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ABSTRACT

The open-circuit sensitivities of radially polarized ferroelectric ceramic spheres are derived
from the viewpoint of treating the ceramic as an anisotropic material, The results are ingcod
agreement with similar sensitivities predicted on the basis of isotropic stress distributions, Graphs
of the open-circuit sensitivity versus the ratio of wall thickness to outside diameter for several
different ceramic materials indicate the region over which the spherical ¢lements may be con-
sidered to be thin-walled spheres, Included for comparison are the sensitivities of similar ce-
ramic spheres that are not pressure-released on the inside surface but are in immediate contact
with a solid sphere, Also included are graphs of the magnitude of the stresses induced inthe
spheres by the ambient hydrostatic pressures.
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THE OPEN-CIRCUIT SENSITIVITY OF
RADIALLY POLARIZED FERROELECTRIC CERAMIC
HOLLOW SPHERES

INTRODUCTION

For a proper comparison of different hydrophone designs, it was
deemed necessaryto investigate the open-circuit sensitivity of radially
polarized ferroelectric ceramic hollow spheres. The analysis included
the material anisotropy, which, inthelimitof very thin shells, does not
influence the sensitivity values. Graphs of the open-circuit sensitivity
versus the ratio (R) of wall thickness to outside diameter indicate the
range over which the spheres may be considered to be thin-walled
vessels, Included also are graphs of the internal shell stresses re-
sulting from ambient pressure loads,

THEORETICAL CONSIDERATIONS

Figure | depicts the spherical coordinate system that will be
used in this investigation and a section of a hollow ceramic sphere,
By convention, the principal directions of stress in the ceramic are
designated by the axes 1, 2, and 3 and are chosen to coincide with the
set of spherical coordinates 0, ¢, and r, respectively, Axis 3 is par-
allel to the polarization vector (radial) in the ceramic sphere,

The strain components in spherical coordinates are given as!

_y, 1 duy, 1
ST t
S, 250 Mg 0, L s (2)
2T ot ine 8 &

du
Sy ==t , (3)
1 &u. 3u¢ uy (4)
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where the subscripts 1, 2, and 3 represent the normal components,
subscripts 4, 5, and 6 represent the shear components, and Ug s Uy,
and u, are the particle displacements in the 8, ¢, and r directions,

respectively,
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Fig, 1. Volurie Element ot a Hollow Ceramic Sphere




The equations of static equilibrium, excluding body forces, can be
written as?
19T, 19T, 1

aT
3
- + 4= (2T, -T, -T,+ T, cot 6)=0 , (7)
dr +r 00 rsine 8 d¢ r( 3 ! 2 5 )
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— e} e e o (T T 0 T.| =0, and 8
or +1' a6 +x-sine¢9 8¢+r (1 '> cotf+3 5] an (8)
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-

dr t 06 +rsineo dp r
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If the stress (T) and the electric displacement (D) are choscen
as the independent variables, the constitutive equations of state can
be written as

D D D
Sl=sllTl -»s]szcs”T_,'lg“D3 . (10)
D D D
SymspTy +sy Ty +55T, +2;, Dy (11)
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where s” is the elastic compliance coefficient at constant electric
displacement, g is the piezoelectric coefficient, and BT is the in-
cremental impermeability at constant stress (T = 0).

Since the inside and outside surfaces of the sphere are fully elec-
troded, it may be assumed that D, = D, = 0. In addition, spherical
symmetry will be assumed so that the polar and azimuthal particle
displacements (uy and uy , respectively) and any diffcrentiations




with respect to the angular variables (0 and ¢) can be neglected. [t is,
therefore, apparent that with these assumptions the shear strains
(Sﬂ » S, and § ) can be set equal to zero and that, in turn, the shear
stresses (T, , T,, and T ) are zero also, It can also be concluded

4 !
that the transverse electric fields (8l and &‘2) are identically zero,

The usable (workable) strain relationships and equations of state
rcduce to

S, ~sPT +sP T, +sPT, + D---l-l-'- (19)
SrTS St F Sty TR Y3 T
u
D D D o 20
S:""lsz*511T2+513T3+331D3‘T"5x ’ (20)
du
D D ot (21)
S}'—‘S]}(Tl +T2)+s33T3+g33D3~-3: , and
o . T
C,3r—. '331(T1+12)—333T3+B33D3 [ (22)
whercas the equations of equilibrium degenerate to
o0 L L ) cot 6 23
—a—'- -&T(ZTj _Tl —T2)=0 and-;- TI-TZ cot0 =0 . ( )

The last cquation in the above set is satisfied when Tl = T,; thus
the polar stress and the radial stress are related as follows:

r ’
Tl=-§-T3+T3,or (24)
’, r rr 3 ’
T, =T, +>T, (25)

where the prime denotes 9/9r.

Before proceeding further, let us look at some of the constraints
imposed upon the electric displacement (D) and the electric field
(7). Maxwell's equations, neglecting the influence of the time rate of
change of magnetic induction and the presence of local concentrations
of freecharge in the ceramic, require that the divergence of the elec-
tric displacement and the curlof the electric field be zero, Insphericai
coordinates, these constraints are expressed as

VBt 2 (20,) i o) 4202 6
\' M D ST — — ) — D . - 2
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where 1 , lg , and I; are unit vectors in the r, 0, and ¢ directions,

respectively,

Since it has been previously stipulated that D, = D, = 0 and - =

- 1

3

f, =0, then Maxwell's equations are satisified if

~"

ar R

—&!D,)-0 —2-0 .and —2> 0 . (238)
d: : de a6
The last two equations in the set, Eq. (28), require that - be

independent of 8 and ¢. This complies with the spherical syimmetry
argument, The first equation cf the above set is satisfied if

= — >
D_‘ = — . (__L)\

Therefore, the electric charge (q) appearing on either electrode mav
be derived as

- b

q-fD‘dA jj —.T{r: sine 8 d# dé - amA
A 4

[

o * (50‘!
which also defines the constant A

Returning to the equations of state, we now determmine the radial
stress distribution. Since the polar and azimuthal strains (S, and S,
respectively) are equal, it is sufficient to work with only one of these
strain equations. If Eq. (19) is used tu define the radial particle dis-
placement (u, ) and is differentiated once with respedt to the radial
coordinate, remembering that T, = T,  then

du . . :
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If Eqs, (24) and (25) are used to define T, and T| ir terms of -
the radial stress and its derivatives, and if Eq. (29) is used to ex-
press the electric displacement and its derivative (D3 = - 7A°/r3>‘ .
then Eq. (32) can be reduced to

o, .0\ o ‘
v 4 . 2 Si3tsyy)| 2(Ba 83, A
+—=T,+=T —( ) - ) =0 . (33)
D+sD\

TS r 3 273 ( 4/ D D °o
L S117 %12y ‘(sn*slz)

The complete solution of this nonhomogeneous, second-crder dif-
ferential equation consists of two parts, namely, the complementary
solution and the particular so..tion. The complementary solution is
found by choosing

=2 n
Ty =t Z Cpt 3
n=90
therefore,
. oo 00
e n-l Qe ] n
Tyt Z nc r +ar E c ", and
n=90 n=o
’ oo 1 00 ) ) o0
_ & n . el Qe f - _ o= a
Ty =t Z (n l)m.nr +2ar E ac r +{a - Dar E c "
n=o0 n=o =

Substituting these definitions into Eq. (33), with Ao = 0, yields
o 3

D, D
(“':_s ’ ‘n)

}‘~——-— .

D D
(Sn'~‘17)

When Eq, (34) is expanded and the coefficient of successive powers

3a‘+a(3+2n)+(n2+3n-t~2(l—y)] cnr“'2=0 , (34)

where

of r is set equal to zero, we get the following scquence . ~ equations:
r e’ +3a s 20-y)] e 2 =0 (35)
e E12+$a+2(3—yﬂ clr'l=0 , (36)
e [ + 7a + 206 -) c,t®=0 , (37)
r? [az +9a+ 2(10—y)] ‘:3'1 =0, etc. (38)




The first ¢f these equations, called tne indicial equation, yields
two values for a ; i.e,

ey
3 3 ; 3 —
ay =t y(? R T (39)

inasmuch as ¢, can not be zero since it is the leading term in the
series expansion, Once the raots of the indicial equation have been
chosen, the succeeding equations uniquely determaine the remaining
coefficiants (c,, ¢, , e provided the bracketed terms are
not identically zero. The interpretation can be simpilified by incor-
porating the values for g, (= - 3/2 + /7)) aad a,(= - 3/2 -\/7) into
the general expression for the series, Eq. (34); the result is that the
bracketed term for any specific value of n will be zero if either of
the following equations are satisfied:

r"'l gn(n +2 J(‘;‘E) - Z(E—y))icnrnui =0 and {40)

r“zg (n-z‘/ «2(1 v)é (41)

where the ¢! coefficients have been introduced solely to distinguish
tlre individual series representations. If the bracketed term in either
Eq. (40} or (41) is zero {for any discrete value of 7, the correspond-
ing coefficients (c, or c! )are not defined and must be included in the
series expansion for e To ensure that a is a real number, the
quantity under the square root symbol rmust remain positive {the mnin-
imum value for ¥ is - 1/8), Therefore, Eq, (40) requires that zli
the ¢ coeffieients be zero except c . On the other hand, Eq. (41}
reouxres ¢ to be undefined, with the remaining coefficients (c] )
being zero Unless v = 0 ( $0), v=3/8(cy #0i. v=1(c} £o0,
¥Y=15/8 {c! #0), " cl #0), etc. For larger values of n, ¥ >> 1
for any coeffisientto be undefined.

The values of ¥ treated in this text are not the same as any of
the aforementioned values (except for the special case of isotropic -
material when ¥ = 1, which will be treated more thoroughly later in
this section) and, thus, ail the c"' coefficients are zero except c;

As a result, for the anisotropic cases, the two distinct series that
satisfy Eq.(33) with A, = 0 are




2 )
Tyer, 7 €6 and Ts(c)2 Tt ’ (42)

Therefore, the general complementary solution for the anisotropic
cases can be written as

3 3
_?w’;— , .?-f‘r- (43)
Tyer=¢of s .

For the special case of y = 1, which specifies that c; is unde-
fined, the roots of the indicial equation become e =0 and a,= - 3,
The series solutions that evolve are, therefore,

T)(c)! =< aad (44)

'

.3 '3 ' -3 !
Ta(c,z—r cotegr ) =e 07 ey . {45)

Since the constant term appearing in Eq, (44) is inherently con-
tained in Eq. {45), the latter equation may be considered as an appro-
priate solution. For this particular case, since a, - @, = 3 is an in-
teger, a second solution may be found by choosing as the general
solution the function’

Tyo~ AnTa(c)z+Bn(53 Ta(c)2 lor+ T;(c)) ’ (46)

where

‘ oo
-~ -
Ty 71 <’§'* 21 hn'n>
e

and g, and the coefficients h, are constants. Upon taking the first
and second derivatives of Eq. (40) with respect to the radial coordinate
and substituting these derivatives into Eq. (33), with A, = 0 and ¥ = 1,

we see that the following equation must be satisfied for Eq. (46) to be
the general solution:

383 T, -3 bS nel
-—5—(c3—cor ) +r L nln-3)h «"7¢ =0 . (47)
r a=1

Now, since neither c; nor c; can be zero, Eq. (47) is satisfied
only if g =0andh =0 forall n # 3. Therefore, the general solu-
tion may be written more explicitly as




V. ' - 1 ~3 1 B [
T3(c)=A1 t°r3 4 C3] + Bll’3 [_.?+h3[5] =r I:f‘lco '—-;"]4' [A1C3 + Blh3] N (48)

which degenerates to the form of Eq. (45), or Eq. {43) when y=1
(V7= 3/2). Consequently, Eq. (43) may be used as the general com-
plementary solution for the radial stress distribution for the cases
treated in this report,

The particular solution of Eq. (33) is easily found to be T3(p) =
a,/r?, where

(gy; +844)
A oA o Y (49)

’ ’ (5103”303)
Therefore, the complete solu’ on for the radial stress can be written
as
2 O oy
T, =.:2£+c°r 2 tegr 2 . (50)
In general, the radial stress is dependent upon the charge (q)

through the constant A . However, since this analysis is concerned
with determining the open-circuit sensitivity (q = 0}, Eq. (50) sim-
ply reverts to Eq. (43).

Boundary conditions must now be imposed upon the radial stress
distribution, These will be applied as follows:

a., The inside spherical surface at r = a will be considered
to be completely free of any loading effects so that T; =0, and

b. The outside spherical surface will be exposed to a uni-
form acoustic field so that T3 = - Po at r = b (P, is the acoustic
pressure in dynes per square centimeter),

When these conditions are applied to the radial stress distribution,
Eq. (50), with a =0, then

c; =-c, a? v,:nnd (51)
LA
P b’
C = (52)

N

Therefore, the principal stresses can be written in terms of the acous-

tic pressure as




| e ’/’]
T, -- Po(kf s (53)

Po(b)%'ﬁge'* ’)"('?_) (i-—\F)i _ (54)

When the material is isotropic, such that v = 1l and 7 = 3/2,
the principal stresses reduce to those given by Roark?; i.e.,

[1_(37)5] Po[2+(%>3] ) | (55)

T3:—Pommd T, =T,=- 2-[1——@3]—

The open-circuit sensitivity (M, ) of hydrophone elements is de-
fined as the ratio of the magnitude of the open-circuit voltage to the
magnitude of the free-field acoustic pressure impinging upon the ele-
ment, It should be noted that the sensitivities calculated herein are
valid only for frequencies below and reasonably well removea from
the lowest resonance frequency of the structure being considered, The
first step in determining the sensitivity is to calculate the open-cir-
cuit voltage appearing between the elec.roded surfaces of the sphere.
This is accomplished with the aid of Eq. (22) through the following

formula:
b b
Voe :f Tyde [[‘2831T1‘833T3] dr . (56)
£ } a

Introducing Eqs. (53) and (54) into Eq. (56), integrating over the
specified limits, and dividing the result by the free-field acoustic
pressure yield

10




L (i> =T
1 a\ 2 b a
S | P L2 - (= ,
* 833 (_;__ r) (b) <-;-.+ r) (b) (57)
For the isotropic case ( V7 = 3/2). Eq. (57) reduces to
o w G R S
b

which agrees with“Albers,” if his result is multiplied by the unit factor
[l - (a/bg/'[l - (a/b)]. As the shell becomes very thin, (a/b—1), the
sensitivity approaches the constant value
M, =bg,, - (59)
This same result is achieved if Eq. (57) is evaluated in the limit
as a/b—1, which indicates that the anisotropic properties of the ma-
terial have no effect on the sensitivity of very thin-walled spheres.

Since the preceding discussion was concerned solely with the analysis
of hollow spheres that were pressure-released on the inside surface,
it might be interesting to speculate on what variations mayoccur in the
open-circuit sensitivities if the spherical ceramic elements were
mechanically impeded on the inside surface instead of being free, A
situation of this type can be envisioned if the ceramic is molded (or
mounted) on a solid spherical body similar to the hydrophone design
advocated by Barger and Hunt® for radially polarized cylindrical ele-
ments. This presentation will not attempt to define a procedure for
achieving a physical representation of such a situation, but will simply
exploit the theoretical advantages or disadvantages of such a situation,

In order to analyze a situation as described above, it will be as-
sumed that the inside spherical surface of the ceramic is in immediate
contact with the outside surface of a sclid spherical body so that the
radial stresses and particle displacements (u,) of both bodies are
continuous at that particular junction, Mathematically, these conditions
are expressed as

T, ='I'3 .ndu' =u, ar=a , (60)
c m c ™

where the subscripts ¢ and m represent the ceramic and metal (solid
core), respectively,

11




Since both bodies exhibit spherical symmetry, Eq. (43) may be used
to express the radial stress distributions as

-;+/-'r- '-;---/Tr- .
T, =c,t ter and (61)

e o
T, -djedy (62)

where the last equation was formulated for an isotropic body ( V7 = 3/2).

Two additional boundary conditions must be imposed before proceed-
ing with the analysis, First, tue radial stress in the solid body at the
originof coordinates (r = 0) must be finite, Therefore, it is necessary
at the outset to let d, = 0 so that the radial stress in the solid metal
sphere becomes simply T,, =d,. As far as the metallic body is con-
cerned, Eqs. (23) and (24) require that the two transverse stresses be
constant also: T|m = sz = Tsm = d,. Second, the radial stress on the
outside peripheral surface of the ceramic sphere must be equal to the
impinging acoustic pressure, -P , such that ch =-P at r =b,

If these conditions, and those required by Eq, (60), are imposed upon
Eqs. (61) and (62), it is easily verified that the following relationships
must hold:

_:-/'F
~P_b

e (63)
(b) (G_-1

y o~ -
p ‘3""’-.,—2“7(0’ l)

e G-
277(G, - 1)
3 +
[“@ (G_- n]

-}- +r

? G.-G,)

~Po (—:') G_-D
d, - . (65)

7 (G, -1)
[‘ -(‘E') (Gj—l)]

, and (64)




Mo-
[ VTG, -1
I -
(E) G_.-1

D
S
b, L —aD)<—l-+ yf?)
2 2

513
G,= and (66)
s“m(l—Zam)
D
B )
G.- 2 2 . (67)
s“m(l-ZON)

In the two preceding equations, Sy, 18 the uniaxial compliance coef-
ficient for the metallic material, o, = - 5, /511,., , and o = - sP, /s®
(o, and o? are Poisson's ratios), As a matter of interest, note that the
following definitions for the radial particle dispiacements were used in
evaluating the preceeding G constants:

LT sP I $P
2 D 11 pyf1 2 D 11 py/1
U, =€t [s”+T(l—a )('z-+‘/"+co' s”+-—-2— (1-0 )(-?-\/r’ and(68)

u, =rd; s, (-20)) . (69)

Now, if Eq. (56) is used to define the open-circuit voltage appear-
ing between the electroded surfaces of the ceramic, in conjunction with
Eqs. (61) and (24), with T replaced by T_, and if the indicated integra-
tion is carried out, then

I R P
°\2 2 a 2 2 a
V,, =28y, {—2—Tb 1 —<—) r— b 1 -(-)
1 b < ] 5 b
2(——+\/-r) 2(~=—=\/1 S
2 2

R T T
-s”(._.ﬂ,-,j[_(ﬁ /]+(_1?_ﬁ)[(b) ]S

1
2

Using the standard definition of the open-circuit sensitivity, we can
easily verify that

13




[%)—1 g [‘(r)- ] G -1

* 833 (—;—-ﬁ) (‘;‘*‘lﬁ G.-D{{’ (71)

When the metallic body disappears (s;; — ), the multiplying fac-
tor, (G4 - 1)/(G. - 1), approaches unityan'& Eq. (71) reverts to Eq, (57).
But when the metallic body is infinitely stiff (s;; - 0), the multiplying
factor becomes "

D
s5+ 2t -4 v7)
G,-1 3 2 2 (72)

D
s
G_-1 SIDS+ 121 (a —UD)(-%-—\/';-)

The information contained in Eqs. (57) and (71) is depicted in Figs,
2 through 4 in the form of M, /2b (open-circuit sensitivity in pvolts
per ubar per inch diam-ter) versus the ratio, R = (b - a)/2b, of wall
thickness to outside diameter for the ceramic materials that are cur-
rently being used in hydrophone designs., As is easily recognized from
the graphs, the anisotrcpic characteristics of the ceramic materials
have a negligible effect on the open-circuit sensitivities when compared
with similar sensitivities derived using stress distributions that obey
isotropic criteria, The exceptionwas in the region of zero sensitivity —
a region of no practical importance. In Figs. 2 through 4, the values
of the ceramic properties were taken from published data’ and are
listed in Table 1. The graphs presented in Fig. 5 for thelead-metanio-
bate ceramic are based solely on the isotropic formulization because
of the unavailability of all the necessary "naterial parameters for this
particular ceramic. The piezoelectric coefficients, g, = -7.0 x 107}
(v - m)/N and g,, =40 x o {v - m)/N, for the lead-metaniobate
ceramic were taken from a commercial pamphlet..

It is readily discernible from Figs. 2 through 5 that the maximum
sensitivity for a thin-walled hollow polarized ferroelectric ceramic
sphere is exhibited by PZT-5A ceramic. A'though the PZT-5A and
PZT-4 ceramics have a comparable value, the roll-off in sensitivity
versus wall thickness is less severe lor the PZT-5A, and, therefcre,
should be less dependent on dimensional tolerances,




Table 1

MATERIAL PROPERTIES OF CERAMICS

Ceramic Materials

Parameters
Ceramic B PZT-4 PZT-5A
v-m * — -
8y 5.5 x 1070 —g= [ -1 x 107 T2 |14 x 1073 SR
8 -} y—m -3 V=-m -3 V-m
33 41x107 T2 | 260k 1070 L0 248 x 107 22
D, D - -
S5 /st 843 28 65"
s /8D =-o® -.349 -.49° - .535
s /sy -7 -.266 -.318
D D 1]
S, (L +s\ /s
y--’-.}-—--—';——’s’-)- 945 1.058 068
it (‘ +’n”‘u)
\ T 1.463 1.538 1470
6, -0 -8 -.70% Y H)
(G_ - 1) 5, " 0
a_
6, -1
-. 206 - % -.192
G-, .
H. .
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For comparative purposes, Figs. 2 through 5 include the limiting
case of an infinitely stiff sclidcore, whichis designated by the symbol B.
These cases symbolize the ideal maximum sensitivities that can be
achieved with a solid core. The main disadvantage in the design of
solid-core hydrophones is apparent from the graphs, i.e., the sensi-
tivities that can be obtained are lower than those that can be achieved
with thin-walled spheres complately free on the insid2 surface., As the
stiffness of the incert diminishes, the sensitivity decreases also, Th.s
statement is clarified by referring to the plots, labeled C in Figs, 2
through 4, that show the sensitivity of spherical ceramic elements
when the infinitely stiff solid core is replaced by a steel insert with &
finite stiffness, The parameters for the steel were chosen to be ¢,=0.3
and s, = 5. 13 x 1077 m?/N [Young's modulus (Yi,) =28.3x 10° psi].

Although the sensiti ity of infinitely stiff, solid-core devices can
approach the sensitivity of pressure-released devices, e.g., Ceramic
B, this is only accomplished for relatively thick-walled ceramic bodies,
The only case where solid-core design seems beneficial is in conjunc-
tion with the lead-metaniobate ceramic. Hewever, for these cases, it
should be noted that problems might arise in trying to uniformly po-
iarize such thick spherical elements, In addition, there are the very
practical problems associated with constructing such a design, e.g.,
mounting the active ceramic on the solid core, bonding (if necessary),
as well as increasing the weight of the complete element because of
the insert., These disadvantages negate the practical advantages of in-
creasing the fundamental resonance of the element and enhancing the
unit's resistance to shock damage,

The stresses induced in a hollow ceramic sphere (unloaded on the
inside spherical surface) because of the ambient hydrostatic pressure
(P, ) can be expressed by Eqs. {53) and (54) if P, is replaced by P,
The magnitude of the radial stress, described by Eq. (53), is plotted
in Fig, 6 as a function of the radial coordinate for various values of
the ratio of inside to outside radius, The three cases represented in
Fig., 6 are for the anisotropy parameter (y) greater than and less than
unity and for y equal to unity (isotropic), When a/b > 0.4, the values
for the radial stress in the three cases are roughly equal and are
represented by a single curve for each distinct a/b ratio. However,
when a/b < 0,4, there is a definite difference in the magnitude of the
radial stress for the three cases, It is apparent from Fig. 6 that




4
1.4 Ph .

m~sems = CERAMIC B

¥=0.945
ISOTROPIC ¥ = 1,000
~—mme PZT-4 ¥= 1,058
3
E PN

y DECREASING

1.0 P,

0.8p,
|Tal

0.6 Py,

0.4 P,

0.2P,

0 Py
0 0.2 0.4

0.6 0.8 1.0
/b
Fig, 6, Magnitude of the Radial Stress versus the Radial Coordinate

for Various Ratios of Inside-to-Outside Radius




=

this difference increases rapidlyas the ratio a/b approaches zero, The
peak value of the radial stress for Ceramic B (¥ < 1,0) tends toward a
very large number as a/b becomes very small, whereas the radial
stress for PZT-4 ceramic (¥ > 1.0) tends toward zero as a/b becomes
very smull, Figure 7 is a plot of the magnitude of Eq. (53) for the
limiting case of a/b = 0:

<7
\2

T, | :Ph('ta . (73)

When y = 1 ( ¥7 = 3/2), the radial stress for the isotropic case is
well behaved and is constant, as expected. This result agrees with the
derivation of the radial stress distribution for a solid sphere as deter-

mined using Eq. (43) with ¥7 = 3/2 and T, , =T,:

v
-/

=c°+c;r'3 . (74)

Since T, is assumed to be finite at the origin (r = 0) of the coor-
dinate system, the standard procedure is to set the coefficient ¢,
equal identically to zero, Therefore, the boundary condition that stip-
ulates that the radial stress at the outside spherical surface (r‘ = b) be
continuous with the applied load (P, ) requires that T, be constant and
equal to P, throughout the body, as depicted in Fig. 7.

However, when the anisotropic characteristics of the ceramic are
considered and their effects are included in the solution for the radial
stress, Eq. (73) may take either of two forms, one for V7 > 3/2 and
the other for ¥7 < 3/2. The former case is exemplified by PZT-4
ceramic, and thelatter case is exumplified by Ceramic B (or PZT-5A).
As shown in Fig, 7, when ¥7 > 3/2 (or equivalently, when ¥ > 1,0),
the radial stress diminishes to zero as r—0; however, when y7 < 3/2,
the radial stress becomes infinite as r—-0, The latter situation is not
commensurate with the practical realization that the radial stress
should be finite at the origin of a spherical solid body, Nevertheless,
even though the radial stress distribution might be considered to fail
for the limiting case of a solid sphere, it should be satisfactory for
all cases that contain a hole with finite dimensions centered about the
origin,
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Figure 8 depicts the magnitude of the polar stress, T, , as a func-
tion of the radial coordinate for various values of the ratio a/b, The
lines connecting the innermost stress values for distinct a/b ratios
represent the envelopes of the maximum stresses experienced by hol-
low spheres for the three kinds of isotropy treated herein, Note that
here again the stress tends to become very large, stable at P, or
very small, depending on the value of the anisotropy parameter, as
a/b becomes very small. The limiting case for a/b = 0 can be in-
ferred from Fig. 7 for the magnitude of the polar stress by referring
to the following formula:

3

IT,| %ph(’%)T 7(.2‘_“/?) . (75)

The phenomenon associated with the radial stress when the anisotropy
parameter is less than unity appears to be limited to radially polarized
ceramic elements, A similar type of phenomenon was encountered
in the investigation of the open-circuit sensitivities of radially polar-
ized ferroelectric ceramic cylinders” Undoubtedly, these phenomena
are related to the types of material symmetry induced in the spherical
and cylindrical ceramic elements by radial polarization, As a matter
of academic interest, the relationship between the spherical and cy-
lirdrical anisotropy parameters is

i,_’:,_(l + slb%sos) ’ (76)

y = D
) (l + s“/s/f’l)

where s) /sl| is the cylindrical anisotropy parameter of the ceram-
ic when it is used as a hydrophone element,

The preceding derivation tor the induced stresses in a sphere
as a result of ambient hydrostatic pressure indicates that the predicted
internal stresses for certain types of material anisotropy are not re-
alizakle for solid configurations. As a means of overcoming this bar-
rier, it would be instructive to seek a realistic approach to the prob-
lem. Consider, for example, the very practical fact that in order to
radially polarize a ceramic sphere it is essential that a finite hole be
maintained about the origin of the coordinate system to introduce the
inside electrode® In the limiting case, the hole may be completely

®Similar reasoning can be employed for the case of radially polarized ceramic cylinders.

a
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filled with the electrode material, In this case, the composite sphere
may be considered to be a ceramic sphere mounted on a solid sphere,
Consequently, Eqs, (61) and (62) can be used to derive the complete
radial stress distribution. Using the relationships expressed in Egs.
(63) through (65), with P, replaced by F,, d, = 0, and a replaced by
e (some small finite dxstance), we can express the radial stresses in
both spherical bodies as

sl
- e

3
--2'*/; (G.-G))

-P (L) —_
"\b (G.-1
T, = for 0 <r Le (78)

3m [ 27T (G, —l)]
_(b) G_-1
Since € can not be zero, Eq. (78) gives the limiting value of the
radial stress in terms of the ambient pressure for any value of the
anisotropy parameter and the dimensions and properties of the elec-
trode. If the ceramic is stress-limited by the maximum allowable
stress (maintained) parallel to the polar axis, Eq. (78) would give the
maximum static pressure that could be sustained by the composite
sphere, or the minimum electrode dimension that would not allow de-
polarization of the ceramic because of static pressure,

2.
2

27 (G -1
T

3
c

ifor €<r £b and (77)

A similar expression for the transverse stresses in the ceramic
can be derived using Eqs. (24) and (77), if these are the limiting

stresses, namely, -
-y T
2

EAe® | G,
‘E‘—(_,.r G, m] (.;.mj““‘"(\

Although the phenomenon associated with the induced stresses in
very thick-walled hollow spheres is purely of academic interest
(spherical hydrophone elements are designed so that the ratio a/b is
> 0.75), the investigation demonstrated the importance of keeping the
anisotropic propertics of ceramic materials in the analyeis in order to
account for any possible discrepancies that might occur,
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It should be recognized that the preceding discussion was based on
the assumption that the ceramic behaved as a homogeneous body, In
practice, however, homogeniety can not be realized or account of the
impossibility of poling the sphere equally throughout with a spherically
divergent field. In effect, this means that for thick-walled spheres
there will be a substantial gradient of elasto-dielectric properties,!®
A similar type of inhomogeniety exists for thick, radially poled cylin-
ders, but it is not as severe as it is for spheres,

COMMENTS

The open-circuit sensitivities of radially polarized hollow spheres
of several different ferrcelectric ceramics that include the anisotropic
characteristics of the material have been determined. The ensuing
resuits were found to agree with corresponding sensitivities of hollow
spheres that were determined using formulas for the internal stresses
that obeyed isotropic criteria (biharmonic equation), For the cases of
practical interest — thin-walled hollow spheres — the agreement was
especially good.

The overall maximum sensitivity for thin-walled spheres was
achieved with the PZT-5A ceramic, although the PZT-4 ceramic was
in very close contention. The data in Fig. 5 demionstrate that thin-
walled hollow spheres of lead metaniobate a~e not conducive to good
hydrophone design because of the fast roll-off in sensitivity in the re-
gion of small values of R (ratio of wall thickness to outside diameter),
However, as also depicted in Fig. 5, the sensitivity of the lead metan-
iobate can be enhanced to the point of being cot \parable to the sensi-
tivities of the other ceramics {for relatively small values of wall thick-
ness) by inserting a very stiff metallic body in th~ hollow space of the
sphere in immediate contact with the ceramic. This technique has
diradvantages as outlined earlier,

The investigation of the internal shell stresses induced ir polarized
ferroelectric ceramic spheres by ambient hydrostati: loads uncov-
ered some strange phenomena, When the anisotropy parameter (¥) is
greater than unity, the radial and transverse stresses are somewhat
lower than the isotropic stresses for equivalent values of the radialco-
ordinate (r/b;, especially when the wall thickncss becomes large
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(a/b <0, or R = 0.5), In the limit of a solid body for this case, the an-
isotropic stresses approach zero as r - a (the inside radius). However,
when the anisotropy parameter is less than unity, the internal stresses
are slightly larger than the isotropic stresses and, in the limit of a
solid body, approach large values as r — a. In essence, this means '
that for the particular type of anisotropy that has large stresses (much
greater than the ambient load) there is a limiting value for the dimen-
sions of the interior hole that must be maintained if the sphere is to
have the capacity to resist mechanical breakdown, It should be noted
again, however, that the phenomenon associated with the internal
stresses for thick-walled spheres is purelyof academic interest since
all practical hydrophone desigt that utilize spherical elements are
based on thin-wall criteria,
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