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ABSTRACT

Simple mathematical models are developed to
predict the onset of microwave breakdown in air-filled
coaxial transmission lin2s and rectangular waveguides.
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A) zptroduction

For aerospace applications it is important to know the
limitations, due to gaseous breakdown, on the power handling
capacity of microwave transmission systems. In the past, mea-
surements have been made of the power capacity as a function of
pressure for both coaxial transmission lines iI) and rectangular 3!
waveguides., The measurements have been made for continuous wave
signals, but, in general, the pulsed case has not been con-
sidered. In this paper we have developed simple analytical models
which can be used to predict the onset of microwave breakdown in
either coaxial or rectangular guides for pulses of arbitrary
length.

B) Analzsis

Before proceeding with the mathematical analysis it is
useful to present the reader with a short introduction to the
physical concepts involved in microwave breakdown. For example,
suppose a continuous electromagnetic field is applied to some
region in space containing some combination of neutral gases plus
a few electrons due to radiation, etc., The electric field of the
wave tends to produce ionization of the gases by accelerating the
electrons present cntil they undergo an ionizing collision pro-
ducing new electrons. If the rate of production of the electrons
by this field exceeds the mate at which they can be removed by
loss processes, there is a cascading of the number of electrons in
that region until nonlinear effects limit the increase., This cas-
cading of electrons is usually referred to as breakdown, and when
it occurs the electron density usually becomes so high that all
except electromagnetic waves with extremely high frequencies are
blacked out. The pcssibility of microwave breakdown thus re-
presents a limitaticn on the power handling capabilities of a
transmission system, and must be considered carefully in any
systems design. With this brief introduction let us now proceed
with t > mathematical analysis.

1) Coaxial Transmiseicil Line

We first consider the microwave breakdown inside an air-
filled coaxial waveguide, which is assumed to be designed such that
only the TEM mode is propagated. We shall limit our study to
wavelengths \ , pressures p, and separations d, betwezn outer and
inner conductors such that the gas breakdown is principally due to
ionization of the neutral atoms and not multipacting (secondary
emission ¢ electrons from the conducting walls). A plot of the
region in the p\ - fd plane (f = frequency) over which this as-
sumption is valid is given in figure 2 of reference 1. The
equation governing the electron density n within the coaxial wave-
guide (see Fig. 1) is

D 2 (n 2 _ _ n ,
LY\ T}\"L(R }rt.) +(V.__Va..)ﬂ = S-‘E ()

(1)
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D is the diffusion coefflc:.en.t and is given approximately by
D? = (29+,9 Ee/P) x 10% @ygmt  yhere Eo/P = E/[PT + vt

Yoz (avf/s, ixi0!) and E is the electric field strength
in volts/cn.

E volts

For the range 15 < (Fe/p) £ lto Gihme the ioniza-

tion rate yi 2'_n air can be approximated (3) by Vv: = 8,35 x 10~ -4
+ (Ee/p)¥3t  sec! Tonr™ The attachment rate Ve is given

approxlmately by Ve = 6.4 x 104 p sec-l,

Equatin. (1) is readily solved by separation of variables,
if we assume V; , va and D are independent of time. We get

N, t) = Z Ny (n) T o) t}ht (2)

R

where Ny are the eigenfunctions of LNk = ANk, and the ALk are
the corresponding elgenvalues. We have found it is generally
reasonable (4) to approximate the growth of the electron density
by the mode with the largest positive eigenvalue A1, so that

Mt

Nnin,t) > N, (R) Tite) € (3)

For a pulsed system, breakdown will occur when the pulse length =
is such that at any time during the interval T the electron
density at the spatial location M. where the density is highest
exceeds the critical electron density WM. (at which the plasma
frequency is just equal to the signal frequency). Therefore

from (3) we have that the breakdown condition is

Wt e | )] @

N (Re,0)

For the case of a continuous wave signal (i.e. T-~vw ), the
reakdown condition is just Ay = 0.

The equation satisfied by Nyj(n) is therefuove

% ?R(n "ﬁ:) + (Vi=ve -AIN, =0 (5)

In solving (5) we can, as an approximation, neglect the da-
pendence of D on Ee and instead approximate D by an averags:
value (This approximation will be discussed later). Denoting
the value byg and recalling that (5) if the potential dif-
ference between inner and outer conductors is V , the E fiel~
isE= V/(nink) we get




- g
B4 (ndM) +[-@-;_ﬂ—va.~>~.JN‘=o ©)
nRoodn n n>
5,34
-4
where O = a.35 x100¥ oV

The solution of (6) has an essential singularity at n = 0,
and is not known in closed form. Therefore to solve (6) it
is congenient to make some approximations. Suppose we
choose™ a radius n,, such that

Q gl

_-—_5‘3‘_} - \JQ. +A)\‘
(re)

We then assume that for Rs<p, , we can approximate

R Q (8)

= sS4
5.34 -
. n

while for &t > R, we approximate

KR v = - (vas) @)

.34

Therefore, for . < Ry we have from (6)

(,\iﬁb) + Yo N, o~ 0 (o)
M

Qf‘g,
3

-
n

¥ We assume y- is sufficiently large that ry >a. Ifry< a
then it is clear breakdown cannot occur, If V' is so large
that r1, as given by (7), is greater than b, we then set ri = b.




While for r 2 rj

(. dNi ~
An.\n' An.) - & Nio= o )

i
R
where o« = Q/D and {, = Va + A)/B.

To solve (1l0) we can let f = r"s-/2 where S = 3.34
so that (10) becomes

d"N, L 4N 2\ =
R S R CRLRTIC

Equation (12) is immediately recognized as Bessel's equation,
which has solutions (a snsly)

N AT(ER ) ¢+ B Y (BmA ) ()

where A} and By are arbitrary constants. Equation (1l) is
?1so reco nlze& as Bessel's equation, and has the solution
rl‘ re

N, = G X (MEn) + D I (@r) (1 4)

where C; and Dj are arbitrary constants. We are now in a posi-
tion to apply the boundary conditions on Nj;. These are

Nl(r—a) = N1(r=b) = 0 and N,and dM/dn = cofitinuous at r = rj.
Applying these boundary conditions we find that the breakdown
condition is

) - %ﬂ%mﬂ . [T - :‘[") v @)
Kk“(*%g) - ..I“:ig%)) I, (29 (/@) - If(’;é‘;’) T/(%9)]
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where g s I~ 1 y 17 8§ 7% & 4 _+ To solve

(15) we first set Dp = (29 + .9 Ee/p) x 107 where Ee i: the
effective ficld evaluated at a point midway ‘between.a and ry
(Note that we can show that the maximum n -occurs at approxi-
mately this point). Then (15) is solvEd for " by -the method
of false positicn starting with Q/a3¢3% = max (%,sVve, 2.u 3,2%
where 2.4 represents the first zeroc of the Bessel function

Jo(x) and Dop = 2.9 x 105, Once V is known the bireakdown
power for a matched line is computed from

oS '
Wa 0 ’;Q/

Figure 2 shows the results computed. from (15) and
(16) for the breakdown power on a 50 .1 coaxial line as a
function of pA  for both the continuous wave case ", —»w®
and the pulsed case, for a pulse lengt = = 'us (The initial
electron density was assumed to be 1 electron./’cm3). The re-
sults are plotted only in the range of pX for which the above
theory is valid. Also shown is the experimental data of Woo
(1) for the continuous wave case. We note that the agreement of

our theoretical results with the experimental ones is quite good.

2) Rectangular Waveguide

We next consider a rectangular waveguide in which it
is assumed that only the TE1Q mode can propagate, so that (see
Fig. 3) the electric field &1str1but10n across the waveguide is
Ey = Eo cos (wx/A ). Using the approximation of the last

section for the relationship of v; to E then gives for the
ionization rate

Vi) = V(o) Cerd»s'“("—‘f-—) (17)

where
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Usmg equatlon (17) in the continuity equation for the electron
density then gives

‘a £ . .
> -b AY] - 5.2 - ’ -
D c____\"l + D}\; 2 T : Vv (e} o Y ) ~vaiy o= 20
N\ ] :
o X __ )
¥

Solving as before by_ separatlon of variables (approx:.matlng D
by an average value D) then gives for the fastest growing mode

2 .34 - N

4 x? Ly g*
There is no known closed form solution to (l9). Therefor&
solve (19) by using a piecewise approximation to cos (ix /A e
That is

! ,km. \?z*-i <. 115
o (T¥) 4 ["'5 - (lﬁ%\gj)“‘] for 75 & | | 2 903

>, 903

o $or |1Yl

120)
A plot of this aEproximation compared with cos S.34(m™x/pn) is
shown in figure Using (20), equation (19) therefore becomes
for {mx/a }<.1175
2
AL e’“ N, = 0 (@an

dx*

e vt 44 e
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*D
where 2. -l [vitey - Va- IET - )\‘1

The appropriate
solution of (21) is

N‘ = Ag w@x

where A, is an arbitrary constant,

For 1175 ¢ {(T™*/A) = ,o0% , equation (19)
becomes, upon using (20):
Y
8 X% N, + KNz o -
d x*
where K = I.!5 Yilo) = Va - A P
3 \ B/
X = Vi (o) khiWST\
B A
My _“S_-! . . .
Next let t = ¥ [j‘- vyl and use this in (23) to obtain
2
N AN, = o 2
442
which has a general solution
Ny = a, AL(Q) + b, Br(¥) (25)

Where Aj(t) and Bj(t) are the airy functions, and aj and bj are {
arbitrary constants,

Finally, consider .903 € I =« T/,

. Here equation
(19) becomes:

\:i\‘}
d x? )

O

=
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-9q-

x*D ‘
where 2 = p-t [_y;.(o) - Va- “BT =~ ‘)\‘} .

: . , The appropriate
solution of (21) is

N‘ = A«g w@x

where A, is an arbitrary constant,

For .1175 % {(™*/A) = ,o0% , equation (19)
becomes, upon using (20):
a
4" N, - xx Ny + KN =0
4 x>
. where K = 1.I5 Y(o} = Va =~ X Bk
D | \B/
& = Vilo (L175m>
D A
= ol LS . .
Next let t = « [_*- < ] and use this in (23) to obtain
2 :
d N\ - tNl = 0 LA
&4
which has a general solution
N, = a, AL(d) + b, Brlt) (25)

Where Aj(t) and Bj(t) are the airy functions, and aj and by are
arbitrary constants.

(19) b Finally, consider ,903 = %;- < T/n ., Here equation
ecomes :

T Wy
X
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N
the smallest value of E, (greater than the value Eo which is
defined below) foi which the determinant in (28) is identically
zero, The value of Eq is

~ 2
Vo + A; + D ==

—— s . P o o Semaca

g.35x|5% p

A\
Ee = Vpteyd

U |
"-
<

and this represents the breakdown field strength in the limi-
ting case A —~» ®© (so that there is no diffusion in the x-
direction).

Equation (28) has been solved for E, by the method of
false position for various ranges of frequency pressure, and
pulse length, © . A typical set of results is shown in figure 5.

Once Ey is known the breakdown power for a matched waveguide is
given by

PB = .33 % !0.3 AB l‘_",,2 VIATTS

where A and B are expressed in cm and Eg in Volts/cm,

One interesting result which emerged from our study
is that for A/B>2,0, the diffusion in the x-direction does not
influence the breakdown field strength by more than about 15 per-
cent, even for pressures 2 orders of magnitude lower than the
critical pressure (the critical pressure pc is defined at that
pressure at which the breakdown field strength is smallest.
Usually this occurs at pc~ ¥o . For 1 GHz, we have pg ~ 1 Torr).
Values of the ratio of E, (as computed from (28) to E,, as a
function of A/B and p, are presented in tables 1, 2, and 3. From
these tables we see that for A/B > 2, even for pressures two
orders of magnitude below critical, there is only, at most,
about 1.1 db error in neglecting diffusion in the xgdirection.
Therefore, in this range one can approximate E, by E, to calcu-
late the breakdown power (and hence avoid solving the deter-
minant in (28)) to within an error of at most 1.1l db,

G 1) Al e S /7O AN A S e o
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* * " A (]
Tabulation of (Eo/Eq) for Various (A/B) and p for the Case of
f =1GHz and B = 3,5 CM

-‘3-

TABLE 1

e o e b ot S s A
B L E  SUR——
- ——

AL =0
~..A/B
P . 4,29 L,86 5,58 6.00
.01 1.07 1.07 1.06 1.06
.1 1.07 1.06 1.06 1.05
1 1.06 1.06 1,05 1.04
10 1.02 1.02 1.01 1.01
20 1.01 1.01 1.00 1.00
Hq =10
A/B |
P~ 4,29 4,86 5,58 6.00
.01 1,06 1.06 1.05 1.05
.1 1.05 1.03 1.03 1.03
1 1.02 1.01 1.01 1.01
10 1,00 1.00 1.00 1.00
20 1.00 1.00 1.00 1.00

* All numbers to 3 significant figures only.

P




TABLE 2

* A i
Tabulation of (E,/E,) for Various A/B and p for the Case of

A1=0
~_A/B
p . 2.0 2,27 2,60 2,80
.01 1.14 1.12 1.11 1.10
1 1.14 1.12 1.11 1.10
1 1.09 1,09 1.07 1.07
10 1.02 1.02 1.01 1.01
20 1.01 1.01 1.00 1.00
N1 = 107 {
;Z\\éii\> 2.0  2.27 2.60 2,80
.01 1.09 1.08 - 1.07 1.06
.1 1.04 1.03 1.03 1.03
1 1,01 1.01 1.01 1.01
10 1,00 1,00 1.00 1,00
20 1,00 1.00 1.00 1,00

~

* Correct to 3 significant figures only.

e+ ———
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Tabulation of (Eg

/Ao for Various (A/B) and p, for the Case of

-)8-

TABLE 3

="1 GHz and B = 9,75 CM

* Correct to 3 significant figures only.

)1.'.'.
A/B
P 1,74 2,00 2.16 2,31
.01 1.16 1.14 1.13 1.12
.1 1.15 1.14 1.13 1.12
1 1.10 1.10 1.08 1.08
10 1.02 1.02 1.01 1.01
20 1.01 1.00 1.00 1.00
N1 = 107
A/B
b 1.74 2,00 2,1¢ 2,31
.01 1,09 1.08 1.07 1.07
.1 1.04 1.03 1.03 1,02
1 1.02 1.01 1.01 1,01
10 1.01 1.00 1.00 1.00
20 1.00 1.00 1.00 1,00
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