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Huang 3

The work presented dy the author at the 39th Symposium
extended and carried through to comparisons of stresses. An exponent
error in generating the fiexibility matrix has been Zound and corrected,
~hich led to approximately 8% increase in the frequencies affected. Three
more comparative solutions have bee . {included: the different mass formu-
lations, as before, but witk a linear-coordinate stiffness derived from
ine full linear-plus-rotational stiffness. This linea~ stiffness produced
stresses about 6% different from the stresses calcula. 1 from the stiff-
ness matrix obtained by inversion of the flexibility matrix.

The shear and bending stresses ir mode 1 for the varicus solutions
are compared first. Then the square roots of the sums cf the squares of
the bending stresses across the modes are compared for the first six modes.
The algebraic sums of the bending stresses a’ross the modes are also com-
pared for the first six modes. The results show that the merimum stresses,
upon which design decisions would be based, are essentisily the same for
all ten of the different solutions, with the range of values about 5%. For
any one coordinate station away from the msximum areas, larger differences
did occur as would be expected. The simple sum of the stresses across the
modes was interesting to observe in that it was consistent between the
various solutiongz and followed the same pattern as the square roots of the
sums of the squares. (All of the calculations and comparisons were carried
through for 12 modes in each solution, and the material presented herein
has been selected to show the general character of the results in condensed
format. The full data are available on request frcm the author.)

?h solution to the Timoshenko

for the beam with rotatory inertia and shear effects, has been
calcvlated for numerical values of frequency for the beam discussed herein.
The results are included in the comparison of the various rrequencies
obtained from the lumped parameter solutions.

Y
(1) has been

besm problem, published by T. C.

I. SUMMARY AND CORCLUSIONS

The responses of a cantilever beam to step-
velocity shock, with shear flexibility and
rotatory inertia effects included, have been
calculated for ten different formulations of
the problem: three different forms of stiffness
and three different forms of mass in various
combinations. The solutions were carried
through to the calculation of stress amplitudes
ir the lowest 12 modes, the accumulated sums cf
stresses ucross the modes, and the square roots
of the accumulated sums of squares across the
modes. Through mode 6, the agreement between
the various solutions was generally tetter than
15 percent on the average, and was frequently
better than 12 percent. No one solution or

group of solutions stood out as more consistent
or more correct than any other. For design
decisions, any one of the solutions would pro-
duce the same result. The doubie problem size
required by the inclusion of rotational coordi-
nates was not worth the extra computing cost,
and the additional eigenvalue calculation re-
quired by the "consistent mass" schemes was not
worth the extra cost. Twenty linear degrees of
freedom with pro-rated diagonal mass was just
as good as forty degrees >f f{reedom with con-
sistent mass, at less than half the cost.

* Superscripts refer to items in the list of references.
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II. CORRFCTICN TO DEFLECTION INFLUENCE
COEFFICIENT MATRIX

In working further on tne cantilever beam
problem previously reported,(l) additional data
and information have been developed which are
discussed below. {The essential data on the
problem and 2 sketch of the system are repro-
duced in the appendix for convenient reference.)
First, an exponent mispurch in the generation
of the deflection influence coefficient matrix

Table 7, reference 1) was discovered end cor-
rected. The error was in the shear flexibility
term, making that contribution too large, so
that the corrected flexibility is smaller. The
corrected flexibility matrix is shown in Table
1, with the 20-20 element about 4 percent small-
er than before.

III. CrlauLasill OF REDUCED STIFFNESS MATRIX
FROM SYSTEM S TFFNESS

The rotational coordinates were eliminated
from the system stiffness to leave a reduced
stiffness matrix with linear cocrdinates only,
by means of the equation:

d =1
Kj1 = Kpy - Kp2Kjp2Koy 1)
»
in whick K;; = reduced stiffness matrix
Kj) contains coordinates to be retained

Ky2 contains coordinates to be
eliminated

K;2,K7) are the coupling matrices

In this computation, the inverse of Kj, was
multiplied against K,,, and the result vas an
identity matrix with off-diagonal elements nd
larger than 107°°, An excerpt from the system
stiffness matrix is shown in Table 2, and the
reduced system stiffness is shown in Table 3.

The reduced system stiffness and the de-
flection influence ccefficient matrix are thec-
retically inverses of each other, so the two
vere multiplied to see how good they were._sThe
largest off-diagonal slement was 0.78 x 10 ~.
When the flexibility matrix was conditioned,
inverted, and multiplied against itself, the
largest off-diagonal eleuent was 0.4 x 10 °, or
a factor of 2 better. The reduction of the sys-
tem stiffness was done by a 1h-digit computation
on the IBM 360 and fed into the other computa-
tions at the IBM 7072 limit of 9 digits. Even
with this kind of computation and careful cross
checking, the reduced system stiffness, KLIN1,
and the stiffness resulting from the inversion
of the flexibility matrix, KLIN2, were differ-
ent. In order to evaluate this difference, the
rest of the computations were carried through
for KLIN1 and KLIN2 separately.

1V. THEORETICAL SOLUTION

During the presentation of the previous
work, the author's attention was called t? ’
solution in closed form of the Timoshenko!2
beam problem by T. C. Huang 3] That solution
has been checked, and numerical results have
been calculated for the lowest 12 modes. The
frequency equation according to Huang is:

2+ [bz(rz-sz)z + 2] cosh ba cosbB

2
-(ﬁz—%} sinh ba sinbg = 0 (2)
1-b“rs

in which

Y
b? = B u? (3)

2ogntl
rl=py (&)

sz =ﬂ%ﬂriz. (5)

o i—{- {r2+s?) + [(rz-sz)2 + h/bzl*} {6)
a2 + g

mass per unit length

total length

moment of inertia of cross-section
ares of cross-section

Poisson's ratio

k = shear form factor

E = Young's modulus

w = frequency in radians/sec.

- NN - ]
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An examination of eq. {2) shows that it is highly
transcendental, and no direct calculation for b
is possible. Consequently, an iterative solu~
tion was set up and carried through on the IBM
T072 after scme hand computations showed that
T-place log tables would not be adequate. The
solution is very touchy, and depends on tu=
small difference of large numbers because of the
dominance of the hyperbolic functions after the
third or fourth mode.

V. COMPARISON OF FREQUENCIES

The frequencies are compared for two theo-
retical and ten lumped-parameter solutions as
follows:

1. THEORY 1 ~ theoretical solution without
shear or rotatory inertia

2. THEORY 2 -~ theoretical solution with shear
and rotatory inertia

3. RMWM - lumped parameter by the author's
ususl vay

4, ARCH - lumpiﬁ parameter vith Archer's
mass (%)

5. MCCY - lumped parameter with McCalley$s

nass(5)



G

N

P

e i AU

T NP

e e

6. RMOD -~ lumped parameter by author mod--
fied to match MCCY higher fre-
quencies

7. RMM LIN 1 Y
lumped perameter with KLIN 1
8. ARCH LIN 1)
from reduced system stiffress
9. MCCY LIN 1 J

10. RMM LIN 2 )
lumped parameter with KLIN 2
11, ARCH LIN 2 ¢
from inverse of flexibility

12. MCCY LIN 2 |

Table U shows the frequencies in the column
order given abcve for the lowest 12 modes. If
one compares the lumped parameter values with
the theorctical values in column 2, the differ-
ences range from - 3.3% to + 4.3% in mode 1,
-1.9% to + 6.9% in mode 6, and - 12.1% to +16.8%
in mode 12. If one looks at these lowest

twelve modes, it is difficult to argue that any
set of frequencies is better than column 3,
vhich is far the simplest to obtain.

VI. CALCULATION OF RESFONSES TO 100 13i/SEC.
STEP VELOCITY

Since the object of many dynamic analyses
is to produce some numbers representing strecses,
the calculations were carried through for the
stresses produced by a step-velocity shock of
100 in/sec. The modal respcnse amplitudes were
calculated by:

L syl ays A
R=X [“’o X, * M *100] (7
in vhich R = model response amplitudes
x°= modal matrix by columns
M = mass matrix

In this equation, xo has been normalized such
that

T

x° HXO =1 (8)
Also, the Xg M multiplication was done as a
matrix times vector computation, and the result-
ing vector was diagonalized before completing
the computation. In this way, the modes were
kept separate until the end.

Once the response amplitudes had been cal-
culated, they were applied directly to the
unassembled stilfness matrix to get the shears
and moments on each end of each beam segment.
This was casy for the 40 x 40 matrices, since
they contained both moment and shear. The
20 x 20 linesr matrices could not be handlea
this way, and the effective force at each mass
poini had to be calculated as:

5 2
F,=MRow {9)

e, .

These effective forces were then used to calcu-
late shears and momen*s in standard fashion.
Stresses, of course, result directly from shears
and moments.

Table ¢ shows the bending stresses in mcde
1, and Table 6 shows the shear stresses in the
same mode.

VII. COMBINATIONS OF MODAL STRESS

One of the most difficult problems to re-
solve in a dynamic araiysis is how to combine
the stress ampiitudes cbtained from tl.e various
mcdes since they ere amplitudes of sinuscidal
functinns, each mode at 2 different freguency.
The most precbable value of the combined func-
ticns is the square root of the sums of the
of the squares of the amplicudes, ani half the
values will exceed this value. Tnis most prob-
able value was computed for the successively
increasing numbers of modes through the lowest
12. The results for the bending stresses
through mcde 6 are shown in Tatle 7.

For comparison, the simple sum of stress
amplitudes through successively increesing
modes was also calculated, using wnatever alge-
greic sign camethrough the ccmputation. ‘This
is Justifiable because the XL M product deter-
mines the sign R, regardless of whetker Xg is
multiplied by (-1) or not. The later muitipii-
cation by X, with its (~1) would cancel out the
cign multiplier on Xg. The simple sums of the
b 'nding stresses through mode 6 are shown in
Table 8,

It is worth noting that the simple sums do
produce the same result in tke various sclu-
tions, even though about half of the eigenvec-
tors were ,egative in comparison to any one
selectrd as standard. It is also worth noting
that the simnle sum stress for the first few
coordinates is consistently about 1.6 times tne
square root o. sum of squares values.

XIII. HOW MANY MODES TO USE

The modal effective mass is frequently
used to determine how many modes are needed for
an adequate solution. With the normaiization
on X, shewn in eq. (8), it follows that

MXX M=N (19)
o ©°

or 2
(x'}:' M =M {11)

If the modal effective mass is defined as (X‘M)z,
then all of the effective masses must add e

to the total mass. On this basis it is argued
that enough modes must be taken for the effec-
tive masses to sum to 95 percert of the total
mass, or some other percentage.

The author prefers to consider that, how-
ever the provlem is laid cut, & loop in a mode
needs about 3 coordinate stations in order for
it to be properly represented in the analysis,
Just us in a Fourier analysis of a signal. 5o




ey

haid e aicd

TR

with &0 cocrdinate stations, 6 or 7 loops are
the maximum *.3t -an be well represented. An
examination ¢f ‘he mode shapes showed that the
6th modes all nad 3 coordinates per loop, while
6 of the 10 soiutions for the Tth mode had loops
with only 2 ststiors,

Table 9 <nows the accumulated sum down the
modes of the modal effective mass divided by
the totul mass. All uf the solutions show an
accumulation of effective mass in excess of 96
percent of the total mass in the lowest six
modes. This observation, pluc the mode shape
observation cited in the previous paragraph,
plus the observation that after mode six the
variocus solutions show increasing divergence,
leads to the coneclusion thet six modes are an
adequate number to represeat the solution to
the problem.

It is interesting to observe that the var-
ious consistent mass schemes sum to more than
100 percent of the total mass after mode 8 or
19, as the case may be. Whether this observa-
tion is significant or not is not yet determin~d
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TABLE 5
COMPARISON OF BENDING STRESSES, PSI, MOOE 1

000000000000 0000000000000000000000000000c00000000000000300000000000000000000°

RMM ARCH MCCY RMOD RMMLING

0e 21365F 05 0620941E 05 Ce 21392t 05 0621382E 0% 06 22553E 05
0.19787€ 05 Je19457E 05 Oe 19812E 05 0,19804E 05 0020892E 05
0o 18216E 05 0617952 05 0s18237€E 05 0.,18230€ 05 0419235€E 05
O 16649E 05 0e 16449E 05 0s16666E 05 Oe 16L61E OS5 0. 17585E 05
Ve 15104E 05 0614963€ G5 0¢15109E 05 0.15102E 05 0015949€ 05
0013551€ C5 0e13470E 05 0.13577€ 05 Oe 13568E 05 Ue14333E 05
0. 12065¢ 05 00 11992E 05 0o 12068E 05 Ce12077E 05 Oe 12746E 05
0. 10573E 05 Ce105R85E 05 0410584E 05 0e 10593E 05 0e11196E 05
0e G1746E 04  0.92152E 04 0091719t 04  0e91607E 04 0e96947E 046
0677982E 04 NeT78BT727E 04 Ve TTB15E 04 04 78129E 04 0e82526E 04
0e 65007E 04  0e65549E 04 066511BE 04  0,64951E 04 0 68819F v4
0652769E 04 0053606E G4 052594 u4 0.52853E U4 0655952:: 04
0041588E 04 Ue42453E 04  0,41607E 04  0e41532E 04 0¢4405EE U4
063144TE 04 Ve32209E 04 0431105E 04 0e31539E 04 0e33276E 04
0022491E 04  0623217E 04 0e022482E 04  0e22371E 04 0423746E 04
0015433 04  0s15770E 04 0e14639E 04 0.14128E 04 0.15613E 04
0 85698E 03 0e 94899E 03 0.88590€E 03 0694874E 03 0090238E 03
0s21291E 03 0443385E 03 0033985E 03 0.41933€ 03 0e41262E 03
0e15636E 03 <-0631766E O1 0.21225E 02 0410268E 03 0410687€ 03
20 <0s77169E 02 0,13765E 02 0e63516E 02 <-0.10987€ 03 0+ 00000E GO

P b Pt gt gt Pt Pt Pt
~NOPOVMEPEWNEFOOONORAD DN

-
0 ®

00000 0000000000000 0000000000000000000.,00000000000000000000000000000000000000°¢

MCCYLINI RMMLINZ ARCHLIN2 MCCYLIN2
0022434E 05 0022418 05 00 21150E 05 0.21054E 05 0021029E 05
00 20782E 05 0s20767€ 05 2¢19589E 05 0s19501E 05 0e19477E 05
0e19133E 05 0,19120E 05 0. 18032E 05 0¢17950E 05 0,17929E 05
0e 17493E 05 0e 17481E 05 O¢ 16482E 05 0s16407E 05 0e163B8E 05
0415865E 05 0s15854E 05 Ve 14945E 05 0 14877E 05 0014860E 05
0e14258E 05 0e14248E 05 0613427E 05 0013366E 05 0s13351E 05
0e12679E 05 0e12671E 05 0¢11936E 05 0.11883E 05 0.11869E 05
0s11138E 05 0.11130€ 05 0. 10482E 05 J3,10435E 05 0¢10423E 05
06964428 04 0096381t 04 0.90730E 04 0,90322E 04 0.90221E 04
0e B2097E 04  CeB2046E 04 0.77206E 04 0e76B59E 04 0,76774E 04
0068462 04  0e68420E 04  0664358E 04 0, 64069E 04 06 63998E 04
0055663 04 0455630E 04 0652305E 04 0,52070E 04 0652013 04
0e43B31E 04 0e438B06E 04 0641170, 04  0.40985E 04 0640941E 04
0633104E 04  0s33086E 04 0,31082E 04 0e30942E 04  0.30910E 04
0023624 04 0423611E 04  Ge22171E 04 0s22072E 04  0422049E 04
0e15533E 04  0615525E 04 0.14572E 04  0614506E 04  0614492E 04
00 89776E 03 0s89730E 03  04B841B6E 03  0eB83809E 03 0,83724E 03
0441052E 03  0041031E 03  0s38478E 03  0038306E 03 0e38267E 03
0010633 03  0610628E 03  0699609E 02 00 99163E 02 0e 99066E 02
0,00000E 00  0s00000E 00 0.00000E 00 0.00000E 00 0.00000E 0O

N Pt Pt pmt Pt Pt Pt s Pt Pt Pt
OVI~NOVPIPUWVNFFOODRNTVLWN -
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TABLE 6
COMPAR]SUN (F SHEAR STRESSES, PSI, MODE 1

0000800000800 0000000000008100000000000000000000002000000000000000000000100000000

RMWM ARCH MCCY RMOD RMML 1i¥1

06 725¢1E 03 Ce6T4¥TE 03  0672701E 03 Ve 7T2676F 03 Ve 76455E 03
0272574E 03 0e68547E 03 Q0e472714E 03 Le72663E 03 0.T6412E 03
O 723C5€ 03 0.69071E 03 0.72458E 03  0072356E 03 De 716240E 93
00 72062€ 03 Oe6RAJ2E I3 0.72216E 03 0eT2229E 03 0.75892E 03
OeT0796F 03 Qe 6HR4LBIE 03 0671640E 03 0e71960E 03 0675278 03
Ue T1461E 03 0.68266E 03 N,T0464E U3 06 70 745E 03 0e74343F 03
¢ 68505t 03 Ve68381€ 03 Ne69148E 03 0.68381€ 03 Ve 73031E€ 03
Ce 68A3TE 03 0e 65569E 03 0e67614E 03 0e67742E 03 Qe 71291€E 03
065059 03 0,63271F 03  (1465313E 03 0e66336E C3  04690U77E 03
19 0652373F 03 0e61348E V3 0e53907E 03 061995€E 03 046634TE 03
11 0.60200€E 03 060075€ 03 0659178E 03 0460712€ (3 0663064E 03
12 De56113€ C3 0e55217E 03  0.56751E 03 0e55345€ 03 Ne59197€ 03
13 0652023E 03 0050874t 93 0450874E 03 0,52530€ 03 Ue54T18F 03
14 Oe46141F 03 Ce46907E 03  0.48316E 03 0646269E 03 Ce49607E 03
15 Ce41032E C3  0e41160FE 03 040132E 03 0s41158€ 03 00 43844E 03
16 064 29142E 03 Ne¢32848E 03 0.34514E 03 0e41156E 03 0037417 03
17 0e28119E 03 0626461€ 03 0-23518E 03 0419685€ 03 0430315€ 03
18 06276106 03  0.21343E 03 0e24159E 03 0018789E 03 0622532€ 03
19 0.89481F 02 0.25563E 03 0e¢ 19430E€ 03 0.12910€ 03 0e 14067E 03
20 0.10992€E 03 0e16665E 02 =0629384E 02 0e14956E 03 0649169E 02

OD~NOWNES DN

ARCHLIN1 MCCYLINI RMMLIN2 ARCHLIN2 MCCYLIN2
CeT6044F 03 075984 C3 0471849E 03 0471522 03 0e71431E 03
0e 76001E €3 Ce75942€E 03 0071807€E 03 0¢71480E 03 04 71390€ 03
Oe 75839E C3 0., 75779E 03 0. 71650€E 03 0e71324E 03  0471234E 03
0 75486E €3 0075426E 03  0671309E 03 0. 70985E 03 0470896E 03
Oe T4RT5E C3 0,74817€ 03 0.70721E 03 0470400E 03 070312€ 03
CeT3946E 03 0.73BR9E 03 0669828EF 03 0s69511€ 03 0069424E 03
0eT72642€ 03 0.72587€ 03 0668576E 03  0068265E 03  0,68181E 03
06 70912€ 03 0. 70859E 03 0666919E 03 0.66616E 03 0666534E 03
0.68711€ 03 0.68660€ 03 Ve 64813E 03 0664520€ 03 0e64442E 03
0465996E 03 0.65949E 03 0462221€E 03 Ce61940E 03 0461866E 03
11 0+62732E 03 0.62688F 03 0659110€ 03 0058844E 03 058775E 03
0.58886E 03 0s5884TE 03 0655454E 03 0e55204E 03 0455140€ 03
13 0654433E 03 0654398E 03  0e51227E 03  0650997E 03  0450939E 03
14 N649350€ 03 049319 03  0e46413E 03 0646204E 03 0046153E 03
15 0e43618E 03 0443591E 03  0,40995E 03 0+40810E 03 0640766E 03
16 0437224E ©3 037202E€ 03 0634963E 03 0.34806E 03 0634769E 03
17 0.3C159€ C3 0630142E 03  0628309E 03 0028182€ 03 0628152E 03
18 0e22416E 03 0622405E 03 0421029€ 03 0020934E 03 0620913E 03
19 0413995¢ 03 0.13698E 03 0013120€ 03 0613061€E 03 0.13048E 03
20 0.48918€E 02 0048894E 02 0645€27€ 02 0645622€ 02 0045577€ 02

-
OCOO~NOTVMHWNE

-
~n

10.



TABLE ?
SQUARE ROOT OF ACCUMULATED SUM OF SQUARES OF BENDING STRESS MJIOE 1 T0 6

00000 0000000000000 00000000000000000000000000000000000000000000000000000000000

RV ARCH MCCY RMOD RMMLINY

0e23RASE 05 Ve 234T5E 05 0,23889E 05 0023861E 05 0,25183E 05
002098TE 05 0,20657E 05 0,20985E 05 0,21005E 05 0.22217E 05
0018990E 05 0.18764E 05 0,19037E 05 0.19003E 05 0,20067E 05
0e17392E 05 0s17242E 05 0,17456E 05 0s17402E 05 0,18314E 05
0616149E 05 0,16044E 05 0.16175E 05 0.16152€ 05 0016923€ 05
0. 15242E 05 0015217E 05 0,15301FE 05 0,15262E 05 0.15895E 05
0.14503€E 05 0e14516E 05 0.14580€ 05 00,14516E 05 O0.15015E 05
0e137T76E 05 013838E 05 0,13841E 05 0.13794E G5 0014211E 05
0013221FE 05 0013258E 05 0,13229E 05 0,13217E 05 0013563E 05
10 0.126T0E 05 0,12706E 05 0.12658E 05 0.12682E 05 0.12946E 05
11 0,12002€ 05 0012048E 05 0,12029E 05 0,12000F 05 0.12224E 05
12 0011317 05 0,11412E 05 0.11363F 05 0,11326E 05 0.11503E 05
13 0610650E 05 0,10749E 05 0,10720E 05 0,10649E 05 0.10786E .05
14 0,97810E 04 0098312E 04 0.98173E 04 0,97811F 04 0,98648E 04
15 0,87557E 04 0.87885E 04 0.87825E 04 0.,87491FE 06  0.88089E 04
16 0e78012E 04 0o 78430FE V4 0.78424E V4  O0,TTTOAE 04 0.78084E 04
17 0,65263E 04 0.648B26E 04  0,65805E 04 0,65020% 04 0,64561E 04
18 0e43965E 04  0e4%1232FE 04 0,4336TE 04  0.43232E 04 0042253 04
19 0e17733E 04 0613153E 04 0.156T2E 04 0,16742E 04 0.15583E 04
20 0612919E 03 0,21320E 03  0012441E 03 0.12356t 03  0,00000E 00

OB~NOWVMPIPWN =

0000000000000 0000000000000 00000000000000000000000000000000000000000000000000
ARCHL IN1 MCCYLIN1 RMML IN2 ARCHL IN2 MCCYLIN2
1 0, 25079E 05 0e250T74E 05  0023T734E 05 062364TE 05 0,23627E 05
2 062215TE 05 0,22163E 05 0020854E 05 0,20817E 05 0020812E 05
3 0.,20049E 05 0020065 05 0.18837E 05 0,18844E 05 0,18852E 05
4 0,18292E 05 0,18301F 05 0,17233E 05 0.17234E 05 0,17238E 05
5 00169106 05 0,16918E 05 0,15998E 05 0.16007E 05 0,16012E 05
6 0615929 05 0.15947E 05 0.15126E 05 0.15181E 05 0,15199E 05
7 00150B87E 05 0s15115E 05 0014386E 05 0s14478E 05 0414505 05
8 0e14323E 05 0014360E 05 0613704E 05 0,13833E 05 0.,13871E 05
9 0013731E 05 0s13783E 05 0013161E 05 0s13344E 05 0,13398E 05
10 0013134E 05 0,13189E 05 0,12633E 05 0.12833E 05 0,12889E 05
11 0012385E 05 0012429 05 0011983E 05 0,12153E 05 0,12197E 05
12 0.11667E 05 0e11709E 05 0.11324E 05 0.11494E 05 0,11536E 05
13 0011000E 05 06011056E 05 010660E 05 0.10879E 05 0,10934E 05
14 00,10142E 05 Ue10215E 05 0.97820E 04 0.10064E 05 0.,10136E 05
15 0092013E 04 093081E 04 0.8B7605E 04 0691564E 04  0+492633E 04
16 0083618E 04 0s85160E 04 0.TT853E 04 083413E 04 0684956E 04
17 Os TO4BTE 04  0eT2140FE 04 0.644T5E 04 0.7T0415E 04 0.72070E 04
18 0:46464E 04  064T631E 04  0642231E 04  064644TE 04  0.47615E 04
19 0.17107E 04  0s17526E 04 0015580FE 04 0.17106E 04 0,17525E 04
20 0.00000E 00 0.00000E 00 0.00000E 00 0.00000€E 00 0,00000E 00

11



. ambaselis

e o

ACCUMULATED
...............
1 0437959E 05
2 024245E 05
3 0,14093E 05
4 0.R3895E 04
5 0. 63839E 04
6 0.61418E 04
7 0058344E 04
8 0e%4345E 04
9 0.23112E 04
10 036898 03
11  -0.50040F 03
12 -0.21922E 0l
13 0.58291E 03
14 0,10322E 04
15 0.67412€ 03
16 ~-0.17830E 03
17 ~—0.10225E 04
18 -0.12020€ 04
19 -0.51955E 03
20 =0011T721E 03
ARCHLIN1
1 0,391 T6E 05
2 0o 24840E 05
3 0.14526E 05
“ 0,90144F 04
S 0072767E 04
6 0.T1672E 04
7 00 66TT6E 04
8 0.49525E 04
9 00 26662E 04
10 0437454E 03
11 -0.95150E 03
12 -031880E 02
13 0o 82099E 03
14 0.11588E 04
15 0.58802€ 03
16 ~-0450320E 03
17 ~-0.13114E 04
18 ~-0.12825E 04
19 -0.57318E 03
20 0. 00000E 00

ARCH

0,37920E
0e24129E
0e13515E
0o T7698E
0. 60034E
0. 61059E
06 599T9E
0046839E
e 244 89E
0 38795E
=06 55330E
«0e 15454E
0. 78758E
0013142E
0.97519E
0. 82700E
=0 TOO51E
-0e82355E
~0e%45116E
0.82139E

MCCYLIN1

00 39060€
Ue 24608E
0014275E
0,88328E
0 7201 TE
0.71711E
0066953E
0049246E
0023801E
0 26005E
=0¢54540E
~0e T6B20E
0481549E
0.11551E
0055075E
-0e57960E
-0s14011E
-0s13482E
=0s59709E
0. 00000E

sum OF BENOING STRESSE

05
05
05
04
04
04
04
04
04
03
03
03
03
04
03
02
03
03
03
02

05
05
05
04
04
04
04
04
04
03
03
02
03
04
03
03
04
04
03
00

TABLE 8

s, MODE 1 TO 6

MCCY

038583C
06 264T34E
0613832E
06 78 566E
065927TTE
0060620E
0,60652E
0e4T8T3E
025172E
0433245€
-0+65750€
-0438146E
059509E
0011767E
00941 T1E
0411800E
-00TT500E
-0,10053€E
-0453739E
00 94995E

RMML IN2
0037848E
0024093E
0o 14016E
0.84093E
0o 64305E
00 61637E
Oe57438E
0e4293TE
0021359E
0¢26049E

-0052910E
-0e19046E
0¢59796E
0.98868E
0o 58464E
~0¢32400E
=00 104 TBE
=06 .0733E
-0e49355E
0. 00000E

12

05
05
05
04
04
04
04
04
04
03
03
03
03
04
03
02
03
04
03
02

03
05
05
04
04
04
04
Ve
04
03
03
03
03
03
03
03
04
04
03
00

037929E
(e 24204E
00 14089E
0e843T6E
0e64391E
0s62012E
0458505E
0o #4255E
0.22619E
0.37186E
=048520E
-0¢16999E
0,61182E
0010439E
(e 6354%¢
=0¢33320E
-0 93496E
=0,10707E
-0053910E
-0 12835E

ARCHLINZ
0037342E
0023161E
0013001E
0. 76435E
00 60596E
00 6099TE
0457562E
04 41694E
0.18135E

-0,15865E
«0,87650E
=0¢ 36140E
0.57423E
0.98187E
0046803€
-0+5T810E
-0+ 13525E
-0.13002E
=065TT4TE
0000000:

05
05
05
04
04
04
04
Ve
04
03
03
03
03
04
03
03
03
04
03
03

RMMLINI

00 39695E
00 25785E
0015552E
0097900E
0. 76578E
00 T2404E
0.66754E
0050851E
00 2T968E
0 80099€
=00 97000E
0014530E
0,85022E
0411705
0.70794E
~0e24T10€
~0¢ 10059E
=0¢10554E
~0¢4B8929E
0+00000E

MCCYLIN2
0037196E
0022902E
0012727E
00 T4414E
0459671E
0060891E
0457604E
0041320E
0.17190E

-0627916€
-0497520E
-0 40968E
0056635E
0.9T679E
0.43031E
’00554505
~0e14420E
-0013656E
-0+60121E
0.00000E

05
05
05
04
04
04
04
04
04
03
02
03
03
04
03
03
04
04
03
09

05
05
05
04
04
04
04
04
04
03
03
03
03
03
03
03
04
04
03
00



TAGLE 9
ACCUMULATZD SuUM OF MA3S RATIOS » DOWN THE COLUMNS

0000070000000, 0000000000 000000000000 00 0000000000000 02000000000000000000000000

RMH ARCH MCCY RMOD RMML.iNY

0462843E 00 Ue52988E 00 Ce630U36E 00 06462921k 00 06624855 00
0082475 00 0.82436F 00 NeB24T2E VU 0682526 QU  0.82599E OV
0089296 00 0,895C3F 00 0489479E 20 Je89%65E 00 GeBI4S1E OO
092839 00 2692964 00 04929198 00 0.9292VE GO 0493024E 00
094998E 00 0695384E 00  0.95334F 00 04950858 00 0s95195€ GO
0696434€ 0C 0,96847E 00 0696799E 00 0496521 00 06 56630E 00
0e97437€ 00 098253 00 0098233 GO Ge97519E 00 06.97622E 00
098156k 00 0e992C4E 00 0e99205E GO  0498231E 00 0.98323E 00
0+ 9R679€ 00 Ue1004LE 01 0.10048E 01 098744E 00 0,98825E GO
06 99062 00 0.10142E 01 0.10153€ 01 0.99116E 00 0.99186E 00
0499341E 00 2,10305E 0l 0. 10354E 01 0:99386E Q0  0699445E 00
0.99543F 00 0.10429E Gl 0.10533E 01 0.99580E GO 0.99631Ff 00

et P
N O ODBNTNPSWN -

ARCHL INY MCCYLINY RMML IN2 ARCHL.IN2 MCCYLIN2
00 62569E 00  0462581F 00 0662839 00 0,62928E 00 0.62537€ 00
0e82752E GO 0e82796E 00 0e82578E 00 0e82729E IC 0,82759E 00
JeB968TE 00 0.89745FE 00 0.89455E 00 0,89681E 00 0.89726E 0C
06493318E 00 0e93394E 00 0693024E 00 0.93318E 00 0,93381E 00
06 9555TE 00  0s95650E 0C  0,95197E 00  0.95557E 00 0495637E 00
0e97054E CO  0s97165E 00  0,96631E 00 0,97054E GO0 0,97152E 00
0,98103& 00 0:98231E 00 0697623 00  (e98104E 00 0,98218E 00
00.98856E 00 0.99000C 00 0e98324E V0 0.96857t 00 (e 98987E 00
099405E 00 Coa99564E 00 0,98826E 00 0.99505E 00 0499551E 00
0.99807€E 00 0,99980E 00 099187E 00 (e99807E 00 0+99968E 0C
0. 10010€ oO1 0.10029€ 01 0699446E 00 0.10010€ 01 0.10G28E 01
0. 10032E 01 0410052€ 01 0.99632E 00 0.,10032E 01 0.10051E 01

- s g
N=OODNC AL WN -
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Appandlx

The essential data on the problem and a sketch of the system
are copled here from the previous work, so that less refersnce
fo it is required.

TABLE 1.

STIFFNESS FOR ELEMENT L8Se. INSe RADe

00000000005000000000000000000000000000000000000000000000800000000
2 3 L)
0.86583E 07 <~0,28861E 07 0+86583E 077,
0+91850€ 08 =0,66583E 07 =-0639900E 086,
-0.66583E 07 0428861 OT7 =-0086583E 077,
~0.39900E 08 =0,86583E 07 0.91850E 0804

0.28861E 07
0.86583E 07
-0.208861E 07
0.86583E 07

» WN P

TABLE 2.

A. MASS ACCOROING TN RMM AS USUALLLY DONE

B8. MASS ACCORDING TO ARCHER

E

; 1 2 3 4

; 1 0.63788E-02  0,00000E 00  0.00000E 00  0eUO00OE 00

= 2 0.00000E 00 0¢24319E-01 0.00000E 00  0e00Q00E 00
3 0,00000E 00 0,00000E 00 0.63788E-02 O, 00000 00
&  0.00000E 00 0,00000E 00 0s00000E 00 0o 24315E-01

3 4
1 0+47385E-02 0440095€E-02 0416403E-02 <~0s23693E-02
2 0040095602 06 43740E-02 0023693E-02 -0432005€-02
3 0016403E~-02 0623693E-02 0s47385€E-02 =0s40095E-02
: 4 =0023693E-02 =0¢32805E-02 <-0440095€E-02 0s43740E-02

C.MASS ACCORDING TO RMM MOOIFIED TO MATCH MCCALLEY'S

SWON -

00 63788E~02
0. 00000E 00
0.00000F 00
000000 00

2
0.00000E 00
0413176E~01
0. 00000F 90
0.00000E 00

14

3
0400000E 00
0+.00000€ 00
0463788E-02
0.00000€ 00

4
0.00000E 00
0.00000€ 00
0.00000E€ 00
0613176E-01




(Table |1 continued)

D.MASS ACCORDING TO MCCALLEY =~ LINEAR ONLY

........................................C......................
1 3 4
1 0043095€6-02 0432764E-02 0,20693€E-02 -0.31024E-02
2 06 32764E-02 0.38367€-02 0631024€-02 -0.38178E£-02
3 00 20693E-02 0031024E-02 0e®3095E-02 <=0032764E-02
4 =0031024E-02 =0,38178E-02 <=D,32T764E-02 0,38367E-02

E.MASS ACCORDING TO MCCALLEY - ROTATIONAL ONLY

000000000000 0000 0000000000000 000000000000000000000000000000000:

1 00 28000E~06 =De464871E-03 =0428008E~0% <=Ue%4BT71E~-03
2 =00648T1E~03 0,13268E-01 0.44871E-03 0451621E-02
3 -0,2B008E~-04  0e44871E-03 0,28008E~04  0.44871E-03
4 =0,448T1E-03 0,51621E-02 0.44871E-03 0.13268E-01

F.MASS ACCORDING TO WMCCALLEY =~ LINEAR ¢ ROTATION

000000000000000000000000000000000000000000000000070000000000000:
1 2 3 4
1 0e43375E~-02 0.28277€~-02 0020413E=-02 =-0,35511€-02
2 0028277€-02 0.17105€-01 0035511E~02 00 13442€-02
3 0o 20413E-02 0.35511E~-02 0.43375E-02 ~0.28277E-02
L -0635511€~02 0e13442E-02 <-0.28277€-02 0.17105€-01

fixed end

O N R T Jrzyfi__.-.ff__

AL. tube 6" 0.D. x 1/2" wall x 10 ft.
20 stations along length

y and ¥ coordinates

Fig. 1
CANT ILEVER BEAM SYSTEM
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DISCUSSION

Mr. Verga (Ha.eltine Corp.): It was en-
lightening to see that for the first mode, and
possibly up to the sixtn mode, in a cantilever

beam we could neglect the rotary mass and the
shear.

Mr. Mains: I do not advocate this in
general.

Mr. Verga: In the case of shear, you did
not discuss effect of the ratio of the length
to moment of inertia. K the moment of inertia
becomes quite large, then the shear might have
greater effect.
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Mr. Mains: The shear flexibility was the
order a 273 of the bending flexibility because
the length of the element was equal to its
diameter.

Mr. Verga: The length of the cantilever?

Mr. Mains: Yes, 10 foot cantilever, 20
statfons, § Inches outside diameter. The
length of the segment was the same as its
diameter.
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SHOCX SPECTRA FOR STATISTICALLY MODELLED STRUCTURES

Richard H. Lyon
Bolt Beranek and Newman Inc.
Cambridge, Massachusetts 02138

Shock sensitive equipments used in aerospace and marine struc-
tures are exposed to complex transient loadings. The tran-
sient at an equipment mounting has phase and ampljtude spectra
that fluctuate. If the equipment has several important modes
of vibration, there arises a question of how to combine the
transient responses of the several modes of oscillation into

2 single maximum expected response. The amplitude and phase
spectra of the exciting transient are statistically modellad.
The slope of the phase spectrum at the resonance frequency of
a mode determines the time of the response maximum for that
mode, giving a distribution of times of maximum response.

This distribution, along with the amplitude spectrum, governs
the distribution for maximum of the summed response of modes.

INTRODUCTION

The extreme displacement attained
by any portion of the surface of a flex-
ible structure when 1ts attachments
(edges, base, etc.) undergo a prescribed
transient motion is probably not solvable
in a deterministic way, except for quite
elementary cases. If calculations of
such responses are to include the possi-
bility of irregularities in bourdary con-
ditions, uncertainties in resonance fre-
quencies, and variations in the amplitude
and phase spectra of the applied transilent,
then a statistical approach may be most
appropriate.

The purpose of this article is to
suggest a starting point fer statistical
analysis of the transient response of
multi-dof systems., The emphasis there-
fore 1s on developing an approach rather
than getting detalled answers. The prac-
ticality of this approach will have to
be tested in future applicutions.

THE TRANSIENT VIBRATION OF
MULTI-DOF SYSTEMS

We consider the system sketched in
Fig. 1. The structural frame undergoes
a transient motion y(t). - The structure
deforms due to its inertial tendency to
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Fig. 1 — Flexible structure
excited by frame motion

remain in place. 1In Fig. 2, we show how
the "rigid translation" and surface de-
formation can be comblned to be equiva<
lent to thlis frame excitation. Thus,

the total displacement of the surface is

n(3,t) = y(£) + ny (3,t° (1)

where the induced displacement ni(z,t)
is the solution of

a%n, Thrn .
Pg ';g?'+ Bt + pgkiegVing = -pg¥,

(2)

The motion ny 1s decomposed 1nto
eigenfunctions o% the V* operator that




**
"

0 - 1= Py

y*0

" '-P‘y

.f

Fig., 2 — Decomposition of frame excitation into

rigid body and deformation

individually satisfy the boundary condi-
tlons and are normalized:

v (B) = kb (B)

Jo, (B, (B)ap = 6 (3)
ny (8,t) = ) Ny (E)v, (8)

Ny = [ a8 ng Boedu, () . (4)

The time dependence 1s expressed
through the Fourler transform palirs

FIN_(0)} = N_(0) = [T dt 19 (1)

P N ()} =N (8) = 5k 5 du e729% (0)

(5)

Similarly, the Fourler transform of the
excitation y(t) 1s the complex function
Y(w). If we use Eqs. (4) and (5) in
Eq. (?), and apply Eq. (3), we get

{~w2(1-1n) +w;}Um(w) =w’ys(w)Ap<¢m>p

(6)

where wi=kpk?ci, n=8/w, Ap 1is the suc-
face area of the plate, and <- >; means
a spatlal average over the surface.

The stralghtforward way of solving
Eq. (6) 1s to consider a particular dis-
placement y(t) — a rectangular pulse,
for example — and a particular structure
with known eigenfunctlions — a supported
plate, for example — and calculate the
Nm's term by term, add them up and find
the time history of vibration at any. de-
sired pcsition. However, 1f the struc-
ture 1s not so 1deal, and 1f the fixture
motion y{t) is not so simple, then the
straightforward approach may riot be a
practical procedure. In the remainder
of this paper, we shall explore an
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components

approximate procedure that may be more
useful and economical of effort.

TRANSIENT MOTION OF A
SINGLE RESONAYOR

The modal displacement 1s given by

1
Na(8) = 5% Apq'm>

o mzY( -1wt
x [ gdw iw-w,i!g-mzy s (7

where w;=wp(-1-1n/2), w,=wm(1l-in/2),

The range of integration in Eq. (7)
covers three regions of different dynam-
ical behavior: stiffness controlled,
|o|<wm; mass controlled, |w|>wm; and
resonant or damping controlled ]w zwm

The stiffness controlled term is

1 0 w¥(w) -twt, _ _ (=) -2
2-1T I.Nm wz e dw = -am (t)wm .
m

(8)

This 1s the deformation of the mode due
to inertial reaction to fixture accel-
eration frequency components less than
the modal resonance frequency.

The mass controlled term is
- +
"?% ﬁw|>m do ey (u) = 'y; qOW
m
(9)

These components represent the "limp"
behavior of the structurc, The inertia
of the panel causes the motion at fre-
quency components above wy to be the
negative of the fixture motion., At
these frequencles, the mode "stands
stiii".

The damping contrclled motion is
that most often calculated in transient




response problems:

1 I-qu(w)e'iwt
W 4 (w=w, ) (w-w,)

2 ~lut+i¢(w)
-wNIYlwm)le

1
o near w, (w-w, ) (w,;~w,)

. -“;'Y(wm)'e-imt+1¢(m)
M AR R e [ (=)

near w,

where ¢ i1s the phase spectrum of Y. We
expand ¢(w) about w=-wp for the first
integral

¢(w) 2 ¢(-wpy) + ¢'(w,) * (wtw )
and about w=uwy for the second

¢(w) 2 ¢(w,) + 0'(wm)(w-um) 3

Since y(t) 1is real, ¢(w) is an odd
function gw and ¢' is an even function.
When these are placed into the integral,
the result is

-wmnt/z

2];'_ ,‘"' = amly(wm)le
x sin[wmt-¢(wm)]u_;(t-tm)

where the time delay Ty 1s the deriva-
tive or the excitation phase spectrum,
™Tm=¢*(wn), and u-;(t) is the unit step
function at t=0.

The total displacement is found,
according to Eq. (1) by adding v(t) to
ny which yields

n(B,0) = I A<vov,,(8)
m

-wmnt/z
x {u [Y(o)|e

x sin[wmt-¢(wm)]u_,(t-rm)
+ 387 -l e

Comparing expressions for af') and yé'),
and noting thgt w?<<wd for |w|<uwp, we
can neglect aj~ /w; and write

n(f,t) = ! Ry ¥y ¥y ()

-umnt/Z
x {up [Y(w,)]e

x sin[wmt-o(mm)]u_,(t-tm)
ARV (10)

Equation (10) forms the basis cf
our discussion, It says that the struc-
tural motion hes two components - a
quasistatic lnertial deflection of each
mode due to excitatior Irequercy compo-
rents below the modal fireque:'cy and a
resonant oscillation., ‘ihe amplitude of
the resonant component is progortional
to the magnitude of the excitation spec-
trum at the resonance frequency. The
phase of the oscillatisn is gcverned by
the phase of the excitatinn spectrum,

In addition, there is a time delay be-
fore onset of the oscillation which is
equal to the frequency derivative of the
excitation phase at wp.

As mentioned above, the parameters
wm and ém may be regarded as random pa-
rameters, drawn frem a statistical popu-
laticn of structures. Similarly, we
might also treat ¢(wy) and tm as random
varisbles describing a set of possible
transients. In Fig, 3, we indicate an-
other way this might be done. The mag-
nitude and phase spectra of a pulse are
drawn, and their values as well as the
slope ¢'(w) at w=wp are noted. These
become paramcters for the summation of
modal transient responses. Whether the
populations are formed ad hoe, or wheth-
er they are random samples of a pre-
scribed function, the extreme value <f
the motion will be a random variable.
Thus, a proper expression for the shock
spectra will be the confidence coeffi-
cient that the extreme value of response
does not exceed a certain zmplitude. A
family of shock spectra will then be
generated for each case, and "equivalent"
transients (sine pulse, ramp, etc.)
would be designated by the confidence
coefficient corresponding to the extreme
vaiues of response they generate.

In the re¢nainder of this paper, we
shall briefly examine two cases — the
extreme transient response of a one-dof
system to a rectangular pulse - and the
space average transient response of a
two dimensional plate to the same input.
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3
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Fig. 3 — Sampiing of excitation magnitude
and phase spectra by structural resonances

A TEST CASE-RESPONSE OF RESONATOR
TO SQUARE PULSE l
g

. Suppose that y(t) i1s the function

shown in Fig. 4. 1Its phase and ampli-

tude spectra are shown in Fig. 5. The Yo to

time delay of resonant motion is

¢'st /2. If wet 4<<1, then t, is small

compared to the oszillation period and

Y(wy)=yete. The resonant motion is

o t
’ 2r 4 6v 8w ¥ o
i |
Yo r
|
,
g ]
> 1 0 wio
o fo 2v 4x 6w 83 0w
Fig. 4 — Rectangular displacement Fig. 5 — Magnitude ai4 phase spectra
pulse at base of resonator of rectangular pulse
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vy

e t/2
Npes(t) = 5ougt, €N 4

x sinu,(t-t,/2)u_, (t-t,/2) ,
(11)

which has the s2uproximate maximum value
Yowety as long 43 the damping loss fac-
tor n is small., The stiffness control-
led motion is

- sinuw,(t-t,/2)
5§ = Lyu,t, —m"-;t—';ﬂ— (12)

where we have assumed

y(w) = yoty expliut,/2). If we combine
Eqs. (11) and (12), we get the composite
motion shown in Fig. 6a. At the other
extreme, when wet, 1s large, |Y(w)| is
small, and the mass controlled motion
will dominate., The displacement will
then be

n(t) = y(t) ,

as shown in FPig, 6b. Clearly, in this
case

Tmax = Yo °

THE AVERAGE RESPONSE OF A SET OF
MODES TC A RECTANGULAR PULSE

Taking guidance from our preceding
example, we can generally consider two
classes of modes - low-frequency modes
of order less than M that have damping

controlled response, and high-frequency
modes that move with the base or fix-
ture. Thus

n(E,6) = T Ap<hp¥enlY(an) [hy(t)
+ y(¢) mgm Ay<vp>¥y

where

-u_nt/2
= ! n
hm(t) wp' e

x Sin{mmt—¢(mm)}u_l(t—1m) 8

However, since [

<y >p A =1
allm ™ mp -~ 7

n(@,t)-y(t) = L Aty

* {ug[¥(wp) [hp (£)-y(E)} .

The space average displacement relative
to the base is

> = 2
<n(p,t)> -y (t) mgM Ap<¥y>

x {02 lyCu ) (£)=y ()} .

(13)

If the structure is a two dimen~
sional plate, then the VYp's are two di-
mensional sinusoids with an average

Yo
ﬂ“) Yo wofo
COMPOSITE
o MOTION
DAMPING e
CONTROLLED e i
MOTION — — 1o
s ¥ —- ¢
CONTROLLED i
L -
-
MOTION . .
(a) watoc<l (b) woty>>1

Fig. 6 — Modal displacement when oscillation period is (a) much
larger than and (bg much less than the pulse langth
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value of the crder of

; /2y=-
<> = (.(;Ag ).

Noting that ké=wmlxcg, and that the uwp's
are spaced along the frequency axis with
an average spacing Aw=dpkecg/A,, we can
estimate the second sum in Eq. (13) to
be

—4p-3 -2
y(t) mEM Ap kg'As? £ 107y (t) .

3ince this is only 1% of y(t), we ne-
glect 1t and get

kel
<nlp,t)>=y(t) = —L T Jy(u )|n(t) .
AS m<M

(14)

We can think of Eq. (14) as a ran-
dom sampling of |y| by the resonance fre-
quencies wyp. The calculation can be
carried out deterministically for a known
pulse shape, or by a Monte Carlo simula-
tion if a more complex form of Y(w) is
chosen., 1In any case, Eq. (13) or (14)
appears to be a useful starting point for
a calculation of the statistics of the
transient response of a multidegree of
freedom system.



T

TR

DISCUSSION

Mr. Pakstys (General Dynamics Corp.):
Could you explain again how you got the aver-
age mode shape for the structure you were
considering?

Mr. Lyon: The average mode shape for
tais mfg?e—was calculated on the basis of a

simply supported plate, so that the average
value of the mode shape goes as one over K
squared times the area. That K squared is

23

proportional to frequency and, since you have
the average squared, you get a one over fre-
quency squared in the multiplier on the modal
response. This cancels out the other omega
squared which was upstairs. It turns out for
clamped plates and othor kinds of boundary
conditions that, for the higher modes in which
this kind of analysis would be most applicable,
the average value is still very close even
though the mode shape is not exactly sinusoidal
at the boundaries.
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REVIEW OF MODAL SYNTHESIS TECHNIQUES
AND A NEW APPROACH

Shou-nien Hou

Bellcomm, Inc.
Washington, I. C.

Modal synthesis is a technique of determining mode
shapes and frequencies of a large discrete mass dynamic
system by breaking the system into parts, analyzing the
parts, and then re-assembling the total system using
selected modal information from the parts. This paper
provides an interpretive review of the state-of-art in
both research and aerospace applications. Comments on
each technique are presented. Based on these studies,
a new approach is proposed.

The new approach emphasizes ease of interpretation,
mathematical simplicity, accuracy of results, and computer
capability. This method can yield a spectrum of system
normal frequencies in the range of interest and their
associated mode shapes. Actual boundaries are imposed
between parts, using either rigid body and free-free
elastic modes, or only constrained elastic modes of the
parts. Both compatibility and equilibrium at boundaries
are satisfied for modal coupling. A simple error con-
trol scheme based on convergence of eigenvalues of the

modes from the parts.

total systen is used to ensure adequate selection of

I. INTRODUCTION

Modal information is essential for
performing vibration analysis of a
structural system. When a structural
system is very big, the following diffi-
culties may be encountered:

A. The number of degrees-of-free-
dom (DOF) may exceed the avail-
able computer capability for
eigensolutions.

B. The structural systems may be
too large for modal vibration
testing, especially when free-
free boundary conditions must
be simulated.

C. A large system, such as a space
vehicle, is generally built in
parts and each part may be
associated with different
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contractors in various distant
locations. An assemblage of
all parts for modal testing

is costly, time consuming, and
difficult to handle.

Thus, modal synthesis techniques

provide the following advantages:

A.

Computer capability is ex-
tended to large systems by
reducing the size of matrices
through partitioning and
partial modal coupling.

Modal information may be ob-
tained by analysis or testing

of subsystems. The subsystems
are easier to handle than the
total system, and their analysis
or testing may be performed by
different sources.




C. Actual boundary conditions
may be introduced in the
synthesis scheme.

D. A design change in one part
need only modify the modal
data of the changed part.
The changed modal data can
then be ccupled with the re-
maining unchanged parts.

I1. REVIEW OF THE STATE-OF-ART
The concepts of modal synthesis
were introduced by W. C. Hurty in a

series of pape:s(s-g), the first ap-
pearing in 1960, However, no known ap-
plication was made in the aerospace in-

dustry until the mid 60°'s. Bamford(z)
completed a computer program using
Hurty's method with modification, while

Goldman(3'4) introduced a fresh approach.
Since than, modal synthesis has become a
popular topic in both research and in-
dustrial fields. The key<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>