value of |¥| used in the missile design. The dispersion
decreases rapidly with increasing |¥g|. Therefore, al-
though the percentage error in § may be large when this

| procedure |s followed, the magnitude of the error in &

‘ will be small,

! 1f the altitude bandwidth is constant, the magnitude
of Fy, ib indicative of the sensltlvity of §, to winds in a

, given altitude hand, From Tcoble 5-2 it ts observed that

'i the most sensitive band corresponds to the 20 000 to

26 000 foot band for Kg 1, =1.5, and the most sensitive
altitude band decreases with lncreaamg'Ks 1, to the

10 000 to 15 000 foot band for Kg, 1, = 8. 0. The calcula-
tion of the most sensitive band is treated methematically ;
in Ref, B-1, '

- 'The ballistic coefficient g8 varies with altitude

and Mach number. The value of 8 at hypersonic speeds
should be uged for this calculation (also for 6 discussed _
in the next subsection). x

The summation term in Eq, (6-1) is called the :
ballistic wind, By definition, a hallistic wind is a con-
stant wind (with altitude) svch that the dispersion is the
] same as that resulting from a variable wind, If V

constant at all altitudes, then Eq, (5-1) becomes: N
VW H 3
| Sw T VY, B (5-2)

i The quantity p.eceding the summation sign in Eq. (5-1)
: is called the range partial for winds,

In Ref, 5-1, it is shown that Eq., (5-1) is valid for
;J . either head (or tail) winds or cross winds, If the wind D

l
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b is neither a head (or tail) wind nor a cross wind, the total !
i dispersion may be obtained by computing the head wind
and cross wind components of §,, and adding the results
vectorially,

Eqguation (5-1) has been found to be in excellent
agreement with results obtained using threc- or six-
‘ degree-ot-freedom trajectory simulations provided Kg, 1,
g is not greater than about 6, For higher values of Kg |
’ the equation overestimates 8.

4
%

For applications where the body characteristics -
! have been fully defined, the accuracy of Eq. (5-1) may be
improved by the following procedure: '

! 1. Using a three-degree-of-freedom trajectory ‘
I3 prograin, evaluate §, for various values of K
Vg and ¥ p and a constant wind, - N

2, Using these results and Eq, (5-1), compute
I3 and plot it as a function of ¥ .

3, Using the trajectory program, evaluate §,
resulting from a constant wind in each altitude
band, These computations are made for one
value of Vy, and the lowest |¥ | to be used for
the misasile,

4, Using the results of step 3 and Eq. (5-1), com- ; ;
pute F.,. i

These new values of I and F,, will differ slightly from ' ::
those given in Tables 5-1 and 5-2, Using these new data, J
the accuracy of §,, given by Eq. (5-1) may be improved, -
particularly for high values of Kg L.*

5,1.2 Effect of a Deviation in Density

."’_ .z

The impact point of a reentry body {8 computed
using some standard density profile (variation with alti-
tude), If the actual profile is different from the standard

e R P N
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profile, the misasile velocity history is affected, Therefore,
deviations in density from the standard profile are a source
of impact dispersion.

i
[
l
|

Using an analysis similar to that used for 6., it
;' is shown (Ref, 5-1) that:

. 2 N |
i H a0 K
{ B = | e __.S.__' . & F (5-3) -
o (VE sln? ) tan¥ o 5 i=1 PP %
; where

I5 ia given in Table 5-3 : g

L Fp is glven in Table 5-4 P
7 Ap is the deviation in density from the standard :
| - value (p) at a4 glven altitude, .

All other terms are as defined in the previous subsection o
on the effect of wind, "o

Again, F, is n weighting factor that depends upon S
the altitude, altitude bandwidth, and Kg, 1, The most ; 3l
gensitive altitude band is the 25 000 to 30 000 foot band '
(see Ref, 5-1 for fuller discussion) and is nearly inde- ;
pendent of Kg 1, - '

The summation term is called the ballistic density, _
By definition beilistic density is the constant value of b
op/othat results in the same dispersion as the variable ,
Aplo i k
|
i
|

The quantity preceding thz summation sign is
called the range partial for density deviation, Equation
(5-3) has been found to be in excellent agreement with re-
sults obtained using three~ and six-degree-of-freedom i X
simulations, provided Kg ig not tuo high. In Ref, 5-1
, it was shown that the conditions required for the accuracy |

of Eq, (5-3) are those given in I*igs. 5-1 and 5-2, When !
| . these conditions are exceeded, the dispersion given by P
B Eq. (5-3) is too high. ;
|

T S B £ o AT e, A S
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For applications where the body characteristics
have been fully defined, the accuracy of Eq. (5-3) may be
improved following the same procedures given for winds
in the preceding subsection.

s
b

7
|
i

Since values of Fyand F, hecome very low at high
altitude, one is tempted to conclude that the dispersion
resulting from winds and deviations in density at altitudes
above, say, 100 000 feet is negligible, For a high pre-
cision vehicle this conclusion is not necessarily valid,
since the magnitudes of V,, and Ap/p at these altitudes
are usually very large,

It should be noted that, except for the direct ef-
fects (Aa/p and V,,), the varlables contributing to dis~
persion resulting from winds and deviations in density
are the same., However 6p is more sensitive to changes
in the variables,

5,2 Errors in Aerodynamic Coefficients

Errors or variation in aerodynamic coefficients J?
resulting from reentry environmental effects (such as S "Lfd
heating) may contribute to dispersion. The most sensitive . );2
cocfficient from the dispersion standpoint is the axial o

force coefficient, Cy, ; s

Dispersion results when a perturbation affects the
¥ Listory during reentry, This change in ¥ was shown E
(Ref, 5-1) to result primarily from changes in the K .~,-&
history. In Section 5.1,2 we interpreted changes in K . _ s
in terms of deviations in density. We could just as well ; _1’
have interpreted a variation in K as a variation in 3 ‘ l‘é
|
1

e

PCAS

"W siny

S TR IR
e} g

T
SF AR S
]

Pl
ST A

or sin '}'E. Since g = EZXS’ then K =
dispersion characteristics computed in Section 5.1, 2 are .
equally valid for AC/Cp, - AW/W, or - A8/8, The '
minus sign means that a given percent increase in W or -
8 results in ae same dispersion as the same percentage
decrease in pressure, density, or axial force coefficient,

, and the '

Tre
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Errors in the normal force coefficient have a amall
effect on §. Since in general the angle of attack is not
zero, a lateral force results, and the magr_x_itude of this
force for a given trajectory depends upon « and CNoz' |

fs e aEE R

The dispersion resulting from this source arises from |

erroneous evaluation of lift and drag forces (see Sections '
J 5.4.1, 65.4.2, and 5,5), This {ncrement in dispersion is
! very small unless the error in Cy_ or the angle of attack
’ is large, o

D T P D SR S S TR Sl Y

| Errors in the damping derivative may result in
dispersion since this characteristic determines to some
degree the g history and thus the lateral force history

. early in the reentry phase and during periods of roll reso~

p nance (see Sections 4.4 and 4,5.5), Again the dispersion

! resulting from these errors is usually small,

Errors in the center of pressure location may re-
sult in dispersion since this factor also determines to
some degree the g history early in the trajectory and the
o resulting from asymmetries, The dispersion contribu-

tion is usually small,

5,3 Errors in Mass Characteristics

Errors in mass characteristics that contribute to
digpersion are errors in W, X, . , and the moment of
inertia terms. Of these, the most significant ig the error
in W, which results from uncertainty in the reentry weight
and uncertainty in weight loss caused by heating effects
j during reentry, The dispersion resulting from an error
g AW/W is the same as that from an error, -Ap/p, as
discussed in Section 5, 2,

S o e s Rt 2T

The effects of and moment of inertia may_
cause simall dispersions since these factors affect the «
history during reentry,

:

0o
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5.4 Asymmetries

The problems associated with agymmetries were
discusgsed in detail in Section 4,5, Asymmetries produce
angles of attack; angles of attack result in lift and n change {
in drag. TFor cases where angles of attack develop and
the missile is rolling, the major effect on § is the change
in drag since the diraection of the lift vector (in an inertial B
axis system) is constantly changing so that, over a period 3
of time, the net effect of lift is "averaged out," The |

effect of & for a rolling vehicle is usually small unless A
resonance conditions occur, In this case & may become
H large and the vehicle drag will increase significantly,
3 causing the missile to fall short of the intended target, g
[ This case can be treated as a change in Cp so that the ' .

procedures given in Section 5,1, 2 may be used. A more

serious contributor to dispersion ls the case where & # 0

, and the roll rate becomes zero, Rven for a very short : r

i1 period of zero roll rate, large dispersions may tresult v
g from small angles of attack, Since, for this case, the : -y
5 lift vector remalins fixed in space, the vehicle moves off
course in the direction of the lift. We will consider these 3
two casges separately,

5.4.1 Rolling Vehicle with Angle of Attack .

e e aeatis SP A Ll

ot

' If asymmetries result in a trim angle of attack

0 and the missile roll rate is not zero, the major contribu-
‘ tor to dispersion is the effect of the increased drag re- .
sulting from &, The equation for the drag is:

LA

!

= 5~ ’ P

D CDQS (5-~4) E
|

where, from Eq. (2-9):

- ol ~ fia R . !
CD-CAcosa+LN51na. (5-~5) .

Therefore the change in Cpy resulting from a is:

= ~ 4 & - ~ ; ~ 5~
ACD CAcosa-rCNsina CANCN sine . (5-6)
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If the aerodynamic charancterirtics are lincar so that
Cy ® CNad and if & 18 small:

]
4

.2 )
aC, = CNaa . (5-1) !

I

Therefore the etfect of & may be estimated using the pro-
cedures given in Section 5,1, 2 where:

|
C b
5

Tl e

ACD N 2 o

; %E.r u..--ga . {5-8) i

- A A %
, “d

} . When working with telemetry data, it i3 convenient to ex-
ik press ACp/Cp in terms of body accelerations, Substi-

i tuting for & using Eq, (7-11):
AC. C, /= \2 '
. R A (g_) . (5-0) i
b A ON, \Ex 5
T Note that AC[/Cp varies as the square of &, and there-

fore the effect tends to be small at low values of & but | ;
tends to increase rapidly with increasing a. o

T T T

5.4.2 Nonrolling Vehicle with Angle of Attack

The dispersion resulting from angle of attack for
a nonrolling vehicle was considered n detail in Ref, 5-2 and
the resulis are summarized below. Consider a vehicle with
a fixed angle of attack that results in a lift force L, Con-
gsider an {nertial axis system YZ ag shown in the sketch,
If the roll rate ie low compared to the aerodynamic fre-
{ quency, the lift (or normasl) force is in the plane contain-
: ing the agymmetric force (see Section 4,5.1), Therefore
L rolls with the body, As long as the roll rate is not
i close to zero, the effect of L on dispersion is small
since the direction of L (in the inertial axis system) is
constantly changing, However if the roll rate becomes

shvsbaiitsd

g 1 |
+ I - 289 - '
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zero, even for an instant, the body will move off course
! in the direction of L, We will consider in this subsection
i the camse of a vehicle that is gpinning at reentry but, under
j the influence of body asymmoetries, the directior of roll
f rate is reversed during entry, The duration of ''near zero'
; roll rate is very short,

Assume that at b, the roll rate passes through
" zero and that at this instant the 1ift is in the vertical plane,
r A change in flight path angle, AY, results,

——————— HORIZONTAL

‘YE 18 NEGATIVE

AT 18 POSITIVE

'j-‘ ' \\

-

‘,rll;: R ‘_'_SH_.'
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Assuming a straight line flight path and a small value for
Ay

- hOA‘Y (5-10) ‘
R 2 '
gln YR

Ii L is in a plane perpendicular to the vertical plane and
if Ay is interpreted as the resultant change in the direction
of the velocity vector:

]

£ h AY
18 | = |2

c gin¥

. (5-11)
E

-|6Rsh17E|.

FEPRFEE B SU -V LN S

The {impact pattern is elliptical with the major axis along

the trajectory track and the minor axis across track. The .
ratio of the minor to major axis is | sin ¥g|. The change '
in ¥ 1is given by the equation:

TR SR P Y

Ay = [ydt (6-12) !

e s

where (gee Ref, 5-3):

B

. LB _gecos¥Y Vcos?¥
YWYV TR

. |
o |
1

The charige in ¥ of interest is just that resulting from L.
Therefore;

A e s e B o

} aY = &~ [ Lat, (5-13)
: wv_

= o Tl R

B )

Equation (6-13) is valid provided the direction of L is

fixed, However, since the direction of L changes over
N the time interval of interest, an effective value of [ Ldt
must be used, Based on six-degree-of-freedom simula-
tion results, it may be shown that:

CRE

el T LTI T
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2,116L

J15,]

I Ldt a (5-14)

where the constant is dimensionless, Writing L = CLUEOQOS

[f where CLa is given by Eq, (2-10):

gf 2 116 ﬂ
LR B - o
,!, J Lt -\/___. N CA) o 98 . (5-186) ;'
14 3
é Substituting Eqs. (5-16) and (5-13) into (6-10): ’
:
2.116h g On " Ca) _
£ Sr -—-——2—- == 0 S . (5-186) i
WV sin” ¥, |8, : :'
In terms of normal force N = C_ & q_S: "
o] Nm o'o K
2 )
2116 h g c, 4
op * __._C N (5-17)
i WV sin ‘)’E,,H) o
i b
In ter f lateral acceleration g_ = 2 2~§9' :]
; n terms of lateral acceleration g _ = gYO gZO'W' 3
i '
2 2.116 1 s\ 4
1 SRR W B k
g LI : (5-18) H
V 8in VE" {
! Equation (5-18) is_convenient for analysis of telemetry P
data since p, and g, are obtained directly from the data and ¥
. Vo and h, may be esttmated using Eqa. (4 3-22) and __ | 3
' ‘;@
[ .i
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(4, 3-5), Equations (5-18), (5~-17), and (5-18) are valid for
any combination of asymmetries,

ok We consider next the dispersion that results from
: \ the particular types of mass and aerodynamic asymme-
: tries (N0 and r) shown in the sketch,

Y (BODY AXESI

We will assume that the normal force resulting ‘
from r is very small so that the N, results from an asym- [
metric moment defined by: ' j

[}

-— 2 » 1

Chm ° Cm + Cn . ]

[0} o] o] 1 E:

Pd

The trim angle of attack, @, is given by Eq. (2-27) where, B

in the notation of the present section, aTpR * @, and Cm, = 1:;‘
C,, - The roll acceleration, p_, is given by Eq. (4.5-35)

(o]

where q = q, o= ao. and @ = §_, Substituting these values
into Eq, (5-16), writing p, in terms of Hy and P, and

noting that a, = %povoz:
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Ca
1.4aof1 - = - 172
LNN CmOSIX
6, - ks hNP (5-19)
R Vi Je wosin® v | » 9% sin 9 ot o

i
1
d

The constant is 2,116/¥2 and is dimensionless,

e -

Equation (4, 5~94) may be used to evaluate K, and

thus ho\/P . Using Eq. (4.5-94) and Eq,_(2-27), dg may

be expressed in terms of v, rather than Cp, and rsin 8,

glving the result: © :
3

i e

o o

6. =1.40&

-1 S - .

\/VEPS. L.\ S P Pson. 2 ]

h 1 ~e .

R o) .

BHPE  gin? Ve .
. ) . 1
(5~20) ';

P Sy O g At 3, = 3
O
w
ic,

Eiquation (5-20) shows that for a given &-0 (given Emo and
AX/d primarily), the dispersion varies with h,, (variations
in r sin @, if other variables are held constant) in ac-
cordance with the factor:

PP

E=h o { - SL = f(h , K ). (5-21)
o L,

S.

At sea level, this factor is zero since h, = 0. The factor
increases with increasing h, to a maximum and then de-
creases, becoming zerc at very high altitudes, The criti-
cal altitude (altitude for ::uximum K) depends upon the
type of atmosphere (Pg, 1, ) and upon Kg 1, (or upon g
and/or )’E). For the exponential atmosphere (Eq. (3-15))
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e

it may be shown that E is a maximumr at hy = Hy for very

' small values of Kg 1 and increases to h, = 2H, for very
; large values of K L. For the 1962 Standard Atmosph-re,
s using 11 = constant’ = 23 000 feet, the critical altitude varies
Eol from about 23 000 feet at low Kg [, to about 46 000 feet at

highKg 1,,. A plotof E versus hy is shown for several
values of Kg [, in Fig. 5-3. i

In summary, the following conclusions were reached
regarding the dispersion resulting from reversal of roll rate:

:
g
A
g
'é

- 1. The dispersion may be in any direction. The
locus of possible impact points is an ellipse centered at the

nominal impact point, The major axis of the ellipse is ,_'5
‘ along the flight path, The ratio of minor to major axis is
- | sin ¥4l

e b al T

2. The magnitude of the dispersion is a function of
the many factors listed below, making it impossible to
draw generalized conclusions regarding the effect of spe-
cific variables.

e o3

CA cm
(6] 4
CNa Aerodynamic r Asymmetry :
p 3
X o)

c. p. \ é
w g: E
X Mass p Initial Conditions Y

C., g- E s : ,‘

(I,
x S Vi A
Type Atmnsphere l"-xj

] S } Geometry Co
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Only one type of combined asymmetries capable of
resulting ine&_ nnd zero roll rate is listed above, low-
ever, other combined asymmetrics such as (,'f() and Cm

could also result in roll rate reversal and Inrge dispersion,

3. For given nerodynamic charneteristics, mass,
geometry, initlal conditions, type of ntmogphere, and
Cmo‘ the e, is fixed, However, h, (and e, to a very gmall

o
extent) varies with the values of r and ¥ . The dispersion
i that results as r and/or @_ is changed is maximum when
hg has some specific value, For the 1442 Standard Atmo-
sphere, the value of hy corresponding to 8§ 5 s between
23 000 and 46 000 teet, depending upon the value of Kg 1, .

5.5 Errors in lnitial Reentry Angle of Attack and Body Rates

In some cases the initial reentry angle of attack, @
and body rates, p, q, and r, are not known accurately,

i During the high altitude portion of the trajectory, these _ 3
. initial conditions affect the e history as discussed in Sec- 7
tion 4.4, Ife, p, 9, and r arc not zero in the altitude

¥

r~gion where the aerodynamic restoring force is small,

the missile experiences coning motion such that, in general,

the body centerline does not rotzte nbout the velocity vector,

Therefore, in lnertial axes, the lift force does not rotate

about the velocity vector ag it does for a rolling vehicle at

altitudes where aerodynamic forces are predominant,. Dur-

ing the early phase of reentry, initial values of &, p, 4,

and r cause dispersion resulting from both lift and drag

effects, The drag elfect always tends to cause the vehicle

to fall short of the intended impact point, {owever, the lift

effect may cause dispersion in any direction depending upon

the direction of 'he 1lift vector (determined by the location

ol the coning motion relative to the velocity vector), In

general the locus of lmpact points resulting froia thaese

initial conditions is an ellipse whose major axis is approxi-

mately along the flight path. The ratio of the minor to , .
major axis is approximately | siny |, The drag effect .

‘ shifts the center of the ellipse toward the launch site from : 4
the nominal point (impact tor nomninal &, p, 9, and r), . A

pax o

i o

e

e
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The vehicle motion is rather complex, and a six-degree-
of-freedom simulation is required to evaluate the magni-
tude of this source of dispersion, A typical order of mag-
X nitude of the semimajor axis for_§ resulting from w is !
| 5 to 10 feet per degree error ine&, Therefore, the error

%‘ : {s not negligible unless & is known fairly accurately.

fc o

— Em PR D

5.6 Examglgls ¥
5.6.1 Examgle 1

Estimate as a function of ¥ the dispersion result-
‘ ing from a consatant 100 ft/sec headwind (V. = -100) and
| a constant 10% increase in density (Ap/p = 0. 1) from the
1962 Standard Density for the following conditions:

VE = 20 000 ft/sec
g =1000, 2000, and 3000 b/ft? .

] : Since digpersion is most sensitive to the altitude region
i from 20 000 to 30 000 feet, a value of H = 23 000 feet (see
} Table 3-1) is used,

€ Tt s ant.

. From Eq. (5-2):
- I

S S N

s . .1000x 23000 3 .. Tg :

w 20 000 sin¥p siny, '

L From Eq. (5-3): }
" . ]
q (23000)2 322Xx0.1x1 I ]
. 6 = 58000 5 = 4,26 . ! i
g i P sin” 7 tan ¥ ., sin” ¥ tan g ig
, i
y From Table 3-1, P - 2116 1b/1t2, Then K - E
“ 2116 S' I-l. S; L' ,‘

. - m. For a given value of 3 and?y, §,, and Sp !\

may be computed using I3 and Iz obtained from Tables b
5~1 and 5-3, The results are shown in Fig, 5-4, This [ -
I

;
[
)
|
E - 207 -
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figure illustrates the high sensitivity of dispersion to winds
and density for shallow reentry angles and low values of 8
It also illustrates the fact that §, becomes ingignificant at
large values of ¥yy whereas 6, may be significnnt even for
Ya < ~90°.

5.6, 2 J".xamglc 2

Assume that in targeting a missile no corrections
were made for winds and deviations in density from the k
; 1962 StandardDensity profile for altitudes greater than E
; 100 000 feet. If the average wind at altitudes from 100 0600 -
5 to 160 000 feet were a 300 ft/sec headwind and if the den- :

k)
4
B
i

sity were 30% greater than the 1962 Standard profile, :
estimate as a function of g the impact error resulting 1
from these high altitude meteorological chara=zteristics
for Vg = 20 000 ft/sec and g = -25°. Use H = 23 000 feet, ]

From Eq. (5-1):

- _ 23 000(~300) ; .
_' w © 20°000(<0,422) 3 ., W
‘ ! 1
3 4
‘:' 4 .
3 = -8171, T F_. L
| 8 g W i
[‘; From Eq., (5-3): i
- 23 000 )2 32.2%0.3 . 3
p \ 20000 x0,422 1-0.465) 5 1‘:2 5
= -1661, T F_.
5 {=2 w r
L
Using values of I3, Fy. lg) and Fp given in
- Tables 5-1 through 5-4, &, and b, werc computed as a I
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function of Kg 1, . The values of g corresponding to -.
Kg, 1,, were computed using the equation: i

. 2116 _ 5000 .
Ao Ry, (-0.49) K ‘

S. L.

Values of §, and §, are plotted in Fig. 5-5. The accuracy
limit as given in F? . b=1 is also shown, Values of

8 = 1230 1b/ft® fall within the limits of accuracy: va.ues
of 8§ shown for g less than 1230 1b/ft2 will be slightly
high.

: This problem illustrates that bodies having low
¥ values of 8 tend to be sensitive to meteorological char-
acteristics even at very high altitudes,

5.6.3 Examgle 3

For the reentry body havliig the characteristics
given in Table 2-1, estimate the dispersion resulting from
'{ a constant trim angle of attack o if the missile has a con-
1 stant roll rate during reentry, The trajectory character-
istics are Vp = 20 000 ft/sec and yp = -80°, Use H =

23 000 feet,

For this case the dispersion results from the in-
crease in drag, and the effect on dispersion is equivalent
! to a change in density. i

C Ly

: N L
] AP (Eq. (5-8) == & 2 ]
‘; p CA ] L|
! 2 =2 i

=0.102 %

=19.2 a 2 fora in radians
[¥] O

J

|

|

|

|

|
= 0, 00585 &'02 for EO in degrees, ‘
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The dispersion is computed using Eq, (5~3),

- 2116

Ke L. "To80(-0.50) - + 23

I = 21 L]

5

Since Ap/p is constant for all altitudes:

N
v 225 B8 .0.00585 5 °. ,
I o |

Therefore:

2
= 23 000 32,2 x 21 -2
8 = (20 000 (-0, 505) =57y (0.00585) &

= -36.2 @& 2
O ]

The missile will fall short by 9 fect for &, = 1/2°, 36 feet |
for e, = 1°, and 145 feet for &, = 2°,

ol ol L e e o 5 M o 2 et b e A S | -

I BT

| 5.6.4 Example 4

: Suppose in Example 3 the reentry body has an R

‘ o-co = 1/2° at reentry, the body passes through first reso- b
nance without lock-in, but the asymmetries are such that i
lock=in occurs at an altitude of 10 000 feet and remains - ; ;

' until impact., Determine the dispersion, i

t
Again, for this problem, dispersion results from {
’ l

1 the drag effect, However the angle of attack is amplified !
‘ by the resonance phenomena., From Eq, (4, 5-16), :
“' & = Ae. and, since \ =1 at resonance, A = 1/D. Using : “ﬁ

Eq. (4,5-60):
D=0.115 VK.
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Therefore;

— wmm I N

= 8.71/2)  4.35 !
Y& V%

i

o P P P :
Substituting for K = - - a K = 4,23 , .
gsiny E PS. L. S, L, PS. L. i

a - 25 11 . "

i VPIPg 1, |
3

Ath=2500fect P/Pg =0.013 &=221° i
B

h = 7500 feet  P/Pg , =0.757 & =242 ;
From Ex_gn%ple 3, the equivalent value of Ap/pis 4
0. 00685 & . Theretore, for h = 2500 feet, Ap/p = 0. 0286; ]

T s

for h = 7500 feet, Ap/p = 0.0343, Assuming that the value
i of Ap/p at h = 2500 feet is representative of the altitude
| I band from sea level {o 5000 feet and that the value of

B
| Ap/p at h = 7500 feet is representative of the 5000 to ]
; 10 000 foot band: §

17, ;
b 2L p = 0.0286(0, 049) + 0. 0343(0. 055) = 0, 00329,
, Using Eq. (5-3):
| 23000 32, 2 e -
: LW
. 5.6.5 Example 5 \ ;
/ i
! )
! The body having characteristice given in Table 2-1 | "f
o has the following asymmetries: i
| 1. A center of gravity offset of 0, 042 inch,
| ! - 301 - |
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,'.‘ 2, A body centerline distorted into an arc of a

: circle, The slope of the centerline at the body A
) ‘ nose and base differ by the angle A8, -
o As a function of A@, assess the probabllity of encountering f
spin through zero roll rate, and estimute the dispersion
that results If gpin through zero roll rnte occurs, Neglect

the possibility of encountering roll lock-in at negative roll
rate. Use the 1962 Standard Atmosphere with initial con-

ditions, pg = 1000°/sec, Vg = 20 000 ft/sec, and yg = -30°, .
From Eq. (2-35), Cmo = 0,008 A8, From Eq,
(2-27):
- = (0, 00846) _
; »L\I &O 57,3 mﬁr = 248

where AB and @ are in degrees, The altitude (in terms -
of K) at which the roll rate becomes zero is given by Eq, o

& (4.5-04). Substituting for the given terms: '|
bk

| 1000

| Ki2 $75 (0.104X0, 079) -
= =t 720 000 \ 2A 6 [
1 meamai— | w—_——
. 2(0. 001) (=5g—~) 255 sin 9, o
A§ sin ﬁo ' : L

At sea level K = KS = 2116/1000 (0, 5) = 4, 23, For
zero roll rate at sea level:

. . 036 _ o
b AB 8in ﬂo = o = 0. 41° ,
} 1 -e

i Since @, may have any value from 0° to 360° and
h: assuming no correlation between the two types of agym-=-
s metries, the prubability of encountering zero roll rate

( during reentry is:

i

¢

}

- 302 -
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- o DB 3B

I where A@  is the range in values of 9 for a given A8 such
! that ':
I A6 sin ﬂo 20,41, \5
t | a8 sin 9 a®, 5 li
L 0. 41 1 0 0 ‘3
B 0.50 0,82 tol 0 0,195 ]
: 0.60 0,883 to1 94 0,261
; 0.170 0.585 to 1 108 0. 300 "
‘ 0, 80 0.512 to 1 118 0. 328 -]
1.0 0.41 tol 132 0, 367
2,0 0, 205 to 1 156 0. 434
3.0 0,137 to 1 164 0. 456

The probability of encountering zero roll rate is
shown ag ao function of A6 in Fig., 5-8. The altitude, hg,
at which zero roll rate occurs is an impcrtant factor in

e - e ——

W o s T D R e B s et €

3 the calculation of dispersion, For A6 2 0,41, hy may

o be any value from sea level to rome upper limit obtained 4
when sin f, =1 or “i
y
[ ;
4 l "K/ 2 = 0. 36 B

‘ The upper limit to h, is shown as a function of 46 in Fig.
. 5-17.

The dispersion that results when spin through zero
roll rate occurs may be computed using Eq, (5-20), For
| a given A@(or &'o), the dispersion may be any value from
0 to some maximum value depeading upon ho which, in

N, SRR -0~

1 - 303 -
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turn, depends upon @, For low values of A8, the maxi=~
mum value of E (Eq. (5-21) and Fig. 5-3) correspond to
the highest value of h; (@, = 90°), However for the larger 3
velues of AB, the maximum value of E [or this problem !

(Kg, L, * 4.23)occurs at hy ~ 27 000 feet, Using h, data 4
given in Fig, 57 and the E values given ‘n Fig, 5-3, X
Emax for various values of A8 are tapulated below,
AB ho at Emax Emax Al Emax : i
0, 41 0 0 0
0.5 13 000 g 600 4 300
0. 8 21 000 10 800 6 480 ;
0.7 27 000 11 300 7 920
0.8 27 000 11 300 9 050 : -
1.0 27 000 11 300 11 300 .
2,0 27 000 11 300 22 600 . )
3.0 27 000 11 300 33 900 ;;g

Using Eq., (5-20) withe, = 2 AB:

2
5 _ 149 (248 20 000 x 2116 (o‘.‘1o‘4 - 1) B
R nax 7.3 ] 1000 x 23 000 x———;gog (1/2)% ~ max ;
8 =1.2240 E___. 1
max

The values of meax may be computed using the listed

values of Eygx, and the results are shown in Fig, 5-8,
The impact may be anywhere on an ellipse having

a semimajor axis of any value from zero up to the values

shown in Fig, 5-8, The major axis is along the trajectory,
The semiminor axis is OR/Z (see Eq. (5~-11),
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The magnitude of the dispersion is highly dependent
upon B,. In the previous discussion we considered only
the maximum effect. The probability of encountering a
given magnitude for the major axis of the dispersion
ellipse may be obtained by plotting § g versus @ for vari-
ous values of Agas shown in Fig. 5-9, The dispersions
for values of @, > 90° are not shown since 8y is symmetri-
cal about P, = 90°, The probability of encountering or
exceeding a given value of 8§  for a given A6 is8 obtained
from the ratio Af,/360 where Af, is the range in values
of §, for which 8y equals or exceeds the specified value,
The probability plot is shown in Fig, 5-10, The values
of P shown for § p = 0 are the probabilities of encounter-
ing zero roll rate shown in Fig. 5-6, As an exumple of
the interpretation of this figure, for Ag = 0, 5° there isa
19% probability that zero roll rate will be encountered;
there is a 16% probability that 8 5 = 25600 feet; the maxi-
mum possible dispersion is 530§feet (the values of §5 at
P = 0 are the values shown in Fig. 5-8),

Note that the dispersion that may be encountered
if the missile spins through zero roll rate tnay be at
least an order of magnitude greater than the dispersions
congidered in the previous problems, For example, the
A6 = 0,5° asymmetry corresponds to a 1° trim angle of
attack, It was shown in Example 3 that if the missilc
does not encounter zero roll rate the resulting dispersion
is about 36 feet for & = 1°. The spin through zero roll
rate phenomnenon is a serious problem to the designer of
reentry vehicles that require good impact accuracy,
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Table 5-1

Values of 13

y Ks. L. 3

0 0
0.5 0,25
1.0 0.57
1.6 0.92
2.0 1.33
2.5 1,84
3,0 2, 44
3.6 3,20
4,0 4,13
4,58 5,25
6. 60
8,17
9.90

m m; O
o v O

eI T ST T e s T

piB Rt

it
i
5: .

- 310 -




5; THE JIHNG HOPKING UNIVERBITY
- APPLIED PHYSICS LABORATORY
S VER BPRING MARYLAND

Table 5-2

Values of |- i
w

3 Altltude ] R . 3,}«
s (thousands S.L ¥
N . offeet) J 1.6 2,0 3.0 4,1 5,0 i, 0 ‘\..
: 160-0 1 0,007 | 0. 008 0. 008 0. 004 0. 003 0. 003
] 140-160 2 0.005 | 0,004 0, 004 0, 002 0, 002 0. 001 ki
L : 120-140 3 0.010 | 0,008 0.007 | 0,006 0. 005 n.004 4
» 100-120 4 0.025 | 0,023 0,018 0,014 0. 011 0,010 ;
90-100 5 o.021 | 0,018 0,015 0. 011 0. 000 0. 008 Y
: 80-90 G 0.030 | 0,027 0, 021 0.017 0.015 0,013 p
70-80 7 0,045 | 0,040 0. 030 0, 024 0. 020 0,015 %
(0-70 B 0,064 | 0,058 | 0, 047 0. 035 0. 029 0,025 A
S 50-60 ] 0. 046 0, 074 0. 056 0, 053 0. 042 AGRTH ¥
o 40450 10 0.100 | 0. 108 0, 0u2 0. 077 0. 066 0. 03 o
l 1040 i 0147 | 0,143 0,126 0,110 0.100 0,007 i
v 26-140 12 0,081 | 0,080 0.078 0. 071 0. 068 0. 016 }
. 20-25 13 0.108 | 0. 100 0. 042 0. ou6 0. 085 0,086
\ 16-20 14 0,086 | 0,080 0. 087 0.10% 0. 114 0117

10-15 15 0. 069 0. 080 0.110 0,142 0,158 0,158
5-10 14 0, 058 0,070 0,10} 0,140 0. 148 01475
8, L, =5 17 0, 047 0, 060 0. 002 0,114 0,127 0. 148

Note, ‘These data are applivable to a 1962 Standard Atmnaphere. However, they may ‘
be used for any atmosphere by changing the altitude limits for ench band, For
uxample, the | a2 R dota npply to the altitude band from an altitude corresponding
to PIPg L, ® 0.0714 (60 000 feet for the 1062 Standard Atmospherelto an altitude
corresponding to P/Pg 1, = 0,0443 (70 000 feet for the 1962 Standard Atmo-
sphere),

[
Sl T P e b S, 2

Eerin
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; Table 5-3
‘ values of I5

‘ 0.5 0. 50
" 1,0 1,05
. 1.5 i.85
- 2.0 3. 00
i . 2.5 4,90
! 3.0 7, 65
3.5 11,30
4.0 117, 30
} 4.5 217, 00
i 5.0 41,00
5,5 61, 00
6.0 92,50

T

-
TR,

} o
t

i)
e
1
k.
b
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1 Table 5-4 :

Values of F
P

i Altitude Rs, L. .
iﬁ {feet x 1000) | | 1.5 2.0 3,0 4,0 5,0 6.0 ;
Y‘ 160-¢ 1 0.004 | 0,012 0. 009 0. 006 0. 004 0. 004 ;
140160 l 2 0.014 | 0.014 0. 009 0.006 0. 005 0. 004 )
120-140 3 0,027 | 0.023 0.017 0.012 9,008 0. 007 i
100-120 3 0,053 | 0,046 0.035 0. 025 0.019 0.017 '
90-100 5 9.045 | 0,039 0,028 0.021 0,015 0,013
80-90 6 0.055 | 0.050 0. 039 0. 029 0. 025 0. 022 j;
70-80 7 0, 069 0,067 0,058 0.045 0. 034 0. 030 k.
§0-70 8 0.088 | 0.085 0.077 0. 065 0.056 0, 051 !
30-60 9 0.118 0,111 0. 099 0.090 0,087 0. 088 'j
4050 10 0.142 | o0.138 0.130 0.123 0.120 0,118 .!
3040 11 0.140 | 0,146 0.154 0.157 0.158 0. 156 4
25-30 12 0, 072 0,076 0.083 n.088 0. 092 0. 095 :
20-25 13 0.068 | 0.074 0. 082 0.090 0.098 0,102 f j
15-20 14 0.044 | 0,048 0. 064 0.078 0. 087 0. 091 :
10-15 15 0.030 | o0.032 0,051 0.066 0.076 0, 080 -T
5-10 16 0.019 | 0,022 0.037 0.053 0. 061 0. 065 y i
0-% 17 0.012 | 0.017 0. 028 0.046 0. 655 0. 059

Note: See note to Table 5-2,
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SUMMARY

&
L N

The discussion of the motion of ballistic missiles
would be incomplete without some coniment on the ''work !
horse' of all trajectory analysts — trajectory simulations,

T L It is beyond the scope of this report to discuss any simula-

tion in detail. However, for the uninitiated, a few brief

I comments are presented regarding the basic ingredients

! of all simulations, the relative operational cost of several
types of simulations, and some characteristics of a six-
degree-of-freedom simulation currently in use at APL.
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A trajectory simulation is a computer program by
which the time higtory of the vehicle motion may be deter-
mined, Given a set of initial conditions and the particular
quantities tor which a tline history ls desired (outputs), 5
the reentry body simulation consists of five major parts {
(see gketch, page 328): ;

Equations of motion,

. Earth characteristics, i

2 T———

Atmospheric characteristics,

Mass characteristics,

[SLEE I

. Aerodynamic characteristics,

Each of the major parts may be very simple or very com-
plex. The equations given in Section 4, 3 provide the basis !
for a very simple simulation ih which the equations of
motion are reduced to a single degree of freedom (motion
along a constant flight path angle), the earth is flat and
nonrotating, the acceleration of gravity is zero, the atmo-
sphere obeys the hydrostutic equation, the wind is zero,
and the vehicle mass and aerodynamic characteristics

are defined by a single parameter (§), However, the use-
: fulness of this simulation is limited to those atudies for

§ which approximate time histories of a very few trajectory
i parameters are sufficient, For many types of work this 7
: simple simulation is not adeguate,

ot e e § I Ny Y1t e S T £

NP P (O PRI S R Y

e e,

Increasing the complexity (and cost) over the .
one-degree-of~freedom (1 DOF) problem, a three- i
degree~of -freedom (3DOF') trajectory simulation may be :
used, Usually the 3DOF designation refers to degrees
of freedom in the three orthogonal linear dimensions, In
this case the simulation is also called a ''point mass''
simulation. The only mass and aerodynamic character-
istics used are the body weight and axial force character-
istics, Any atmosphere and earth model may be used, In:
This simulation is reasonably uncomplicated but has
sufficient accuracy for most types of flight test analyvses, .
for defining targeting data, and for evaluating most types
of range partials (sensitivity of impact dispersion to
various anomalies),

- 327 -
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For evaluating the detailed dynamic behavior of
missile motion and for calculating precise impact loca-
tions, a slx-degree=of-freedom (6DOF, three linear and
three rotational) program is required, In this simulation,
the body mass characteristics are defined by weight,
center of gravity location (specified by three coordinates),
moments of inertia, and products of inertia, The aero-
dynamic terms include the axial force, normal force,
center of pressure location, pitch (or yaw) damping, roll
damping, and asymmetric force and moment terms ae re-
quired for a specific study. This type of simulation is
the only one (of the ones discussed) that accurately accounts
for angle of attack effects, Any atmosphere and earth
model may be used,

T TR R S ..
LT YRR "

There are many modifications to these three
basic simulations. For a given study the analyst will
select the type of simulation based on a trade-off between
accuracy and cost, For a typlcul reentry trajectory, the
approximate machine cost of running the three simula-~
tions discuesed above {8 as follows:

it i e ® g

: 1DOF Negligible,
: IDOF 81 per trajectory, i
§DOF $30 per trajectory,

, As an {llustration of a typical 6DOF reentry body
' simulation, one of the simulations currently in use at
AV'L is described briefly,

6,1 Initial Conditions

1, Geometric altitude,

2. Missile velocity and flight path angle relative ’. "1
] to rotating earth, i

3. & and $ components of & (see Fig, 4-11),

4, Initial roll orientation of the body axes with .
respect to the inertial axes, L

5, Body rates (roll, pitch, yaw). |,!
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6.2 Missile Mass Characteristics -

R Paea o Skl o

1. Welight,
2, X, Y, Z coordinates of the center of gravity,
3, Moments of inertia (about X, Y, Z axes),

4, Products of incrtia (about X, Y, 7Z axes),

Provision is made for two sets of characteristics
g0 that the trajectory for a two-stage reentry body may
be computed, Provision is also made for varying the
welght and the two lateral coordinates of the center of
gravity as a function of altitude, This option i8 uged for
studies in which body shape changes as a resull of aero-
dynamic heating,

PR )

6.3 Aerodynamic Characteristics

¢ Some of the aerodynamic data are in an aerody-

; namic subroutine of the program and some are inputs,
The subroutine provides the axial force coefficient, nor-
mal force coefficient, center of pressure location, pitch
(or yaw) moment damping coefficient, and roll moment
damping coefficient, The axlal force is a function of Mach
number, angle of attack, altitude, and velocity, The cen-
ter of pressure, pitch damping, and normal force data
are functions of Mach number and angle of attack, The
roll damping coefficient is a function of velocity and alti-
tude, Provision {8 made for using two sets of data corre-
sponding to the two sets of mass data,

The aerodynamic inputs include the asymmetric
pitching, yawing, and rolling moment coefficients as a '
function of altitude and multiplying factors as a function 1
of altitude [or varying the aerodynamic data included in
the aerodynamic subroutine,
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6,4 Atmosphere Characteristics

The 1062 Standard Atmosphere is built into the
gimulation but any variation of density, temperature,
wind, and wind direction with altitude may be used,

6,5 Earth Model

The WGS/ 60 ellipsoidal rotating earth model is
used,

! ; 8.6 Equations of Motion -

: The six equations of motion (in body axes) used

) are the three rotational degrees of freedora given in Ens.
(4, 6-1), (4,5-2), and (4.5-3), and the three linear de-
grees of freedom given in BEqs. (4.4-4), (4. 4-5), and
(4. 4-8). The aerodynamic forces and moments are com-
puted in the body axis system, Accelerations sre then
computed in the inertial axes, and velocities and trans~
lations are computed by integration.

i i 1 e Sk o e an

6.7 Outgut

various output quantities are available, The out-
put format currently programmed provides the fcllowing
time histories:

1. Three components of acceleration (body axes),
2. Total angle of attack,
3, Pitch, yaw, and roll rates (body axes),

4, Mach number, c A
. Velocity (relative to rotating earth), '

. Dynamic pressure,
Flight path angle (relative to rotating earth),

8
1
8. Altitude (geometric),
9

Downrange and crosarange coordinates of the ]
trajectory. |

3
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The final latitude and longitude are also listed,

Several options are available regarding the print-
out time interval, The integration time step {s variable
(with a minimum of 0, 0001 second), and readouts may be
obtained at every time step, any multiple of the time step,
every second, or any multiple of a second,

For a 3DOF simulation only the first and second
3 initial con ;- us, the {first maas characteristic, the axial
] force coel -:-at (as a function of Mach number and alti-
; tude only), and the three linear degrees of freedom are P
used, Hence the computer cost is lowered by an order of ,
magnitude compared with the cost of using the 6DOF pro-

F: gramo
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7. FLIGHT DYNAMICS DATA ANALYBIS
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SYMBOLS FOR SECTION 7

Symbol Definition
A axial {force
A amplification factor
semimajor axis of the dispersion
ellipse
L b semiminor axis of the dispersion
{ ellipse
§ C, axial force coefficient, A/qgS
; Cy normal force coefficient, N/yS
(’-,!i ‘ CN slope of the normal force coefficient,
T & 3C /2
; C pitch damping coefficient, aC /a(qd/V)
' mq m
',‘)
‘ D damping parameter (see Fig, T-11)
] F resultant transverse force
i [ resultant transverse acceleration,
ii': 2 + 2
L By T 8y
L gx longitudinal acceleration
' By lateral acceleration
| 8 normal acceleration
@3 h altitude
f, Iy roll inertia
k ' Iy pitch inertia
' K parameter defined in Eq, (4,3-6)
P - 336 ~
racoding page blani

Typical Units

pounds

feet

Teet

per radian

feet
esh.lg--ft2
slug-ft2

i ot -t X i kI it 8 05 2 Skl il o

hal




!
; Symbol Definition Tynlcal Units
| m mass slugs
N normal forcc pounds
! P atmospheric pressurc lhlt't2
| P roll rate deg/sec
\& q piich rate or
r yaw rate rad/sec
qorq dynamic pressure 1b/ 1t
iy ) refervence area ft2
't \% velocity ft/sec
w welght pounds
X, Y, 2 body coordinates with origin at centor
of gravity, X coordinate is parailel
to the body centeriine, positive for-
ward; Y coordinate is perpendicular

to body centerline, positive to the
right looking forward; Z coordinate
forms a right-hand system with X
and Y, positive direction is down

[ when looking forward, -

s X distance from nose to center of

3 C| gi

5 gravity feet

Xc distance from nose to center of

g - B pressure feet
& angle of attack in X-Z plane degrees
8 angle of yaw in X~Y plane degrees
8 ballistic coefficient, W/C,S /1t
a total trim angle of attack degress
v flight path angle degrees
AX = Xc' B " Xc. g feet
ay change in trim maneuver piane due

to roll rate degrees

A regonance index (see Fig, 7-11) -
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Bszab

Symbol Definition Typical Unita
P —_—
)
; v orientation of trim maneuver
plane, positive measured clock-
\ wise from Y axis looking forward degrees
‘ Wy aerodynamic frequency (see Fig. 7-10) deg/sec
.
- Subscripts
| ¢ P center of pressure
c. & center of gravity
B conditions at beginning of reentry (400 000 feet)
0 conditions when p = 0 .
X, Vv, Z component in the X, Y, or 7 direction, respectively

A dot over a symbol means the firat derivative with respect to time.
Two dots mean the second derivative with respect to iime,
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Praceding page blank

SUMMARY

A detailed discussion is presented ot the proce-
dures currently used at APL in the analysis of vehicle

motion during reentry, This discussion includes com-
ments on:

The basic data available,

Basle data processing,

Conversion to engineering quantities,

[ -EE VS

., Special analyses for dispersion and ''roll
lock=in, "

Examples are given of:

1, Typical flight test fecords,

2, A method of extracting range time from
these records,

3, Typical body ratc and acceleration traces,

4, Work sheets for computing angle of attack,
aerodynamic pitch frequency, and several
quantities related to roll resonance,
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7,1 Available Datn

AT et - s

The fhgnt Jdata mwost eommonly available for dy- :
namics analvsis are the piteh, yaw, and voll rates and the '
nomnal, Iateral, and longitudinal accelerstions at the re-
entry body center of gravits, 1o oddition, the weather
Aoty an the recrtey aven ave vequired for a detailed re- U
enity aispursion anatysis  These data incelude the atmo-
gpheric pregsure and temperature, ar” the wind speed
and direction ng a function of altitude, Of course, the mass
chnracteristies ol the reentry body are roquired, These
include the weizsht, center of gravity location (three coor-
dirates), and the moments and products of invetin, The
initinl conditions of the reentry trajoctory are also ro-
quiraed, These conditions are fi'equently specified at
400 000 feet alzitude, which is an altitude well above the
sensible atmosphere, and include the velocity, (light path
angle, lstitude and longitude, flight path aszimuth, and roll
rate, Additional initial conditions must be speceified if ;
_ the resntry borly motion at very high altituanrs is being &
SO : axamined or if the precise impact polnt must be deter-

: mined, These quantities include the initial angle of attack,
' side slip angle, roll angi-, pitch rate, and yaw rate, K

A

Ut O SRS 2 N oy sy~

Although in general all of thege data are required
fov a precise analysis of the reentry dyn-mics, it occa-
sionally happens that some part of the data is not avail«
able, When this situation arises, the analysis sometimes
may he coatinued without seriously compromising its
accu.acy by substituting nominal values for the muissing
3 data. As a. ciample, the weather data muay be unavaila-
ble, but it inay be possible to substitute weather data
(except for winde) that were determined during previvus !
tests in that part of the world (and during that time of the A
year) and still obtain satisfactory results, Or it may be -
possible to cnoose one of the available standard atmo-
spheres and obtain a satisfactery result,

A A

Should the acceleration at the rcentry body center
of gravity be unavailable, accelerations measured at other
locations may be used to calculate the acceleration at the

- 341 ~

Preceding page blank e

WY T T MR e Y, v

T YW




5

THE JOHNB HOPRING UNIYERSITY
APPLIED FHYSICS LABORATORY
BILVER SRRING MANTLAND

Ex
By

7

(1]

center of gravity, An accelerometer positioned nt a point
away from the center of gravity will be influenced by the
body angular rates and nccelerations; the data from such
an accelerometer may he corrected to yield the naceelera~
tien at the center of gravity by means of the lollewing
cquations:

X2

rp) - ﬁ%(pq - )+ = (q' + r2) (7=1)

24+
measured g 32,2 32,2
T Z Y .2 2 X

measured g ~ 52309 7 P) ¥ gy (r o+ p7) - sk 4 pa) (7-2)

Z , 2 2

# Y ) X o
measured g * 33, glp +a)- FEarAL ar) - 32, 5lpr - &) (7-3)

7.2 Data Sources

Redundant receiving stations are trequently used
to ensure reception of telemetry from a reentry body,
Ground stations, shipboard statlions, and airborne stations
may be used, The quality of the data received at any one
of these stations may vary widely depending upon the geom-
etry of the trajectory relative to the station location., As
is now commonly khown, a body reentering the atmosphere
develops a plasma sheath that impedes RF transmission,
The quality of the signal received through this sheath
varies greatly with the aspect of the body relative to the
station., Reentry bodies with a low ballistic coefficient
(essentially a low weight to drag ratio) may have a plasma
sheath of such impedance that transmission of the re-
entry data acquired during this '"plasma blackout'' must
be delayed,

It may be nece.isary to examine the signal re-
ceived by several stations in order to wcquire the data
needed for a reentry analysis,

7.3 Data Format

Flight test data, as currently processed at APL,
are in the form of either DITAR records or DITAP records,

- 342 -
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In both cases the flight funclions are digitized by dividing
the calibrated range of the sensing instrument into 255 in-
tervals. A value of the function may then be represented
by a number of counts or bits ranging from 0 to 255, In
the casc of the DITAP records, the count level is plotted
as a function of time, and the record is an analog display
of the function., An example of the data format is shown
- in Fig. 7-1. Timing marks arc applica to the DITAP
: records according to the scheme in Fig, 7-2, In the case
of the DITAR records, the bits are plotted in a condensed
form that permits many telemetry functions to be disg-
played on one record, Two traces are required for each
function, one trace to count from 0 to 15 and the second
trace to count in increments of 16 from 0 to 240, By add-
ing the counts from both traces, any number from 0 to 255
can be represented., An example of the data format for
DITAR records is shown in Fig. 7-3. An example of the
timing marks on the DITAR records i shown in 1'ig, 7-4,
The series of marks on the margin of the record may be
interpreted as time of day.

The DITAR data format presents the datu very com-
pactly, and although a two point calibration is attached, it
ls sometimes difficult to establish the zero point from
which one should begin counting the bits, From certain
physical considerations, a value for one point on the flight
records can sometimes be established, and this point can
be used to confirm that the correct zero bit level has been
chosen,

The following is an example of these techniques
for confirming the bit level, The pitch and yaw rate gyro
data, before reentry, will have a sinusoidal shape, Ex-
cept for the effect of principal axis misalignment, which
is usually small, the sine wave will be centered about
zero rate, From the calibration tables used to convert
to engineering units, the number of counts for zero rate
can be determined, and this then fixes one point on the
rate gyro data curve, Subsequent values can be deter-
mined simply by counting bits. Furthermore, the fre-
quency of the pitch and yaw rate gyro sine wave is related
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to the roll rate by means of Eq. (4.4-21) when the body

is unaffected by the atmosphere, Therefore the exoatmo-
spheric roll rate can be fixed by determining the frequency
of the pitch rate gyro output, and subscquent values can ]
be determined by counting, The count level for the accel- :
erations may be established by noting that the exoatmo-
spheric accelerations are zero. The bit level, therefore,
must be the one that corresponds to zero acceleration,
Subsgequent bit levels can be established by counting. )

In the casc of the longitudinal acceleration data, ¥
advantage can also be taken of the two ranges of ihstru- '
ments that are frequently used, One accelcrometer is
sensitive enough to detect the low level of acceleration at
the beginning of reentry, and the second is sturdy enough
to measure the peak g. The less sensitive instrument
may be expected to go off scale at some point in the re-
entry. The count level is 255 at the point where the range
of the instrument was just exceeded, The acceleration at
this point may be determined easily from the callbration
and, of course, the less sensitive instrument should also
be recording this level of acceleration go that, by means
nf the calibration, the count level for the less sensitive
instrument is established,

i

AT

o L e AT e

Mt e

Future plans call for a computerized conversion
: { of the data from counts to engineering units ag well as
o for machine plotting of the data ih engineering units.

The flight data most commonly used for dynamics
5 analysis are the roll rate and the three accelerations,

: Typical examples of these functions (as well as the pitch
rate) are shown in Figs, 7-5 to 7-8.

C .

]

7.4 Data Processing

Further data processing depends upon a knowledge
of the flight Mach number history, The flight Mach num-
ber could be calculated based on the longitudinal decclera-
tion if the altitude were known; however, the altitude
history generally is not available, The recourse, then,

P SRR SR RE S BEIE SN L R I P o et e 1t LT PO I
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18 to determine the flight Mach number from a computer
simulation, The results of the simulation must be checked
against the flight data to ensure an adequate simulation of
the reentry trajectory, The easiest check that can be
made {8 a comparison of the longitudinal acceleration
history as predicted by the simulation with the flight data
results, The veloeity history of the body is obtained by
integrating the acceleration history, If the simulated
longitudinal acceleration history is verified by the flight
data. and the transverse accelerations are small enough
that the longitudinal acceleration representas the total ac-
celeration, then the simulated velocity history (hence
Mach number history) will be correct, For the purpose
of matching the simulation results to the flight accelera-
tion, it is convenient to compare the results based on the
time after the occurrence of the peak g, The time from
peak g to impact is a good check on the calculated Mach
number history,

If the acceleration from a nominal simulation does
not agree with flight results, the factors in the flight that
are not nominal (such as the aerodynamic asymmetries)
must be included in the simulation in order to produce a
match between the flight results and the simulation, Occa~-
sionally it is necessary to modify some of the aerodynamic
coefficients in order to produce an acceptable match,

At points where the altitude is known (generally the
only point is at impact) the Mach number may be calculated
based on the following equations,

By definition of the axial force coefficient:

CLa8 = A (1-4)
or
Ca® 4, g (7-5)
w w X
- 345 -
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We may introduce the definition of dynamic pressure to

give:
2
C,ly/2)PM”s J
W = -gx (7'6) ’
L‘ 80 that ) —gx W ”
| CAM = BroEs (7-1) ;

The axial force coefficient, Cp, i8 principally a function

: of Mach number (and also a slowly varying function of

¥ angle of attack and altitude), For a particular angle of
attack and altitude, we can plot CAM2 versus Mach num-
ber based on predicted aerodynamic coefficients. We may
then use flight data to calculate a value of C, M2 from Ea.
(7-7), enter a plot of CAM2 versus Mach number, and
determine the Mach number, As mentioned previously,
thig scheme can usually be applied only at the impact
point since the altitude (which determines P and has some
effect on Ca) {8 hot known at other points nlong the trajec-
tory.

T I A A S IS

‘With the Mach number history established by match-
ing the simulation longitudinal acceleration to the flight
results, the angle of attark may be computed as follows.

The maneuver ncceleration is related to the trans-
verse force by Newton's second law:

| . - ,\

[, %-/= g where g = \’gzz + gYZ . (7-8) '

1 Expressing the transverse force in terms of the normal :

a force coefficient, we have: L
C r_r'qS
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From a similar deveclopment considering the longitudinal
acceleration we have:

C Aas

W = -gx (7-10) ;

The above equations are combined to give:
- C :

gt 2 A (7-11) ;

Bx “N i

o 1

1

i

The use of Eq, (7-11) with the flight values for the
accclerations and the established (wind tunnel test, ctc.)
values for the aerodynamic coefficients permits deter-
mination of trim angle of attack as a function of time,

For routine flight test analysis, the envelopes of
the normal and lateral accelerations are usually all that is
extracted from the flight recorrs, and the mean value of
the envelope at a particular point in time is used to calcu-
late the trim angle of attack, A sample work sheet that
shows a convenient technique for calculating trim angle of
attack is shown in Fig, 7~9,

D a0 e e L b o B el Sl

An alternate technique for computing angle of attack
is based on the rate gyro data. For small angles of attack:

el (AT et

o 3—;-2 (7-12)
g =d 8 (7-13)

P \}az +32 . (7-14)

For the times of interest, & and 3 are frequently
negligible so that &« and A may be obtained directly from
rate gyro data, The significant advantage of this tech- ]

&
\

nique - that neither the Mach number history nor the
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i acrodynamic coefficients must be known — is obvious,

: The drawback i8 the required accuracy of the rate gyro
data, Rate gyros have a tendency to drift so that the rates
indicated may be somewhat in error, At low angles of
attack in particular this bians may introduce a considerable

[ error into results obtatned with the above equation,

The trim mancuver plane (i, ¢, , the plane of the
transverse force acting on the bady) is simply calculated

i from:

> 1 &

. w = tan 1._7; . (7"15)
o By

1

g The aerodynamic frequency is computed {from Kaq,
oy (4,4-306):

C,. AXqgS

rad/sec . (7-186)

Y

Note that CNn must be in "per radian' units, We may re-

write this expression in terms of the flight data by sub-
stituting for g8 from Ea., (7-10):

N aXg,
= —--—-a — W N (7"17)

w
A Ca Iy

Flight values of gy and the established values for the aero-
dynamic coefficients permit caleulation of the aerodynamic
frequency, A sample work sheet which describes a con-
venient format for calculating wp is shown in Fig, 7-10,

Depending upon the closeness of the aerodynamic
frequency to the roll rate, the trim angle of attack may
be amplified to a value different from the result that would
be attained by a nonrolling body, as has been discussed in
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Section 4.5, For some purpuses in reentry flight analysis,
it is convenient to have a knowledge of the amplification
factor, A sample work sheet that indicates the data neces-
sary to calculate the amplification factor is shown in Fig,
7-11. The ratio of roll rate to aerodynamic frequency also i
affects the directlon of the trim transverse [orce., A tech- 1
nique tor calculating the change in direction of this forcc !
Ay is described in Fig, 7-12, ;

7.5 Data Analysis

A convenient technique for demonstrating the close- :
ness of the reentry body to resonance is to plot both the 2
roll rate and the aerodynamic frequency as a function of
time on the same graph., As discussed n Section 4, 5, whon

the roll rate {s close to the aerodynamic frequency, the 3
body {8 near resonance, Near resonance the previously .'
mentioned amplification factors may be large, and large 1

values of trim angle of attack may develop. It is possible
that the large transverse forces associated with resonance
(in combination with a center of pressure/center of gravity
offset) may cause the roll rate to follow the aervdynauic
frequency, This effect, known as ''roll lock-in, ' may be
easily detected from the plot of roll rate and aerodynamic
frequency versus time,

Roll lock=-in is usually considered to be an unde-
sirable phenomenon because of the large lateral loads,
localized heating, and high roll rate associnted with it
(which may be sufficient to cause atructural damage and
which will cause some impact dispersion due to the ab-
normally high drag encountered),

Of course, the roll rate may vary so that the rate
reaches zero (a condition that usually leads to large im-
pact dispersion), and the aforementioned plot of roll rate
versus gerodynamic frequency displays this condition
also,

A tehnique for estimating the dispersion that
results when a reentry body spins through zero roil rate

~ 340 -
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% is described in Retf., 7-1, The semimajor uxis of the dig-
persion ellipse can be estimated from:

4 -
! h g g
b 4
t a = 22t ('\70‘) e foct (7-18) -\
: sin” ¥ 0 \,—-l’io A
; and the semirminor axis is:

'*i b = ~p gin ¥y feet |

{ If a simulation for the basic trajectory is available,

‘ Yo h,, and Vg arc obtained for the time when the flight _

¥ record {ndicotes zero roll rate, (However, it usually le

' not necessary to simulate the roll or transversc accelera-
tion behavior in this simulation.) Values of g, and p,, are
obtained directly from the telemetry records, 1f s simula-

: tion is not available, %, hy and vV, may be cstimated as

! tfollows:

}

( 1, Assume‘/o =7‘E.

¥ -P_ |
2, Compute I(O = m at the time of p = 0 | !

using Eq. (4, 3-22) and the gx telemetry trace, i

: NG 1g = te P_ and ]
] 3, For yQ = 'yE and g = T 5 compute P an
\ thus h , ] 1
0 : .

4, Compute Vn using Eq. (4. 3-5), : ﬁ

|

B

i

:’ )

1, _\‘

!

1
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i

]

iy

}

K

&
®

" IMPROVED VALUE FOR ANGLE OF ATTACK

S NEW VALUE FOR NORMAI FORCE COEFFICIENT SLOPE, REQUIRED
-
8] IF ESTIMATE OF ANGLE CF ATTACK IN WAS NOT ACCURATE

@I . ANGLE OF ATTACK IDEGREES)

3] ISTICS (PER DEGREE) ESTIMATE QF

ANGLE OF ATTACK REQUIRED

NOMMAL FORGE COEFFICIENT SLOPE FROM LISTING OF AERO DYNAMIC CHARACTER.

NORMAL FORCE COEFFIGIENT CALCULATED FROMFLIGHT DATA (DIMENSIONLESS)

{DIMENSION LESS)

AXIAL FORCE COEFFICIENT FROM LISTING OF AERODYNAMIC CHARACTERISTICS

[H]

[+
5 OBTAINED FROM COMPUTER SIMULATION. USE TIME OF PEAK LONGITUDINAL
§ DECELERATION TO MATCH FLIGHT DATA TO SIMULATION (DIMENSIONLESS)

:

OE OIE ® IO ® B
6%

» LONGITUDINAL DECELERATION (g

®
ofo

. NORMAL. ACCELERATION tg)

LATERAL ACCELERATION (g}

O [O|®

TIME
BEFORE
IMPACT

? 2
. g te Ca
a ——Y %

'9)( CN(I

Fig.7-06  ANGLEO

: MY‘-“W‘ o ae Charar

- “ AT {degrees)

F ATTACK WORK SHEET
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1 ]
X AERODYNA..1.3 | REQUENCY i
@ w@ {OEGRY£¢ 36 COND] ﬁ
i » ——e
K’ © gr.3y/ W :
®) K" 67.3¢/ 2 _
. ® VO é
; i
; & X X
| O @ “,‘\‘
; -® .
o Xeq. CENTER OF GRAVITY OBTAINED FROM PREFLIGHT DATA (INCHES) j
A x CENTER OF PRESSURE OBTAINED FROM LISTING OF AERODYNAMIC
b, CHARACTERISTICS (INCHES)
@ x®
@+® -

Q' ® ¢ AXIAL FORCE COEFFICIENT OBTAINED FROM LISTING OF AERODYNAMIC
) A CHARACTERISTICS (DIMENSIONLESS)
i ® Cn NORMAL FORCE COEFFICIENT SLOPE OBTAINED FROM LISTING OF
: a AERODYNAMIC CHARACTERISTICS (PER DEGREE) :
® SOy FLIGHT TEST. LONGITUDINAL DECELERATION (g) b
Y
MACH OBTAINED F ROM COMPUTE R SIMULATION. USE TIME OF PEAK LONGITUDINAL Ny
, (| NUMBER | DECELERATION TO MATCH FLIGHT DATA T0 SIMULATION (DIMENSIONLESS) 4
A
4 TIME ) o
: (| eerore o
= IMPACT .
- W, b7 3\/‘” 23 /5N % :
- ATV 12 ¢ cp. Teg
. Y A .
}
Fig.7-10 AERODYNAMIC PITCH FREQUENCY (WEATHERCOCK FREQUENCY) WORK SHEET b
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AMPLIFICATION FACTOR

@R ®

p—
o,

PITCH DAMPING COEFFICIENT OBTAINED FROM LISTING OF AERODYNAMIC
CHARACTERISTICS (DIMENSICNLEBS)

|
@, x,
m '!
C NG ITMAL FORCE GOE FFICIENT SLOPE OBTAINED FROM LISTING 'OF-AEHODYNAMICJ
Nu CHARACTERISTICS IPER RADIAN)

LONGITUDINAL DECELERATION FROM FLIGHT DATA (g)

AXIAL FORCE COETFICIENT OBTAINED FRAOM LISTING OF AERODYNAMIC
CHARACTERISTICS (DIMENGIONLESE)

AERODYNAMIC

OBTAINED FROM PREVIOUS CALCULATION

OlrpE 2 eIRlCcleIB @ |® 6|6 @

.,]‘
-

gt
K
i

ot e

- N

FREQUENCY t

2 Fx | 'x IFOLL INERTIA! AND I ¢ {PITCH INERTIA) .

@ - Ty | 0BTAINED FROM PREFLIGHT DATA (degress/second) y

—_— i

ROLL RATE FLIGHT DATA (degrees/second) IA

VELOCITY | OBTAINED FROM COMPUTER S5IMULATION (fee1/wcond) "

MACH OHBTAINED FROM COMPUTER SIMULATION. TIME OF PEAK LONGITUDINAL b

NUMBER DECELERATION TC: MATCH FLIGHT DATA TO S8IMULATION [DIMENSIONLESS) L

TIME '
BEFORE

IMPAGT :

In,

CN(I. " X ) Cqu7 [

g W M n )

A ! ?\"'“»E---in——l-’-‘) D - V°cx - M ! i

———==z v A e :

(1 - A3+ p\? “Wa WA 1. . X I‘i

ly Py

k!

Fig.7-11  AMPLIFICATION FACTOR WORK SHEET ‘ §
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Conversion Equations “
Degrees Centigrade = -g-( degrees Fahrenheit - 32)
Degrees Rankine = degrees Fahrenheit + 460
f Degrees Kelvin = degrees Centigrade + 273
l g Time (ln hours) at zero meridian = local time (in ’i
hours) + ocal lclnrsxgltude (in degrees) 4
where -
l‘ West longitude is positive 4%
u‘ East longitude is negative *
“ Conversion Constants .”
| 1 radin = 57, 3°
‘ 1 meter = 3, 28 feet
! g
1 nm{ = 60BO feet b

1 gram/cubic centimeter = 1, 94 slugs/ft3
1 kilogram/cubic metor = 1,94 x 10™° slugs/t° :
1 millibar = 2, 09 1b/ft’ .

1 knot = 1, 69 ft/sec

L - 367 -
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: Condgtants

Acceleration of gravity at sea level =g = 32,17 ft/sec2
Ratio of specific heats =¥ =1,4

2 Y
Gns constant for dry air = 176 l't"/secz - degrecs
Rankine

Gas constant for water vapor = 2759 ft2/sec2 - degrees
Rankine

Radlus of earth = R_ = 3441 nmi = 2,00 107 feet

Rotational velocity of earth = W, = 0,729 x 1074 rad/sec
Naplerian base = e = 2, 714

r = 3,142

I L SR R

P B e




—on—rs s o v

INDEX
360 -

THE JOHNS HOPIING UNIVERGITY
AFPLIED PHYSICS LABORATORY
BALVER BPRING. MARYLAND

s d b . . ca e

Eaddediie sy Bl G S5 BT TR i - ..fr..:.. a.nirn.. i




THE JONNS HOPKING UNIVERBITY
ARPLIED PHYBICS LABORATORY
SiILVER BPRiNG MARYLAND

A
Acceleration, Lateral
o convergence - nonrolling missile 1562
— rolling niissile 154

iy Aerodynamic Coefficients
' Asymmetric moment for flap on a cone 28
3 Asymmetric moment for a distorted cone 29
B Definitions 16, 26
Equations for a cone at high Mach
- numbets 23
|
i Aerodynamic Forces :
i Asymmetric 24 1

Axinl 18
Drag 21
Lift 21
L Normal 13

- Aerodynamic Moments

N Pitch 25
Pitch damping 15
Roll damping 16

A i B 0| e et e D i, e

Aerodynamic Pitch Frequency 147 ;
it
Altitude ‘ 4
Geometric 53 i
Geopotential 53 :
Y
Amplification Factor "
Angle of attack 171 =
Roll ncceleration 181 ¥
N
1
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Angle of Attack
Amplification factor
Convergence — nonrolling vehicle
-~ volling vehicle
Definition
Trim

Angular Momentum, Conservation of
Apogee

Asymmetry
Center of gravity or center of pressure
offget
Effect on roll rute
In plane
Moment (couple)
Moments of inertia, unequal
Qut of nlane
Produsts of inertia
Types

Atmosphere
Exponential
Polar Standard
Tropical Standard
1962 Standard

Axial Force

Azimuth, Inertial

B
Ballistic Coefficient
Ballistic Dengity
Ballistic Wind
Barosphere
- 372 -

1
148
151
13,155
26

86

174
180
1717
168
21
L
207
167

55
66
86
68, 69
13

103

1117
285
283
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. &%

Boay Rate
Effect of product of inertia in vacuum 208
Transverse 140
Effect of unequal pitch and yaw moment :
of inertia 211 i
i
Boundary Layer 18 :
C §
Center of Pregsure 13
.J‘\i
b
Cone §
Aerodynamic coefficients 23, 24, 29
Space 140 o4
Constants and Conversion Equations 367
Continuum Flow 20, 260
Corinlis Force 59 .
D B
%
Damping : i
Pitch 15, 24 4
Roll 16, 24 L
Deceleration, Reentry History 119, 120 5
E
Density .
Ballistic 285 |
Polar Standard Atmoaphere 86 !"v'f
Range partial ior 285 !:s
Tropical Standard Atmosphere 66 r“!
Weighting factor for 285 1';:;;
1062 Standard Atmosphere 68, 69 ’l
|
i
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Dispersion
Axial force coefficient errors 286
Density deviation 285 b
Missgile weight error 286
Trim angle of attack — rolling missile 288 g

— nonrolling missile 289 j
Wind 283
i

Drag 21 :

Dynamic Presgsure
Definition 17
Reentry history 119

Dynamic Stability 146

E
Energy Equation, Conservation of 81

o i ews

E'quatlons of Motion
Six~degree-of-frecdom

- gymmetrical missile 137 : "i

—agsymmetrical missile 168 (.

S

Exosphere 49 -y

i :";

P ‘. E

3

Flight Path Angle 81 .

Flight Path Angle, Inertial 103 i

. 1 'l:‘

Flight Test Analysis 341 i%

Flight Time ' g

Ballistic trajectory in vacuum 84 . P
Reentry history 116

Free-Molecular Flow 20, 260
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Frequency
o Aerodynamic or weathercock 147 _
- Body pitch = in vacuum 139 !
G i
; Gravity s
| Effect on ballistic trajectory 81 !
Law of 81 1
Variation with altitude 68 .
3 H ]
3 Heat
: Absgorbed at stagnation point 119
A Rate at staghation point 119, 120
i Homosphere 50 =
, Humidity, Effect on Density 58, 67 O
: .
) Hydrostatic Equilibrium Equation 51 F
" : B
Inertia
Momient of 217
Product of 207
In-Plane Asymmetry 177
Isobar 59
K
=
: Knudsen Number 19
g L
! i Lateral Acceleration 152, 154
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p Lock In
2 Conditions required for 188
' { Definition 186
h Effect of roll damping 188
1'.‘.. Effect of roll torque 198
g-} Longitudinal Deceleration 119, 120
i
2 Mach Number ' 17
1
- Mean Free Path, 1962 Siandard
i Atmosphere 68
g
bi Mesgopause 65
A
L; { Mesosphére 65
| x Minimum Energy Trajectory 83
o Moisture, Effect on Density 56, 87
Morment
Agymmetric 28, 29
Pitch 25
Pitch damping 15
Roll damping 16
Moment of Inertia, Unequal 2117
Momentum, Conservation of Angular 81
N
Normal Force 13
P
Perfect Gas Law 52
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I |
' Pitch Frequency, Aerodynamic 147 :
g Polar Standard Day 66
; Pregsure, Dynamic 17 {
| |
Pressure Force, Horizontal 59 l
5 Pressure, 1962 Standard Day 88 §
Product of Inertia 1
Criterion for lock in 215 -
Definition 207 x
Effect on body rate history, vacuum 208 ]
Effect on trim angle of attack 211 o
it R
i s
Radiosonde Obgervation (RAOB) 55 F
|. Lo
,i Range Partial LA
3 Density 285 + )
;E‘; ' Wind 283 b
E Range Sensitivity Factors 87, 93, 94 l P
| i
& Reentry ' k
" Dynamic pressure 118, 120 ¥
3 Heat absorbed 119 .
Heating rate 119, 120 K
Longitudinal deceleration 119, 120 l)
Reynolds number 119, 120 Ly
Time 118 | A
Velocity 118 'z
Resonance, Roll-Yaw ”
Definition 17
Effect on roll accoleration 180
Effect on trim angle of attack 17
Effect on windward meridian 173
First and second 187
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Reynolds Number
Definition
Reentry history

Rocket Observation (ROCOB)
Roll Damping

Roll Rate
Effect of aerodynamic agymmetry
Effect of center-of=gravity offset
Effect of product of inertia
Effect of resonance
Effect of unequal moments of inertia
Equilibrium

Scale Height
Definition
1962 Standard Atmospherse

Second Resonance
Simulation
Slip Flow
Space Cone
Speed of Sound
Definition
Polar Atmosphere

Tropical Atmosphere
1962 Standard Atmosphere

Spin Up, Spin Down
Standard Day
Polar

Tropical
1862
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119, 120

56
15
178
176
213
181

210
181

56
68

187

321

11, 280

140

51

66

66 "
68
187 -
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68, 69
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Static Margin 14
4 Static Stability 14
Stratopnuse &
Stratosphere 65

Sutherland's Vigcosity Eguation

| T i

w
[¢1}

——

1 Temperature : i
f ‘ Polar Standard 66 2
o Troplcal Standard 86
o 1062 Standard 68, 68 B
\ 1 i.‘..:é
Thermopause 65
‘ Thermosphere 86 .
o :
- Time History, Reentry 118 J
E : Trajectory
Minimum Energy 83 1
: Simulation 3217 ]
Transverse Body Rate 140 l' i
A
, Tropical Day 86
Tropopause 85
f Tropnsphere 65
v
Velocity, Misulle
;' Inertiul 108
1 Mirimum Energy Trajectory 83, 90
1 Reentry history 118
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Vigcosity
Definition 18
Sutherland's equation 36
1062 Standard Atmosphere 68

i
g

W

Wind
Ballistic 283
Geostirophic €0
Range partial for 283 :
Weighting factor for 282 !
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