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ABSTRACT 

Numerical results are presented for several mode conversion 

models which allow for the inhomogeneity and anisotropy of the 

ionosphere. It is concluded that reflections associated with 

propagation across the terminator do not significantly affect 

mode conversion. It is shown that significant departure be¬ 

tween mode conversion and WKB mode sums can occur when prop¬ 

agating across the terminator even for transition thicknesses 

as great as 1000 km. Numerical results are compared with the 

experimental modeling results of the American Nucleonics Corp¬ 

oration. 



INTRODUCTION 

This is the second report concerned with VLF mode conversion in 

the earth ionosphere waveguide under both ambient and disturbed con¬ 

ditions. In this report we concentrate principally on illustrative 

results for three mode conversion models. The models fall broadly 

into two categories. In Model I (see reference 1) the strengths of 

a truncated set of inodes are adjusted in such a way as to synthesize 

a unit amplitude wave in a given mode emerging from the transition 

region. In Model II a unit amplitude wave in a given mode incident 

on the junction is decomposed into a truncated set of modes passing 

through and emerging from the junction. These models, with reflec¬ 

tions included in a semiquantitative way, are applied only to the 

case of abrupt transitions. From a comparison of the results for 

the two models for the abrupt transition we have drawn the follow¬ 

ing conclusions: 

i) Model II is to be preferred to Model I because of superior 

convergence of the mode conversion coefficients with mode truncation. 

ii) As far as day-night transitions are concerned, reflec¬ 

tions, do not significantly affect mode conversion. 

Because of ii) above, the third model treated is Model II with¬ 

out reflections, but generalized to handle an arbitrary transition 

with complete allowance for the inhomogeneity and anisotropy of the 

ionosphere. A documentation of the associated program will be given 

in a subsequent report. 



Most of the results presented in Section III are based on Model 

III. Included in the latter are comparisons with experimental model- 

2 3 
ing studies conducted by the American Nucleonics corporation. ' 

Formulas used in the calculation of the results for Models II and III 

are summarized in the following section. Formulas for Model I are 

given in reference 1. In Section IV the conclusions are briefly pre¬ 

sented. 
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II. MATCHING BOUNDARY CONDITIONS 

Suppose that the propagation path in the x direction has been 

broken up into slabs as indicated below 

where the variable ionosphere is assumed to be between receiver and 

transmitter. As a preliminary to the discussion in this section we 

In these equations e and h are height gains associated with the 

electric and magnetic field strengths respectively (with hy at 

the ground normalized to unity). The superscript denotes slab 

number, the y, z subscripts denote the component of the field, 



the subscript k denotes the mode number and the asterisk denotes the 

complex conjugate. It can be shown that for propagation transverse 

to a geomagnetic meridian the integral 

Cutf <**' H« * {?. 
0 , 

-A.** 

where the dagger denotes the adjoint. Extension of (3) to allow for 

a general azimuth of propagation involves a generalization of G. 

Although this generalization is straight forward,4 it is not required 

here since the results presented in Section III are restricted to 

cases for which (1) and (3) apply (i.e. propagation transverse to a 

geomagnetic meridian). 

Suppose now that a unit amplitude wave in mode k propagates in 

the positive X direction in slab M. Ignoring reflections the conti¬ 

nuity of tangential field components at x^ yields 

I a • K HÍ Ik $?'*,) = £ «Jk sj X ^ frj. 

Here H 2 represents the Hankel function of the second kind and Sj 
o 

is the sine of the ground eigenangle for mode j propagating in the 

positive X direction and K is the free space wave number. The co 

efficients a^ may be interpreted as the amplitude for mode j in 

slab p which results from a unit amplitude wave in mode k travel¬ 

ing in the positive x direction in slab M. Multiply (4) through 

by (Gp)+ integrate over all z and use (3). This gives 
■* m 



Pif*1 I «- P*1 * P''’1 V P»f 

P4*' 

* ^e*iKSi x»rr'.r 
m i -(Tr?e mi 

•fl 

where 

_p^«h r*® . „fKi . 

^-x, r L1 ^ &» J*- 

•• 

‘a J.« 
Equations (5) are to be supplemented with the conditions 

* c 

V * ^ • 
Observe that if k * 1, 2, 3, ...» N then (5) along with (7) suffice to 

determine N coefficients a^k for each p. To normalize the Ez field in 

terms of dB/(uv/m-kw) the ajk need only be multiplied by 

0.0114¾ K 

2 -Tf 
A(M.O, 

where K is the free space wave number in inverse km, f the frequency in 

kHz and A(M, k) the complex vertical dipole excitation factor for the 

vertical electric field 5 for mode k in the slab. With the under¬ 

standing, then, that the a^k are multiplied by the factor (8), the 

total vertical electric field in slab p is 

E p 
i 

’ll /AV 
¿8 _ 

yuv/m- k« 

where a is the earth's radius. 



7 

Numerical results based on (9) will be given in Section III. Re¬ 

sults will also be given for the total conversion coefficient, V' 

defined here as the ratio of vertical E emerging from the junction in 

mode j to the value entering the junction in mode k (apart from the 

geometrical spreading factors). In our notation it is given by 

Although it may not be evident from (10), is independent of junc¬ 

tion location. Also, it includes excitation factor effects associated 

with compression or dilation of the field due to effective height 

changes in the guide. 

In addition to results based on (9) and (10) we will also give 

some results including reflection from an abrupt step subject to the 

assumption of isotropy. For completeness, the formulas for this spe¬ 

cialized case are summarized below. Matching tangential electric and 

magnetic fields at yields 

HÍCKS^Xi) Äjfc f râà 

5 I a4A HÎ (K S,i *,) -fcjjl, 

%|) €.*4 “ Ï1 H* ( * fi 

*» I. AÙ Hi 
X (12) 
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Multiply (11) through by e1 and (12) through by h1 and integrate each 
* 4 zxn ym 

of the resultant equations over all z. This gives 

W*CK.SmXi)s H* (KS^ Xj) 

+ rA^ H*. CKSj X,) J'mX ¡ 

Me C K ^ ^ m K 

- S. rx H* Í ^ % ml f 

where 

(13) 

i/j. f * » , , i» rm * 

J"*’ J J-so e*'A 5 e»i. <**• 

(14) 

(15) 

Equations (13) and (14) may be manipulated to give 

HÎUsL »i) * tC (KS\x,)l JWk +Z¿k) 

*r\ H« l K S¿ Hi) l J)»A 'Xmt)"] 
(16) 

I rxk Hi (K si X.) ( -T»i +Im) 9 Ht (K&;X.) (It;ft -lift) (17) 

Corresponding to a truncated set of N modes, (16) and (17) represent 

2N equations in 2N unknowns. Equation (17) shows that the r^ are 

determined by differences of nearly equal small quantities and (16) 



shows that the influence of the on the comes about only after 

multiplying the rç by a small number depending upon the difference of 

the J and I integrals. This simple example illustrates the sensitivity 

of the reflection coefficients, r^, to the height gain integrals and 

in turn the rather minor role they would be expected to tlay in deter¬ 

mining the conversion coefficients a , . Calculations based on (16) and 
mk 

(17) bear out the latter assertion and results will be aiven which sug¬ 

gest that reflections can be ignored in many instances. In those rare 

occasions when reflections may be important, it still remains to deter¬ 

mine whether or not they may be calculated with sufficient accuracy. 

This clearly depends upon the accuracy with which the heioht gain func¬ 

tions and their associated integrals may be determined along with the 

necessary matrix inversions required. 
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111. RESULTS 

In this section numerical results are given for the three models 

discussed in the introduction. Table 1 shows results for an abrupt 

transition between two isotropic homogeneous ionospheres which has been 

studied bv Wait ( u is the ratio of the square of the circular plasma 

frequency to the electron collision frequency). The numbers aonle to 

the total mode conversion coefficient A.^ (conversion from mode k to 

mode j) defined bv (10). The first column shows Wait's results.' '"'he 

latter have been modified so as to be consistent with our eauation (10). 

The second column shows our results with reflections included via (Ife) 

and (17) (our Model II). In addition to the inclusion of reflection, 

our method differs from Wait's in the sense that allowance is made for 

tail off of the height gains in the ionosphere. Also, the height gains 

are obtained by numerical integration, and the integrals of the heiaht 

gains are obtained numerically using a Romberg H intearation scheme 

(in the corresionding evaluations Wait makes use of properties of Airy 

functions). It will be seen that the results in columns one and two are 

in excellent agreement (e.g. differences in mode sums based on the 

numbers in columns 1 and 2 would be indistinguishable). The rather 

small values of Ajj (j = 1* 2* 3) result fr01" the field exnansion 

effect associated with doing from the height h. = 70 km to the height 

h = 90 km. Column 3 shows results with the program of reference 1 

(Model I). Serious departure from the results of columns 1 and 2 will 

be noted, particularly for those coefficients which involve k = 3. 
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Th* fourth column shows a9ain results based on Model I where si« modes 

rather than three modes have been used In the calculation. Although the 

agreement with the calculations of columns one and two is imoroved, ser¬ 

ious discrepancy still exists and the improvement which has been made is 

at the expense of much more computing time (six modes as opposed to three 

modes ). 

Table 2 shows further comparisons for the same ionospheres in 

Table 1. Columns two, three and four show results for the total mode 

conversion coefficients for Model II (based on equation'(16) and (17)). 

Column two gives results obtained using three modes for the truncated 

set, column three gives results using four modes and column four gives 

results using six modes. The significant feature is the stabilif' of 

the solutions with mode truncation. For example, mode sum olots based 

on columns two and four would be indistinguishable. 

in columns two and three of Table 3 are given results for the ide¬ 

alized ionosphere used in generating Tables 1 and 2 (extent that t 

km and h = 70 km) as well as results for an abrunt transition between 

a nighttime exponential profile (3 = 0.5 knf‘, h; = 86 km in the notation 

of Wait and Spies) and a davtime exponential profile (ü = 0.5 km 

h = 70 km). The latter results apnlv to propagation along 

netic equator. The first and third columns qive 

flections (Model II) via (16) and (17). Observe 

the latter to the anisotropic case involves the a 

(we do not believe, however, that our conclusion 

results including re- 

that the application of 

çsumption of reciprocity 

about the unimportance 
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of reflections in this case is contingent upon this assumotion). Columns 

two and four give results with reflections ignored (Model III). Compar¬ 

ison of columns one and two as well as columns three and four suggests 

the degree to which reflections may be expected to influence mode con¬ 

version coefficients when propagating across the terminator (XTMP. in the 

night region). The differences are again inconsequential in the sense 

that the mode sum plots with or without reflections would be identical 

for all practical purposes. Thus we conclude that as far as mode con¬ 

version is concerned, reflections can be ignored when treating propaga¬ 

tion across the terminator in the ambient guide. We should point out 

that the magnitude of An is greater than unity because of the comnres- 

sion of the field which occurs in propagating from the night to the day 

region. Also, observe the close correspondence between the total con¬ 

version coefficients for the homogeneous isotropic ionospheres and tne 

exponential ionospheres. 

The remaining illustrations, except for Figures 8 and 9 where some 

results for Model I are included, are based on Model III (i.e. reflec¬ 

tions are neglected). In Figures 1 through 6 mode sum riots based on 

mode conversion and the well known WKB approximation are shown. 

Figure 1 illustrates the difference between the WKB result'- and 

the mode conversion result for an abrupt^ AD = transition located at 

D ■ 1000 km from the transmitter. The transmitter is in the n.ahttime 

portion of the guide. Exponential B = 0.5 km"1 profiles (notation Wait 

and Spies10) are assumed for both the night (h^ = 86 km) and dav (h„ - 

70 km) segments and propagation at and parallel to the geomagnetic 
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equator i. a.aumed. The amoothing of the aode converaion result beyond 

about tuo megameters 1. due to node one being wiped out at the junction. 

This feature is a direct consequence of the terminator being located at 

a point where modes on. and three destructively interfere. If, for ex¬ 

ample. the transition were roved to a distance of 1500 Xm from the trans¬ 

mitter strong interference between modes on, and two would be manifest 

in the mode sum plot. 

Figure 2 show, the comparison between WKB and mode conversion re¬ 

stât. for a transition thickness of U> - 500 km with the beginning of 

the transition at D - 1000 km from the transmitter. The transmit tar is 

in the nighttime jortion of the guide. The night and day segments of 

the path and the propagation path are the .... a. in Figure 1. The 

paraaatar h which come, into the d«oription of the ionospheric profile 

ha. Men assumed to vary linearly between a height of 86 k. and a height 

of 70 km. Ten slabs have bean used in the calculation » that forty 

height gain, are involved in the computation. The mod. conversion plot 

beyond two megamaters, unlike figure 1. show, in this case strong inter- 

ference between mod« on. and two. This 1. because mode. on. and three 

are not in antiphase over th. «tir. region in which conversion occurs. 

Figure 3 show, the same data a. the previous figure except that 

th. transition thick»«, ha. bean increased to do - 1000 km. A gradual 

evolution to th. WKB r«ult 1. evidenced a. th. transition thickness 

chang« fro. th. abrupt case to th. case of a 1000 km transition thick- 

na« although even in th. latter c«e th. difference between th. WKB 

rwult and the lode conversion r«ult is not trivial. 
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The difference between the WKB and mode conversion results is less 

dramatic for the case of the XTMR in the daytime portion of the guide. 

This is shown in Figure 4* which is a plot for the 1000 km thickness 

with the transmitter in the daytime side. In this case the WKB and 

mode conversion results are very similar. 

The previous figures applied to the case of propagation along the 

geomagnetic equator. As an example of a more general dip angle. Figure 

5 shows results for a hypothetical sea water to ice boundary, with the 

boundary at 1000 km from the transmitter (which is in the water portion 

of the guide). Only in proximity of the boundary do the mode conver¬ 

sion and WKB results differ significantly. The mode conversion result 

somewhat beyond the boundary gives a smaller signal strength than the 

WKB result. This despite the fact that the sea water-ice boundary is 

at a point where modes one and two constructively interfere. This is 

because the phasor resultant for mode one obtained from the direct 

conversion (An - (.078, - .570)) and the conversion from mode two 

to one (A12 - (-.183, .126)) is less than if there had been no con¬ 

version from mode two to one. For the case of a boundary somewhat 

more removed from the transmitter (D * 2500 km), Figure 6 shows the 

mode conversion and WKB results are essentially identical somewhat 

beyond the boundary. The reason for this is that the energy in mode 

two is sufficiently reduced at 2500 km that the interference phenom¬ 

ena mentioned above is insignificant. 

We conclude this section with a series of comparisons with the 

experimental modeling results generated by the American Nucleonics 

Corporation. 
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Figure 7 shows a series of perturbations considered by American Nuc¬ 

leonics.The perturbations extend uniformly across the guide. The 

transmitter is a 20 dB horn located 400 km to the left of the leading 

edge of the perturbation. The scaled frequency is 20 kHz. The square 

of the index of refraction of the dielectric used to simulate the iono¬ 

sphere is 

** a ZJU C 1*0 - 0. 

shown in Figure 8 is a comparison between the theoretical and the 

experimental modeling results for the sharpest perturbation. The the¬ 

oretical results are for point dipole excitation for Models I and III. 

It is evident that Model III does a superior job of predicting the mag¬ 

nitude of the dip which occurs in the neighborhood of 100 km. Apart 

from a seeming displacement between the experimental and theoretical 

results in the 500 to 1500 km range the theoretical results for Model 

III are in excellent agreement with the experimental results. Part of 

this displacement may result from the difference in excitation between 

a point dipole and a 20 dB horn. The experimental results in the neigh¬ 

borhood of 1500 and 2500 km show evidence of a higher order mode struc¬ 

ture. The theoretical results have been generated using two modes and 

would be essentially unchanged in a three mode calculation because the 

attenuation rate for mode three is -26 dB per megameter. 

Shown in Figure 9 is a comparison between theoretical results and 

(18) 

the experimental modeling results for the perturbation labeled 2 in 
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Figure 7. Again the theoretical results are for point dipole excitation. 

In addition to the difference in source excitation there is the differ¬ 

ence due to the fact that an eight-slab model has been used to numeri¬ 

cally simulate the retturbation. This eight-slab model has the follow¬ 

ing description 

M x(m) - km h(m) - km 

1 

2 

3 

4 

5 

6 

7 

8 

725 

620 

560 

520 

480 

440 

400 

65 

60 

55 

50 

45 

40 

35 

32.5 

In this case the theoretical results based on Models I and III are very 

nearly identical. The overall agreement between the measured and the¬ 

oretical results is quite remarkable considering the aforementioned 

differences between the experimental and numerical models. 

Shown in Figure 10 is a pathological disturbance which has been 

experimentally modeled by American Nucleonics.3 Hie ionosphere dir¬ 

ectly over the transmitter is undisturbed. At a scaled distance of 

500 km from the transmitter the ionospheric depression begins. The 

depression is in the form of a wedge section which extends uniformly 

across the waveguide. The ionospheric reflection height decreases 
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linearly with distance from 87 km to 35 km. The minimum occurs at 

'tOO km. The reflection height then returns linearly to 87 km at a 

scaled 1300 km from the transmitter. The entire disturbed region 

covers a distance of 800 km. The length of the dipole transmitter 

scales to 3.55 km and the dipole receiver to 6 km. 

shown in Figure 11 is a comparison of the numerical and experi¬ 

mental modeling results for the unperturbed (h = 87 km) guide. Three 

modes with attenuations of 2.10, 3.96, 10.74 dB per megameter have 

been used in the calculations. The discrepancy in the depth of the 

null at about 500 km could be due to minor differences in the excita¬ 

tion factors since neither the transmitter nor the receiver are point 

dimles. Agreement between the numerical and experimental results is 

quite good out to about 3300 km. The discrepancy at distances beyond 

3300 km occurs in a region of rather weak signal to noise ratio. Again 

there is evidence in the experimental result around 1900 km of extra¬ 

neous reflections or additional modal interference. It is very unlike 

ly that this structure would show up in the numerical modeling even 

if a fourth order mode had been included. 

The slab model used for numerical simulation of the triangular 

depression is shown in Figure 12. It is clearly a rather crude approx¬ 

imation with 10 km height changes occurring between most of the adja¬ 

cent slabs. Despite the coarseness of the model, however, Figure 13 

shows that the numerical and theoretical mode conversion curves are 

in rather good agreement out to about 4000 km. The disparity beyond 
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4000 km could easily be due to weak signal to noise ratio. Shown 

also in Figure 13 is the WKB result for the triangular depression. 

Observe that it predicts at about 2100 km a field strength which 

is about 20 dB below both the numerical and experimental (normalized 

to give best fit) results. Also, it should be observed that even 

in this pathological case there is no clear cut evidence that re¬ 

flections play a significant role. 



IV. CONCLUSIONS 

Table 1 and Figure 8 demonstrate that the preferred method for 

handling the mode conversion problem is to decompose a unit ampli¬ 

tude wave incident on the junction into a truncated set of modes 

passing through and emerging from the junction rather than, as was 

suggested in reference one, adjusting the strenoths of a truncated 

set of modes in such a way as to synthesize a unit amplitude wave 

in a given mode emerging from the transition region. The reason 

for this is that, apparently, the latter approach places the unre¬ 

alistic constraint on the problem that only conversion between the 

truncated set of modes occurs. If the transition region is suffi¬ 

ciently gradual this constraint does not appear to seriously impair 

the results (Figure 10). Table 3 indicates the unimoortance of re¬ 

flections on the total mode conversion coefficients when propagating 

across the terminator. In fact for the pathological case study 

shown in Figure 10 there is no clear cut evidence that reflections 

are significant even in this case (Figure 13). 

Figure 3 shows that significant departure between mode conver¬ 

sion and WKB mode sums can occur even for transition thicknesses as 

large as 1000 km. 
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