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ABSTRACT 

The Helmholtzor scalar wave equation (V2 + k2) f = 0 is separable in oblate 
spheroidal coordinates >Jj§,<f with solutions V = S (ih, IJ) R (ih, -i^) * (<p). The 
subject of this report is a Fortran computer program called OBRAD which nu- 
merically evaluates the radial solutions R {ih, -i£). The printed output from 
OBRAD consists of radial functions of the first and second kind, A'1/*'2' 

(ih, -i£),  their first derivatives d ß^U'^^iA,-if )/^,the separation constants 
mi 

or eigenvalues Amf (ih), and an accuracy check. This report first describes the 
input data cards and the output format. The theory of the oblate spheroidal wave 
function is then discussed. A description of the principal internal features of 
OBRAD is then given. Finally a computer listing of OBRAD is attached as an 
appendix. 

PROBLEM STATUS 

This is an interim report on a continuing NRL Problem. 

AUTHORIZATION 

NRL Problem SOl-28 
Project RR 102-08-41-5225 

Manuscript submitted July 9, 1969. 
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A FORTRAN COMPUTER PROGRAM FOR CALCULATING THE OBLATE SPHEROIDAL 
RADIAL FUNCTIONS OF THE FIRST AND SECOND KIND 

AND THEIR FIRST DERIVATIVES 

INTRODUCTION 

The Helmholtz or scalar wave equation (V2 + A2) f = 0 is separable in oblaie 
spheroidal coordinates, with solution V = S (17) A (^)4> (qp).    The subject of this report is 
a Fortran computer program called OBRAD (OBlate RADial) which evaluates the 
solutions R (£) in the radial spheroidal coordinate £.   Although other methods of computing 
the radial functions Rml (^)U),(2) 0f tj,e first an(j second kind and their first derivatives are 
available, it will be the procedure of this report to obtain them from expansions in terms 
of Bessel and Legendre functions. 

Oblate spheroidal wave functions of the radial type constitute an essential element 
in numerical calculations involving diffraction, radiation, and scattering of acoustic 
waves, electromagnetic fields of circular disks and apertures, energy levels of certain 
nuclear models, and the resonant behavior of certain spheroidal cavities.   An extensive 
list of references on calculations and applications of spheroidal wave functions is given 
in Ref. 1. 

The two independent solutions Rml (^^M2) of the radial equation are characterized 
by four parameters:   £ (called X), M, H, and L.  M is the integer separation constant re- 
lating to the solution for the rotational angle <p .   H is equal to kd/2, where d is the 
interfocai distance, and k is the propagation constant or wave vector magnitude 2n/k . 
For each choice of M, H, and X there will be a set of solutions to the radial equation, 
each solution characterized by a separation constant or eigenvalue A.  It is convenient 
to order these eigenvalues in an ascending sequence and label them with integers L, be- 
ginning with L = M tot the smallest eigenvalue, L = */ + 1 for the next one, etc.   This 
choice is made so that the solutions reduce to that for a spherical coordinate system as 
H approaches zero.   In the spherical case the eigenvalues are simply given by L (L + I). 
For each choice of M, H, X, and L there will then be two independent radial functions. 

Operationally the program OBRAD is divided into several parts.  In the first part M 
and H are set and the eigenvalues are calculated for the desired range of L.  In the 
second part, X is chosen, and the expansion functions, Bessel or Legendre, are obtained. 
Finally for each choice of L the expansion constants are obtained and combined with the 
expansion functions to give the radial functions and their first derivatives. 
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INPl'T 

The input consists of five data cards: 

Data Card 1:   Format 814.   This card contains the integer value Ml of the first M de- 
sired; IDM, the increment in M used to generate higher values of M; NM, the number of 
values of M that are desired; LI, the initial integer value of L; IDL, the increment in L; 
NL, the number of values of L that are desired; NH the number of values of H that are 
desired; and NX, the number of values of X that are desired. 

Data Card No. 2:   Format 032.25-   This card contains AH, which is the initial 
decimal value of H. 

Data Card No. 3:   Format D32.25.   This card contains DH, which is the increment 
in//. 

Data Card No. 4:   Format D32.25.  This card contains XI, which is the initial 
decimal value of X. 

Data Card No. 5:   Format D32.25.  This card contains DX which is the increment 
in X. 

OUTPUT 

The output consists of numerical tables, one page for each set of selected values H, 
M, and X.  Each table gives the radial functions of the first and second kind, R\ and R2, 
their first derivatives, RID and R2D, and the eigenvalue for all choices of L that were 
requested.  Only 18 significant figures are printed in the table, although 26 significant 
figures are calculated and more than 18 of these may be accurate. 

An accuracy check is included for the radial functions and their first derivatives. 
This is obtained by comparing the theoretical value of the Wtonskian W [R^l\ R^] of 
the radial solutions to the value actually calculated from the radial functions and their 
first derivatives.   It gives either the number of digits that agree in the theoretical and 
calculated Wronskians (or one less, because of truncation error).   When X =0, either R^ 
or its first derivative is equal to zero.  The Wronskian is then insensitive tc inaccuracies 
in either R^ or its first derivative.  In this case the accuracy is determined by sub- 
tracting from 23 the number of significant figures that are inaccurate due to subtraction 
errors (Ref. 11). 

Experience has demonstrated that this program will deliver correct results if the 
eigenvalues 4m£ are correct and the Wronskians check as noted above.  Examination of 
the eigenvalues for continuity is a helpful check on their correctness. 

A sample page of the output from OBRAD is presented in Appendix C. 

immmm 
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PARAMETER RANGES 

To use this program effectively, it is necessary to understand the limitations on the 
four parameters M, H, L, and X.   The ranges that the program has been tested for are as 
follows: 

« = 0 through 10 
H = 0.01 through 75 
L = M through W + 49 
X =0; 0.02 through 100 

Limitations on parameters are as follows. 

M:  In general, accuracy is not much affected with increasing W.   For this reason one 
could reasonably expect good results for values of M greater than 10. 

H:  The range on // may easily be extended in both directions.   Good results should 
be obtained for values of H as small as 0.001.   However, the accuracy may fall off for 
values of H greater than 75, especially when X is small and L is large.   Since the matrix 
determination of starting values for the eigenvalues as programmed in OBRAD is in- 
adequate for values of H greater than 75, a formula given by Meixner (2) is used in this 
case. 

L:  The upper limit on L may be extended beyond M i- 49-   For H < 20, L can probably 
be extended to M + 79.   As H is increased from 20 to 75, (he upper limit on L must be re- 
duced from 4/ + 79 to the present limit ot M + 49-   As was mentioned, a larger matrix for 
Computing eigenvalues would be required to extend the upper limit on L beyond this. 
When the range is extended, the eigenvalues should be examined carefully for continuity. 
Since the difference between successive eigenvalues becomes nearly constant for large 
L, this is the best check on their validity. 

X:  The range for X was determined by the physical problem.   X = 0 represents the 
surface of a disk and is useful for this reason.   The flattest near-disk that one might 
consider would probably correspond to a value of X no less than 0.02.   The upper limit 
on X was chosen arbitrarily and could probably be extended with little difficulty to well 
over 100. 

ACCURACY CURVES 

Several graphs of the calculated accuracy as a function of H and for a fixed value of 
X are given below in Figs. 1 through 5-   The arrow indicates the range of accuracy for 
L = M to L = M + 49 and ior M = 0 to M = 10.   The lower accuracy usually corresponds to 
higher L.   For the parameter ranges listed above OBRAD will produce values for /?(1) 

and its first derivative that are accurate to at least 20 significant figures.   When the 
Wronskian check is less than 20 significant figures, it indicates lower accuracy only in 
/?(2) and its first derivative. 

MMki 
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Fig. 1 Calculated accuracy as a function of tf for X = 0.0 

Fig. 2 Calculated accuracy as a function of Ä for A=0.02 

OCX 01 I 10 KM 
N 

Fig. 3 Calculated accuracy as a function of H for X=QA0 
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4 Calculated accuracy as a function o( H lot X = 1.00 

I 

Fig. 3 Calculated accuracy as a function ofHtotXi.2.00 

COMPUTATION TIME 

Using the CDC 3800 the compilation time of OBRAD is about 48 seconds.  The 
execution time varies, but if all 30 values of L are requested, the average time will be 
about 0.4 second for each set of Al, RID, R2, R2D, and eigenvalue. 

SOLUTION OF THE HELMHOLTZ EQUATION IN OBLATE SPHEROIDAL COORDINATES 

Details of the oblate spheroidal coordinate system, which is an orthogonal coordinate 
system, are given in Ref. 1.   Briefly, the three oblate spheroidal coordinates are £, q , 
and (p, where 0<f<»o,-l<rj < 1 , and 0 < cp < 2 rr .   The surfaces of constant f . 
the radial coordinate, are represented in the xyz Cartesian system by the locus 

*2 + y2 

= 1 - 

(!)>■)     ® (i) 

Ml 
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This describes an oblate spheroid whose incerfbcal distance is d.  The surfaces of 
cor scant r\ , the angle coordinate, are represented by the locus 

2    2 2 «W _  l + zL_. (2) 

m-)   & 2 

This defines a hyperboloid of one sheet whose focus is located a distance d/2 from the 
origin of the Cartesian system. 

The surfaces of constant qj, the rotational coordinate, are half planes whose edge is 
the a axis. 

Any point in three-space can then be represented by the triad (£,q , <p). 

The scalar wave equation (V2 +&2) ? = 0 is separable in oblate spheroidal coordinates. 
Adopting with slight modifications the notation of Morse and Feshbach (3), we write 

f  .Siik,rl)Riih.~iO    ~S;j   . (3) 

where 

A=T' (4) 

The angle function S and the radial function R satisfy the ordinary differential equations 

bin *&$]-{*-* e-TTht)*-"- (® 
Here A represents a separation constant dependent on m, t, and h.  There are two solutions 
to both Eqs. (3) and (6).   Consider only the first solution 5^ to Eq. (3).  When h —0, Eq. 
(5) reduces to the standard equation for the associated Lengendre function P? (q) of the 
first kind, where the separation constants are 4 = t (t + 1); t = m, m ■*■ I, ... .  Thus, for 
each pair of integers m and t, both Eq. (5) and Eq>(6) have a solution only for special 
values oi A = Am^ (ih).   For /i ^ 0 we can write 

oe   ' 

SLVUM)   ~LdnW»*)PZ + nW- (7) 
n 

The prime sign means that n = 0, 2, 4, ... if 2 — m is even and n = 1, 3, 3, — if 
I - m is odd.   Substituting Eq. (7) into Eq. (3) and using known recursion formulas for 
Pp1 (l )> one obtains the following three-term formula for the expansion coefficients: 

wmam 
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(2m + n + 2) {2m+n+ 1) h2 . 
~ (2m + 2n+3)(2!?>-f-2n+5)     " + 2 

r       v/          i\     >•        2 (m + n) (ffl + n+l) - 2m2 - I,?! J 
+ ^ + n) (m+n+l) - Amt (2ff, + 2w,l) (2w + 2n + 3)    h\ dn 

n{n-l)h2 . n 
"■(2ffl + 2n-3)(2ffl + 2n-l)   a»-2  = u' 

(8) 

with the asymptotic relation 

<*„ + : 
(/„     n-- -►0 (9) 

and the normalization 

n 

A knowledge of Am^ would then allow dn to be calculated by an iterative process. 

This program, however, is concerned with only the radial functions R^ (ih, -i^) 
and R^i (ih, - if).   Using the general principle that any solution of the scalar wave 
equation (say the angle function S) is a suitable kernel for the integral representation of 
a second solution (say the radial funct'on ff^) the following expression for the radial 
function of the first type ß^l) is obtained by integration over S: 

«WÄ-w-|f^(^i)"/2E''"+"-I<-!4r2!''»<«i««/.+.«a, 
(11) 

where jn is the spherical Bessel function of the first type. 

Using a known recursion formula tor the spherical Bessel functions, the derivative of 
ff(1) is obtained: 

x[(2nr2^l)^^-i(^)-2n+2wa^ + m + i(^)-(-j3-^;n + m(AOj 

Using an asymptotic form for the spherical Bessel function, we can find asymptotic forms 
for the radial function of the first kind: 
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(£-m)! im-£(2m)! do(t.Mffl£) hm 

= 0, 

, ü - m = even, 

e-m = -fdd, 

—TT- (tA. - i0) = Tjr—Ti /o^^^ll ,  t-m _ odd. "rfT ''"' " "" = (ÜT^l (2m + 3)n 

0, 

(13) 

(14) 
£ - ffl = even. 

Here (2m + 1)!! = (2n + 1) (2m - 1) (2m - 3) ... (3) (1).  Similarly the radial function of 
the second kind R^ {ih, - if) can be expanded in terms of yn (Äf), the Neumann function 
or spherical Bessel function of the second kind: 

W ^-^-Ir^r(^f2L'i***-1^änmn*)yn.Mua 

^ 
<£ ̂ V^^(^)^ 

(15) 

A(n+m) ^y-v     Ä(n+m + l) .,,. m ii£\\ 
2n\2mi\y^m-xW-2n.2m^   yn + m +l ^O - ^j^ yn + m Wj 

(16) 

Since this expansion contains the Neumann function, its usefulness is limited to large 
values of A£.   A second method is necessary to obtain the radial function of the second 
kind for small values of Af. 

Consider the special expansion of the oblate angle function first discovered by 
Baber and Hasse (4): 

(17) 
n = 0 

When this is substituted into Eq. (5), and the recursion formulas of P? (rj) used, it is 
found that the expansion coefficients ä"^ satisfy the three-term recursion formula 

2A(n + m+l) (Tn-2m + l) gm£ 
(2n+2m + 3) n+1 

-[(n + m)(n + m*l)-^m£-Ä2]ä^ (18) 

i 2An(n + m) (jm£      _  Q 
2nf2m-l    n-x  "     ' 

with the asymptotic condition 
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Qmt 

flm£ B -• ••     n 

9 

(19) 

By substituting if for IJ and (?„ + „ for P[J[ + n , one can obtain a series expansion of an 
oblate wave function in the radial coordinate f.  Noting that the asymptotic value of 
Q (z), the associated Legendre function of the second kind, is 

0* (3) " TTTT 
(20) 

we can use Eq. (17) in its modified form to obtain an expansion of the radial function of 
the third kind (sft^) that will have a radial dependence eihwh£; as f - ',0-   Allowing for 
appropriate constants, this procedure leads to the formula 

i[ht-a+l)(n/2)]   " .    2m+10^ 

n=-m u_m 

Now the radial function of the third kind is related to the radial functions of the first and 
second kind by the formula 

Equation (21) can be separated into real and imaginary parts: 

R<3>  = (a + t/3)(y + tS), 

i[ht~{t+l)(n/2)] 
where 

and 

We can now identify 

and 

or 

a+iß  =   e 

~      ,•    2m+ 1 flml! 

n«-m u_ m 

Ä(2)  =  aS + /3y 

ff(2)   =   aS+ß[^Äl]. 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

The form given by Eq. (28) is used for R^ to avoid computational difficulties associated 
with y.   R^ can now be calculated using Eqs. (24) and (25) and the previously calculated 
value for Ä(1). 

Similarly the first derivative of the second radial function /?*2^ is obtained: 

=   a v +/B dt      +^ (29) 
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li + tv ^„,(»0 
£(.tn 

t2 
i + n)    ., "I   +t A 
+ 1 

.(2m + n)   nm ,    J 
(30) 

When X = 0, asymptotic forms can be used for R^ and rfÄ^2Vrf^ which take advantage 
of the loss of independence of ß^and B^ '■ These special formulas are obtained by rewriting 

Eqs. (4.6.I*») and (4.6.16) in Flammer (10) to include dn(,ik\ml) satisfying Eq. (10). 

DESCRIPTION OF THE COMPUTER PROGRAM OBRAD 

The Fortran IV computer program used to calculate the oblate spheroidal radial 
functions of the first and second kinds, their first derivatives, and the eigenvalues is 
listed in Appendix B.  Some details of this program are given below. 

Expansion Functions 

Several special functions are required:   the factorial functions, the associated 
Legendre functions of the second kind, and the spherical Bessel functions of the first 
and second kinds. 

1. The factorials are calculated in the main program in statement 96 + 2 lines through 
statement 53.  It was necessary to scale FACT (A/ + 1) = A/! for N « 170 to 296 to prevent 
overflow, since the maximum exponent available on the CDC 3800 at NRL is 307. 

2. The associated Legendre functions of the second kind, Q" (iX), where X is the 
radial coordinate, is calculated in the subroutine QLEG.   QLEG is called after M and X 
have been set and when H = AH, the first choice for H, since Q™ (iX) is independent of 
H.  It returns values of Q* (iX) for /V = 0 to /V = 126 + 2W.  Qf (iX) is either purely real 
or purely imaginary depending on whether N is even or odd respectively.   Therefore when 
N is odd, the real answer returned by QLEG must be multiplied by i to obtain Q„ (iX). 
For fixed M these values are stored for all choices of X in the matrix OUTPUT (A/ + 2, 
IX).   Here IX indicated the specific X, and N + 2 is chosen so that the first element 
stored in OUTPUT is Q*^ (iX).  When M changes, QLEG is again called for each X when 
H = AH. 

Qli (iX) is calculated in the main program in statements 4 through 5 using QQUX) 

and Q™ (iX) in a backward recursion formula.  QLEG uses limiting forms for Q™ (iX) when 
X = 0.   When X>0, Q° (iX) is calculated from a hypergeometric series, and Q" (iX) is 
then obtained by a forward recursion formula.  These expressions are given as Eqs. 30 
through 32 in Ref. 1 and Eq. 9 on page XVI in Ref. 5. 

The output of QLEG was carefully checked for the entire range of M and X necessary 
for OBRAD and found to have an accuracy of at least 20 significant figures. 
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3. The spherical Bessel function of the first kind is calculated in the subroutine 
SBESF.  SBESF is called after H and X have been set and when L is equal to LI, the 
first choice for L.  It returns values for jn (HX) tor N = 0 to N = 145, unless HX is greater 
than or equal to 100 when it returns values for N = 0 to ^ = 145 + M.  SBESF calculates 
}n (HX) by a series expansion when HX < 0.4,  by a backward recursion relation when 0.4 
< HX < 100.0, and by a forward recursion relation when HX > 100.0.   These expressions 
are given in Ref. 6 as 10.1.2 and 10.1.19.   The accuracy in jn (HX) is greater than 20 
significant figures for the e1. tire range of HX necessary for OBRAD. 

4. The spherical Bessel function of the second kind is calculated in the subroutine 
SPHYN by a forward recursion relation given as Eq. 10.1.19 in Ref. 6.   If AL > 1.0 and 
HX > 10.0, SPHYN is called after H and A" have been set and when L is equal to LI.   It 
returns values of yn (HX) for /V = 0 to \' = 143 + W.   The accuracy in yn (HX) when 
HX > 1.0 is greater than 20 significant figures. 

Eigenvalues 

Before the expansion constants can be evaluated, it is necessary to know the 
eigenvalues or separation constants for which solutions to Eqs. (5) and (6) exist. 

Starting values or numbers agreeing to at least two places with the correct values 
are obtained for the eigenvalues.   These starting values are solutions to an eigenvalue 
equation which when expre sed in matrix form reduces to the problem of diagonalization 
of the matrix.   The eigenvalues then appear as the resulting diagonal elements when 
ordered numerically from lowest to highest.   Although the exact determination of the 
eigenvalues would require a matrix of order infinity, good starting values are obtained 
using matrices of modest proportions.   The minimum size matrix used in OBRAD is of 
order 50, giving 50 possible starting values.   When H < 20, all 50 values are adequate as 
starting values, with the lowest eigenvalue corresponding to L = M.   However, as H in- 
creases, the order N of the matrix must also be increased to maintain good starting values 
for the 50 lowest eigenvalues.   The order N as determined in statement 3+14 lines 
through statement 3 + 18 lines is adequate to give good starting values for the 50 lowest 
eigenvalues when H is less than or equal to 75. 

The matrix elements A are obtained in statement 3+19 lines through statement 43. 
Subroutine EIGEN, which diagonalizes the matrix A, is then called.  Details of the matrix 
and its diagonalization are given in Ref. 7.   EIGEN returns the N diagonal elements in 
ascending numerical order.    LF - 1 f M of these, where LF is the highest L desired, are 
now used as starting values in a variational procedure devised by Bouwkhmp (8) and 
Blanch (9)-  (When H is greater than 75, good starting values are obtained instead from a 
formula given by Meixner (2).   This formula is programmed in statements 35 through 37.) 
This variational method adds corrections to the starting values, the corrections becoming 
successively smaller as the correct eigenvalue is approached.   Good starting values are 
necessary to assure the convergence to correct eigenvalues.   Convergence is assumed 
when the relative contribution of the correaion is less than 10-24.   Because of the 
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limited word length in the CDC 3800 at NRL a more stringent test does not give more 
accurate eigenvalues, but the corrections oscillate around 10"25.   This variational method 
is progranmed in statement 6 + 3 lines through statement 22 + 1 line. 

Expansion Constants 

1. The first expansion constants that are used dn {ih\m!l) are calculated in statements 
31 through 32+1 line.   These calculations make use of the single subscripted variable 
ENR that has been obtained above in the eigenvalue correction.   Although the method is 
disguised by the intermediate variable ENR, basically the expansion constants dn 

iih\m!) (called DLIST(J)) are calculated using Eqs. (8) through (10).   Here the index J 
runs consecutively from I to 72.   For example, DLIST (3) represents d5 (ih\nd) when 
L - M is odd but d^(ih\nA) when L - W is even. 

2. The expansion constants ÖJ^" /ä_ m. used in the calculation of the radial function 
of the second kind, are obtained in statements 232 through 291- 

First uncortected values RATIO (J) are successively calculated by use of the reverse 
recursion form of Eq. (18) until they begin to decrease (J = IND + 1).  Here RATIO 
(123 + 2M) is chosen equal to 0, and RATIO (122 + 2M) is chosen equal to 1. 

Next using the fact that  (H    l/öm*   ^ ARATIO (1) - 0 and Qmt
m/(imt

m « ARATIO 
(2) "• 1, true values ARATIO (J) are obtained by use of the forward recursion form of Eq. 
(18) until J»//VO + 1. 

Finally RATIO (J) is corrected by matching to ARATIO (J) at,/ = INL' + 1. 

Evaluation of the Radial Functions 

The expansion constants and functions are now combined to give the radial functions. 
The radial functions of both kinds and their first derivatives are calculated tot X = 0 in 
statement 237 through statement 246 + 3 lines.  For X £ 0 the radial function of the first 
kind and its first derivative are calculated in statements 211 through 236 using the 
expansions given in Eqs. (11) through (14) and the radial function of the second kind 
and its first derivative are calculated in statement 291 + 1 line through statement 
311+1 line using Eqs. (28) and (29). 

A Wronskian check is made on the two radial functions and their first derivatives in 
statements 311 + 2 lines through 311 + 4 lines.  Here the calculated Wronskian CWRON 
is compared to the theoretical Wronskian TWRON to give the number of significant figures 
that agree NIAC.  When X =0 the accuracy is determined instead by subtracting from 23 
the number of accurate figures that are lost during subtraction of nearly equal numbers. 

When X > 1.0 and XH > 10.0, Eqs. (13) and (16) are also used to calculate the radial 
function of the second kind and its first derivative.   This is done in statement 311+7 





Appendix A 

Major Calculation Blocks of OBRAD Listed According to Statement Numbers 

Calculation Block Statement Number 

From To 

Calculate factorials *96 +2 53 

Read data 1 3+3 

Do loops 

Set A/ 3 + 4 

Set « 3 + 10 

Calculate the starting eigenvalues 
by Subroutine EIGEN 3+14 7 
by Meixner's formula 35 37 

SetX 38 

Generate Q's Using 
Subroutine QLEG 38 + 5 5 

Set L 6+1 

Corre« the eigenvalues 6 + 3 22 + 1 
Calculate constants d 31 32 + 1 

Calculate radial functions ßl, 
RID. R2, R2D for * = 0 237 246 + 3 

Calculate Al, RID using SBESF 211 236 

Calculate ö ratios 252 291 

Calculate R2, R2D 
by use of Q functions 291+1 311 + 1 

Decide whether to use 
Neumann functions to calculate R2, R2D 311 + 5 

♦Note:   The symbol 96+1 signifies statement number 96 plus one line. 

14 
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Calculation Block 

Calculate R2, R2D by 
means of spherical Neumann 
functions, subroutine 
SPHYN 

Calculate Wronskian 
(plus accuracy check) 

Decide to print out 
final result based on 
Legendre function approach 
or on Bessel function approach 

Final printout 

From To 

311 +7 

311 + 2 
and 324 + 1 

324 + 3 

326+ 1 

324 

3U+ 5 
324 + 2 



r 

Appendix B 

LISTING IN FORTRAN IV OF OBRAD, 

A PROGRAM TO CALCULATE OBLATE 

SPHEROIDAL RADIAL WAVE FUNCTIONS, 

AS COMPILED FOR CDC 3800 

17 
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PROGRAM OBRAD 
TYPE DOUBLE AA.AAA«AH%ARtARATIO»ARG»ARRAY»ATERM»BLlST«BOOK,CL» 
JCOEFFl*COEFE2«C0EFF3*CORA«C0RB«CWR0N«OE«DH«OL<DLIST«DN«OX«El«E2« 
2E3.EJN»EM«ENR.ENRC«EST0RE»ESUM«EYE»FACT»FN1«FN2»FNM«GLIST«H»PI» 
30UTPOT.PAPER.PCU.PEN,PU8«PL9«Pl-A«PLB.PLC»PUD»Rj «R2«R3»RADl«RADIO» 
4RAD2. RAD20. RAT IO » RSTORE » RSUM » S » SSUMI » SVJBSUM • TEMP » TE«M » TERM 1 » TERM2 » 
5TERM3»TWRON«W»X»Xl»XL.XX«EIG.O.CRA02.CRA02D«DW»FSTRAT»ORATIO.DNEG 
DIMENSION A(eO»aO)»ARATIO(250)»ARRAY!250 )»BL 1ST(250)•B0OK(250> » 
1C0EFF1 (250)•COEFF2<250)»COEFF3l2SO)»Dt.IST(200>«DNI200)»EIG(80)• 
2ENR(250 > «FNM < 250)» GLI ST(250)» OUTPUT <170 * 40)« PAPER(250) . PCL(250 J• 
3PEN(250> »RATI0(250) »0(200) »AIG(80) «ORATIOOO) 
COMMON FACT(300) 

86 FORMAT(1X»I3»2X»5(D24.17»IX)»IX»13) 
87 FORMAT( 1 Hl»56X»»OBLATE RADIAL FUNCTI0NS*»/V/»47X»*H «♦«F5.l«9X» 

1#X «««F6.2»9X»«M ««»I3»///»3X,*L*»13X»*RI«»23X»«RID»«22X.«R2*« 
223X.»R2D»»1ex»»EIGENVALUE» »9X»»ACC»/) 

90 FORMAT (814) 
96 FORMAT(D32.25» 

PI« 3 • 14 159265358979 323846264 340 
FACT(l)»l,OD 
DO 51 J*l»170 

51 FACT(J+n»J»FACT(J) 
FACT(17l)=FACT<171)»«l.D-300) 
DO 53 J»171«296 

53 FACT(J+1>»J»FACT(J) 
1 READ 90«Ml«lt>M»NM»Ll«IDL*NL«NH«NX 

tF(C0F»60) 502.3 
3 READ 96« AH 
READ 96«OH 
READ 96« XI 
READ 96»DX 
D02IM>1«MM 
M«Ml+<IM-l)»IOM 
EM«M 
IF(Ll.LT«M) H«M 
LF«L1+(NL-1>»I0L 
HsAH-OH 
D021H«l«NH 
H»H+DM 
AAB-H»H 

AAA*AA»AA 
N«N1»LF-M+1 
IF(H»GT,75.D) 
IF(H.GT«20.n) 
IF(N.LT«50) N» 
IF(N.GT.eO) Ni 

GO TO 35 
N»Nl+(H-20.D)/2.O 
50 
80 

■ 1« N 
• 1«N 
■ 0, 
« 1«N 
+ 1-1 
«XL» ( XL+1 • ) -fAA» ( 2 .»XL» ( XL* 1 . ) -2 .»EM»EM-1 , ) / ( (2. »XL- 1 . )» 

D041 J 
0041 I 

41 A(I«J) 
D042 I 
XL ■ M 

42 A(I*I) 
l(2.»XL-»-3*)) 
NM2 * N-2 
D043 I * t»NM2 
XL ■ M ♦ I - 1 
A(1*1+2) « (AA/(2.»XL+3.))» SQRT(((XL+2.+EM)»(XL+l.♦EM»« 
l(XL+2.-EM)»(XL*l.-EM))/((2.»XL+5.)»(2.»XL+l.))) 

43 A(1+2«I) * A(I«I+2> 
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ANOPMl-AA 
ANORM2«LF»<LF+U) 
CALL. EIGeN(A*AIG*N«Nl«ANORMl«ANORM2) 
DO 7Ia|*Nl 

7 EIG(ftaAIGCI) 
GO TO 38 

35 OO 37 L«L1»LF»2 
P«2.»< <L-M)/2)+M-H . 
EIG<L-M+l)«-H»H+2.»H»P-.5*(P»P-M»M+»)-P*<P*P-M«M+l)  /<8.»H» 
1-{5»»P»*«+10.»P*P+1»-2.»M»M»(3.*P*P+1.)+M#«4)/(64.*H»H) 
2-P«<33,»P*»4+114»*P«P+37-2»»M#M»(23.*P»P+25»)+I3,*M**4)/(512.*H*»3 
3) -(63,*P*»6+340«»P«*4-f239.»P«P+l4.-l0.»M»M»(10,*P**4+23.*P»P+3.) 
4+3.*M»»4*(13»*P*P+6«)-2»*M«»6>/(I024.«H»*4) 
5-P*(527.♦P«»6+4139« »P*»4+5221•»P»P+1009«-M»M* < 939.»P**4+3750•»P'P 
6+1591.>+M«»4*(465,»P«P+635.)-53.»M##6)/(8l92.*H»»5> 
IF{2»<<L-M)/2).NE.L-M>  E1G(L-M)«EIG(L-M+1) 

37 EIG(L-M+2)>EIG(L-M+1 ) 
36 002IXe]«NX 

X«Xl+(IX-1»*DX 
XXsX«X-t-1.0 
ARG»H*X 
IFCH.NE.AH.OR.X.EQ.O.O) GO TO 6 
LQ»125+2»M 
CALL OLEG(M.LO«X*Q) 
DO 8t>l«LQ 

8 OUTPUT(I+1.1X)«Q(!) 
IF(M.EQ.0)4«5 

4 OUTPUTt1*IX) =0.0 
GO TO 6 

5 OUTPUT( l.IX>«-X»0UTPUT(2.IX»/'EM*(EM-l.D)»0UTPUT(3«IX)/EM 
6 PRINT 87.H.X.M 

002tL«l«KB. 
L«L1+(!L-1)*!DL 
PLB«2.D«EM4-1<0 
IFC-0 
IUCT«<L-M)/2 
IRIO>IUCT-f| 
IR>IRIO-fl 
CL«EIG(L-M+1) 
|F(2*IUCT.NE.(L-M)» GO TO 10 

11 ID«2 
IB»75 
IC«2»« 
GLISTilJ«EM«(EM+l,DJ+AA*tPLB-2.D)/((W-B-2.O)♦CPLB+2.0J) 
GO   TO   12 

10   ID-3 
IB«74 
IC-2*M41 
GLISTd )«(EM+1.D)»<EM+2.D) + (6.D*EM+3.D)/(PLB*<PLB+4.D))*AA 

12 LIM-150 
IIB>IB-i 
DO   13I>ID«LIM«2 
EYE«1 
BL1STU I-IO+2)/2)»EYE»«EYE-l.D)»(PLB+EYE-1.0»*(PLB+EYE-2.D)«AAA/' 

U(PLB+2.D»EYE-4.D)*<PLB+2.D*EYE)«(PLB+2.D»EYE-2.D»*<PLB+2.0«EYE- 
22.D)) 

13 GLISTJ(I-ID+4)/2)»CEM+EYE)*(eM+EYE+l.D)+.5D*AA*((1.D)-<PLB*PLB-2.0 
l»PLB)/< 1PLB+2.0»EYE-2.D)»<PLB+2.D«EYE+2.D) ) )' 

17  ENRd )«CL-GLIST(1) 

mmmmmmmmm 
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DO leiaitiucT 
18 ENR< I + J )«-BLIST< I )/ENR( 1)-GLIST( 1 + 1 )+CL. 

ENR(IB)«-BLISTtIB>/(GL1ST(IB+1)-CL) 
IP-IIB-flR 
00 19 iBlRttlB 
IPIsIP-I 

19 ENRC1PI)x-BLIST(IPI)/(GLIST(1PI+1)-CL+ENR(IPI+1 ) » 
ENRC«-BLIST<IR10»/<GL1ST(IR)-CL+ENR<IR)) 
DE«ENRC»ENRC/BLIST(IRIO) 
CORB'DE 
DO 20 l>!R«IB 
OE«ENR(I)»ENR(I)/BLlST( I ) »DE 
CORB^CORB+OE 

20 lF(DABS<OE/CORB)«LT.l.D-27) GO TO 23 
23 CORA ■ l.D 

DE"1*0 
DO  26   I>1«IUCT 
DE«8LIST(IRIO-I)/(ENR(|RIO-I)«ENR(1R|0-I>)»DE 
CORAsCORA-K)E 

26 IF(DABS«DE/C0RA),LT.l.D-27»   GO  TO   27 
27 DL«{ENRC-ENR(IRIO))/(CORA+CORB) 

CL«CL+OL 
IF<0ABS«DL/CL».l.T.l.D-24)   GO   TO  22 
IFC-lFC+1 
IF(IFC,LT,50)   GO   TO   17 

22   CONTINUE 
EIG(l.-M+l l«CL 

31 ARsID 
DNdlX (2.D»EM+2»0»AR-1.D)»<2.D»EM+2,D«AR+1«D)«ENR(1) )/ 

l< C2.D»EM+AR)»(2,D»EM+AR-1.D)*AA» 
W«DN(1)»FACT(2»M+ID+1)/FACT(ID+1> 
DO30J>2«IB 
AR>ID+2*(J-1) 
DN(J)«DN(J-1)*((2•0»EM+2•D»AR-1•D)*(2• D »EM+2 »D»AR+1 .0) 

:»ENR<J>)/«<2«D»EM+AR)*(2»D»EM+AR-l.D)»AA) 
DW«  DN<J)»(FACT<2»(M+J)+ID-I)/FACTt!D+2»J-1)> 
IF(<2»<M+J)+ID-I).GT.170)   0W»DW*1.0+300 

30   W>W+DW 
DUISTd ) «FACT <l.+M+H/(FACT<L-M+l)*(W+F ACT (IC+1) ) ) 
DO32J»l«70 

32 DLIST( J+l)«DN< J)»DHST(l » 
DLIST<72)»0.O 
IF(X*NE«0.D>      GO  TO     200 
DRATIOd )»0.O 
DNE6»DL1ST<I) 
DO   33   1*1«M 
DRATIOt I + U»-( I + I + I0-2«D)*< 1 + 1 +I0-3.D» »AA/( <4»I + I0+ID-M-M- 
15»D)*<4«I+ID+ID-M-M-3»D))/(<I+I+IO-M-A«D)*<1+1+lD-M-3«D)-CL+(2.0* 
2(1 + 1 + 1D-M-4•D)•«I +1 +1D-M-3.D)-M*M-M»M-1 .D) ♦AA/((4*1 +1D+1D-M-M-9.0) 
3»(4»l + lD+IO-M-M-5«D) >+AA»( I + I + ID-M-M-4»D)*( 1 + 1 +ID-M-M-5.D) » 
4DRATI0(I»/< <4»I + ID+ID-M-M-11.D)♦(4*1 +ID+ID-M-M-9.0))) 

33 DNEG«DNEG»DRAT 10 «1 +1) 
TERM«FACT(M+M+lD+ID-3)/<2«D»«(ID-2)»FACT<M+ID-l)) 
FSTRAT«TERM»OCIST«1) 
TERM2-DABS«FSTRAT) 
00 34 1-2.71 
TERM»-TERM» ( M+M+1 -f I +10+1D-6) * (M+M+ 1 + I +10+1D-7 )/(4»D»<I-l>»(M+I + lD 
1-3)» 
TERM1■TERM»DLIST ( | ) 
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201 E2 
R2 
GO 

203 R2 
E2 
GO 

205 E2 
R2 
GO 

206 R2 
E2 

207 GO 
20B E3 

R3 
GO 

209 E3 
R3 

210 IF 

TERM2«DMAX1(TERM2 « DABS(TERM 1) \ 
34 FSTRAT-FSTRAT+TERM1 

IAC«26-DLOG10(TERM2/OABS<FSTRAT)) 
IFt1AC,GT.25)  IAC«25 
GO TO 237 

200 E1*DSIN(ARG)/(H«FACT(M-M )) 
Rl«DCOS<ARG)/(H#FACT(M+i)> 
GO TO (201«203t205«206)*L-ll./4)«4+l 

■ - Rl 
• El 
TO 207 
« - Rl 
■ - El 
TO 207 
■ Rl 
■ - El 
TO 207 
» Rl 
■ El 
TO (20Bt209*20B*209)tM-(M/4)«4-M 
■ R2 
« - E2 
TO 210 
■ - R2 
« E2 

IF(L*NE*L1) GO TO 211 
LNE«145 
IF (X*H.GE* 100.0) LNE-LNE-fM 
CALL SBESF( ARG«LNE«ARRAY) 
PLA«DSQRT< (XX/(X»X) )«»M J »FACT(L-M+1 )/FACT<L+M+1 ) 
IA*I 
IF(2»IUCT.NE.<L-M> ) IA>IA-fl 
IC«IA-fl42HK 
IF(X*H.GE*100*0) IC«IC+M-4 
SUBSUM ■ O.O 
DO 217  K ■ IA« IC» 2 
1BOX3« I ABS ( < K+M-L-1 ) /2 ) 
BOOK(K)BDL|ST( (K4n/2)«ARRAY(K-fM)«(FACT(K-t-2*M)/FACT(K) ) 
IFC<K+2*M).GT.170)  BOOKCK)«B00K(K)*1.0+300 
IF(2«(IB0X3/2)*NE.IB0X3)BOOK(K)>-BO0K(K) 
SUBSUM  B  BOOK   (K)   ♦   SUBSUM 
IF(DABS(BOOK(K)/SUBSUM).LTa 1.0-27)   GO  TO  219 
CONTINUE 
RAD1«PLA«SUBSUM 
SSUMIBO.D 
OO   234  K-IA*IC«2 
IB0X3« I ABS ( ( K+M-L-1 ) /2 ) 
IDS   ■   <K  +   I 1/2 
PCL(K)«DLISTIIDS)»(FACT«K+2»M)/FACT<KJ) 
IFf<K+2»M),6T.170)      PCL<K)■PCL(K)»1.0+300 
IF(2«( IB0X3/2).NE.IB0X3>   PCLIK) »-PCHK ) 
PLD-K+M-1 
IF(<K+M-t).EQ.0)   230*231 

230 PEN (K) > - ARRAY (2)' 
GO TO 232 

231 PEN<K)«<PLO»ARRAY<K+M-l)-<PLD+l.D) »ARRAY« K+M+l) )/(2.0*PLD+l .0) 
232 PAPER (K) « PCL <K) » PEN <K) 
233 SSUM1 « PAPER <K) + SSUM1 

IF(DABS(PAPER(K)/SSUM1).LT. 1*0-27) GO TO 236 

211 

214 
215 

216 

217 
219 
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234 
236 

237 
239 

240 

242 

CONTINUE 
nA010=(M«SSUMl-EM*SUBS0M/(X«XX) )*PLA 
GO TO 252 
00 239 l=2«M 
PUB = PLB» < 2#M-2»14 3) 
PLC«FACT(L-M+J )»FACT<2»M+l )»Ol-IST( I )»H*»M/< FACT <L+M+n*Pt-B) 
GO TO (240«242«244»246)«(U-M)-<(L-M)/4)»4+» 
RAD1=PLC 
RAD1D»0#D 
RAD2»(M+M-n»PI»FACT(M+l)»FACTtL-M+l)»(H/2»D)»»M*FSTRAT»FSTRAT 
l/(+FACT(M+M+l»♦FACT<L+M+1)»2«D»H»0NE6) 
RA02O=l«D/,<H»RADl ) 
GO TO 326 
RAD1>0*D 
RADiD«PLC*(2»0«EM+l«D)»H/<2»O*EM+3»D) 
RAD2«-1»D/CH^RADID) 
RAD2Da (M-»-M-3)»(M+M-l )»FACT(M+l »»FACTIL-M+J )«P| «( H/2.0» *»M» 
IFSTRAT»FSTHAT/<FACT(M+M+1)»FACT(U+M+1)*2»D»H«H»0NEG) 
GO TO 326 

244 RAD1»-PLC 
RAOtO*0.D 
RA02=(M+M-t )»PI »FACT« M-U ) *F ACT (L-M+l )» (H/2.0)»*M*FSTRAT*FSTRAT 
l/(-FACT(M*M+l )»FACT(L+M+1 )*2»0*H«DNEG» 
RA02D«!»O/iHÄRADl) 
GO TO 326 
RAOlsO.D 
RADIO»-PLC»(2.D»EM+1»D)»H/(2«0»EM+3.0) 
RAD2=-1»0/(H*RADJD) 
RA020»-(M*M-3)*<M+M-n»FACT<M+l)»FACT<L-M+l >»PI»( H/2.D) **M* 
1FSTRAT*FSTRAT/(FACT(M+M+1 )»FACT(L+M+i )»2.D»H*H»0NEG) 
GO TO 326 
MA=2*M+123 
GO TO 256 
MAEMA-20 

jS=MA-M-2 
S»JS 
RATIO(MA)>0.D 
IMA » MA - t 
RATIO (IMA) ■ 
00 253    J s 
IBIMA-J+I 
COEFFI ( I )«2.0*mHS+EM+l.D)*(S+2.D*EM-fl.D)/(2.D*S+2»D*EM+3.D) 
C0EFF2 (I) • <S ■•• EM) • <S ♦ EM ♦ 1.0) - CL - H » H 
C0EFF3 U) ■ 2.0*H»S««S + EM)/(2.D*S + 2.0»EM -l.D) 
S » S - 1,0 

246 

252 

254 
256 

269 

270 

280 

272 
274 

1.1 
1« IMA 

253 
ARATIO (2) « 1. 0 
ARATIO ( 1) > 0. D 
DO 260 1*1«JS 
K«JS-I-H+M 
FN» ■ COEFFI <K •♦■ 1) • RATIO (K ♦ 2) 
FN2 ■ C0EFF2 <K ♦ 1) » RATfO <K + 1) 
RATIO (K) « (FNl - FN2)/COEFF3 (K ♦ l) 
IF(OABS(RATIO(K)).GT.l.0>300) GO TO 254 
IF<DABSIRAT10(K+1) ).GT.DABS<RATIO(K)))   GO   TO   272 
CONTINUE 
INO«K 
GO   TO   274 
|N0«K4-1 
IF«IND.LT.2)    |ND»2 

mm^mm 
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281 DO 289 J-1*K 
IJ ■ J -f 1 
FNt = C06FF2 (J) • ARATIO ( IJ) 
FN2 « C0EFF3 (J) • ARAT10 <IJ - I) 
ARATIO (IJ ♦ 1> ■ <FN1 ♦ FN2>/C0eFFI (J) 

289 CONTINUE 
RATIOt t )«RATIO( IND)/ARATIO( IN04-n 
DO 291 I«IND«MA 

291 ARATIO« I + n«RATIOC I )/RATIO« 1 ) 
RSUM«0UTPUT«3»IX)»ARAT10«3) 
ESUM=0UTPUT(2 «IX) 
RST0RE=-0UTPUT«2«IX)*« «EM+l.0)»ARAT10«3)+H) 
ESTORE=EM»OUTPUT «1»IX)/XX+OUTPUT « 31I X)*ARAT10« 3)«H 
IF(M.EO*0)   ESTORE«ESTORE+UO/XX 
DO   306  K>4«MA 
AR»K 
TERM1«OUTPUT«K.IX)»ARATIO« K) 
TERM3»-ARATIO«K)»«EM+AR-2.D)»OUTPUT<K-l«IX)/XX 
IF«2*«K/2)«EQ*K)   GO   TO   304 
RSUM»RSUM+TERMI 
ESTORE*ESTORE+TERMI»H 
RST0RE-RST0RE+TERM3 
IF«ABS(TeRMi/ESTO«E>.LT.UO-27.AND.ABS(TERM3/RSTORE).LT»l.D-27 

I.AND.ABS«TERM1/RSUM),LT.1.0-27) GO TO 309 
GO TO 306 

304 TERM2«TERMl»X*(AR-2»D)/XX 
ESUM»ESUM+TERM1 
RSTORE«RSTORE-TERMl»H 
ESTORE»ESTORE+TERM2-TERM3 

306 CONTINUE 
309 RSUM « «RAD1 ♦ E3 • ESUM)/R3 

RSTORE ■ (RADIO •♦• E3 • EST0RE)/R3 
311 CRA02«R3»ESUM+E3»RSUM 

CRAD2D«R3»EST«3RE+E3»RST0RE 
TWRON«UD/(H*XX) 
CWRON «RAD1»CRAD20-CRAD2«RAD1D 
NIAC«-OLOGtO(OABS(«TWRON-CWRON)/TWRJN)+1.0-26) 
IF(X.LE»l.D.OR.«X»H).LE.10.0) GO TO 325 
IF(L.NE«L1) 00 TO 313 
LNE«141+M 
CAUL SPHVN(ARG«LNE«FNM) 

313 JN«1 
IF(2»«(L-M >/2).EQ.(L-M))JN«0 
RAD2«0.D 

315 K=l+JN/2 
TERM «FACT ( JN+2»M+ 1 > /FACT ( JN+1 ) *DL I ST ( K ) »FNM«JN-fM-f 1 » 
IF(«JN+2»M+1).GT»170)  TERM«TeRM»l.0+300 
IF(4»((JN+M-U)/4)«NE.«JN+M-L)) TERM «-TERM 
RAD2»RAD2+TFRM 
IF(K.LT.5) GO TO 316 
IF(DABS(TERM /RAD2)«LT.(1.0-27)) GO TO 318 

316 JN=JN+2 
GO TO 315 

318 RAD2«RAD2*PLA 
PL9«-EM/(X»»3+X) 
RAD2D«0«D 
JN«JN-2»«JN/2) 

320 K«l+JN/2 
EJN>JN 

d 
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PL8«H/(2.0*EJN+2«D*EM+1«0) 
TERM   »FACTC JN+2»M+l)/FACH JN-»-l)«DLIST<K)»<PL8*< <EJN+EM)» 

I   FNM( JN+M)- (E JN+EM+ » »D) »FNM < JN+M+2 ) )♦PL9»FNM< JN+M+1 > > 
IF(<JN+2»M+1).GT.170)      TERM»TERM«1«D*300 
IF<A»« < JN+M-L)/4)»NE«( JN+M-D)   TERM   «-TERM 
RAO?D=RAD2D+TEPM 
IFCK.LT.S)   GO   TO   322 
IF(DABS(TERM   /RA020).UT.<I.0-27))   GO  TO  324 

322   JN»JN+2 
GO   TO   320 

3?A   RAD20»RAD2D»PLA 
CWRON   s   RAD1    »   RAD2D   -   RA02   •  RADIO 
IACa-DLOG10(DABS((TWRON-CWRON) /TWRON) +1.0-26 » 
IF(lAC.GT.NtAC)   GO   TO   326 

325 RAD2sCRAD2 
RA02D>CRAD20 
IAC-NIAC 

326 IFdAC.LT.O) IAC-0 
PRINT   a6<LtRADl*RAD10*RAO2«RA02D«EIG(L-M+n*IAC 

2   CONTINUE 
GO   TO   1 

•S02   END 

II 

20 

SUBROUTINE SBESF(XH• L.J«RAY) 
DIMENSION RAVv'250) 
TYPE DOUBLE CP tFACTtRAV«SUM*TERM*TK*TM*KH«Xl «ZZH 
COMMON FACTC3C0» 
L « 0 
IF (XH.GE..4D) GO TO 4 
Z2H*XH«XH/2<D 
DO 3 N«L*LJ 
TMaFACTCN-M )»(XH ♦XM»»»NXFACT(N+N+2> 
IF(N»GT«64) TM«TM»l.D-30O 
IFCTM.EQ.O.D) GO TO 8 
SUM*1*0 
TERM ■ 1*0 
DO 2 I«1.50 
XI>I«(N+N+I+I+1) 
TERM«-TERM»Z2M/XI 
SUM ■ SUM 4 TERM 
IF(DABS(TERM/SUMJ.LT,1,0-261 GO TO 3 
RAY(N+1) »TM»SUM 
RETURN 
N«I70 
IFCXH.LT.IOO.D) GO TO 20 
RAY<1)-0SIN(XH)/XH 
RAY<2)«(RAY<I)-DCOSIXM)»/XM 
DO 11 K«1.LJ 
R A Y ( K-f 2 > ■ (K-t-K-f 11 *RA Y ( K-f 1 >/XH-RAYIK ) 
RETURN 
IF(XH.GT.IO.D) N«210 
RAY(N-M 1*1 ,0-250 
RAY(N4-2)«0,D 
I « -N 
M « -1 
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DO 5 KK>I«M 
K  »  -KK 
TK«K+K-*>1 

5 RAVCK>«TK«RAY<K+n/XH-RAV(K+2) 
CP«OSIN(XH)/fXH«AAV(1)) 
IFtDSlNIXHIcLT. 1,0-2)   CP>( DSIN( XHt/XH-CKOSCXH) )/( XH*RAYI2 ) ) 
DO  6  L«I«UI 

6 RAY(L)»CP*RAY(L) 
8 OO 9   J«N«LJ 
9 RAV<j4-l)«0aD 

END 

SUBROUTINE SPHVNfXtNtARR> 
DIMENSION ARR(250) 
TYPE DOUBLE X.ARR«TKPl 
ARR<1)«-OCOS(X>/X 
ARR(2)>ARR(l>/X-OSIN(X)/X 
DO 2 K«I«N 
TKPI«K*K-H 
APR ( K4-2 ) «TKP1 »ARR ( K4-1 )/X-ARR (K) 
END 

SUBROUTINE EIGEN«A*VALU<N*N1 «ANORM1 • ANORM2) 
DIMENSION A(BO«80)«VALU(aO)«D|AG(80)«Q(80)«VALL(eS) 
NN«N-2 
DO 160 I«1«NN 
II«l4-2 
DO 160 J«II*N 
TI>AIIil4-l) 
T2«A(I«J) 
IF(T2.E0.0a)  GO TO 160 
T«1,/S0RT«T1»T14.T2»T2) 
SIN«T2»T 
COS«Tl»T 
DO 105 K«I»N 
T2«COS«A<K«I+l)+SIN*A(K«J) 
A(K«J)«COS«A(K«J)-SIN«AIK*I+l) 

105 A(K«!-»>I)«T2 
DO 125 K>I«N 
T2«COS»AII-fl»K)+SIN»A( J«K) 
ACJ*K1«C0S«A<J«K)-SIN*A(1+1«X) 

125 A(I+1.K)»T2 
160 CONTINUE 

D015I"1«N 
DIAGCI)«A(I*I) 
ot n»A( i«i-i )«An«i-n 
VALL<I)«AN0RM1 

15  VALUtI»«AN0RM2 
!■! 
MATCH   >   N 

18  TAU«<VAU.m+VALU(in/2* 
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IF   (MATCH.NE.I-1)   LATCH   «   MATCH 
MATCH   =   0 
T0 = 0. 
Tjel.E-IOO 
0020J«l.N 
T2=(DIAG<J)-TAU)»Tl-0(J)*TO 
IF(<T1.NE.0.)»AND.{ <T2«Tn.l.E.0»)>      MATCH«MATCH+1 
T0 = T1 

20   T1=T2 
D025KKI«MATCH 

25   VALU(K>«TAU 
NATCH=MATCH+1 
DO   30   K»NATCH«LATCH 

30    IF(TAU,GT.VAUL(K)) VALL(K)«TAU 
«0   IF((VALU(1)-VALL(I)).GT.<l.E-4))      GO   TO   16 

I»I + 1 
MATCH   a   N 
IFd.LE.Nl)    GO   TO   40 
END 

SUBROUTINE   OLEG(M*LN«X«0) 
DIMENSION  0(200) 
COMMON   FACT(300) 
TYPE   DOUBLE   BE«C0EF«01 .DK.OM.DN.rÄCT,GA,Q«£UM.TERM.X«XA,YA,Z»2A 

DM*M 
NN=0 
YA«DS0RT<X»X+1.D) 
ZA*(YA-fX)«(YA-fX) 
XAs0.25D«(YA-fX) 
Z«2»D/(YA4X) 
LNM«LN4l 
DO 13S NsNNtLNM 
DN=N 
BE>DN4>1*D 
6AcDN-»-l*SD 
IF(N»GT«84)   GO   TO   500 
COEr=Z«XA»»{-N)»{FACT(N+n  /FACT(N+N+2> »FACT^N*!)! 
GO TO 510 

500 COEF«Z»XA»»<-N)»(FACT(N+n  «( J .0-300) *F ACT (N+J)/FACT« N+M+2) J 
510 SUM»TERM«l.O 

DK»-1«D 
130 DK»D<+1.D 

IF(0K.GT.5000.) GO TO 135 
131 TERM=-TERM»«DK;+«5O)»CBE+0K)/< <DK*l •0>*ZA«CGA40K) > 

SUM«SUM*TERM 
IF(ABS(TERM/SUM).GT.l.E-27)  GO TO 130 

135 O(N+1)«-COEF»SUM 
DO 30 I«1*M 
DI»1 
DO 30 N«NN*LN 
DN«N 

30 Q<N+1 )■-! (DI-»-DN)»X»Q<N+l ) + <DN-DI'f2.D)»Q<N+2 ) )/YA 
00 40 N«NN«LN 
IF(«2»(<N*l)/4))«NE»(<N+l)/2)) 0«N+1)«-0(N+l) 

40 IF(2»<N/2),NE.N) 0(N+1)«-0(N+1 ) 

4 
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Appendix C 

SAMPLE OUTPUT FROM OBRAD 

29 

MM 
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u     ««•«fom««nnnio*>n^MnMn wMMmnmn MNMMM MtvoitoM MMMM»4 »M Mn M» v4NMn 
U NCMMM MW^MMMMNMOgMraMM MM CMMMMM MMMMMMNNMMMMMMM MM MM MM MM MM 

0«40«4«4«4«<   «««WMMMCwMMMMMMMMMMMMMMMMMMmmoniOntOm IOn fOM W « « W f» W 
aaoooocjeooooooooooa>oo<ocooooooooooooooooooooooDooa 
ooooooooooooooooooooooouoooooooo^oooo^oooo OO OO OO o o 

«mtv«o>'«o>««»«^tt«oo<«Mr^ MiOtfton «H • « M K «^ «< «4 « omo* n»ir\«^ r»« o» «^ »^ o *» c* ^ 
«tAAMn»'«i>ko«in«4«'^>MV«>n <o« m « « »4» oor^o^v^MiAMoow^ars. ««»« r<«iAn«ra 

iu     i«No>»M»«4o>««»n«t^tuw4r«MfO Mm n«tft«oi>>«a> o«««m»^mi«\ff»>MM 00 (TK Me»r^««« 
3     «•4«oMor<.i«\fv»Mr»««»»M«»«otf(M«4 •*« "om» IA«««,««O«^MN« «■« n« «n ««tfs. •« 
_» ■> » on «««N ««««^««e«»^«!^» M« « m «<» « 0» • or« «4« «»»««nnoM» »n o» »*«* ot^ m m 
« «oinrwrk.w««^n^n«*o»«.or^«« ♦»>• ■• • • «v • «•r^o«« o«rv»nrkra««oKtnno»*v««mM 
> vi«i «4« n)v4F)ir«« (\jo««rk»tft» r- « • w « r-» •c^w4«»ff^«««tir «« nmn tstnnm «4«4«««««4«4 z     n«MO«»*M««%««4«oM«4Mo«MMtf%»*or^Mn«4»«f^0e0o0aooao 00 000000 
«i *-» o-o« mm f^v« cv» n««4nf^in o« «•* «nrwfwn «««i^^ooeoeo 00000 00 oe 000000 
o     M« rtfo ora«ir) «4m««n<>tw4v«w«o 0000000000000000000000 00 oo 00 0000 
mm nV>»«   MM«tV\tftOt    OOOOOOOO    OOOOOOOOOOOOOOOOO   OOOOO   OOOOOOOOOO 
Ul        » lO OO   M9«Mv«OOOOOOOOOOOOOOOOOOOOOOOaOOOOOOOOO OO  OOOOOO 

««m (SO OOOOOOOOOCI OO.OOOOOOO OOOOO OOOOO «J o ooe OO OO OOOOOO 
V M *4O00 OO OO OOOOOOOO  OO OO OOOOOOOO 00^040 • ^ ■♦ ^«  « o « o ao « o ♦ 0« 

«\ooo»« o* o« ontf« « orjf^ o «^ v*« om» «o« «4« M» o«4*4M«ov«ir «rw »«> » e «4Mm « 

it 

oooooooooeoooooooo0000000000000000000000OOOOOOOOOO 
tl   •♦«*«««♦«  •♦««♦*•   ♦ ♦   ♦ ♦ ♦ ♦ ♦  «•«*«  * *   « « *  «♦•«*••*«•♦•«*♦ 

o     MM»i^«nK«po«4i^ «4in » • f^ ir* •-» o«4«««««n «OK M«>«»tfsr^rho>mr^o«« «in OM «» in « « 10 
M       M««««»M«^  O» «•■*<•« *40«  «•• «K OOtfs.  MO *«Mf> or*   «4» O -O *4 M n ^ •« «|A  «4» « tfl «4 M 
K «4K«««o>ofrai«m^»«M«nMm ov« «■« «4»«»«««« w4« Mnmr»«>«n<« «4» ««tvtmMmo« 

♦ n on «oMo«« oa« DM«IA» toMio« Mmn m« e». MP* O» « «HIM «t^ mn» OK «««•in«4n«« 
o<o ««« ««mt«. «4mM«mM<««f^'« «Mv4«o»» '«fo«Mw>««r^«io«*o««44o« *4^ m « « M« <o 
«m on« o M» M<e M o« ««r^ • o«4 Mn MinmoM oo> M« « «• wn« r».mn«DM^>o>«««niiA«tr^^M 
M« *4« ««or.«n« «•« «IO*-»)«I *«o « « «4*(«««o«»» o« nmn Mn»«o run» o« 00 n o o «4 
«fs, «<• M« « o-«r<. »4 Mr- o«%r^n» a»«M«in«i»^>in«<«N^« o« n «^ ^ «m m««« M MMV« «« 
««Mtfin*\M«»»»^««»w«vt<«»f)^«4«»nn«M«9m«rk.«^««4«iin«4Mnoo«M««s\i<o 

0000 00 0000 eooiooo«4v4 w4«4«4«4«4v«MMMMMMMMnnnnnnv« «* «« «mift«*«*«t 
OOOO OO OOOO OOOOOOOO OOOOOOOOOOOOOOOOO OOOOO 00 OO OO OOOO 
It It *«•«««« •♦«♦««* •«*««♦« « • 4 * « ♦ ♦ •«♦«« ♦♦♦♦♦••♦♦ « « « <» 

M^r^v^K o««v4on»4<rr«ionM «-m r« « » «« «r^. M om o« nnomw «•» «o»«oir*.o*n 
«4« o«> r «v%4M««o»ir»«>«oMor» v4o«o>oMif\if\««nM*4«m»«Bnr>oiooMnttK«4Mottw4mo 
IAK««« •«»otf\no«>r^o»«4» o« m o« « v4nrv « nn « *» onM »Mmi*»M 0*0 »M Mm M««« 

M     ««••o«r^<o«o>m*4«««r«'<oMM<* •«• K»in«t«mMir« o o«4o» « «ooom n« M« t^. o> m m » «4 oe     «4«4M«% M«I *«»*«* ov^-o^o*«» moM«» out ««4« «« m« ntn o MM« o«* «IOM« o« •*»*«% 

-«iv «« ««4in«o>if\iAr«.*«m»iAK» 1A0 o«MM««rk»^m«40o 00« M w«f^ » m« »« MMo«ntt 
o» r^M omo>» M'«««mNMorvMrwmM«rvo>inKMnM»<or«-w4o««\t<«%n^r>k ««• r-m Mm «4n 

OOOOOOOOOOO^O^IOOOO OOOOOOOOOOOOOOOOO 0^000 00 00 00 000^ 

nt ^ «■« 0 A ^N*«'M^ »4-n-» »on 90^ #■•« A« »«4-M n«<«^«i«n>« A** ♦>♦ » »001« M** •<» ^ « 9 
««Mnf^ « « » M M« r^ »to «A o<«<#tv ««•«M« Mf^««^ nM n^. o« o «<• ««^.m «niAm tt^m M ««o« 

O       «Kl««»!^««  «MlA^-AMM«  *4M  M-C K  «-I OC  «40«-»  «4«   «-in  »4« O M f*  M WlO  M« <Mrt   v4«»««M 
«4 oo> r«.otf\MK.«««r«.o«AinooiA MIA M« O«4O»MIA nm •• «» «4tfkn^n« MO MO» O «r^ MM 
nt     «vtioiAttooNn»» ooMn««« oMn«rk.Konr>.n» o««nK.nM« 0*49 n« o« *4o « «49« 

« Mfv 09 M *4» 099r<k*990nM99(A9 0«nO»09«9 »4fv rfkO» MMf^ 9rvO 09 f^fv MM ■*> »4 If» M 
^m4>«0>MOM«n«^fh«90>99 OK 090>nonOlAn«49« n(^M «49 «-«K -4 Kl O «K OOv4K M*4 
A f4>S'V>AiH<«i4)f4'v->>9l^i »•♦■'*. ■»!>*■ ^. M-»«9l«4*^-«4< »»•»^.»"»■•»'♦■♦i^ 3 •>■■ »40 ^1 ^ 9'* 9'•>■• ^i *»'»"v 
9» -»Mr» • M9 MM««n990*« »KM«9 09 9nn<AK ««9MO> «KK.9m n9 Mn MO »4* Ott 
9 «4 «n A» »4»' A •■  ^M» O9^*4v4^9«4Onv<-IA«N»A*4«'9n9«KnM»'s.0A9^9^0M9 

lAM9«k«»IA9««4K.M«nomo«    OK  M 4t  «mO>  ••4*499  MM«««\  MOtftntt   an»»   V «  9 O 9 |A 

1 

000000000000000090 0 0 00000000000^000 OOOOO OOOO OOOOOO 
lllllltlll  I  II  llll«  I 1  I »  •  f I  lltll  »1  lllil  «11  llllll  llll 

KIA Ott 9Kn«9M9n»4n«90nKO« 0«4KK 9 4r «4 « « «49 m9tf%K999rt 9M9n9» •49«*4 
IA«K9> 0>nmM9nM«9«K M«M   <-«)A 99 OiAlAK9*09n9m O« 9 |A M 9 OtA 9K iAOni9 0099 
Mo»M9nAo> n9 9I>MO«4O«IA K« »tttA MonoKiA*4no9MO *«« n9 «4 « o « «4 «4n ono> « 
9 9 «»K  «9  «9««499K  v4*4M90  M09*4MAMm-4lA99K9 *40n  *49990  9«  9K  nK  90M9 
KK99Kw4KO9M9nnoiA9m«-IO««OlA«9K0>«n9«lA v4M lA  v4tft99«   «M9K  «lAK«  Orf\ 
.^•nK99VAlA9«9 9A9MAM^   «49 »O r4 «4 lA rs.   M*49  nK 4* »v «^•49  99nv4n   O0M09M  ^ rv  OM 

»4       «9n9   MONttKlA «iAO«94S«ni9«K4>   OKM <»M*4K«4^>9 rlW«  v4« 99K   «A  O«  »A M«  «M 
Ot        9 9 99  « H «49 »tftK  9«4999KIA  KlAtfVOKno  M« K  9K  9 9 09 K 9 09 M»   n9 99KMn«9M 

« IA •4« K«4ontt 0KK9O«40ntt nm OK« OlA 4m9 9«lAm9lA« «4K €3 «-t» riO 4*4, « ccn«« 
Kn«49   «4*4 9 rf\ 9K   OK9K9n9n  lAK K K 9 m A lAK  «49  w4Ktf\nMm  OttAttn  K9 99KMn«4«9 

K  «4Kn  M9n9n«4MMn4«9  «4«  •   9M9KAK,A  •»i%^09099K  9M99«4 A A KM  M9  mOK9 

n 9 «9 tf« •  «49 999  M«4KI«49KM   «40 9 9  O 9 M 09   «4 M 9  A K   •«*. KM099«   SM'0«r«>9M099 

4 



Security Cljsstficanon 

DOCUMENT CONTROL DATA R&D 
St'rurifv clmxitlicmtion ol tttto, body of ßbsttmct and indexing annotalion muMt be mnf9r»d when the overmll report (M ctaaailimit) 

i    OMICINATING  ACTIVITY (Corpormte author) 

Naval Research Laboratory 
Washington, D.C.   20390 

2». REPORT  SECURITY   CLASSIFICATION 

Unclassified 

3    REPORT   TITLE 

A FORTRAN COMPUTER PROGRAM FOR CALCULATING THE OBLATE SPHEROIDAL RADIAL 
FUNCTIONS OF THE FIRST AND SECOND KIND AND THEIR FIRST DERIVATIVES 

4   OCSCRtPTivE NOTES (Typ« of rmporl and inclusive dmtea) 

An interim report on a continuing NRL Problem 
S    AU THORlS) (Firm! nmmm. middlm mitiml. Imat nmma) 

A. L. Van Buren, R. V. Baier, and S. Hanish 

•    RCPOR T   DA TC 

January 20, 1970 
7«.    TOTAL   NO    OF  PACES 

34 
7b.   NO.   OP   RE-I 

II 
•a.    CONTRACT   OR   GRANT   NO 

NRL Problem SO 1-28 
6.   PROJEC T  NO 

RR 102-08-41-5225 

9t».   ORIGINATOR'S REPORT NUMBER(S| 

NRL Report 6959 

9b. OTHER REPORT HOIS) (Any other ntmbmre that may beaeetfied 
thie report) 

10    DISTRIBUTION  STATEMENT 

This document has been approved for public release and sale; its distribution is unlimited 

II    SUPPLEMENT ARV  NOTES 12    SPONSORING MILITARY   ACTIVITY 

Department of the Navy 
(Office of Naval Research), 
Washington, D.C.   20360 

19    ABSTRACT 

The Helmholtz or scalar wave equation (V2 + k2) V = 0 is separable in oblate spheroidal co- 
ordinates ih, - if, with solutions V = S (ih, q) R (ih, - if) <l> (<p) •   The subject of this report is a 
Fortran computer program called ORRAD which numerically evaluates the radial solutions R {ih, -if). 
The printed our m trom OBRAD consists of radial functions of the first and second kind, R'1^2' 
{ih, - if), their first derivatives (3ft(y,(2) (ih, - i£)/d£, the separation constants or eigenvalues 
A^ (ih), and an accuracy check.   This report first describes the input data cards and the output format. 
The theory of the oblate spheroidal wave function is then discussed.   A description of the principal 
internal features of OBRAD is then given.   Finally a computer listing of OBRAD is attached as an 

appendix. 

DD.'r,.,1473   'PAGE" 
S/N   0101.807-6801 Security CUkiificalion- 



w» 

Security Classirication 

KEY   WORDS 

Acoustic radiation 
Computer programming 
Mathematical models 
Analysis (mathematics) 
Wave equations 
Spheroidal wave functions 
Acoustic fields 
Sound transducers 
Sonar transducers 
Sonar arrays 
Submarines 

DD .'.r..1473 BACK) 
(PAGE   2) 32 Security CUssification 

■HIMMHÜi 



I 

^.«..^„^.„^m.u,,„m.ivm'.«mmm mmmmtmammifm M. <WtllW|PIW|liWllWWPWiWWWWiPWWiW|| 

''^■'''■■*:''^i^ .., 

SUPPLEMENTARY REMARKS CONCERNING 

NRL REPORTS 6959™,  7012(2), and 7161(3) 

B. J. KING 

A. L. VAN BUREN 

CODE 8150 
NAVAL RESEARCH LABORATORY 

WASHINGTON, D.C.    20390 

—  . - 



mmmmmm^mum*** «p 1 

» 

'rrppw*': ■^t'Vc -■•■"•r-     "^v ••'•?-■ 

I.  DO LOOP PROPERTIES OF 3800 FORTRAN AND FORTRAN IV 

The programs OBRAD 96959), FRAD (7012), and ANGLFN (7161) were written 

In 3400/3600/3800 FORTRAN, not FORTRAN IV. 3400/3600/3800 FORTRAN has the 

following property concerning 00 loops: 

IX) n 1 ■ m.» nu • nu 

If m. exceeds m. on the initial entry to the loop, the loop is not 

executed, and control passes to the next statement after n. 

This property is used In all three programs. It is specifically required 

in the following locations. 

OBRAD (6959) 

P- 

P- 

P- 

P- 

P« 

P- 

20 

20 

22 

26 

26 

26 

17 lines from top 

14 lines from bottom 

4 lines from top 

10 lines from top 

13 lines from top 

9 lines from bottom 

PRAD ___  (7012) 

Line 1260 

Line 3890 

Line 4160 

Line 4520 

Line 4790 

Line 5390 

Line 5610 

Line 7320 

Line 7350 

ANGLFN (7161) 

Line 1300 

Line 3870 

Line 3900 

DO 26 I - I, IÜCT 

DO 33 I - I, M 

237 DO 239 I - 2, M 

DO 25 K - I, MATCH 

DO 30 K - NATCH, LATCH 

DO 30 I - I, M 

DO 26 I - I, IW6 

DO 700 J - K, KPK 

DO 701 J - K, KPK 

DO 702 J - K, KPK 

DO 703 J - K, KPK 

DO 40 J - i,  NLESSM 

70 DO 40 J - 2, M0NE 

DO 25 K - I, MATCH 

DO 30 K - NATCH, NBL 

DO 26 I - 1, IW6 

DO 25 K - I, MATCH 

DO 30 K - NATCH, NBL 

Several versions of FORTRAN have the property that a DO loop is executed 

at least once regardless of the values of the parameters. An IF statement 

comparing the parameters m. and m. Just before the DO statement will 
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ensure correct execution when using FORTRAN versions hav*hg this property, 

e.g.: 

IF (mj  .GT m2) GO TO n-^ 

DO n i * m^, m«, m_ 

n 

n. 

II.  WORD SIZE OF THE CDC 3800 AT N.R.L. 

Double precision numbers have 26 decimal digits and an exponent range of -307 

to +307. For computers with word length less than 26 decimal digits statements 

such as lines 1260 and 1370 of ANGLFN may not be optimum.  In addition, the 

integer accuracy check which is calculated in lines A980 and 5020 of PRAD and 

statement 311 + 4 lines and statement 324 + 2 lines in OBRAD will be 26 whenever 

the theoretical and calculated Wronskians are identical^ regardless of the number 

of available decimal digits.  Because of the extensive use of the exponent range 

of + 307 in scaling and limits on recursion calculations, it Is recommended that 

the user choose a computer with an exponent range at least this largs. 
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