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ABSTRACT 

An analytical model for the radiative characteristics 

of coatings formed on a cryogenic surface is presented. In 

creating a realistic mathematical model, six different sets 

of boundary conditions are employed in order to determine 

which most closely approximates the actual experimental re- 

sults. The medium is considered to be absorbing and scatter- 

ing; due to the cryogenic temperatures involved, emission is 

justifiably* neglected. The scattering is considered as 

isotropic. To determine the best analytical model, the theoret- 

ical results are compared to experimental data in order to 

provide a test of the validity of the radiative transfer theory 

upon which the analytical predictions are based. Then using a 

combination of experimental results and the chosen analytical 

model, the monochromatic absorption and scattering coefficients 

for H2O and CO2 cryodeposits are simultaneously determined in 

the visible wavelength region. The results are demonstrated in 

the. form of hemispherical-directional reflectance and intensity 

profiles within the medium. Also bidirectional reflectance 

distributions are presented and compared with experimental data, 
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CHAPTER I 

INTRODUCTION 

With the dawning of the space-age many areas of 

science have been required to expand in breadth and depth. 

The demand for a high degree of sophistication in the field 

of radiation heat transfer has come about since radiation is 

the primary, if not the only, mode of heat transport in 

outer space.  Also due to the high cost per pound of payload, 

small safety factors are required which in turn necessitate 

a high degree of accuracy in all fields of science. 

The recent area of interest with respect to radiant 

exchange has been in the region of participating media, i.e. 

media which absorb, emit, and scatter radiant energy.  The 

range of analysis has been from high temperature gas flows 

to low temperature cryodeposits. 

Early interest in radiative transfer was directed 

toward high temperature applications where the absolute 

value of the temperature and hence emission were very impor- 

tant.  More current areas of interest include thermal 

control of space vehicles and long-time storage of cryogenic 

fluids. 

Problems associated with the presence of condensed 

gases on low temperature surfaces have recently begun to 

receive attention.  The effect of cryogenic condensates 

(cryodeposits) on the operation of space simulation chambers 
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has been of interest for some time.  Since present-day space 

simulation chambers employ cryogenic pumping, the test 

vehicle is surrounded by LN-(77 *K) cooled panels.  In order 

to simulate the black sky of outer space and to "minimize" 

the reflection of radiation from the panels to the test 

model, the panels are painted black.  During the period of 

testing, however, cryodeposits form on the cold panels. 

These deposits change the reflectance of the shroud, thus 

altering the thermal environment of the test model.  In 

order to be able to correct the resulting thermal balance 

test data, it is necessary to have the capability of pre- 

dicting the influence of film deposits on the reflection of 

radiation from the cold panels. 

Figure 1, taken from Reference [11,  illustrates the 

change in steady-state temperature associated with the 

increased heat load due to the formation of cryodeposits on 

the floor and walls of a solar simulator. 

Just as the formation of condensates in a simulation 

chamber may cause the almost zero wall reflectance to in- 

crease to significantly high values, film deposits may cause 

the reflectance of highly reflecting surfaces to decrease. 

Cryodeposits may form on the walls of cryogenic storage 

tanks designed for the long-time storage of cryogenic fluids 

in space.  Therefore, the absorptance of radiation by the 

Numbers in brackets refer to similarly numbered 
references in the bibliography. 
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Figure 1.  Changes in steady-state temperature of 
test model due to reflection of solar simulator flux from 
CO2 cryodeposits. 

Source: Mills, D. w., and A. M. Smith.  "Effect of 
Reflections from CO2 Cryopanel Deposits on the Thermal 
Balance of a Test Model in a Space Simulation Chamber," 
Journal of Spacecraft and Rockets, 7:374-376, March, 1970. 
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tank, and thus the boil-off rate of the cryogen, will depend 

on the radiative properties of the deposit.  If the tank is 

shielded from various sources of radiation by shadow shields, 

the efficiency of shielding will depend on whether cryo- 

deposits are present and the nature of their radiative pro- 

perties.  Film deposits can also effect the thermal control 

of space vehicles or even increase the refrigeration load on 

a low temperature device. 

An analysis will be presented for the radiative 

characteristics of solid films on various substrates and for 

various boundary conditions. A comparison will be made 

between the analytical model and current experimental data 

available from a wealth of publications in the recent 

literature. 

In view of the vast progress that has been made in 

the field of radiant transport there is still a crucial need 

for radiant properties such as absorption and scattering 

coefficients.  Most analyses are performed on a non- 

dimensional basis; this yields results which give important 

information with respect to general trends but does not 

reveal much information for numerical design values. 

In this investigation an attempt will be made to 

obtain monochromatic absorption and scattering coefficients 

based on a combination of experimental data and analytical 

results. 

A review of the pertinent experimental and analytical 

literature is given in Chapter II.  In Chapter III the 

/ 
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physical and geometrical problem is1 defined, and in Chapter 

IV the numerical solution to the,transport equation is 

described. The theoretical results of various analytical 

models are presented in Chapter V from which the one con- 

forming most to the data is selected in Chapter VI.  In 

Chapter VII an initial guess criteria is presented for the 

numerical solution.  A discussion of the numerical error is 

given in Chapter VIII, and the analysis for determination of 

property coefficients is presented in Chapter IX.  Finally, 

in Chapter X biangular results are shown. 
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CHAPTER II 

SURVEY OF LITERATURE 

Most of the reflectance characteristics of cryo- 

deposits have been primarilyof an experimental nature such 

as in References [2], [3], [4], and [5]. These experimental 

results are important because any analytical model should be 

validated at least through quantitative agreement with the 

experimental data. 

Several analytical investigations have been conducted 

concerning the radiant heat transfer in an absorbing, emit- 

ting, and scattering medium, but most of the results were 

for high temperature applications and for low values of the 

albedo parameter, W. 

The definitions of hemispherical-angular reflectance, 

angular-hemispherical reflectance, and biangular reflectance 

are of fundamental importance for thorough understanding of 

the material presented hereafter. 

The hemispherical-angular reflectance, p.  is defined 

as the ratio of the intensity reflected from an infinitesimal 

area dA, collected in a specific angular direction to the 

incident intensity which is hemispherically distributed. 

The angular-hemispherical reflectance, p . , is defined 

as the ratio of the flux reflected from an infinitesimal 

element of area dA, collected over the entire hemispherical 

space to the flux reflected from a white perfectly 
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diffuse-reflecting surface which is a beam orientated at a 

specific angle relative to the surface normal. 

The biangular reflectance, p, , is defined as the 

ratio of the intensity reflected from .an infinitesimal area 

dA, collected in a specific angular direction to the inten- 

sity reflected from a white perfectly diffuse-reflecting 

surface.  The incident radiation is a beam orientated at a 

specific angle relative to the surface normal.  The angular- 

hemispherical reflectance can be obtained by integration of 

the biangular reflectance.  For a rough or smooth surface 

it can be shown that the angular-hemispherical and 

hemispherical-angular reflectances are equal.  One of the 

purposes of this research will be to determine whether or 

not it is reasonable that the angular-hemispherical and 

hemispherical-angular reflectances are equal for a cryo- 

deposit and substrate complex. 

I.  ANALYTICAL STUDIES 

Several authors have found solutions to the radiative 

transport equation for various limiting cases and for vari- 

ous values of the governing dimensionless parameters. 

Francis and Love [6] considered isothermal dielectrics on a 

conductor substrate; dielectrics have only a real refractive 

index, whereas conductors have a complex refractive index. 

The dielectric coating was assumed to be a homogeneous, 

absorbing and emitting medium, but scattering was neglected. 

The geometry was regarded to be infinite in extent but with 
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finite thickness.  The dielectric-air and dielectric- 

conductor interfaces were taken parallel and were assumed to 

be perfectly smooth with specular reflectances given by 

Fresnel's law. 

When scattering is neglected closed form analytical 

solutions are often possible as in [6] and Love [7].  Pepper 

[8] has also performed a non-scattering analysis for ice 

cryodeposits.  The correspondence between experimental and 

analytical results was reasonable, but this was only because 

scattering is not prominent for H_0 deposits in the infrared 

region which was considered. 

Analyses which have accounted for scattering have 

been primarily of a high temperature nature.  Hsia and Love 

[9] published a computational method for monochromatic heat 

transfer in the plane, one-dimensional case of a medium with 

a given temperature profile, and anisotropically scattering 

particles suspended.  They approximated the equation of 

transfer by a system of ordinary differential equations, 

applying the classical method of discrete coordinates.  This 

technique is a cornerstone because it permits the applica- 

tion of quadrature approximations to the integral term in 

the radiative transport equation—an integrodifferential 

equation describing the radiation intensity field—and so to 

reduce the transport equation to a system of simultaneous 

ordinary linear differential equations.  The system of 

differential equations was solved by finding the eigenvalues 

and eigenvectors through the method of idempotents.  However, 

8 
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as indicated by Love convergence of the resulting 

computer program could not be obtained for values of the 

albedo parameter, W, greater than 0.7.  It should be noted 

that the double Gaussian quadrature was used in [9]. 

Hottel et al. [10] employed the method of discrete 

coordinates to calculate the biangular reflectance from an 

absorbing, emitting, and anisotropically scattering medium 

with allowance of Fresnel reflection at the boundaries. 

Hottel also solved the system of simultaneous differential 

equations by calculating the eigenvalues and eigenvectors. 

But as indicated by Love, Hottel encountered difficulties in 

obtaining convergence of his eigenvalue program for values 

of the albedo parameter greater than 0.9. 

The most pertinent research recently published with 

regard to cryodeposits was done by Merriam [11].  Merriam 

[11] analytically and experimentally investigated the radia- 

tive characteristics of condensed gas deposits on cold sur- 

faces. Absorbing, emitting, and scattering media bounded by 

diffuse and specular surfaces were considered.  The sub- 

strate, however, was taken as a constant reflecting surface 

regardless of whether or not a deposit was present. This 

assumption neglects the reflectance change that results due 

to the relative refractive index change occurring after the 

deposit forms on the initially bare substrate.  Both gray 

and non-gray models were treated, and the effects of differ- 

ent scattering functions were discussed. Results were pre- 

sented for the reflectance and absorptance of deposits with 
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diffuse or collimated incident radiation.  Good agreement 

was shown between the data and theory for a deposit which 

was essentially non-scattering.  However, a comparison of 

theory and experimental data was not shown for a highly 

scattering deposit. 

Merriam [11] employed two different methods of solu- 

tion.  First the integro-differential transport equation was 

integrated to yield an integral equation.  The integral 

equation was solved by successive approximations.  However, 

the successive-approximations solution of the integral 

equation would only converge for very low values of the 

albedo parameter; for albedo values at which convergence was 

attained, the convergence was extremely slow (10 to 100 

times slower than the method of discrete coordina'tes [11]). 

The second approach of Merriam [11] was to use the 

method of discrete coordinates (24 point single Gaussian 

quadrature).  The eigenvalues and eigenvectors were computed 

by a numerical procedure based on the "method of Danilevsky" 

discussed by Faddeeva [12]. Solutions to the system of 

differential equations were obtained for W = 1.0, but not 

all of the eigenvalues were real for the albedo value of 

unity.  All but two of the roots were real and distinct. 

Hsia stated that based on his experience all the eigen- 

values were real and the roots appeared in positive and 

negative pairs. 

It appears that for various values of W and for 

different orders of quadrature many problems may be 

10 
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encountered, such as when the eigenvalues are complex or 

when the eigenvalues are of multiplicity greater than one. 

Additional problems are-created in finding the eigenvectors 

which correspond to these eigenvalues, and difficulties 

occur in determining the integration constants through the 

boundary conditions. 

Since the coefficient matrix in general is rather 

arbitrary there appears to be many problems associated in 

calculating the eigenvalues and eigenvectors (especially for 

W near unity).  Thus, it seems wise to try a different 

approach, such as a numerical solution to the system of 

differential equations. 

Wolf [13] considered radiation heat transfer in 

absorbing, emitting, and scattering media with arbitrary 

temperature profiles in plane, spherical, and cylindrical 

geometries; the bounding surfaces were taken to be diffuse. 

After reducing the transport equation to a system of ordinary 

differential equations. Wolf [13] solved the system of 

equations numerically.  The two methods used were the modi- 

fied Euler method and Simpson's rule.  As was done by 

Hottel [10] and Merriam [11], Wolf [13] also used the single 

Gaussian quadrature for the method of discrete coordinates. 

Wolf [13] first analytically solved the system for 

W = 0.0 and then used this solution as an initial guess for 

the solution at W = 0.1. This procedure was continued until 

W = 0.6.  Convergence was not obtained for higher values of 

the albedo parameter according to Wolf. Unfortunately, in 

11 
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the visible wavelength region, H_0 and CO« cryodeposits are 

very highly scattering which corresponds to a near unity 

value for W. 

Thus, it appears that a major disadvantage of using 

the numerical approach would be that convergence is either 

very slow or that it is difficult to make a wise initial 

guess for high W values.  It is desirable to have a numerical 

solution in order to avoid the complications of the eigen- 

value computation.  But it is also desirable to have a 

numerical solution for W = 1.0, which can converge in a 

reasonable amount of time by building up the solution from 

W = 0.0 and making successive initial guesses as done by 

Wolf [131. 

Hopefully, one could make an intelligent enough 

initial guess for W = 1.0 so that convergence is obtainable 

without having to waste time solving the case of W = 0.0, 

W = 0.1, and so forth, in order to build up a solution.  It 

is a purpose of this work to develop a means of making an 

initial guess at the solution for W = 1.0 directly such that 

convergence is possible and rapid. 

II.  EXPERIMENTAL RESULTS 

Experimental results are very important since they 

are the physical basis for confirming or disqualifying any 

attempt at an analytical model.  From observation of experi- 

mental data one can use the available mathematical tools and 

laws of physics to try to formulate a realistic model of the 

12 
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observed phenomena. 

It was not the purpose of this investigation to con- 

centrate on experimental technique but rather to use the 

supply of published results as a guide in establishing a 

realistic theoretical model. 

Many of the results are given in the forms of 

hemispherical-angular reflectance, p, , angular-hemispherical 

reflectance, p ., and biangular reflectance, Ph_«  Wood 

et al. [3] measured the angular-hemispherical reflectance of 

C02 cryodeposits on 77 °K black and stainless steel sub- 

strates .  It was found that in all the measurements on cryo- 

deposits, the reflectance decreased as the wavelength 

increased. The measurements taken in [3] were in the 0.37 
i 

to 0.81 micron range. Also the spectral reflectance data of 

CO_ cryodeposits show the same general trends as the total 

reflectance data. The reflectance increases with an increase 

in the viewing angle of the irradiated surface and an 

increase in cryodeposit thickness.  Neglecting the effects 

of the above parameters on the reflectance would introduce 

serious errors in the heat balance calculations.  Why does 

the reflectance decrease as wavelength increases?  Is it 

because the scattering coefficient decreases, or because the 

absorption coefficient increases, or a combination of both? 

McCullough et al. [2] measured the hemispherical- 

angular and biangular reflectances of CO_ cryodeposits in 

the 0.01 to 1.1 micron range.  The surfaces investigated 

were polished copper and rough copper, black paint, and a 
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front surface aluminized mirror, all maintained at 77 °K. 

The total reflectance measurements have indicated the 

following conclusions: 

1. The reflectance of the substrate has a strong 
i 

influence on the total reflectance of a surface 

for thin layers of CO« cryodeposits. 

2. A reflectance plateau will occur for thick 

deposits which is essentially independent of the 

substrate. 

3. The reflectance of a surface is a strong function 

of the viewing angle of the light reflected.  The 

larger viewing angles (from the normal) yield 

higher total reflectances. 

Figure 2 illustrates the trend of the angular dependence for 

a black substrate. 

In [4] the hemispherical-angular reflectance was 

measured in the. 0.5 to 10 micron wavelength range.  Reflect- 

ance data for CO? cryodeposits on stainless steel and black 

paint substrates were presented as a function of wavelength 

and cryodeposit thickness.  In Figure 3 the reflectances of 

C02-black paint, and CO^-stainless steel complexes are shown 

as a function of thickness at 0.75 micron wavelength. There 

is a sharp reduction (almost in the form of a discontinuity) 

in reflectance for a near zero thickness of CO- cryodeposits. 

As the thickness is increased further, the reflectance 

attains a minimum and then increases slowly. McCullbugh 

et_al. [4] attributes this to scattering and absorption 
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phenomena which occur within the cryodeposit.  This decrease 

and subsequent increase are of current interest since it 

shows that depending on the cryodeposit thickness, the 

cryodeposit-substräte complex may possibly either increase 

or decrease the reflectance relative to the bare substrate. 

One purpose of this analytical investigation is to present a 

sound physical explanation for this phenomena. McCullough 

et al. [4] also concluded that the hemispherical-angular 

reflectance of CO- frost is essentially independent of the 

substrate material in the visible wavelength range for large 

deposit thicknesses. 

Wood et al. [14] investigated the variation of H20 

and C0_ reflectances with angle of viewing and deposit 

thickness on a black paint substrate.  It was concluded that 

H20 and CO- cryodeposit reflectances are strongly dependent 

on thickness up to approximately 1 mm.  A further increase 

in thickness resulted in a relatively small reflectance 

change. Also thin film interference effects were observed 

for thin films of both H-O and C02 formed on polished copper 

and black paint surfaces.  In general the presence of the 

thin film caused a decrease in the reflectance.  This 

decrease corresponds to the sharp initial drop in Figure 3. 

Müller [5] measured biangülar reflectances of CO« and 

H_0 cryodeposits on copper and black paint substrates.  In 

general, it was found that as the deposit thickness in- 

creased, the reflectance in the specular direction decreased 

and that the reflectance in the non-specular directions 
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increased. 

Based on the light distributions for roughened glass 

surfaces from [5], it was concluded that an approximate 

mathematical model for a rough surface would be to assume 

the rough interface to transmit radiation specularly, yet 

reflect radiation diffusely.  One of the analytical vacuum- 

interface models for the cryodeposit is due to the experi- 

mental results of [5]. 

In performing any engineering calculations certain 

physical properties are needed. For the determination of 

the monochromatic absorption and scattering coefficients, it 

is necessary to have the refractive index as a function of 

wavelength.  Figures 4 and 5 show the refractive index of 

HJD  and C02 cryodeposits in the visible region. Müller also 

measured the refractive index of the black paint which was 

used in his work; its value was given as 1.48 ± 0.03. 

Brown [15] experimentally measured cryopumping speed, 

thickness, density, optical, and thermal radiation proper- 

ties of physically absorbed gaseous cryodeposits.  One of 

his results was that the extinction coefficient for H^O 

-4 cryodeposits of thicknesses greater than 4.0 x 10  cm was 

3  -1 approximately 1.55 * 10 cm  at 0.6328 microns. 

A realistic theoretical model should show at least 

some of the same general trends as the experimental data 

shown and discussed in this section. 
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CHAPTER III 

ANALYSIS 

I.  STATEMENT OF PROBLEM 

The physical problem is illustrated schematically in 

Figure 6.  Since initially theory and data for the 

hemispherical-angular reflectance will be considered, the 

radiant energy is taken to be diffusely incident upon a 

differential area of a two-layered medium consisting of a 

semi-transparent layer, the deposit, and an opaque (non- 

transparent) substrate.  The surrounding medium is considered 

to be a vacuum with refractive index equal to unity.  The 

cryodeposit is assumed to be a dielectric; a dielectric is a 

substance which has a real number as its refractive index. 

The substrate is taken to be either a dielectric or a non- 

dielectric; a non-dielectric is a material which has a com- 

plex number for its refractive index.  Since the index of 

refraction of the cryodeposit is different from unity, some 

of the energy incident will be reflected at the vacuum- 

deposit interface. Also since the suostrate and cryodeposit 

will' generally have different refractive indices, part of 

the energy incident on the substrate will be reflected back 

into the deposit.  The other portion will be absorbed by the 

substrate. 

The physical coordinate system is also described in 

Figure 6.  Regions 1, 2, and 3 represent the vacuum, deposit, 
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Substrate 
3 

Figure 6. Geometrical arrangement. 
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and substrate respectively.  Since in general the reflec- 

tance in going from medium 1 to medium 2 and the reflectance 

in transversing from medium 2 to medium 1 is not equal for a 

specified angle 8.. = 8„, the two reflectances will be 

designated p..  and p.. respectively. The foregoing also 

applies for the deposit-substrate interface. 

Basic Assumptions 

The two interfaces when assumed as smooth, are taken to 

reflect specularly so that the interface reflectances can be 

calculated according to the Fresnel reflection law. 

The interior of the cryodeposit is taken to be an 

absorbing and scattering medium.  Due to the very low temper- 

atures involved (approximately 77 °K), emission is justi- 

fiably neglected.  The scattering is assumed to be coherent 

(no frequency change).  The directional distribution of the 
D 

scattered energy is characterized by the scattering function 

p(8', <f>' ; 0, <£) such that p(8'# <f>' ; 8, <J>)d{jü/47r represents 

the probability that radiation incident in the direction 

(81, <£') will be scattered in the direction (6, $).  In this 

work the scattering is assumed to be isotropic; thus, radia- 

tion is scattered uniformly in all directions.  The intensity 

field is also assumed to be axisymmetricy hence, the inten- 

sity field is independent of the azimuthal" angle <j>.  The 

intensity field is also assumed to be one-dimensional, 

therefore, dependent only on one spacial coordinate, namely 

the y or T coordinate. 
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The assumption of single scattering is also imposed. 

Because the radiative transport equation is based on conser- 

vation or balance about a differential element, dy, single 

scattering implies that a beam of intensity incident on an 

infinitesimal element can undergo at most one scatter.  This 

does not mean that a beam of intensity can not be scattered 

many times as it travels through the deposit; it only means 

that scatter can occur only once in each differential 

element.  In passing through many dy elements the beam may 

be scattered many times.  Also, as usual in most continuum 

formulations, local thermodynamic equilibrium is assumed. 

The incident radiation is taken to be unpolarized and 

assumed to obey Snell's refraction law. 

Associated with Snell's law is the critical angle 

phenomena; Snell's law states 

n2 sin 8_ = n, sin 6, (1) 

or 

sin e_ = 
nl 
n2 

sin ei (2) 

where n, = 1 and n2 >  1. 

For diffusely incident radiation the maximum angle of 

incidence, 6,, is 90 degrees.  This shows that since (n,/n-) < 

1, the radiation refracted into the deposit is contained in 

the angular region 0 < 8- < sin   (n./n_) < 90 degrees. 

In conjunction with Snell's law is Fresnel's 
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reflection law.  Considering the assumptions made, Appendix 

A shows that the interface reflectances p.., Pni ' and P03 

are functions only of the angle of" incidence and the refrac- 

tive indices of the two media about the interface. 

A reflectance decrease is associated with the relative 

refractive index change at the substrate-deposit interface. 

Initially the bare substrate reflectance is given by 

Pha^i* = Pia^i1 (3) 

(in accordance with Appendix A) since the intensity trans- 

verses directly from vacuum to substrate.  As the deposit 

begins to form on the substrate, several monolayers of 

molecules accumulate.  The thickness of the layer is so 

small that absorption and scattering do not effectively 

occur; however, the radiation must now transverse from 

vacuum indirectly to the substrate by transmitting across 

the extremely thin deposit.  The hemispherical-angular 

reflectance of the thin layer and substrate is now given, as 

indicated in Appendix B, by 

P23(u)[l - p21(u)][l - p12(y1)] 
pha(yl} = P12(V +  [1 - p21(y)p23(y)] (4) 

This abrupt reflectance change from Equation 3 to 

Equation 4 occurs over a thickness of a monolayer.  Plotted 

on a centimeter scale it appears to be a discontinuity as 

shown by the experimental data in Figure 3, page 16. 

The radiative transport equation has been derived in 
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detail by [16] and [17] and will not be repeated here.  The 

transport equation describing the. intensity field for the 

monochromatic, axisymmetric case is 

TT 

cos 6dIjy>6) = -j3I(y,8) + | J" I(y,e')sin e'p^e'Jde1 

2 
+ f- k eb(y) (5) 

The transport equation describes the change of the 

intensity in the direction 6 at a thickness y due to trans- 

versing a. differential thickness dy.  The first term on the 

right represents the attenuation of the intensity as it 

passes through the slab dy due to both absorption and 

scattering.  The second term represents the augmentation of 

the intensity by energy scattered within the slab due to all 

incident beams of energy.  The last term represents the 

augmentation of the intensity as the result of emission from 

the elemental volume corresponding to dy. 

Isotropie scattering corresponds to the condition 

that p(8', 8) =1; negligible emission implies that e,(y) = 

0.  After introducing u = cos 8 the transport equation 

becomes 

1 
d^Hi = - i I(y,u) + 5- J I<y,y>dy'        (6a) 

-1 

It has been found convenient by other authors, 

26 



AEDC-TR-71-90 

Love [7] and Merriam [11], to non-dimensionalize Equation 6a 

in terms of optical thickness, T, and the albedo parameter, 

W. 

Defining 

"/ 

y 

ßdy (6b) 

W = ^ (6c) 

and 

i(T,y) = I(^y) (6dj 
o 

where I  is the incident diffuse intensity and introduction o 

into Equation 6a yields 

ifcH . ziSlülL + %  J i(T,u-)d„. (7) 

Equation 7 together with boundary conditions consti- 

tutes the basic mathematical problem to be solved for the 

description of the intensity field under the assumptions 

that have been hithertofore stated. 

II.  BOUNDARY CONDITIONS 

In the search for a realistic deposit model several 

combinations of boundary conditions were considered for the 
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substrate- and vacuum-deposit interfaces.  The six sets of 

boundary conditions employed were: 

1. Specular reflector and transmitter on a specular 

substrate 

2. Specular reflector and transmitter on a diffuse 

substrate 

3. Diffuse reflector and transmitter on a specular 

substrate 

4. Diffuse reflector and transmitter on a diffuse 

substrate 

5. Diffuse reflector and specular transmitter on a 

specular substrate 

6. Diffuse reflector and specular transmitter on a 

diffuse substrate 

Specular Reflector and Transmitter on a Specular Substrate 

As stated previously the incident intensity is 

diffusely distributed, that is, the incident intensity is 

the same from every direction.  A specular reflector means 

that the angle of incidence is equal to the angle of reflec- 

tion, but the magnitude of the reflection is dependent on 

the angle of incidence as given- in Appendix A.  In mathe- 

matical form the boundary conditions for this model are: 

KT0, - y) = P21(U)KTO,U) + [1 - p12(p1)]n
2Io   (8) 

at the vacuum-deposit interface and 

I<o,y) = p23{p)I(o, - y) (9) 
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I 

at the deposit-substrace interface, or on a non-dimensional 

basis 

i(TQ, - u) = p2L(y)i(ro,y) + [1 - p12(p1)]n
2     (10) 

i(o,y) = p23(y)i(o, - y) (11) 

Specular Reflector and Transmitter on a Diffuse Substrate 

Case 2 differs from case 1 in that the substrate is 

diffuse.  One usually associates diffuseness with a rough 

surface.  Strictly speaking, diffuse only means that the 

intensity incident at any given angle is uniformly reflected 

in all directions.  This, however, implies nothing about the 

magnitude of the diffuse reflectance. Most analyses use the 

diffuse reflectances as a parameter.  In this work the 

diffusely reflected intensity will be taken as the specularly 

reflected Fresnel flux divided by ir.  Mathematically and in 

terms of the boundary conditions this means that at the 

substrate 

2TT  1 
i   r  r i(o,y)   = no)   - -   j     i    p23(y)i(o,  - u)udud<|> (12) 

o    o 

1 

i (o)   =  2    f   p„ (y)i(o,   -  y)ydy (13) 23 
o 

given the vacuum-deposit boundary condition is 

i(TQ, - y) = p21(y)iho,y) + [1 - p12(y1)]n
2    (14) 
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The definition of diffuse hemispherical-angular 

reflectance presented in Equation 13 means that the inten- 

sity incident for every direction is uniformly reflected 

into every other direction, but the magnitude of the radia- 

tion uniformly reflected into all directions is dependent on 

the angle of incidence. 

Diffuse Reflector and Transmitter on a Specular Substrate 

In case 3 the top interface is now taken to reflect 

and transmit the incident intensity diffusely. Again the 

diffuse intensity is assumed to be the integral of the 

specularly reflected and transmitted Fresnel flux, or stated 

algebraically 

i(TQ, - u) - 2 j p21 (u)i(TQ/M)ydu 

+  2J   [1  -   p12(u1)]y1du1 (15) 

^c 

and 

i(o,u)   =  p23(y)i(o,  -  y) . (16) 

where u is the cosine of the critical angle. 

Diffuse Reflector and Transmitter on a Diffuse Substrate 

Case 4 is the same as case 3 except that case 4 has a 

diffuse substrate; the associated boundary conditions are 
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i(TQ/   -  y)   =  2  J   p21(]i)i(zot\ii\id\i 

+J   [1 -  p12(y1)]y1dp1 (17) 
yc 

and 

i(o,y)  - 2   J    p23(y)i(o,  - u)ydy (18) 

Diffuse Reflector and Specular Transmitter on a Specular 

Substrate 

Case 5 is based on the experimental results of [5]; 

the vacuum-deposit interface is assumed to transmit the 

radiation incident upon the interface from either side in 

accordance with Snell's law and Fresnel's law.  It is 

assumed that the intensity incident upon the interface from 

either side is 'reflected diffusely.  The boundary conditions 

may be stated as 

1 
C 2 i(TQ, - u) = 2 j p21(u)i(To,y)ydu + [1 - p^iv^ln 

o 

and 

i(o,u) = p23(y)i(o, - y) (20) 
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Diffuse Reflector and Specular Transmitter on a Diffuse 

Substrate 

By changing the substrate from specular to diffuse, 

case 6 is obtained from case 5.  Case 6 has the following 

boundary conditions 

i{TQ, - u) = 2 / p . (U)±(T ,u)udp + [1 - pn(pJ]n 
*       *L ° *■*     x (21) 

and 

i{o,u) - 2 J    p23(y)i(o, - y)udu (22) 
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CHAPTER IV 

SOLUTION OF TRANSPORT EQUATION 

The solution of the radiation transport equation, 

Equation 7, is accomplished by the nethod of discrete ordi- 

nates'.  The integrodifferential equation is reduced to a 

system of simultaneous linear differential equations by 

replacing the integral term by a Gaussian, quadrature.  The 

quadrature has the form [18] 

/ f (x)dx = I    a. f (x.) 
r i=l :   D 

(23) 
^ = i  J   J 

-1 

where x. are the discrete ordinates whose values depend on 

the order of the quadrature, p, and a. are the weighting 

factors.  With this substitution, Equation 7 becomes 

di(x,u )  -i(T,y,)   w  P 

■    -^ *r- + Aili'i i(T'wJ)        {24) 

where £ = 1, ,p. 

Thus Equation 7 has been reduced to a system of 

simultaneous linear differential equations.  Two types of 

quadrature^ have been employed by various authors. Love and 

Hsia [9] have applied the quadrature formulas separately 

to the ranges of -1 to 0 and 0 to 1. Love [19] has demon- 

strated that, for the isothermal case, the three coordinate 
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approximations on y is quite accurate; this is equivalent to 

using 6 points in the range from -1 to 1, Love and Hsia [9] 

used the equivalent of 8 quadrature points in the range from 

-1 to 1.  Wolf [13] used the single Gaussian quadrature of 

eighth order which has the form Equation 23.  Merriam [11] 

also employed the single Gaussian quadrature and 24 quadra- 

ture points were used in Equation 23.  Hottel, et al. [10] 

mentioned that some authors prefer to split up the integral 

from -1 to 0 and 0 to 1 because of the discontinuity in 

intensity at y = 0 at the bounding surfaces, and also 

pointed out that this complication results in no improvement 

of accuracy.  In Reference [10] the single Gaussian quadra- 

ture of orders 4, 12, 20, and 24 were employed.  The results 

presented for the comparison of different orders of quadra- 

ture showed that the intensity field varied only slightly as 

the order of quadrature was increased from, 4 to 24.  Based 

on these results and an effort to obtain a computer program 

which would converge in a reasonable amount of computer time, 

it was decided to use the single Gaussian quadrature, 

Equation 23, of order 10 for the hemispherical-angular 

reflectance calculations. 

After the transport equation, Equation 7, was reduced 

to a system of differential equations, Equation 24, it was 

decided to solve the system by the Milne predictor-corrector 

method.  The number of steps used in the numerical integra- 

tion was varied from 50 to 200; however, most of the results 

presented were calculated with 50 steps for the range 
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0<T < 5.0. The mathematical expressions of the predictor- 

corrector method from [20] adapted to i(x,u.)[£ =1, . . .« 

p/2]   are 

Predictor 

i(Tn+l'V   = ^n-S'V   + 3 
4h 23T(W 

H'Vl'V + i ^Vi-V] (25) 

Corrector 

^n+l'"*'   " i<rn-l'"t)   + T(a7(Tn-l'"t' 

4§< W  + 3?<Tn+l'V] (26> 

and for I (T ,UA) [i = £■ + 1,   .   .   .   .,  p] 

Predictor 

4h(„di 
^Vl'"!1  = 1(T«H.3'V   + T-l2dT(Tm'uA) 

" aF^m+l'V   + 2dT(Tm+2,V (27) 

Corrector 

^Vl'^1   = 1(xmfl'V  + lfdT(Tm+l'y£) 

+  4^(Tm,P0)   + fe(^_1»V£)) •at'Vi'  T dTvlm- (28) 
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where n = 4, 5, . . , N and m=N-4, N-3, . . . .1 and 

where N is the number of stations employed in marching from 

0 to T  and h is the step size (t /[N -1]). 

In order to use Equation 25, the derivatives at T , 

T  , , and T  «, must be known.  These values can be deter- n-i     n-^ 

mined directly from the given differential equation only 

after the corresponding values at T, , T_, T3, and T. are 

known.  Hence, a starting equation must be used in order to 

obtain these needed preliminary estimates.  The starting 

method used was the modified Euler method which will be 

described shortly.  For the quadrature points 1 = 1,   . . ., 

p/2 Equation 25 estimates a value of i  (x  > 'T-1 o ^ ' Equation 

26 corrects this estimate. The new values of i  (T ,-,,vn) co n+1 I 
thus found can in their turn be used as a new estimated 

value and Equation 26 used over again to correct it.  It has 

been proven that, if the original estimate is not too far 

away from the true value, and if h is sufficiently small, 

the repeated use of Equation 26 will yield a sequence of 

values of i  (T .I/V«) which will converge.  Equations 27 

and 28 are similarly used for the quadrature points £ = 

p/2+1, . . . .,p. 

It'was found that in the range 0<x < 5.0 the 

corrector only had to be used repeatedly at T  = 5 for 5 0 

steps or 51 stations.  However, one may use less steps and 

possibly use the corrector repeatedly at more stations.  The 

fastest method is dependent on one's experience with the 

problem at hand. 
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For the evaluation of the values at the first four T 

stations the modified Euler method of [21] was used.  Basic- 

ally the modified Euler technique is for i(T,u.)[& = 1, . . 

. ., p/2] 

i(xn+l'V = 2 aT(W +  ZF(T»+1'V 
' 

where n = 1, 2, 3 and for i(t,iJj[i = p/2 + 1/ 

^m'V =2 
di di 

iZrr
(Tm-l'wA) + d?(Wj 

(29) 

. ./ p] 

(30) 

where m=N-l, N-2,N-3. 

I.  DESCRIPTION OF ITERATION SCHEME 

Since the current problem is a boundary-valued 

problem, even before the modified Euler technique can be 

employed, it is necessary to make an initial guess at the 

intensity field at the vacuum-deposit interface.  It would 

be advantageous to develop an algebraic expression to deploy 

in a computer program for the purpose of providing this 

initial guess.  The actual expression for the initial guess 

equation will be presented in Chapter VII.  For present 

purposes it is only necessary to mention that the initial 

guess expressions are of the forms: 

i{T,u) = f(x,y,W,To,p12,p23,p21,n) (31) 

id, - w) = g(T,y#w,To/p12,p23/p21,n) (32) 
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Thus for all of the given input parameters it is 

possible not only to estimate the dimensionless intensity 

field in the quadrature directions y„ at T , but also to 

estimate the entire field in the quadrature directions at 

any T station. 

After many attempts at how to best.make an initial 

guess, it was decided to use equations having the form of 

Equations 31 and 32 to guess the intensity field at each of 

the N stations corresponding to T in each of the p quadra- 

ture directions corresponding to y. 

The actual iteration routine used was a forward and 

backward integration scheme. An outline of the iteration 

scheme proceeds as follows: 

1. The input parameters such as refractive indices, 

, optical thickness, and albedo are chosen. 

2. The interval between 0 and T is divided into o 

equal intervals at N stations and the order, p, 

of the single Gaussian quadrature is selected. 

3. Equations 31 and 32 are used to obtain an initial 

guess of the entire-dimensionless radiation field 

in the quadrature directions at every T station 

including T = 0 and T = T , such as the guesses 

i(T0,UÄ) [A = 1, . . . ., p/2]. 

4. Now Equation 24, [A = p/2 +1, . . . ., p] is 
i 

integrated backward (downward) over T from T  to 

0 by holding the guessed values of i(T,u.) A = 1, 

. . . ., p/2 constant and calculating new values 
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of i(T,u.)[£ = p/2 + 1, . . . . , p] by use of 

Equations 27, 28, and 30. 

5. After arriving at T = 0 the boundary conditions 

presented in Chapter III are used to compute new 

values of i(0fy_)[£ = 1, . . . ., p/2]. 

6. Now Equation 24 [£ = 1, . . . . , p/2] is inte- 

grated forward (upward) from 0 to T by holding 

the newly calculated i(x,u.)[£ = p/2 + 1, . . . ., 

p] values constant and computing new values of 

i(T,ii,)[£ = 1, . . . ., p/2] through use of 

Equations 25, 26, and 29.  After arriving at 

T = T new values of i(T ,y.)[£ = 1, . . . ., p/2] 

are available. 

7. Next the values of I^^Q^J^I  " i^To'y£^o'jl 

[£ = 1, . . . ., p/2] are compared with a given 

tolerance (in this case the maximum value had to 

be less than 0.001).  If the difference is 

greater than the given tolerance the boundary 

conditions at the vacuum-deposit interface are 

used to find new values i(T ,u0) [£ = p/2 + 1, 

• • • •, p]* and the entire forward and backward 

marching process is repeated again beginning with 

part 4 of this outline. 

The marching process is repeated again to find values 

i(t ,y0)[£ = 1, . . . ., p/2].  This procedure is repeated 

continuously until the maximum difference between two suc- 

cessive iterations is within the given tolerance. 
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The.solution of the system of equations is obtained 

in terms of the quadrature directions; the intensity is 

given in a direction which corresponds to one of the u» 

quadrature ordinates.  If a solution is desired in a direc- 

tion which is not a quadrature direction, interpolation or 

extrapolation must be used among the solutions in the 

quadrature directions.  Likewise, if the flux at a point 

within the deposit is desired, the integration over intensity 

can be performed numerically by the same order quadrature as 

was chosen for Equation 24. 
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CHAPTER V 

THEORETICAL RESULTS 

I.  CASE 1:  SPECULAR REFLECTOR AND TRANSMITTER 

ON A SPECULAR SUBSTRATE 

The physical description of case 1 has been presented 

in Chapter III.  Now the behavior of the theoretical results 

will be discussed in light of'the analytical structure of 

the model. The boundary conditions for easel are given by 

Equations 10 and 11.  The hemispherical-angular reflectance 

was defined as the intensity reflected in a given viewing 

■direction divided by the diffusely■incident intensity, I . 

Expressed mathematically the reflectance p, (p.) for case 1 

is 

p12(iyi0 , [i - p21(y)i yi 
pha{V i + ~2 r— (33> on o 

or in terms of quadrature directions 

Pha(^> = Pl2^1iJ + [1 - P21(V]l(T°2yA)      <34> n 

where p "< y. <1 and I =  1, . . . , P/2 and also p.. and u 

are related by Snell's law: 

u1£ = [1 - (1 - y^)n2]1/2 (35) 

Figure 7 illustrates the dependence of Pua (Hi) on 
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W   =   1.0 n ■ 1.4 yx =   .94818 

1.0 

^. 

0.8- 

0.6". 

pha(yl} 

0.4- 

0.2 - 

n =  0.82 -  H3.00   (Copper) 

n = 1.44 - i5.32 (Aluminum) 

n 'as 1.48 - iO.OO 
(Black paint) 

i i i i 

Figure 7. Variation of p. (y.) with T for various 
substrates for a case 1 deposit. ° 
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optical thickness for various substrate reflectances.  Of 

noticeable importance is that even though the film is purely 

scattering (W = 1.0) the reflectance may decrease before 

increasing.  Initially the bare substrate has a reflectance 

value p. (y, ) = p. ,(y.) .  The incident radiation goes 

directly from vacuum to substrate. After a monolayer of 

molecules has formed the radiation must travel from the 

vacuum, penetrate through a-film whose refractive index is 

greater than unity and impinge on the substrate.  The 

reflectance is now given by Equation 176.  There is a 

decrease in reflectance because as the radiation penetrates 

into the deposit the beams of intensity are refracted into 

■directions which are at smaller angles of incidence to the 

substrate normal than when no deposit was present*  In fact, 

the incident irradiation is contained in 0° < 6, < 90°, but 

inside the monolayer film the irradiation (most of which 

•transmits through the vacuum-deposit interface) is now con- 

tained in 0° < 8 < 6 . As the angle of incidence between 

substrate normal and the incident intensity decreases, the 

reflectance decreases.  Thus since the substrate reflectance 

decreases, the intensity absorbed by the substrate increases- 

This initial decrease actually appears as a discontinuity. 

It is interesting to note that both the value given by 

Equation 176 and the numerical solution converges to the 

same value by setting T = Q; but of course, use of Equation 

176 is obviously more simple.  To summarize, .this initial 

drop is due to three effects: 
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1. Because of refraction the angles of incidence of 

the intensity at the substrate are reduced thus 

causing a decrease in reflectance as a result of 

the more normal incidence angles« 

2. It is known that the greater the refractive index 

ratio between two media, the greater the reflec- 

tance.  With a bare substrate the refractive 

index ratio is n3/n, or n3 since n, = 1. After 

the monolayer film forms, the refractive index 

ratio at the substrate interface is now n3/n2 

where n2 > 1 (for H20 n2 - 1.2 and for C02 n2 

1.4 in the visible wavelength region). Thus 

since the refractive index ratio decreases, the 

reflectance at the substrate decreases.  For 

n_/n, = 1 the reflectance is zero for all angles 

of incidence.  So as n3/n2 decreases the substrate 

absorbs more radiation;  This phenomena will be 

referred to as the relative refractive index 

change and it is believed that this is the 

principal cause of the initial reflectance drop. 

3. The third cause of the decrease is due to the 

infinite series of reflections which occur at the 

top and bottom interfaces. After radiation 

reflects off the substrate it is incident again 

at the top interface where some is transmitted 

and a portion is reflected back down toward the 

substrate; hence the substrate has another 

44 



AEDC-TR-71-90 

opportunity at the absorption of some of this 

intensity.  At the - substrate part is absorbed and 

a portion is reflected back again toward the top 

interface.  This sets up an infinite series of 

reflections which gives the substrate many oppor- 

tunities at absorption of the radiation*  This 

effect is not of major importance but does have a 

finite contribution to the initial decrease. 

Although the three reasons■for■the initial decrease 

have been discussed separately, they are really coupled 

together and can be calculated by-Equation 176«  Again it 

should be remembered that the optical thickness involved is 

so small that the effect of absorption and scattering is 

negligible for the monolayer deposit. 

As the optical thickness begins to increase, p, (y,) 

decreases again for moderate and highly reflecting sub- 

strates. After the diffusely incident intensity penetrates 

the vacuum-deposit interface all of the transmitted intensity 

is contained only in the directions 0° < 6 < 6  for the mono- 

layer deposit. Therefore the region 0° < 6 < 6 is intensity 

rich and the directions 0 < 6 < 90° are void of radiant c 

energy.  Then as the geometric thickness increases further, 

the deposit begins to approach optical thickness values 

where absorption and scattering become'significant.  Of 

course, for W = 1 only scattering occurs.  Because the 

deposit is still very thin, any given beam of intensity will 

probably only be scattered a few times due to the short path 
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lengths involved.  Now that scattering has begun to occur 

and because the scattering is isotropic, intensity will be 

scattered in all directions and therefore it is only natural 

that some energy will be scattered out of the intensity rich 

directions (0° < 6 <• 0 ) and into the void directions (6 < 0 < c c 

90°).  The intensity in the rich regions has a large likeli- 

hood of escaping the deposit; however, intensity scattered 

into the directions 9 <6 < 90° is incident at the top inter- c 

face at angles greater than the critical angle and undergoes 

total internal reflection.  This intensity is totally 

internally reflected, allowing the substrate to have another 

opportunity at absorption which it did not possess for the 

monolayer film since the monolayer deposit contained no 

intensity past the critical angle.  This accounts-for the 

second decrease of p,  (y.) as the thickness begins to in- 

crease.  The second decrease for the highly reflecting sub- 

strate is small since even though total internal reflection 

occurs the substrate reflectance is still very high, so most 

of the intensity scattered past the critical angle is 

reflected back and forth between the two interfaces and upon 

traveling back and forth many times may be scattered again 

into directions less than the critical angle.  Thus escape 

again becomes possible. The moderately reflecting sub- 

strates show a larger second decrease since more of the 

totally internally reflected intensity will be absorbed at 

these substrates and thus less will be reflected back to 

make escape possible.  The low reflecting substrate does not 
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exhibit this second decrease.  The substrate is almost, 

"black," therefore 98 per cent of the intensity incident 

upon it will be absorbed.  Thus for all practical purposes, 

intensity only impinges on this substrate once and is 

absorbed.  Again isotropic scattering directs intensity in 

all directions and scatters some energy out of the deposit 

and some energy past the critical angle.  The portion 

trapped past the critical angle is totally internally 

reflected and then is effectively totally absorbed by its 

first encounter with the substrate.  Therefore, the energy 

scattered past the critical angle only has its absorption by 

the substrate delayed, instead of being absorbed directly 

like the downward intensity located in directions less than 

the critical angle.  The portion scattered upward at direc- 

tions less than the critical angle is spared interaction 

with the highly absorbing substrate and hence escapes the 

deposit contributing to increasing Pua(v»n) as the thickness 

increases.  This is why for a highly absorbing substrate 

p, (y,) is a monotonically increasing function of optical 

thickness. 

It should be noticed that the intensity reflected 

into the viewing direction is composed of several basic 

components.  For a monolayer deposit the intensity is com- 

posed of two components. The first is due to the reflection, 

from the top interface and the second basic component is due 

to intensity incident upon the substrate and reflected back 

out of the deposit.  After the geometric thickness_increases 
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to where scattering is important, a third component of the 

viewed intensity due to internal scattering must be con- 

sidered.  For the moderate and highly reflecting substrates, 

the second decrease occurs because intensity is scattered 

from the second component into all directions including 

directions past the critical angle.  The intensity scattered 

from other directions into the reference direction is not 

enough to replenish that which has been scattered out of the 

reference direction,  For the black paint substrate the 

second component is essentially zero since practically 

nothing reflects from the substrate.  As scattering becomes 

prominent the intensity reflected from the top interface is 

supplemented by the internal scattering of the intensity 

transmitted downward through the top interface.  Thus the 

reflectance becomes a monotonically increasing function of 

optical thickness. 

As the optical thickness increases further (for 

moderate to highly reflecting substrates) there arrives a 

thickness at which the totally reflected intensity has a 

large likelihood of being rescattered, thus being scattered 

into directions less than the critical angle and hence 

escaping the deposit.  Also as the-thickness increases 

further, scattering becomes more and more predominant thus 

permitting less energy to penetrate to the absorbing sub- 

strate and .therefore causing p, (y,) to increase steadily as 

the thickness increases.  It would appear that if a highly 

scattering deposit approaches a Pua (MiJ value independent of 
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the substrate, it must do so at a very large optical thick- 

ness. 

Figure 8 illustrates the refractive index effect on 

p. (u,).  The higher refractive index film has a greater 

initial decrease corresponding to the greater relative 

refractive index decrease.  The reflection at other thick- 

nesses is less for the higher refractive index because the 

critical angle is smaller.  The smaller critical angle pro- 

duces more trapping and the higher refractive index causes 

more direct angles of incidence on the substrate due to 

greater refraction. 

One of the criteria in choosing an analytical model 

for the cryodeposit is its Pna (VN) dependence on viewing 

angle. Figure 9 shows that as the viewing angle increases, 

p. (p,) also increases.  The angular dependence is stronger 

for a highly absorbing substrate and becomes weaker as the 

substrate reflectance increases.  The reflectance is greater 

at larger viewing angles due to the Fresnel reflection of 

the top interface and also due to the augmentation as a 

result of scattering associated with longer path lengths. 

The initial decrease shows essentially the same angular 

dependence as the Fresnel reflectance of the substrate.  The 

Fresnel curves demonsträte■a strong angular variation for 

dielectrics and indicates an almost totally flat curve for 

metals. 

Figure- 10 indicates the dependence of p, (u,) on 

optical thickness as a function of albedo.  For values of 
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W = 1.0 
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2        3 

Figure 8. Effect of refractive index on p. (y..) for 
a case 1 film. haVHr 
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Figure 9. Viewing angle dependence of Pha^l^ f°r a 

case 1 film for various substrates as a function of optical 
thickness. 
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V1  =   .94818 

l.O-i 

0.8 - 

0. 6 - . 

Pha(V 

0.4 

0.2 - 

as a function 
Figure 10. Dependence of Pha(Vi) on optical thickness 
nction of albedo, W, for a case 1 deposit. 
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0<W<0.9 the reflectance becomes independent of the sub- 

strate for a sufficiently large optical thickness.  As W 

increases the i  required for a limiting p,  value also 

increases.  If the radiative and optical properties of a 

film are known this could be important in determining how 

thick a coating is necessary to change a highly reflecting 

surface to a low reflector.  Economically this could be of 

value by preventing valuable coatings from being sprayed or 

deposited too thick.  Finally it should be noted from a 

comparison of Figure 10 with the experimental data shown in 

Chapter II, that the area of interest for the cryodeposit in 

the visible wavelength region is for 0.9<W<1.0.  This is 

also the region in which it was indicated in Chapter II that 

previous authors have encountered- difficulties in obtaining 

a solution. 

Figure 11 shows the angular dependence of the dimen- 

sionless intensity field at given values of optical thick- 

ness.  For the small optical thickness not much scattering 

has occurred and the critical angle effect is prominent. At 

angles greater than the critical angle the only intensity 

present is that which has been scattered into these direc- 

tions. The intensity for angles less than 8 is greater 

because it contains intensity which has been forward and 

backward scattered and also contains the intensity trans- 

mitted through the top interface and reflected from the sub- 

strate.  Also the intensity in the upward direction is less 

than the intensity in the downward direction due to the 
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X-    =   0.5 
O 

n - 0.82  -  Ü3.00 
(Copper) 

///;///// 

w = 1.0 n =  1.2 

n ■  2.48   -  i3.43 
(Steel) 

T/T     =  0.2 

Figure 11. Angular dependence of the dimensionless 
intensity field, i(i,y), at fixed points for two optical 
thicknesses for a case 1 deposit. 
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substrate absorption.  At the large optical thickness the 

profiles possess no sharp variations since a high degree of 

scattering has occurred, and likewise the scattering has 

produced more diffuse intensity distributions. 

Figure 12 demonstrates the-refractive index effects 

on the directional intensity profile.  The critical angle is 

smaller for the higher refractive index and the dimension- 

less intensity is greater due to the solid angle decrease. 

It is this decrease in the critical angle which causes more 

trapping of the scattered intensity. 

Illustrated in Figure 13 is the dimensionless 

intensity profiles within the deposit along the quadrature 

directions.  The objective is to transverse a path from the 

vacuum-deposit interface down to the substrate and then back 

up again along fixed directions. Two characteristic 

intensity profiles are labeled (A and B) for explanation 

purposes. The point C represents the normalized diffusely 

incident intensity which has a normalized value of unity. 

Upon crossing the top interface the transmitted intensity 

undergoes a discontinuous increase by the amount I2 = 
2 

I,n [1 - p12] due to the solid angle decrease. Following 

direction A, the intensity is attenuated due to scattering 

as it transmits toward the substrate. Arriving at the sub- 

strate, E, the intensity is almost totally absorbed by the 

black paint.  A small portion is reflected back in the for- 

ward direction, A, as indicated at point F. As the intensity 

travels upward toward the top interface it is augmented as a 
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n = 0.82  -  i.13.00 
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yyy/yyyy n = 2.48   -  i5.32 
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W = 1.0 T     =  0.5 
o 
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Figure 12. Refractive index effect on the angular 
distribution of the dimensionless intensity at a fixed point 
for a case 1 film. 
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Figure 13.  Dimensionless intensity profiles within a 
deposit along fixed directions for a case 1 film. 

57 



AEDC-TR-71-90 

result of scattering of the downward intensity into the 

upward directions.  After arriving at the top interface/ G, 

the intensity is reduced discontinuously by the amount 

I, = (l2/n ) tl - p2,J due to the solid angle increase and 

attains the value indicated at P. The point P represents 

the hemispherical-angular reflectance.  The curve with two 

slashes also has the same interpretation except for a 

different fixed direction. 

Curve B represents another characteristic direction. 

Intensity in this direction is due only to intensity 

scattered past the critical angle.  Beginning at K the 

intensity increases in the upward direction due to scattering 

into this direction from other directions.  The intensity B 

is totally internally reflected at the top interface, D, 

since the intensity is incident at a direction greater than 

the critical angle.  After being totally internally 

reflected, B is attenuated as a result of scattering as it 

travels toward the substrate.  Upon arriving at the sub- 

strate, H, the intensity is partially reflected upward as 

indicated by point K. The curves with three and four 

slashes have a similar interpretation for other quadrature 

directions. Also of interest is that the profiles are not 

highly non-linear which implies that the numerical solution 

should converge rapidly and not encounter any instabilities 

associated with rapidly changing slopes. 
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II.  CASE 2:  SPECULAR'REFLECTOR AND 

TRANSMITTER ON A DIFFUSE SUBSTRATE 

Case 2 is similar to case 1 except that now the sub- 

strates are taken to reflect diffusely. The boundary condi- 

tions for case 2 are given by Equations 13 and 14. The 

hemispherical-angular reflectance, Pua> is given by Equation 

34, but for case 2 i(T ,y0)[Ä = 1, . . . ., p/2] will differ 

significantly from that of case 1. 

Since the substrate is diffuse the bare substrate 

reflectance is given by 

1 

•^ha^l* = 2 J   p13*yl)yldyl t36) 

o 

or in terms of quadrature integration 

pha(%}   =   .^  p13(zj)zjaj (37) 

where y.  = x./2 + 1/2. 

Figure 14 depicts the dependence of p.  on optical 

thickness as a function of refractive index.  Still notice- 

able is the initial p.  decrease.  Case 2 indicates a 

greater decrease than case 1. The reason is because for the 

monolayer film of case 1 the substrate is specular, hence 

intensity can exist only in directions less than 6 in both 

the upward and downward directions.  For case 2 the inten- 

sity transmits through the top interface into angles less 
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Figure 14. Effect of refractive index on p. (u,) for 
a case 2 film. na . A 
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than 0 ; however, after reflection at the substrate, the 

intensity is directed uniformly into all directions 

including angles greater than 9 .  When the intensity 

reflected into angles greater than 9 is reflected at the 

top interface these rays undergo-total internal reflection 

and are therefore trapped and reflected back and forth 

between substrate (partially absorbing) and top interface 

(totally reflecting) until being almost entirely extin- 

guished.  Thus as opposed to case 1, intensity is directed 

into angles greater than 9 even before internal scattering 

becomes appreciable.  Since there are no regions void of 

radiation when the film becomes thick enough for scattering 

to become significant, the net effect is not to decrease p. 

due to scattering into 6 < 9 < 90° , but to increase, p.  due 

to scattering intensity from this region, allowing it to 

escape rather than remain trapped. After the initial 

decrease, p.  becomes a monotonically increasing function of 

optical thickness. As the thickness increases the isotropic 

scattering dominates, therefore scattering more and more 

energy out of the deposit and allowing less energy to pene- 

trate to the substrate. The reflectance is lower for the 

higher refractive index again due to the increased trapping 

associated with the smaller critical angle. 

Figure 15 shows the same general angular dependence 

of p.  as case 1, that is, p.  increases with increasing 

viewing angles and the strength of the angular dependence 

decreases as the substrate reflectance increases.  At T  = 0 o 
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Figure 15.  Viewing angle dependence of a case 2 film 
for various substrates as a function of optical thickness. 
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there is little angular reflectance dependence.  Only a 

small angular dependence was noticeable due to the Fresnel 

reflection of the vacuum-deposit interface.  Also depicted 

by Figure 16 is the same quantitative dependence with albedo 

as in case 1.  The limiting T  at which p.  becomes inde- 

pendent of substrate is about the same as case 1 for an 

absorbing film.  The common value of p.  at the limiting 

optical thickness is also the same.  It appears that the 

diffuse substrate only has an effect (different from case 1) 

on'the reflectance at small optical thicknesses.  For the 

sake of clarity, symbols have been placed along the ordinate 

scale in order to indicate the'difference between the bare 

substrate reflectance and the reflectance decrease due to 

the relative refractive index change for the various 

substrates. 

The effect of the diffuse substrate on the angular 

distribution of the dimensionless intensity at a given point 

inside the film is illustrated in Figure 17.  The intensity 

in the downward direction is affected by the critical angle 

phenomena associated with the top surface.  The intensity 

directed upward has a smoother distribution due to the 

diffuse substrate.  In the downward direction the intensity 

is greater than that in the upward direction due to the 

absorption of the substrate.  Also indicated is the decrease 

of 8  for the higher refractive index. 

Figures 18 and 19 show the effect of scattering by 

comparison at two points within a deposit for two different 
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Figure 16.  Dependence of Pv>a (Pi) °n qptical thickness 

function of albedo, W, for a else 2 deposit. 
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n = 1.48 - iO.OO 
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W = 1.0 T = 0.5 o T/T' =0.2 

Figure 17.  Refractive index effect on the angular 
distribution of the dimensionless intensity at a fixed point 
for a case 2 film. 
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T/T0   = 0. 2 

^o = 0. .8 
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I & 
\\ www 

To =  0.5 

® 
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n = 1.48 - iO.OO n = 1.4 W = 1.0 

Figure 18. Angular distribution of the dimensionless 
intensity at two points, within two case 2  deposits on a 
black paint substrate. 
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T/TO = =  0 .2 

T/To  = »  0 .8 
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Tn = °-5  /> = 5.0 

n = 1.44 - 15.32 n = 1.4 W = 1.0 

Figure 19. Angular distribution of the dimensionless 
intensity at two points within two case 2 deposits on an . 
aluminum substrate. 
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optical thicknesses.  Figure 18 shows that for a black paint 

substrate the shape of the intensity profile is primarily 

determined by the two interface boundary conditions.  The 

T  =0.5 deposit has the characteristic critical angle 

effect for intensity directed in the downward direction and 

the smooth profile for intensity in the upward direction. 

The intensity in the upward direction at T/T  = 0.8 is 

greater than for \/\     =  0.2 due to more scattering in the 

forward direction; the intensity is attenuated due to 

scattering as the rays travel downward.  For a large optical 

thickness, Figure 18 indicates that for a point near the top 

interface the specular transmission is significant.  However 

for a point near the substrate the intensity profile is very 

smooth due to the diffuse substrate and the occurrence of 

substantial scattering. 

In both Figures 18 and 19 the enclosed areas can 

"roughly" be associated with flux.  It is obvious that for 

the thin deposit there is more energy near the substrate 

than for the thick deposit, and hence more energy is avail- 

able for absorption by the substrate for the thin deposit. 

The reason for less energy being available near the sub- 

strate for the large deposit is due to attenuation of the 

rays in the downward direction caused by scattering.  Figure 

19 shows, in general, the same phenomena except for a 

moderately reflecting substrate.  The main difference here 

is that the intensity in the upward direction is much greater 

than in Figure 18 since the substrate is no longer nearly 
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"black." 

Illustrated in Figure 20 are the dimensionless inten- 

sity profiles for a case 2 deposit.  Two characteristic 

intensity profiles are labeled (A and B).  The point C 

represents the normalized diffusely incident intensity. 

Upon crossing the top interface, the transmitted intensity 

undergoes a discontinuous increase due to the solid angle 

change and due to internal reflection.  Following direction 

A, the intensity is attenuated due to scattering as it 

transmits toward the substrate. Arriving at the substrate, 

E, the intensity is almost totally absorbed by the diffusely 

reflecting black paint. A small portion is diffusely 

reflected back in the forward direction, A, as indicated at 

point F; the reflection is seen to be diffuse since the 

intensity is the same in all directions at the substrate. 

As the intensity transverses upward it is augmented as a 

result of scattering.  After arriving at G, the intensity is 

reduced discontinuously, and the-hemispherical-angular 

reflectance is represented by point P. 

Curve B represents another characteristic direction. 

Intensity in this direction is due to intensity scattered 

past the critical angle and also intensity diffusely 

reflected from the substrate.  Beginning at F the intensity 

increases in the upward direction due to scattering.  The 

intensity B is totally internally retiected at the top inter- 

face, D, since the intensity is incident at a direction 

greater than 6 .  After being totally internally reflected, 
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n = 1. 4 
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n = 1. 48 

2.0- 

1.6-^ 

1.2- 

i(f,vi) 

0.8- 

0.4- 

- iO.OO 

->__ i (T ,vi) upward 

-<— i ( T , -y) downward 
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Top interface 

•Substrate 

Diffusely incident intensity 

Total internal reflection 

"B" 1 

Figure 20. Dimensionless intensity profiles within a 
deposit along fixed directions for a case 2 film. 
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B is attenuated as a result of scattering as it proceeds 

toward the substrate, H, where it is diffusely reflected 

back to point F.  Again the profiles are not highly non- 

linear, indicating the numerical solution should be rapidly 

convergent and accurate. 

Presented in Figures 21 and 22 is a comparison of the 

specular reflector and transmitter for the two types of 

substrates—specular and diffuse.  Figure 21 shows that the 

effect of a diffuse substrate is to make the initial decrease 

greater.  Also the difference in p, (y.) between the two 

cases is only significant at small optical thicknesses.  The 

reflectance at larger optical thicknesses becomes independent 

of the angular nature of the-substrate reflectance.  For the 

black paint substrate even at small thicknesses the p, 

difference was negligible, as shown. This implies that if a 

substrate is black it absorbs almost everything incident 

upon it and that it does not matter whether the reflection 

occurs diffusely or specularly.  The significance is that 

hemispherical-angular data taken on a black substrate, at 

this viewing angle, has no dependence on the type of angular 

reflection which takes place at the substrate; hence the 

data can be more clearly analyzed in terms of scattering 

effects without much concern over any substrate effects. At 

T  =0.5 the reflectance data for a moderate or highly o 

reflecting substrate is very dependent on the angular nature 

of the substrate reflectance. 

Figure 22 illustrates the influence of the critical 
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^ = .94818 

1.0 -. 

0.8 - 

0.6 - 

pha(wl} 

0.4 

0.2 - 

Figure 21.  Comparison of case 1 and case 2 deposits 
for the dependence of Pha^i^ as a function of optical 
thickness. 
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Case 2 

(Copper) 

n = 1.44 - i5.32 
(Aluminum) 

n = 1.48 - 10.00 
(Black paint) 

W - 1.0 n - 1.4 T -  0.5 o 

Figure 22.  Comparison of the angular distribution of 
the dimensionless intensity at a fixed point for case 1 and 
case 2 deposits. 
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angle phenomena on the downward intensity in both cases. 

The upward intensity of case 2 has a smooth distribution due 

to diffuse reflection, and case 1 has the characteristic 

distribution for specular reflection-from the substrate. 

Also the intensity in the upward direction is greater for 

the specular substrate than for the diffuse substrate on the 

moderately reflecting substrates. 

III.  CASE 3:  DIFFUSE REFLECTOR AND 

TRANSMITTER ON A SPECULAR 

SUBSTRATE 

For case 3 it was assumed that the top interface 

reflected and transmitted radiation diffusely.  As an 

approximation the diffuse reflector and transmitter should 

correspond to a geometrically rough surface.  This by no 

means is the best model of a geometrically rough surface; 

however the development of reflectance and transmission 

relations for a given degree of mean surface roughness has 

not yet been developed anywhere near to that of smooth 

Fresnel surfaces.  The model for calculation of the diffuse 

interface reflectance was proposed in Chapter III.  The 

boundary conditions correspond to Equations 15 and 16.  The 

boundary condition, Equation 15, expressed in terms of the 

Gaussian quadrature is 

P 
i(To'-*V = -lL   p21(Zj)i(to'Zj)Zjaj 
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+ (1 - y_)  I      [1 - p15iy.;]y.a-        (38; 

where 

x.   . 

■j - r1 + I 

(1 - u )     (l + u ) 
j       2   "j      2 

and £ = 1, . . . ., p/2. 

The values of i(T ,z ) are not the same as the solu- 

tions in the quadrature directions, x..  The values of 

i(T , Z.) are obtained by using a Lagrangian interpolation 

among the solution in the quadrature directions.  The 

expression for the hemispherical-angular reflectance, Pua' 

is given by 

1 
pha(V = pha = 2 J P12tWi'V1dy1 

+ 2 | [1 - p21(u)]i(To,y)udy    (39) 

or in terms of quadrature integration 

pha(yl > " pha " J, p12izj)zjaj 

p 

P 
+ (1 - ue>  I [1 - P21

(yj)li(t0,yj)yjaj 
J_1 (40) 
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where £ = 1, . . . ., p/2 and z. and y. are defined the same 

as for Equation 38. 

Since the interfaces are assuired to be diffuse, there 

is no viewing angular dependence because by definition the 

reflection is the same in all directions. 

Figure 23 demonstrates that the initial decrease is 

drastic compared to that of cases 1 and 2.  Symbols have 

been placed along the ordinate scale in order to indicate 

the difference between the bare substrate reflectance and 

the reflectance decrease due to the relative refractive 

index change. The decrease for case 3 is related not only 

to the relative refractive index change, but also to 

increased trapping.  The intensity transmitted through the 

top interface is spread uniformily in all directions; some 

of these directions correspond to extremely long path 

lengths and are effectively trapped. Also radiation which 

transmits into near normal directions, after being reflected 

from the substrate, encounters a high internal reflectance 

at the top interface, and thus not as much is allowed to 

escape the film.  In cases 1 and 2, for near normal direc- 

tions, the internal reflectance is-almost zero. 

As the optical thickness increases and scattering 

begins to occur, there is an increase in p,  due to 

scattering.  Since initially there are no directions void of 

energy, the scattering contributes monotonically to increas- 

ing p,  with increasing optical thickness.  The higher 

refractive index deposit has lower p.  values because of the 
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Figure 23. 
case 3 film. 

Effect of refractive index on p.  for a na 
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influence of the relative refractive index change at the 

substrate and also because the internal reflectance at the 

vacuum-deposit interface is higher, thus allowing less 

energy to escape.  The diffuse top interface appears to have 

a dominating effect on the reflectance since there is not as 

sharp an increase in p.  with optical thickness as in the 

two previous models.  The p,  values are substantially lower 

than for cases 1 and 2 at corresponding T values. 

Figure 24 shows the variation of p,  as a function of 

W.  The absorbing deposits again approach a common limiting 

value, but this value is less than that of cases 1 and 2 due 

to the increased trapping of the diffuse boundaries.  Figure 

25 indicates the directional intensity profiles are very 

smooth even for a small optical thickness.  This should be 

expected since the scattering is isotropic and the bounding 

interfaces are diffuse.  Because of the relative refractive 

index change and the increased internal reflection at the 

top interface, the intensity for the higher refractive index 

is the smaller. 

Demonstrated by Figure 26 is that the intensity in 

the upward directions is higher near the top of the deposit 

than near the bottom due to scattering.  Also evident is 

that for the small optical thickness there is more energy 

located near the substrate where the absorption occurs. 

Illustrated in Figure 27 is that for a moderately high 

reflecting substrate and T  =0.5, the intensity profiles 

are almost uniform throughout the deposit.  For x = 5.0 
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W = 0.0  - 

o 

D 

6 

n «= 0.82 - Ü3.00 (Copper) 

n = 1.44 - i5.32 (Aluminum) 

n = 2.48 - i3.43 (Steel) 

Figure 24. Dependence of pha on optical thickness as 
a function of albedo, W, for a case 3 deposit. 
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y y y y y 

n ■ 1.44 - i5.32 
(Aluminum) 

n ■ 1.48 - iO.OO 
(Black paint) 

0.82 - Ü3.00 
(Copper) 

0.5 W = 1.0 T/TQ =0.2 

Figure 25.  Refractive index effect on the angular 
distribution of the dimensionless intensity at a fixed point 
for a case 2 film. 
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T/TQ = 0.2 

T/T  =0.8 
o 

01 

I  g v\ \ \ \ \ \ \ 
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To = 5.0 ( 
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= 0.5 

>> 

n = 1.48 - iO.OO (Black paint) 

W - 1.0     n = 1.2 

Figure 26. Angular distribution of the dimensionless 
intensity at two points within two case 3 deposits on a. black 
paint substrate. 
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T/TQ - 0.2 

T/T  =0.8 o 

VWWW^ 

0.5 

n = 1.44 - i5.32 (Aluminum) 

W - 1.0 n - 1.4 

Figure 27. Angular distribution of the dimensionless 
intensity at two points within two case 3 deposits on an 
aluminum substrate. 
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the intensity near the substrate is much lower than near the 

top since scattering has caused substantial attenuation. 

Shown in Figure 28 is the dimensionless intensity 

profiles for a case 3 deposit. A characteristic intensity 

profile is labeled A.  The point C represents the normalized 

diffusely incident' intensity. Upon crossing the top inter- 

face the transmitted intensity undergoes a discontinuous 

decrease, H. This is because now the intensity is diffusely 

transmitted into all directions and the main effect is a 

uniform decrease by an amount equal to all of the intensity 

which does not transmit through the top interface.  Following 

direction A, the intensity is attenuated due to scattering 

as it transmits toward the substrate, E. After almost com<- 

plete absorption at E, the intensity is specularly reflected, 

F. As the intensity transverses-upward from F, it is 

attenuated slightly due to scattering, but the intensity 

increases since it is strongly augmented as a result of 

scattering from other directions into the direction A. 

After arriving at G, the intensity is partially internally 

reflected back to H and partially transmitted to point P, 

which represents the hemispherical-angular reflectance. 

IV.  CASE 4:  DIFFUSE'REFLECTOR AND TRANSMITTER 

ON A DIFFUSE SUBSTRATE 

Case 4 is similar to' case 3 except that the substrate 

is taken to be diffuse.  The boundary conditions are given 

by Equations 38 and 18.  Expressing Equation 18 in terms of 
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W - 1.0 
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T  ■» 0.5 o 
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V = .9379 
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Figure 28. Dimensionless intensity profiles within a 
deposit along fixed directions for a case 3 film. 
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the quadrature 

P 
i(0,u£) = I     p23(z.)i(0,-2j) z..a.. (41) 

A ■ 1, . . . ., p/2 where z. is a given in Equation 38 and 

1(0,-2.) is the magnitude of the downward intensity. The 

expression for p,  is Equation 40. All of the" results" for 

case 4 almost exactly coincided with the results of case 3 

except for very small optical thicknesses.  Even for the 

small optical thicknesses the p.  difference between' the two 

cases was only minor.  The reason" for" this" difference, 

described in Figure 29, is because the initial reflectance 

decrease is not quite as low for the specular substrates as 

for the diffuse substrates.  It would appear" that the diffuse 

top interface almost completely dominates over any type of 

substrate effect as opposed to cases 1 and 2.  Since the 

results of cases 3 and 4 are almost identical, only Figure 

29 is provided in order to show the only difference of any 

interest. 

V.  CASE 5:  DIFFUSE-REFLECTOR AND" SPECULAR- 

TRANSMITTER ON A SPECULAR SUBSTRATE 

The boundary conditions associated with cases 5 and 6 

are approximations based* on the rough glass reflection and 

transmission measurements presented in Reference [5]. The 

boundary conditions for case 5 are given by Equations" 19 and 

20.  Expressed in terms of the quadrature integration 
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W - 1.0 

Jha 

Case 4 

Case 3 

= 0.82 - Ü3.00 (Copper) 

n ■ 1.44 - i5.32 
(Aluminum) 

Figure 29.  Comparison of case 3 and case 4 deposits 
for the dependence of pha as a function of optical thickness. 
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formula, Equation 19 becomes 
0 

i<V"V   "   [1 -   <>12<Ul0
)]n2 

P 
+    I    P2l

(2j)  1(To'2j)2jaj 

and similarly  p.    (y1)   becomes 

(42) 

pha(yl  >   =   X   p12(zj)zjaj 

[i - P21<IO] 

+  2 i(To'uA} (43) 

n 

where A «= 1, . . . ., p/2 and again where z. are given as in 

Equation 38 and also where y. and y. are related by Snell's 

law in Equation 35. 

Figure 30 demonstrates the variation of p.  with 

optical thickness, T , as a function of the albedo param- 

eter.  The two highest reflecting substrates show a slight 

initial increase after the monolayer deposit is formed. 

This type of phenomena at first sight seems strange, but 

Figure 31, taken from [2], shows that an initial increase 

may be realistic for highly reflecting substrates. The 

cause for this initial increase proved, to be only an angular 

effect as indicated by Figure 32.  Presented in Figure 33 is 

a quantitative argument of why there is an initial increase 

in the reflectance of case 5 for the near normal directions 

at T ■ 0.  For case 1 the intensity is reflected from and 
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W = 0.0 
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n = 1.44 - 15.32 (Aluminum) 

Figure 30.  Dependence of pna(Ui) °» optical thickness 
as a function of albedo, Wf for a case 5 deposit. 
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Ux = .7985 
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= 0.82 - U3.00 (Copper) 

"ha^l* 

Figure 32. Viewing angle dependence of Pha^l) for a 

case 5 film for various substrates as a function of optical 
thickness. 
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Figure 33.  Reason for the initial increase at T. = 0 
for a case 5 film. ' 
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transmitted through the top interface specularly. This 

accounts for the increase in reflectance with increasing 

viewing angles.  For case 5 the intensity is specularly 

transmitted and diffusely reflected. Effectively this 

causes an intensity increase in the near normal directions 

and a decrease in the intensity at the larger viewing angles. 

The net effect is a reflectance decrease with increasing 

angles of incidence. For the highly reflecting substrates 

the transmitted intensity is higher. Thus the intensity 

transmitted into the near normal directions for a highly 

reflecting substrate is an intensity increase large enough 

to dominate over the relative refractive index effect. The 

effect on the lower reflecting substrates is not an initial 

increase but rather a less drastic initial decrease than 

case 1 due to the relative refractive index change.  The 

symbols on the ordinate of Figures 32 and 34 indicate the 

bare substrate reflectance;  Similar to the other cases as 

shown in Figure 30, there is a limiting p.  value as T 

increases for the absorbing films (W ft  1.0).  These limiting 

values are greater than case 1 since the initial drop is 

lower. As indicated in Figure 32, this initial increase is 

only an angular effect due to focusing of the intensity into 

the nearer normal directions.  As the viewing angle increases 

the initial reflectance tends to decrease since the energy 

at the high viewing angles has been channeled into nearer 

normal viewing angles due to the diffuse reflection.  Also 

evident is that p.  for case 5 is not a monotonically 

92 



AEDC-TR-71-90 
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Figure 34. Effect of refractive index on p, (u-,) for 
a case 5 film. na *■ 
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increasing function of viewing angle. 

Illustrated in Figure 34 is that p.  is a much 

stronger function of refractive index than case 1. For case 

If at T. ■ 0, there were some directions (8 > 8 ) which were o c 

void of radiant intensity. In case 5, at T = 0, since the 

top interface is diffuse for energy incident from within, 

there are no regions void of radiant energy. However, the 

directions past 8 should be lean in radiant energy since 

the substrate is specular.  In case 1 as the optical thick- 

ness begins to increase, scattering commences to occur. 

Energy is scattered past the critical angle where total 

internal reflection and hence trapping occur. Intensity 

scattered past 6 corresponds to long path lengths into 

which the scattered energy is cotal internally reflected. 

Since the path lengths-are long the intensity in these 

-directions undergo substantial rescattering before being 

reincident on the absorbing substrate. 

For case 5, by the definition of diffuse reflection 

given by Equation 12, as T increases to where scattering 

becomes.important, energy is scattered past the critical 

angle. However besides being trapped, energy is diffusely 

distributed; therefore much of- the scattered intensity is 

directed into short path lengths where rescattering is less 

probable and more interaction with the absorbing substrate 

is highly probable. Therefore case 5 has more substrate 

interaction than case 1. This substrate'interaction is a 

strong function of the relative refractive index change. 
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For n s 1.2 there is not much difference (except for T = 0) 

between cases 1 and 5.  For n «= 1.4 the interaction with the 

substrate is stronger thus causing a larger p.  decrease as 

scattering becomes effective.  Also due to the short path 

lengths of the reflected, scattered intensity caused by the 

diffuse reflectance, the T at which p.  begins to increase 

again is larger for case 5 than'for case 1.  The scattering 

will not dominate until the deposit thickness x becomes o - 

thick enough to constitute large path lengths. As T- 

increases to. large values the scattering dominates and less 

intensity is able to penetrate to the substrate where 

absorption occurs, thus p,  increases again. 

The angular intensity profiles of Figure 35 demon- 

strate the characteristic critical angle effects. Comparing 

Figure 35 with Figure 12, page 56, reveals that for n = 1.2 

the intensity directed into angles greater than 6 is about 

the same for both cases 1 and 5; for n = 1.4 case 5 directs 

less intensity into angles greater than 6 and channels more 

toward the absorbing substrate.  Thus less energy past the 

critical angle is available for rescattering as T  increases, 

and hence the reflectance for n = 1.4 is less in case 5 than 

for case 1. The main factor for this is the diffuse reflec- 

tance increase of case 5 is more significant,than the 

specular reflectance increase of case 1 in varying n from 

1.2 to 1.4. 

Figures 36 and 37 demonstrate the effects of.a high 

degree of scattering associated with large optical 
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Figure 35.  Refractive index effect on the angular 
distribution of the dimensionless intensity for a case 
5 film. 
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T/T   = 0.2 ® 

T/TO = 0.8 a 

T   ■ 

T  ■ 

W - 1.0 n = 1.4 n = 2.48 - 13.43 

Figure 36. Angular distribution of the dimensionless 
intensity at two points within two case 5 deposits on a 
steel substrate. 
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Figure 37. Angular distribution of the dimension].ess 
intensity at two points within two case 2 deposits on a 
copper substrate. 
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thicknesses.  For T =5.0 and T/T = .8, the downward 
or o 

intensity is influenced by the critical angle associated 

with the top interface. The upward intensity at T/T = .8 

is very distant from the influence of the bottom interface, 

and hence scattering has smoothened the upward intensity 

profiles.  For T/T = .2 and T =5.0, the internal scatter- 

ing completely dominates the distribution shape in all 

directions.  At the smaller optical thicknesses the film is 

so thin that the influence of the boundary conditions has a 

strong effect at all positions within the deposit. 

Presented in Figure 38 are the dimensionless inten- 

sity profiles for a case 5 deposit.  Two characteristic 

profiles are labeled (A and B).  The point C represents the 

normalized diffusely incident intensity. After crossing the 

top interface, the transmitted intensity discontinuously 

increases due to the solid angle change and the internal 

diffuse reflection.  Following A, the intensity is attenu- 

ated due to scattering as it approaches the substrate, E. 

Arriving at E, the intensity is specularly reflected to 

point F.  Following A from point F, the intensity is slightly 

attenuated as it approaches the top interface.  It appears 

that the intensity scattered from and into A must be nearly 

equal.  After arriving at G, part of A is diffusely inter- 

nally reflected and the other portion is specularly trans- 

mitted to point P, which represents Pua^l^* 

Curve B represents another characteristic direction. 

Starting at J the intensity in this direction is composed of 
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Figure 38. Dimensionless spatial intensity distribu- 
tions within a deposit along fixed directions for a case 
5 film. 
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scattered energy and energy associated with the diffuse 

reflection from the top interface.  The intensity B is aug- 

mented due to scattering until it reaches K where it is 

totally and diffusely internally reflected to point D. As B 

propagates toward the substrate it is augmented again due to 

scattering. Upon reaching the substrate at H, it is specu- 

larly reflected to J. The curve with two slashes is similar 

to A.  The other curves have the same interpretation as B. 

VI.  CASE 6:  DIFFUSE-REFLECTOR AND SPECULAR- 

TRANSMITTER ON A DIFFUSE SUBSTRATE 

The difference between cases 5 and 6 is that case 6 

has a diffuse substrate. The boundary conditions are 

represented by Equations 21 and 22.  Expressed in terms of 

the quadrature integration formula these boundary conditions 

become Equations 40 and 41.  The expression for p.  is the 

same as Equation 43. 

The effect of the diffuse substrate, shown in Figure 

39, is similar to that observed for cases 1 and 2.  The 

symbols placed along the ordinate of Figures 39 and 40 are 

used to indicate the difference between the bare substrate 

reflectance and the reflectance decrease due to the relative 

refractive index change.  The initial decrease is noticeably 

deeper because more intensity is reflected into directions 

past the critical angle.  Also as T  increases there is no 

second decrease.  Since the substrate is diffuse there are 

no directions inside the deposit which are void or lean of 
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W = 1.0 n - 1.2 

n - 1.4   

■WV 

Figure 39. Effect of refractive index on P»,a(y,) for 
a case 6 film. na  x 
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pha(V 

Figure 40. Dependence of Pha^i) on optical thickness 
as a function of albedo, W, for a case 6 deposit. 
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radiant energy. The net effect is that scattering causes 

p.  to increase monotonically as T increases for all sub- 

strates.  Also evident is the stronger dependence on refrac- 

tive index change as opposed to case 2. 

Illustrated in Figure 40 is the influence of the 

albedo parameter. The limiting values of p.  are the same 

for cases 5 and 6. Thus the angular nature of the substrate 

is shown to have no effect on the reflectance of absorbing 

films at large optical thicknesses.  Figure 41 indicates the 

same type of viewing angle variation as for case 5. The 

angular dependence shows that p.  decreases as the viewing 

angle increases.  This again is due to the focusing of 

radiant intensity into directions nearer the normal.  The 

characteristic intensity profiles were very similar to that 

of case 5 except for the diffuse reflectance at the sub- 

strate and hence will not be shown here. 

The influence of the boundary conditions are shown in 

Figure 42. The downward intensity shows the characteristic 

critical angle profile.  The upward intensity profile is 

very smooth as dictated by the diffuse substrate.  The . 

diffuse substrate only uniformly distributes the intensity 

in the region 0<8< 90°.  The range 180°-9_< 8 <180° is 

effected predominately by the critical angle' transmission of 

the top interface. The intensity in the region 90° < 6 < 

180°-6 is mainly due to scattering.  Since the optical 

thickness is small and hence scattering is not dominant yet, 

only a small amount of intensity has been scattered into 
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n = 1.48 - iO.OO (Black paint) 

Figure 41. Viewing angle dependence of a case 6 film 
for various substrates as a function of optical thickness. 
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n - 1.2 n - 1.4 

n = 0.82 - i.13.00 
(Copper) 

,—n - 1.44 - i5.32 
(Aluminum) 

////;/// 
n - 1.48 - iO.OO 
(Black paint) 

W - 1.0 T ■ 0.5 o T/TQ =0.2 

Figure 42.  Refractive index effect on the angular 
distribution of the dimensionless intensity for a case 
6 film. 
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this region.  This is why there is a decrease in the inten- 

sity distribution between 90°< 0 < lÖO^-O .  Of course, since c 

the profile must be continuous, the intensity profiles must 

match at 9 = 90° and 0 = 180* - 9 .  Also of interest from c 

Figure 42 is how the change in refractive index from n.= 1.2 

to n = 1.4 causes a great increase in the amount of inten- 

sity channeled into shorter path lengths toward the sub- 

strate . 

Figure 43 reveals the importance of optical thickness 

upon scattering. For T «■ 0.5 scattering has not yet become 

dominant and the intensity profiles have the critical angle 

influence throughout the deposit. At T - 5.0 the deposit 

is thick enough for scattering to dominate the profile dis- 

tribution. The profiles are more uniform and smooth due to 

the strong scattering associated with the large optical 

thickness. 

Figures 44 and 45 are provided as a means of com- 

paring the main differences between cases 5 and 6.  The 

angular nature of the substrate appears only to be of 

significance at small optical thicknesses  The black paint 

substrate showed negligible p.  differences for all T > 0. 

Only a slightly deeper initial drop was noticeable for the 

black paint substrate. 

Similar to the comparison of cases 1 and 2, the 

primary value is that if a thick coating is to be sprayed or 

somehow deposited on a high or low reflecting substrate that 

not much care is necessary as to whether the substrate is 
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0.82    -    U3.00 
(Copper) 

n =  2.48  -  i3.43 
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n = 1.48 - iO.OO 
(Black paint) 

y y 7 y y y y / 
W = 1.0 n = 1.2 T/TQ =0.2 

Figure 43. Angular dependence of the dimensionless 
intensity field, i(T,vi), at fixed points for two optical 
thicknesses for a case 6 deposit. 
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Figure 44. Comparison of case 5 and case 6, 
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Case 6 

T/TQ =0.2 

Case 5 

n = 2.48 - i3.43 
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Figure 45. Comparison of the angular dimensionless 
intensity profiles between case 5 and case 6. 
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smooth or rough.  Also Figure 44 indicates how thick a 

coating should be used to destroy the angular nature of the 

substrate. Figure 45 illustrates quite clearly how the 

magnitude and profile shape are different due to the angular 

nature of the substrate. 

Now that the basic hemispherical-angular reflectance 

characteristics of all six models have been presented, the 

next objective is to choose the analytical model which best 

matches the experimental data presented in Chapter II. 

One final comment about the analysis of the results 

presented in this chapter is in order here.  For case 1 a 

closed form analytical expression for the initial reflec- 

tance drop was derived in Appendix B.  It should be realized 

that when two reflecting interfaces are present, there is 

always an associated infinite series of reflections back and 

forth.  When T  > 0-there is also'the influence of scattering 

coupled into the series of reflections.  The coupling of 

these effects is sometimes difficult'to analyze and only the 

influence of the dominant effects can usually be isolated. 

The"initial drop for the other five cases can only be cal- 

culated numerically by setting T * 0 in the computer pro- 

gram, thus making the individual effects more difficult to 

isolate and analyze.  The mathematical coupling of the 

boundary conditions is much stronger for the last five cases 

since they always involve at least one diffusely reflecting 

interface. 
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CHAPTER VI 

SELECTION OF BEST ANALYTICAL MODEL 

Several analytical models have been presented for the 

radiative characteristics of solid deposits on an opaque 

substrate.  Attention has been focused toward gas films 

condensed on cryogenic surfaces in a vacuum with diffusely 

incident radiation.  Based on the general trends of the data 

discussed in Chapter II, the model which best matches the 

experimental results shown for a cryodeposit and its sub- 

strate will now be chosen. 

It should be obvious from comparison of Figures 2 and 

3, pages 15 and 16, with Figures 7 and 10, pages 42 and 52/ 

that in the visible wavelength region the albedo parameter 

must be large (6.9<w<1.0). Values of albedo less than 0.9 

approach a limiting p. (u,) value ,and correspond to the near 

infrared and infrared wavelength regions where CO. and H?0 

deposits have increased absorption. 

'  All models investigated showed that the magnitude of 

the substrate reflectance had a strong influence on the 

hemispherical-angular reflectance for thin deposits.  For 

very high albedo films the magnitude of the substrate 

reflectance was influential at all the optical thicknesses 

investigated.  The substrate rapidly loses its influence for 

the more highly absorbing deposits. 

In all cases considered a reflectance plateau occurred 
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which was essentially independent of the substrate for the 

lower albedo deposits.  That such a plateau is realistic for 

H_0 cryodeposits has been reported by Cunningham and Young 

[22] and also by Caren et al. [23].  Cunningham and Young 

[24] gathered non-monochromatic data for C02 deposits which 

approached a reflectance plateau, but a different plateau 

was reached for each substrate.  This was attributed to the 

band absorption concept.  Wood [3], however, has shown that 

on a monochromatic basis the C0„ deposits do approach a 

common reflectance plateau for different substrate reflect- 

ances. As indicated in Chapter III the present analysis 

corresponds to a monochromatic or gray analysis, thus the 

analytical results presented herein would correspond to the 

data of Wood [3] and not to the results of Reference [24] 

which are associated with non-monochromatic reflectances 

involving an absorption band.  In fact an absorption band 

study similar to the monochromatic one presented, would be of 

interest to determine if the band structure theoretically 

shows the same trends as those of Reference [24]. Merriam 

[11] has shown results for a band model; however, the results 

are for optical thicknesses which are not large enough to 

determine whether one plateau for all substrates is attained 

or whether a separate plateau is reached for each different 

substrate. 

The two general trends of the data thus far discussed 

have not resulted in any elimination of the six models. 

Experimentally it has been observed, such as in Figure 2, 
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page 15, that the reflectance of a surface is a function of 

the viewing angle and that the larger viewing angles corre- 

spond to higher monochromatic reflectances.  The'theoreti- 

cally diffuse reflector and transmitter has no angular 

dependence at all and the general trends of the results for 

cases 3 and 4 do not appear very similar to the data shown 

in Figures 2,   3, and 31, pages 15, 16, and 89. Another 

primary objection is that cases 3 and 4 have initial 

decreases which are much more drastic than indicated by the 

experimental data.  In light'of Figure 31, case 5 appeared 

to be a likely candidate.  However, the viewing angle 

dependence is the reverse of the angular dependence of the 

experimental data shown in Reference [2]. 

Cases 1 and 2 satisfy the angular characteristics of 

the experimental data.  The shape of the initial decreases 

in Figures 2 and 3 are similar to those for specular sub- 

strates rather than diffuse substrates.  This is as should 

be expected since the stainless steel and copper substrates 

are very smooth and hence should reflect specularly. 

The agreement of the general trends of the experi- 

mental results presented in Figure 3 with the analytical 

findings shown in Figure 7, page 42, were better than 

expected.  Both indicate an initial decrease of approximately 

the same magnitude. Also the depth of the decrease for non- 

zero thicknesses in both cases is roughly at about Pu_ (Ui) ■ 

0.38. The change in Pha (Vh) with increasing viewing angle 

also seems to be in general agreement as illustrated in 
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Figures 2 and 9, pages 15 and 51.  The values for the sub- 

strate refractive indices were taken from References [25] 

and [26]. The refractive index for black paint was taken 

from Reference [5]. The values used for both stainless 

steel and the black paint show very good agreement with the 

experimental results for the bare substrate reflectance and 

the initial reflectance decreases. 

The quantitative results of the experimental data and 

case 1 were in good agreement with respect to general trends 

and magnitude, thus model one has been chosen as the best 

analytical model for the cryodeposit.  Since the agreement 

was better than had been expected, it was decided to try to 

obtain monochromatic radiative properties through use of 

hemispherical-angular reflectance data and model one. 
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CHAPTER VII 

INITIAL GUESS CRITERIA 

In Chapter IV the numerical solution to the radiative 

transport equation was described. As with many numerical 

iterative boundary valued problems, it is of fundamental 

importance to have the capability of making a wise initial 

guess at the solution. Usually in boundary valued problems 

the initial guess is made at one of the boundaries.  Then 

the numerical iterative scheme proceeds from one boundary to 

the other and then back again to the starting boundary to 

check with the previous values calculated at the starting 

boundary to determine if the iterative scheme is diverging 

or whether the scheme has satisfactorily converged to a 

solution within a given tolerance. 

Often the entire success of a numerical iterative 

scheme depends on the ability to make an initial guess which 

will lead to the convergence of a satisfactory solution. 

Also an intelligent initial guess can often significantly 

reduce the amount of computer time required to obtain a 

solution and hence add to the versatility of the computer 

program.  Short computing times permit a deeper understand- 

ing of the physical phenomena by allowing computer time for 

greater variation of the governing parameters. 

The basic objective is to make a simplifying assump- 

tion which will permit the derivation of an algebraic 
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expression that can be used as an effective initial guess. 

Such an expression is valuable because it would permit cal- 

culations of the initial guess rather than requiring the 

reading of input data cards. The most valuable property of 

such an expression is that every time the input parameters 

are varied the initial-guess expression automatically 

handles the new input parameters.  This saves reading a 

different set of input data cards each time one of the 

governing parameters such as albedo, optical thickness, 

deposit refractive index, substrate refractive index or 

interface reflection function are varied to a new value or 

if a combination of these parameters are changed. 

The radiative transport equation is presented again 

in dimensional form for the sake of convenience: 

1 

1idij*'U) = -g l(x,u) + | j   i(x,u')du« "       (44) 

-1 

The intensity in the upward direction will be denoted 

i (x,y)[0 <u <1] and the intensity in the downward direction 

will be denoted i (x,y)[-1< u< 0].  This convention leads to 

two intergrodifferential equations, one for the upward 

intensity and one for the downward intensity, which have the 

forms 

+ ° 
di (x,y)    o+/   x , o      C    .-,       ,xj, 
 dx'

H  = -3 l (x,y) + 2 J     i (x^'Jdy1 

-1 
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+ § J  i+(x,y')dy' (45) 

and 

U di £'v)  = -ßi~<x,y)  + |   /   i~(x,y')dy 

+ § / i+(x,y')dy' (46) 
o 

In order to have i"~(x,y)   take on values of y  in the 

range O^vil it is necessary to replace y by -y  in Equation 

46 which yields: 

_u di-|jxr-y)   = _ßi-(Xf„uJ   + | J f(srll >dy" 

+ |   f   i+(x.y')dy' (47) 

and Equation 45 can be written as 

y di^X^y) - -ßi+<x,y) + | / i"(x,-y)dy- 

+ | J i+(x,y')dy' 
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where now both Equations 47 and 48 are valid in the range 

0 < y < 1. 

As yet no additional assumptions have been made which 

have not already been discussed in Chapter III.  At this 

point let the simplifying assumption be made that i (x,y) = 

i (x) and i (x,-y) - i~(x). These are the basic assumptions 

employed in the two-flux method described in Hottel [34]. 

Enforcing these assumptions in Equations 47 and 48 yields 

and 

-»R i- - -»"♦! i- ♦! " <"> 

where \i,   corresponds to any specified direction inside the 

deposit such as a positive quadrature direction and where 

0 < y,< 1.  Since i and i~ were assumed independent of y, 

the integrals in Equations 47 and 48 were easily integrated. 

Simplifying the terms in Equations 49 and 50 with the rela- 

tion $ ■ o + k gives the results: 

di+ _ -[k + (o/2)] ■+ ,  o  ■- ,5n 

dx "     yk     
1   2yk 

x UJJ 

and 

dil m  - a  i+ + Ek ±   (a/2))     - 
dx     2yk       yk 

Thus the assumption that the intensity in both.the 
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i 

upward and downward directions is independent of y has made 

possible the transformation of the integrodifferential trans- 

port equation into two simultaneous linear differential 

equations. Now let the further restrictions be added that 

the scattering coefficient, a,  and the absorption coeffi- 

cient, k, are independent of x.  The problem thus becomes 

the solution of two simultaneous linear ordinary differen- 

tial equations with constant coefficients. The method of 

solution is to calculate the eigenvalues and eigenvectors 

corresponding to the coefficient matrix. The coefficient 

matrix is given by 

- [k + {a/2)) 

a 
2Wi 

a 
2Ui 

[k + (a/2)] (53) 

The eigenvalues are those values of X which satisfy 

the determinant 

- [k + [a/2)]   _ x 

2y. 

a 
2»x 

[k + (g/2)] 

1 

- X 

= 0 

(54 

Expansion of the determinant yields 

x2 - <ky kq> = o 
^k 

(55) 
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therefore the eigenvalues are 

_<Jk2 +  kg (56) 

and 

Jk^T ka (57) 

The eigenvectors associated with X. which has column 

components v,, and v„, and with X2 which has column compo- 

nents v12 and v_2 are calculated by the matrix equations 

[k + (a/2)] +s/k2 + kc a 
2M, 

ff 

ft 

[k + [Q/2)]   -Jk2  + kö' 

v 11 

21 

= 0 

(58) 

and 

[k + (P/2)] -Jk2 +  kg' g 

2M, 

_ _g_   f[k + (g/2)] +Jk2 + ka 
2y, 

f \ 

'12 

22 

= 0 

Solution of the Equations 58 and 59 gives the 

results: 

Vll = V22 2Pi 
(60) 
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V21  = V12 
[k +   (a/2)] +J^~7 ka 

Hi 
(61) 

The expressions for the solutions  i   (x)   and i   (x) 

have the forms: 

i+(x)  = A vn  eXlX + B v12 eX2x (62) 

i"(x) = A v21 e
Xlx + B v22 e

X2x (63) 

where A and B are the two constants of integration. The 

coordinate system is the same as that shown in Appendix B; 

therefore, the boundary conditions are i (0) = i at x = 0 

and i"(L) = i" at x = L. o 

Substitution of the eigenvalues, eigenvectors and the 

boundary conditions into Equations 62 and 63 facilitates the 

evaluation of. the integration constants which, after much 

tedious algebra, are; 

B = 

2i+ 

xo " a 
°-{k + (a/2) +s/k2 + ka}ea 

£*2 ^-(k + (a/2) +Jk2  + ka}B 2M ay 

(64) 

where a =v/k + ka L/uk and 

■ —I"2" + !< k +   to/2)  +Jk2 + ko}B (65) 

The final algebraic task is to calculate the values 

of i and i~ in terms of the interface reflectances and o     o 
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refractive indices. The expressions for i and i~ are K o     o 

similar to Equations 170 and 171; in this case they are 

determined by 

io = P23
(*l)i~(0) (66) 

and 

i~ = P21(y)i
+(L) + [1 - p^üi^ln2 (67) 

The values of i~(0) and i {L) are found by substitu- 

tion of the eigenvalues, eigenvectors and integration con- 

stants (A and B) into Equation 63 evaluated at x = 0 and 

into Equation 62 evaluated at x = L.  This produces two 

equations for the two unknowns i  and i .  The algebra for 

the solution of i and i  is very tedious. o     o 

In order to summarize, the expressions for i (x) . 

which is associated with the intensity in the upward direc- 

tions, and i~(x), which corresponds to the intensity in the 

downward directions, have been derived on the basis of 

assuming the intensity field to be independent of y and that 

a  and k are constants. 

After making considerable, laborious algebraic 

simplifications in the preceeding equations, the expressions 

for i (x) and i~ (x) can be given by the following quantities: 

.+ i = exp -v/k
2 + kg 

^k 
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i+[k + a/2 -^k2 + ko]e~2a - ai~e~a 

DEN 

(a/2)i~e~a - i+[k + a/2 t^k2 + ka]e~2ci 

DEN 

x exp U^T ka (68) 

l    = exp k/gT ka 

(a/2)i* + ai~[k + a/2 +N/k5~+~kä]e~2a 

1 e" + o DEN 

+ exp UPT ka 

-(a/2)i+e~2a + i"[k + a/2 +N/k
2 + ka]e"a 

DEN (69) 

where DEN ■ [(k + a/2) (1 - e"2a) +\/k2 + ka(1 + e"2a)] and 

i and i are given by 

i+ -s 
O   D (70) 

(71) 

where 
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E -   {1 -  p12)n2t-(k2 + ka) (e"4a + 2e"2a  + 1) 

-   (k + a/2)2(e~4a - 2e"2a + 1) 

+  2(k + a/2)\/k2 + ka(e"4ot -  1) 

+ P23(a/2) (k + a/2) (e"3a - 2e"2<x - e"a + 1) 

-  p23(a/2)v/k2 + ka(e"3a - e""2a  - e"a  - 1)        (72) 

F  -   [(k2 + ka) (P21P23  " D (e"4a + 2e"2a  + 1) 

+ 2{k + a/2k/k2 + ka(e"4a -  1)   -   (k + a/2)2 

x   (e"4a -  2e-2a + 1)(1 +  p21p23)   + 2_ p2ip23 

x   (e"4a - e"3a - e"2a + e"a)   +   (a/2) (k + a/2) 

r .  -3a —2a —a       ,» 
x { P23(e        - e - e      + 1) 

+ P21<e~4a -  2e"2a + 1)     -   (a/2)>/k2 + ka 

x { p„(e-3a -  e2ot + e"a + 1)   +  p.. (e"4a -  1)} '23vc c c       T  *'        w21 

>23P21 -  2p„p,, (k + a/2)2(e"4a -  2e~2a + 1)] (73) 

C -  Po,(-2v/k2 + ka)e"aE (74) '23 

D =   [(k + a/2) (e"2a  - 1)   -x/k2 + ka (e"2a + 1) 

-  P23(a/2) (e'a -  1)]F (75) 

These equations  permit the ability  to make an  initial 
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guess of the intensity field not only at the boundaries but 

also at any position, x, throughout the deposit. The equa- 

tions appear to be monstrous, but. they do constitute a 

closed form expression involving only a calculation and no 

iteration.  Such a computation would be ridiculous to attempt 

by hand; however, these equations can be evaluated in a 

fraction of a second and with great accuracy by a high speed 

digital computer.  The same type of assumptions can also be 

used to generate an initial guess even if the scattering is 

anisotropic. 

Since the intensity field can be guessed at every 

point within the deposit, these equations allow a guess of 

the intensity field in all of the quadrature directions at 

each numerical integration station. Thus if 51 stations 

are used and 10 quadrature points are employed, then 510 

guesses are made.  Use of these equations are certainly more 

convenient than reading 510 input data cards. 

Originally it was attempted to make only an initial 

guess of the intensity at one boundary and then proceed back 

and forth with the numerical solution.  This did not lead to 

a convergent solution for all cases since the initial guess 

is better for some cases than others.  Since convergence 

could not be obtained for all cases it was decided' to make 

an initial guess at the entire intensity field and using the 

numerical scheme as described in Chapter IV, there were no 

cases encountered where convergence was not obtained.  Thus 

the initial guess equations not only provide starting values 
i 
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but they also help to stabilize the numerical scheme and 

thus avoid any divergent solutions.  It is believed that not 

having the ability to make an initial guess, which would 

lead to stable convergence, is probably the difficulty 

encountered in Reference [12] at high W values and also the 

reason why numerical solutions to the transport equation are 

not widespread. 

These initial guess equations can be transferred into 

terms of T, T , and W instead of L, x, a, and k quite easily 

via the relations 

W = - Z y.   / T = (a  + k)x, and T = (a + k)L 
0   +   K. O 

As a means of indicating the accuracy of the initial 

guess, Equations 68 and 69 have been used to calculate 

p. (y,) via the expression 

[1 - P., (y)l  . 
pha(pl) = P12(M1) +  T^  i (L) (80) 

n 

Figures 46 and 47 illustrate the correspondence 

between the numerical solution for case 1 and Equation 80. 

The initial guess equations were also used for the other 

five cases investigated; no significant increase in computer 

time was noticed in using the initial guess for the other 

cases and convergence was always obtained. 

In general it was found that for a given W value the 

initial guess was better for low reflecting substrates.  For 

a given substrate reflectance the initial guess improved as 
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1.0-, 
V1  = .9622 

Case 1 — 

Guess — 

0.8- 

0.6- 

Pha(vl) 

0.4- 

0.2- 

Figure 46.  Comparison of the initial guess criteria 
and the numerical solution for n ■ 1.2. 
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y,   =   0.9622 

n -  0.82 -  Ü3.00 
(Copper) 

1.0 -r 

0.8 - 

0.6 - 

Pha^l5 

0.4 - 

0.2 - 

Figure 47.  Comparison of the initial guess criteria 
and the numerical solution for n = 1.4. 
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the albedo decreased. As evident by Figures 46 and 47 the 

initial guess was also best for n ■ 1.2. 

For the limiting case of no scattering (a = 0) the 

initial guess equations reduce to exactly those which can be 

derived in closed form as in Love [7], The initial guess 

equations can also be shown to reduce to Equation 176 at 

L * 0. For the limiting cases of k «■ 0 or L = » no con- 

clusions could be obtained since these limiting cases lead 

to an indetermined form requiring the use of L'hospital's 

rule. The complexity of the algebraic expressions do not 
m 

readily lend them useful to L1hospital's rule which probably 

may have to be employed many times before arriving at an 

expression for Pu-fl-N) at k = 0 or L = ». 
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CHAPTER VIII 

DISCUSSION OP ERROR 

In Chapter VII the initial guess criteria was pre- 

sented for a first estimate at the solution of the transport 
« 

equation. The iterative scheme and the numerical formulas 

used in the formal solution were described in Chapter IV. 

Now a discussion of the numerical error will be presented in 

order that confidence in the results presented may be 

achieved.  It should be remembered that all numerical for- 

mulas are approximate since they usually involve the trunca- 

tion of a Taylor's series.  The calculation of the error 

associated with numerical integration is also approximate. 

The purpose of the error terms is to offer a means of 

obtaining a general idea of the error committed by numerical 

integration using a particular step size. 

The first error involved is through the use of the 

method of discrete ordinates.  Since the intensity field is 

actually constructed from the use of the Gaussian quadrature, 

it is difficult to approximate the error associated with a 

given order of quadrature.  In Chapter IV a discussion was 

presented concerning the different orders of quadrature used 

by the authors of [9]-, [13], [11], and [10]. The general 

concensus is that eight quadrature points seems to be suf- 

ficient to insure good accuracy. The most convincing proof 

was given in Reference [10] ; the authors used .quadratures 
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of orders 4, 12, 20, and 24. The results shown for the com- 

parison of different orders of quadrature indicated a negli- 

gible change between the 4 point and 24 point quadratures. 

Also no improvement of accuracy was noticed between employing 

the single or double Gaussian quadratures.  Based on the 

results and experience of the above authors it was decided 

to use the 10 point single Gaussian quadrature for this 

investigation in order to insure sufficient accuracy. 

The predictor-corrector method is very convenient 

because it provides a simple expression for the error per 

step estimate. Call E  (T +,) the error in computing 

i (z    ,) by using Equation 25; call Eco (Tn+i) 
tne error in 

computing i  (x .) by Equation 26 to correct this predicted 

value of i  (T .,). Let Y(T ..) be the actual value of pr n+i n+i 
i(Tn+1), then 

Eco(Tn+l> -  Y(W - WW (81) 

Epr(W =Y(Tn+l> " WW <82) 

Subtracting the first equation,from the second gives 

WW - WW - V^n+l* " Eco(Tn+l>   
{83) 

The expressions for the error terms of the predictor and 

corrector are given respectively by 

V'W -f§h5i«5» «,) 184) 
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Eco(Tn+l> "-5öh5i<5) (x2> (85> 

where X, is contained in the interval (T  ,,T .,) and x_ is i n-J n+i      2. 

contained in the interval (Tn_i »
T
n+i) •  Let ^e  assumption 

be made that h is sufficiently small so that the variation 

between i  ' (X.,) and i  ' (X«) is negligible, then a small 
(5) error is committed by using i   (X) as their approximate 

common value.  Hence subtracting Equation 85 from Equation 

84 and replacing i(5>{X1) and i
(5)(X2) by i

(5) (X) , results 

in 

V(W -Eco(Tn+l
) =lfh5i<5) (X) <86> 

Combining Equations  83 and  86 yields 

WW   -  ipr(Tn+l
)   S5?h5  ±(5){X)   " ""VW 

(87) 

and therefore 

Ho'W " [ipr'Vl» " WW" t88> 

Equation 88 gives an approximate error formula for 

the error committed per step of numerical integration by the 

Milne predictor-corrector method. 

For the purpose of plotting results which would 

indicate the significant general trends, it was decided that 

the total maximum error between two successive iterations of 
i 

i(x ,u) [i = 1, . . . ., p/2] should be less than 0.001, thus 

the error per step should be less than 0.001 divided by the 
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total number of steps.  Since 50 steps were used, the differ- 

ence between predictor and corrector at any station T, for 

each quadrature direction should be 

V'Vl' - WW - 2» Eco<W (89» 

and the value of E (T  .) is approximated by 

P  /,   \     0.001    0.001   ..... ,..x Bco(Tn+l) = no. steps.' ~5Ö •00002 (90) 

Thus at each integration station it was required that 

i „ - i < .00058.  Since the maximum optical thickness used pr   co s 

was T = 5.0f this corresponds to a "maximum" value h = 0.1. 
5 

Since the error per step is on the order of h , by Equation 

85 the value of E (T ,.) = .00001 which is less than the co n+x 

value required by Equation 90.  The values presented cor- 

respond to the maximum error, and again it should be men- 

tioned that these.expressions give only a reasonable 

estimate of the error committed.  If the difference between 

predictor and corrector is not less than .00058, the cor- 

rector may be used over again and again until two successive 

calculations are within the given tolerance.  It was not 

necessary to use the corrector more than once except for 

T = 5.0 where at a few stations it was necessary for mul- o 

tiple use. As will be shown later, for the results requir- 

ing a maximum error of 0.001 in i(r ,u.)[£ - 1, . . ., p/2] 

between two successive iterations, it was only necessary to 

perform the calculations in single precision.  By a similar 
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analysis as just presented it was possible to specify a 

-5 maximum error of 10  between two successive iterations of 

i(x ,u.)[£ = 1, . . . ., p/2], if the calculations were 

performed in double precision. 

So far only the analysis for approximating the error 

associated with the numerical formula has been presented. 

There are also round off errors associated with any numer- 

ical calculation scheme. An effective procedure for deter- 

mining the magnitude of the round off error is to first 

carry out a calculation in single precision and then use 

double precision to see if any significant difference is 

present. However, the formula errors and round off errors 

are usually coupled together such that they cannot be 

separately approximated. 

Probably the most effective method of approximation 

of the coupled error is not only to use double and single 

precision but also to simultaneously reduce the step size to 

one half its previous value and see if any radical changes 

occur.  In an attempt to make sure that the accuracy of the 

solution was within the stated tolerance, the numerical 

solution was performed in both double and single precision 

and also for various step sizes.  Tables I and II illustrate 

a comparison of the results for various step sizes and for 

the single and double precision calculations.  The two 

tables are for different values of refractive index.  As 

should be expected the small optical thickness is much more 

accurate than the large optical thickness since the 
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TABLE ' I 

> 
m 
o o 

RESULTS FOR VARIOUS 
PRECISION FOR 

STEP SIZES 
CASE 1 AT 

AND FOR DOUBLE 
n = 1.4 AND W = 

AND SINGLE 
1.0 

X 

• 
CD 
O 

Substrate Vl To 

Eigen- 
value. 
Solution 

Double 
50 

Steps 

Precision   Single Precision 
100      50   100   200 

Steps   Steps Steps Steps 

Black Paint .94818 
.71185 

0.5 .1058 
.1208 

.1058 

.1208 
.1058 
.1208 

.1058 

.1208 
.1058 
.1208 

.1058 

.1208 

■ n = 1.48 - iO.OO .94818 
.71185 

5.0 .5730 
.5882 

.5691 

.5845 
.5690 
.5844 

.5708 

.5861 
.5704 
.5857 

.5703 

.5856 

Ul 
CM 

Steel .95818 
.71185 

0.5 .3757 
.3747 

.3760 

.3750 
.3760 
.3750 

.3760 

.3750 
.3760 
.3750 

.3760 

.3750 

n = 2.48 - i3.43 .94818 
.71185 

5.0 .6312 
.6443 

.6259 

.6393 
.6259 
.6392 

.6281 

.6412 
.6281 
.6412 

.6343 

.6474 

Aluminum .94818 
.71185 

0.5 .6232 
.6163 

.6238 

.6168 
.6238 
.6168 

.6238 

.6168 
.6237 
.6168 

.6237 

.6168 

n = 1.44 - 15.32 .94818 
.71185 

5.0 .7240 
.7338 

.7166 
•.7266 

.7164 

.7165 
.7195 
.7293 

.7194 

.7293 
.7189 
.7287 

Copper .94818 
.71185 

0.5 .9252 
.9230 

.9271 

.9246 
.9271 
.9246 

.9264 

.9241 
.9263 
.9241 

.9262 

.9240 

n = 0.82 - Ü3.0 .94818 
.71185 

5.0 .9274 
.9300 

.9310 

.9335 
.9311 
.9336 

.9309 

.9333 
.9308 
.9332 

.9307 

.9332 



TABLE II 

RESULTS FOR VARIOUS STEP SIZES AND FOR DOUBLE AND SINGLE 
PRECISION FOR CASE 1 AT n = 1.2 AND W - 1.0 

Substrate ul 
T 
o 

Eigen- 
value 
Solution 

Double 
50 

Steps 

Precision 
loo 

Steps 

Single Prec 
50   100 

Steps Steps 

ision 
200 

Steps 

Black Paint .96220 
.79850 
.47403 

0.5 .1591 
.1742- 
.2294 

.1591 

.1742 

.2294 

.1591 

.1742 

.2294 

.1591 

.1742 

.2294 

.1591 

.1742 

.2294 

.1591 

.1742 

.2294 

n = 1.48 - iO.OO .96220 
.79850 
.47403 

5.0 .6903 
.7058 
.7391 

.6863 

.7019 

.7356 

.6861 

.7018 

.7356 

.6878 

.7052 

.7367 

.6878 

.7033 

.7368 

.6877 

.7032 

.7366 

Steel .96220 
.79850 
.47403 

0.5 .5013 
.5026 
.5190 

.5015 

.5029 

.5192 

.5015 

.5029 

.5192 

.5015 

.5029 

.5192 

.5015 

.5029 

.5192 

.5015 

.5028 

.5192 

n - 2.48 - i3.43 .96220 
.79850 
.47403 

5.0 .7455 
.7581 
.7855 

.7404 

.7533 

.7813 

.7407 

.7535 

.7826 

.7423 

.7550 

.7826 

.7423 

.7550 

.7826 

.7422 

.7549 

.7825 

Aluminum .96220 
.79850 
.47403 

0.5 .7468 
.7444 
.7453 

.7472 

.7448 

.7457 

.7472 

.7448 

.7457 

.7472 

.7447 

.7457 

.7472 

.7447 

.7457 

.7471 

.7446 

.7456 

n = 1.44 - i5.32 .96220 
.79850 
.47403 

5.0 .8222 
.8310 
.8501 

.8346 

.8428 

.8606 

.8346 

.8428 

.8606 

.8346 

.8428 

.8606 

.8346 

.8428 

.8606 

.8345 

.8427 

.8605 

> 
m 
o 
a 

■o 
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TABLE II (continued) 

> 
m 
O 
O 
H 
3D 

Substrate H To 

Eigen- 
value 
Solution 

Double Precision 
50     100 

Steps  Steps 

Single Precision 
50   1ÖÖ   200 

Steps  Steps  Steps 

(b 
o 

Copper 

n = 0.82 - Ü3.00 

.96220 

.79850 

.47403 

.96220 

.79850 

.47403 

0.5 

5.0 

.9609 

.9603 

.9593 

.9597 

.9617 

.9660 

.9619 

.9611 

.9601 

.9709 

.9723 

.9755 

.9619 

.9611 

.9601 

.9709 

.9723 

.'9754 

.9613 

.9607 

.9598 

.9706 

.9721 

.9752 

.9613 

.9607 

.9598 

.9706 

.9720 

.9752 

.9612 . 

.9606 

.9597 

.9705 

.9720 

.9751 

00 
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corresponding step size is one-tenth that of the larger 

optical-thickness step size.  In order to obtain added con- 

fidence in the solution, also indicated in the tables are 

the results of an eigenvalue solution. 

Due to the stimulus of the author of this work an 

eigenvalue program was written by the A. E. F. programmers 

of ARO, Inc. The program was not completed and perfected 

until after the numerical results,of this work were com- 

pleted. As far as the results of this work are concerned 

the eigenvalue program should only be considered as a 

library program.  The eigenvalue program was found to be 

successful for a matrix as large as 16 x 16. The agreement 

between the eigenvalue method and the numerical solution was 

very good as is evidenced by Tables I and II. 

Now a brief sketch of the eigenvalue approach will be 

presented. After employing the method of discrete ordinates 

to obtain a system of differential equations as given by 

Equation 24, the problem is reduced to the solution of a 

system of linear ordinary simultaneous differential equa- 

tions with constant coefficients. The coefficient matrix 

for the system of equations is given by 

W .   6. an   i; 
2U.   M. 

i = 1 z . . . . , p 

J  = 1,  .  .  .  . ,  p 

where 6.. is Kronecker delta function. The objective is to 

calculate the eigenvalues and eigenvectors of Equation 91. 

Associated with each eigenvalue y. will be p values of X, 
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called the column components of the eigenvector. The p com- 

ponents of the p eigenvectors constitute an eigenvector 

matrix {X. , }.  The general form of the solution is 
1 /K 

P 
i(x,li.) = I    C X. . eYkT (92) 

1   k=l K 1,K 

The quantities C, are the p number of integration constants. 

Their values are determined through use of the boundary con- 

ditions presented in Chapter III.  Using the boundary condi- 

tions leads to a system of p simultaneous linear non- 

homogeneous algebraic equations to be solved for the C. 

values. 

The method of A. M. Danilevsky, as described by 

Faddeeva [12], was used to compute the coefficients of the 

characteristic polynomial and the eigenvectors of the given 

matrix. The eigenvalues of the characteristic polynomial 

were determined by the Newton-Raphson method.  The simul- 

taneous algebraic equations satisfying the intensity boundary 

conditions were solved for the coefficients, C, , by applica- 

tion of the Cholesky matrix factorization method. The Gauss- 

Jordan method was originally employed to solve for C., but 

it was discovered that the matrix was ill conditioned for 

accurate use of this method. 

It was very encouraging to see the close agreement 

between the eigenvalue method and the numerical solution. 

In general it was found that the eigenvalue method was about 

one and one-half times faster than the numerical solution. 
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However, the eigenvalue program could not handle a matrix 

larger than 16 * 16. The numerical solution was success- 

fully employed for the equivalent of a 40 * 40 matrix as 

will be shown in Chapter X. 

One inherent advantage of the numerical solution is 

that the coefficients of the differential equations may be , 

variable whereas the eigenvalue approach is only applicable 

for differential equations, with constant coefficients. 

Variable coefficients were not used in this work but the 

case of having W as a function of T is very realistic for 

many physical problems such as for the analysis of the solar 

degradation of thermal control coatings. 
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CHAPTER IX 

COMPARISON OF THEORY AND DATA 

In Chapter VI it was shown that model one most closely 

simulated the experimental findings presented in Chapter II. 

The agreement was good not only with respect to general 

trends but also with respect to general magnitudes.  Since 

the dimensionless results and the experimental results were 

so strikingly similar, it was decided to try to use the 

numerical solution and the reflectance data to determine 

radiative properties. No analysis has been found yet, by 

this author, whereby the monochromatic absorption and 

scattering coefficients have been simultaneously determined. 

From the analytical results it has been seen that 

there are two governing parameters, x and W. Also these 

two parameters are functions only of the two radiative 

properties, a and k, by the relations 

T0= (a + k)L       v^TTT (93) 

It would be useful if an analysis could be developed 

where a  and k were the only two unknowns and therefore could 

be determined.  In order to isolate a and k as the only 

unknowns it is necessary to have available other optical 

properties of the deposit being investigated. First of all 

it is necessary to have the refractive index of the deposit 

as a function of wavelength; this data is provided in a 
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limited wavelength region in Figures 4 and 5, pages 19 and 

20. Also it is necessary to have available the refractive 

index data of the substrate as a function of wavelength. 

The refractive index of black paint, on which the data was 

taken, was determined by Müller [5] to be n * 1.48 - i 0.100 

at X = 0.7y. The reflectance of the black paint at other 

wavelengths (0.4y< X <l.lu) was essentially constant and 

therefore it was assumed that the black-paint refractive 

index was constant in this wavelength region. 

There are two reasons for preferring cryodeposit data 

taken on a black substrate for use in a computer program. 

First, as shown in Figure 21; page 72, the hemispherical- 

angular reflectance for a specular deposit on a black sub- 

strate is independent of whether the substrate is diffuse or 

specular at a viewing angle of approximately 20 degrees. 

Therefore any effect due to slight substrate roughness will 

not be evident on the hemispherical-angular reflectance data 

and thus the substrate effect is minimized. As shown for a 

stainless steel substrate, the result of having a diffuse or 

specular substrate can be quite strong at small optical 

"thicknesses. 

Secondly, the black substrate has essentially a con- 

stant refractive index in this region whereas the stainless 

steel substrate has significant spectral variation of 

reflectance in this wavelength region'. There, are many types 

of stainless steel and handbook" values are only given at 

X = 0.589U. Also since the substrate is a metal it has both 
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a real and an imaginary component of refractive index.  The 

determination of complex refractive indices is quite diffi- 

cult and has not been performed in the A. E. F. thermal 

radiation laboratory.  With the spectral data for both the 

cryodeposit and substrate given, there are only two mono- 

chromatic unknowns, a and k. 

The objective of the following is to generate an 

iterative procedure whereby a combination of experimental 

data and the radiative transport' solution are employed to 

determine the radiative properties a  and k, (monochromatic 

absorption and scattering coefficients) of the cryodeposit. 

Two experimental data points (hemispherical-angular reflect- 

ance at two thicknesses at a given viewing angle) in con- 

junction with the solution to the transport equation will be 

used to solve for the two unknowns (coefficients) through 

use of the Newton-Raphson" method.  After determination of 

these two radiative properties at the two experimental 

points, these properties will be used to predict the 

hemispherical-angular reflectance at other experimental 

points (thicknesses) in order to confirm the validity of the 

radiative properties.  Once the radiative properties have 

been determined, p. (y. ) can be monochromatically predicted 

at any given thickness. 

I.  NEWTON-RAPHSON METHOD 

Often in the solution of algebraic equations it is 

not easy to solve for the unknowns in closed form due to the 
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non-linearity of the equations. One method of obtaining a 

solution is an iterative technique called the Newton-Raphson 

method. 

Consider the following function 

Pha<L,a,k,p12,p21,p23fnq,y) = pha q = 1, 2, 3   (94) 

For a given deposit, substrate and for fixed viewing angles 

the values P17,   P?-i / P?^ and n are known as indicated in 

the preceding section.  If, for-these fixed values, the 

hemispherical-angular reflectance, Pha^l^' "*"s known at two 

thicknesses, L, then it should be possible to solve for a 

and k. 

Now for a given deposit, substrate, and viewing 

angle, Equation 94 reduces to 

Pha(L,a,k) = pha (95) 

The experimental values of Pha/ at thickness L, , and at 

thickness L2, are. known; thus there are two equations and 

two unknowns 

Ph. <IvOfk) - P*ai = 0 (96) 

*ha2
(L2'0'k> - pha2 - ° (97) 

from which it should be possible to solve for the scattering 

coefficient, a, and the absorption coefficient, k.  Expanding 

Equations 96 and 97 into Taylor's series about a   and k   , 
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then retaining the  first  two terms  yields: 

° = v1<v°(1)-*<1,> phax 
+     3k 

(k(3>   - k(1)) 

Llto^y» 

3p ha, 

do 

L. 

( 
(3) (1) (98) 

(Dfk(l) 

0 ~  pha2
CL2'a       'k       ) 

3pha, *        ,    2 
pha2 8k <k<3>   - k(1)) 

L2,0^,^ 

3p ha. 

3a (0<3)  - c'1») (99) 

V
al,Kal 

where a and k are  the  initial guesses  at the values of 

cr and k which satipfy both Equation 96  and  97.     The values 

a and k are the newly computed values of  a and k given 

by 

o<3>   = a«1*   + 

3P ha. 

3k 

3p ha. 

3k 

3P han 

3k 

(phai  "  Pha^ 

(p ha2 ■  pha2
} 

3P ha, 

3a 

(100) 

3P ha. 

"sir 
3P ha. 

"5T 
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(3) _ 

3p 
(pJai " 

Phai> 
ha, 

do 

3p ha. 

-*(1) +-* 

(p ha. pha > "55" 

'ha, "5p ha. 
(101) 

-51? 

9p ha, 

^8a 

3pha. 

IF da 

(3) 13) After the values k   and a        are calculated, they are com- 

pared with k* ' and a      .  If the difference converges to 

within the given tolerance then the solution is obtained. 

The values of o and k calculated in this work had to 

be within ±2 per cent on two successive iterations before 

convergence was considered to have been obtained.  Therefore 

the radiative properties computed are considered to be 

accurate to within ±2 per cent of the indicated value. 

When the two given equations are in closed form such 

as Equations 96 and 97 there is no difficulty in obtaining 

the values 3p. _/3.k and 3p./3a at given values of o   and 'ha 'ha 

k   .  Also it is easy to evaluate Equation 95 at a and 

k  , which is required in Equations 100 and 101.  However, 

in the present case no closed form solutions are given, 

rather the information represented by Equation 95 at L, and 

L_ are given in terms of numerical results.  The values 

Pha1(
L
1»<*

(1,,k(1>) and pha2(L2,o
(1),k(1)) are solved for by 

expressing 
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To= (C(1) +k
(1))L 

(1) 
w = irr—dT (102) 

and then numerically solving the transport equation with the 

aid of the initial guess criteria of Chapter VII and the 

numerical scheme described in Chapter IV. The values 

3p. /So and 3p. /3k are evaluated by the approximations 

3pha „ Apha 
air IF (103) 

3pha „ Apha 
3cr La (104) 

therefore 

3p ha, 

3k 

.Pha1^l^
(1,^(2>>-Pha1^^

(1)^a)) 

LltoM,*a) 
(k<2> -k^) (105) 

3p ha. phal
(Ll'°    'k    ) - phal

(Ll'a    'k    > 

L1#a   ,k 
(a<2> - a*1*) T106) 

where 

c(2) =a(1» + .01a
(1)    k<2' = k(1) + .01k

(1> (107) 

It had to be assumed that the slope was approximately 

a straight line between the two points at which the p. 

(2) (2) 
values were calculated.  Picking the values k   and o 

close to a   and k   as indicated in Equation 107 proved 
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to be adequate in evaluating the slope.  However, picking 

(2)     (2) a   and k   this close in order to obtain a good deriva- 

tive evaluation also required that two consecutive itera- 

tions of i(t ,u0)[A = 1, . . ., p/2] had a maximum error of 

less than 0.00001. This is because the values of p.  used Kha 

in Equations 105 and 106 sometimes only differed in the 

third decimal place or less.  The data used for the two 

values of p,   and p*  were picked at thicknesses which 

would lead, via Equation 102, to optical thicknesses less 

than T = 2.5. As shown in Chapter VIII the error per step 

in Ph_, Equation 85, should be less than approximately 

h5 = 2.5 
50 

5 
= 3.125 x 10 

-7 

Thus the error for 51 steps would be roughly 1.5 x 

-5 -5 
10  which is approximately what was desired (1.0 x 10  ). 

Also the error between the predictor and corrector should be 

less than 5.8 x 10  .  Of course, all calculations had to be 

performed in double precision (17 decimal places). The 

criteria for Equation 107 was that p.  in Equations 105 and 

106 would differ by no more than .01 and no less than .0001. 

This implies that in this range of p.  values, the deriva- 

tives can be sufficiently approximated by Equations 103 and 

104.  It is felt that the magnitude of the error can be more 

easily approximated by the numerical solution than the eigen- 

value method. Also the step size in the solution can be 

varied to reduce the error. 
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From the results for case 1 in Chapter V and the 

experimental results presented in Chapter II it should be 

obvious that in the visible wavelength region the range of W 

is 0.9 < W< 1.0.  The initial guesses a    '   and k   were made 

by the use of a graph like Figure 48.  For a given W, the 

value of T is read for the corresponding p. .  The thick- 

ness, L, is known at each p.  value from the experimental 

data.  Knowing L, W, and T  the values of o and k can be 

determined from Equation 93. This is done for each" experi- 

mental p.  and L; if the calculated k and a  are approximately 

the same for all the experimental thicknesses then these are 

used as a    ' and k  .  If the k and a  values calculated at 

each thickness vary greatly, the above computations are 

carried out for the next W curve.  This process is continued 

until a satisfactory a* ' and k* ' are obtained. 

II.  THEORY AMD DATA COMPARISON 

Using the analysis presented in the previous section, 

the determination of the radiative properties of the media 

was attempted.  The solutions given for the transport equa- 

tion are in the quadrature directions and the data was taken 

at an angle of 20 degrees.  Figures 49 through 53 show the 

comparison of the analytical and experimental results for 

the H_0 cryodeposit at several wavelengths.  Figures 54 

through 59 show the same comparison for the C0_ cryodeposit. 

The data used was obtained from B. A. Seiber. The analysis 

was limited to the visible wavelength range because this was 
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the only wavelength region where all of the necessary input 

data was available. 

The arrows on the figures indicate the two data 

points which were used for p.  and p.   in Equations 99 and 

100. Using the properties determined from these two data 

points, the reflectance at the other data points was pre- 

dicted.  It should be noted that the experimental data and 

analytical predictions are in good agreement at all thick- 

nesses; however, the correspondence is better at small 

thicknesses.  It is believed that the difference in theory 

and data for the H-O deposits at the larger thicknesses is 

due to a possible structure change in the outer layers of 

the deposit as reported by Wood. Also most deposits 

encountered in the solar simulators rarely obtain a thick- 

ness greater than 0.2 cm.  So even though the data and 

theory are less accurate at large thicknesses, there are no 

real consequences since practical thicknesses are not this 

large. 

Also it should be noticed that the absorption coeffi- 

cient for CO_ is indicated as approaching zero.  The values 

of the absorption coefficient were so low that the deriva- 

tives could no longer be accurately evaluated because the 

difference between pha(L,a (1),k(2)) and Pha(L,a(1),k(1)) 

were on the order of 10~ or less. This was found to occur 

when the value of the absorption coefficient was less than 

0.001/cm.  If, in the iteration process, the absorption 

coefficient was less than 0.001/cm then the computer program 
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proceeded with the calculation taking k = 0.  For the H2O 

cryodeposit this difficulty did not occur. 

From the experimental data it can be seen that pha(ul) 

decreases as the wavelength increases.  Figure 60 illustrates 

the cause of this decrease is due to the decrease in a  with 

increasing wavelenghts; the value of k for both deposits is 

essentially constant in this range. \ 

From the agreement between theory and data it should 

be evident that the analytical model proposed is realistic 

and that calculation of the monochromatic reflectance at a 

given thickness is possible to within engineering accuracy 

by using the properties that have been determined.  This 

analysis can be extended to other wavelengths if the pro- 

perties such as refractive indices are known. A monochro- 

matic analysis is important because the monochromatic 

behavior of ° and k is required before any accurate band- 

model can be constructed. 

164 



AEDC-TR-71-90 

40l 

30 - 

(1/cm) 

20- 

10- 

co2 
H20 

 -IZl  
0.50     0.60 0.70     0.80     0.90 

CO, wavelength (u) 

1.00 

l 
0.50    0.55 

_L 
Ö76Ö     0765     ÖT70 

H20 wavelength (y) 
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CHAPTER X 

BIANGULAR REFLECTION 

I.  TRANSPORT EQUATION 

The entire analysis presented thus far has been con- 

cerned with the hemispherical-angular reflectance.  The 

physical basis for the hemispherical-angular reflectance is 

irradiating a surface diffusely and viewing the reflected 

intensity from fixed directions.  Now an analysis of the bi- 

angular reflectance will be presented.  The biangular 

reflectance, p. (p.) , corresponds to irradiating a surface 

with a monodirectional flux and then viewing the surface 

from fixed directions to determine the angular distribution 

of reflected intensity. 

The presence of a monodirectional flux causes several 

changes in the approach to the solution of the transport 

equation.  Previously the intensity transmitted through the 

top interface was handled through the boundary conditions. 

For an incident monodirectional flux it is simpler to employ 

a source function within the transport equation to handle 

the transmitted radiation. 

The representation proposed by Kourganoff [27] is to 

define the incident intensity, I . corresponding to the 

monodirection flux such that its integrated value gives the 

correct incident flux.  Such an expression is 
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i0 = -°—-± ±- (108) 

where 6 (y, - y,) is the Dirac "selecting" function, y, is 

the cosine of the incidence angle of the monodirectional 

flux, :y., corresponds to the cosine of any angle of inci- 

dence and F  is the incident monodirectional flux normal to o 

the projected area of the irradiated surface.  The basic 

properties of the Dirac delta function are as indicated by 

[27] are 

5^ - y*) = 0 when yx ^ yx (109) 

and for any integrable function f(£) 

00 

f(yj) =  J"f(C)6(5 - yJJdC (110) 
— 00 

Kourganoff [27] proposed this representation because 

from these properties of 6(y; - y,) it is easy to verify 

that Equation 108 gives a correct description of the two 

main physical features of the incident radiation, that of 

being zero intensity for all directions other than that of 

* * y, and that of giving a flux F_y-i per unit area of the 

irradiated surface.  The monochromatic incident flux is 

defined as 

2TT 1 
Fin - / JJo  V^ld* (111) 
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therefore 

F. in 

1 F 6(un - y*) 
. /  2  1,  1 PldWl (112) 

Fin - FQyJ (113) 

thus the incident flux per unit area of the irradiated area 

is correct.  The transport equation can now be written for 

isotropic scattering as: 

o -1 

2TT 1 

o -1 
irnT J J I*(T,y*)dy,d<|> (114) 

Equation 114 contains an additional term on the 

right-hand side which was not present in Equation 7.  The 

term on the left-hand side of the equation is the rate of 

change in intensity of a beam with distance.  Those on the 

right respectively represent the attenuation due to absorp- 

tion and scattering; the contribution, by scattering into 

the reference beam, from beams that have been scattered one 

or more times; and the new term represents the scatter into 

the reference beam out of the partially attenuated incident 

beam. Note that I (T,U*) represents the intensity of the 

incident beams at any point x within the deposit.  Due to 

scattering and absorption the incident beams are attenuated 
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as they transverse through the deposit and no longer have 

the value I . o 

In Appendix B expressions have already been derived 

for the value of the attenuated intensity due to both absorp- 

tion and scattering. From Appendix B, substitution of 

Equation 172 into Equation 169 and substitution of Equation 

173 into Equation 16 8 yields: 

ic 

xo(T'y} — r^—; *i -2t0/y*— (115) 
[1 - p21(y )P23(M )e  o'»   ] 

t        [1 - p12(u*)]n
2e-(T°-T)/U* 

Io<T,V) ±2 ,        ° (116) 
°        [1 - p21<ii*)p23<ii*)e 

2T
O/H* 

Equation 114 can now be written in the form 

7-VIü   / Kt.MMdM'+fc /•!>./)* ■ 

+ 5ü /  <«^V)dv' (117) 

where I (T,U ) and I*(T,-U ) .are given by Equation 115 and 

Equation 116 respectively. The expression I in Equations 

115 and 116 is given by Equation 108.  Substitution of-Equa- 

tion 108 into Equations 115 and 116 and then combining these 

with Equation 117 produces 
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dl 
dT 

-I       w 
P        2p 

J   I(T,y')du'   +   I^d.uJ)   + K2(Tfy*)] 
-1 

h J *„*■ (118) 

where 

P23(M*)[1 - P12(y*)3e-(To+T)^ 

11    =   t1  -  P21</>P23<U*)e-2T°/^ 
(119) 

K2(Tfy1) = 
[1 - p12(y*)]e-

(To-T)/^ 

[1 - p21(y*)p23(y*)e"
2To/^*] 

(120) / 

In order to simplify Equation 118, let the integral 

in the last term be evaluated, therefore 

11 * 

J    W   " J    Fo     21T      *» (121) 

and  recalling  Snell's   law 

V1 =   tl - n2(l  -  y2)31/2 (122) 

the differential dy becomes 

dy = 
y 

IV ) 

dy. 

n 
(123) 

Substitution of Equation 123 into Equation 121 gives 
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j. x 
F0 6(Wl - y1) 

 2*  v j 

dy. 
(124) 

n 

and by Equation 109, the integral becomes 

/ v - V 
2irni 

* 
IV» J 

(125) 

Incorporating Equation 125 into the transport equa- 

tion, Equation 118, yields the result 

•#■ 
-I + |  fl(T,y')du' +-{1^(1,11*) + K2(T,/)} 

-1 

WF o fPl| 
4TT * 

In J 
(126) 

The next step is to multiply both sides by n/F.  and 

define 

i(T,u) ,i i(T>y) 
in 

(127) 

which yields 

di 
dx -"* + 5r J*<*>*• w +4T 

-i 

x (X1(T,y*) + K2Cr,U*)> * 
in J 

(128) 
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Since simplification of the source term has been 
t 

accomplished, Equation 128 can be transformed into a system 

of differential equation by use of Equation 23 for the 

integral term, thus giving 

di 
3? 
i(T,u£) „ "

i(T'*V + _W_ y .,   j    _W_ 

x {K^T,]! ) + K2(T,y*} * 
U ) 

(129) 

The numerical solution of Equation 129 proceeds the 

same as indicated in Chapter IV.  The same initial guess 

criteria as presented in Chapter VII was successfully 

employed.  If Equation 129 is solved by the eigenvalue 

approach then a particular solution is found by assuming 

-T/U* Ce /H  for the solution of the non-homogeneous equation, 

where C is a constant. 

Since model one has already been chosen, Equation 129 

was only solved for case one.  The transmitted flux has been 

used as a source term in the transport equation so the 

boundary conditions must not involve transmission through 

the top surface.  The normalized boundary conditions become 

i(To#-U0) = P,n (y„) i(T .y.) 21 •o'-r (130) 

i(0,u£) = P23^A) i(0,-uA) 

A  =  1 t        m •   . ,  P/2 

(131) 
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In Chapter II the definition of biangular reflectance 

was presented; mathematically expressed this definition 

becomes 

"ba<"l> - IT* (132> in 

where I is the reflected intensity 

*. ,_* 
Xr "  Pw^l^o + [1 " p21(y )JIo(To^ > 

[l - P91 (y)l 
+  5^  KT„,li) (133) 

n. ° 

Substitution of Equation 133 into Equation 132 along with 

the expressions for I and IQ(
T
0»l

J ) yields 

«(Un - U?) 0*yl " ul' I * 
pba(wl) 2  [P12(V 

[1 - p21(u*)][l - p12(u*)]p23(u*)n
2e 2T

</
V
  \ 

[1 - p01(y*)p„(y*)e-2To/^ / 
'2rH /K23 

[1 - p9. (y)] 
+  j=±  ±(xo#y) (134) 

n 

The first term only appears when the specular angle is 

viewed, the last term is the diffuse term and has a contri- 

bution in all directions y,, where y and y, are related by 

Snell's law. Now by definition let 
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d [i-p21(v)l 
pba(ylJ T1  i(To'u) <135) 

n 

be the diffuse component of the biangular reflectance. 

It can be shown that for a bare substrate the 

hemispherical-angular and the angular-hemispherical reflect- 

ances are equal.  Considering a bare specular substrate, the 

hemispherical-angular reflectance in direction u, is given 

by 

PhaK* " p13^1> <136) 

The angular-hemispherical reflectance is defined by 

Hottel [34] as 

2TT     1 

PahK>   "FT-   /    /   Vl^l^ <137> 
in o      o 

For a monodirectional incident flux the reflected intensity 

is I    = Pis^i^o» therefore 

* 1      r  r Fo6(lil " ul} 

Pah^lJ   =TT-   J JP13(W1) 2ir ^ld* in _   • o o 

Wl*  = p13(lV 

hence 

Pah(^J   =  pha<V <138> 
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This proves that the angular-hemispherical and 

hemispherical-angular reflectances are reciprocal for the 

bare specular substrate. Now the validity of this reciprocal 

correspondence will be investigated for the case of the 

substrate covered by an absorbing, scattering film. No con- 

clusive proof can be given since the results are in the form 

of numerical values and not closed form functions.  The con- 

clusion will be based upon comparison of numerical calcula- 

tions of Pha (Mi) and Pau(Vi)«  From the expressions already 

presented.it can easily be shown that Equation 138 is valid 

for W = 0. 

The derivation of an expression for p , (y.) will now 

be developed in terms of the biangular reflection. Substi- 

tution of Equation 133 into Equation 137 yields 

"ah^l* ■ p12(^Jl) 

P23
(yl)[1 ' p12 (P1)} U ' P21ty*)]e"

2To/^' 

[1 - p21(p*)p23(y*)e"
2To^*] 

+ J   PbWdyl (139) 

o 

_      2 
where y. = sin 6,.  The integral term in Equation 139 comes 

directly from Equation 135 and the integration is performed 

numerically by using the same order quadrature as employed 

in Equation 129. 
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II.  BIANGULAR RESULTS 

Illustrated in Figure 61 is a plot of the diffuse 
2 

component of the biangular reflectance versus sin 8,. The 

area under the curve represents the integral term in Equa- 

tion 139. This diffuse component is due to the internal 

scattering within the deposit. The incident flux was chosen 

as normally incident because axial symmetry has been assumed 

within the deposit.  For a diffusely irradiated surface the 

assumption of axial symmetry is valid.  However, for a mono- 

directional incident flux axial symmetry is probably not 

physically realistic except for small angles of incidence 

(u, - 1). Table III indicates a comparison of the calculated 

hemispherical-angular and angular hemispherical reflectances 

for various substrates and for various orders of quadrature. 

The numerical agreement indicates that reciprocity appears 

to be reasonable even though there is no rigorous proof 

available.  It should be noticed that the numerical solution 

was successfully employed for the system of 40 simultaneous 

equations. The highest order eigenvalue approach, observed 

in the literature by this author, was 24. Also the change 

of the order of quadrature does not appear to have a large 

effect on Pah (v-r) • 

Experimental biangular data has been presented by 

Müller [5].  It was attempted to achieve a correspondence 

between the data and the theory by using the properties 

determined in Chapter IX. The data in [5] is not a measure 
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0.6-1 

0.4- 

"Sm'V 

0.2- 

W =  1.0 

n = 0.82 
(Copper) 

U,   -   1.0 

-  Ü3.00 

n =  1.44  -  i5.32 
(Aluminum) 

n =  2.48  - i3.43 
(Steel) 

n = 1.48 - iO.OO 
(Black paint) 

n = 1.2 

2 
sin 8 

Figure 61.  Biangular reflectance distribution for a 
case 1 deposit. 
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TABLE III 

COMPARISON OF HEMISPHERICAL-ANGULAR AND ANGULAR-HEMISPHERICAL 
REFLECTANCE FOR VARIOUS ORDERS OF QUADRATURE AT n = 1.2, 

W - 1.0, AND u* = 0.999 

Substrate 

50 Steps 
10 Point 

Quadrature+ 

50 Steps 
10 Point 

Quadrature" 

50 Steps 
10 Point 

Quadrature' 

50 Steps 
10 Point 

Quadrature" 

ID 
O 

Black Paint 
n -  1.48 - iO.OO    0.5     .1563 

Steel 
n = 2.48 - i3.43   0.5    .5005 

Aluminum 
n - 1.44 - i5.32    0.5     .7438 

Copper 
n = 0.82 - Ü3.00  0.5    .9610 

.1563 

.4906 

.7357 

.9507 

.1496 

.4902 

.7220 

.9412 

.1547 

.5023 

.7360 

.9598 

Hemispherical-angular reflectance. 

"Angular-hemispherical reflectance. 
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of the absolute value of biangular reflectance but rather 

only indicates the angular dependence of the biangular 

reflectance. The data presented in [5] is given as the 

ratio of the detector output at any viewing angle with a 

deposit present to the detector output of the bare substrate 

in the specular direction.  The detector output is propor- 

tional to the power incident on the detector.  It is 

necessary to have expressions which correspond to the 

detector outputs with and without the deposits.  It can be 

shown, as in Appendix C, that the ratio of detector outputs 

is given by 

^2 _ "*! "ba''il"il 
PDl"„r2  pu(BJ) «140> 

The magnitude of the ratio of the detector output 

could not be accurately determined, so it was decided to 

investigate the general trend of the reflectance data with 

respect to viewing angle.  Since the incidence angle is 

required to be small, as indicated earlier, the data at an 

angle of incidence of 0 degrees, A = 0.9u and L = 300u was 

used.  The radiative properties for the C02 deposit at this 

wavelength were taken from Figure 58, page 161.  The magni- 

tude in the normal direction was adjusted such that Equation 

140 and the data were identical at this point.  This is 

2    * equivalent to picking the constant dA./irr p,3 (u.) to give 

the correct detector output ratio in the normal direction. 
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The angular dependence of the data and theory are indicated 

in Figure 62. The distributions of both the data and theory 

for the near normal incident flux correspond closely to a 

cosine profile which implies that even though the substrate 

is specular and the interfaces reflect and transmit specu- 

larly, the internal scattering causes an essentially diffuse 

' biangular reflection. The comparison of theory and data for 

the larger incidence angles of the collimated incident flux 

shows that the assumption of axially symmetric radiative 

transport is not very accurate.  Thus one should be careful 

in' assuming axial symmetry for a collimated flux incident at 

angles that are not near zero. 
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CHAPTER XI 

SUMMARY AND CONCLUSIONS 

An analysis has been presented for the radiative 

characteristics of non-emitting coatings or deposits. 

Absorbing and isotropically scattering media were considered 

for several types of boundary conditions with either diffuse 

or. collimated radiation incident flux. The theoretical 

results correspond to either a monochromatic or gray analy- 

sis. Comparison of analytic results and experimental data 

for cryodeposits was presented on a monochromatic basis. 

The wavelength span was restricted to a visible region where 

all of the necessary input data was available. 

To summarize, the reflectances of cryodeposits are of 

interest in general with regard to: 

1. studies of thermal radiative properties of 

cryogenicaily cooled simulation chamber 

surroundings, 

2. any experiment apparatus requiring cryogenicaily 

cooled mirrors, windows or lenses, 

3. studies involving planetary frosts, 

4. and the effects of thin deposits formed on low 

temperature black bodies which are used as 

calibration standards. 

Also with the realization that a hydrogen-oxygen fueled 

space shuttle should be operational before the end of the 
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decade, the possibility of water frost contamination forming 

on space stations or satellites is increased since the 

formation of H_0 is a combustion product. 

As a result of this study some general conclusions 

are: 

1. The effect of a thin film (T = 0) is significant 

and causes an immediate hemispherical-angular 

reflectance decrease due to the relative refrac- 

tive index change.  The magnitude of the reflect- 

ance decrease depends on the substrate reflect- 

ance. 

2. For large optical thicknesses, the hemispherical- 

angular reflectance was found to increase if W is 

large and to decrease if"W is small. For inter- 

mediate W values the reflectance may either 

increase or decrease depending on the substrate 

reflectance. 

3. The hemispherical-angular reflectance is generally 

lower for a medium bounded by diffuse surfaces 

than in one bounded by specular surfaces. 

Physically this corresponds to rough interfaces 

having lower reflectances than smooth interfaces. 

4. For a given vacuum-interface model, the 

hemispherical-angular reflectance dependence on 

the angular nature of the substrate diminishes as 

the optical thickness' increases. 

5. The best analytical model for CO- and H_0 
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cryodeposits was found to be the specular 

reflector and transmitter.  In the visible wave- 

length region both CO, and H,0 cryodeposits 

correspond to high albedo values and the 

hemispherical-angular reflectance increases with 

increasing viewing angles. 

6. The reflectance of a highly scattering media 

(W = 1) may not necessarily be a monotonic func- 

tion of thickness.  In some instances the reflect- 

ance may decrease and then increase with increas- 

ing optical thickness due to the critical angle 

effect. 

7. The monochromatic absorption and scattering 

coefficients were determined in the visible wave- 

length region and were shown to be useful in 

accurately predicting the hemispherical-angular 

reflectance at many thicknesses. 

8. The comparison of theory and data for the bi- 

angular results showed good agreement for the 

normal incident collimated flux.  The axisymmetric 

assumption appeared not to be valid for non- 

normal incident fluxes. 

9. The diffuse portion of the biangular reflectance 

for a case 1 deposit was shown to be approximately 

a cosine distribution.  This means even for 

specular (Fresnel) vacuum-deposit and substrate- 

deposit interfaces bounding an isotropically 
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scattering medium, the intensity reflected in the 

non-specular directions is diffusely distributed. 
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APPENDIX A 

The interfaces are assumed to be perfectly smooth 

surfaces and also tc reflect specularly according to 

Fresnel's law.  For the vacuum-deposit interface, all radia- 

tion striking the surface at an angle equal to or greater 

than the critical angle will be totally internally reflected, 

The concept of critical angle is only applied when speaking 

of-rays striking the surface from within the optically 

denser medium.  The portion of' unpolarized radiation that is 

reflected at the vacuum-deposit interface is given by the 

following adaption of Fresnel's law from [28]: 

>y«(Vl} = * 
sin*(6 - 6') 

.sin* (9 + 9'). ♦i tan
2 (6 - F1)' 

tan' {9 + 6 •) 
(141) 

where 6 and 9"' are the angles of reflection and refraction 

respectively and where y« lor 2 and z ■ i, 2, or 3. 

Separate consideration is given to the plane 

polarized component with vibrations perpendicular to the 

plane of incidence R and the reflectance of the plane 

polarized component with vibrations*parallel to the plane of 

incidence R . Therefore, Snell's law becomes 
P 

n- sin 9 = ri sin 9' (142) 

where n is the complex refractive index of the conductor, 

F' is the complex angle of refraction, and n, is the 

refractive index of the dielectric or deposit. 
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Solving Equation 142 for sin 9"' and multiplying and 

dividing by the complex conjugate of n = n - ik results mmm 

in the following equation: 

sin 6' = [n. (n + ik) sin 0/(n2 + k2) ] a m    m        mm (143) 

Noting that 91 may be written as 6' = a + iß, the 

reflection function for the perpendicular component becomes 

R = I sin (9 - 6') 

sin (6 + 9') 

sin(9 - a - iß)] 
sin(0 + a + iß)J (144) 

R - fain(9 - a)cosh ß - i cos (9 - a) sinh ß) 
rj s ~"   (sin(0  + a)cosh ß + i cos (0  + a)sinh  ßj (145) 

R_ - 
0 0 0 o 

sin (9 - opcosh ß + cos (9 - a)sinh ß 

isin (9 + a)cosh ß + cos (0 + a)sinh2 ßi 
(146) 

R  - s 
fsin2 (9 — a) + sinh ß] 
sin (9 + a) + sinh B. 

(147) 

Similarly, the parallel component can be written as 

- A -fin) 
R  = 
P 

tah(9 - 9') 

tan(0 + 9'). 
(148) 

P   s 
cos (9 + 91) 

cos (9 - 9') 
(149) 

RP = 
r          2 cos' (0 + a) cosh ß + sin2 (9 + a)sinh P] 
cos   (9 - a)cosh ß + 'sin2 (9 - 

2 
a)sinh ej 

Rs(150) 

[cos2 (9 + a) + sinh B| 
cos    (0 - a) + sinh ßJ s (151) 
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or the interface hemispherical angular reflectance is 

Pyz - -5lRs + Rp] (152) 

as 

More conveniently we can write Equations 147 and 151 

R - s 
(sin 6 cos a - cos e sin a)2 + sinh el 
(sin e cos a + cos e sin a)2 + 

2 
sinh »J (153) 

and 

R = 
P 

0                       0 
(cos 8 cos a - sin 6 sin a)  -f sinh Bj 

2      2 (cos 6 cos a + sin 6 sin a)  4 sinh ßj 
Rs (154) 

Now it is necessary to solve for cos a, sin a, and 
2 

sinh 3 in terms of the known quantities. From Equation 143 

one may write 

sin 6* = sin(a + iß) = sin a cosh 3 + i cos a sinh 3 
(155) 

sin a cosh 3 + i cos a sinh 3 ■ 

n.n sin 9 + in.k sin 6 am am 

m   m 

(156) 

and equating the real and imaginary parts gives: 

2    2 
sin a cosh 3 - (n.n sin QJ/d^- + lO 

2    2 
cos a sinh 3 Ä (nd

k
m sin 8)/(n + k ) 

(157) 

(158) 
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Let 

C = (nd sin 6)/{n^ + k*) (159) 

therefore Equations 157 and 158 become. 

cosh. 3 = -jE— (160) sin a 

v/l - sin^ a 
sinh ß =     m (161) 

2        2 Inserting this into the identity cosh ß - sinh ß - 

2 2 1 and defining a -   (?n )  and b = (?k_)  gives 

sin m  K 1 + a + b _ /(l + a + b) 0  I   * J 3 
2  
 a 

1/2 

(162) 

2 and from Equations 159 and 162, sinh ß is easily computed. 

In Equation 162 the constants a and b are given in 

terms of the knowns n,, n , k , and 6. Equations 152, 159, d  m  m 

160, 161, 16 2 and the constants a and b can be easily pro- 

grammed as a subroutine1 to calculate the values of p  (y). 

In programming Equations. 153 and 154 it is convenient to let 

2 *l/2 y - cos 6 and sin 6 = (1 - u )   since the quadrature 

points presented in Chapter IV correspond to discrete values. 

Plots of the internal and external' reflectances are 

shown in Figure 63 for the vacuum-deposit interface at 

refractive index values of the deposit of 1.2 and 1.4. 

These graphs show the critical angle phenomena and also 

195 



AEDC-TR-71-90 

1.0   -, 

0.6    - 

0.2   - 

COS    6 

(a)   n = 1.4 

1.0- 

0.6- 

0.2- 

Quadrature 
\ directions 
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Figure 63.  Fresnel reflectance function for n = 1,4 
and n ■ 1.2. 
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reveal that the critical angle decreases as the deposit 

refractive index increases. Also indicated are the y values 

which correspond to the discrete ordinates. 
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APPENDIX B 

Considering the geometry in Figure 64 and assuming 

[1 - P21<V>1 . 

pi2^i):co + —nr^—* <vw) 
n 

I+(Tfy) 7 
Vv* 

l*(0,v) 

i (x,y) 

// ////////////////V 

Figure 64. Deposit geometry. 

only attenuation of I+(T,U) and I~(T,U) due to scattering 

and absorption of a non-emitting medium yields 

I = c e -T/U (163) 

Separating Equation 163 i'hto two equations for the 

two directions gives the result 

I+(x,u) =Cle-T/tJ 

I-(T,y) =C2 e^'V^ 

0 < V < 1 

-1 < fl < 0 

(164) 

(165) 

with boundary conditions at 
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T  - 0 l+(0,y)   - l+(0,y) (166) 

T   ■   T: 1    <T0'
W)   =   W*0 (167) 

therefore C. ■ I (0,y) and C, - I~(T.y) 

Now for 0 < y < 1 

I+(T,y) = I+(0,y)e"T/lJ 

l"(Tf-y) = I~(To/-y)e"
(To"T)/p 

(168) 

(169) 

the physical boundary conditions are 

Iot0'y) = P23<M)l"(0,-y) (170) 

Io(To'"y>  " P2iM
I+<T

0'y)   +   [1 " Pl2(pl)ln2]Co     (171) 

Substitution of Equation 168 into Equation 171 and Equation 

169  into Equation 170 yields 

w-»> - 
(1 -  p12)l0n' 

tl -   P21P23e -2x0/yj (172) 

P23(l - P12)nW\ 

° U " P21P23e-2To/^ 
(173) 

The hemispherical-angular reflectance from the film 

is given by the reflected intensity divided by the incident 

intensity 
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p12 Xo        I+(To'y) [1 " P21] 

o       o      n 

Substitution of Equation 173 into Equation 168 and 

then incorporating Equation 168 into Equation 174 yields 

p23[1 " p211[1 - Pi2le"2T°/M 

■w-i> - »» +   (1 -*;ai>M.-^-i    ,i75) 

Now for very thin films where the optical thickness 

is so small that negligible attenuation can occur, p. 

becomes 

,     ,i                     P23[1 "  p211E1  "  p12] #1,_ 
pha^l>|   "  p12 +  [1 -   p21p23]  (176) 

o 

Thus if no film is present, the expression for p, 

of the bare substrate is 

pha(V " »IS^ (177) 

where p,3 (y,) is given as indicated in Appendix A.  For a 

monolayer film of molecules absorption and scattering have 

not yet become prominent; thus p. (lj.. > is given by Equation 

176.  The discontinuous change in p.  from Equation 177 to 

Equation 176 accounts for the first drop as shown in Figure 

3, page 16.  Essentially the film optical thickness is zero 

in both cases.  However, there is a definite relative 

refractive index change which occurs. 
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The expression Equation 176 can also be shown, to be 

the sum of the infinite series of reflections that occur at 

the top and bottom interfaces. Again the expressions for 

P23, p._ and p21 are given as indicated in Appendix A. 
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APPENDIX C 

As shown in Figure 65, let the area dA. represent the 

dA. 

Figure 65.  Geometrical arrangement of the detector and 
irradiated areas. 

detector area and let dA. represent the illuminated area. 

If dA. is considered to be a bare specular surface, the flux 

incident on dA. is 

2TT  1 

'in"/ ; T  cos 6 dw o 
o  o 

r F * = 2TT  J   2? Myx - p1)w1dy1 

Vi 

The intensity reflected from dA. is 
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Jr " p13(vJl}Io = PlS^l*   2?6(lll " V 

and the reflected flux is 

2TT     1 

■; / 
o      o 

p13(vl}   27 6(yl " Pi>Wldwld* 

Fr = P13 (yx) P in 

The power leaving dA. is p.,(y,) F. dA. and the 

portion of this reflected power incident on the detector is 

dA. 

»Di-arMpiafci1 FindAi} 
i 

PD1 " '13 (V FindAj 

With a diffusely reflecting deposit present on the 

substrate the power incident on the detector in the non- 

specular directions is 

I 

D2 

I  cos ß. co»-^T dA.dA. 
r  l *^~     ]   l ] 

D2 

TTl 

in 

dA.dA. 
in 
TT 

PD2 " Pba(yl)yl 

*>> 

2 IT 
(178) 

where cos B- = Ui. 
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The ratio of the detector outputs is 

•D2 
?D1 

dA, 

irr P13(y1) 
Pba^PH (179) 

It should be noticed that the term in brackets is a 

constant. Now let the bare substrate be considered as a 

perfectly diffuse surface. The expression for the power 

incident on the detector is given by Equation 178 where the 

reflected flux is 

/ 
irir = 2TT I P13(y1) ^ 6(Ul - u^du^ 

I = p,, (til)Fo^ 
r   13  v  (180) 

Substitution of Equation 180 into Equation 178 gives 

the power incident on the detector as 

*  * dA.dA. 
PD3 " 013^1^1  2 

F. 
in 
TT 

Now the ratio of the detector outputs becomes 

D2 
?D3 p13(pl)yl 

pba(u,)y|. (181) 

The expression in brackets again is a constant.  Com- 

parison of Equations 179 and 181 shows that the value of 
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this constant in the detector output ratios can vary con- 

siderably depending on whether the substrate is assumed to 

be perfectly diffuse or specular.  Since no surface is 

exactly diffuse or specular, the value of the constant in 

Equation 140 of Chapter X was picked before comparing the 

angular dependence of the data and theory in Figure 62, 

page 181. 
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