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SHOCK

A DISCLSSION OF PYROTECHNIC SHOCK CRITERIA

M. B,

McGrath

Martin Marietta Corporation
Denver, Colorado

pyrotechnic shoch environnents.

structures.

This paper presents and discusses a set of criteria for predicting
The spectra to be expected near the
source are presented for a variety of pyrotechnic devices, along
with a set of attenuation curves for various types of aerospace

INTRODUCTION

In recent years, pyrotechnic devices have
been used extensively in the aerospace industry.
These devices include linear shaped charges,
explosiv~ bolts, separation nuts and bolts,
and cartridge-actuated devices such as pin-
pullers and bolt cutters. The environments
producted by these pyrotechnics can cause
damage and/or failure to equipment and struc-
ture. As a result, the technology to evaluate
these environments is currently being devel-
oped.

Today the state-of-the-art of this tech-
nology is limited mainly to testing technlques,
both to predict the environment and to qualify
equipment to the predicted environment. Cur-
rent testing techniques utilize a variety of
simple and complex shock pulse generators and
simulated or prototype hardware. The litera-
ture depicts many testing methods; and, once
an environment has been established, a reason-
able test can be produced. The method of pre-
dicting the shock environment makes use of
available test data to empirically establish
the environment.

A recently completed NASA contract with
Goddard Space Flight Center involved the
compilation and analysis of pyrotechnic shock
data collected from the aerospace industry.
The data are in the form of acceleration time
histories and their related shock spectra for
a wide variety of pyrotechnic devices and
aerospace structures., A summary of the total
program was presented in a paper by W. P. Radar
and W. F. Bangs entitled "\ Summary of Pvro-
technic Shockh in the Aerospace Industry" dur-
ing the 41st Shock and \ibration Symposium.
une aspect of this contract involved using the
data to develop criter:ia for predicting pyro-
technic shock enviromt ents. The criteria are
presented as a set of ource shock spectra for
a variety of pyrotechni devices and as a set
of attenuation curves for various types of
gerospace structures.

This paper presents and discusses these
criteria. The types of pyrotechnic devices
commonly used and the spectra to be expected
near the source for each device are described.
The order of severity of the various devices
is presented and a set of attenuation curves is
given for a variety of aerospace structures.
And finally, an attenuation curve for a con-
stant velocity line is presented and dis-
cussed.

DATA SOURCE

The principal purpose of Contract NAS5-
15208 with Goddard Space Flight Center was to
compile and analyze pyrotechnic shock data
from the aerospace industry to provide a
single reference for shock data and to develop
an understanding of the parameters involved.

A total of 2837 measurements were compiled,
reduced, and presented in four data volures
{1]. A separate volume describes the work ac-
complished and summarizes tne analyses. A
sixth volume contains guidelines defining the
design inforrmdtion applicable to structure and
equipment subjected to a pyrotechnic shock en-
vironment.

The guidelines include erpirical curves
obtained from the data for various types of
explosive devices and for a variety of aero-
space structures. lhe enpirical curves are not
to be considered a statistical! estimate but do
suggest a representative sample from a limited
nu.ver of tests. lhe guidelines can be used
most effectivelv in conjunction witn tne re-
maining five voluves of Ref. [1], wiere each
individual test is cescribed and tne test data
are presented.
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SHUCK SPLCIRUM CHARACLERLISTICS

In a normal pyrotechnic shock test program,
the time histories of acceleration at a number
ot locatiurs are measured and recorded, Be-
cau,e ' osighature of the time history is
quit. complex due te the nature of the shock
and the intervening structure, the frequency
vontegs i3 not immedfately obvious. Therefore,
spectraf:Jﬁdlyscs are performed to obtain the
frequency informatfon. An acceleration shock
spectrum {s a plot of the maximum response ac-
celeration of a single-degree-of-freedom oscil-~
lator versus the resonant frequency of the
oscitllator, where base excitation of the oscil-
lator is assumed. A shock spectrum displays
both amplitude and frequency information char-
acteristic of the time history, a concept used
extensively in the aerospace industry to spec-
ify shock environments.

Near the explosive source the acceleration
shock spectrum is characterized by a high-
amplitude curve that peaks in the high-fre-
quency range, usually well above 1000 Hz, In
the low-frequency range, a snock spectrum shows
a definite tendency of a constant velocity
line, which on a logarithmic plot of the ac-
celeration shock spectrum has a numerical slope
of one.

As the shock pulse propagates through the
structure, the acceleration amplitude is at-
tenuated. This attenuation is directly pro-
portional to the distance from the source as
measured aleng the shock path. However, the
amplitude attenuation is a function of fre-
quency, and the high-frequency range attenuates
more rapidly than the low. An example of this
characteristic can be seen in Fig. 1, which
shows two spectra, one measured near the shock
source and the second more than 100 in. from
the source. The high-frequency amplitude can
attenuate from one to two orders of magnitude
in 100 in., while the low-frequency amolitude
usually attenuates less than an order of magni-
tude.

The effect of different attenuation rates
can be accounted for by determining two param-
eters: the attenuation rates of the peak ac-
celeration and of a constant velocity line in
the low-frequency range. However, the constant
velocity line can be difficult to estimate from
a spectrum because of resonant acceleration
peaks due to the response of the local struc-
ture.

SPECTRUM DETERMINATION

A shock spectrum {s used primarily for
specifying equipment qualification levels.
These levels can be obtained from a full-scale
test of the actual structure, but a full-scale
test is not always possivle. A preliminary
estimate of a spectrum can be obtained from
the expected level of the explosive device at
the source by using erpirical attenuation
curves, The information for estimating the

spectrum level is given in the fullowing gec-
tions. These guidelines are s.rictly empirical
and are not intended to represea: all applica-
tions. Best results can be obtai -ed by using
these curves and referring to the data in Ref.
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Fig. 1 - Shock spectra at source and satellite
location

SOURCE SPECTRA

The following pyrotechnic devices are used
in the aerospace industry to affect flight
events, The devices are listed in their esti-
mated order of severity.

1. Linear charges (mild detonating fuse
and flexible linear shaped charge);

2. Separation nuts and explosive bolts;
3. Pin-pullers and pin pushers;

4. Bolt-cutters, pln-cutters, and cable-
cutters.

Absolute acceleration shock spectra for these
four devices are discussed below and presented
‘u Figs. 2 through 3. The suggested environ-
ments are based on data measured within 10 in.
of the explosive source, and the shock spec-
trum analyses are presented for a damping
factor of 57, i.e., an amplification factor
(Q) of 10. These curves represent an en-
velope of a few measurements and cannot be
considered a statistical estimate.
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Linear taplosives

Linear explosive pyrotechnic devices are
usuallv used in separation joints. The level
of the eavironreat proauced vv such a joinr
separation depends on the thichness of the
matertal cut and the size ot the explosive
charge.  lhe level of the spectrur increases
with an increase of either of these parameters.
Figure 2 presents the suggested environment
produced by separation joints for several com-
binations of joint thickness and charge size.
Also included is the enviroamert for a bellows
assembly, a separation device designed to
lower the shock level.

ihe acceleration time histories character-
i{stic of linear explosive devices have an ef-
fective duration of approximately 3 msec.

Separation Nuts and Explosive Bolts

Figure 3 presents the suggested shock en-
vironments produced by the detonation of a
separation nut or explosive bolt. Two levels
are shown: one for the device alone and one
for a V-band assembly emploving separation nuts
or explosive bolts.

The acceleration time histories near the
shock source characteristically decay in about
3 msec due to the presence of high-frequencies.

Pin-Pullers and Pin Pushers

Figure 4 presents the suggested shock en-
vironments produced by the detonation of pin-
pulling and pin pushing pyrotechnic devices.

The acceleration-time histories character-
istic of pin-pullers have an effuctive dura-~
tion of 5 to 15 msec, while the pin-pusher is
a softer, lower-frequency device that may nave
an effective duration of up to 50 msec.

Bolt-, Pin-, and Cable-Cutters

Figure 5 presents the suggested environ-
ments produced by the detonation of bolt-,
pin-, and cable-cutting devices.

ATTENUATION CURVES

This section contains attenuation curves
for the various types of structures listed in
Table 1. These curves relate the predicted
attenuation of the peak acceleration level of
a shock spectrum to the distance from the shock
source. These curves are normalized to a factor
of one at the source and are to be used with the
spectra curves given for the shock sources
above. The normalization measurements are as-
sumed to be 5 in. from the source.

ercent of original shock level remalning

TABLE 1
List of Structures for Attenuation Curves
Structure Description Fix. No.

Golidrical shiell | without strinpers or ring/frme b
Shin opiny frane longaron or stringer of skin/ring

trime 7
Ring, i1 ame Ciroumterential ring trame of

~han/ring frame with longeron 8
Primary truss Truss romboers, focluding the

effects ot joints 9
tomplen nrtrare Afrtrame structure, including

shin and truss structure 10
Complex equir-ent Fquipment mounting, such as a

pavioad truss network 11
Honeveomb Honeycomb uned as load-carrving

structure 12

Because these curves are generated from
limited data for each type of structure, they
are to be used with discretion; since struc-
tures vary so greatly, the levels predicc.ed by
these curves can be In error. Consequently,
we recommend that the shock levels be confirmed
by a full-scale verification test on the
{ligut-configured hardware.

CONSTANT VELOCITY ATTENUATION

As shown in Fig. 1, low-frequency accelera-
tions attenuate with distance less rapidly than
those at high frequencies. One way to account
for this effect is to specify the attenuation
of a constant velocity line with distance. A
shock spectrum for a lucation removed from the
source can then be predicted by specifying the
two attenuated paranaters -~ the acceleration
peak and a constant velocity line.
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Fig. 8 = Attenuation for ring frame
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Volume one of Ref. [1) discusses the con-
stant velocity concept and presents attenuation
curves for this parameter taken from data on a
truss structure. A composite of these curves
is presented in Fig. 13, where the attenuation
curve is normalized to a factor of one. Notice
that the curve becomes flat, reflecting the
fact tuat tne constant velocit. reduces to 1
certain level and stops. The constant velocity
line is sometimes difficult to observe on

spectra for locations far removed from the
source since resonant peaks will sppear in the
low-frequency range of the spectrum, as in Fig.
1. It must be emphasized that this curve is
obtained from limited data and also that the
concept of a constant velocity line is not well
established. Two recent articles discuss this
concept in detail [2, 3] and relate it to dam-
age potential. The curve in Fig. 13 is pre-
sented to account for the difference in atten-
uation rates over the frequency range of the
spectra. Hopefully, the concept of constant
velocity as applied to the shock spectra of
complex time histories will be studied in more
detail in the future.
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DISCUSSION

results presented in this paper repre-
sent an attempt to provide design criteria for
pyrotechnic shock. The results are empirical
and, due to the large variations among struc-
tural configurations, do not provide all the
answers. The curves must be used with caution.

The subject of constant veloclty lines is
currently being studied in the industry, and
there is strong evidence of its relationship to
damage potential. In this paper the attenu-
ation of this line is used to account for the
variation in acceleration with frequency. The
data vsed to predict this attenuation curve are
linited, and the entire subject of a constant
velocity line needs a great deal of attention.
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DISCUSSION

Mr, Schell (Shock Vibration Information Center):
I am puzzled on the modifications to the original
spectrum, You reduced hoth the peak acceleration
and the velocity according to criteria determined
from the data, I thought that I saw also, in some of
the grapihs. an attenuation of the high frequency con-
tent that differed from plain peak reduction, In
other words, you were taking into account the fact
that the high frequencies attenuate more rapidly
than the low frequencies, is that right ?

Mr, McGrath: This is what we are trying to
account for, it is a very complex phenomenon, The
high frequencies attenuate at different rates through-
out the range, We are trying to account for this hy
a simple and empirical method, Let me also empha-
size that the Information we presented was envelopes
taken from quite a bit of data, We take data, envelope
it with onc curve, and then use that curve as the
attenuation curve, $o we are trying to account for a
rather complex situation with two simple parameters,
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A SUMMARY OF PYROTECHNIC SHOCK
JIN THE AEROSPACE INDUSTRY

W. P. Rader
Martin Marietta Corporation
Denver, Colorado

and
William F. Bangs

Goddard Space Flight Center
Greenbelt, Maryland

Pyrotechnic shock data have been obtained from a survey of the aerospace industry

the 4ist Shock and Vibration Symposium,

and government agencies. Over 2800 measurements from 30 contributors have been com-
piled and categorized according to type of pyrotechnic device and stri cture. These
data were analyzed to provide a reference document and establish guidelines for de-
signing and testing to the pyrotechnic shock environment.

This paper presents a summary of the total program and a discussion of pyrotechnic
test simulation techniques. Further results from the study, including 8uidelines
for design and for predicting shock environments, are presented in a paper by

Dr. Michael B. McGrath, entitled "A Discussion of Pyrotechnic Shock Criteria" during

INTRODUCTION

Pyrotechnic shock is perhaps the least-un—
derstood of the dynamic environments associated
with the operation of aerospace vehicles and

Evaluation of the "quality" of typi-
callvy available pyrotechnic shock data.

D. Recommendation of measurement systems
components. To date, the problem of predicting £
or ground test and flight.
or even adequately explaining pyrotechnic shock
has defied solution by rigorous mathematical E. Freparation of guldelines defining
treatments., Prediction of the environment and design information applicable to
testing techniques are currently based primar- structure and equipment design.
ily on empirical methods. Recent observations £ {mulati
showed that reliable data were widely scattered F. Recommendation of test simulatlon
techniques.
among many companies and agencies, and that
testing technology was not openly discussed be- G. Classification of pyrotechnic systems
tween crganizations. Therefcre, the Goddard according to the nature of resulting
Space Flight Center, recognizing that a large shock and damaging effects.
amount of data existed in the industry, spon-
H. Evaluation of effects of structural
:ored adprogr:Ttt: coije;: andfcatssozizi these configurations and materials on re-
ata and establish guldelines for designing sulting shoch characteristics.
structure and equipment to the pyrotechnic
shock environment. The study was performed by 1. Formulation of a follow-on research
the Martin Marietta Corporation under Contracts progranm.
NAS3-15208 and NASS-21241. J. Application of shock propagation the-
ory to at least one class of pyrotech-
d
of t::e ig:::;i:e::?ks performed In the course nic systems compiled in task 7 and
P ' comparison of results with measured
A. Compilation of "reduced" pyrotechnic data,
shock data representative of aerospace K. Performance of a ground test program

systems,

B. Definiticn of distinctive characteris-
tics of pyrotechnic shock transients,

using full scale titan IIl structure
to provide specific information that
will aid in the understanding of basic
pyrotechnic shock transient phenomena,
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b, Iavestigation of the ettects of mass
Lvading on the pvrotechnice shock en-
vitonment.

A\ conplete descraption ot each of these
tasis and the results have been published in a
sia volune report {1, ihis paper presents a
brict description of results ot selected tasks
witn emphasis on test simulation ot pyrotechnic

shovk.
SATV COMBLEAMTTON AND CALLGURIZATLON

Over 2800 pyrotechnic shock measurements
were conpiled and categorized according to the
tvps ot device and type of structure through
which the shocks propagated as listed {n Table
1. rach measvrement i1s presented in MCR-69-
oll [1} showing the acceleration time history,
the shock spectrum (using a4 standard format
with an anulysis Q of 10 for most cases) ana a
drawing showing structural configuration in-
cluwling the locations of tne pyrotechnic device
and the transducers,

Tlable 1, Outline of bata Classification

A. Structure cutting charges (mild detonating
fuse, flexible linear shaped charge,
primachord, etc.)

1., Skin~ring-frame structure
2. Truss structure
3. Other structure

3. Explosive nuts and bolts
1. Skin-ring-frame structure
2. Truss structure
3. Other structure

C. Cartridge actuated devices (pin pullers,
bolt cutters, cable cutters, etc.)

1. Skin-ring~frame structure
2. Truss structure
3. Other structure

D, Space Vehicle test data

L. Flight measurements

CHARACTERISTICS OF PYROTECHNIC SHOCK TRANSIEWTS

The compiled pyrotechnic shock duta were
used tc detecmine discinctive characteristics
of the shock transients including pi >pagation
velocity, frequency content, and attenuation
of amplitude with distance.

The propagation velocity was mr.zred fer
several different structures. Velc.l.i®ws cor-
responding to both compressional and 4near
waves were found to exist in the measured data.
Near the shock source, the acceleration time
histcries are characterized by high amplitude,
high frequency complex waves. As the distance
between the shock source and the measurement
location increases, cthe high frequency energy

is rapidly attenuated, and structural reso-
nances begin to control the shock spectrum.
The effect is illustrated by the shock spectra
in Fig. 1. It should be recognized that accel-
erometer installations can seriously influence
the measured data, particularly at locations
near the shock source. The effect on trans-
ducer resonance frequency of several mounting
installations has been investigated by Rasanen
[2}. This work indicated that the use of alu-
minuta blocks for accelerometer installations
could lower the mounted resonance frequency by
a factor of 2 to 3 from the transducer reso~
nance specified by the manufacturer.
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Fig. 1 ~ Comparison of shock spectya at various
propagation distances

DAMAGE EFFECIS

Information concerning damage effects re-
lated to shock amplitude is extremely limited
because of lack of documented failure histo-
ries. One of the perplexing aspects of this
study was that in spite of the magnitude of
the survey and the response in contribution of
data, only 29 miscellaneous anomalies and 17
cases of relay chatter were reported. As a
result, methods for relating pyrotechmnic shock
damage potential with structure and equipment
fragility levels do not exist, although some
preliminary information indicates shock veloc-
ity may be a significant parameter.
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Generally, structural fallures are confined
to small fittings, brackets, bonds, and elec-
trical connectors to small components such as
diodes and transistors. Most damage effects
are seen in equipment malfunction such as chat-
ter or transfer of relays and switches, fre-
quency shift in subcarrier oscillators, and
transients induced in signal outputs. Usually,
the design deficiency or workmanship problem
is quite simple to correct. This character-
istic may make the anomalies appear insignifi-
cant, especially in the development phase, and
may partially oxplain the small number of re-
purted problems.

TEST SIMULATION

The test firing of pyrotechnic systems may
be performed for many reasons. For those in-
terested in the shock environmenc, the pyro-
technic firing may be used as an equipment
qualification test or may be the source of data
from which individual equipment shock specifi-
cations may be derived. Individual equipment
test specifications are implemented using a
variety of simulatior techniques, including
conventional shock machines based on pulse
shape reproduction, electrodynamic shakers con-
trolled by synthesis/analysis hardware, and, to
a lesser degree, alrframe type test beds ex-
cited by explosive charges.

Full-scale qualification and flight accept-
ance tests of many NASA spacecraft are per-
formed by detonation of the actual pyrotechnic
devices in an installation incorporating actual
structure. A margin of safety in number of
stresses applied can be obtained by simply re-
peatiug the events as many times as desired.
However, a margin of safety in shock amplitude
is not achieved and, furthermore, repetition of
some events, such as shroud separation, can be
extremely expensive.

A ground test program was conducted to gain
some insight into the degree of structural sim-
ulation required for full scale tests and to
determine whether or not one could achieve a
margin of safety by proper installation of the
test hardware.

A test series was conducted on the following

configurations:

A. Payload truss attached to Titan IIIC
Transtage Skirt (Baseline Configura-
tion);

B. Payload truss freely suspended;

C. Payload truss attached to rigid support
fixture;

D. Payload truss attached to channel adap-

ters (Adapters were designed to simulate

the longitidinal stiffness of the pay-
load skirt).

11

Photographs of the four configurations are shown
in Fig. 2-5. Accelerometer locatfons on the
payload truss are shown in Fig. 6. tLramples of
the average shockh spectra optained at locations
7 and 8 (satellite mounting points) tour the four
different configurations are shown in Fig. 7 and
8. Comparison ol these data indicates that the
use of the simple channel adapters tu simulate
the transtage shirt structure would srovide a
reasonable, conservative test of tne satellite,
Ihe results, although inconclusjive, are encour=-
aging because they indicate that it wav not be
necessary to alwavs include an e-pensive, cor=
plex structure in full scale testing.

Titan IIIC
Articla 5
Payload Trus

truss installed on transtage
skirt

Fig. 3 - Test configuration Il - pavload
truss freelv suspended




Fig. 4 - Test configuration 11l - payload truss
actached to rigid support fixture

fig. 5 - Test configuration IV - payload truss
attached to channel adapters
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MASS LOADING EFFECTS

A test and analysis program was conducted
to determine the effect of weight variations in
mounted subassemblies on the pyrotechnic shock -
environment. The effect, for both single and Fig. 10
distributed mass loading, was evaluated at the
interface of the subassembly and the mounting

- structure for two types of structures:

- Componeﬁt Anéhéﬁiﬁgniﬁgziiihiiaﬁ48£
Weight

Table 2 Weight Configurations

- A. Airframe, skin and stringer conmstruc- Component Weight (1b)
% tion; Component A | Component T
: B. Truss structure. Alrframe Truss
. Mounted Mounted
i Final results of this study are not complete. Bare Structure® 0 0
N However, preliminary results from the single o
mass loading tests are presented. Configuration 1 11.5 10.
b Configuration 2 23.0 20.0
A full scale skirt and truss structure was
used as the test fixture. Prototype components Configuration 3 46.0 40.0
were installed on the airframe and on the truss *Note: The total weight of the truss and
N as shown in Fig. 9 and high frequency acceler- skirt was 485 1b.

- ometers were installed in a triaxial configura~
’ tion at component mounting points. Changes in
weights of the two components were accomplished
by the addition of small steel plates distrib-
uted throughout the equipment chassis (Fig. 10)
to simulate electronic modules. A summary of
the weight configurations tested is given in
Table 2.

The pyrotechnic shock source consisted of
a blasting cap and 50 grains of RDX explosive
contained in a small plastic vial. The vial
was inserted in a steel receptacle volted to a
longeron. This relatively inexpensive device
produced excellent repeatability and provided
an adequate simulation of typical data from
ordnance devices used in the aerospace in-
dustry.
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The tape recorded shock transients were
digitized (100,000 samples/sec) and shock spec~
trum analyses were performed. The shock spec-
Lra were normalized to a reference accelerom-
eter location and comparison plots made for
the different welght configurations. An exam-
ple of the results is shown in Fig. 11.
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Fig. 11 - Comparison of normalized shock spectra
for different component weights

The preliminary results of this study in-
dicate that the primary effect on the shock en-
vironment occurs when an equipment item is iu-
stalled on a previously unloaded structure,

For the structure and component weights ana-
lyzed in this study, increasing the component
weight by a factor of 2 or 4 has relatively
little effect on the shock environment at the
mounting point.

CONCLUSIONS AND RECOMMENDATIONS

The aerospace industry is presently using
a variety of testing techniques to simulate py-
rotechnic shock, most of which assume that du-
plication of the shock spectrum represents an
adequate test. It {s not clearly understood
which parameters are related to damage poten-
tial. Additional efforts are needed to accumu-
late and disseminate failure information and to
est-blish standardized methods for shock test-
ing. Until such information is available it is
recommended that the test methods used simu-
late the shock wave form as well as the shock
gpectrum. When this 1s impossible, the next

alternative is matching the spectrum and the
general character of the wave form; that is
using a lrng duration, complex teut for a long
duration, complex environment.

From the preliminary results of thia study
it appears feasible to use relatively simple
fixtures to simulate complex airframe structures
in full scale tests. Additionally, it may be
possible to obtain a test margin of safety for
full-scale tests through proper design of such
fixtures. Suggestions have been made to vary
the amount of explosive charge or the tension in
separation bolts to achieve a margin, but these
techniques have not been proven.

The results of mass loading tests indicate
that it is important to include prototype or
"dummy" components in full scale tests if the
correct pyrotechnic shock environment is to be
achieved. However, after the components have
been installed the effect of weight variations
is relatively small and would not affect an
established shock test specification. Final re-
sults from the mass loading effects study will
be published in November 1970, as an addendum to
Ref (1].
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DISCUSSION

Mr, Zell (Picatinny Arsenal): I think most of us
feel that the shock spectrum is a pretty useful tool
for giving a feel for the relative severity of different
shock pulses of widely different character, But1
wonder if perhaps the emphasis on presenting actual
data, and in trying to analvze the data in terms of
shock spectra has notl actually created a clouding or
an obfuscation that actually complicates analvsis, If
these data had not been in a Fourier spectrum type of
presentation would not the effect of frequency on
attenuation, or the effect of structural modes he much
more casily analyzed? Perhaps the time has come
when the shock specetrum should be used more as an
engineering tool,

Mr, Rader: If I understand correctly — yvou are
suggesting that the Fourier spectrum may give more
basic engineering information than does the shock
spectrum, Is that right?

Mr, Zell: Yes, The effects of frequency on
attenuation and mode shapes might be more casily
cvaluated, In terms of analyzing what is actually
happening, it seems that by having the data in terms
of a shock spectrum, which is a method of looking at
it through a certain type ol colored glasses for conve-
nience sake. this type of basic analvsis actually
clouds the issue rather than clarifies it,

Mr, Rader: During the course of this program
one of the tasks was a comparison ot Fourjer spectra
versus standard shock spectra, The Fourier spectra
gave essentially no more information than the shock
spectra for the complex waves that are generated by
pyrotechnic shock devices, This is not true for
simple pulses since the Fourier and the shock
spectra can he quite different. But for the complex
waves that one sees in typical pyrotechnic shock de-
vices the Fourier and shock spectra vielded es-
sentially the same information in our experience,

Mr, Zell: The various analysis methods for
determining structural properties. such as mechani-
cal impedance and transmissibility as a function of
frequency, cannot he appliced directly to a shock
spectrum in data that is generally acquired in the
course of a development and test program on a par-
ticular structure,

Mr, Rader: Yes. I think that is a good point,
Howdéver, again as I mentioned in the introduction,
the definition of. or even adequatelv explaining pvro-
technic shock analvtically has just not heen possible
to date, Hopefullv this will he a subject for future
examination. perhaps the Fourier spectrum mav be
more useful to relate to structural parameters,
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Mr, Smith (Bell Acrospace Corporation): Some
time ago Bill Roberts did a more modest study sug~
gesting that the shock spectrum showed an additional
characteristic at the low frequency end which tended
to be more of a constant displacement type of be-
havior, and I noticed that perhaps this was present
in some of your curves, It i{s important I think to
know where the constant velocity line is likely to be-
come inapplicable at the low frequency end, Do you
have & short observation on that ?

Mr, McGrath: We were in correspondence with
Bill Roberts and we lookea for this characteristic of
a constant displacement line at a very low frequency,
but quite often the data confuses the issue at very low
frequencies because of faulty techniques of obtaining
the spectrum, We found that the constant acceleration
lines, constant velocity lines, constant displacement,
just did not lead to any definite results that we could
see, The constant velocity lines that we are referring
to are almost a subjective approximation in the low
frequency range, which might go from approximately
100 Hz up to as high as a thousand Hz, This is what
we observed, Someone els¢ might ohserve some-
thing else, but it probably takes a specific type of a
data reduction,

Mr, Smith: It seems to me that probably within
all of these data there may be another important piece
of data that is required: and that is, vith respect to
the various classifications of structure and distance
from the source, to what sort of bounds on the mass
would you expect to apply the acceleration data in
attempting to apply this in a realistic design sense ?
Obviously onc might be happy to apply some particu-
lar value of acceleration to a 2 pound mass under
some circumstance and never dream of doing the same
thing with a 100 pound mass, There is some boundary
somewhere that I think might be developable from all
this information, If I want to usc your curves of
acceleration against distance from some source, for
how large an item or how heavy an item, are they
applicable ?

Mr, Rader: The curves presented by Dr.,
McGrath were developed on a number of different
types of structures including spacecraft, booster
skirt structure, complex truss structures and the
like. So we feel that the curves are applicable for
typical aerospace structures as they exist today, ‘lae
cffect of mass loading from the preiiminary work
which was shown here essentiallv has very little
cffect on the shoch environment as shown in the last
slide, Once the component is installed on the strue-
ture or on the truss. this constitutes the mmor offect
on the shock environment,  Changing that weight by a
factor of 2 or | had practically no cticet on the basic
shoek spectrum,
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MEASURES OF BLAST WAVE DAMAGE POTENTIAL

C. T. Morrow
LTV Research Center,
Califcrnia

Anaheim,

Western Division

important.

desirable.

in mind.

the simple resonator.

cross-pcwer spectrum.

expresses phase information.

explored.

shock excitation by a blast wave differs in two respects from
mechanical shock as known in conventional shock tests.
the excitation is clearly in the form of a pressure rather
than a moticn (acceleration).
typical structure is cleerly at multiple points (antinodes)
rather than at the base of an item of eguipment, treated con-
ventionally as a single mounting point.
Yet, a spectral description of the blast wave is
It must be selected with these two considerations

Second, the excitaticn of a

The shock spectrum is conventionally defined :n terms of a
physical model (a simple mechanical resonator, usually
undamped) but can be considered as a purely mathematical
operation on the input excitation.
force or pressure, it yields the peak force in the spring of
This is also a criterion of severity.
However, unless phase information is added, it is not suitable
for describing multiple point excitation.
noise testing, the phase information is contained in the

The Fourier spectrum is defined entirely in terms cf a mathe-
matical operation to be performed on acceleration, force,
pressure, or any variable of interest.
density in that variable, simply related to the generalized
residual shock spectrum, but it is a complex number and

The use of the Fourier spectrum
as a criterion of severity for sonic booms and blast waves is

First,

Relative phase 1s

Carried out on an input

In high-intensity

It is expressed as a

INTRODUCTION

It is common to describe blast
waves by theair peak overpressure and
duration. These criteria of severity
are simple, readily obtained from a
pressure-vs-time trace without appre-
cigble data processing, and sufficient
to describe a blast wave uniquely if its
pulse shape is kncwn a priori and iden-
tical to that of ocher biast waves with
which it may be compared. However,
such criteriz are not directly indica-
tive of damage potential if wave shapes
are digsimilar, as theay may well be at
different radii from a blast or when
reflections occur.
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Consequently, two spectral descrip-
tions will be considered-~the shock
spectrum {1,2,3 as redefined for the
purpose, and the Fourier spectrum or
Fourier transform. Of particular impor-
tance is their adaptability to describ-
ing force or pressure inputs as opposed
.0 mechanical motion (acceleration) and
to incorporation of relative phase
information when a structure is shock
excited simultaneously at many points.

THE SHOCK SPECTRUM
In mechanical shock technology, the

first descriptions of severity were in
terms of peak acceleration, rise time,




and effective duration. Application of
these criteria to such diverse wave
shapes as the decaying transients
typical of field conditions and the
standard pulses favored for laboratory
testing frequently resulted in unreal-
istic simulation. Consequently, there
has been an increasing trend toward the
comparison of severities in terms of
spectra.

The shock spectrum was first con-
ceived by Biot i4 Jas a means for predict-
ion of earthquake damage, was used for
many years by Vigness and his associates
at the Naval Research Laboratory, and
was applied by Morrow to the specifica-
tion of equipment shock tests for the
ICBM program. For data-reduction pur-
poses, it is generally presumed that the
shock input to an item of equipment is
available as an acceleration-vs-time
curve. The shock spectrum is defined
as the largest acceleration (in 9's) of
the mass of a simple mechanical resona-
tor, in response to the shock, plotted
as a “unction of the resonance fre-
quenc:- of the resonator, but is usually
cbtained from the acceleration-time
data by computer processing. Many engi-
neers use it rather literally as an
indication of mechanical system response
for design purposes and therefore like
the spectrum to be obtained in terms of
a resonator that has damping typical of
the hardware in mind. Such a viewpoint
is easily extended beyond its scope of
validity in dealing with complex
systems, and the undamped-resonator
spectrum i1s more fundamental. Conse-
dquently, only the undamped shock spectrum
will be considered here.

Thus, if the data were actually to
be reduced by a mechanical resonator
instead of an electronic computer, the
shock would be applied to an undamped
mechanical resonator, and the largest
positive response peak of the mass and
the largest negative peak would be
plotted against the particular reso-
nance frequency. Then the undamped
resonator would be retuned and the
operation repeated to yield more points
until the two curves are filled out in
sufficient detail. 1If desired, the
maximum of the absolute values for each
frequency could be determined and plotted
to yield a third curve.

The operator would have the option
of restricting his response observations
te certain time intervals relative to
the applied shock. For example, he
could confine his obhservations to the
interval in which the shock occurs to
obtain what is known as the initial

18

spectrum, or to the interval beginning
at the end of the shock tc obtain the
residual spectrum. Some authors use the
word primary, rather than init:al, but
this implies that the residual spcctrum
1s a secondary measure of damage poten-
tial. Much the reverse is true when the
shock is applied to a complex mcchanical
system, The residual spectrum, while
simpler in some respects than the initial,
comes close to being a complete descrip-
tion of the shock, except for phase,
which, for single point excitation, is

a secondary factor in damage potential.

GENERALIZATIONS OF THE SHOCK SPECTRUM

In practice, the shock spectrum is
obtained today not by the clumsy cpera-
tion used as a basis for the definition,
but by an analog computer that simulates
the tunable mechanical resonator or by a
digital computer. It is possible to
consider the shock spectrum not as the
result of observations of a resonating
mass, but the result of a mathematical

operation performed on an acceleration-
time signal. It becomes of interest to
ask what is the physical significance

of the same mathematical operation
applied “o other than acceleration sig-
nals. For example, if the operation 1s
applied to a shock force acting on the
mass in a simple undamped resonator, it
yields the peak force in the spring as a
function of resonance frequency. For
shocks applied in this general way, this
is an acceptable measure of stress in
the simplified system. A spectrum ob~-
tained in this way, when divided by the
mass in appropriate units, yields the
peak acceleration of the mass.

That the physical interpretation of
this particular generalization of the
shock spectrum is valid may be seen from
a comparison of differential equations.
If a shock force F(t) is applied to a
mass m attached by a spring k to a
fixed base as in Fig, 1, the differen-
tial equation is:

ma + kx = F
or
dax 2 - F
aes twix =g
or
2
B 4 yoxx = woF, (1)

where a is the acceleration of the mass,
x is the displacement of the mass from
its neutral position, and w is 2n times
the resonance frequency in Hz. 1If, on
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the other hand, a shock acceleration
ap(t) is applied to the base, as in
Fig. 1lb, the differential equation is:

ma + k(x—xb) =0

or by double differentiation, followed
by transposition of m

2
%Eg + 4?a = xgab, (2)

where x, is the displacement of the base
as a function of time, from its neutral
position, and a is the acceleration of
the mass. Equations (1) and (2) involve
different variables but otherwise are
identical in mathematical form. The
mathematical operation associated with
taking the shock spectrum 1s to solve
for the variable on the left and maxi-
mize it, within specified time intervals,
as a function of 1 or the resonance fre-
quency /2. This variable 1s the fecrce
kx in the spring in Eq. {1) and the
acceleration a of the mass in Ey. (2).
This completes the proof.

There 1s no ambiguity if the
result of Eq. (1) is i1dentified as the
"shock spectrum of the applied force"
and the result of Eq. (2) 1s called
the "shock spectrum of the applied
acceleration.”" It is understocd that
the input force and accecleration arc
applied to different places in the
simplified mechanical system.

What is the physical significance
of the curves obtained when the mathe-
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(b) Shock Acceleration a,

Shocks Applied to a Simple Mechanical Resonator

matical operation of the shock spectrum
is performed on the pressure-time pulse
of a sonic boom or blast wave? An inter-
pretation could be given in terms of a
Helmholtz resconator, but such devices
are seldom involved in shock damage.

It is more useful to base the interpre-
tation on the response of a mechanical
system excited by the pulse, Airbcrne
noise and shock waves tend to excite a
structure at its antinodes. If a single
antinode 1s considered, the shock
excitation is much like that cf a force
acting on a mass. The force is the
pressure multiplied by the effective
area of the antinode, or by the area of
the effective mass of the antinocde. The
shock spectrum of the applied pressure,
when multiplied by the arca of the mass
in the simplified mechanical system,
yields the peak force in the spring. 1In
a slightly less direct way than in the
previous cases, this generaiizaticn of
the shock spectrum becomes an acceptable
measure of damage potential. At least,
it is reascnable tc infer that i1f two
different pressure pulses are applied tc
the same mechanical system, the pulse
with the higher residual shock spectrum
1s more likely to damage a mechanical
resonator tuned tc that frequency. 1If
one spectrum is higher than the cther
cver all frequencies cf interest, one
can infer with even greater confidence
that the associated pulse 1s the more
sovere, regardless of the mechanical
system to which 1t 1s applied. Hewever,
the shock spectrum as usually reduced,
provides nc information on relative
phasc of excitations at twc or more’
antinoles.
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Tl FOURTER SPHCTRUM

The basic objective of the shock
spectrum was to describe possible res-
ponses of a mechanical system Lo a
shock. It will be evident later that
the result 1s almost a direct descrip-
tion of the input shock 1itself.

flowever, a more fundamental approach
1s to set out from the beginning to des-
cribe the 1nput directly. For periodic
vibration inputs, this is commonly done
by recording the various amplitudes and
frequencies that can be identified by a
wave analyzer or by means of a Fourier
analysis., For the special case in
which the wave shape repeats itself at
a fundamental frequency, Fourier's
theorem shows that the vibration is
equivalent to a series of sinusoids
(called harmonics) at multiples of the
fundamental frequency, and 1is described
by the amplitude and phase of each sinu-
soi1d. Phase information 1s necessary
for complete reconstrurtion of the wave
shape. For single-point excitation, 1t
1s selldom recorded as 1t has no general
simple relation to damage potential. A
mechanical system responding to vibration
excitation shifts the phase as a func-
tion of frequency in a complicated way
that is unpredictable unless the system
dynamics are known. Consedquently, there
is no reason to expect one phase rela-
tion among the harmonics to indicate
generally more or less damage potential
than another. At any one harmonic fre-
quency, the response of a linear mechan-
ical system 1is proportiocnal to the input.
The ratio of the two amplitudes is
calculable from theory if the system
dynamics are known, or measured as a
function of frequency, if they are not.
Consequently, the spectral description
1s adequate for the computation of
responses when this is desired, cor for
comparison of one periodic vibration
with another in respect to damage poten-~
tial. Fourier analysis is an entirely
mathematical operation, which needs no
major reinterpretation according to
whether the variable processed is accel-
eration, force, or pressure.

Extensicns of Fourier analysis
permit the direct description of shock
inputs and randor cxcitation. The
Fourier coefficients (amplitudes for
the varicus harmonics) 1invclve an inte-
gral of the original time function times
a trigcnometric or exponential functicn,
over the fundamental period. 1If a
shock 1s made to repcat 1tself at some
fundamental pericd, the resulting time
functicn can be expressed as a Fourier
series. Then 1f the period 1s increased
beyond limit, 1t should be possible te
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derive a spectral description of an
isolated pulse. As the period is in-
creased, the harmonics Lecome more
numerous and decrease in amplitvde,
However, the integral that appears in
each Fourier coefficient is independent
of the period provided the period is
longer than the shock duration--it is
exactly equal to the integral over that
duration. Consequently, this integral,
known as the Fourier transform or Fourier
spectrum, which has the same value for an
infinite period as for any finite period
equal to or greater than the pulse dura-
tion, and has the units of a density in
frequency (g/Hz, lb/Hz, or 1lb/in® Hz,
etc,, depending on the variable used) is
the spectral description sought.

As the period increases beyond
limit, the summation of harmonics, with
one over the period divided out from
each term, approaches an integral of the
Fourier spectrum over all fredquencies.
This inverse transform permits the re-
construction of the wave shape.

DERIVATION OF THE FOURIER ZPECTRUM

This derivation and its interpreta-
tion is accomplished most simply in
terms of a complex exponential, once one
is used to the notation, rather than in
terms of trigonometric functions. A
complex number is regarded as a vector
at a particular angle to the axis of
reals, as in Fig. 2, and expressible in
terms of magnitude (amplitude) and angle,
or as the vector sum of its projections
on the real and imaginary axes, which
are proportional to the cosine or the
sin2? of the angle, respectively. Exam-
ination of the Taylor's series for

iy

jJA sin 6

A cos? X
Fig. 2 Complex Vector
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exponential and trigonometric functions
discloses a particularly simple way of
expressing this:

Aeje = Acos8 + jJAsiné, (3)

where e is the base of natural ogurithms

and where j is a unit vector along the
imaginary axis. It follows that

16 -6
COSO = g___;_'_e___ (4)
and eje ) e_je
siné = 5 (5)
Furthermore,

aed® | ped? = ag I (E¥)  (6)

If, now, 8=2nft, where f is the fre-
quency and t is the time, Ael becomes

a counterclockwise rotating vector whose
projections are the cosine and sine
functions. However, it is easier than

the trigoncmetric functions to manipulate

in a differential equation, since

4 32mft

. ”
3t = ;)Zﬂfe:]2 ft,

very simply.

If ¢ is interpreted as a constant angle,
Eq. (6) provides a simple way of ex-
pressing phase shifts as well as ampli-
tude changes that may be produced by a
mechanical system. The quantity BeJ
may be determined theoretically or
~xperimentally as a function of fre-
quency for transmission between any two
points in a linear mechanical system.

The Fourier series can be written,
by application of Eq. (4), as

a(t) = Z:Ak cos (2rkfit-¢,)
=1

n .

= 5) a, oI ZTREEG)
K==-n
n .

- ;‘Zc‘k e)2ﬂkfxt 7
K=-n

where

o =2, &% (8)

is a complex amplitude expressing.the
amplitude and phase of the harmonic,
and it is readily shown that
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+T/%
f alt) e
J1/2

-j2rkf t at

+r/2
=7 a(t) e
-T/2

SIERt g (9)

where T is the period and fy=kf, where
f is the fundamental frequency or repe-
tition rate. The integral, which
becomes independent of T for long
periods, is the Fourier spectrum:

S (£) =f a(s)e”32mEs 4, (10)

where the variable t is replaced by S

to avoid confusion in derivations that
might be undertaken later, Now, if
20£=2/7 is factored out of each Cy and
the period is allowed to increase beyond
limit, the Fourier series approaches

a(t) =f s(£)ed2TEt g¢, (11)

If S(f) is known for an applied shock,
the response at any point within a
linear mechanical system is obtained aoy
evaluating

@ o "
ar(t) =/Bej° S(f)ejz'rth af,

where the complex transmission coeffi-
cient Bel?, which expresses both ampli-
tude change and phase shift as a
function of fxaquency, is applicable
to S(f) as a rwltiplier just as it
would be to an individual harmonic in
periodic excitaticn. 1In other words,
one multiplies by the complex trans-
miszion factor and integrates the
resulting Fourier spectrum with the
appropriate complex exponential over
the frequency range of interest.

If S(f) and the traasmission charac-
teristic are known, in terms of both
amplitude and phase, both the applied
shock and the response can be computed.
The magnitude of S(f) is the primary
indication of damage potaential for
single-point excitacion and can be
shown 5] to _equal the residual undamped
shock spectrum divided by 2nf., Thus,

two concepts that originated in quite
different ways turn out to be very
similar mathematically.
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It 1s 1lluminating to ask how much
energy 1is ccentained in a particular
shock, If a periodic signal were
applied to a one-chm resistor (acous-
tica., mechanical, or electrical, as
appropriate), the energy dlssxpated in
one period would be

P/

f 2 ludt = f:lc)f Z;Q .

=T 7 k==-n

which 1s readily shown by multiplying
out the exponential form of Fourier's
sores, as an Edq. (7), term by term,
chserving that all other products
integrate to zero, and noting that
Cy=C-);. For a sustained signal, the
total energy over all time would be
unbounded., For a shock, if 24€=2/T 1s
factored out of each Cx and T is
allowed to 1increase beyond limit,

0 -] &
fa“ (*Mt:fl?(F\|2df,=2f|5(f)|2df (12)
- - 5

which 1s a form f Parseval's theorem.
The square of the magnitude of the
Fourier spectrum of a shock i= there~
fore referred to as the energy spectral
dengity and 1s finite.

In passing, Eq. (12) suggests a comment
about the spectral description of a
stationary random vibration or signal.
wWhile the total energy 1s unbounded,
the total power 1s finite:

T/2
Lim 1/7 [ a” (t)dt=Lim S—"fl‘l
W hy e

neo T-+xm

=f Lim I_L_ dthl“‘ —AJ- dt  (13)

Therefore the familiar power spectral
density for a random signal is given by

w(f) = Lim ——-U~ (14)

T

In any event, the Fourier transform 1s

a fundamental description of a shock and
a good measure of damace potential, So,
for single-point excitation, is the
closely related residual sheck spectrum.

22

EFFECTS OF RELATIVE TIME DELAY OR PHASE
SHIFT

Whether a structure is excited by
random noise or a shock front, the
excitations at the various antinodes for
a particular mode of vibration or shock
response are not necessarily directly

additive in terms of magnitudes. For
example, two pressures that push in
step or in phase at adjacent antinodes
tend to nullify each other. Two pres-
sures that are exartly out of step or
180 degrecs out of phase and therefore
conform to the relative motions of two
adjacent structural antinodes will be
highly effective in exciting the struc-
ture. 1In h;ah-zntensxty sound testing
of airframes, it is becoming evident
tha* such considerations can influence
which modes of a structure are excited.
similar effects stiould be expected in
shock-wave excitation.

RELATIVE PHASE IN RANDOM NOISE

Relative phase is important in
blast wave excitation for the same
reasons that it is com1ng to be
accepted as important in high-xntensxty

ncise testing. A brief review of the
latter consideration may be in order.

Wy w o+ 2wy 3 = Wy

=w o+ 2::13 (w,w;) + W,

=w, + 2¢, (wlwg)% cos@,, + w, (15)

and that of the difference by

Wiaz2= W1 - 2w13 + W2
=w, =~ 2¢, (w,v.r.‘;)!5 + wy
= %
w, + 26 (wlwz) cosg, , +w, (16)

12

w, = power spectral density of first

noise;

w, = power spectral density of second
noise;

w =

correlation density or real part
of cross-power spectrum,
obtained by multiplying the two
noises in the same frequency
band and averaging sufficiently
in time to suppress fluctuations
of the order of half the band~-
width;
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Ci3 ™ Wig ('.\rlwg);s is the correlation
density coefficient, of value
betwaen +1 and -1:
/2
5 {f) is the dominant phase angle, if |2, (£) + a wy|?
any, between the two noises as a : 2
function of frequency; and =T/2

a coefficient between zero and

unity, is the value if ¢, , were T/2 2 2

3 shifted to zero, as the magnitude if fa,? (£) + 2a, (t)a, (t) + a;® (¢)] at
of the cross-power spectrum and /2

3 describes the magnitude of corre-

E lated noise.

13’

T/2 T/2

Equation (15) governs the excita- o a,2(t)dt + 2| =z, (t)a. (t)dAt
tion of alternate antinodes by random ! t z
noise and Eq. (16) that of adjacent ~T/2 -T/2
antinodes in a structure.

T
- . + f (t)at
Two random noises are considered -1/2
o be at least partially correlated in

he neighborhood of a given frequency,

an¥ phase angle dominates because of + T
Telative time de ay or any other reason. Zbkl kl chl %2
1 Thus c,, may be small because of the - el
: particular value of ¢, or because part k=== =
of one noise or the other is of inde-
pendent origin, reducing the value of o
Giz. The sinusoids describing a finite- +IV8 .c
duration sample of one randor aocise have 4 k27-k2 '
a random phase relation to each other, =-®
but may have a simple relation, respec- ®
tively, to the corresponding sinusoids 2 i (@, -¢_)
of the second random noise, if the two = — Ickl‘ + %Zlckll’lc—k2| e %1 7%
are of the same origin. If the second o k=—c
is of independent origin, this phase
relation too becomes random; in a
narrow band containing many sinusoids, zfj la

Ck2

|ret]er

no angle ¢,, is evident, and C a2=0. If
only part of the noise is of independent
origin, some value of ¢, ; dominates, and

! G,; is between 2ero and unity.

: Dckll * '2'Zlck1l r[e_xalcos (0,-02)

' ENERGY SPECTRAL DENSITY OF THE SUM OF QY= 5
;I%zl’

TWO SHOCK WAVES
@ @

Within one shock or in the compari- = %Z:}ck T _
son of two shocks, there are no random r Ja +3 Fklhtckil cos (9, -¢,)
phase angles. Nevertheless, utilizing k=-» Sea
the Fourier spectrum and a derivation
eimilar to that for Parseval's theorem, R
it is possible to set up egualities TZE:FiZI

L 1]

1 analogous to Egs. (15) and (16). 1If

3 a, (t) and a; (t) represent wo shocks

1 transmitted to the came failure point,
2 the energy sum is, from Eq. (7),
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If now, 24f=2/T 1s factored out of each
ckl and each ck2'

fla, (&) + ag (o) at =f|51 (of at

+ zf|sl (D) ls, (£) ]| cos (o, -¢,) df

-

xn
+f‘59 (f ae,

-k

and similarly,

'/'Ia1 (t)-a, (t)l2 dt (18)
=f |s. (ffdf-?f ls, (£)}lsa (Elcos (o, -0, ) at

+f ISz (f)r af (19)

-

where the phase difference 0, -9, is
always a determinate function of
frequency.

If az (.) is later than a, (t),
¢1-23 may pass through 360 degrees or
more in the frequency region containing
significant energy, making the middle
integrand negative over portions of the
range. Fu:ther, if the time difference
is such that the two shocks do not
overlan, it follows simply from the
time :ategral that the total energies
must add directly. This amounts to
saying that cos (¢, -92) must tumble in
such a way that the middle integral is
zero. However, for wider time-separated
shocks, such that the response to the
first shock decays before the second
arrives, the magnitudes of the indi~
vidual Fourier spectra are more indica-
tive of peak stress than the energy
spectrum of the sum or difference.
Furthermore, if they are overlapping in
time, the vector sum of their Fourier
spectra, as transmitted to the same
farlure point, is a more fundamental
indication of severity.

FOURIER SPECTRUM OF THE SUM OF TWO
SHOCK WAVES

It follows from Egs. (12), (18),
and (19) that the magnitude of the
Feurier spectrum for the sum or differ-~
ence of two shocks is dependent only on
the magnitudes of the individual Fourier
spectra and their phase difference:

"+~.>is. ! s?‘cos(ol—wz)'*

142

= |S
| *

3

&

\| s

s (20)

2 cos($1~¢2)+

Y
-
1
2
n
———

]
!S |a-2| Slo‘s
11 1 !
t Lo

J Y (a1

For two shocks not too widely sepa-
rated in time and transmitted to the same
failure point, this is a satisfactory
measure of severity of excitation.
However, if one wishes to compute accu-
rately the response of a known mechanical
system, absolute phase informatif¢n will
be beneficial in many cases. It|follows
immediately from Eq. (10) that the
Fourier spectrum for the sum of two
shocks is

and that for the difference is
Sy -5 (£) =S, (£) =S,(£).  (23)

It should be remembered that these
are vector sums and differences in the
complex plane. For example, if a, (t) is
simply a; (f) delayed by a time r, it
follows from Eq. (10) that these become

Si40 (£) o 14737 [ 5 (5) (29

and - .
Si-2 (£) o 1-eTI2E" | 5, (6). (25)

CONCLUSION

The computation of the responzse of
aeroe' 1ce structures tc blast is a
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current problem., There will be an
increasing interest in the testing of
aerospace systems to blast conditions,
as there has been in testing with high-
intensity ncise.

Blast is a distributed excitation
for a structure, and should exhibit
coincidence effects and other phenomena
that are found with high-intensity
noise of various types of point-to-point
correlation. 1In short, the variation
of relative phase angle with position
may be as important as the magnitude.
The complex Fourier spectrum, expressed
as a function of position over an aero-
space structure, permits accurate
computation of response,

For the simulation cf blast phe-
nomena, it is important to understand,
by as simple calculations as possible,
how the severity of excitation depends
generally on the orientation of the
test item, on any reflections, and on
the distance from the blast source.
The complex Fourier spectrum is essen-
tial to such an understanding in the
same way that the cross-power spectrum
is essential to understanding of high-
intensity noise testing. The relative
phase versus frequency curve will
influence which structural modes are
excited and which suppressed.

In principle, the Fourier spectrum
is equivalent in information to the

residual shock spectrum with phase
informction added by a supplementary
circuit in the shock spectrum computer.
However, Fourier spectra may be obtained
with computers that are commercially
available now.
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DISCUSSION

Mr, Zell (Picatinny Arsenal): In relating Dr,
Morrow's attack to the pyrotechnic problem, has any
attempt been made to define the actual impulse
energy generated by these pyrotechnic devices in
terms of the Fourier transform? Could these then
be related by mechanical impedance techniques to
effects occurring elsewhere in the structure ?

Mr, McGrath (Martin Marjetta Corporation):
There I8 & paper by Fung, and quite & few other
people have noted this, that at very low frequencies,
as you approach zero the Fourier transform gives the
impulse energy. And as Dr. Morrow just pointed
out, the residual shock spectrum and the Fourier
specirum are the same; and usually in the low fre-
quency range the residual shock spectrum governs,
So we looked into this, but we found we had difficul-
ties in reducing the data, If you reduce it either by
an analog procedure or a digital procedure (we used
the digital procedure) to produce both a Fourier
spectrum and a shock spectrum, we found that a very
slight dc bias, or a little bit of noise, in the low fre-
quency range pretty well obscured the information,
and we could not come to any conclusion as to what
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impulse energy was contained in a complex wave,
One can do this very simply for a simple wave, such
as 8 half sine pulse, It can be done analytically, but
we just were not able to come to any conclusion in
what we did,

Mr, Zell: Could these devices be tested on a
very rigid block? Perhaps the acceleration of the
rigid block would yield more of a spectrum of the im~
pulse, rather than a spectrum that was altered by the
response of a complex structure ?

Mr, McGrath: The point, I think, is that one
wants to attach the measurement device to a very
rigid plece that would feel only the initial impulse and
not the later complex part of the wave, Is that
correct ?

Mr, Zell: Yes, In other words, if one has an
explosive bolt and if one mounted it on a very rigld
block and measured the acceleration of the very rigid
block one could then relate this to the force and de~
termine the spectrum,




Mr, Naylor (Defense Research Establishment,
Suffield, Canada): T would like to take this opportunity
to cover the whole of the morning session, There
seems to be a recurrent question that the tecelerations
are not really representative of damage, It is move-
ment that causes damage — strains — either bending
strains or tension strains, It is very easy to record
acceleration but the results are not always satisfac-
tory, Mr Grundy from Canada commented on this
vesterd and put in a plea for stating results in velo~
city, so 1 would suggest that we lean on the instrumen-
tation people to integrate accelerations and obtain a
better dynamic range, either before or after record-
ing, and if vou have to deal with acceleration data in
your spectrum analysis, convert to velocity and thus
get this autematic roll-off against the high fre-
quencies which are not important structurally, We
should forget about this acceleration kick — it is not
really useful to us in understanding what is happen-
ing to structures,

namely, that it is velocity and not acceleration that
seems to be the important parameter related to
damage, for which we are actually looking, Until iow
it has been acceleration,

Dr, Morrow: As we make use of acceleration
and other criteria of severity, we most commonly do
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it on a relative basis, We are comparing two condi-
tions and are trying to tell which is more severe, and
the criteria we Lave are in many respects less use-
ful on an absolute basis than on a relative basis, On
a relative basis the factor of 27f cancels out in both —
and so you are about as well off if you forget about it
from the beginning, I did want to add one other
comment on the papers I have heard, 1 have noticed
quite a few shock spectra which are extended all the
way to 10,000 Hz, or higher, and my comment about
the residual shock spectrum a little earlier is related
to this, There is one other consideration, It is very
difficult to get valid data up to 10,000 Hz, the accel-
erometer may not resonate until 20,000 or 50,000
Hz, and that looks very fine, but that is not the
limiting factor, What usually happens is that one
introduces a resonance below 10,000 Hz in the struc-
ture by adding the accelerometer and if one makes
comparisons, again on a relative basis, in situations
where the lcading effect remains ccastant, this again
does not matter; but on an absoclute basis it can be
entirely misleading,

Mr, McGrath: You could probably do this if vour
measurement system had the proper roll-off charac-
teristics, However, there is no such thing as a rigid
block, Evervthing has a natural frequency, The
accelerometers we used had quite a high useful fre~
quency range.
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SHOCK RESPONSE OF A BILINEAR,
HYSTERETIC BEAM AND SUPPORT SYSTEM
Bruce E. Burton
Ohio Northern University
Ada, Ohio
and
Robert S. Ayre

University of Colorado
Boulder, Colorado

Shock spectra are presented for an elasto-inelastic
beam simply supported at each end on elasto-inelastic sup-
ports which are subjected to a half-sine ground accel-
eration pulse. The beam and supports have, respectively,
bilinear, hysteretic moment-curvature and bilinear,
hysteretic force-displacement characteristics. Since the
beam-support system and the ground excitation are mutually
symmetrical, the system response is also symmetrical. The
maximum velative displacement at the ends of the beam and
the maximum relative displacement and maximum bending
moment at the midspan are presented for six cases in which
the beam-support system has different elasto-inelastic

properties. A lumped flexibility and lumped mass model
was used to represent the continuous system.

o~INTRODUCTION

The purpose is to present an analy-
sis for the response of a bilinear hys-
teretic beam and support system subject-
ed to a ground acceleration pulse, and
to show response spectra for relative
displacement and bending moment. This
study is related to an earlier one by
Tauchert and Ayre [8,9] in which the
beam remained elastic while the supports
alone exhibited bilinear, hysteretic,
elasto-plastic characteristics. It is a
considerable extension of the earlier
one in that both the beam and the sup-
ports may exhibit bilinear hy: “eretic
characteristics. Furthermore, this in-
vestigation was carried into the more
general elasto-inelastic range rather
than limiting it to the usual elasto-
plastic assumption. Pertinent publi-
cations dealing with the transient, dy-
namic response of a structural system
having an elasto-inelastic beam or beams
are indicated in Refs. [1,2,3,5,7,10].

; The research reported herein was a part
: of the doctoral investigation carried

; on at the University of Colorado by the
first named auther.

METHOD OF ANALYSIS
Model Representation. The physical
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system is shown in Fig. 1. It consists
of an elasto-inelastic beam simply sup-
ported at each end by identical elasto-
inelastic supports. The constant pro-
perties of the beam are:

E = modulus of elasticity;

I = second-moment-of-area of cross-
section;
2 = length of beam between supports;

¥ = mass per unit length of beam.

The ground input ug(t) is the half-
sine acceleration pulse:
nt

i <A sinTt 0 < ¢
ug g sin tg Lt< g (1)
i_ =10 t > 2
g 2t (2)
where
ﬁg = ground acceleration;
A_ = amplitude of ground acceler-
g ation;
= time;

t_ = duration of ground pulse.




The corresponding expressions for ground
displacement are:

=_.g.£—-—'ﬂ
u, = 3 (3 sin ¢ ) 0<txg tg (3)
g 8
u, =u (- tat (4)
8 g tg 2 RS
where
ug = ground displacement:
u = 2tla /m.
g g8

Since both the structure and the excita-
tion are symmetrical, the response is
also symmetrical.

A lumped- flexibility, lumped-mass
model (Figs. 2 and 3) was used. Wen and
Toridis [10] found this type of model
to be more effective than the lumped-
flexibility and continuous-mass model or
the continuous-flexibility and lumped-
mass model for the type of structure
considered in this study. Symbols re-
lating to the mode] bgam are:

N = number of beam segments;

h = 2/N = constant length of
beam segments;

N+1 = number of masses;
i=1,2...N+1 = subscript desig-
nating beam si tion (mass
point);

m. = m = ph = any interior mass
(constant), where i = 2,3,.N;

my = My, = m/2 = end masses;

U(x.')

u.EW
. ——x
th) :
j—-f?$§5¢2252?32§37,/:?753272737:735%251
FI1IG. 1.-EQUILIBRIUM POSITION FOR DIS-

TRIBUTED PARAMETER BEAM ON CONCEN-
TRATED SUPPORTS.
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Joint with Lumped Mass
ond , Flexibility

x
~={hl—

FIG., 2.—EQUILIBRIUM POSITION FOR
LUMPED PARAMETER MODEL BEAM ON
SUPPORTS.

FIG. 3.—DISPLACED POSITION FOR LUMPED
PARAMETER SYSTEM.

u. = absolute Aisplacement of mass

at station i;

S; TU; U= displacement of beam
relative to its ends.

Nonlinear Restoring Forces. The re-

storing force-displacement function
r(wl) for the supports is bilinear and

hysteretic, as shown in Fig. 4, where

Wy =u -u = displacement of
beam ends relative to ground;

r = r(w}I = restoring force in
- ‘-'. P,
support;
r_ = restoring force at yield point
Y in support;

Qq = elastic-range stiffness (con-
stant) of support;

qQ, = aq = inelastic-range stiff-
ness {constant) of support;

a = qZ/q1 = support stiffness bi-
linearity ratio, 0 < a < 1.

When o = 0, the supports are elasto-
plastic. When o = 1, the supports are
linearly elastic over the full range of
support relative deflection.
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The bending moment-curvature func-
tion M(K) for the beam is also bilinear
and hysteretic, as shown in Fig. §,
where

~
"

1 =
i 77 (4.1 7 285 * S54)
beam curvature;

M. = bending moment;

M_ = bending moment at yield point
in beam;

k1 = EI = elastic-range stiffness
(constant) of beam;

k2 = Bk1 = inelastic-range stiff-
ness (constant) of bean;

B = kzlk1 = beam stiffness bilin-
earity ratio, 0 < B 5 1.

When 8 = (0, the beam is elasto-plastic.

When 8 = 1, the beam is linearly elastic

over the full range of beam curvature.

r ow - -

L

FIG. 4.—RESTORING FORCE-DISPLACEMENT
FUNCTION FOR THE SUPPORTS.

M t---

AV____..JL“

FIG, 5.~BENDING MOMENT-CURVATURE
FUNCTION FOR THE BEAM.
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Equations of Motion. For the model
beam (Fig. 3) the differential equation

of motion for the left end mass my is
mn ﬁl = Mz/h - r(wl) (5)

Due to symmetry a similar expression
can be written for the right end mass,
i.e., Uy = Uy The differential

cquation of motion for any interior
mass is

m; ﬁi = (Mi-l - ZMi + Mi+1)/h’ (6)
i=2,3...N.
Equations (5) and (6) may be non-

dimensionalized by use of the following
nondimensional quantities:

g, = ui/Ug’ absolute displacement
of beam;

ﬁg = ug/Ug, displacement of ground;

W, = wi/Ug = (ui-ug)/Ug, displace-

i
ment of beam relative to
ground;

T = t/tg, time;

<}
]

MiEZ/EIUg, bending moment in
beam;

[
"

ﬁitélug’ absolute accelera-
tion of beam;

T = r/qIUg, support restoring
force.
Equation (6) becomes:
ﬁi = CIF

i? i=2,3...N, )]

A e Nel 3,
where Tl thEI/mz H

Ry = Wy - My« My,
Similarly, Eq. (5) becomes:
ﬁl = chﬁl - ZCZT (8)

2
where Cz = tng/Zml.

By using the dimensionless ratios,
Y and p, defined below, the physical
quantities in the dimensionless con-
stants C; and C, need not be specified:

Y = q1/48 E1/23 = ratio of support
stiffness to beam stiffness;




p = t /T __ = ratio of pulse dura-
g NN

tion to "fundamental period”
of beam:

<y
P, = Um\i“/ﬂ"H)l> = fundamental
natural period of elastic beam
simply supported on rigid sup-
ports (q, ~ @),

lThe constants Cl and C, then become:

hd 9
(/=) N"¢7y

,.
"

(IQJ/n:) AYo:.

C.

The numerical procedure used to
obtain the response quantities is the
same as that used in an carlier publi-
cation (8]. Norris et al. (6], refer to
this procedure as a special case of the
Adams-Stormer method. 1In order to ver-
ify the results using the Adams-Stormer
method, the fourth-order version of the
Runge-Kutta method was also used to ob-
tain the response quantities for a few
cases. The calculations were performed
on the CDC 6400 digital computer at the
University of Colorado.

The model beam contained 16 seg-
ments (N=16) so that there were 17 point
masses equally spaced. A 9-mass model
had been used in an earlier study [8],
and it was found by a trial increase to
33 masses that the 17-mass model was
more than adequate for the purposes of
this investigation.

For each application of the ground
pulse the beam response was explored for
maxima occurring in the time interval,
0<t<1.,5 Tl’ where T1 is the funda-

mental natural period of the beam simply
supported on elastic supports at each
end. The ratio of ground pulse duration
to fundamental natural perioddof the
beam simply supported on rigi supports

at each end, p = tg/TSS, which is the
abscissa of the response spectra, was

varied from 0.1 to 1.0. The terminal
computational time of 1.5 Tl was found

by trial extended computations to be
adequate,

In the computational time incre-
ment, 8t = T /¢, where T_ is the

smallest natural period for the system,
the divisor ¢ was taken cqual to 4.
Others have used values of ¢ ranging
from m to 10. 1t was found by trial
calculation that ¢ = 4 is satisfactory
for the purposes of this investigation.
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A detailed presentation of the pro-
cedure, study of errors, decisions re-
garding beam increments and time incre-
ments, etc., can be found in the thesis
[11]) on which this paper is based. Di-
rect comparisons of numerical results
are shown in the second section fol-
lowing this one,

COMPUTED RESULTS

Response spectra present the non-
dimensional response quantities. Two
parameters, p and v, define the system
if it is elastic¢. For the elasto-
inelastic beam and support system, six
non-dimensional parameters, including p
and vy, are required. They are repecated
here for cenvenience:

L Myzz/sw , bending moment at

vield point in beam;

o'l
"

rv/qlug’ restoring force at
vield point in supports;

a = qz/q1 = support s .ffness bi-
linearity ratio;

B = kz/k1 = beam stiffness bilin-
earity ratio;

Y = q1/48EI/£3 = ratio of support
stiffness to beam stiffness;

p = tq/Tss = ratio of pulse dura-

tion to "fundamental period"
of beam.

For the response spectra, the ordi-
nate is a response quantity and the ab-
scissa is the parameter p = t /Tss. The

response quantities are the following:

greatest maximum, disre-
garding sign, of nondi-
mensional displacement
at ends of beam, rela-
tive to ground;

'wllmax =

= greatest maximum, disre-
garding sign, of nondi-
mensional displacement
at center of beam, rela-
tive to ground;

le l max

IM

c|max = greatest maximum, disre-

garding sign, of nondi-
mensional bending moment
at center of beam.

L
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A value of 4.0 was selected for the
support-beam stiffness ratio y, and only
this value was used. (Time did not per-
mit the investigation of more than one
value for y.) For any given response
spectra plot, three of the following
four nonlinear parameters, M _, Ty’ a and

B, are held fixed while the remaining
one, which is the family parameter, is
varied. Table 1, Index to Response
Spectra, indicates the six cases of beam
and support characteris‘ics and the
three response quantities. A short ver-
tical line on a response spectrum is
used to indicate the minimum value of p
which results in elastic action in the
system.

The first three families of re-
sponse spectra (Figs. 6, 7, 8) show the
results for the elastic beam on elasto-
plastic supports (a = 0) (family param-
eter, T ,2). The close agreement with the

results of an earlier investigation [8])
is not surprising since the mathematical
models used in the two investigations
are similar.

Figures 9, 10, and 11 indicate the
results of investigating the elastic
beam on elasto-inelastic supports (fam-
ily parameter, a). It should be noted
that each of these sets of response
curves results from an investigation of
the region on the corresponding response
curves (see Figs. 6, 7, and 8) hetween
the curve for T, = 0.05 and the curve

for the elastic case.

Figures 12, 13, and 14 present the
spectra for the elasto-plastic beam on
elastic supports (family parameter, ﬂy);

Figs. 15, 16 and 17, for the elasto-
inelastic beam on elastic supports
(family parameter, B); Figs. 18, 19 and
20, for the elasto-inelastic beam on
elasto-plastic supports (family param-
eter, ?y); and in Figs., 21, 22 aad 23

are shown the spectra for the most gen-
eral case, the elasto-inelastic beam on
elasto-inelastic supports (family param-
eter, a).

VERIFICATION OF NUMERICAL RESULTS

Comparison of Numerical Results
with Series Solution Results for the
Elastic Beam and Support System., A
series solution was obtainea ftor the
response of the linear, elastic, dis-
tributed parameter Bernoulli-Euler beam
simply supported on linear, elastic
supports. A comparison of the results
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obtained by the series solution, using
the first four symmetric modes, with
the results obtained for the lumped-
parameter model by the Adams-Stormer
method indicates that the average dif-
ference irn the relative displacement at
the beam ends is 1.23%, and in relative
midspan displacement is 1.33%. The
average difference for the bending mo-
ment response is 4.06%. The maximum
differences, all of which occur for the
particular case when p equals 0.2 are:
2.73% in the relative displacement at
the beam ends; and 2.28% in the relative
displacement and 7.59% in the bending
moment at the beam midspan.

Comparison of Numerical Results
with the Results from an Larlier Study
for an Elasto-Plastic System. Figures
6, 7 and 8 present, respectively, the
response spectra for the relative dis-
placement at the ends of the beam and
the relative displacement and bending
moment at the beam midspan. The re-
sponse results, as shown on these
graphs, are in close agreement with the
results obtained in an earlier study(8].
This comparison is limited to the case
of an elastic beam on elasto-plastic
supports.

Comparison of Results Obtained by
the Adams-Stormer Method with Those
Obtained by the Runge-Kutta Methoa. For
the linearly elastic beam-support system
the response results were obtained for
five values of p and three different
response quantities using both the Adams-
Stormer and the Runge-Kutta methods. 1In
all cases of comparison the differences
between the Adams-Stormer results and
the Runge-Kutta results are less than
1%. Tt should be noted that for these
problems the Runge-Kutta method required
almost twice as much computer time as
the Adams-Stormer method.

Due to the large amount of computer
time required, only one nonlinear case
(elasto-plastic beam on elastic supports)
was calculated using the Runge-Kutta
nethod. The parameters y, p, and M

were assigned arbitrary values of 4.0,
0.3, and 5.0, respectively. In compar-
ing the results for this case with the
results for the same case using the
Adams-Stormer method, it was found that
the maximum relative displacement at

the ends of the beam and also at the
midspan differed by much less than 1%.
For this elasto-plastic case, the Runge-
Kutta method required about 3.5 times

as much computational time as the Adams-
Stormer method.
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CONCLUSIONS

The response spectra for relative
displacement and bending moment are
regular in all six cases investigated.
Because of the complexity of the non-
linear system and its response it is
not feasible to compose a brief state-
ment describing the transient response
in three variables as affected by six
combinations of the system parameters.

A few characteristics, however, of the
elasto-inelastic beam-support system

are noted. Referring to Fig. 10 (case
2) (see Table 1), it is seen that even
though inelastic action begins in the
supports when p is decreased to 0.52,

as indicated by the short vertical line,
the relative displacement at the beanm
midspan is not affected significantly
until p is reduced below 0.3 in value.
As seen in Fig. 11, however, the bending
moment at the midspan is affected by any
value of p that results in inelastic
action in the supports,

It can be seen from Fig. 12 (case
3), that the relative displacement at
the ends of the beam decreases as

(bending moment at yield point) is de-
creased, provided the beam is forced
into yielding. This decrease in rela-
tive displacement indicates that when
yielding takes place in some part of the
structure, the displacement does not
necessarily increase in all parts of the
structure, but may decrease as in this
case. Figure 13, however, shows that
the relative displacement_at the midspan
of the beam increases as ﬂy is decreased.

A question to consider for case 5
is: for a given value of ths pulse
duration where yielding occurs in the
system, aoes inelastic action occur in
both the beam and beam supports? Al-
though only a limited amount of data is
available, the question may be answered
by observing the point where the spec-
trum for the ineiastic system branches
off the spectrum for the elastic system.
In comparing the actual branch points
for the spectrum where ¥_ = 0.03 with

che location of the short vertical lines
in Figs. 18 and 20, it seems apparent
that as p is decreased to a value of
0.72, yielding occurs in both the beam
and the supports, since the actual
branch points coincide with the vertical
lines. For the spectrum in which T

2quals 0.05, however, yielding takes
place in the beam when o equals 0.57
followed by yielding in the supports
when p is reduced to 0.50.

Also, in comparing the spectra in
Fig. 18 (case S) with the spectra in

Fig. 6 (case 1), it is seen that there
is little difference in the response
quantities. From the above comparison
it is concluded that elasto-inclastic
action occurring in the beam, within

the range investigated, has only a
slight effect on the displacement at

the ends of the beam. If a similar com-
parison is made for the relative dis-
placement and the bending moment spectra
at the beam midspan using Figs. 19 and

7 and Figs. 20 and 8, respectively, it
is conciuded that the inelastic action
in the beam has a relatively small
effect on the midspan displacement and
bending moment.

Observing the spectra in Fig. 21
(case &) for the relative displacement
at the ends of the beam, it is seen that
as the family parameter is increased in
value, the displacement decreases. When
a equals 0.7, however, the displacement
spectrum for the inelastic system falls
below the spectrum for the elastic
system. This anomaly may be due to the
fact that as a increases in value, the
inelastic action in the beam exerts a
proportionately greater influence on
the dynamic response of the system. It
was found in Fig. 15, for the elasto-
inelastic beam on elastic supports,
that all spectra for the relative dis-
placement at the ends of the beam fall
below the spectrum for the elastic
systom.

Other types of hysteretic, beam-
moment-curvature functions involving
curvilinear branches in place of the
linear branches used in this investi-
gation [4] should be studied in order
to determine the effect that the sharp
discontinuities in the hysteretic,
moment-curvature function may have on
the response quantities.
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1 TABLE 1: [INDEX TO RESPONSE SPECTRA
Responsec Fig.
Case Beam** Supports** Quantrty# No.
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3 1 X 1.0 = X 0 v X 7
X 8
X 9
2 X 1.0} = X v |0.05 X 10
X 11
X 12
3 X 0 v X 1.0 © X 13
X 14
X 15
4 X v 5.0 X 1.0 = X 16
3 X 17
;
- X 18
4 S X 0.3 2.5 X 0 v X 19
X 20
X 21
6 X 0.3}12.5 X v 0.05 X 22
X 23
) + v = variable (family parameter)
X ¥ (reatest maximum without regard for sign; subscript (1) refers to cither end of
beam; subscript (¢) refers to midspan.
** Ratio of support stiffness to beam stiffness, y = 1.0, constant for all cascs
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DISCUSSION

Mr, Ripperger (University of Texas): I can not
add anything to this paper except that I thonght it was
very interesting, I want to make an ohservation that
one of my students and I published a paper that is re-
lated to this problem in the 30th Shock and Vibration
Symposium Bul: ‘in abcut ten vears ago in which we
looked into the permanent deformation that was de-
veloped in tip loaded cantilever heams subjected to
shock loading at the support of the tip, If anybody is
interested in related information to this paper they
might want to look at that ore, (Editors Note: 30th
Shock and Vibration Bulletin Part IHf, p302, February
1962),

Mr, Burton: Thank vou for that information,

317

Mr, Aver {University of Colorado): This paper
is really part of a serfes that has heen generated by
various people, There is another one on a cantilever
bear: nroblem by a man by the name of Shultz which
came out in 1964 or 1965, and there have heen some
others relating to other configurations, In introducing
it I remarked that it was more of an academic sort of
paper, not with any intention of apologizing for it in
any way, but vith the aim of trying to understand some
of the nonlincar phenomena with which we are faced
without necesisariiy relating the problem to a specific
application, It is really a sort of quantitative study
from which we hope to derive some qualitative con~
clusions that may give us a basis for judgment,




L+

YT

TR e A Y

TRy

et

DIGITAL FOURIER ANALYSIS OF MECHANICAL SHOCK DATA

H. A. Gaberson, Ph,D, and D, Pal

Naval Civil Engineering Laboratory
Port Hueneme, California

itself which causes the difficulty,

intermediate values to be computed.

aliasing errors.

Fourier transforms of recorded shock motions show promise as classifiable
descriptors of mechanical shock hardness, and the transforms have become
inexpensive to compute due to the availability of various Fast Fourier
Transform computer programs. However, confusing differences exist between ~
the continuous Fourier transform and that actually produced by the computer
programs. Interestingly, it is the fact of sampling or discretization

This paper presents a self-contained
development of the discrete Fourier transform, and relates the computed
transform to the continuous version,
makes possible an exact representation of the transform at a sequence cf
discrete frequencies. Computer programs generally report only these
discrete values which are often too widely spaced to be related to
mechanical systems. Interpretation formulas are derived that permit the
Finally, the basic unresolvability
of errors due to too coarse sampling (aliasing) is discussad, It is
concluded that change of sampling rate can.indicate the absence of

The finiteness of the transient

INIRODUCTION

NCEL is evaluating methods to determine the
hardness of routinely installed shore based
equipmeat and to this end seeks improved
descriptors of environmental shock severity as
well as the potential of equipment to withstand
that environment, the equipment SHOCK HARDNESS.
This report presents a theoretical development
of the digitally computable discrete Fourier
transform, a descriptor of mechanical shock that
holds great promise for use in the measurement
of equipment shock hardness.

The Four’er transform of a mechanical snuck
motion is expected to be a useful description
for many reasons. It is an alternate means of
recording the motion; whereas such a motion is
normally thought of as velocity, acceleration or
displacement as a function of time, the trans-
form records the motion as a function of
frequency, The transform is the usual input to
theoretical calculations of shock response, hence
one might expect it to have experimental useful-
ness, The shock spectrum, a related frequency
domain function, has had wide acceptance as a
measure of shock severity. Since the Fourier
transform contains a complete description of
the original motion, as opposed to the shock
spectrum which only retains about half of the
information, it is fa2lt that the transform offers
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greater potential as a complete descriptor.
Furthermore, the Fourier amplitudes and phases,
that are necessarily computed, are required in
the computation of many reiated frequency domain
functions, such as the power spectral density,
cross and auto correlations, frequency response,
and the 1ike. Therefore, the Fourier transform
and its related functions must be evaluated for
use as a means for organizing and classifving
the shock hardness of equipment.

In addition, the dynamic test instrumenta-
tion industry has recently come forth with many
analyzers and special purpose computers to
"instantly" compute frequeacy domain functions.
The logic circuits or calculation routines are
difficult to evaluate and verify. A thorough
understanding of the readily available digitallv
computed Fourier transform is also useful to
prove the fidelitv of the output of the various
analyvzers,

In 1964, Cooley and ‘ruke_v1 published an
efficient Fouriss cransform computing algerithm
which has made inexpensive Fourier transform
calculations a reality, Betgland2 presented a
comprehensive discussion of the Fast Fourier
Transform, or “FFTI" as the Coolev-Tukey al. orithm
is now called. 1In it, he reports that the cost
of doing a 210 or 1024 sample analvsis has
dropped from a few dollars to a few cents as a
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result of this computing method, In fact,

special puvrpege harduare hac reduced the cost to

a few hundredths of : cent, Thus we can look
forward to very ecounonical frequency domain calcu-
lations if these methads prove to be of value in
the measurement of ecuipment shock harduness.

Inherent peculiarities and differences
exist between a digitally computed transform and
the 1deal continuously integrated version.
Therefore, this paper presents a self-contained
development of the discrete Fourier transform
in a form sufficiently detailed to be under-
standable to the test engineer. The paper begins
by reviewing a few properties of the continuous
Fourier transform and then develops the discrete
transform along lines suggested by Cooley, Lewis,
and Welchg3 The available computer programs
pcesent results in various trigonometric forms,
and these forms are developed in the next section,
The computer results are veturned at discrete
frequencies which in the case of shock data may
only include a few frequencies within the range
of intevest; therefore, formulas that permit
determination of values at any intermediate
flequency are developed. Finally, in the last
section, the subject of sampling and procedures
to avoid aliasing are described. The paper
substantially covers the preparatory study that
must be done before embarking on a program of
digital Fourier analysis of mechanical shock
data.

CONTINUOUS FOURIER TRANSFORM

Many presentationsk'5’6 of the continuous
Fourier transform are available for use as a
point of departure, We shall cite Bracewell
as presenting the precise forms with which we
begin, the adequate expositiors of mathematical
existerce, and the proof that all practical wave-
forms do indeed have Fourier transforms., There-
fore, we begin by considering a function of time,
x(t), which has a Fourier transform F(f) given bv:

-2-ift d

F(f) = ¥ x(t) e c. (1)
Ve

Here, { is the frequency in cycles per second
(Hertz, Hz), t is the time in seconds and { is
the imgainary constant, i = V-1. The function
F(f) is complex, requiring amplitude and phase,
or real and imaginary functions to represent it.
Figures 1 and 2 represent such a function and

its Fourier transform, The transform F(f) can be
inverse transformed back to x(t) by taking the
inverse transform of F as follows:

2rift d

x(t) = f' Ful) e £, 2)

fhe above two expressions constitute a continuous
Fourier transform pair; x(t) transforms to F(f)
and vice versa according to the above expressions.

{t 1s necessary to recall some properties
of the Fourier transforms of real functions to

efficiently present the forthcoming development.
Equation (1) may be written as:

F(f) = ‘!‘: x(t) [cos(2nft) - 1 sin(2-ft)1dt. (3)

Since F(f) is a complex function, it may be
written in terms of its real and imaginary parts:

F(f) = R(f) + L I(f) %)

Since x(t) is a real function, the real and
imaginary parts of F(f) can be written as:

o

R(E) = M7 x(t) cos(2rft) dt )
1(f) = J“_’; x(t) sin(2rft) dt. (6)

Now observe from Equations (5) and (6) that,
since R and 1 are functions of f alone, and since
the cosine is an even function and the sine is
odd, the real part of the transform (of a real
function) is even and the imaginary part is odd;
in symbols:

R(E) = R(-f) N
I(f) = - 1(-f) . (8)

In other words, F(-f) {s the complex conjugate
of F(f). This being the case, only positive or
negative values are required to fully specify
the Fourier transform of a real function,
Finally, noting Equations (5) and (6) at f = 0,
the imaginary part goes to zero at zero frequency,
which means the Fourier transform is real at
zero frequency.

#

DISCRETE TRANSFORM THEORY

We now proceed to develop a discrete formu-
lation of the above pair. The following develop-
ment is an expanded and specialized presentation
of an original proof by Cooley, Lewis and Welch.
Consider the function obtained by sampling x(t)
at the rate, S (samples per second), as shown in
Figure 1. The time interval between the samples
will be:

wr

‘v =2, (9)

This new funccion (the sampled version of the
continuous function, x(t)) may be ewactly
written by restricting Equation 2 to only
discrete values of time. This is accomplished
bv expressing time as:

t = jat, (9a)

vhere j = 0, 41, 22, 23, ., , ., . 2o,

&
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thus by substitut ing Equations (Ya) and (9) into
Equation (2), the sampled version of x(t) is:
2-i31/8

X{JAt) = ¥ F(t) e dtf. (10)
* arc

This wnfintte integral is now written as an
infinite sum of many finite integrals, each of
duration $, indexed bv the integer k, as follows:

o
J(k+1)S . < igf
) = Y S ey 2 UES gob L
k=-x {' kS

Dn

Since c"'ijf/s is a periodic function of period
S, it is advantageous to change the variable of
integration in Equation (1) as tollows, Let:

£ = ' + kS, (12)
Therefore,

daf = df', (12a)

lhe new integration limits are found by noting in
Equation (12) that f' = 0, when f = kS, and that
f' = §, when £ = (k + 1)S. The substitution of
these integration limits, Equations (12) and
(12a) into (11), and noting that e27ilk = 1 for
integral values of j and k, yields:

x(jar) = ¥ [:‘S’ F(g' + ks) 2T HIE'/S df']. (13)

k==

Thus the change of variable eliminates k from the
limics of integration and will permit the inter-
changing of the summation and integral signs.
This can be seen by writing a few terms of the
summation of Equation (1J), grouping these terms
under one integral sign, and factoring the
exponential and the differential factors from
each term; thus Equation (13) becomes:

. - '
x(jAt) = y‘; lk}: (£ + kS)] STHEYS ger. (14)
LKZ-®

The inner summation may be used as the definition
of a new function,

Fo(f') = 3 F(E' +ks). (15)

k=-x
Using this definition in Equation (14), we obtain:

x(jat) = “i Fp(f') e

2-13£'/8 af' . (16)

Equation (14) is written in terms of a variable
f' which required a range of values from 0 to S,
as was implied in Equation (12). Now, consider
the ramifications of permitting f' in Fp(f') to
take on all values. The effect is to make
Equation (15) applicable for wider values of f
and in fact F,(f) becomes periodic of period §S.
Note that from Equation (15):

42

Fp(f + 8) = 35 F(f+5 + kS)

k=~
= ¥ F[f+ (k+1)s1. n
kaew

Since (k + 1) is an integer and also varies from
o {0 w:

Y F{f+ (k+1)8]= ) F(f+ kS). (17a)

k=~e k==

Thus from Equations (15, 17, 17a), it can be
seen that:

Fp(f) = Fp(f + 8) (18)

and therefore, F_ (f) is a periodic function with
period S as showﬁ in Figure 3. As will be seen,
this development requires the periodicity of
Fp(f). Thus we drop the primes in Equation (15)
and rewrite it in terms of the original f,
anticipating that we shall account for the effects
later in tho section on aliasing:

Fp(f) = 3, F(f + ks). (15a)

k=~

The other primes in Equation (16) may be dropped
since the integration has the limits 0 and S:

x(jAt) = f: Fo(e) 25 g 6w

Now, since F (i) is periodic, it has a
Fourier series expansion (see Refecence 5, p. 43);
hence we can write:

L
-2rijf/s
Ff) = 3 ¢y e 2" (19)

joma

where the coefficients, Cy, are given by:

1 2ri§E/s
¢ =% j‘f) Fp(f) e27HE/S gg, (20)

By comparing Equation (16a) and Equation (20) it
becomes clear that:

¢y = 2 x(380). (21

Therefore, Equation (19) becomes:

x
£ (6) «1 3 xqaey STUES ()

e

Fp(f) given by Equation (22) is a continuous
function of frequency represented by an infinite
series. To obtain the finite Fourier transfovm,
we sample F_(f) between 0 and S at N intervals,
Af apart, sgch that:

Af = §/N . (23)

"
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Figure 3. The different transform regions.

Frequency at the sampling points is expressed
as:

f = nAf, (24)
wheren=0,1,2,3, ...,N-1,

Substitution of Equations (23) and (24) into
(22) yields:

FP(nAf) - é z: x(At) e-Zﬂijn/N. (25)

=

In Equation (25), the quantity 2 in/N 4
& periodic function of n with period N.
Accordingly, the sidmation is expanded into an
infinite sequence of short sums each of N terms,
with each sum indexed by 4, as follows:

, © N-1 -
Fpna) =3 3 % x(3oe) e 2 NN 55,y
e |

Let j = §' + {N. Now when j = 4N, j' = 0, and
when j = 4N+ N -1, j' =N - 1, Also note that
e-2niln = 1 for all values of the integers {

and n. Substitution of the above into Equation
(25a) yields:

® N-1 \
Rt =5 3 [j2;=ox[<j' + sy e 2 "/N].
(25b)

By an expansion and regrouping as was done in
justifying the irterchange of the sum and
integral in Equation (13), it can be shown that

43

the two summations in Equation (<5b) can be
interchanged. Also the primes need not be
retained on the j's as will be explained below.
Hence, Equation (25b) becomes:

N-lf &
Fp(ndf) = £ ¥ [2 x(§at + l_,NAt)] e 2rism/N

j=0 [ 4=-
(26)
As in Equation (15), one can define:
o
xp(JAE) = 37 x(jAt + INAL). (27)
==

Including this final concept into Eyuation (26),
we obtain:
i “2niin/N
Fp(ndf) =5 3 xp(jAe) e . (28)

j=0

Equation (28) is finally the discrete Fourier
transform of the discrete sequence of points
xp(jAt). the result sought. The dropping of the
primes on j is explained in the same way as in
the dropping of the primes on f' following
Equation (16). Considering j in Equation (27)
as taking on all values similarly results i{n
xp(nAt) becoming periodic in this case with

period NAt.

Equation (27), which is similar to Equation
(15a), is a device that permits us to evaluate
the effects of truncating the infinite summation
of the mathematical concept of the continuous
Fourier Transform. Thus while Equation (1)
requires integration over all time, Equation
(27) in an understandable wayv, eliminates this
requirement. Referring again to Figuye 1, in
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"y practieal case the transtent ot anterest has
d4otinite Jduration, 1, oand at all other times 1s
seto. Thus whivle Fauation(27) toraally includes
all time, 1t permits us to anclude all time with
4 tinite number ot samples,  Figure o fllus-
trates this more clearly, We detine T = N°t.
Now consider the summation of kquation (27) for
one ot the values of j.  The equation reaquires
the sum of the x's at jAt, s+l jd + 21, and
so one, as well as at y't - b, jat - 2T, etc.
But, 1t the transient 1s ail contained within
the interval 0-T, the value of Sp tor this ) is
merelyv the value o1 the transient at ¢ = jAt,
all the other values are zero, Addicionally,
the pertodicity of sp s also made apparent by
Figure 4, 1t is clear that x as given by
Equation (27) will have the same values jit,

§é 4+ T, jAt = 21, ete.  fhis periodicirty is
required in the development of the inverse
transform relaton,

The inverse discrete Fourier transform
relation can be obtained by redoing the above
series of steps, except that this time Equation
(1) is sampled., The complete set of analogous
steps leads to the resule:

2rijn/N

p Nl
W) = 2 nz=:o Fo(rif) e (29)

Recarlng the definitions of § (the sampling
rate), N (the number of frequency samples) and

T (the duration of xp). Equations (27) and (28)
mav be rewritten in the following more converient

torms

¥-1
1 -2rijn/N
Fp(ndf) = 3 Txp(idt) e jn/d (30)
1=0
N-1 .
T xp(s36) = 3 Fp(naf) 2N (31)
n=0

The discrete Fourier transform pair, Equations
(30) and (31), constitutes the primary result of
this section. It is reassuring to show that
Equations (30) and (31) do indeed transform to
each other, [his can be shown by direct substi-
tution which {s carried out in the Appendix ¢nd
1n Reference 7

Some final explanation is yet required. The
discrete transform pair xp(jit) and Fp(nif) will
equal the corresponding continuous functions
x(t) and F(f) at the sampling points according
to the following precise rules:

xp(itt) = 3 %3 +4N¥%) G5 sN - 12D

e

Fp(nit) = 3 F(nif + kS) 0snsN - 1,(32)

Sem

fhus so long as x(t) is non-zero onlv in the
interval 0-5't, x,(j5t) will equal the function
at the discrete points., We must be careful
however in c-amining fquation (32) to establisn
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the relation between the two transforms., From
the previous discussion of the characteristics
of Fourier transforms of real functions, it was
established that the transform for negative
values was the complex coniugate of that for
positive values. This fact leads to the conclu-
sion that the sampling rate, 5, must be high
enough so that the Fourier transform has no
values for frequencies in excess of S$/2.
Consider a Fourier transform of a real function
that has the values shown in Figure 3 between

0 and §/2, Because its values for negative
arguments must be complex conjugates of thcse
for positive values, it must also appear as
shown between 0 and -5/2, Now if the values of
the discrete transform are formed according to
Equation (32), the function must be periodic of
period 8 as shown in Figure 3 for the full range
of S. 1f the function is such that its Fourier
transtorm has non-zero values outside the range
-48 < f < &S, discrete transformation will form
the sum indicated in Equation (32) and what are
termed "aliasing' errors will occur. These will
be discussed later under sampling. Finally,
then, on Figure 3, the values returned by the
various standard computer programs usually lie in
the range 0 < f < 4S; the actual corresponding
continuous transform would have values in the
range -%5 5 f < %S; and the Fp(f), which is
periodic, has values all along the axis. The
symmetry of the transform resolves a superficial
inconsistancy in that Equations (30) and (31)
appear to return N complex values of the trans-
form, F(f), for N samples of x(t), and since the
F's are complex this would indicate a return of
two values for each unknown entered. As expiained
above no suct situation occurs; half the
indicated values of the trarsform between 0 and
S are redundent,

In summary, we selected a sampling rate S
which in turn set the time interval between
samples since:

Ar = 1/s. (€))

This resulced in making our computed transform
periodic with period §. We sampled the values
of chis periodic transform at N frequencies,
thus the interval between sampled values of tne
transform became in Equation (23):

Ny
M = S/N . (23)
This sampling jin turn caused the time function
to be considered periodic wvith period Nit, The

duration of the time function, T, is taken equal
to this period, thus.

T = Nl (33)

Combining Equations (9), (23) and (23) ve see
that the frequency interval is given by:

Moo= LT . (34)
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Figure 4, f(he development of xp(jAt) from x(t).

Thus the sampling rate set the upper frequency
limit (S/2) of the Fourier Transform and the
duration of the transient set the frequency
increment between the computed values of the
transform,

TRIGONOMETRIC FORMS

A trigonometric form of Equation (31) will
now be developed, since most results from the
computers are returned in these forms. It is
helpful to consider the sum on the basis of 2M
points rather than N and to simplify the nota-
tion of Equation (31) as follows:

G, = Fp(nbf)/T (35)
Xy = xp(18¢). (36)

Thus Equation (31) may be written:
2M-1

irjn/M
Ry =Y g, elTIM (37)
n=0
This sum can be written as follows:
M-1
- irjn/M inj
X; co+2=lcne +6ye
2h-1
irjn/M
+ G, e . (38)
:?;':Mu "
Consider a new summation fndex m such that:
m=2M - n, (39)

Whenn =M+ 1, m=M-1, and vhen n = 2 - 1,
m= 1, Substituting this new index into the
second sum of Equation (38) (noting that

e27i) = 1) yields:
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M-1
injn/M
= G0 + 2: Gn e ]

X
J n=]
M-1
~injm/M inj
+ mzsl 6 (2u-m) © + G e . (40)

The two summations of Equation (40) can be
combined and the complex exponentials written
trigonometricaily such that they become:

M-1
2: {Gn [cos(nin/M) + { sin(njn/M)?
1

n=

+ G(zﬁ-n)[cos(njn/M) - i sin(njn/M)]}

This can be simplified to yield:
M-1
2{{(:“ + Gyy_ ) cos(njn/M)
n=l
+ 1[Gy - G2M-n] sin{ﬂjn/M)}.
Finally define:
¢, =6n+ GZM-n (41)
by = £(6q - Gyy_p) (42)
and note that eiﬂj = (-1)3. Making the
indicated substitutions yeilds:

M-1
)(j = Gy + nz=l[«::n cos(r jn/M)

+ by sin(in/M7 + G,(-17, (43)

the general trigonometric form.
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the most compact trigonometric form s
aeveloped by noting the consequences of extending
the summation in Equation (43) from 0 to M. The
covtticients by and by would not be involved
sitce the sine would be zero tor both values of
n.  When n=M, the cosine term would behave
wdentically to (-1)) and the extension is com-
plete,  Thus the compact form is:

M

X - 2:0 Tey cos(rya/M) + by sin(xjn/M) 7.
n=

(44)

From Equations (35), {41) and (42) the c's, b's,
and original Fp's are related by:

e {epinany + p L@y arhir ws)

b, = L{Fp(nsf) - Fpl(24-n) Af]}/T (46)
except for the two special cases of n:

cg = Fp(0)/T 47)

ey = Fp(MAf)/T. (48)

Since the IBM Corporation wmakes many of its
programs available to its large number of users,
the form of the output of the IBM Subroutine
RHARMS is aucomatically a common form and must
be referenced. RHARMS uses the Cooley-'rukey1
Fast Fourier Transform ;FFT) Algorithm by
calling subroutine HARM/ which uses the FFT
algorithm and was written by Cooley. The
transform computed by RHARM is returned as a
set of a's and b's such that the original 2N
input amplitudes are given by:

N-1
Xy = kag + kzl'ak cos (= jk/N)

+ b, sin(7jk/¥)" + Jay(-1)d. (49)

By comparing Equation (49) and (44) one finds
that:

sag = ¢ = F,(0)/T (50)
Say = ey = F, (/T (51)
a, = ¢, (52)
b, = by (53)

Actual values of the continuous transform are
obtained as follows., Since it has been shown
that the Fp(nsf)'s equal the continsous integral
transform at the discrete frequency values
(nif), we should specifically derive the rela-
tionship between the F,'s and the a's, b's and
c¢'s. Following Equation (8) it was concluded
that for real functions negative values of the
transform were complex conjugates of the posi-
tive values, and since we have shown in the text
following Equation (32) that values of FP between
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M and 2M are identical to the negative values
(since Fp is periodic, see Figure 3) one may
write:

Fp(n) = Fy (2M-n) (54)

*
where F, indicates the complex coujugate. Thus
if Fp has a real and imaginaxy part given by:

Fp(n) = R(n) + I(n) (55)
one may also conclude that:

FP(ZM-n) = R(n) - I(n). (56)

Rearranging Equations (45) and (46) yields:
Tep = Fp(a) + FP(ZM-n) (57)
i Tby = Fp(n) - FP(ZM-n). (58)

Addition of Equations (57) and (58) yields:
Fp(n) = iT(c, - 1 B,). (59)

For completeness, we repeat Equations (47) and
(48):

FP(O) =Tcg (47)

FP(M) =T cy. (48)

INTERMEDIATE VALUES OF THE TRANSFORM

Any discrete Fourier transform computation
of necessity only returns values at discrete
frequencies and, as was shown in Equation (34),
the frequency incrxement is 1/T the duration of
x(t). In the analysis of mechanical shock data
vwhere the duration is often only milliseconds,
the resulting frequency increment is undesirably
coarse, In this section we develop the formulae
for the determination of intermediate values of
the transform.

Thus, utilizing the computed discrete values
of the Fourier transform, we ceek the values of
the transform for any value of the frequency, f.
Equation (1), the defining equation, i{s repeated
below:

-2rift d

F(f) = ff x(t) e t. )

For the case where x(t) is non-zero only when t
is between 0 and T, Equation (1) becomes.

-2rift

T(f) = j: x(t) e de. (60)

The values of F(f) for the discrete points nlf
or by Equation (34) n/T, hava previously been

computed. These discrete values may be
expressed as (since f = nAf = n/T):
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F(n) = [‘0 x(t) e &MntT g (61)

Since x(t) has non-zero values only between 0
and T, we take it to be a periodic function with
perind T and expand it as a Fourjer series as
follows:

x(t) = 2: An ei2ﬂnt/T (62)

N=-o
where the A, are given by:

-12mt

1 (T
A =3 yo x(t) e dt. (63)

Equation (63) is equivalent to Equation (61) if
A, is given by:
F
Ay = T (64)

Using Equation (64) in (62), we form an
expression for xp(c), a periodic function thet
equals the oripinal x(t) in the interval
0<t«<T, as follows:

S F -
%p(E) = E —I‘.—'ez""“t”. (65)

n=-eo

For any case in which we take 2M samples at a
rate S such that F(f) = 0 for £ > 4§ (i.e., at
a rate to preclude "aliasing®), F(n) = O for
n > M and Equarion (65) becomes:

+M F
- Fn  2nint/T
xp(t) ng;“ T e . (65a)

Now define a rectangular function, pg(t) such
that:

pe(t) = 1, when 0 st < T
(66)
pt(t) = 0 for all other t,

By forming & product of Equations (65a) and (66)
we obtain a useful expression for the origine”

x(t):

X r
x(t) = py(t) xp(t) = pp(t) & ‘T“ 2Mnt/T, (57
n=-l

Form the Fourier transform of Equation (67) as
follows:

R

F(f) = Pt(:

Va

M p . .2-
)E _T&eZ int/T | e 2-ift at.
n=-} (68)
By Equation (66) this becomes:

31 . -2-
T En J2rint/T | -274ft 0 (gga)

F(f) = T

“0 pacym
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Expandinrg the first tew terms of the sum siiuws
that the sum and integral sign car he inter-
changed. Making that interchange and performing
the integration yields:

L£:2ri[T

M
o Fn -1)
F(D = n);_M T FIGAD (69

Equation (69) is the final result and proves
that the intermediate values are recoverable
from the discrete values.

In order to use Equation (69) it must be
expressed in terms of the a's, b's and c's tnat
are computed by the computer programs, Recall
that, from Equation (59):

Fo(n) = ¥T(c, - 1 by). (59)

Following fquation (8), it was shown that
Fo(-n) wes the complex conjugate of Fp(n);
hence:

Fp(-n) = UT(c, + 1 by). (70)

Equations (59) and (70) are applicable for all
n between 0 and M, At the limits of n, from
Equations («7) and (48) and the complex conju-
gate result, one obtains:

FP(O) =Te, (70a)
Fo(M) = T ¢y (70b)
rp(-u) =T cy. (70c)

Substitution of the above relations for the
Fp's in Equation (69) yields, after some simpli-
fication:

. <27if T c 2fc
Lo ){fo+2 x~242
€ - MN¢/T

. M-l (fc, - 1 by 0/T) }

71
n=1 (f2 - n2/I2) an

By adopting the convention that bo = 0, we can
slightly condense Equation (71) to:

. om27IfT 2f
F(fy = 4=¢ ) {fz i

1 - ¥2/12

*i':l (fep = 1 by n/T)}

72
(£2 - n2/72) 2

n=0

At first inspection, Equation (72) appears to
have zeros in derominators at ths integer fre-
quencies, f = 0, M/T, n/T. A zero is also

formed in the numerator by the exponential term
thus vielding an indeterminate form, Application
of standard rules for evaluating indeterminate
forms? vields the correct value, thus checking
the accuracy of the algebra.




Finally, Equation (71) may also be written
in terms of the a's and b's of the output of
Subroutine RHARM.8 Substitution of Equations
(50) through (53) in Equation (71) yields:

F(f) SLL;_ELZ_TEEI ia_o.,.__?a_n..
* 2ni 2 f f2 - MZ/TZ

M-l - )
N (f ag - 1 by K/T)} 73)

& (2 - k21d

By adopting the convention that ty = 0, the
above may be written more simply as:

F (6 (- e-ZﬂifT} 1 fg
e 2ni 2 f

M (f ap -1 by k/T)}

74
k=1 (£2 - ¥2/12) (4

Thus, any of the Equations (71) through
(74) can be used with a set of the computed
constants to compute intermediate values of F(f)
at intermediate frequency values. NCEL has
found it helpful to plot the Tourier transform
as a function of the log of the frequency, and
to this end selects frequencies for F(f) evalua-
tion from the following formula:

¢ = 10 0-013-D)

(75)
where j = 1, 2, 3, . . . k, the interpolation
index. It will be noted that integer values of
j generate 100 frequencies between each power
of 10. Th: interpolation iadex, k, selects the
maximum frequency computed.

SAMPLING AND DIGITIZATION

Most generally, shock data is delivered in
analog continucus form on magnetic tape. The
data has already been filtered to some extent
by the instrumen:ation and the upper frequency
capabilities of the transducer instrumentation
combination. We then digitize this analog data
into a sequence of Jigit: *or analysis. It is
well to stop and reflec. ca any inherent
inaccuracies in digitization.

Ail realizable mechanical shock transients
have Fourier transforms, and the magnitude of
the transform at any frequency is generally
referred to as the frequency content of the
pulse. Of necessity, the data recording system
has upper frequency limitations; thus all
recor'ed data is band limited. At least some
upper frequency exists beyond which infurmation
contained has nothing to do with the shock
transient. Thus we say chat the recorded analog
signal is band limited meaning, that the magni-
tude of its Fourier transform is zero aoove some
upper frequency which is termed the cut-off
frequency.
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The sampling theorem of information cheory10
then provides a most useful too) in discussing
accuracy of sampled data, and we quote Shannon's
original statement of 1t:10 "If a functiin f£(r)
contains no frequencies higher than W cps, it
is completely determined by giving its ordinates
at a series of points spaced 1/2W seconds agart."
The proof is given in many referencesl-3,6,7-11
and was substantially followed in the development
on intermediate values here. Thus if we assure
that the sampled function had zero frequency
concert beyond the cutoff frequency which was
indeed half our sampling rate, ve are assured
that our .igitized function is a complete
representation of the recorded shock transient
and that no inaccuracies were inherently intro-
duced due to digitizing. A converse theorem
which has been proved? states that if a function
is finite its transform is completely determined
by values at a series of points. This predicts
the existence of the preceeding derivation of
fornulae that do indeed yieid intermediate
values for the discretely defined transform
returned by the digital computer FFT algorithms,

To assure that the recorded signal has no
frequency content beyond the cut-off frequency
is difficult, however, and means must be scught
to assure this. Therefore, the ramifications of
too low a sampling rate or "aliasing" must be
considered, Since many fine presentations
already exist, we_shall only touch upon it
briefly. Hamming': presents a helpful explana-
tion and theoretical development to show the
inception of aliasing when the frequency content
exceeds half the sampling rate. To illustrate
for those not already familiar witn aliasing,
consider that a motion picture samples a
continuous event at about 15 frames per second.
According to the sampling theorem, as such it
will offer distinguishable information on
phenomena with frequency content less than 8
cycles per second, When a spoked wheel rolls
such that mre than 8 spokes per second pass an
observable position, the viewer is unable to
distinguish the actual frequency; the wheel
often appears to be rolling unrealistically
slow or even backwards, This is olten referred
to as a stroboscopic effect.

Aliasing can also be appreciated with
reference to our development of the finite
Fourier transform., Discretization of continuous
data at a sampling rate, S, effectively results
in forcing the transform of the sampled data to
be cumulatively composed of the spectrum of the
continuous data according to Equation (15a)
repeated below:

Fp(f) = i F(f + k S). (15a)

k*-c

Thus, thinking for illustrative purposes of
amplitude only, imagine the transform of a
function sampled at too low a rate as shown in
Figure 5. The actual transform of the continuous
function has non-zero values for frequencies
greater than %S, shown as a solid line in the




L)

o i s

o,

PO GRSV v iis iy g4 e 4

Figure. The compuced transform, F_(f), shoun
dotted, is formed according to Equstion (15a).
For example, the value at fj; is composed of the
value of actual transform at f) and f;-5. One
can easily see that these errors become severe
as the sampling rate $§ is decrearzd,
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Figvre 5, Illustration of transforms indicating aliasing problems.

Finally, even though one may have many
reasons to believe that recorded data will
contain no frequencies beyond some reasonable
limit entirely compatable with reasonable
sampling rates, one must be assured that
extraneouc effects have not introduced high
frequency signals that may give rise to
aliasing errors, Filtering is often suggested
as a means to assure the absence of unwanted
high frequency, but filtering may introduce
undesirable phase shifts in transient da.a.

Test runs with vastly increased sampling rates

to note differences in the resulting computed
transforms appear to be the only reasonal‘le means
to use for indicating the absence of ali g
errors. One is certainly comforted if tac ampli-
tudes approach zero with increasing frequency,
and while one can be fairly certair of errors

if this is not the case, one cannot be assured

of accuracy even though it is.

CONCLUSION
In summary, increased use of{ digitallv

computed Fourier transforms and related functions
for mechanical shock analvsis is expected. For
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example, since modal velocity has been_shown a
strong indicator of stress and damage, transg-
forms of velocity are expected to indicste
shock hardness. The theoretical transition
from the continuous to the discrete Fourieyr
transform is subtle and complicated. This
report has presented that theory written speci-
fically for mechanical engineers, The report
begins with the continuous Fourier transform
pair and presents a self-contained developuent
o: the discrete Fcurier transform pair,
Equations (30) and (31). This discrete pair is
written in terms of periodic or "aliased"
extensions of the original continuous transform
pair defined by Equations (154) and (27). Various
trigonometric forms that are more commonly
generated by the available computer programs
are given in Equations (43), (44) and (49).
Formulae for the exact determination of trans-
{orm values at intermediate frequencies are
givea in Equations (69), (72) and (74). Finally,
the theory to predict samplins rate adequacy
and maximum “aliasing' errors is given. The
material has been crganized to enable a test
cngineer to use 2nd evaluate the results of a
igital Fouriev analvsis of digitized mechanical
shock data.
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SYMBOLS

Cy Fourier series coefficient, Equation
(20)

F(f) Fourier transform, see Equation (1)

Fa Fp(nAf)

F; Complex conjugate of Fp

Fp(f) Periodic transform, "aliased" versinn,
see Equation (15a)

Fp(n) Fp(nAf)

Gp Simplified notation for discrete trans-
form values, see Equation (35)

I(f) Imaginary part of F(f), Equation (8)
I(n) 1(nAf)
M N/2, Equation (37)

N Total number of intervals in duration
of function, Equation (23)

R(f) Real part of F(f), Equation (7)
R(n) R(nAf)

s Sampling rate, samples per unit time,
Equation (9)

T Duration of xp(t), Equation (33)

Xj Simplified notation for discrete time
function, see Equation (36)

ap Trigonometric form coefficient, Equation
(49)

b, Trigonometric form coefficient, Equation
(42)

€ Trigonometric {orm coefficient, Equation
(41)

e Base of natural logarithms

f Frequency, cvcles per unit time

£' Reduced range frequency, Equation (12)

b Imaginary constant, Vel

j Time {ndex integer such that incremental
time is denoted. t = jit, j = 0, =1, 2,
3, . ..

3! Reduced range time index integer,
Equation (25¢)

k Summation integer, Equation (1l1)

L Summation integer, Equation (25b)

m Summation index integer, Equation (39)
n Frequency index integer, such that

frequency is denoted, f = nAf, n = 0,
+1, 2,3, ...

Pt Rectangular function, Equation (66)
t Time
x(t) A function of time

xp(t) Periodic .- aliased" version of x(t),
Equation (. )

Af Frequency increment, Equation (24), aiso
shown equal to 1/T, Equation (34)

At Time increment, Equation (9)
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APPENDIX What shall now be found is that for each j, the
jth column will total Nxj and all cther columns
In order to prove that Equations (30) and will total zero., Consider the sums of the
(31) constitute a traneform pair, the right following columns for the indicated values of j:
hand side of Equation (30) is substituted into
(31) and the result is shown to be an identity. :;iu3§12 w::: *h: 2;1u::et22:g:e§;1als are
First, a symbol simplification is made by y i 0
letting: Column 1 when j = 0. This is a geometric
progressicn wit?: a=x); ra=e¢F /N; n =N
xp(28t) = x;. (A-1) L = x1 e271(N-1)/N_ substitutfon of the
above values into Equation (A-6) yields zero.
Now making the above substitutions yields: Coiumn (N-1) when | = 0. <his is gg?%g {§7V
N-1 N-1 . progression with: a = xy_131 ¥ = e” = SRIIN,
Txy= )Y r% Y Txe 2rijn/N|,  2nija/N n=N;L=xy e'271(N§1}2/N. Substitution
n=0 [ j=0 of the above values into Equation (A-6)

(A-2) yields zero.

Column 1 when § = 1. Note that all

exponents add to zerc, yielding Nxj.

Column (N-1) when 3 = 1, This is %gq%g §§7N
N-1[N=1 - - progression with: a = xy_1; r = e”¢7&= H

Nxy= p) [ 3, xy e Z“ijn/N]- 2P LIn/N, (A-3) n=N; L =zy.p e 2ni(Ne-N+2)/N,  substitu-
n=Q0 L j=0 J tion of the above values into Equation

(A-6) yields zero.
2:ga::r§;es:::c:ossz?ve this an identify is to Finally for Column N-1 when j = N-1. The
P : exponents all become zero, yielding Nxy_j.

Since T and N arxe constant, they can be factored
out of the summations to yield:

N-1
N xg = z: {xo + %) e'Zﬂin/N + %y e-2n12n/N + .. Thus for all values of j it can be
n=0 similarly shown that Equations {A-2) thru (A-5)
i are identities, and the transform, inverse
e ot X(N-1) e'Z“i(N'l)“/N }ez"ijn/N . (A-4) transform relationship of Equations (30) and (31)
is proved.

The above sum forms a row of terms; expanding
it yields a set of rows of terms that can be
arranged in an array as fellows:

ij =% + * At ot

-1
ax JELTULY " RELV T .y sIMMILYN + %y RELUSIEEIT
. gnam " RELETS AT ong STWIIGN . RELITERER YT I
+ - + . + . + +

e o e s e e e

212 Ne2ra g (N-1) /8

+xy eZnu(N-l)/N . % .-lnl(u-l)luozﬂtj(n-l)ls +x, ‘-2712(5-1)/&¢2r{’(s.1)/x e

N1 (-3

v
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DISCUSSION

Mr, Zell (Picatiny Arsenal)  This is probably
very teivial bat tor a predetermined sampling rate
should we not pass @'} data through @ low pass filter

as a matter of principle

Mr, Gabersons 1 believe that is 1 good idea but
[ am unsure of the effect of the filter on the shases
of the trausient near the cutoff frequency o the filter,

Mr, Galef (TRW Systems): 1 can add a little bit
to what vou just said, Since - e ordinarily krow what
kind of filter we have, it is eusy cnough to take the
vrensform of that filter ana multiply it by the trans-
form obtained using tie filter and thereby correct for
it, I have another question, Could vou clarifyv please,
did vou indicate that vour program vields Fourier
spectrum results and frequencies in addition to the
reciprocal of thne interval ?

Mr, Gaberson: Yes, any frecuency desired at
all, Everv frequency,

Mr, Galef: 1Is this an interpolation or is it an
actual resull?

Mr, Gaberson: It is an exact result, The

derivation is in the paper,

Mr, Navlor (Defense Research Establishment,
Suffield): I am interested in reading your full paper
but T had some indications this summer that the
integration time is related to the resonant {requeacies
of the object, If one takes an integrated time which
includes an exact number of ¢veles of the object
which is vibrating, the Fourier transform apparently
looks very different from one where there is an extra
part of a cyvcle included, It starts to look more like
a continuous frequency spectrum, If these trans-
forms are going to be as cheap as vou indicate, 1
would ask people who are doing these to vary the
length of time of integration to include the exact
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number of eveles and they may be surprised by their
cosuits,

Mr, Gaberson: VYes, vou are refe-ring to the
amount of the transient that one chooses to analyze,
where one should cut it off since one cannot keep
integrating forever, There is some question as to
how much of the transient is significant, how much of
it une should digitize and analyre,

Mr, Cronin (University of Missouri, Rollu):
Regarding this problem of aliasing, generzlly spraking
a transient is defined as a function which stops in time,
That is, it goes to zero and from thenceforward it
remains cero, Fourier representations for these
furctions will have frequency components cut to infinity
so that when one is dealing wich & signal wherein the
Fourier representation goes to zero, such as at the
folding frequeucy, these functions are characterized
by a time history which goes out to infinity, So in
handling any real signals one will always have this
aliasing problem, Perhaps it ccald be helped or
alleviated somewhat by choosing a cutoff for analysis
of the signal by including sufficient null time, that is,
terminate the signal and then add into the data suifi-~
cient length of null time or zeros representing the
data to reduce the contribution of aliasing and the
associated ervor and that would help as much as using
a filter,

Mr, Caberson: We were operating on band
limited functions {rz*1 Popoulos' hook mainly, and he
does quite readily taik about band limited functions
that are transients, Certainly, in any real system
would yvou helieve any frequency co::gnt above 20,000
Hz ? So vou would have to say that the functicn is
band limited at 20,000 Hz, Therefore, if I sampleat
40, I aun. in there,

Mr, Cronin: Iam talking about theory as
opposed to practice,
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THC COMPUTER DETERMINATION OF MECHANTCAL IMPEDANCE
FOR SMALL ARMS FROM THE RESPONSE TO RECOIL

L. 8. Gardner, R. K. Young, and D. E. Frericks
U. 5. Army Weapons Command
Rock Island, I11inois

A digital technique was developed fov determining the mechanical impedance
at a weapon-mount interface from data obtained during an actual firing on
the test mount. This technique was applied to data obtained from a test
firing of the XM207 automatic weapon, tripod mounted on sand bags. From
the mechanical impedance, the spring constant, seen at the intertface, was
found to be 380 1b/in. and the damping coefficient at this interface was
found to be 1.15 1b/in. In additior
and velocity at the interface were Gu.vined. The use of this information
for mount simulation siudies is described.

‘ower spectral densities of the force

INTRODUCTION

Personnel in the Science and Tecknology
Leboratory of the Army Weapons Command became
involved in the measurement of mechanical
impedance as a consequence of investigations
to determine the validity of weapon-mount
simulation techniques.

To define valid simulations, two cri-
teria are proposed. The first criterion
is the requirement of very nearly the same
dynamics of the weapon-mount interface on
both the test and field mounts. This cri-
terion is met by a comparison of the fre-
quency spectrums of the dicplacement, velac-
ity, and acceleration of the interface.

The second criterion for determination
of valid simulation is the requirement of
the same mechanical impedance at the weapon-
mount interface on both mounts. Only the
point impedance is considered (rather than
the transfer impedance tensor) since the
center of interest is the simulation of the
weapon-mount interface that can be charac-
terized by a point. The application of
these two criteria are necessary in order
that the two mount systems, as seen from the
weapon-mount interface, be equivalent.

METHCDS OF MEASURING MECHANICAL IMPEDANCE

The method generally used for the
measurement of mechanical impedance, here-
after referred to as the "standard” method,
yields a continuous function of frequency
since all frequencies 1n a given range are
excited by Torcing functions with the same
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amplitude.[1] The second methed, discussed
in this paper referred to as the “impulse"
method, yields the value of the mechanica?
impedance at particular values of the fre-
quency within a given band of freguencies.

The "standard" method for the determina-
tion of the mechanical impedance of a system
is to apply a sinusoidal forcing function of
known frequency and magnitude to the system
and tc measure the acceleration of the system
at the point of application of the force.

The velocity is obtained by the integration
of the acceleration. The ratio of the force
to the velocity is defined as the mechanical
impedance at the frequency of the forcing
function. To obtain the frequency distribu-
tion of the mechanical impedance, the magni-
tude of the forcing function is held constant
while the frequency is swept over the range
of interest.

A simulation can be termed successful if
the weapon system operates in the same manner
as it does on a field mount. In an actual
firing all frequencies within the range of
frequencies observed in the firing test are
not excited thus the requirement that the
mechanical impedance ¢ the test mount must
be the same as that of the field mount at all
frequencies is too stringent. Consequently,
the “"standard" method of mechanical impedance
measurement yields more information than is
needed for a simulation test. 1In addition,
each attachment point of the weapon would
have to be tested individually when the
"standard" method is utiiized.

The "impulse" method makes use of




reasurenents taken durirg an actual firing
from the test mouni. This newnod provides
values of the mechanical impedance only at
the frequencies excited by the firing of the
weapon thus providing ¢ mimmal test of the
stmulation. [n additien, not only the
mechanical tmpedance of the test mount may
be determined from such a test firing but
also the aynamics of the weapon-mount inter-
face may also be determined. Consequently,
a double cneck of the validity of the simu-
lati1on provided by the test mount is made
avatlabi. from cne experiment. The greatest
weakness 1n the "impulse" method of mechan-
ical 1mpedarce measurements lies in the
reproducibility of the measurenents. Since
the test 1s dependent upon the ammunition
used in the test firing, inconsistencies

may appear due to the variation in the
ammuniticn from round to round. To minimize
this effect cne 1ot of ammunition is used
for an entire series of tests.

The scandard means of mechanical imped-
ance measurement has been adequately de-
scribed elsewhere,[1] therefcre, the remain-
der of this paper is concerned with the
"impulse" method.

ANALYSIS OF MECHANICAL IMPEDANCE DATA

In the "1mpulse” method of mechanical
1mpedance measurements, the test system can
be instrumented such that all parameters
useful to the analysis of the system are
measured simultaneously. The parameters
necessary for the determination of the point
impedance are the force and the velocity
obtained from parameters measured at the
point of interest. In addition, the dis~
piacement and acceleration of the point are
needed to yield the total dynamics of that
point. Each point of attacnment should be
instrurented in the same way such that the
ympedances of all points of attachment can
be simultaneously measured during the same
firing test.

In the analysis prucedure used in the
simulation studies the output signals of the
transducers used to instrument tre test
rount are recorded on analog magnet:c tape
and played back at a later time for computer
analysis.

Computer analysis of the test data pro-
vides a wide variety of technigues for the
treatrent 0f data that could be used to fur-
nisn ~ore information tnan just the mechan-
1cal 1rpedance. The number of different
narareters ~easured during one test is only
derendent uccn tne recording facilities
avatiadle for tne test, since the signals
are recorded and can 2e analyzed one channel
at a t1me during nlasbacy., In addition, tne
ny rcer of data sanoles taxen on a given test
15 comcletely arbitrary since a selection
of di37ti1z'ng rates and tire base exransions
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of the recorded data through a selection of
playback speeds are available.

The parameters generally measured in a
firing test are the force, the acceleration,
and the displacement at a point. [hese param-
eters are recorded as a function of time and
are at least piecewise continuous functions
of time. Therefore, each of these parameters
can be represented by a Fourier series whuse
coefficients are determined from the recorded
data. Therefore, the data can be represented
as an analytical function. Since such an
analvtic function can be obtained for both
the displacement and the acceleration, the
velocity can either be obtained by differ-
entiating the displacement function or by
integrating the acceleration function. The
force as a function of time can then be rep-
resented as

f(t) = 9{- - ;\ (an [ 13 r_‘_;;_t‘. + bn sin n.;;_t’.)

or equivalently as

. innt
f =3 C ——
(t) Llne =5

_ ap-ib
where Cn = _D.z..__n
and (o=

Now the force can be considered a superposi-
tion of forces, f ‘t), with only one fre-
quency associat - ith each component, that
is

f(t) = z flt)

where  fo(t) = a, cos 5%3 + by sin 9%5

~ in-t
or fu(t) = C,e o

where n is the number of the overtone and p
is the period of the function. Similarly
the velocity can be represented by

vit) = g vplt)

nt,
1%

n-t

wnere  vp(t) = A, cos 5

By sin

or wvo(t) =D e 1%55

Tae nurher of terms used 1n the series to
renresent the data is determined by con-
sidering the decrease in thc sum of the
square of the deviations of the Fourier




serie¢ from the data nointc ac comnarad to
the decrease in the ditference between the
number of data points and the number of over-
tones used as each succeeding tem of the
series is added, or in other words re iiring
that the quantity M, be a mininum,

where §; is the deviation of the i th data
point, N is the total number of data points,
and n is the number of terms used in the
series.

After the Fourier coefficients have
been determined from the data points, the
power spectral density P, can be obtained
since

= 2 2
Pn 2p (an + bn )

where p is the period of the function and

and b, are the Fourier coefficients for
tRe functlon being considered. The power
spectral density provides a ready means of
comparing the dynamics of the weapon-mount
interface.

Also from the Fourier coefficient of
the force and velocity functions the complex
mechanical impedance can be obtained. The
complex mechanical impedance, MZ, is defined
as the ratio of the ro.t means square force
and the root mean square velocity at a par-
ticular frequency. Therefore,

_ ib
or Mzn'bJl e

Therefore MZ, = An2n*Bnbn*i{2nBn-Andn)

~d &
Wil ull. u\.qullsv [Atd] \IJG Ill b\l"l
parisons of the dynamics of the weapon-mount
interface on both the test mount and the
field mount.

This digital analysis technique has been
appliied to data obtained from a test firing
of the XM207 automatic weapon with the tripod
mount resting on sandbags. The force and
displacement were measured at the interface
between one of the tripod legs and the sand-
bag. The velocity of he interface was ob-
tained by a numeric differentiation of the
Fourier series fitted tc the displacement-
time curve. Fourier series were also fitted
to the force-time and the velocity-time
curves. The power spectral density (PSD) of
the force-time curve was computed from the
spectral coefficients of the Fourier series
fitted to this curve and is shown in Figure
1.

The power spectral density (PSD) of the
velocity-time curve was computed in a similar

”

manner and is shown in Figure 2.

From the spectral coefficients ¢f the
force-time curve and the velocity-time curve,
the point mechanical impedance was calculated
from Equation 2 and Equation 1., The magni-
tude of the mechanical impedance is shown in
Figure 3 and the phase angle of the mechani-
cal impedance is shown in Figure 4.

RESULTS AND CONCLUSIONS

The information made available in Figures
1 through 4 provides a means of comparing a
weapon-mount interface measurement for a
field mount with a simulation mount. The data
taken for this study alsc provides information
for the selection of spring constants and
damping coefficients to be used in the simu-
lation mount.

A +B
non 0200+
w
but MZ_= | MZ | e i‘n ’
u = e
n n ‘:S'so-
where ¢ is the phase difference between f, W
and v,. $ 1004
°IOO
Therefore the magnitude and phase anale are u
[T L]
= -1 - -1rénBn-Anb o 504
i adsbtn 2] ANV
(m Y

1
10 I5

FREQUENCY (Hz2)

-

. ! ap thy-

and | MZ, | = [(MZ,)(MZ,)*]° = [A B ]
Th ] hanical imped th (2)

e complex mechanical impedance can there- )
fore be expressed in terms of the coeffi- Fig. 1 - Grarh of fheFPOWGr S“eCtrelzo7
cients of the Fourier series representation Density (PSD; of the Force at the X"
of the force and velocity measured at one Weapor-tlount Interface as a Function of
point. In addition, during the same analysis the Freauency
procedure the power spectral densities of
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The power spectral densities shown in
Figures i and 2 snou the frequencies at
which the power 15 transmitted through the
interface. If a simulation 1s successful,
tne power should be transmitted through the
interface at these same frequencies.

In adartion tc providing a basis of
corparison of the field mount test to future
simulation tests, Figures 3 and 4 provide
infermation which can be used as a guide in
strutation, Consideration of Figures 3 and
4 shows that the antiresonance frequency is
at 21 Hz and the resonant freauency is at
25 iz at the resonance frequency the snring
constant, of the weapvon-sand interface for
tne £1'207 1s calculated and tound to be 380
I6/1n.  Previous reasyrements made at this
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Frequency at the XM207 Weapon-Mount
Interface

interface have shown the spring constant to
be between 300 and 400 pounds per inch.
From Figure 3 the damping coefficient is
seen to be 1.15 1b/in./sec which is also
consistent with earlier tezts of this same
interface. By using these values of the
spring constant and the damping coefficient,
a first attempt at a simulation of this
interface can be made.

The digital analysis technique thus
makes available to the technical staff of
the Science and Technology Laboratory not
only a means of evaluating a simulated mount
through comparisons of PSD and mechanical
impedance curves but also a means of obtain-
ing initial values of the spring constant
and damping coefficient for the simulated
mount .

1. R.E. Kerfoot, "Solutions for Mechanical
Impedance !leasurement Problems," Spectral
Dyramics Corp. Technical Publication No.
M’] » 9'66.
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DISCUSSION

Mr, Ashley (University of Birmingham): How
did you actually measure the Torce at the stand-
tripod interface in this particular experiment

Mr, Young: We mounted a strain gauge along
one of the tripod legs to give the force along that leg,
then we used the component of that force in the dirce-
tion in which we measured the displacement, This,
of course, is an approximation, It is not exactly the
force at the foot itself but it is as near as we could
come,

My, Ashleyv: Did vou hother to use any mass
cancellation technique or did you think it was so
small as not to he necessary ?

Mr, Young: The mass of the strain gauge com-
pared to the mass of the w:apons system is so small
as to be virtually negligibte, One knows the weight
of a strain gauge, and weapons system weighed about
19 pounds so we did not aitempt any mass cancellation,
Perhaps when we get to our simulation and we find we
cannot simulate it we might be tempted to go back
and try it again,
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Mr, Ashley: While I am pursuing this one, I was
thinking actually of the small mass of the tripod leg
itself after the strain gauge and before it actually digs
into the sand,

Mr, Young: Are you referring to the foot itself ?

— e

Mr. Young: The foot weighs excess of one pound,
They arc fairly massive, they have a part that actually
digs down into the sand, The foot sits on top of the
sand and then it has another part that digs down into
the sand, An interesting point about this particular
weapons system -- it is one of the machine guns of
the Stoner fumily -~ is that they found that it works
well in sand; however, they wanted to know how it
works in Viet Nam mud, So we got in four bags of
Viet Nam mud to try this weapon in and we found very
nearly the same behavior as for sand,




SHOCK PULSE SHAPING USING DROP TEST TECHNIQUES*

R. E, Keeffe and E, A. Bathke
Kaman Sciences Corporation

Colorado Springs, Colorado

histories are simulated,

mental test program,

An analytic technique is described for designing a drop
test experiment in which transient acceleration time

Verification of the developed
methodology is quaiitatively demonstrated by an experi-

INTRODUCTION

The basic concept of using labora..
tory shock testing techniques for
qualifying components which in service
are subject to transient vibratory
environments is, in itself, a well
developed technology., However, the
majority of the past work done in this
area has concentrated on the develop-
ment of test techniques for reproducing
either basic acceleration pulse shapes,
as for example a half sine or terminal
sawtooth, or equivalent puises with the
objective to envelop a desired shock
response spectrum, Various forms of
shock testing machines have been
developed to perform these types of
tests {1] and, in general, perform
adequately the tasks for which they
were designed,

In the technique under discussion
here, we ares concerned with the some-
what more specific task of developing a
test method for reproducing time
histories of acceleration pulses,
Recently a considerable amount of effort
has been expended in this general area,
although it appears to have been
performed primarily using electro-
magnetic shakers, For example, Favour,
et al [2) describe a technijue in which
desired transient waveforms are gen=-
erated by pre-programming an electro-
magnetic shaker with a driving signal

*This work was accomplished under Army
Contract DAAH 01-69-~C-1809 in coopera-
tion with U, S, Army Missile Command
and the Defense Atomic Support Agency,
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computed via Fourier transform teche
niques and knowledge of the shaker
transfer function, Excellent results
were obtained in a prototype setup in
which a transient acceleration-time
history {(with peak accelerations in the
range of 40 g) were accurately repro-
duced, Similarly Moser and Garner [3]
discuss a method of frequency compen-
sation in an electromagnetic shaker
system which will allow generation of
shaker pulse¢ response which is nearly
identical to the input pulse into the
shaker amplifier, Numerous other
investigators have used electromagnetic
shakers for reproducing shock response
spectra rather than specific time
hislory waveforms (see, for example,
References 47 and "57).

There are, however, practical
limitations on the magnitudes of
acceleration pulses which can be repro-
duced using shakers, Typically,
current large shaker systems can be
used to generate shock pulses in test
hardware (approx.matc weight 50 1b.)
having pcak magnitudes on the order ot
100 g's, 1In some instances, a need
exists for developing pulse shaping
techniques whesein shock pulse his-
tories having pecak accelerations on the
order of several hundred g's can be
simulatea,

The test technigue under considera-
tion here was developed to fill this
need, It employs a standard drop test
apparatus used in conjunction with a
receciver assembly, consisting of alter-
nating layers of lainear spraings and
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rigid masses, designed so as to shape a
Jpesired acceleration pulse experienced
by the drop table (and associated test
hardware), In the following discussion
a review of the analytic modeling and
system design techniques is first
presented, Next, a discussion of a
test program designed to verify the
method is given, followed by compari.
sons between theory and test,

DISCUSSION
Basic Theory
Consider the basic drop test

expeiiment illustrated in Figure 1,
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FIGURE 1
BASIC DROP TEST

The test mass (1), initlally at posi-
tion h, impacts the receiver assembly
of springs and masses either at the
free-fall or accelerated-fall velocity
X1. 1If the springs are considered
massless and the masses assumed to be
infinitely stiff, the response of the
test mass can be evaluated using a
simple one-dimensional lumped mass
model, For a N degree of fireedom
system, the lumped-mass model (exclude
ing damping) can be diagrammed as in
Figure 2 below,

my (TEST MASS)

ks
X m
N N
kN
-
FIGURE 2

LUMPED MASS MCDEL

The differential equations of motion
for this system can be expressed in the
following matrix forn:

™ " xl
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with the, initial condition on test mass
X;(0) = X;. Define the normal mode

frequencies, ‘H’ and the matrix of the

normal mode vectors as [:(i) . Where
this matrix defines the“coordinate
transformation from generalized to
normal mode coordinates:

{x} = [;,(i)] {n} )
The initial conditions on normal mode

velocities are expressed in the followe
ing vector form:

i X
1 1 ‘01
0

1PN I [;(1)] 3)

=
-
————
Qoeee
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and the normal mode response oi the jth
mess is found to be

qu.” *

nJ(t) - sin ch t . (4)

In generalized coordinates, the dis-
placement response of the test mass
(#1) is given as

N (1) A

f1
X)) =y
i=]

Leingq t, (9

with the acceleration response given by
N

iil(t) -z - cpl(i) ‘.‘1 sinq, t . (6)
iwl

Equation (6) can be rewritten as follows:

N

Xl(t) =Z Ai sin “1 t (&)
im=]

The form of Equation (7) is

representative of an odd Fpurier series
expansion of the function Xl(t), with

the restriction that all values of Aj
are of like signs, The application of
a desired acceleration~time history is
obvious; that is, the given accelera-
tion~time history is approximated by an
odd Fourier series expansion consisting
of N harmonic contributions, Then the
design problem of determining the values
of mi and ki required to satisfy the
system constraints on Aj and )y remains
to be solved.

In the following section the
developed procedures for solving these
design problems for N=2, and N=4 are
presented, Similar procedures have
been developed for N=3 and N=5 but are
not presented here, It is important to
note that, while in theory it is pos-
sible to extend this method to arbi-
trarily large values of N, there always
are practical problems concerned with
designing the corresponding test setup,
which effectively imposes an upper
bound on N, For the study discussed
here, N=5 seemed to be a reasonable
upper limit,

Analytic Design Procedures

The following discussion deals
with the analytic formulations and
solutions necessary to design component/
receiver systems, for the simulation of
acceleration~-time shock pulses,
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are pertinent to solu

1. The receiver assembly consist.
ing of alternating layers of springs
and masses can be analytically modeled
as a lumped parameter system, This
essentially implies that the springs
are massless and the masses are perfectly
rigid.

2, The springs used in the
receiver assembly are linear and elastic,

3. The effects of damping are not
included in the analytic system
response,

The differential equations of
motion and the solutions of these equa-
tions for the acceleration response of
the test mass for a given initial
condition on test mass velocity are
presented for 2 and 4 degree of freedom
systems, In all cases the test mass is
identified as mass #1 while the receiver
assembly is comprised of the remaining
masses and springs in the system, In
addition for all cases the initial
conditious on velocity of the test mass
is designated as X, (in/sec), with an
initial displacemeﬁt Xi1(in) equal to
zero, Spring stiffnesses (k) are in
(1b/in) units while inclusion masses
(m) are expressed in (1b sec2/in).

The equations of motion for the
2 degree of freedom system are expressed
as:

. 2 2,
Xl + wlxl - .blxz =

v 2 2 ™
"2*"2"2‘“"1'::1'2'"1"0

where

(8)

2

i = ky/my

g = (kyriy) /mg
Subject to the stated initial conditions

the acceleration response of the test
mass (#1) becomes:

(9)

xl(t) bad

=1
g 2
X -
where: A1= - ﬁn%%‘)ﬁl (10b)
. 1.2
==~
1 o)

Aa sin nat (102)
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Given the amplitude ratios and fre-
quencies of response, the problem of
determining the system masses and stiffw
ness constants requires finding the
solution to a set of nonlinear equations,
The 2D system of equations has an
algebraic solution which is readily

(10e)

apparent. The following substitution
of variables is performed:
2 1
y - w [ -
1 1 my
K.+
Vo = sz ;2k2 (11)
K 2
- 4 1 1
Ya© 1 w, T EpEy
The design system equations are then:
yitvg = 00+ @
2,2
V2 = V3 " ' (12)

B (73-0,") +;?;ﬂ1<vz-nf> -0

The algebraic solution is simple and
direct:

(3“2 n,) (;;1;%+>(13)

o+ 0 -y,
- 00

o
.

«
w
]

¥1Ye

1™ V1™
LI

ky = Yoy - Ky

For any system with more than two
masses, the complexity of the nonlinear
equation system increases markedly,

The normal approach of computer solu-
tion using numerical techniques could
not be applied since the behavior of
the equations was such that convergence
was not attainable within a reasonable
amount of computer time,

v ["(njz- 2)],1-2,3,4

Fortunately, these nonlinear
systems of equations possessed advan-
tageous relationships among the param=-
eters, Through a judicious choice of
unknowns to be determined, inherent
linear sub-systems were generated for
which direct algebraic solutions were
obtained, This procedure is illustra-
ted with the 4D system, The equations
of motion for the 4 degree of freedom
system are:

i1+ \Ulle - Ul Xz =0

v 2 ny

R ™ E;x1"‘”5x3'°

. 2 2 ™ 2 (14)
g+ ug'X3 = v g Xg = g Xg = 0

v m

Xyt Xy = wgs ﬁ% Xy = 0

where the following definitions are
employed:

w? = ky/my wy? = (kytky) /mg
wy = Ggg) /g ug® = ky/mg

wg? = (ky#kg)/mg  wg® = ky/mg  (19)

Subject to the stated initial condi-
tions, the acceleration response of the
test masa (#1) becomes:

xl(t) -t Aa sin nat
o=1

(1€a)

where:

4
L 0y L

(16b)
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(16c)

(164)

(16e)

(161)

(16g)

(16h)

(161)




where the following definitions were
used:

ao =1 )
2
a-
1 W
a~2
4 3
a, = szwz -w4m3 w4m2'
2 5 em, ~ Y5 m, '
-3&-2°p 4 3
a<B an
4 m
2 2 4™ g2 1M
a'"w.l-".u—-—-u)w.._
3 2 a_l ’2sm4 [N

For the higher order systems a
standard mathematical definition can be
employed in simplifying expression of
the systems of equations, A polynomial
P(xl,xz,...,xn) which is unchanged by

any permutation of the indeterminates
Xyr1XgreeerX, is called a symmetric

function of the variables xl,xz,...,x

Introducing a new indeterminate z, we
put

n*

1(z) = (2-x)) (2=%5) <o« (2=X)) (18)

= 2" alz“'l + OgZ -...+(-1)“on.

The coefficients of the powcrs of z in
this polynomial are

9 T Xy F Ky F e+ Xy

g = XyXg + XyXg teeed XoXg +eeedXy g%,
03 - x1x2x3 + x1x23(4 +ooed xn_zxn-lxn,
Oy = x1x2"'xn‘

T110g 0090y, aTe the elementary symmetric
functions of Xy1¥gseeesXpe In the

following work, the notation °J(xn) will

be used to denote the elementary sym-
metric function 53 of the variables

xlpxzpo.o,xnc

For the four dimensional system,
the following substitutions are
employed:

(19)
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1 (20)

y -
? 4 M3y

The design system Equations (16b) to
(161) are then

7y + 8y = 0@

Vi3 * g - V5 " 05 (")

Y183 + 83 = V5{yg+yy) - 05@")
7185 + V5(rpyayg) = 04(@h) @D
Vo t¥3+¥4 "%y

Va¥3 + Yo¥4 + V374 = Vg~V7 " 3
Ya¥3Y¥4 = Y4V = Y2¥7 " %3

The last three equations of (21) are
the defining relavionships for %15 29,
2. Equations (16c) to (16e)

constitute a linear system in these
three variables, Having solved this
linear system, one can then obtain the
golution to the four dimensional system
from Equations (21) by the following
steps:

vp=o-*
Vs = V181 * 82 = %2
[’1‘2 * 83 - 03]
Yo = 83 = (Y3+)'4)
1
(7-¥3%9) = 3 [94 - ’1‘3]

Vg = Yo (v3+yy) = (¥4=¥3¥q) - 3y

1
(yatyy) = 73

Yy - ;—6 [-yz (y7-¥3¥y) = a3]

yg3 = (Y3 + Y4) d 7Y (22)
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ky = yqmy - kg.

Experimental Program

In order to determine the feasi-
bility of the developed analytic design
method a test program was performed
with the goal of simulating a number of
three-degree (3D) and four-degree (4D)
of freedom acceleration pulses, This
section is devoted to a qualitative
desci iption of the overall test setup
aud a presentation of cesults for
typical 3D and 4D experiments, Actual
testing was carried out at the Sandia
Corporation shock testing facility,
Albuquerque, New Mexico, using a Model
HVA 1212 drop test machine, manufacturad
by Monterey Research Laboratories,
Monterey, California,

A typical 3D iest setup is as
shown in Figure 3, Tho inclusions were
machined from 10" 0,D,, steel rod,
while the spring elements were fabrica-
ted from 7" 0.D. low and high density
polyethylene rod, A docking fixture
was designed and installed as shown,
The purpose of the docking fixture was
to maintain a positive lock between the
drop table and the uppermost spring
element after initial impact, During
the ccurse of testing, this docking
collar performed successfully at impact
velocities in the range of 6-10 fps,

The polyethylene material used for
the spring materials, although hgving
the desirable features of low cost and
light weight exhibited soue exiremely
undesiravle characteristics which
essentially ruled out its use for any
further testing of this typc, The basic
problem with this material is that it is
viscoclastic, Theretore, usc of
polyethylene violates the inicial
assumption used in the analytic develop-
ment of linecar clastic spring clements,
This ditficulty was overcome to some
cxtent by using cquivalent static
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TEST ACCELEROMETERS
UNIT
DROP TABLE
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| e

CISARARNRNA
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MASS
(STEEL}

SPRING
(POLYETHYLENE)

FIGURE 3
TYPICAL 3D TEST SETUP

stiffness values for various lengths of
7" polyethylene rods as detecrmined from
single~degree of freedom "calibration"
drop tests, That is, a simple test
involving impacting the drcp table on a
given length of rod at a specified
impact velocity, resulted in a halt sine
acceleration response which was used to
compute uan cquivalent static stiffness.
These tests were repeated over a range




of impact velocities and the results
averaged to give a design stiffness
value for that particular length of
polyethylene rod, Another problem with
this material was its basic bilinear
stitfness behavicr between tension and
compression loading, 1n order to
eliminate the bilinear stiffness prob-
lem the springs were fixtured to
operate always in a compressive mode
regardless of the direction of relative
motion between adjacent masses (see
Figure 4),

i | HASS 1
X

SPRING
o MASS 141

X141 COMPRESSION CONDITION

X >5a

X n TENSION CONDITION

Xy < X1+1

FIGURE 4
DETAILS OF SPRING ASSEMBLY

Physicai pairameters used in two
experiments considered representative
for 3D and 4D test configuraticns are
summarized in Taole I,

TABLE I
PHYSICAL TEST PARAMETERS
CONFIG, MASS STIFFNESS
VALUES VALUES (LB/IN)
Ls sEc?
LB SEC
3D Test | m, - .622 |k, - 3,5x10°
m, = 106 | k, = 1.48x10°
my = 606 | k, = 8.0x10°
4D Test | m, = 591 |k = 2,3x10°
my = 155 | ky = 1.0x10%
ny = 163 |k, = 5.3x10°
mg = 259 |k, = 2.45x10%

It should be pointed out that since the
stiffness numbers given are nominai
values obtained by averaging calibration
tests at different impact velocities,

a considerable range in effective stiff-
ness (on the order of 120%) can be
expected for any particular spring.

Results obtained for the 3D and 4D
test configureations, each tasted at
two different impact velocities, are
presented in Figure 5 and Figure 6
respectively, These data, shown by the
dashed and dotted lines, were traced
directly from oscillograph records
;gach were electronically filtered at

0 He,

Also shown as the solid 1line in
each figure are the computed accelera=
tion response using the physical param-
eters listed in Tabls I and a viscous
damping value for each spring equal to
7% of critical (as obtained from a
logarithmic decrement test on a repre-
sontative polyethylene pad).

in general the shape of the pre-
dicted and experimental acceleration
pulses agree fairly well, particularly
when the range of uncextainty in the
apring atiffness vaiues is considered,
Fowaver, the test results do exhibit
so=x3 segree of high frequency response
not predicted by theory which, to some
extant, is attributed to built-in non=-
lineaxities in the test setup, e.g.,
the intermittent impacting between the
retainer plates and inclusion as the
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FIGURE 6
ACCELERATION VS, TIME FOR 4 DEGREE OF FREEDOM TEST

This result agrees with what is
theoretically expected; examination of
the design equations shows that relative
amplitudes are independent of initial
velocity but that absolute amplitudes
are proportional to the impact velocity,
In certain test programs this response
behavior may be a desirable test

individual springs alternate hetween
tension and compression conditions,

‘
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It is particularly interesting to
note the degree of repeatability in
basic pulse shape evident from the
test results at the two separate
impact velocities for each test setup,
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characteristic, That is, a drop test
can be designed for a given acceleration
time history and casily repeated at
increasing values of impact velocity
(peak accelerations) until failure or
maltunction is noted,

CONCLUSIONS

The conclusions arraved at during
the course of this study may be sum-
marized as follows:

1, Using the developed analytic
techniques, it is possible to
design a drop test experiment
for simulation of transient
acceleration pulses contain-
ing up to five sine harmonics,
The amplitudes of all hare
monics must be of like sign,

An experimental program using
a commercially available drop
test machine was undertaken
to demonstrate the feasibility
of the technique, and met
with a reasonable degree of
success, Transient acclera-
tion pulses containing 3 and
4 fundamental harmonics and
having peak magnitudes on the
order of 00 to 400 g's were

number of tests can be rapidly
run at increasing values of
impact velocity (i,e, increas-~
ing acceleration levels)
without changing the basic
pnilse shape, This capability
is attractive if testing to
determine fragility (failure)
of a component under a basic
form of acceleration pulse is
desired,
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DISCUSSION

Mr. Hughes (Naval Weapons Evaluation Facility):
Why did you use polyethelene which is nonlinear in
different directions when you are trying to simulate
a linear spring ? Why did you not use a linear spring?

Mr, Keeffe: That is a good question, We have
asked ourselves that 200 times, There were some
time considerations, and in the spring rates that we
were looking for it turned out that the basic properties
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of peiyethelene satisfied our requirements, Also
when one starts looking in spring cataloguer for
Bellville springs and helical springs, we could not
find anything that had the spring rates which we re~
quired, They were on the order of a million pounds
per inch, so we had to look for something else, Now
we feel that there are better ways to do it, but it was
a matter of expediency.




ANALYSIS OF PROJECT1LE IMPACT
0N COMPOSITE ARMOR

Richard A Fine
IBM Corporation
Rochester, Minnesota

and
Raymond R Hagglund

Worcester Polytechnic Institute
Worcester, Massachusetts

Theoretical and experimental analyses are performed to
investigate bullet impact effects on ceraric composite
armor. The armor consiste of ceramic tile bonded to
fiberglass reinforccd pl . ' ic backing. This type of
armor is used to protect military personnel and
equipment. Proiectiles of one material and with
separate core and casing (e.g. armor-piercing) are
considered. Theoretircal analysis is based on a quasi-
static approximation of the event. The law of motion
is used to predict the deceleration of the bullet

and the force resisted by the armor during impact.
Experimental data obtained by open-lens photography

of the impact event are in good agreement with the
theoretical analysis. The photographs clearly indicate
ductile behavior of the bullet during impact, contrary
to the generally accepted theory that materials such as
hardaned stecel exhibit brittle characteristics at

high strain rates.

TABLE 1
Apprnximate Armor Weight Required
Tc Stop A -39 Cal, A/P Bullet At
Its Iluzzle Velocity [1}

INTRODUCTION

Ceramic composite armor was
proven feasible by Goodyear Aero-
Space in 1962. It has unusual abiity

tc stop bullets and is relatively Armor Material Areal Density
light in weight. An approximate (lbs/sq. ft.)
comparison of the weight per square
foot required to stop a .30 caliber Homogeneous Steel 20
armor piercing bullet at its muzzle Dual~hardness Steel 12
velocity is shown in Table 1. Alumina-fiberglass

Composite 9.5-10

The development and improvement Si1licon Carbide-fiber-

of ceramic composite armor has been glass Composite 8.5~9
largely by trial and error. First Boron Carbide-fiber-
attempts at a fundamental understanding glass Composite 7-7.5

involved experiments to relate material
properties to performance. An
example is Foster's work, where he

measured density, elastic modulus, and combinations of properties [2].

Studies of shock wave propogation in

TREPWETI WA Ry U e

strength, etc. of hundreds of armor
samples, experimentally determined
their performance, and attempted to
correlate performance with properties
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the bullet and armor havs been pursued
by several 1investigators [3,4,5].
These studies exverimentaily determine




the relationshin between two properties
such as pressure and particle velocity
during the time a shock wave passes
through a material, and apply this
relatrionship 1n a mathematical model

of the impact. The relationship,

known as a HHugoniot curve (6] 1s used
rather than the equations of state,
motion, energy, a.a continuity because
the equations of state for solids are
rarely available and difficult to
handle mathematically. One difficulty
with this approach is that the Hugoniot
relationship 1s valid only for waves
constrained similarly to those where

1t was measured, generally plane waves.
This type of work has now been
abandoned as a means to improve the
understandingy of composite armor [7].

This paper studies the application
of quasi-static theory to the inpact
event, This assumes dynamic equi-
librium is attaired during every
instance of the impact. Justification
for this approximation is first that
photograpns show that bullet fracture
18 caused by force at the tip, rather
than spalling at the tail as would
be expected if shock waves were the
major factor. Second, while quasi-
static theory predicts deceleration at
the tail of the bullet before the
shock wave reaches it, the predicted
deceleration is negligibie so this is
not an important limitation. The
quasi-static approximation can thus
be expected to account for major
effects, while neglecting less
important non-equilibrium effects.

EQUATIONS FOR BULLET MOTION

This portion of the theoretical
analysis establishes the deceleration
rate of the bullet. Analysis is
based on the law of motion:

a = Fs/mS (1)

where a is the acceleration of the
bullet, F_ is the force at the solid-
particle fnterface of the bullet, and
mg is the mass remaining of the solid
bullet. The mass m_ is equal to the
1nitial mass minus the mass which has
been fractured into particles.
Considering the armor as a rigid
surface, the volume fractured during
a time increment is equal to the area
of contact at that time multiplied

by the distance the bullet moves.

This assumption is reasonable until the
ceramic fractures, and in fact for
some time after the ceramic fractures,
because even then the interface makes
only very slow progress into the

armor compared with the velocity of
the bullet. Thus the mass remaining
can be represented as

mg =m - IpAtutdt = ZpAtutAt (2)

wnere m is the mass of the whole bullet,
p is the bullet density, A_ is the
bullet to armor contact ar&a, u, is

the velocity, and At is time in&rement.

The acceleration a is represente<l
in finite difference form as the
incremental change in velocity. Thus

u -u
ER - -\ S
a X3 (3

The limiting force on the bullet is
its maximum strength multiplied by
the interface area

Fg = “TnaxPt (4)

where ¢ is the maximum stcength

of the B@¥let material. Substituting
Eqs. (2), (3), and (4), into Eq. (1)
gives

u -u -q A
t+At t ~ max t (5)

At m‘DAtZAtut

Solving for velocity after the time
increment,

o ___A At
- max 't (6)

u u, -
t+At t —
m=-pA tEAtut

This equation can be solved iteratively,
using a computer, until the velocity
reaches zero or the bullet is entirely
destroyed.

EXPERIMENTAL VERIFICATION

In this section predictions based
on the preceding model for bullet
motion are compared with experimental
results.

Calculated motion of a .30 Cal.
M2/AP bullet striking armor at 2732
ft/sec is shown in Fig, 1. The two-
material bullet has been represented
as two single-material bullets of
appropriate cross-sectional areas
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Fig, 1 - Predicted deceleration
of .30 Cal. M2/AP bullets
at 2732 ft/sec, with
experimental verifi-
cation

striking the armor in the appropriate
time sequence. Frictional forces
between the core and jacket are
neglected. llaterial strengths used

are 500,000 psi for the core (high-
carbon steel hardened to Rockwell

A 79-80) and 100,000 psi for the brass
jacket. These values are arbitrarily
chosen as about fifty percent greater
than static strengths. The liter-
ature indicates that dynamic

strengths of materials are considerably
higher than static, but little specific
data is available, particularly at

the very high loading rates considered
here.

Figure 2 shows calculated motion
of a one-material bullet (cores fired
without its jackets) at 2700 fc/sec.
Again, the strength of 590,000 psi
is used.

Experimental data for comparison
is also included in Figures 1 and 2
and is found to be in good agreement

with +'e theoretical predictions.

These data are obtained by taking meas~-
urements from photographs of the

impact event. Examples of the photo-
graphs are shown in Figures 3 and 4.

o

QO experimental
~— theorstical

)
|

(22]

D

|

Relative Position of Core Tail - in.

0 0 20 30 40
Time - ssec

Fig. 2 - Predicted deceleration
of .30 Cal. M2/AP cores
at 2700 ft/sec, with
experimental verification

The photographs are taken using
an open-lens camera in a dark room.
A high intensity flash of 1/2 micro-
second duration illuminates the subiject.
The flash is triggered by the projectile
penetrrating a switch consisting of
& non-conducting plastic film with
aluminum foil on each sid=., Penetration
completes a triggering circuit. Ad-
justing the distance between the switch
and armor varies the timinyg of the
photographs. Each photograph is of
a separate ballistic test, and the
timing 1s adjusted to drovide sequences
showing the progressive stages of
impact.

Figure 3 shows .30 Cal. M2/AP
projectiles at five points during
impact. These are examples of photo-
graphs from which the experimental
roints in Figure 1 are derived.
Tigure 4 shows .30 Cal. M2/AP cores,
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during impact. These provide an
additional experimental data set and
allow visual observation of core
fracture. The back half of the casing
is used as a carrier for firing the
projectile. In this set of photographs
two cameras were used to simultaneously
provide an oblique and perpendicular
view of the projectile. The perpend-
icular view improves the ease and
accuracy of measurements while the
oblique view facilitates visual
observation.

Timing of the pictures is deter=~
mined by measuring spall motion. The
spall velocity is considered constant
(although unknown) because it's de-
celeraticn is negligible compared with
that of the bullet which is being
resisted by armor. Thus the distance
travelled by the spall is proportional
to the elapsed time since initial
contact. To determine the proporticn-~
ality factor between spall distance
and time, a curve of measured bullet
position vs spall position (time) is
drawn (similar to Figures 1 and 2).
The slope of the curve at the origin
must be equal to the incident velocity
of the bullet, which defines the units
on the time scale.

DISCUSSION OF PHOTOGRAPHS

Study of the photographs reveais
several things about the impact.
Perhaps most impurtant is that
extensive fracture occurs at the bullet
tip. This indicates that the major
factor in the event is compressive
loading at the tip rather than reflect-
ed tensile shock waves.

Although it has been established
that initial fracture of the armor
occurs within the first few micro-
seconds (3], the pictures show
that the ceramic resists the bullet for
a much longer time. Figure 3 shows
that at 17 microseccnds the spall
is still directed parallel to the
plate surface, indicating no pene-
tration of the projectile. At 26
microseconds obliquely directed
spall can be detected, indicating that
penetration has begun. Similarly,
in Figure 4, no penetration is evidenced
at 15 microseconds. This indicates
that the representation of the armor
as a rigid surface for theoretical
calculations is valid for a significant
porcrion of the event.

Figure 3 shows that the jacket
1s decelerated less than the core.
At the later times the core can be

seen protruding at the back of the
bullet. This is due to the material
with higher strength sustaining a
larger force and therefore, greater
deceleration.

An important and unexpected result
is best seen in Figure 4, at 15 micro-
seconds. In this photograph ductile
pehavior of the forward portion of the
bullet is clearly evident. This is
contrary to the generally accepted
theory that materials such as hardened
steel exhibit brittle characteristics
at high strain rates.

EQUATIONS FOR FORCE APPLIED TO THE
ARMOR

In this section, equations are
derived for the force applied to the
armor. This force is different than
the force on the solid portion of the
bullet because there is a gradient
through the particulate portion. The
approach used is to apply the momentum
form of the law of motion [8] to the
entire bullet:

p = lim Serar ~ S (7
~ 7 At-»o At

where F is the total force vector appli-
ed to a body in a given direction and

G is the momentum in the same direction.
For application of this equation, the
projectile is subdivided as shown in
Figure 5. Using these subdivisions,

the equation can be rewritten:

_lim Sar " Gy + Gp) (g
T Ateo At

-F(t)

EXpressing the momentum in terms of
mass multiplied by volume gives

lim “Var¥eese T OVaUe - OVgYy

Pt} = Shee

it
(9)

where v is volume and u is velocity.
The volumes of A and A' are chosen
to he equal, and the volume of B 1s
A_u_.t, so the equation can be re-
w§i ten

1im VA Beeap ™ 9g) S(Aguit)uy
Lt+o it

=F(t) =
(10)
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Fig., 3 - Examnles of owen-lens

vhotographs of .30 Cal.
12/AP bullets striking
boron carbide armor at
2732 ft/sec. Times: &,
12, 17, and 26 micro-
seconds
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Fig,

4

Lxamples of open-lens
photographs of .30 Cal. M2/AP

cores
armor
angle
shown
4! 6!

striking boron carbide
at 2700 ft/sec. Right
and oblique views are
of each event. Times:
13, and 25 microseconds
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Fig. 5 - Projectile sub-divisions
used in applying the
momentum form of the law
of motion

Dividing both the numerator and the
denominator of the argument of the
limit by .\t gives

v.u u

A+t T Yt

_ lim [
At

“Flt) = T Lo

2
- oAtut] (11)

When the limit is taken, the incre-
mental change in velocity daivided

by the incremental time becomes du/dt,
which is the acceleration of the bullet

. 2
.Atut

-F(t) vV,a - (12)
I}

oV s, within an incremental unit,
egual to m_., Using the law of motion,
equation ?l). this 1s equal to Fs/a.
“Making this substitution,

. ) 2
F(t) = Ty AU (13)
Using equation (4),
. - " P
rt) max’te + h’:ut {(14)
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With th equation the force applied to
the arm.. faci=g at any time during
this phase of the impact can be found.
Required are values for the area of
contact., A_, and the velocity at the
particular time u_. These values are
found using equatfon (6).

PROJECTILE DAMAGE THEORIES

In this section, three theories
of projectile damage are examined,
The motion of the projectile is computed
until the completion poirt indicated
by each theory. At this completion
point, the predicted mass remaining
(m_) is noted for comparison with
experimental values.

Theories considered are that
pulverization is completed when a)
the armor fractures at a given applied
force, b) a fixed duration of impact
passes, and ¢) the bullet is stopped.
Predicted mass remaining for these
theories, as a function of bullet veloc-
ity, are snown in Figure 6,

Bullet Velocity - ft/sec

rig. 6 ~ Three sets of predictions

of the extent of bullet
damage, with experimental
values. The predicted

' weight of core not pulver-
ized is shown, assuming
buliet damage ceases
when the a) force applied
to the armor exceads a
given value, b) a constant
tine 1nterval passes, and
c) the velocity 15 re-
duced to zero
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Also indicated in Pigure 6 are
experimental values. To ¢btain these
values, bullets were shot at sample
tiles. Provisions were made to collect
all of the spall and to scparate the
bullet particles from the armor part-
icles. The larger particles were then
weighed to provide the experimental
values in Figure 6,

Lxperimental data are widely
scattered, sc definite conclusicns can
not be drawn. The points agree best
with the coincident predictions for
completion of nulverization at a fixed
duration of 40 microseconds and for
completion when projectile velocity 1is
reduced to zero. The latter 1s pre-
ferred for two reasons. First, no
rationale has been propcsed for damage
stopping at a fixed time-other than an
early time such as ten microseconds,
often considered the time when armor
fracture occurs [3). Second, the
49 microsecond curve is limited to a
velocity of about 2900 ft/sec. BReyond
this projectile motion is reduced
to zero 1in less than 40 microseconds.

CONCLUSIONS

This paper shows that the appli-
cation of guasi-static theory to
projectile impact is valid. The major
damage 1s caused by compressive
stresses at the bullet tip, rather
than reflected stress waves at the
tail.

Observation of spall direction
in the photographs indicates that no
signrficant penetration of the armor
occurs until late 1n the event. This
extends the duration of validity
of the model and lends credibility to
the theory tnat pullet damage continues
until the bullet 1s stopped. Bullet
damage studies agree better with this
theory than cothers considered, out
are not conclusive.

The armor designer siaovl?d
concentrate on developing materials
to withstand the compressive load
rather than arranging material
impedances to reflect the maximum
shock energy into the projectile,

ACKUOWLEDGE'ILNT

This paper 1s derived from a
thesis prepared at Worcester
Polytechnic Institute [9]. The
authors wish to express their
appreciation to the Norton Company
and the Jational Aeronautics and

75

Space Administration for partial
support of this work.

The authors are indekted to
Mr James L Wotipka and to Dr Fakhruddin
Abdulhad: for therr valuable
discussions on the sukject. Sincere
appreciations are due to “liss !lary L
Daly who typed the manuscript.

BIBLIOGRAPHY

1. Torti, 1. L. and R. A. Fine.

"Composite Ceramic aArmor",
PROCEEDINGS OF THE ld4th REFRACTORY

COMPOSITLES WORKING GROUP 'MIETING.
1968.

2, Foster, B. D. AREAL DENSITY
PROJECT FINAL REPORT. ‘lorton
Company internal report, 1966.

3. Martin, D. M., U, S, Army Research
and Zngineering Command, “Natick,
“lass., Private Communications.

4, Wilkins, . L. SECOND PROGRLSS
REPORT OF LIGHT ARMOR PROGRAM,
Lawrence Radiation Laboratory,
University of California, Liver-
more, 1967,

5. Wilkins, ¥., C. Honodel, and J.
Sawle. Al APPROACH TO THL ST.OY
OF LIGHT AR'IOR, Lawrence
Raciation Laboratory, University
of California, Livermore, 13467,

6. Duvall, G. . "Some Properties
and "pplications of Shoekx Waves”,
RLSPONSE OF IETALS 7O HIGH
UTLICITY DORFOIATINN, fechnical
Conference Proceedings., "law Yor<4:
Interscience Publisners, 1967.

7. AIR L PO
00T T,
AlY Force "late

nrs

sl DB3TICTIVE

S. TND 71-25.
5

Ry

Liboratwory,

wrinnt-Pats \1r Uorce 3ase,
D1, 19799,




A SYSTEMATIC APPROACH TO SHOCK HARDINING

J. L. Lapeles
Littleton Petcarcn and Engineering Corp.
Lattleton, Massachusetts

and

D. Hoffman
U. 8, Nazval Ammunition Depot
Crane, Indiana

A general specification for the shock hardening of naval
ordnance has ceen recommended,
to the recommenddation 18 presented along with the salient
features oi the proposed specification.

Some background leading

INTRODUCTION

The Navy has had a shock program in
operatioa since the early 1940's when the an-
cester of MIL-5-901 was first written and y=t
much of the shiphoard equipment is still quite
fragile. The Naval Ordnance Systems Com-
mand haz sought to improve its approach t>
the shock problem. Working in cloge coopera-
tion, the Naval Ammunition Research Depot at
Crane, Indiana, and Littleton Research and
Engineering Ccrp. have developed a general
specification for shock hardening that constit-
utes a significant step toward attainment of the
long-sought goal of shock resistance for ship-
board equipment.

BACKGROUND

The basic weapon in the Navy's war
against shock is MIL-5-901 and, while MIL-S-
901 is a reasonably good test specification, 1t
is by no means a coinplete arsenal.

i) MIL-5-901 is besically a test require-
ment. The tests are necessarily performed
late in the devzlopment cycle and are included
in the larger group of environmentai tests,
(rain, sand and dust, explosive atmosphere,
etc.), Ordinarily these tests represent design
conditions that are not given the same kind of
intensive attention (analytic and dvvelopmental
testing) as ave lavished on performance and
strenpgth refjuirements.

When failures are discovered during

testing, therc is, ordinarily, no completed
dynamic analysis in hand to guide the engineers
in their fix and redesign efforts. The redesign
process is hampered by the lack of knowledge
and understanding that an analysis can provide,

The tests occur in a time frame 1n which
schedule and budgetary pressures arc at a
maximum, When a problem is uncovered in
the shock test, 1t is, therefore, very tempting
to ask for wuivers and deviations from the
specification. In the past waivers and devia-
tions have been rcadily available. The speaifi-
cation, therefore, promotes an atmosphere in
which failures occur regularly anc are accept-
ed,

2} The definition of ‘failure to perform
essential function' (MI1L-S-901) 15 lef for the
procuring agency to include among the Order-
ing Data., However, 1t is often missing, leav-
ing the definition of failure a vacuous quantity,

3) MIL-S-90l is often inappropriate, It
has its genesis varly in World War II when, 1n
response to the need created by the Germian
nune attack. the British developed the lhight-
weight shock machine. The design criteria of
the machine was: produce a shock which sum-
ulates damage obswrved in the fleet, The great
majority of that damage was below decks, 1n
general, and in the engine roon: in particu:ar,
The importaat attribute that this criteria poss-
essed was that the sholk produced was
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charactert ed by b b Lreavendy motions
representative ot the kel and Tover deck res-
ponse to underwater blast,

FHoweser, most ordnence cquipment 1s loc-
ated high upan the ship whero (U= exposed to
shock motions that has e been sub-tantially fil-
tered by the shup's streocure, ULpper dedk
shock motions are characteri,ed by low {20-30
h ) trequency motions due to the aaturad tre-
quencies of the dechs themselves,

One coneal result ot these condations 1s that
cquipmient to be mownted on the upper dechs
has ofen required shock 1solation to pass the
spraitication imposed test. But in the service
instatiation the isolators amplity the input and
uiten must be removed.

SYSTEMATIC GENERAL PROCEDURE

I'he deticivnaes discussed above suggest-
vd the need for a more generally applicable,
svstematic approach. The proposed specifica-
tion attempts to satisfy the need by offering a
three prong procedure »f planning. analysis.
and test which 1s substantially different from
that wiihized i the past.  The main features of
the proposed specification (which is appended)
arel

1) Shared technical responsibility between
the contractor and the procuring agency:

2} Pianning of a comprehensive program
of substance to meet the shock requirements;

3) Compatibility between top specifica-
tions and those generated for procured com-
ponents,

Fhese features are discussed i1n detail below,
SHARED RESPONSIBILITY

The task of obtaining shock resistant
cquipment is divided between the procurement
agency and the contractor. The part played by
the procurement agency 18 not trivial or short
range.

PROCUREMENT AGENCY TASKS

1) Determine design goals, The design
toal- are required for incorporation in the de-
tail specification. Their development has been
discussed above. Sufficient time and effort
must be expendedto do a thorough job.  The
procurer must assign appropriate levels and
choose the best format (ime. history, spec-
trum. etc.) for the particular application. In
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e event that the procuring agency 18 unable to
obtain apprepriate design goals, a minimuin
goal and test level are provaded.

2) Determine test Jevels and acceptance
criteria, The level of test as it 1s related to
the design goal must be assigned. It will be
incorporated 1n the detail specification. Usu-
ally. the procurement agency will specify the
test method, If so, care must be taken that the
design goal and the test are compatible, They
should be different in level but not 1n spectrum,
A substantial difference 1n spectrum between
the two will make the design goal become of
decreased importance, since the test 18 the
primary acceptance devace,

3) Accept the Program and System Test
Plans. Acceptance of contractor formulated
program and system test plans and their sub-
sequent incorporation in the detail specification
mjects the procurement agency into the design
and development planning cycle. The natural
inclination of the reviewer will be to concen-
trate on the technical aspects of the plan - the
the type and quality of the analyses and test
proposed and the care with which they have
been thought out. However, the schedule and
manpower proposedto carry out the technical
programs are dicect measures of the contract-
or's ability to perform and the realism of these
proposals will be subjected to closc scrutiny.

The completeness and accuracy of the plan
are major factors in determining the effective-
ness of the whole shock hardening program.
Great care will therefore be required 1n the
evaluation of these plans,

4) Monitor progress. Once an acceptable
program has been agreed upun, the procure-
ment agency must monitor progress and es-
scntially police the program. In particular,
compatibility reports of GFE shock speciwuca-
tions must be reviewed and appropriate action
taken. Witnessing of system tests is only one
small part of the monitoring activity,

5) Accept the design.

The contractor's tasks are extended and
enlarged to ensure the successful development
of shock resistent ecuipment.

CONTRACTOR TASKS

1) Once the original statement of the shock
requirement 1s made, a program can be formu-
lated. This program 1s the single most impor-
tant factor in ensuring the development of
shock resistant hardware. A report must be
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submitted very early inthe program (perhane
two weceks after receipt of contract) describing
the shock program to be pursucd. The plan
must delincate a program of subst 1« whose
duration would be the length of tt (ontract, It
m st describe work to be accomplished and fix
a schedule of intermediate reports, These re-
ports would be required at various stages dur-
ing the development (i, ¢, Analytic Model Re-
port, Analysis Results Report. liaboratory
Test Plan Report, Test Resclts Report, Ship
Test Results Report, ete. ). The amporiance
of the plan and the intermudiate reports 1s par-
anmount., I requires thau designers consider
the shock environmen from the very beginning
rather than merely testing for 1t at the end,
The effect of enforcing the plan would be the
consideration. by contractors. of the shock en-
vironment during the initial design phases when
the greatest potential for cffective eftort 1s
present.

2) Both analyses and tests are required in
several increments. Initially a prelinunary
analysis must be done. This would ke followed
by developmental testing of components and
subassemblies. Information obtained would be
utilized in a refined final analysis. Final ac-
ceptance would be based on a laboratory test,
A requirement that both analysis and test be
done is not to subvert the final requirement of
the test but to make it more effective. The
shock analysis provides several irnportant ben-
cfits to the designer,

a) He gains a greater understanding of
the equipment structure. This understand-
ing becomes very important when a failure
is observed during test. Failures are the
mcre easily fixed and redes.gns eifected
when there is an analysis 1n hand.

b) The analysis will aid the test engin-
eer in his sclection of instruments and
their Jocations. Without an analysis, it is
ecasy to select a wrong instrument or one
with an inadequate range. The most criti-
cal locations or response parameters may
not be obvious without an analysis.

c¢) The results ot analyses will be used
to write specifications for subcontractors
that are meaningful and compatible with
higher specifications. For this reason,
analysis should be begun as early as possi-
ble in the program, Perhaps preliminary
data would b+ used to allow the first analy-
sis to be done quickly so that subcontract-
ors' progress would be impeded as little as
possible.
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3) It is €sseutial ihat the contractor de-
monstrate the compatibility of shock require-
tments between purchased (or GFE) items and
top level specifications, It may be necessary
to conduct dvnamic analyses and tests of par-
tial structures to obtain mechanical imped-
ance. of static analyses and tests to oltain in-
fluence coefficients. The purpose of these
analyses and tests 1s to obtain information
necessary to avoid the blind application of top
level specifications to components or sub-
assemblies when 1t 1s inappropriate to do so.
The result of spedification incompat:bility is
mvariably scheduie delay and increased cost,
or unacceptably delicate equipment.

The results of all analyses and tests should
be periodically reviewed from the point of view
of pussible changes to lower specifications
(that is, the requirements placed on the sub-
contractors). This is essential if the assem-
bled equipment (some parts of which are de-
signed and manufactured by the prime con-
tractor, and some parts purchased from ven-
dors) 1s to meet the specifications. Tne prac-
tace of writing uimmutable specifications 1s
self~-defeating. Specifications should be writ-
ten early with the understanding that later on in
the program when more data are available, the
requirements will be reviewed and their valid-
1ty checked. Retaining an invalid specification
1s wasteful of time and money., In the present
case many cquipments are acquired to MIL-S-
901 when it is inappropriate to do so. In many
cases designers who are attemptingto do a
conscientious job must design equipment to
meet an unrealistic test requirement, resulting
in a corruption of the intended purpose of the
specification.

CONCLUSION

Ordnance equipment is in general among
the most shock sensitive equipment aboard
ship, This need not be the case. A large part
of past problems have been due to the factthat
equipment has been procured with little or no
regard to its shock resistance. It has been
common practice among contractors to seek
deviations or waivers to shock requirements.
The shock requirement is usually in the form
of a test required late in the development cycle.
At that time tight budget and schedulc press-
ures are the rule rather than the exception and
when difficulty is experienced ineeting the
shock requirements. waivers and deviations
are sought and often received.

The difficulties inherent 'vith the applica-
tion of MIL-S-901 to the procurement of naval
ordnance have led to the proposal that a
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yotedos approach be utilized inthe procure-
ravat ot shock proot equipment, Flus ty pe of
procuretnent wouid be more esponsive than
current practice wn the short run, but would

be more effective and develop tougher equip-
ment which would be less expensive 1n the long
run.

APRENDIX

MILIFARY DEVELOPMENT SPECIFICATION

SHOCK HARDENING: NAVAL ORDNANCE,
EQUIPMENT AND SYSTEMS,
GENERAL SPECIFICATION FOR

I, SCOPE

L1 Scope Fhis spesification defines the
analysis test. data and reporting requure-
ments tor shock hardening of ordnance sys-
tems and levels of assembly,

1.2 Purpcse  The purpose of this specific-
ation 1s to estabhish a uniform approach to the
hardemnyg of ordnance to prevent mechanical
shock datage due to transportation, handling
or hull-transimtted shock from underwater
non-c¢ontact explosions or from ship's own
weapons.

1. 3 Classification

1. 3.1 Hull mounted Hull mounted items
are all systems, equipment or components
thereof. located Lelow the main deck and sup-
ported principally by the ma:n stiuctural mem-
bers of the ship, including structural bulk-
heads. Items lccated on hight platforms, decks
or similar structures are excleded.

I. 3.2 Deckmounted Deck mounted items
are sy S5, equipment or compouents there-
ot, et on maln deck or above for surface
ships ad iterns located on light platforms,
dechs and non-structural hulkheads for all
siips.

I. 3.3 Shell mounted  Shell mounted items
are cquipimeat or components thereof. attached
arrectly tu shell plating or hull side ana bottom
traning below the waterhine,

1. 2.4 Prinaipal units  Principal units are
itetns ul cquaptient or assemblies of equipment
sh.ch are the major parts of a systenm: such as
gun mounts, antenna pedestals, missile
faunchers aid similar items directly supported
by ship's structure of foundations,

1. 3.5 Subs:idiary components Subsidiary
compoaents are items of equipnient v: assem-
blies of equipments which form a part of, or
are supported on, a principal unit, These
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would include such iten.s as the power supply
section of a radar receiver, radar antenna,
fire contro!l panel or a circuit breaker mounted
on a panel,

1.4 Definitions

1, 4.1 Equipment shock grade

1.4, 1,1 Grade A Grade A items arc
equipment and systems essential for the safety
and the continued combat capability of ship and
personnel, such as fire control systems, weca-
pons stowage and handling equipment, gun
mounts and launchers, electronic warfare
items or night vision devices.

1.4.1.2 Grade B Grade B items are
equipment and systems not required for the
safety of ship and personnel or the continued
combat capability of the ship and having only a
limited shock hardening requirement,

1.4.1, 3 Grade C Grade C items are
those not required for safety of ship and per-
sonnel or the combat capability of the ship and
having no shock hardening requirement impos-
ed on their design or manufacture,

1. 4.2 Equipment failures

1,4.2,1 Critical failure A cnritical fail-
ure to Grade A equipment 1s a failure that sig-
nificantly degrades the performance of the
equipment's function or creates a conditioa to
exast th .t 1s hazardous to personnel or vital
equipment. A critical failure to Grade B equip
ment 1¢ a failure that causes a condition to
exist that is hazardous to personnel or to vital
cquiprent. A critical failure cannot be exper-
ienced by Grade C equipment.

l.4,2.2 Non-critical failure A non-
cratica’ iailure is a failure that significantly
degrades the ability »f Grade B or Grade C
equipment to perform its specified function.

1. 4.3 Levels of assembly As used in




this specification, levels of assembly shall be:
(a) System
{b) Subsystem
(c) Equipment
(d) Component
(e) Part

2. APPLICABLE DOCUMENTS

2.1 Government documents The following
documents of the exact issue shown form a
part of this specification to the extent specified
herein. In the event of conflict between the
documents referenced herein and the contents
of this specification, the contents of this speci-
fication shall be conridered a superseding re-
quirement.

SPECIFICATIONS

MIL-S8-901C of 15 January 1963 - Shock
Tests, H. I. (High-Impact);
Shipboard Machinery, Equip-
ment and Systems, Require-
ments for

STANDARDS

MIL-STD-810B of 15 June 1967 - Environ-~
mental Test Methods

MIL-STD-202D of 14 April 1969 - Test
Methods for Electronic and
Electrical Component Parts

PUBLICATIONS

NAVSHIPS 250-423~30 of May 1961 - Shock
Design of Shipboard Equip-
ment, Dynamic Anaiysis
Method (AD 265-425L)

NAVSHIPS 250-423-31 Shock Design of
Shipboard Equipment, Inter-
im Design Inputs for Sub-
marine and Surface Ship
Equipment

NAVSHIPS 250-660-30 of July 1949 - A Guide
for Design of Shock Resast-
and Naval Equipment

NAVSHIPS 900-185A of April 1957 - Gude for
the Design of Shock and Vi-
bration Resistant Electronic
Equipment

Naval Research Laboratory Report 6267 of
March 1965 - Background
for Mechamecal Shock Design
of Ships Systems
f{AD 612 734)

Naval Research Laboratory Report 5618 of June
1961 - Navy High-Impact
Shock Machines for Laght-
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weight and Mediumweight
equipment (AD 260 008)

Naval Ship Research and Development Center -
Report C-2541 of May 1968
(Confidential) A Method for
Explosion Shock Testing of
Equipment Located in Upper
Levels of Surface Ships (U)
(AD 393 268)

David Taylor Model Basin, Underwater Explo-
sions Research Div. Report
7-61  Floating Shock Plat-
form for Shock Testing
Eowipment vpto 30,000
Pounds

Naval Ship Research and Development Center-
Report C-2391 of June 1967
Modification of a Navy High
Impact Shock Machine to
Simulate Shock at Upper
Levels of Surface Ships
(AD 817 812)

2.2 Non=-government documents

Applied Technology Associates Re-
port 124 of January 1969
Guide for Users of the Dyn-
amic Design-Analysis
Method  (AD 350 895)

(Copies of specifications, standards and publi-
cations required by suppliers in coanection with
specific procurement functions should be ob-
tained from the procuring activity or as dir-
ected by the contracting officer. Documents
having an AD number may be obtained from the
Defense Documentation Center, Cameron Sta-
tion, Aiexandria. Virginia 22314.)

3. REQUIREMENTS

3.1 Requirements Shock requirements for
naval ordnance svstems, equipment and com-
ponents shail be as specified herein and 1n ac-
cordance with the applicable detail specifica-
tion. In case of conflict, this specification
shall take precedence over general equaipment
specifications in the determination of shock
hardening design, development and testing re-
quirements.

3.2, 1 Principal units If design goals are
unspecified 1n the detai! specification or the

contract. veloaty-time history shouwn in Fig,
la shall be used for deck mounted (1, 3, 2)
principal umts (1, 3. 1) and the shock spectrum
shown in Fig. 1b for hull (1. 3. 1) or shell

(1. 3. 3) mounted principal wnits.




3. 2.2 Subsidiary Components

zal for subsidiary companents (1
beidiary ¢ i i L

The design
o 3. 5) shall
be compatible wath the design goal of the prin-
cipal umits,  Numerical values for design goals
may be obtained by andalysis, by test of prina-
pal units. or by extrapolation of data from full-
scale ship tests of sinalar equipment or sys-
tems,

3.3 Test level

3. 3.1 Principal units  The test level shall
be as specitied in the detail specification of the
wontract.

3.3, L1 Principal units It the test level

15 unspecified in the detail specitication or con-
tract. it shall be. nominally, two-thirds of the
ae agn goal, within the tolerances shown in Faig,
2a and 2b, Principal units that are hull or
shell mounted may be tested 1n accorance with
MIL-S-901C,

3. 3.2 Subsidiary components Subsidiary
components and other components or subassem-
blies not mounted on prinicpal units shall be
tested by the application of a waveshape or a
spectrum having a nominal amplitude of two-
thirds he design goal (3. 2.2), unless specified
otherwise 1n the decail specification or con-
tract,

3.4 Shock hardeming programy  The con-
tractor shall establish and conduct a shock
hardening program including, as a nunimum,
the elements required by this specification,

3. 4.1 Shock hardening program plan The
purpose of the shock hardening program plan.
hercinafter called the plan, shall be to delin-
eate a program which will assure the develop-
mient of shock hardened equipment. The plan
must be sufficiently complete and detailed that
a reasonable assessment of the contractor's
abilaty to meet the shock requirement can be
periormed. As 2 nunimum the plan shall in-
clude the requirements of 3, 4. 3tec 3.4, 7.

3. 4.2 Upon approval by the procuring
agency. the plan shall become a part of the
detail specification,

3. 4. 3 The plan shall include a descraption
of the prehinunary analysis (3. 5. 1) to be per-
formed. It shall include a statement of the in-
put forces, a list of the response variables to
be studied. & definition of the analytic model or
models to be eniployed and a presentation of
the method of solution,

3. 4.4 The plan shall list and describe the
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system, subsystem, equipment, component
and parts testing (4, 2. 1) required.

3. 4. 5 The plan shall cutline the final anal-
ysis (3. 5. 3), list the subsystem and component
data (4. 2. 1. 2) to be incorporated in the analy-
sis, and list the response variables to be stud-
ied,

3. 4. 6 The plan shall state the analysis
(3. 5) and test (4. 2) schedules.

3, 4. 7 The plan shali state the level and
amount of engineering and supporting effort to
he employed in the analysis and test efforts.

3.5 Analysis

3.5.1 A preliminary analysis shall be per-
formed to determine the dynamic response of
the equipment to the shock loads defined as
design goal (3.2). The results shall te incor-
porated in component specifications (3. 8),
intermediate analyses and test requirements at
levels of assembly below the system level.
Specifications of government furnished equip-
ment, incorporated in the design, shall be re-
viewed to assess specification compatibility.

3. 5.2 A preliminary shock analysis ceport
shall be submitted in which there is a detailed
description of the analytic model employed, the
forcing functions used, the method of solution
and the results.

3. 5.3 A final analysis shall be performed
to determine the dynamic response of the
equipment to the shock loads defined as design
goal in 3, 2. The results of subsystem and
equipment tests (4. 2. 1) shall be incorporated,
Specifications of components an¢ government
furnished « quipment shall be reviewed to ass-
ess specification compatibility. The final anal-
ysis shall be sufficiently detailed that all fail-
ure criteria of 3. 6. 4 are accurately predict-
able, The final analysis shall be the basis for
acceptance in the event no system testis per~
formed (3, 11)

3.5.4 A final shock analysis report shall be
submitted in which there is a detailed descrip-
tion of the analytic model, the forcing functions
used, the method of solution and the results.

3.5.4.1 The final shock analysis report
shall include a detailed description of sub-
system and component tests (4. 2. 1} and a
statement of the results.

3. 5. 4.2 Bascd upon the result of the sys~
tem tesis, a revised final shock analysis report

€]
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may be submitied.
3.6 Systern test plan

3.6.1 The system test plan shall describe,
in detail, the methods, procedures and mach-
inery by which the 1oads will be applied.

3,6.1.1 The system test plan shall, upon
approval by the procuring agency, become a
part of the detail specification,

3.6.2 The system test plan shall describe
all jigs and fixtures to be used in testing.

3.6. 3 Test ‘rstrumentation shall be des-
cribed in detai.. The description shall include,
but shall not be limited to:

{a) Transducers, their amplitude and
frequency ranges and their range of linear-
ity.

(b) Signal processing equipments, their
amplitude and frequency ranges and their
range cf linearity,

(c) Data processing methods and equip-
ment, their amplitude and frequency ranges
and their range of linearity.

(d) Transducer location shail be des-
cribed and justified on the basis of analysis
or test,

3, 6.4 Definitione of equipment failure relat-
ing to structural and performance requirements
shall be stated, They ehall include, but not ke
limited tor

(a) Yielding. Is yielding permitted? If so,
which memkbters and to what extent?

(b) Migalignment {mechanical, electrical,
optical, etc.). Is misalignment toler-
able? 1fso, which elements and to what
extent?

(¢} Pressure. Are pressure variations ac-
ceptable? If so, to what extent?

{d) Friction., Are friction variations ac-
ceptable? If so, to what extent?

(e) Fasteners, Is fastener loosening toler-
able? If so, to what extend?

(f) Performance requirements. What are
the performance requirements prior and
subsequent .0 test?

3. 7 System test results

3. 7.1 A system test report shall be sub-
mitted stating the resuits obtained in the sys-
tem tests (3. 6) and comparing them with those
reported in the final analysis report (3. 5. 4. 1}

3, 7.2 Any repair or readjustment necess-
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ary to operate the equipment following the test
shall be described in detail along with an ac-
count of the time required, the level of expert~
ise required of the repairmen and the iepaiv
equipment required.

3.8 Tomponent specifications

3.8.1 Component specifications shall be
written by the contractor for all components
purchased by the contractor for incorporation
into the system.

3. 8,2 The validity of the component specif-
ications shall be initially justified by the pre-
liminary analysis (3. 5, 1) and shall be verified
by final analysis (3. 5. 3) or test results (3. 4. 3).
Revisions shall be made as required.

3.9 Government furnished equipment

3.9.1 The shock speciiications of govern-
ment furnished equipment (1f any) shall be re-
viewed to assess their commtibility with tae
equipment environment. The initial assess-
ment shall be based on the preliminary analysis
and shall be updated when the results of the
final analysis and test programs become avail-
able.

3. 9.2 The resuitc ot this review shall be
reported in either the system test report
(3. 7. 1) or the final snock analysis regort
(3.5, 4).

3. 10 Extensions No extensions shall be
permitted unless they are justified by a de~
tailed analysis and the accuracy of the analytic
model has been established by prior system
test,

3. 11 Basis of acceptance Systems and
equipment shall be accepted on the basis of

(a) System Test Report (3. 7.1)

(b) Final Shock Analysis Report (3. 5. 4);
when equipment is too large oy too
heavy to be tested

(c) Combination of test and analysis,
when tests at a higher level of as-
sembly verify the analysis at a lower
level of assembly,

In no case, however, shall the acceptance on

the basis of analysis at 2 certain level of ass-
embly lead to the acceptance of a higher level
of assemktly without the interposition of 1 test,

3. 12 Acceptance criteria Unless stated
otherwise in the detail specification or con-
tract, acceptance criteria shall he as follows:

fa) A minimuim ot 3 tests at the specitied
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test level (3. 3) shall be conducted;
shocks shall be applied 1n each dir-
ection specified 1n the detail specifi-
cation or centract.

(b} Critical failures (3.6.4 and 1, 4,2.1)
shall be cause for rejection.

3. 13 Marking

3. 13,1 Note for drawings Equipment
which meets the requirements specitied herein
and has been approved by the procuring agency
shall include the following marking, along with
the applicable grade (1.4, 1) either A or B,
on the assembly drawing for the equipnent:

(a) SHOCK HARDENED DESIGN,
GRADE

4. QUALITY ASSURANCE PROVISIONS
4, 1 Data requirements

4.1, 1 Shccx hardening program plan A
shock Fardeming program plan (3, 4) shali be
submitted to the procuring agency not more
than 30 days after award of the contract, un-
less a d.fferent time period 1s stated in the
contract schedule,

4. !}, 2 Preliminary shock analvsis report
A preliminary shock analysis report (3.5, 2)
shail be submitted.

4. 1. 3 Final shock analysis report A final
shock analysis report (3. 5. 4) shall be submit-
ted at least 30 days prior to initiation of sys-
tem tests.

4. 1.4 System test plan A system test
plan (3. 6) shall be submitted at least 30 days

prior to system testing.

4. 1,5 System test report A system test
report (3. 7) shall be submitted not more than
30 days after completion of system tests.

4. 2 Test requirements

4. 2.1 Developnmient tests

4. 2, 1.1 Vibkration tests, mecharical im-
pedance tests as well as shock tests of various
tvpes may be used at the discretion of the
developer for the purpose of determining de-
sign deta or other information useful to the
deselopment effort and to the attainment of the
design goal, All such tests shall be described
11 detail in the system test plan,

4, 2. 1,2 Subsystem and component tests
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Subsystem and coriponent tests shall be con-
ducted during development and shall include,
but not be limited to, the tests of 4,2.1.2 to
42,12, 4.

4.2, 1.2.1 Foundation test If a foundation
ie supplied by the contractor, a mechanical
impedance test of the foundation shall be per-
formed and the results incorpomted in the final
analysis (3. 5. 3).

4, 2.1.2.2 Non-linear elements tests The
force-deflection characteristics of non-linear
elements (shock or vibration isolators, plastic-
ally deforming structural elements, pneumatic
devices, viscoelastic elements, etc.) shall be
determined by test. The effects of non-zero
strain rate shall be included. The results of
these tests shall be incorporated in the final
analysis (3. 5. 3).

4,2.1,2.3 Elastic characteristics The
elastic (or plastic) characteristics which can-
not be predicted analytically with reasonable
accuracy shall be determined by test.

4,2.1.2.4 Parts Electrical and mechan-
ical parts (resistors, transistors, bearings,
etc. ) shall be tested in accordance with MIL-
STD-202, Method 213A.,

4, 2.2 Qualification and acceptance tests

4.2.2.1 Witnessing Witnesses from the
procuring agency shall be invited to observe
qualification and acceptance tests,

4. 2. 2.2 Rough handling shock Bench-
repairable equipment, weighing 100 pounds or
less, shall be tested for resistance to rough
handling shock in accordance with MIL-STD-
810B, Method 516, Procedure V,

4.2.2.3 Transportation Shock Equipment
and components that may be shipped shall be
tested for resistance to transportation shock in
accordance with MIL-STD, 810B, Method 516,
Procedure I,

4, 2. 2.4 Iull-transmitted shock

4.2,2.4.! Tests to determine resistance to
damage frcm hull-transmitted shock shall be
performed in accordance with the requirements
of 3. 3and 3. 6.

4, 2. 2. 4.2 lests shall be conducied with the
equipment in a ready state. Elcctrical, hyd-
raulic and penumatic power shall be on. Rctat-
ing parts shall be turning at rated speed,
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4.2.2.4.2.1 One test shall be conducted,
in each direction specified, with the equipment
in the dormant (power-off or non-operating)
state.

4.2.2.4,3 Prior to each test and subse-
quent to each test the equipment shall be oper-
ated to determine whether the equipment is
capable of meeting its performance specific-
ations.

4.2.2.4.4 Structural damage and other
damag. of a non-critical nature (l. 4. 2. 2) shall
be repa:red before continuation of testing.

4. 2. 2.5 Instrumentation Instrumentation
shall be employed to serve the following ends:

(a) to verify that the test imput meets
the requirements.

(b) to discover failures - particularly
those itemized in 3.6, 4.

(c) to obtain data necessary to verify
component specifications (3. 8),

4. 2.3 Productiontests This specification
is not applicable to preduction tests,

5. PREPARATION FOR DELIVERY

5.1 This section is not applicable to this
specification,

6. NOTES

6.1 Design guidance The following refer-
ences are provided for the assistance of the
equipment designer and for the assistance of
the approving agency. The application of this
design guidance material shall not detract from
or take precedence over the requirements of
this specification or the detail specifications.

(a) NAVSHIPS 250-423-30 of May 1961
(b) NAVSHIPS 250-423-31

(c) NAVSHIPS 250-660-30 of July 1949
(d) NAVSHIPS 900-185A of April 1967
(e) ATA Report 124 of January 1969
(f) NRL Report 6267 of March 1965

6,2 Test Guidance  The tollowing refer-
ences are provided for the assistance of the
test designer and for the assistance ot the ap-
proving agency. The application ofthis test
guidance material shallaotdetract from or tahke
precedence over the requirements of this
specification or the detail specificaticas,

{a) NRL Report 5618 of June 190l
{b) UERD Report 7-61
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(c)
(d)

NSRDC Report C-2541 of May 1968
NSRDC Report C-239] of June 1967
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DISCUSSION

Mr, Sullivan (NavSec): 1 gather you are familiar
with M{1-8-901, and I believe there is a statement in
it concerning the mounting of equipment in a manner
that simulates shipboard installation, Is that cor-
rect?

Mr, Lipeles: Yes, that is true. The specifica-
tion requires that, In the course of carrying out this
study we surveyed a large number of ordnance pro-
grams, and one of the curious things that we found is
that there are several details of Mil-5-901 that are
invariably neglected, and that is one of the most im-
portant ones that is almost always neglected,

Mr, Sullivan: But it is a fixturing problem, not
necessarily a basic fault of the machine, The specifi-
cation permits you to introduce those frequencies, if
they are critical parametcrs that are important to
the equipment being tested, You also commented on
determining the test levels as something that would be
done for each particular piece of equipment, I
wondered who would do this ?

Mr, Lipeles: We en istoned that that would be a
task of the procurement agency, We recognize that
that in itself is a problem area, Many procurement
agencies are not technically qualified to carry out that
function, but there are many people in various labor-
atories outside of the procurement agencies who
could carry out that function, and there is sufficient
technical expertise so that that should not be a
stumbling block,

Mr, Sullivan: Iam sure you appreciate that
procurement is apread out among several hundred
procuring agencies, and having seve:al hundred
people specify inputs for different pieces of the same
ship might lead to a little bit of confusion, Another
point you mentioned concerned a combined effort of
analysis and test, which is fine, but it has always
been a problem, I gather you were proposing that we
have some sort of definite schedule of running ana-
1ytical studies and preliminary tests that would be a
formal part of the contract, and I wonder, what
happens when you get down to the final test which you
referenced and the equipment fails ? Who 1s respon-
sible for correcting the failure ?

Mr, Lipeles: Did I understard vou to say that
you questioned who was responsible for carrying it
out?

Mr, Sullivan: No. You had a joint effort be-
tween the procuring agency and the supplier in ad
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hocing this piece of equipment up to the test and ther
vou are going to run your final test, Hypothesizing
that something happens during that test and the equip~
ment fails, who fixes it,

Mr, Lipeles: The contractor, After all it1s his
job to build something that meets the specification
since there are design levela, That is really one of
the major problems, It is very common that a test
will be run and there is a failure and nothing gets
done about it,

Mr, Sullivan: Would you propose that the Navy
in this case review and approve his analytical work
leading up to this final test ?

Mr, Lipeles: I did not mention all of the require-
ments of this specification, There are a number of
reports that are required, All of the analytical re-
sults, both preliminary and final, are required to be
reported, but none of them are the basis of acceptance
except the final test,

Mr. Balan (Grumman Aircraft): There are cases
in which it would be advantageous to mount these
various items of equipment on shock mounts, To
what extent, if any, do you propcse that the contrac-
tors investigate the advantage in their analysis prior
to fabrication ?

Mr, Lipeles: Iwould expect that once the levels
have been specified, if shock mounting is required to
meet those levels then those shock mounts are part
of the design and therefore the contractor's respon-
sibility,

Mr. Balan: There are two alternatives: one
possible way would be to hard-mount the equipment,
and the other way would be o soft mount the equip~
ment, The advantages and disadvantages of each
method are no! immediately apparent, It woulu seem
to me as though it would be desirable for the pro-
spective vendor, or the contracter, to be directed to
analyze and to predict the advantage of soft mounting
as opposed to the typical or usual way of hard mount-
ing,

Mr. Lipeles: Iwould expect that a requirement
that a piece of equipment be either hard mounted or
soft mounted would be specified in the detajled
specification. If a procurement agency wanted to go
one particular way, they would say so,

Db
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THE DEVELOPMENT OF SHOCK TEST CRITERIA FOR
AIRCRAFT DISPENSER WEAPON EJECTION MECHANISMS

K. D. Denton, K. A. Herzing, S. N. Schwantes
Honeywell Inc., Ordnance Division
Hopkins, Minnesota

External stores carried on aircraft are subjected to a number of
dynamic environments from external sources. Typical external
sources of exc* ation are boundary layer pressure fluctuations causing
store -~ v, .r ,iock excitation from a hard or arrested landing. In
addition, s~ - « 1al stores have unique seli-induced dynamic

environr
One sign induced environment occurs on the SUU-38 munitions
dispenser . ™ .es pyrotechnic ejection mechanisms to eject thirty

canisters in sequence during captive carriage. As each ejection ocecurs,
the adjacent remaining canisters and the dispenser are subjected to a
pyrotechnic induced shock environment. This paper describes a test
program and the associated analysis which were conducted to develop

both an impact shock test criteria and a shock spectrum simulation
test for the SUU-38 dispenser ejection mechanism. The shock spectra
of the dispenser response to canister ejection and the corresponding
response to a MIL-STD-810B crash shock test are also compared.

INTRODUCTION

External stores carried on tactical aircraft
are subjected to a number of different dynamic
environments. The commonly recognized
environments are those which produce vibration
or shock transients through external excitation,
such as fluctuating aerodynamic pressures
which act upon the store surface or abrupt air-
craft deceleration produced by a hard landing.
Structural loads and stresses due to these
sou:ces ave commonly included in the design
calculations for external stores.

Certain external stores have significant self-
induced environments which should also be
considered during the design and test activities.
One such self-induced environment occurs on
external stores which eject cargo or munitions
during captive carriage., The SUU-38 version
of the Tactical Fighter Dispenser (TFD) sequan-
tially ejects thirty cargo canisters downward
during captive flight. An electrically initiated
pressure cartridge is used in the ejection
mechanisms to achieve sufficient canister
ejection velocity for safe separation from the

aircraft.
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During the development program of the SUU-38,
a gualification and acceptance specification was
written for procurement of the pressure car-
tridge. At this time, it was felt that the MIL-
STD-810B, 30-g crash shock requirement for
the dispenser approximated the most severe
operational shock environment experienced by
the pressure cartridge. However, after the
SUU-38 system was in production, laboratory
testing of the dispenser indicated that unfired
pressure cartridges experienced significantly
higher induced shock from the ejection of
adjacent canisters.

Self-induced environments are unique to the
system in which they occur; therefore., no
general shock specification can be expected to
furmsh appropriate test criteria for components
in a system such as the SUU-38 dispenser.
Consequently, the test program and associated
analysis described in this paper were conducted
to develop a mure realistic component shock
test specification for the SUU-38 pressure
cartridge.




SYSTEM DESCRIPTION
mounted on an F-105 aircraft. Note the thirty

1. Dispenser Description small rectangular openings on the bottom of
each dispenser. Each of these openings con-
Fig. 1 shows three empty SUU-38 dispensers tained a canister prior to ejection,

FIG. 1. SUU-38 Dispensers on F-105 Aircraft

The SUU-38 has been flown with and without
tail fins, With the tail fins (see Fig. 2) the
loaded dispenser weight is 931 pounds, and the
empty weight, after all cargo is ejected, is
268 pounds. The basic TFD dispenser was
designed with ten bays, each measuring 14.25
inches long, 6 inches wide, and 13. 25 inches 89.12 .
deep. An electromechanical stepping switch,

called the intervalometer, is used to control
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FIG. 2. Dispenser Physical Characteristics
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2, Adapter Description

The SUU-38 version of the TFD dispenser
was required to have 30 bays instead of ten so
an adapter was designed which subdivides each
bay into three sub-bays, (see Fig. 3). Each
sub-bay, located on 4. 74 inch centers, has a
separate canister ejection retention system
(see Fig. 4).

EJECTION
SYSTEM
COMPONENTS

ADAPTER
ASSEMBLY
10 PER DISPENSER

CANISTER
AS SEMBLY
3 PER ADAPTER

FIG. 3. Adapter Assembly SUU-38 Dispenser

Three canisters are loaded into each adapter.
The adepters are attached to the dispenser by
means of two 3/8-inch diameter bolts. The
adanters remain in the dispenser after cargo
ejection. Note that the ejection and retention
forces are first transmitted to the adapter
support beam. The support beam then transfers
loads through the two 3/8-inch bolts into the
primary dispenser structure,

3. Retention Ejector Assembly

This assembly (see Fig. 4) includes the
thruster body and retaining ring, the picton
assembly, and the pressure cartridge. The
thruster body is attached to the adapter beam
by means of a snap ring on the lower side and
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FIG. 4. Canister Adapter Interface
{Exploded View)

a shoulder on the thruster body on the upper
side (see Fig. 4). In order to assure instal-
lation of the snap ring, piece-part tolerances
are such that a gap of about 0. 012 inch will
normally occur between the snap ring and the
bottom of the adapter beam. The allowable
gap ranges from 0. 003 to 0. 021 inch.

The piston assembly is threaded into the
thruster plate of the canister to a predeter-
mined torque. The four segmented flange
sections or retention fingers will then bear out
against the mating shoulder on the thruster
body, and the thruster plate will aisc ear out
on the bottom of the adapter support be1m,

The pressure cartridges are then threaded iato
the thruster bocy.

4, Pressure Cartridge Description

The SUU-38 pressure cartridge (see Fig. &)
is basically a threaded steel header with a thin
metal cup containing the propellant. Two ateel
pins carry the signal through the header to the
ends of the nichrome bridgewire. The bridge-
wire is welded to each end of the pins. The
bridgewire bond is probably the part most
susceptible to high level shock, out its small
mass keeps inertia loads at a minimum. The
bridgewire is much smaller in diameter than
the pins, thus making it the high resistance
element in the electrical circuit.
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FIG. 6. SUU-38 Suspended in Ejection Fixture

The ejection sequence was the same as the
operational ejection sequence, which is auto-
matically controlled by the intervalometer
during in-flight ejections. During this sequence
canisters are eiected from the aft, center, and
forwai.: sub-bays in each adapter. The bay-to-
bay ejectioi: sequence is designed to minimize
the dispenscr center-of-gravity shift during
canister eje.tions, Table 1 illustrates the
sequence emplioyed during the pressure
cartridge shock environment ejection tests.
The second and third ejectic .s were errone-
ously performed out ¢ci sequence. Based on
subsequent review of all shock transients in
other bays, this error had no significant effect
on the validity of the data acquired in bay 10,
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FIG. 5. Pressure Cartridge Construction
(Typical)

5. Ejection Event Description

An electrical signal of the proper voltage
heats the bridgewire, initiating the ignitor
mixture which ignites the primary propellant
in the cartridge. After the ignition is started,
the propellant cup on the bottom of the car-
tridge bursts, allowing the gases to expand into
and pressurize the thruster body and piston
volume. The piston area exposed to the pres-
sure is 0, 835 square inch, At about 1400 psi,
the gas pressure causes the segmented flange
sections on the piston to bend inward and fail,
allowing the piston assembly to be pushed
through the thruster body. The 22 pound
canister assembly and piston are then acceler-
ated to a velocity of 27 to 34 feet-per-second
over a piston stroke of 1. 25 inches.

The peak pressure attained during ejection
from the dispenser ranges from 7000 to 8000
psi. The correspording peak ejection force
range is from 4380 to 5000 pounds. The normal
pressure pulse duration is from 7 to 8
milliseconds.

Once the piston starts moving through the
thruster body, the vpward reaction force on
the thruster body causes it to move rapidly
upward for a distance equal to the gap of 0. 003
to 0. 021 inch at the snap ring. The resulting
impact with the bottom of the adapter beam
contributes to the high freguency energy
observed on adjacent pressure cartridge
responses, as desciibed in the following
sections.

TEST PROCEDURE

A laboratory test was performed to measure
the shock environment produced by cargo
ejection. A full-scale SUU-38 cdispenser with
inert canisters was suspended from a MAU-12
bomb rack in an Explosives Test Laboratory
(Fig. 6). The suspension arrangement locally
simulates the store configuration when it is
carried on the conter-line station of a jet
aircraft. Since the primary purpose of this
test was to measure the pressure cartridge
shock environment generated by canister
ejection, cnly the pressure cartridge headers
were instrumented.

The suspended dispenser was instrumented
with ten piezoelectric accelerrmeters (see
Fig. 7). Piezoelectric pressure transducers
were used to measure pressure-time histories
of five of the cartridges, shownas P1 through
P5in Fig. 7. The accelerometers were
attached using both steel screws and dental
cement. Transducer outputs were signal
conditioned by charge amplifiers and the data
were recorded on magnetic tape at a speed of
120 ips (Standard IRIG Mode, 140 percent
deviation, 0 - 20 ke frequency response).
Along with the ten data channels (the appropri-
ate pressure transducer output was recorded
only when the monitored pressure cartridge
was fired), a constant 1000 cps time base and
an event pulse signaling initiation of curreut
flow through the cartridge bri’gewire were
recorded on the 1-inch magnetic tape.

The test sequence consisted of ejecting
canisters in the single step mode. Using this
procedure, only one of the pressure cartridge
firing circuits was energized at a time, and
the fire signal was initiated manually. After
each ejection, the firing line was attached to
the next cartridge to be fired, and the
instrumentation was inspected visually.




DATA ANALYCIS

Preliminary review of the tape recorded
daty was performed by examining expanded
cscillograms of the acceleration and rressure
time histories. Even though the data acquisi-
tion and recording system bandwidths were on
the order of 20 ke, all the data were low pass
filtered at 5 ke during playback. The low pass
cutoff irequency corresponds to 20 percent of
the test accelerometer's natural frequency.
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FIG. 8. Shock Response on Fired Cartridge
(A3, Run 5)

Fig. 8 shows the shock time history from
measurement location A3 (vertical) as the
pressure cartridge to which the measuring
accelerometer was mounted was fired. by
comparison, the response at the adjacent
cartridge (measurement location A7) and in an
adjacent bay (measurement location Ad) are
shown in Fig. 9 and 10. The pressure time
history (P1) for the ejection is shown in Fig. 11,
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FiG. 9. Shock Response on Adjacent Cartridge
(A7, Run 5)

Run Bay Tired Run Bay Fired
i Aft Bay 10 19 AftBay 8
2 FwdBay 10 20 ¢ Bay$
3 ¢ Bay10 2. FwdBay3
4 Aft Bay 10 22 AftBay 3
5 € Bay 10 23 ¢ Bay3
6 Fwd Bay 10 2¢ Fwd Bay 3
T AftBayl 25 AftBay 7
8 @ Bayl 26 @ Bay"

9 FwdBayl 27 FwdBay 1
10 AftBay1 28 Aft Bay 4
11 ¢Bayl 20 @ Bay4
12 FwdBay1 30 Fwd Bay 4
13 Aft Bay 9 31 AftBay6
14 @ Bay 8 32 Fwd Bay 6
15 Fwd Bay 9 33 AftBay$
16 Aft Bay 2 ¥ @ Bayd
17 € Bay 2 85 FwdBayb
18 Fwd Bay 2

TABLE 1. Dispenser Ejection Sequence
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FIG. 10. Shock Response on Cartridge in
Adjacent Bay (A9, Run 5)
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FIG. 11. Pressure Time History Measurement
Pl, Run §

It was apparent from even a preliminary
review of the data that significant shock levels
were being generated by adjacent pressure
cartridge firings; it was possible for a given
cartridge to be exposed to this operational
environment twice before it had to function
successfully. Fig. 12 shows this situation in
the acceleration time history of measurement
location AQ during aft canister function in bay
No. 10, and Fig. 13 repeats it «s the center
canister was functioned.
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FIG. 12. Shock Response on Forward Cartridge
When Aft Cartridge is Fired
(A7, Run 4)

CRITERIA DEVELOPMENT

Because the measured levels exceeded the
existing shock test criteria for the vendor
supplied pressure cartridges, it was decided
to revise these criteria to be more consistent
with the measured environments. All the
adjscent cartridge and bay composite time
histories were reviewed, and the three most

Y AL AAR
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FIG. 13. Shock Response on Forward Cartridge
When Center Cartridge is Fired
(A7, Run 5)

significant amplitude responses were chosen
for further analysis. These time histories,
(see Fig. 14), were analyzed using the digital
shock spectrum program, SFSPEC, to produce
their respective undamped shock and Fourier
magnitude spectra (Fig. 15 through 17). The
computer program solves the response equation
for a single degree-ci-freedom system excited
by the shock time history. The abaolute
maximum response at each natural frequency
incrementally assigned to the single degree-of-
freedom system constitutes the shock spectrum.
Two types of analysis were chosen because
both an impulse shock machine test criteria
and an electrodynamic vibration machine shock
synthesis were desired.

The requirement for an impact shock test
criteria was based on the fact that the pressure
cartridges are supplied by vendors who do not
possess sophisticated shock test equipment.
The Fourier magnitud: spectra of three classi-
cal wave shapes which can be produced by most
commercial impact shock machines were
examined. Of the spectra examined, it was
found that a half-sine pulse spectrum most
closely fit the worst-case Fourier magnitude
composite spectrum from the measured data.
The fit of the spectrum for an 800 g (peak),

0.2 msec duration half-sine pulse is illustrated
in Fig. 18. While these test criteria are an
overtest in the low frequency portion of the
spectrum, they are a distinct improvement
over the previous 30 g (peak), 11 msec half-
sine test criteria.
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FIG. 14. Three Most Significant Time
Histories Chosen for Spectral
Analysis

A review of the shock spectra of the data
acquired in all three axes indicated that the
longitudinal and transverse axis data were
generally lower at all frequencies than the
vertical axis data, This same trend was
exhibited in the time histories of these
measurements.

An evaluation of the operatioral environment
of the pressure cartridge dictated the use of
two half-sine shocks in each of the six princi-
pal axes of the pressure cartridge. The
improved shock test criteria are compatible
with the present pressure cartridge construc-
tion and will provide the needed quality
assurance that future mechanical changes or
defects will be detected by the shock test.
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FIG. 1% Shock and Fourier Magnitude Spectra
for Measurement A3, Run 1




L iinciid i sanit b in AR AL LA it o SRS AL A et A S A A it

w.um-w
sl,om-
w
(2
g
£
g
(=]
g 10
s 10 100 V 500 1000 5000
FREQUENCY (CPS)
1.0 :
g 0w
s
£
g
§ 0014
om Y r — )
s 10 100 S0 1000 5000

FREQUENCY (CPS)

FIG. 16. Shock and Fourier Magnitude Spectra
for Measurement A3, Run 4

An equivalent damage test criteria was
also desired for use in subsequent product
improvement. The simulation criterion can
be used to reproduce the measured responses
during laboratory tests on an electrodynamic
vibration exciter. The criterion was generated
by enveloping the undamped shock spectra of
the three previously selected time histories as
illustrated in Fig. 19.

COMPARISON OF EJECTION SHOCK AND
MIL-STD-810B SHOCK TEST

The differences kctween the ejection shock
environment and the shock response due to
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FIG. 17. Shock and Fourier Magnitude Spectra
for Measurement A6, Run 7

application of the MIL-STD-810B crash shock
test to the dispenser is ~xe'aplified in Fig. 20.
The crash shock spectium was calculated from
the accompanying time history response which
was measured in the end bay of a full scale TFD
dispenser that was subjected to a 30 g (peak),

11 msec, half-sine shock applied through the
store/aircraft interface.

The reduced data spectrums point out the
extreme spectral differences in the two environ-
ments. These differences are significant
insofar as the pressure cartridge is concerned
since its size and rigidity imply high resonant
frequencies.




3 1e generate a distinct ejection shock spectrum on
adjacent siructure or canisters. For exumple,
it would be of academic interest to conduct a
similar ejection response measurerment and
analysis program on the SUU-38 dispenser
using a modified thruster body which is rigidly
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in Fig. 4, should reduce the high frequency
shock spectrum levels. This change is not
practical due to other considerations; further-
more, the existing SUU-38 retention ejection
mechanism performs satisfactorily in the
present environment.

The SUU-38 ejection shock response spectra
should not be indiscriminantly used for other

dispenser ejection mechanisms because of the
unpredicteble effect of seemingly insignificant
hardware differences between dispenser ejec-
tion mechanisms. It is more realistic to
develop individual shock response spectra and
test criteria for each dispenser system unless
ejection shock spectra are available for a
number of similar dispenser ejection
mechanisms.

CONCLUSIONS

1. The self-generated shock environment
produced by dispenser ejection is the dominant
shock environment experienced by the pressure
cartridge. By comparison crash shock test
levels (Fig. 20) contain relatively little energy
in the high frequencies.

2. The shock environment produced by canister
ejection is a highly localized phenomenon and
only transmits significant energy to cartridees
mounted on the same adapter thruster beam.
There is no significant shock transmission to
adjacent bays within a dispenser. Similarly,
the lack of damage to the cargo in the canisters
remaining in the functioned adapter indicates
that the induced shock levels in the cargo are
attenuated by the canister assembly.

3. The best fit Fourier magnitude curve of
Fig. 18 suggested an optimum half-sine pulse
duration of 0.2 msec. It was found, however,

that the control limitations of commercial shock

machines as well as problems with the test
fixture's resonant frequencies made the use ot

a half-sire duration of 0. 5 msec more practical.
While the 0. 5 msec, 800 g (peak) half-sine
Fourier magnitude spectrum is not as good a

fit as the 0. 2 msec spectrum (also shown in

Fig. 18), it is still a considerable improvement
over the original 30 ¢ (peak) 11 msec, half-
sine criteria.

4. The adjacent canister ejection shock test
described in this paper should be considered
unique to the SUU-38 system. Individual
ejection shock test criteria should be developed
for other dispenser ejection mecharisms
because of the influence of unique hardware
Zifferences on the shock spectra.
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DISCUSSION

Mr, Zell (Picatinny Arsenal): What did the
time history for the basic propulsfon force of the
cartridge look like ? What was its overall duration ?

Mr, Denton: The overall duration of the pres-
sure level ?

Mr, Zell: Right, In other words what did the
force-time history look like for the basic ejection
force created bv the cartridge ?

Mr, Denton: The duration of the half-sire pulsc
was approximatelv a half millisecond and the peak
pressure was about 11,000 psi,

Mr, Zell+ At one point we were testing some-
thing that mounted to the cannister, and at the time
there was @ question whether the ¢iection shock was
affecting its operation,  An attempt was made to
simulate the pressure-time history and, as [ recall,

99

a pulse was on the order of 20 milliseconds in total
duration and it was a skewed half sine, Apparentlv
there is a difference in the basic pulses,

Mr, Herzing: T have the paper in mv hand so
mavbe I can answer vour question a titile better,

We do include the pressure-time historv for the
pressure cartridge for that measurement, It is
about 61 2 milliseconds duration, 7504 psi and 1t is
more of a haversine shape with a verv sharp leading
edge, I think, if vou will recall the time-historvy of
the acceleration measurement, it had i little glitch
in the time~historv initially, and that died down,
Then there was the larger part of the time history
and the little initial glitch correlates timewise with
the steep rise on the pressure cartridge, We have
definitely wdentified the characteristic fiequencies in
the acceleration shock spectra as being Jue to local
structural response,
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SHOCK LOAD RESPONSL OF AN ELASTIC ANNULAR PLATE
ON A DISTPRIBUTED FOUNDATION
John R. Mays

Department of Civil and Eknvironmental bngincering
University of Colorado, Denver, Colorado

and
James L. Nelson

Space {/stem Uvnamics
Martin Marietta Corporation, bDenver, Colorado

Lffects of system parameter variation on response spectra of an
elastic annular plate supported by a distributed foundation when
loaded by a dynamic pulse are presented.

INTRODUCTION The effects of parameter variation are pic-
tured by use of families of curves (response
This paper presents a method of analysis spectra), and vesults are shown in dimensionless
for the resporse of an elastic annular plate on form.

a distributed foundation sub)ected to a trans-
verse force pulse applied at the inner edge of

the plate. The pulse shape 1s a sine function PROBLEM STATPMENT AND ANALYSIS

of time having one-half cycle duration. The

plate and the foundation have separate force- An elastic annular plate of uniform pro-

de formation characteristics. The effects of perties supported by a Winkler (1] foundation of
varying stiftnesses, pulse duration, and the negligible mass 1s shown in Fig. 1. The sym-
ratio of inner to outer radii are presented. A metric plate with inner radius b, outer radius
finite difierence technique is used to solve the a, and uniform thichkness h 1s loaded uniformly

nonlinear differential equations.

along the inner surface by a sinusoidal shock
load of amplitude I,, duration tj, and circular
frequ:ncy .. See bigs. 2 and 3.

4+

s

Fig. 1 - Elastic \nnulues on tiartic Support

101




o b o

-

I EEEEEEXEEX

FIT777777 777777777 777777/777

—————r

’
y

F1g. 2 - Elastic Annulus on Elastic Support

The mode shape associated with tne funda-
mental frequency 1s the rigid body mode corres-
ponding to the limiting infinitely stiff plate
(2]. The fundamental period (T|) for the
elastic system can be shown to be

T, = 20di7q (n

where u 1s the mass per unit area of the aanular
plate and 4 1s the foundation modulus (1ntensity
of reaction for a unit of deflection) {3]. Cir-
cumferential modes are not excited because of
the symmetry of the plate and 1ts loading.

The second order nonlinear partial differ-
ential equation of motion fur the plate founda-
tion system can be written as,

. M RE| M
v _ 112 T'r r 177 . 5
3t u[r ir T3 T TT CL‘] @

where ¥ and r represent the Jdisplacement and
radial coordinates respectively, M, and Mg
represent the radial and tangetial plate bend-
ing moments, and t represents time,

In order to express the problem and its
solution in nondimens:ional form, the following
dimensionless vartables are defined:

Radial _
Coordinate r=r/a
F
: - g = = v/v O A °
Displacement = = y/y , where vy q7(aZ- %)
fime T = t/t1

K A > \—! = M
Radial Moment r 1r/lo

langential 1, = M./t (3)
H o
Moment
l.‘lo
Radial T oo S, where & =2 ome—r—
. r r o o Lh-
Curvature
Tangential ‘. \./-.o -
Curvature '
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Fig. 3 - Forve Pulse

where E represents Young's Modulus for the
plate, <, and x¢ represent curvatures in the
radial and tangential directions. The displace-
ment reference quantity y, is the rigid body
displacement of the system when loaded stati-
cally by the force F,. Assuming Poisson's ratio
to be one-half, the governing differential equa-
tion when cast into nondimensional form becomes:

M oM
322 - 3 2 2 r g_ T
gz = AU T 57  Far
o 4)
DR S
T n(1-y<)
where;
= 2
Mr = 3(2'(1‘ + Ko) (4a)
W, = 2fc_+ 2< (4b)
¢ 3I\'r ¢
- S y\ 3%
< () 7 ()
= _ S\13z
Ko = (yz-l') T (49)

and s, v, t are nondimensional system para-
meters Jefined in Table 1.

TABLE 1
Definition of System Parameters

Ratio Symbol Terminology

Y

T T Pulse Duration Ratio

1

? 3

\[i—h‘fz/;:l.’-' S Component Stiffness Ratio

1

% \ Rad11 Ratio

Sttty
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The obvious boundary conditions consist of
zero values for shear and moment at the outer
boundary and zero moment at the inner face. ‘the
forcing function is used to determine the shear
at the inner face boundary.

The governing equation was expressed with
the moment terms clearly isolated so that the
case of the iielastic plate could be casily
studied by replacing the clastic moment-
curvature functions (4a) and (4b) by a defini-
tion of the moment-curvature relations for a
particular yield theory.

NUMERICAL PROCEDURE

In order to solve the partial differential
equation of motion, the plate is divided into N
annular elements each with equal radial di-
mensions. If the displacement z at each point
were known at a given time 1, then a finite-

di fference formulation of equations (4) and con-
sideration of the boundary conditions provide
values for the acceleration *emm, 32z/312, at
each element. These in turn are integrated over
a small step in time, Atr, to obtain new values
for displacements. The entire process is re-
peated continually until solutions of z, M;,and
WMy versus t are obtained for particular values
of the system parameters v, T, and S.

A Fortran IV program was run on the Control
Data Corporation 6400 computer system at the
Graduate School Computing Center of the Uni-
versity of Colorado. 'This program sought maxi-
mum values of z, ﬁ!" and N, (i.max’.ﬂr max: and
My max) within a time period from initilation of
the pulse to one fundamental period beyond pulse
to one fundamental period beyond pulse termi-
nation (0 < v < t; + T;) and aleng a radius (b
< r < a). Therefore, maxima discussed in this

paper refer to the maxima occu.ring at any point
within the plate during tins period of time.

the accuracy of the numerical solution for
a given set of system parameters depend upon
values of N and A1. It was found that the se-
lection of the time step for thc integration
procedure was critical; so that, once a time
step was found to cause the procedure to con-
verge, any smaller steps did not appreciably
change the results. Such a fortunate conclusion
could not, however, be reached i1n the case of
varying the number of divisions. Figs. 4, 5,
and ¢ demonstrate the effect of N on convergence
of z, Mp, and Ny for particular values of T, v,
and S, Because the convergence was slow with N
and because the computing expense increases
rapidly wirth increasing N,a method of projecting
the convergence was determined. In general, the
finite-difference expressions used in the nu-
merical procedures were three-point, central
differences whose error term 1s inversely pro-
portional to the square of N. Therefore, given
data for two values of N, the value at N + =
could be calculated with confidence. The ac-
curacy versus savings in conputational effort of
this extrapolation can be .emonstrated by con-
sideration of the data available from Figs. 4,
S5, and 6. Two asymptotes corresponding to
values projected from data at N's of 18 § 24 and
30 & 40 are shown 1n cach of the three figires.
The cost of obtaining the 30 & 40 projection 1s
five times that for the 18 § 24 projection while
their values differ by 1%, 2%, and 2.5% respec-

tively for zpay, Wy po o and My pay.

VERIFICATION

Checks on the analysis are provided by
consideration of limiting values of the system
parameters y, S, and T. As the ratio of inner

£ max T=.18 "
E 12.80¢ S 2.0008 2
- .25 )
1 v
w i )
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3 ~ €
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Fig. 4 - Convergen:: cf Solution (z) wi1th N
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rad,us to outer radius (y) approaches unity, the plate on an elastic foundation. Again, the
system degenerates into the less complicated naximum deflection is easily obtainable, Figure
case of a r.ng on a foundation. This single 8 is a semi-log plot of maximum deflection
degres-of-freedom problem is easily analyzed for versus Component Stiffness Ratio for T = 0.5
mixinum moments and deflections. 1f § 1s as- nd vy = 0.25. The convergence to ©/2 as S in-
signed 3 value of 0.001, T a vaiue of 0.5, and creases is well defined.
v a value of approaching units, it can be shown
that 2 . x * T 5 Mp pax * 0, and My gy > oo . Finally, as the Pulse Duration Ratio (T)
Figurej clcar{y indicates the convergence of increases without limit the dyr amic case degener
Imaxs Mr maxs and My pax to limiting values as ates to a static loaded annular plate on an
rpproaches unity, elurtic fourdaciion. The conventional use of the
finite-di fference technique was_used to obtain
ds t.e Component Stiffness Ratio (S) in- these limiting values of zya., Mp pax, and Mgax
creases without limit, the system approaches these values are piotted as asymptotes on the
the single degree-of-freedom case of a rigid response spectra.
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RLSPONSE SPLIRA

e results of thrs imvestigation are per-
haps most usetully presented in the form of
respolise Spectrd, .o, I versus T, .Tlr ma
versus Iy and oy pax versus”T. Response spectra
provide the designer with the necessary infomma-
tion to predict maximum deflect:ion, maximum
radtal moment, and max:mum tangential moment for
4 given holf wave sinusordal pulse.

In order to depict the effect of the re-
naning two svstem parameters, y and $, two sets
of response spectra are drawn: one set holding
y constant and varying $ as a family parameter
(figs 9, 11, and 13); the other set holding S
constant and varying v as o family parameter
(Figs. 10, 12, and 14). The constant values of
y = 0.25 and S - 0.001 were chosen from typical
values of a, b, L, h, and q. Values used to
plot the respoise spectra were projected using
various values of N so that a consistent level
of convergence was maintained.

CONCLUSTONS

The response spectra for deflectien, radial
moment,and tangential moment indicate consistent
variation as the parameters are altered. A de-
crease 1n S results :n a more flexible plate.

luls "softer’ system results in larger de-
flections, smaller tangential moments, and somc-
what less cffect on radial moment., An increase
in y produces a plate of smaller dimension re-
sulting in decreased curvature, therefore small-
er deflections and smaller bending moments.

The maximax response, the maximum of the
maxima for a given response quantity, for de-
flection of a singic degree-of-freedom subjected
to a one-half cycle sinusoidal pulse is known to
be approximately 1.8 times the static deflec-
tion. The results of this paper indicate that
similar maximax response for this multiple
degree-of-freedom plate-foundation system may
be many times that for the single degree-of-
freedom system.

This siudy is part of a series of related
studies of the response of nonlinear structural
components to transient loadings {4, 5, 6, 7, 8,
9], The results may be used in some specific
cases of design or for a general understanding
of plate-foundation response problems.
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FRAGILITY

METHODOLOGY AND STANDARDIZATION

FOR

FRAGILITY EVALUATION
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Redondo Beach, California

Modern technology has broadened the meaning of the term fragility. Today it per-
tains to operational and functional aspects as well as to structural or packaging
considerations. System and component hardness relative to dynamic environment is

a concern to systems engineers and managers as well as to packagers and testers.
Sophistication of modern and future systems and components has expanded the eval-
uation methods without maintaining any commonality between methods. A need for
standardizing fragility methodology is shown to exist by means of examples from
prior test and analytical endeavors. These samples point out that much analytical
and experimental work is needed to relate fragility to parameters of wave shape

and frequency content. This will permit fragility qualities to be abstracied to a
wide range of dynamic environments. The examples further serve to emphasize a
strong influence of environment on fragility and a need for fully understanding
dynamic behavior of the system or component (subtle coupling between operaticnal

and stru.tural modes may exist and models of this phenomena nan ze¢ developed). A
general philosophy of fragility methods is presented. The m>thodology is based on

a knowledge of environment at free field, system, or component level; various inter-
pretations of system or component interactions can be made. Standards tests are pre-
sented for shock, transient or vibration testing. Such tests wili help accumulate
data, provide statistical samples and indicate methods of upgrading. Techniques for
enhancing decision processes for selecting off-the-shelf products are discussed.
These include allocation of fragility budgets for components comprising a system and
establishment of a controlled index of product/environment capability.

INTRODUCTION

Methods anu standards are necessary for
quantitatively measuring the ability of systems
and system components to withstand dynamic
environments. Systems and components herein
refer in the broad sense to various equipments,
process controls, humans, facilities, assemblies
and parts. Dynamic environments considered for
this paper involve mechanical shocks, tran-
sients, and vibrations. However, environments
such as temperature, radiation «nd electromag-
netic interference may be similarly treated in
the total system picture either ceparately or as
combined environments. The pericwrinance param-
eter selected to provide the quantitative
measurement is termed fragility. Fragility is
the threshold value of the dynamic envivonment
at which the system/component exhibit? gpera-
tional failure, damage or maifunction(l),

m

Environmental effects on systems/compon-
ents have consistently perplexed engineering
designers. Means of evaluating these e{fscts
have covered a wide technological gamut{Z),
Originally, a prime design consideration was
the selection of materials to withstand various
simple environmerts (e.g., static lcads and
impast). The advent of the missile/spac2 age
brought additional emphasis on determining the
degradation of operational equipment perform-
ance when su?gecte to in-flight or ground
environments{3,4,5), The methods of evalua-
tion therefore widened further.

Many of the systems requiring evaluation
today include closed loop operations such as
guidance equipment or process controllers.
Furthermore, current ystem designs are incor-
porating failure detection comggter software to
enhance the system capability(6). Evaluation
methods involving test verifications of system
performanc? are including on-line computing
facilities(7,8), These recent advances add more




o

dimensions to the eval ation picture. A need
for standardizing fragility methodology clearly
exists,

nnowledge of fragility or hardness levels
permits an assessment to be made of an elemen-
tary compcnent or complete system's probability
of survival or vulnerability. Such assessments
are made with respect to the expected dynamic
environnent. Fragility determinations also pro-
vide the following:

@ Confirmation of system/ccmponent
“weak links" early in the design cycle.

@ identification of unanticipated "weak
Yinks."

e fFormal identification of the most
critical fragile item in a system.
This will provide an index of the sys-
tem suitability for new applications
or changed environments,

® Guideline