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ABSTRACT

The Helmholtzor scalar wave equation (V2 + k%) ¥ = 0 is separable in oblate
spheroidal coordinates 7,£¢f with solutions ¥ = S (i, n) R (iA, —i£) ® (9). The
subject of this report is a Fortran computer program called OBRAD which nu-
merically evaluates the radial solutions R (iA, —i£). The printed output from
OBRAD consists of radial functions of the first and second kind, R(ll) (2)
(th, — &), their first derivatives 9 an'[,) {2)(ih, —i¢)/d¢ , the separation constants
or eigenvalues 4,y (ih), and an accuracy check. This report first describes the
input data cards and the output format. The theory of the oblate spheroidal wave
function is then discussed. A description of the principal internal features of
OBRAD is then given. Finally a computer listing of OBRAD is attached as an
appendix.

PROBLEM STATUS

This is an interim report on a continuing NRL Problem.

AUTHORIZATION

NRL Problem S01-28
Project RR 102-08-41-5225 1

Maquscript submitted July 9, 1969.
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A FORTRAN COMPUTER PROGRAM FOR CALCULATING THE OBLATE SPHEROIDAL
RADIAL FUNCTIONS OF THE FIRST AND SECOND KIND
AND THEIR FIRST DERIVATIVES

INTRODUCTION

The Helmholtz or scalar wave equation (V2 + k2) ¥ = 0 is separable in oblate
spheroidal coordinates, with solution¥ = S(n) R (£)® (9). The subject of this report is
a Fortran computer program called OBRAD (OBlate RADial) which evaluates the
solutions R (£) in the radial spheroidal coordinate ¢. Although other methods of computing
the radial functions R, (£)(1)(2) of the first and second kind and their first derivatives are
available, it will be the procedure of this report to obtain them from expansions in terms
of Bessel and Legendre functions.

Oblate spheroidal wave functions of the radial type constitute an essential element
in numerical calculations involving diffraction, radiation, and scattering of acoustic
waves, electromagnetic fields of circular disks and apertures, energy levels of certain
nuclear models, and the resonant behavior of certain spheroidal cavities. An extensive
list of references on calculations and applications of spheroidal wave functions is given
in Ref. 1.

The two independent solutions B, (£&)13(2) of the radial equation are characterized
by four parameters: £ (called X), M, H, and L. M is the integer separation constant re-
lating to the solution for the rotational angle 9. H is equal to kd/2, where d is the
interfocal distance, and k i's the propagation constant or wave vector magnitude 27/ .
For each choice of M, H, and X there will be a set of solutions to the radial equation,
each solution characterized by a separation constant or eigenvalue 4. It is convenient
to order these eigenvalues in an ascending sequence and label them with integers L, be-
ginning with L = M for the smallest eigenvalue, L = M + 1 for the next one, etc. This
choice is made so that the solutions reduce to that for a spherical coordinate system as
H approaches zero. In the spherical case the eigenvalues are simply given by L (L + 1).
For each choice of M, H, X, and L there will then be two independent radial functions.

Operationally the program OBRAD is divided into several parts. In the first part M
and H are set and the eigenvalues are calculated for the desired range of L. In the
second part, X is chosen, and the expansion functions, Bessel or Legendre, are obtained.
Finally for each choice of L the expansion constants are obtained and combined with the
expansion functions to give the radial functions and their first derivatives.
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INPUT
The input consists of five data cards:

Data Card 1: Format 814. This card contains the integer value M1 of the first M de-
sired; IDM, the increment in M used to generate higher values of M; NM, the number of
values of M that are desired; L/, the initial integer value of L; IDL, the increment in L;
NL, rhe number of values of L that are desired; NH the number of valves of H that are
desired; and NX, the number of values of X that are desired.

Data Card No. 2: Format D32.25. This card contains AH, which is the initial
decimal value of H.

Data Card No. 3: Format D32.25. This card contains DH, which i's the increment
in H.

Data Card No. 4: Format D32.25. This card contains X/, which is the initial
decimal value of X.

Data Card No. 5: Format D32.25. This card contains DX which i's the increment
in X.

OUTPUT

The output consists of numerical tables, one page for each set of selected values H,
M, and X. Each table gives the radial functions of the first and second kind, R1 and R2,
their first derivatives, R1D and R2D, and the eigenvalue for all choices of L that were
requested. Only 18 significant figures are printed in the cable, although 26 significant
figures are calculated and more cthan 18 of these may be accurate.

An accuracy check is included for the radial functions and their first derivatives.
This is obtained by comparing the theoretical value of the Wronskian W [R(V), R(D] of
the radial solutions to the value actually calculated from che radial functions and their
first derivatives. It gives either the number of digits cthat agree in the theoretical and
calculated Wronskians (or one less, because of truncation error). When X =0, either R(1)
or its first derivative is equal to zero. The Wronskian is then insensitive to inaccuracies
in either R(?) or its first derivative. In this case the accuracy is determined by sub-
tracting from 25 the number of significant figures that are inaccurate due to subtraction
errors (Ref. 11).

Experience has demonstrated that this program will deliver correct resules if the
eigenvalues 4, are correct and the Wronskians check as noted above. Examination of
the eigenvalues for continuity is a helpful check on their correctness.

A sample page of the output from OBRAD is presented in Appendix C.
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PARAMETER RANGES

To use this program effectively, it is necessary to understand the limitations on the
four parameters M, H, L, and X. The ranges that the program has been tested for are as
follows:

M =0 through 10

H = 0.01 chrough 75

L = M chrough M + 49
X =0; 0.02 through 100

Limitacions on parameters are as follows.

M: In general, accuracy is not much affected wich increasing M. For this reason one
could reasonably expect good results for values of M greater than 10.

H: The range on H may easily be extended in both directions. Good results should
be obtained for values of H as small as 0.001. However, the accuracy may fall off for
values of H greater than 75, especially when X is small and L is large. Since the matrix
determination of starting values for the eigenvalues as programmed in OBRAD is in-
adequate for values of H greater than 75, a formula given by Meixner (2) is used in this
case.

L: The upper limit on L may be extended beyond M + 49. For H < 20, L can probably
be extended to M + 79. As H is increased from 20 to 75, the upper limit on L must be re-
duced from M + 79 to the present limit of M + 49. As was mentioned, a larger matrix for
computing eigenvalues would be required to extend the upper limit on L beyond this.

When the range is extended, the eigenvalues should be examined carefully for continuity.
Since the difference between successive eigenvalues becomes nearly constant for large
L, thisis the best check on their validity.

X: The range for X was determined by the physical problem. X = 0 represents the
surface of a disk and is useful for this reason. The flattest near-disk that one might
consider would probably correspond to a value of X no less than 0.02. The upper limit
on X was chosen arbitrarily and could probably be extended with little difficulty to well
over 100.

' ACCURACY CURVES

Several graphs of the calculated accuracy as a function of /i and for a fixed value of
X are given below in Figs. 1 through 5. The arrow indicates the range of accuracy for
: L=MwL=M4+49 and for M =0 to M = 10. The lower accuracy usually corresponds to
higher L. For the parameter ranges listed above OBRAD will produce values for R(!)
and its first derivative that are accurate to at least 20 significant figures. When the
Vronskian check is less than 2 significant figures, it indicates lower accuracy only in
R?) and its firsc derivative.

K en it S S SR
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Fig. 1 Calculated accuracy as a function of H for X = 0.0
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Fig. 5 Calculated accuracy as a function of H for X 2 2.00

COMPUTATION TIME

Using the CDC 3800 the compilation time of OBRAD is about 48 seconds. The
execution time varies, but if all 50 values of L are requested, the average time will be
about 0.4 second for each set of R1, R1D, R2, R2D, and eigenvalue.

SOLUTION OF THE HELMHOLTZ EQUATION IN OBLATE SPHEROIDAL COORDINATES

Detail s of the oblate spheroidal coordinate system, which is an orthogonal coordinate
system, are given in Ref. 1. Briefly, the three oblate spheroidal coordinates are £, 5,
and ¢, where 0 < <=, -1<n <1,and0 <9<2n. The surfaces of constant £ .
the radial coordinate, are represented in the zyz Cartesian system by the locus

=y | = _2 .
Fe @
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This describes an oblate spheroid whose interfocal distance is d. The surfaces of
corstant n , the angle coordinate, are represénted by the locus

_Lty_- = l + -—z——. (2)
a¥(,_.? (i)2 2
2/ N 2/ "
This defines a hyperboloid of one sheet whose focus is located a distance d/2 from the

origin of the Cartesian system.

The surfaces of constant @, the rotational coordinate, are half planes whose edge is
the 2 axis.

Any point in three-space can then be represented by che triad (£,7 , ).

The scalar wave equation (V2 +%2) ¥ = 0 is separable in oblate spheroidal coordinates.
Adopting with 'slight modifications the notation of Morse and Feshbach (3), we write

¥ - S(ih,n) R(ih, —if) :f::: , 3)
where
_kd
Ak 4)

The angle function S and the radial function R 'satisfy the o-dinary differential equations

2
d‘%[(l-nz)%]+(1i+hznz—I—T;})Sao, (5

%[(1+£2)%]-(A—h2‘ & - n"ﬁg)n-o. 6

Here A tepresents a separation constant dependent on m, {, and A. There are two solutiors
to both Egs. (5) and (6). Consider only the first solution SV to Eq. (5). When A -0, Eq.

(5) reduces to the standard equation for the associated Lengendre function Pl"' (n) of the
first kind, where the separation constants are 4 =0 (£ + 1);€=m, m+ 1, .... Thus, for
each pair of integers m and €, both Eq. (5) and Eq-¢4) have a solution only for special
values of 4= 4,¢ (i4). For A #0 we can write

’

S (b, n) =) d, (GAlmd) PT . (n) . 7

The prime sign means thatn=0,2,4, ... if l —misevenandn=1,3,5,...if
! — mis odd. Substituting Eq. (7) into Eq. (5) and using known recursion formulas for
Pé" (n), one obtains the following three-term formula for the expansion coefficients:

Iy
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_(2m+n+2) Cm+n+1) A2
Cm+2n+3)(2m+2n+5) n+2

I 2(m+n) (men+l) =2m2 - 1,5 (8)
+ [(m+n) (m+n+l) — A o - s In=D OntonD) h ] d,

- n(n—1) A . e
2m+2n-3) 2m+2n-1) -2 ~— &

with the asymptotic relation

dn +2
d now »0 (9)
and the normalization
" (n+2m)! . €+ m)!
; nl d" (ihiml) = T=m" (10)

A knowledge of 4 ; would then allow d, to be calculated by an iterative process.

This program, however, is concerned with only the radial functions Rf.,lz) (ih, —i€)
and anzl) (ik, —i£). Using the general principle that any solution of the scalar wave
equation (say the angle function §) i's a suitable kernel for the integral representation of
a second solution (say the radial funct’on R1)) che following expression for the radial
function of the first type R(1) is ohtained by integration over §:

2 m/2 ’
RYY) oh,-i6) - =2 (f?*z—l-) 2 inem- @2l himey L (RE),
" (11)

where j_ is the spherical Bessel function of the first type.

Using a known recursion formula {or the spherical Bessel functions, the derivative of
R is obtained:

dr - 2 m/2 ,
dfm? (ih,—if)=§%7%§(§?;_l) ;in+m-2(‘n:;.2m)! oy

(12)
X ) . A 1) . .
) [(2"':‘2+mm+l In+m=1 (A6) - 2(::2”:n++ )I In+m+1 (A¢) —(f;if) ln+m (hf)]

Using an asymptotic form for the spherical Bessel function, we can find asymptotic forms
for the radial function of the first kind:
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8
o =m) im =L 2m) do (iAml) AT
Bl (ih—i0) - (4 +:)! : (2m+I(;7.; l p (A=rmisieRER,
1
=0, f—m = ~dd, (13)
dR(l) — m\! m—f+1 1 . m+1
2 (ih, -0y = (0 & N
(14)

=0, f—m = even.

Here(2m + )1 = (2m + 1) 2m = 1) 2m - 3) ... (3) (1). Similarly the radial function of
the second kind Rfuzl) (Zh, — i€) can be expanded in terms of y, (A¢€), the Neumann function

or spherical Bessel function of the second kind:

\ =2 ’

2
€ -m) ({ +l) Z in+m—2(”—;!2—m-£dn(ih|mf) Ynim (BE),

Bl (b =6) =y (* 72
(2) /2 (13
Bl (i, - ig) « G=mt (E241\ 5 nsm :
& "’a—”m(f;r) intn = e gm) d, (imd)
A A 1
x[—l-Zni“zjn"il Ynsm=1 () =GR Ynsmrt (W) = s s (m] '
(16)

Since this expansion contains the Neumann function, its usefulness is limited to large
values of A. A second method is necessary to obtain the radial function of the second

| kind for small values of A¢.
Consider the special expansion of the oblate angle function first discovered by

Baber and Hasse (4):
S (ihn) =P ) @nt pr (). (17)
n=0

When this is substituted into Eq. (5), and the recursion formulas of Pé" (n) used, it is

found that the expansion coefficients Gfe satisfy the three-term recursion formula

2h (n+m+1) (n+2m+1) anl
(2n+2m+3) n+1

= ['(n+m) (n+m+1) - 4_p - hz]@”:'z

2hn (n+m) @mt =0
n—- ’

2n+2m-1

(18)

with the asymptotic condition
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@:."5 1 A

ame n— > : .; (19)
n

) . " - - : .
By substituting i for n and Q7 , | for P, one can obtain a series expansion of an
oblate wave function in the radial coordinate £. Noting that the asymptotic value of

Q (2), the associated Legendre function of the second kind, is

@ (2) = 21—, (20)

Zl+l

we can use Eq. (17) in its modified form to obtain an expansion of the radial function of
the thirdkind (= R(3?) that will have a radial dependence ei"‘f/hf as ¢ — . Allowing for
; appropriate constants, this procedure leads to the formula
; ifhe—@e /) & . am+1 @L
] , . i n
R —if) = e L s

n=-m

Qm

&me m+n

() . (21)

Now the radial function of the third kind is related to the radial functions of the first and
second kind by the formula

R3) - p() ;R (22)

Equation (21) can be separated into real and imaginary parts:

R3) = (a+iB)(y+id), (23)
ilhé- /

where a+iff = el[hf €+ 1) (/2)] (24)
® . 2m+1 @l

and y+is = ) g G en GO (25)
n=-m -m

We can now identify RV = ay-BSs (26)

and R(2) - a5+8y (27)
(1)

oF R - a8+ﬁ[¥§]. (28)

The form given by Eq. (28) is used for R{?) to avoid computational difficulties associated
. with y. R(?) can now be calculated using Eqgs. (24) and (25) and the previously calculated
! value for R(1),

Similarly the first derivative of the second radial function R(?) is obtained:

drtV) 8
(2) Sarr +pPpVv
%’g— = av+f L r ], (29)
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oo mf )
where p+iv = Z -—f' ”+m( i) [f(m+n h-l
n=-m £2+1 g
(z”;*;‘) en, <ze)} (30)

When X =0, asymptotic forms can be used for R(2) and dR‘?)/ d€ which take advantage
of the loss of independence of R(!)and R(2). These special formulas are obtained by rewriting

Eqs. (4.6.15) and (4.6.16) in Flammer (10) to include d_(ih |mf) satisfying Eq. (10).
DESCRIPTION OF THE COMPUTER PROGRAM OBRAD

The Fortran IV computer program used to calculate the oblate spheroidal radial
functions of the first and second kinds, their first derivatives, and the eigenvalues is
listed in Appendix B. Some details of this program are given below.

Expansion Functions

Several special functions are required: the factorial functions, the associated
Legendre functions of the second kind, and the spherical Bessel functions of the first
and second kinds.

1. The factorials are calculated in the main program in statement 96 + 2 lines through
statement 53. It was necessary to scale FACT (N + 1) = N! for N = 170 te 296 to prevent
overflow, since the maximum exponent available on the CDC 3800 at NRL is 307.

2. The associated Legendre functions of the second kind, @7 (iX), where X is the
radial coordinate, is calculated in the subroutine QLEG. QLEG is called after ¥ and X
have been set and when H = AH, the first choice for H, since @7 (iX) is independent of
H. It returns values of Q™ (iX) for N = 0 to N = 126 + 2. Q7 (iX) is either purely real
or purely imaginary depending on whether N is even or odd respectively. Therefore when
N is odd, the real answer returned by QLEG must be multiplied by ¢ to obtain @7 (iX).
For fixed M these values are stored for all choices of X in the matrix OUTPUT (N + 2,
1X). Here IX indicated the specific X, and N + 2 is chosen so that the first element
stored in OUTPUT is @™, (iX). When M changes, QLEG is again called for each X when
H = AH.

Q™, (¢X) is calculated in the main program in statements 4 through 5 using @g (iX)
and QT (iX) in a backward recursion formula. QLEG uses limiting forms for @) (iX) when
X =0. When X>0, Qg (iX) is calculated from a hypergeometric series, and Q7 (iX) is
then obtained by a forward recursion formula. These expressions are given as Egs. 30
through 32 in Ref. 1 and Eq. 9 on page XVI in Ref. 5.

The output of QLEG was carefully checked for the entire range of M and X necessary
for OBRAD and found to have an accuracy of at least 20 significant figures.
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3. The spherical Bessel function of the first kind is calculated in the subroutine
SBESF. SBESF is called after H and X have been set and when L is equal to L1, the
first choice for L. It returns values for j_ (HX) for N = 0 to N = 145, unless HX is greater
than or equal to 100 when it returns values for N = 0 to N = 145 + M. SBESF calculates
i, (HX) by a series expansion when HX <0.4, by a backward recursion relation when 0.4
< HX < 100.0, and by a forward recursion relation when HX > 100.0. These expressions
are given in Ref. 6 as 10.1.2 and 10.1.19. The accuracy in j, (HX) is greater than 20
significant figures for the e:tire range of HX necessary for OBRAD.

4. The spherical Bessel function of the second kind is calculated in the subroutine
SPHYN by a forward recursion relation given as Eq. 10.1.19 in Ref. 6. If X > 1.0 and
HX > 10.0, SPHYN is called after H and X have been set and when L is equal to L1. It
returns values of y (HX) for N=0to N =143 + M. The accuracy in y, (HX) when
HX > 1.0 is greater than 20 significant figures.

Eigenvalues

Before the expansion constants can be evaluated, it is necessary to know the
eigenvalues or 'separation constants for which solutions to Eqs. (5) and (6) exist.

Starting values or numbers agreeing to at least two places with the correct values
are obtained for the eigenvalues. These starting values are solutions to an eigenvalue
equation which when expre sed in matrix form reduces to the problem of diagonalization
of the matrix. The eigenvalues then appear as the resulting diagonal elements when
ordered numerically from lowest to highest. Although the exact determination of the
cigenvalues would require a matrix of order infinity, good starting values are obtained
using matrices of modest proportions. The minimum size matrix used in OBRAD is of
order 50, giving 50 possible starting values. When H < 20, all 50 values are adequate as
starting values, with the lowest eigenvalue corresponding to L = M. However, as H in-
creases, the order N of the matrix must also be increased to maintain good starting values
for the 50 lowest eigenvalues. The order N as determined in statement 3 + 14 lines
through statement 3 + 18 lines is adequate to give good starting values for the 50 lowest
eigenvalues when H is less than or equal to 75.

The matrix elements A are obtained in statement 3 + 19 lines through statement 43.
Subroutine EIGEN, which diagonalizes the matrix 4, is then called. Details of the matrix
and its diagonalization are given in Ref. 7. EIGEN returns the N diagonal elements in
ascending numerical order. LF — 1+ M of these, where LF is the highest L desired, are
now used as starting values in a variational procedure devised by Bouwkamp (8) and
Blanch (9). (When H is greater than 75, good starting values are obtained instead from a
formula given by Meixner (2). This formula is programmed in statements 35 through 37.)
This variational method adds corrections to the starting values, the corrections becoming
successively smaller as the correct eigenvalue is approached. Good starting values are
necessary to assure the convergence to correct eigenvalues. Convergence is assumed
when the relative contribution of the correction is less than 10~24. Because of the
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limited word length in the CDC 3800 at NRL a more stringent test does not give more
accurate eigenvalues, but the corrections oscillate around 10~25. This variational method
is prograrimed in statement 6 + 3 lines through statement 22 + 1 line.

Expansion Constants

1. The first expansion constants that are used d, (iA|mf) are calculated in statements
31 chrough 32 + 1line. These calculations make use of the single subscripted variable
ENR that has been obtained above in the eigenvalue correction. Although the method is
disguised by the intermediate variable ENR, basically the expansion constants d,
(¢hlmt) (called DLIST(])) are calculated using Egs. (8) cthrough (10). Here the index J
runs consecutively from 1 to 72. For example, DLIST (3) represents ds (ihlml) when
L — M is odd but d(ih|mf) when L — M is even.

2. The expansion constants @:Z /(i’flm, used in the calculation of the radial function
of the second kind, are obtained in statements 252 through 291.

First uncortected values RATIO (J) are successively calculated by use of the reverse
recursion form of Eq. (18) until chey begin to decrease (J = IND + 1). Here RATIO
(123 + 2M) is chosen equal to 0, and RATIO (122 + 2¥) is chosen equal to 1.

Next using the fact thar @"L_ /@™t . ARATIO (1) - 0 and @"L, /@™C_ « ARATIO
(2) - 1, true values ARATIO (J) are obtained by use of the forward recursion form of Eq.
(18) until J = IND + 1.

Finally RATIO (J) is corrected by matching co ARATIO (J) act J = INL' + 1.

Evaluation of the Radial Functions

The expansion constants and functions are now combined to give the radial functions.
The radial functions of both kinds and their first derivatives are calculated for X =0 in
statement 237 through statement 246 + 3 lines. For X £ O the radial function of the first
kind and its first derivative are calculated in statements 211 through 236 using the
expansions given in Eqs. (11) through (14) and the radial function of the second kind
and its first derivative are calculated in statement 291 + 1 line chrough statement
311 + 1 line using Egs. (28) and (29).

A VWronskian check is made on the two radial functions and their first derivatives in
statements 311 + 2 lines through 311 + 4 lines. Here the calculated Wronskian CWRON
is compared to the theoretical Wronskian TWRON to give the number of significant figures
that agree NIAC. When X =0 the accuracy is determined instead by subtracting from 25
the number of accurate figures that are lost during subtraction of nearly equal numbers.

When X > 1.0 and XH > 10.0, Eqs. (15) and (16) are also used to calculate the radial
function of the second kind and its first derivative. This is done in statement 311 + 7
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through statement 324. A Wronskian check is made using these values, yielding the
integer IAC.

IAC i's now compared with NIAC in order to choose between the two sets of values
for the radial functior. of the second kind and its first derivative. If IAC > NIAC, the re-
sults obtained using Eqgs. (15) and (16) are printed. If NIAC > IAC, the results of Eqs.
(28) and (29) are printed instead.
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Appendix A

Major Calculation Blocks of OBRAD Listed According to Statement Numbers

Calculation Block Statement Number
From Ig
Calculate factorials *06 + 2 53
Read data 1 3+3
Do loops
Set M 3+4
Set H 3+10
Calculate the starting eigenvalues

by Subroutine EIGEN 3+14 7

by Meixner's formula 35 37
Set X 38
Generate Q’s Using

Subroutine QLEG 8+5 5
Set L 6+1
Correct the eigenvalues 6+3 22 +1
Calculate constants d 31 32+1
Calculate radial funceions R1,

R1D, R2, R2D for X =0 237 246 + 3
Calculate R1, R1D using SBESF 211 236
Calculate @ ratios 252 291
Calculate R2, R2D

by use of @ functions 21+1 311 +1
Decide whether to use

Neumann functions to calculate R2, R2D 311 +5

*Note: The symbol 96 + 1 signifies statement number 96 plus one line.
14
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Calculation Block From To

Calculate R2, R2D by
means of spherical Neumann
functions, subroutine

SPHYN 311 + 7 324
Calculate Wronskian
(plus accuracy check) 311 + 2 311 +5
and 324 + 1 324 +2

Decide to print out
final result based on
Legendre function approach
or on Bessel function approach 324 + 3

Final printout 326 + 1




Appendix B

LISTING IN FORTRAN 1V OF OBRAD,
A PROGRAM TO CALCULATE OBLATE
SPHEROIDAL RADIAL WAVE FUNCTIONS,

AS COMPILED FOR CDC 3800

17
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PROGRAM OBRAD
TYPE DOUBLE AAAAAsAMHIARIARATIOARGIARRAYATERMBL IST+BOOK CL s
1COEFF 1 e COEFF2¢COEFF3+CORACORB ¢ CWRONJDE ¢+DHeDL «DLISTIDONeDXeE1+E20
2EIEINIEMENRIENRCIESTORE ¢ESUMIEYE «FACT oFNL o FN2sFNMGL IST e HoPL o
F0UTPUT « PAPER ¢PCL +PENPLBPLOPLAPLBIPLC«PLD«R1¢4R2+R3¢RAD1 +RADID
4RAD2+RAD2D«RATIO«RSTORE sRSUMeS+ SSUM] ¢« SUBSUM s TEMP ¢ TERMsTERM] ¢ TERMZ o
STERM3+ TWRONsWeXeX1 e XL e XXeEIGeQs CRAD2¢CRAD2D +DWIFSTRATIDRAT IO WDNEG
DIMENSION A(B80+¢80)+ARATIO(250) s ARRAY(250)+BLIST(250)BOOK(250) o
1COEFF1 (250) ¢ COEFF2(250) ¢+ COEFF3(2%50) DL IST(200)+ON(200)«EIG(80) »
PENR(250) «FNM(250)¢GLIST(250) ¢QUTPUT(1T70¢40) +PAPER(250) ¢ PCL(250) ¢
IPEN(250) +RATIO(250)¢Q(200)¢AIG(BO0) DRATIO(I0)
COMMON FACT(300)
86 FORMAT(1IXeI3¢2Xe5(D2461701X)e1Xe13)
87 FORMAT( 1M1 ¢56X ¢ #OBLATE RADIAL FUNCTIONS#¢///+87Xe%H =#¢FSe ] 19X
18#X SXFGe2¢9X s #M 2R 13e///7eINeRL B 1IXeNHRIF (23X HRIDH (22X ¢ #R2% ¢
223X+ HR2D# ¢ 18X s #E JGENVALUESR +9X ¢ #ACCHR/)
90 FORMAT(B14)
96 FORMAT(D32,25)
P123,1415926535897932384626434D
FACT(1)=1,0D
DO 81 JU=14170

81 FACT(JU+1)=U%FACT(J)
FACT(171)=FACT(]1T71)%(],0-300)
DO 53 JU=171¢296

53 FACT(JU+1 )= URFACT(Y)

1 READ 90 eM1 o IOMeNMoL 1+ IDL ¢ NL s NH o NX
IF(EOF ¢ 60) 50243
3 READ 96+« AH
READ 96 DM
READ 96+« X1
READ 96+DX
D02IM=1 ¢ NM
, M=Mi+(IM=1)%IDM
EM=M
IF(L1eLTeM) Li=M
LF=L14+(NL=-1)®*IDL
Hz AH=DH
DO21Hx=1 oNH
HaH+0OM
AAs=HE#H
AAABAA#AA
N=NisLF=M+1
IF(HeGTe75.,0) GO TO 35
IF(HeGTe20eD) NaN14+(H=20,D)/2¢D
IF (NeLTo50) N=50
IF(NeGT ¢80) Nx=80
DOA1l U = 14 N

D04l I = 1M
41 Al(leJ) = O,

D042 1 = [N

XU = M 4+ 1 -1

42 A(Jel) mXLE(XL+]e)F+AAR (2% XL (XL 4]0 ) =2 HEMUEM=1¢)/((2e%XL=-10)%*
1(2e2XL4+3e))
NM2 = N-2
DO4A3 I = 1.NM2
XN =M + 1 -1
Allel+2) = (AA/(24%XL+3e) )% SARTU( (XL 42 +EMIR (XL 4] o+EM) *
1UXL+2e~EMIB (XL 41 e=EM) )/ (2e%XL+S5e) % (2e%XL+10)))

43 A(14241) = AlIe142)

.
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ANORM1 = AA
b ANORM2aLF#(LF+1e)
CALL EIGEN(A+AIGsNeN1 +ANORM] ¢ ANORM?2)
DO TisieNI
7 EIG(I)=AlG(])
GO To 38
3% DO 37 LsL1ebLFe2

Pu2e#((L=M)/2)4+M4+1 4
EIGIL=M41)n=HEH42, #H#P—(S# (PRP=M#M4] ) =PH (PRP-M#M4 1) /(8¢ %H)

1=(SeRPRAQ4L 10 HPHPL | =2, EMEME (I, #PRP 4] o ) +M¥ %4 ) /(64 ¢ #HEH)
2-PH (33, PHRQ+] 14 #PRP 4372 ¥MAME (23 #PHP 4254 ) 413 ¥MR%G) /(5124 #HE#]3
3) ~(63,HPRRE+3Q0,#PRHRQI23F#PHP+14¢~ 10 H¥MEME ( |0 #PHRQ+23, #P¥P+34)
G4+ EMRRQR (134 #PRP4 6o )~ #MARE) /(1024 %HH#4)
PR (S2Te #PRHE+4139 #PH#345221 ¢ #P#P+100F ¢ ~MEMR (939 #P R X4 +3750 ¢ #PH#P
6415910 ) +MARAR(Q6S o P RP 4635 ) =53 #MARE)/(B192 ¢ ¥HERS)
IF (2R (L=M)/2) ¢ NEsL-M) EIG(L-M)=EIG(L~-M+1)
37 EIG(L-M+2)=E1G(L=-M+1)
38 DO21IX=] ¢NX
XzX14+(IX=1)#DX
XX=X#X4+1 00
ARG=H#X
IF(HeNEsAHeOR e XeEQeOeD) GO TO 6
LO= 1254+ 28M
CALL QOLEG(M«LQe¢XeQ)
DO 81=1.4L0
8 OUTPUT(I+1:1X)=Q(1)
IF(MeEQe0)4¢5
4 OUTPUT(1+¢IX) =0eD
GO TO &
S QUTRPUT(1¢IX)==XR#0UTPUTI(2¢IX)/EM+(EM=1,D)*OUTPUT(3¢1X)/EM
6 PRINT 87+HeXeM
DO21L=1 oeNL
L=L14+(IL-1)%*IDL
PLB=2¢D#EM+1 4D
IFC=0
IUCT=(L=M)/2
IRIO=JUCT+}
IR=IR10+1
CLzEIG(L=-M+1)
IF(2%HIUCTNE(L=M)) GO TO 10
11 1D=2
18=7%
I1C=2#M
GLIST(1)SEM#(EM+1,D)4+AAR(PLB=2:0)/((FPLB=2D)*(PLB+2+D))
GO TO 12
10 D=3
18=74
1C=24M+ 1
GLIST(1)=Z(EM+1¢DIRIEME2eD)+(6DREM+I DI/ (PLBR(PLB+4,D) ) *AA
12 LIM=150
11B=]B=}
DO 131=1DelLIMe2
EYE=}
BLIST((1-=1D42)/2)sEYER(EYE~=] D) #(PLBH+EYE=1D) ¥ (PLB+EYE=~2sD)*AAA/
1{(PLB4+2DHEYE=Q4,D) #(PLB+20#EYE ) #(PLB4+2+O*EYE=-2¢D)#(PLB+2+D*EYE~-
22.D))
13 GLIST((1=ID+4)/2)2(EM+EYE)} #(EM+EYE+1eD)+«SDHAAR((1,D)~(PLB*PLB-24D
1#PLB) /7 ( (PLB4+2.DREYE=2¢D) #(PLB+2.DREYE+24D)) )
17 ENR(1)sCL-GLIST(1)
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18

19

20
23

22

N

30

32

a3

DO 181=1.1UCT
ENR(I+1)==BLIST(I)I/ENR(I)-GLIST(]I+1)+CL

ENR(IB)=~-BLIST(IB)/(GLIST(IB+1)~-CL)

1IP=]11B+IR

DO 19 1=1IRe11IB

1PI=lP-1
ENR(IPII==BLIST(IPIIZ(GLIST(IPI+1)=CL+ENR(IPI+1))
ENRCz-BLIST(IRIO)/Z{(GLIST(IR)-CL+ENR(IR))
DE=ENRCH#ENRC/BLIST(IRIO)

CORB=DE

DO 20 1=IRs1IB

DE=ENR(1)#ENR(1)/B8LIST (1) #DE

CORB=CORB+DE

1IF (DABS(DE/CORB)¢LTel1D-27) GO TO 23

CORA = 1.D

DE=1eD

DO 26 I=1+1UCT
DE=BLIST(IRIO=1)/(ENR(IRIO~])#ENR(IRIO~1))*DE
CORA=CORA+DE

IF (DABS(DE/CORA) ¢LTe1.D-27) GO TO 27
DL=2(ENRC~ENR(IR10))/(CORA+CORB)

CL=CL+DL

IF (DABS(DL/CL ) eLL.ToleD~24) GO TO 22

IFC=]FC+1

IF(IFC,LT«%0) GO TO 17

CONTINUE

E1G(l.-M+1)slL

AR=1D

DN(1)8( (2.DREM4+2,D#AR=1 oD) # (2DHEM+2,D#AR+1+DI*ENR(1) )/
1 ((2.DREML+ARI # (2 DREM+AR=1,D) #AA)

WaDN( 1 )Y #FACT(2#M+I1D+1)/FACT(ID+1)

D030J=2,4 18

AR=1D4+2%#(J=1)

DON(JISDON(J=1 ) # ( (2, DREM+2oD#AR=1 D) # (2o DHEM+2D#AR+14D)
LRENR(JIIZ((2:DREMIAR) # (2 DREM+AR-]1 D) #AA)

DWs DN(JIR(FACT (2% (M+ )+ 1ID=1)/FACT(ID+2%J=-1))
IF({2%(M+ N +1D=1),GT¢170) DW=DW#] ,D+300
waw+DW
DLIST(1)=FACTIL+M+1)/7(FACT(L=M+1)H(WH+FACT(IC+1)))
D032J=1+70

DLIST(J4+1)=DN(JYHMDLLIST(])

DLIST(72)=0.,D

IF{XeNEeOeD) GO TO 200

DRATIO(1)=0.,D

ONEG=DL1IST(1)

DO 33 I=1uM
DRATIO(14+1)2=(14+141D=2eD)#(141+ID-3¢D)*AA/((4*]+]1D+ID~M=M~

15eDI# (AR T+ ]D+ID=M=M~34D))/((I4+I+1D0-M=QeD)#(I+1+ID-M=3¢D)-CL+(2.,0%
2(141410=-M=4,D)#{14141D=-M=3,D)-M*M=MEM—1 (D) RAA/( (4*[+ID+ID~M—M-9.D)
AN AR+ 1D+ ID~M—M=5,D) ) +AA# ([ +1+1D=M=-M=4 D) *{ [+1+]ID-M=-M=-5.D) *
4DRATIO(1)/((A%I+ID+1D-M-M=11.D)#(4¥ 14+ 1D+ID~-M-M=~9,D)}))
ONEG=DNEG#*DRATIO(1+41)

TERMzFACT(M+M+ID+1D=3)/(2.D##( ID=2)#FACT(M+ID~1))

FSTRAT=TERM®#DL IST(1)

TERM2=DABS(FSTRAT)

00 34 1=2.:71

TERMz=TERM# (M+M4+ 1 +1+1D+1D-6)# (M+M+ 141+ ID+1D=7)/(QeD* (=1} #(M+I1+1D
1-3))

TERMi=TERM®DL IST(1)

SOUSPRER
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203

208

206

207

208

209

210

211

21
218

216

217
219

230

231
232
233
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TERM2sDMAX]1 ( TERM2+:DABS(TERM1))
FSTRAT=sFSTRAT+TERM1
IAC=26-DLOGIO(TERM2/DABS (FSTRAT))
IF(1ACGTe25) 1AC=25

GO TO 237

EI1sDSIN(ARG) /7 (H®#FACT(M+1))
R1=DCOS(ARG)/(H#FACT(M+]1))

GO TO (201¢203¢20%84206) el —(L/74) %441

E2 = - RI1

R2 = EI

GO To 207

R2 = -~ RI1

E2 = = E}

GO TO 207

€2 = R1

R2 = - EI

GO TO 207

R2 = R1

E2 = EI

GO TO (208¢209:2080¢209) s M=(M/4) #4+1

E3 = R2

R3 = - E2

GO To 210

E3 = - R2

R3 = E2

IF(LeNEL1Y GO TO 211

LNE= |45

JF (X#HeGE+1004D) LNE=LNE+M

CALL SBESF(ARG:LNE ¢ ARRAY)

PLASDSQRT( ( XX/ (X#X ) ) H# ! #FACT(L-M+1)/FACT(L+M+1)
IA=]

IF(28 JUCTeNEe (L=M)) IAm]A+]

IC=1A+142=M

IF(X#HeGE«100¢D) IC=IC+M=p

SUBSUM = 0,D

DO 217 K = lAe ICe 2
1BOX3n[ABS( (K4+Maf =1)/2)
BOOK(K)=aDLIST((K41)/72) #ARRAY(K+MI*# (FACT(K+2#M)/FACT(K))
IF((K42#M) ¢GTe170) BOOK(K)=BOOK(K)#1,D0+300
IF (2% (1BOX3/2) ¢ NE o 1 BOX3)B00K(K) ==BOOK(K)
SUBSUM = BOOK (K) + SUBSUM

IF (DABS (BOOK (K) /SUBSUM) e LT o 1¢D-27) GO TO 219
CONTINUVE

RAD ] sPLA#SUBSUM

SSUM1=0,D

DO 234 K=lA+1Ce2

IBOX321ABS( (KM=l =1) /2)

IDS = (K ¢+ 1)Y/2
PCLI(K)=DLIST(IDSI#(FACT(K+2%#M)/FACT(K))
JIFC(K+28M) o GTe170) PCLIK)SPCL(K)#*] 4D4+300
IF(2% (1BOX3/72) ¢eNE I1BOX3) PCLIK)==PCL (K)
PLD=K+M=]

IF((K+M=1)eEQe0) 2304231

PEN (K) = = ARRAY (2)°

GO TO 232

PEN(K) = (PLORARRAY(K+M=1)=(PLD+1 D) #*ARRAY(K+M+1) ) /(2.D%PLD+1 ¢D)
PAPER (K) = PCL (K) # PEN (K)

SSUM1 = PAPER (K) + SSUM)

IF (DABS(PAPER(K)/SSUM1)eLTe140~-27) GO TO 236
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242
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253

269

270
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272
274
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CONTINUVE
RADID= ( H#SSUM] ~EMRSUBSUM/ ( X#XX) ) #PLA

GO TO 252

DO 239 1=2M

PLBzPLB® (2#M=~2%143)
PLC2FACT(L=M+1)#FACT(2#M+ 1) RDLIST(]1)#HERM/(FACT(L+M+]1)#PLB)
GO TO (2404242¢2844+246) ¢ (L=M)=((L=M)/4)%4+1

RAD1=PLC

RAD1D=0Q,4D

RAD=E (M+M=1 ) RP [ RFACT(M+ 1 ) RFACTIL=M+] )R (H/2D) ##MEFSTRAT#FSTRAT
1Z7(+FACT(M+M$ 1 I RFACTIL+M+ 1) 22 4DRHREDNEG)

RAD2D=1,,D/7(H#RAD})

GO TO 326

RAD1=04D

RADI1D=PLCH(2¢D*EM+]1 DI RH/(2eDREM+3¢D)

RAD2==1+D/7(H®#RADID)

RAD2D= (M+M=3)#(MeM=] ) RFACT(M+1)IRFACTIL=M+ ] )RPI#(H/2D) #8M%
IFSTRATRFSTRAT/Z(FACT(M4+M+1 ) #FACT(L+M4+1 ) #2,DRHRHEDNEG)

GO TO 2326

RAD1=-PLC

RAD1ID=04D

RAD2=(M+M=1 ) #PIRFACT (M4 1 ) #FACT(L=M+1)# (H/2,D)#EMEFSTRATHFSTRAT
1/7(-FACT(M+M+ 1) RFACT(L4+M+1) 2, DRHEDNEG)

RAD2D=1¢D/(H®*RAD1)

GO TO 326

RAD1=04D

RADID=~PLCH# (2, D#EM+] ¢D)#H/(2.D#EM+3 D)

RAD2==1:D/{H#*RAD1ID)

RAD2D == (M+M=3)# (M4M=]1 ) RFACT (M4 1 ) #FACT(L=M+1 ) RPIH(H/2.D) #%M%
1FSTRATHFSTRAT/(FACT(M4ME L) RFACT(L4+M41 ) #2,DRHEHRDNEG)

GO TO 326

MA=2%#M+123

GO TO 256

MA=MA=20

JS=MA=M=2

S=JS

RATIO(MA)=0,D

IMA = MA - 1}

RATIO (IMA) = 1.0

D0 253 J = te IMA

[slMA=J+]
COEFF1(1)S2,DRHR(S+EM+]1 D) R (S+2¢DHEM+1eD)/(2D%S+24D*EM+34D)
COEFF2 (1) = (S + EM) # (S + EM 4+ 1s0) -~ CL - H & H

COEFF3 (1) 3 2,D¥HESH(S 4+ EM)/(2,D%S + 2.D%*EM -1.D)

S = S =« 1.0

ARATIO (2) = 14 D

ARATIO ( 1) = 0e¢ D

DO 280 1=1:JS

Kz2JS=1+14+M

FN1 = COEFFl (K 4+ 1) # RATIO (K + 2)

FN2 = COEFF2 (K + 1) # RATIO (K + 1)

RATIO (K) = (FN1 = FN2)/COEFF3 (K + 1)
IF(DABS(RATIO(K))eGTeleD+300) GO TO 254

IF (DABS(RATIO(K4+1))eGT«DABS(RATIO(K))) GO TO 272

CONT INUE

IND=K

GO TO 274

INDsK+1

IFCINDLTS2) IND=2




281

289

291

304

306
309

311

313

315

316

318

320
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DO 289 J=l K

V= U 4+1

FN1 = COEFF2 (J) # ARATIO (1J)

FN2 = COEFF3 (J) # ARATIO (IVv - 1)

ARATIO (1J + 1) = (FN1 4+ FN2)/COEFF1 (J)
CONTINUE

RATIO(1)=RATIO(IND)ZARATIOCIND+1)

DO 291 I=INDeMA
ARATIO(141)=RATIO(1)/RATIO(1)
RSUMsOUTPUT (34 IX)#ARATIO(3)
ESUMz0OUTRUT (24 IX)
RSTORE==0UTPUT(2¢ IX)*#{ (EM+1 D) *ARATIO(3)+H)
ESTORE=EM#OUTPUT (] ¢ IX)/XX+OUTPUT (3¢ I X) #ARATIO(I)#H
IF(MeEQeO) ESTORE=ESTORE+] ¢D/XX

DO 306 K=4.MA

AR=K

TERMI=OUTPUT (K I X) #ARATIO(K)
TERMIAz=ARATIO(K ) #{EM+AR=2,D) #OUTPUT (K~1 ¢ I X} /XX
IF(28(K/2)eEQeK) GO TO 304

RSUM=RSUM+TERM1

ESTORE=ESTORE+TERM] #H

RSTORE=RSTORE+TERM3
IF(ABS(TERMiZESTORE ) ¢L.Te1eD=27¢AND ¢ ABS(TERM3/RSTORE ) eLTel eD-27
1eANDABS(TERM]1/RSUM) oL Te1.D-27) GO TO 309
GO TO 306

TERM2=2TERM] #X# (AR=2 D) /XX

ESUM=ESUM+TERM1

RSTORE=RSTORE-TERM #H
ESTORE=ESTORE+TERM2-TERMJ

CONT INUE

RSUM = (RAD] + EJ3 # ESUM)/RJ

RSTORE = (RADID + €3 # ESTORE)/RI]
CRAD2sRIESUMS+EIRRSUM
CRAD2D=RI#ESTORES+EI*RSTORE

TWRON=1 6D/ (H¥XX)
CWRONzRAD 1 #CRAD2D-CRAD2#RADID
NIAC==-DLOGI10(DABS( ( TWRON=CWRON) /TWRON)+1 ¢D=-26)
IF(XeLEe1eDeORe (X#H)eLEs10.D) GO TO 2325
IF(LeNEelL1) GO TO 2313

LNE=1414+M

CALL SPHYN({ARG'LNE ¢FNM)

JN=1

IF(2% ((L=-M)/2)eEQe (L=M))UN=D

RAD2=0.D

Kz14JIN/2

TERM sFACT(JUN+2#M4 1) /FACT(INS1)I#DLIST(K) #FNM{JIN+M+])
IF((INS2RME 1) eGT9170) TERM=ETERM#1.,D4300

IF (AR (IN+M=L)/74) ¢ NEo (IN+M=L)) TERM =-TERM
RAD2zRAD2+TERM

IF(KeLTeS) GO TO 316

IF(DABS(TERM /RAD2)eLTe(1sD~-27)) GO TO 318
JIN=IN+2

GO TO 315

RAD2=RAD2#PL A

PLO==EM/ ( X#%#34+X)

RAD2D=04D

INEIN=2R#(IN/2)

Kzl4+JIN/2

EJINsJIN
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PLEBEH/ (2,D*EIN+24D#EM+10)
TERM =FACT(JN+2#M+1)/FACTIJINS1)RDLIST(K) #(PLBH ( (EJNIEM) #

1 FNM({JN+M)I=(EINFEM+ ] D) RFNM({ UN+M$2) ) +PLORFNM ( UN+M+1 ) )
IF((INS2RME1) o GTe170) TERM=TERM#].D+300

IF(A® ( (UN+M=L ) /4) ¢NE s (UN+M—L )) TERM =-TERM
RAD2D=RAD2D+TERM

IF(KeLTe5) GO TO 322

IF (DABS(TERM /RAD2D)eLTe(1D=27)) GO TO 324
INzINS2

GO TO 320

RAD20=RAD2D#PLA

CWRON = RAD1 * RAD2D - RAD2 # RADID
1AC==DLOGI10(DABS( ( TWRON~CWRON) /TWRON) +1:0=-26)
IF(IACGT«NIAC) GO TO 326

RAD2=CRAD2

RAD2D=CRAD2D

IAC=N1AC

IF(IAC.LT.0) 1AC=0O

PRINT B86+L«RAD1+RADID+RAD2+RAD2DIEIG(L=M+1) ¢ IAC
CONTINUE

GO TO 1

END

SUBROUTINE SBESF(XHeLJIRAY)
DIMENSION RAY!2%50)

TYPE DOUBLE CPFACTIRAYeSUMITERMeTK e TMoXH X1 ¢Z2H
COMMON FACT(3C(0)

L =0

IF (XHeGEee4D) GO TO 4
Z22H=XH#XH/24D

DO 3 N=LJLy

TMaFACTIN+1)#(XH +XH)BEIN/FACT(NeN+2)
IF(NeGTe84) TM=TM#]1,D-300
IF(TM.,EQ.,0,D) GO TO 8

SUmM=1,.D

TERM = 1,0

DO 2 1=1.50

XI=i®#(N+NS1¢I41)

TERM==TERM#Z2H/X1

SUM = SUM + TERM

IF (DABS(TERM/S5UM) L. Te1¢D-26) GO TO 3
RAY(N+1) =TMRSUM

RETURN

N=170

IF(XHeLTe100.D) GO TO 20
RAY(1)sDSIN(XH) /XH
RAY(2)=(RAY(1)=DCOS(XH) ) /XM

DO 11 K=1.LJ

RAY(K+42) s (K4K4+1 I #RAY (K+1 ) /XH=RAY(K)
RETURN

IF{XHeGTe106D) N=210
RAY(N+1)=],D0-250

RAY(N+2)u0,D

I = =N

M = =]

A
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DO 8 KK=leMm

K = =KK

TK=K4KS+ L

RAY(K) = TK#RAY(K4+1) /XH-RAY (K+2)
CP=aDSINIXH) /7 {XHE#RAY (1))
IF(DSINIXH) ¢LTo1eD=2) CP=(DSINIXH)/XH=DCOS(XH) )} /(XHRRAY(2))
DO 6 L=1+LJ

RAY(L)=sCPaRAY (L)

DO 9 J=NeLJ

RAY{(J+1)=0,D

END

SUBROUT INE SPHYN(XeN+ARR)
OIMENSION ARR(250)

TYPE DOUBLE X+ARReTKP1
ARR(1)=2=DCOS (X} /X
ARRI2)=ARR( 1) /X=DSINI(X) /X

DO 2 K=]4N

TKPI=K+K+1

ARR(K+2)=TKP1 #ARR(K+1) /X=ARR(K)
END

SUBROUTINE EIGEN(A«VALUININ1 ¢ ANORM1 ¢ ANORM2)
DIMENSION A(B80+:80) «VALUIB0)sDIAG(IB0)+Q(8B0)VALL(8S)
NN=N-=2

DO 160 Ix=1+NN

[I=]1+2

DO 160 J=1leN

Ti=Al{lel41)

T2=A(14J)

IF(T2:EQe0e) GO TO 160
Tele/SORTI(TINT14T28T2)
SINsT2aT

COS=TiaT

DO 105 K=1.N
T22COSBA(K 141 )4SINFAIKOD)
A(KeJIZCOSHA(K s J)=SINFA(KeI+1)
AlKe141)=T2

DO 125 K=]l«N
T2=COSBALLI 4] «K)SHSINRA(JeK)
AlJeK)IZSCOSBALIeK)I=SINHA( 141 ¢K)
All+14K)=T2

CONT INUE

DO1S1I=1eN

DIAG(I)=sA(le1)
Q(II=All e I=1)RA(101=-])
VALL ( 1 y=ANORM1

VALU( T ) =ANORM2

I=1

MATCH = N
TAUs(VALL{1¥+VALU(1)1)/2¢

25
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1IF (MATCHeNE«I-1) LATCH = MATCH
MATCH = O
TO0=0.
Ti=1E~100
D020J=1 «N

T2=(DIAG(J)=TAUYH#T1=Q(J)®TO
IF((T1eNEeOo) e ANDo ( (T2#T1)elLEeOe)) MATCHE=EMATCH+1
TO=T1
20 Ti=T2
DO025K=1 «MATCH
29 VALUIKYy=TAU
NATCH=MATCH+1
DO 20 K=sNATCH.LATCH
30 IF(TAU.GT.VALL(K)) VALL(K)=TAU
40 IF((VALUII)I=VALL(1))eGTe(1eE~4)) GO TO 18
I=1+}
MATCH = N
IF{ieLEaN1) GO TO 4O
END

SUBROUT INE QLEG(MeLNsXeQ)
DIMENSION Q(200)
COMMON FACT(300)
TYPE OOUBLE BEeCOEF oDl ¢sDKeDMyCNeFACT «SCALQoSUMITERM X1 XA YA Z928
DM=M
NNz0
YAzDSQRT(X#X+1,D)
ZAz(YA+X)R{(YA+X)
XAz0,250# (YA+X)
222D/ (YA4X)
LNM=LN4+1
DO 135 N=NN.LNM
DN=N
BE=DON+1.0D
GA=DN+1+5D
IF(NeGTe84) GO TO 500
COCF=2aXARR({-NI®(FACTI(N+1) /FACT(N+N+2{ S#FEACTINSLY)Y
GO 70 510 :

S00 COEFaZuXA#R(~NI#(FACT(N+1) #()e0=300)#FACTIN+1)/FACT(N+N+2)?

510 SUMTERM=1,D
DK=z=]4D

130 DK=DK+1,,D
IF(DKeGTe5000.) GO TO 135

131 TERM==TERM® (DK+ 5D ) #(BE+DK)/((OK+1 D) #ZAX (GA+DK) )
SUM=SUM+ TERM
IF(ABS(TERM/SUM) o GT e 1 ,E=27) GO TO 130

13% Q(N+1)s=COEF#SUM
DO 30 I=1eM
DI=1
DO 30 N=NNLN
DN=N

30 QIN+1)=((DI+DN)EXPQ(N+1)+(DN-D1+2D)#Q(N+2))/YA
DO 40 N=NNJLN
IF(I2R(I(N+1)/74))IeNEe ((N+1)/2)) QIN+1)==Q(N+1)

40 IF (2% (N/2)eNEoN) QIN+1)1=2=Q(N+1)
g

Sapasene




1¢D
1D
1D
1D

NRL REPORT 6959 27




Appendix C

SAMP!.E OUTPUT FROM OBRAD
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I. DO LOOP PROPERTIES OF 3800 FORTRAN AND FORTRAN IV

et i o & 3 o s 2t o

The programs OBRAD 96959), PRAD (7012), and ANGLFN (7161) were written
in 3400/3600/3800 FORTRAN, not FORTRAN IV. 3400/3600/3800 FORTRAN has the ;
following property concerning DO loops: '

Mni=n m

3

If m, exceeds m, on the initial entry to the loop, the loop is not

executed, and control passes to the next statement after n.

, m
I 25

This property is used in all tkree programs. It is specifically required
in the following locations.

OBRAD (6959)
p. 20 17 lines from top DO 26 I = I, IUCT 1
p. 20 14 1ines from bottom D033 I=1I, M
p. 22 4 lines from top 237 D0 239 1 =2, M
p. 26 10 lines from top DO 25 K = I, MATCH
p. 26 13 lines from top DO 30 K = NATCH, LATCH
p. 26 9 lines from bottom DO30I=1I, M
PRAD  (7012)
Line 1260 DO 26 I = I, IW6
Line 3890 DO 700 J = K, KPK
Line 4160 DO 701 J = K, KPK
Line 4520 DO 702 J = K, KPK
Line 4790 DO 703 J = K, KPK
Line 5390 DO 40 J = £, NLESSM
Line 5610 70 DO 40 J = 2, MONE i
Line 7320 DO 25 K = I, MATCH
Line 7350 DO 30 K = NATCH, NBL
ANGLFN (7161)
Line 1300 DO 26 I = 1, IW6
Line 3870 DO 25 K = I, MATCH
Line 3900 DO 30 K = NATCH, NBL

Several versions of FORTRAN have the property that a DO loop is executed
at least once regardless of the values of the parameters. An IF statement

comparing the parameters n, and o, Just before the DO statement will
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ensure correct execution when using FORTRAN versions havéng this property,
e.g.:
IF (ml .GT m2) GO TO nl

m

DO n i = ml’ mz, 3

II. WORD SIZE OF THE CDC 3800 AT N.R.L.

Double precision numbers have 26 decimal digits and an exponent range of -307
to +307. For computers with word length less than 26 decimal digits statements
such as lines 1260 and 1370 of ANGLFN may not be optimum. In addition, the
integer accuracy check which is calculated in lines 4980 and 5020 of PRAD and
statement 311 + 4 lines and statement 324 + 2 lines in OBRAD will be 26 whenever
the theoretical and calculated Wronskians are identical, regardless of the number
of available decimal digits. Because of the extensive use of the exponent range
of + 307 in scaling and limits on recursion calculations, it is recommended that

the user choose a computer with an exponent range at least this larga.
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