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FOREWORD

The Structures and Materials Panel of the NATO Advisory Group for Aerospace
Research and Development (AGARD), is composed of engineers, scientists und technical
administrators from industry, governmental establishments and universities in the NATO
nations. Our concern for the advancement of aerospace technology is reflected in the Panel
activities which cover more than 20 different technical subjects, one of which deals with
problems and progress in the field of Brittle Materials application.

The development of re-entry and other high speed flight vehicles, in which structure

is exposed to a severe thermal environment beyond the capability of most metallic materials,
gave rise to our interest in brittle materials. In turning to the study of refractory inorganic,
non-metallic materials, designers face a novel situation, Firstly, at temperatures of interest,
these materials show no plastic deformation before failure; yet designers have implicitly relied
upon material ductility to accommodate local deviations from the average conditions assumed
in conventional design practice. Secondly, brittle materials exhibit a scatter in properties far
greater than that normadlly encountered in conventional metals.

A need was identified to provide designers, meeting these materials for the first time,
with the best statement possible of design practices and of the quantitative data to apply in
these practices. The achievement of this objective required not the view of one man, no matter
how eminent, nor the collected disparate views of several such men. The Panel sought to achieve
its ends by the collection of opinions and data from a wide field and their distillation into a
Handbook which could reasonably be held to represent a consensus of opinion amongst a group
of practitioners in the field.

A co-ordinator, appointed in 1965, first outlined the Handbook and its requirements. He
made contact with other designers with experience of design in brittle materials. Reporting to
the Panel's Working Group he agreed with them a series of questions and problems requiring
resolution and a small, carefully programmed symposium was held in 1967 to obtain answers to
the problems he had framed. By this process and subsequent extensive consultation between the
co-ordinator and other NATO experts, a Handbook has been constructed which represents the
Lest statement of practices and data which can be made available at the present time.

B

December 1970 Anthony J.Barrett
Chairman,
Structures and Materials Panel
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I. INTRODUCTION
1.1 INTEREST IN BRITTLE MATERIALS

Interest in the structural use of brittle nonmetallic refractory materials in aerospace
vehicles arises as a result of interest in re-entiy vehicles and the continuing need for
propulcion cystems of increased performance. In both of these situations performance is
dependent on the temperature capability of the structural materials. The presence of
temperatures beyond the capability of most metallic materials has encouraged designers
to study "ceramics" but, with the possible exception of inserts in the throats of some
solid rocket motors, significant applications have not developed. Characteristically
these materials show no plastic deformation before failure at temperatures of interest,
and they have little toughness to arrest crack growth. These characteristics have resulted
in a lack of confidence by designers, in such materials, and an unwillingness to use them.

Conventional methods of structural design involve approximations which 1imit typical
engineering arialyses to the study of average conditions. Local departures fram these
average conditions, including the effect of inherent and fabrication induced material
defects, ere accommodated by material ductility. When completely brittle materials are
used these design practices are insufficient to produce a reliable structure. In the past
this protlem has heen avoided by using brittle materials at very low stress levels and
restricting their use to applications where the resulting welght penalty was of no concern.
For airborne and space vehicle applications, however, this weight penalty is not accept-
able and, hence, tiliere i1s now interest in developing design techniques for brittle materials
which will produce structures with a welght efficiency and a reliability comparable with
metallic structures.

This brittle materiul technology is new and will be unfamiliar to most designers who
have occaslon to use nonmetallic refractory materials. Furthermore, in the numerous arecas
where the technology departs from conventional design practice, the designer is in need
of quantitative design data. This handbook 1s intended to satisfy these needs by providing
both a cornrehensive description of brittle material design technology, in terms of differ-
ences from conventional design, and also an assembly of the best and most generally
accepted and available practical data. This latter is presented in the form of the
typical "Structures Manual®, involving, whenever possible, step-by-step procedures with
graphs and charts to facllitate numerical evaluations.

The materials to which Lhlc handbook is intended to apply include oxides, carbides,
borides and similar compounds. Graphite, in its many forms, is also included. The import-
ant characteristic of these materials i1s refractoriness, which permits them to be used in
applications where the more structurally efficient metales are useless. Such materials
have been used extensively in the past for high temperature applications, such as furnace
linings, but these have involved ground installations where weight was generally not
important., Currently the interest involves the high temperature applications generatied
by re-entering space vehicles and rocket engine compounds, but since these are extremely
weight critical applications, substantial improvements in structural efficiency and
reliability over those typical of the furnace type application must be obtained.

Among the applications which are of current interest for this class of material are
nunerous components for winged re-entry vehicles or hypersonic atmospheric vehicles, and
these include leading edge elements, nose caps, surface panels, which may or may not
include insulative elements, control surface structural parts, and engine intake structural
parts. Rocket engine nozzles and chambers are the obvious propulsion applications.

These applications may appear limited and insufficient to Justify the development of a
whole new technology. Experience shows, however, that when a new technology 1s developed
its applications become much more extensive than was originally anticipated. There are
already indications, in fact, of application of these techniques to nonaircraft commercial
uses of the materials, where the interest is not in less weight but in more efficient
design, leading to lower initial cost, less frequent replacement, etc.

1.2 THE DESIGN PROCESS AND THE EFFECT OF BRITTLE MATERIALS

The process of structural design involves two distinct parts which generally are used
consecutively and repeatedly in an iterative process as the design 1s refined and finalized.
The first of these two parts involves the selection of material and type of construction
and the establishment of the structural dimensions to support the applied loads. To make
these selections use is made of parametric studies, approximate stress analysis for the
more obviously critical design conditions, and optimization techniques, and consideration
is given to methods of fabrication, cost, and the program schedule.

The second aspect of design involves the process of verifying, by analysis and test,
that the structure has the strength and stiffness to maintain its integrity under all of
the required loadings, temperatures, and other environmental conditions. Often this
analysis requires minor adjustments in structural dimensions as local deficlencies in the
initial design are revealed.

The process of structural analysis involves a number cf distinct steps, including the
determination of critical loads, pressures, temperatures, etc., the determination of
stresses due to static, repeated and vibratory applied loads and temperature gradients,
determination of the mechanicul properties of the material under the appropriate environ-
mental conditions and after exposure to an approoriete stress history, and the comparison




£y
-

of the mechanical properties with the applied stresses to establish structural integrity.

In many cases the permissible stresses ere controlled by instabllity of the structure,
requiring predictions of buckling. Determinations of structural stiffness or displacements
under loading conditions where dynamic effects are potentially criticeal may slso be required.

The introduction of brittle materials into a structure as primary load carryiug eclements
requires no change in the design process as described above. Changes are required, however,
in the degres of design refinement which must be used in conducting sema of thesw steps.
Conventional design with ductile metallic materials involves a nunber of approximations
which are made in the interests of analytical and experimental simplicity, and which
generally involve the use of average or mean values of applied stresses, applied loads,
etc. Such methods have, indeed, been very successful because structures built with ductile
materinls are not sensitive to local effects and are, consequently, forgiving of approxima-
tions made by the designer. Examples where these methods begin to break down are well
knowr., they generally involve complex stress situations where the effective ductility of
the material is reduced, often in comtination with high strength, low ductility materials
and of'ten under repetition of the critical loading condition so that the locally ylelding
material is rapidly fatigued. With metals even these situations, however, can be handled
successfully by small corrections to and modest modifications of, the conventional design
methods.

With brittle materials these simplifications can no longer be tolerated and additional
refinement and realism must be introduced into the standard design procedures. The areas
where these refinements are most important include stress analysis, where a much more
precise understanding of the stress distribution is necessary; mechanical property testing,
where the peak stresses must be measured, or avoided by appropriate test specimen and
apparatus design; specification of material mechanical properties, where the variability
in these properties from one sample of material to the next must be considered; and the
establishment of design criteria, which should be based on nrobability of load occurrence
rather than specified singular conditions with arbitrary safety factors. In every case
these changes represent a refinement of technique so that the present practice with ductile
materials becomes a particular case of a more gensrel technology.

Brittle material design technology involves, however, more than refinement of analytical
and experimental method. These are the tools necessary to assure a "safe'" structure; to
achlieve such a structure with an efficiency suitable for airborne and aerospace applica-
tions also requires changes in design concept in certain areas, particularly at Jjoints and
connections. Again, such changes represent refinements, which are mandatory for brittle
materials, but which could probably be used to advantage, to the extent which increased
welght and manufacturing cost Justify, with ductile materials.

1.3 HANDBOOK OBJECTIVES, SCCPE AND FORMAT

In view of the growing interest in the use of brittle nonmetallic refractory materials
for structural purposes and in view of the changes required in design technology for their
successful use, this handbook has been prepared to summarize, for the designer, the test
current practice. It 1s further intended that the material be presented in a form most
useful for the direct application by the designer in his work. This handbook is not
intended, however, to assist the engineer concerned with material development or matarial
processing, or component fabrication, except to the extent that such an individual can
benefit from & knowledge of the designer's problems. For this reason any discussior. of
specific materials, their mechanical and physical properties or the effect of variations
in composition or structure or the effect of various processing parameters, is avoided.

This handbook 1s also confined to those areas of design where differences with convene
tional design technology are necessary. ilo attempt 1s made to present any of the standard
stress analysis methods which can be found in text yooks, and reports and papers, and for
which convenient design charts are avallable at any organization which practices structural

design,

The handbook presents, first, a genersl discussion of those areas of design teclnology
where different techniques or different concepts are required for applications involving
brittle materials, and then each of those areas is treated in detaill, in indiviaual sections.
Within these sections each toplc is discussed to present concepts, assumptions, theories,
etc. and also the recommended approacii, Emphasis 1s placed on those techniques recommended
for design purposes and a variely of ideas or approaches is discussed only when a unanimous
opinion on the best technique is not available. Assoclated past developments are not
discussed unless necessary for an understanding of current practice. The review of the
most generally accepted current practices includes indication of their shortcomings and
limitations, together with as much quantitative data as can be found. Where possible this
has been presented in the form of charts, tables and curves to facilitate its use in routine

design exercises. .
s

Throughout this volume it has been recognized that the designer 1s usually faced with the
need to produce hardware, and that the demind cannot generally be deferred because analyti-
cal technique is not as advanced as 1t could be, Therefore, wherever useful information
has been found on a particular branch of the technology it has been included, regardless
of limitations or of differences of opinion within the technical community on its validity.
Such limitations or differences of opinion are, however, clearly indicated, so that the
designer can ¢stablish test programs for design verification where doubt exists.
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Certein aspects of brittle material design require digital computer techniques to achieve

sufficient analytical reflnement. Complete detalls of the computer programs required are
not included, however, since these will generally be built up, by each organization, over
a long period of time, to suit the facllities and requirements of that organization.

Assembly of the handtook has been chiefly the work of cne individual, based on informa-
tion available in the literature or on research work in progress. No attempt has been made
to advance the art by the addition of original work not otherwlise published except on the
subject of design criteria, where no data exlsts in the literature. However, material has
generally been rearranged to present it in a more convenient form tor the designer. Again,
recognizing the uncertainty and lac.. of practice in many areas, and the need for supple-
mentary opinion and Judgment, much of the material has been reviewed by recog:ized
authorities in the individual subjects. To further pursue this process a symposium was
held during 1967, under the sponsorship of the Structures and Materials Panel of AGARD for
the purpose of reviewing the more basic unresolved questions assoclated with the technology.
Many of the foremost research investigators and design practitioners in the various subjects
were present and the symposium was used to obtain agreement on the best available answers
to these questions. The methods and data presented in the sections of the handbook which
are affected by the resuvlts of this symposium are consistent with these agreements.

1.4 DEFINITION OF TERMS

The term brittle materials 1s used in this handbook to describe materials which show no
plastic deformation under stress but which, instead, deform only elastically until failure
is reached. Furthermore, since the elastic modulus of the materials of interest is high,
the resulting total deformation at failure is small. This is in contrast to most ductile
metals of structural usefulness where the plastic deformation before fracture may be from
ten times the elastic deformation in the case of high strength, low modulus, materials such
as titanium alloy to 500 times for a low strength carbon steel. To further det'ine termi-
nology, distinction must be drawn between brittleness as delined ahove, and involving zero
inelastic deformation, and the conventional use of the term to describe materials such as
the ultra high strength ~teels, steels operating below the ductile to brittle transition
temperature, beryllium, tungsten, etc. Each of these materials shows some ductility which,
though small compared with more conventional metals, 1s nevertheless sufficient to make the
methods of this handbook unnecessary.

TR Bl e
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2. PRINCIPLES OF BRITTLE MATERIAL DESIGN

2.1 GENERAL

Experience shows that structural design techniques which have been developed and used
successfully for structures fabricated from ductile metallic materials cannot be used with-
cut modification with completely brittle materials, if the same degree of structural reli-
anility is required. In the previous section the reasons why conventional design teche
niques are not satisfactory with brittle materials were reviewed in general terms. In this
section the principles and practices which must be followed to achieve reliability with
structures constructed with brittle materials are described in detail. However, it should
be recognized that experience with structures in which brittle materials support sig...ficant
tension stresses without the benefit of metallic reinforcement is presently very limited,
so that many of the concepts to be presented in this section are based on theoretical
considerations. Where these practices have been followed the results have been satisfactory,
but whether all of these practices are necessary or whether they are sufficient for all
materials and applications can only be determined by experience.

All of the considerations involved in brittle material design result from the condition
that the material shows no yielding prior to faillure, that is, that the stress-strain
curve is a straight line of constant slope to the stress level where fallure occurs. The
consequences of this assumption are illustrated and summarized in Figure 2.1, which shows
a series of dependences and the design consequences that follow from each. The initial
assumption of no ylelding leads to fallure at points of maximum stress, regardless of the
fact that these high stresses might be localized. As a consequence additional requirements
are imposed on the stress analysis methods since they must define these localized maximum
stresses. New concepts must be introduced into the design of Joints and connections and
important changes are required in the methods for experimentally determining the mechanical
properties of the materials.

One of the sources of very localized high stresses may be flaws within the material, and
thus the apparent strength of the material becomes dependent on the size, type and frequency
of such ‘laws. This requires an improved understanding of material fracture mechanisms and
the estatlishment of appropiiate material fracture theories, particularly under complex

stress conditions.

Since the material strength i1s affected by the presence of flaws, which are in themselves
random phenomena, a variablility in material strength among supposedly identical specimcas
can be expected. Such a variability is present in all materials, but the inability to
relieve high local stresses by local ylelding makes the variability in brittle materials
sufficiently great that it must be considered in the design. It thus becomes necessary to
use a statistical rather than a deterministic definition of material strength. This vari-
ability also requires attention, by the designer, to the material processing and quality
control tn minimize such variabllity, and hence maximize the strength that can be expected
with a specified level of reliabllity. Variability also introduces the consideration of
other methods of achieving high working stresses in conjurction with high reliabit!ty, and
these methods will generally arfect the design processes.

With such fundamental changes in the material fallure characteristics, the established
methods of specifying structural design criteria also require revision. For example, the
conventional factor of safety loses meaning if a single value cannot be specified for the
material strength. Finally, the conventional optimization techniques for defining minimum
weig?t ortTinimum cost structures also require rev‘sion to introduce reliability
corsiderations.

Figure 2.1 shows ten areas where changes in design practice are necessary whzn brittle
materials are used. The remainder of this section discusses each of these arcas in detail
while the remainder of this manual provides charts and other information to facilitate the

application of these practices.
2.2 REFINED STRESS ANALYSIS

Conventional stress analysis involves a number of simplifying assumptions, including the
assumption of no sudden change of cross section, freedom from end effects, idealized
boundary conditions, etc. Such methods neglect changes in the stress distribution which
occur at sudden changes in structural cross section or at the locations where external
loads are applied. Changes in cross section may arise for a number of reasons; gradual or
abrupt changes in the basic cross section in an attempt to minimize welght by matching the
component strength to the internal forces and moments, abrupt cnanges in cross section at
the ends of a component; local changes due to the presence of stiffening members; holes,
splices and joints; changes due to the presence of material provided for attachment and
support of the component or for attachment cf adjacent structural components. The applica-
tion of concentrated loads, such as occurs at attachments between structural components,
and the presence of distributed external loads which vary appreciably across a component,
are also a source of changes in the stress distribution.

All of these effects will generally produce local strains which may be greater, at some
point, than those predicted by simple "strength® theory. Generally, with a ductile metallic
material, such localized strains can be absorbed by ylelding and redistribution of stress
and, since the average strength across the section will be sufficient to support the applied
loads, no failure results. Sometimes, under repeated loads, fatigue cracks may develop at
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these points where ylelding occurs. Where it is necessary, as a consequence, to examine
such effects analytically it can still be done sufficiently accurately by applying correc-
tion factors to the simple stress distribution. These correction factors have been computed,
using the theory of elasticity, for a number of simple cases and the results are suffi-
ciently accurate for application to metallic structures.

If the material 1s completely brittle, so that stress is a linear function of strain to
fracture, it can be expected that if these local effects include the regions of maximum
strain they will be the source of fallure. As a consequance, they cannot be neglected,
however localized they may be. These considerations are particularly important if the
strecses are produced by temperature gradients. Typically the thermal expansion of a
brittle nonmetallic refractory material at the temperatures where such materials will
frequently be used is greater, in the absence of yielding, than the strains required to
produce failure. Thus the success of a structure of brittle materials, in a high tempera-
ture environment, depends on the control of temperature gradients, l.e. the differences
of temperature throughout the component, and on the extermal restraints against thermal
deformation. Hence an accurate thermal and stress analysis is necessary for structural
rellability. In a typical metallic structure, on the other hand, temperature gradients
will rarely produce static failure, since they represent a seli'-balancing internal load
system which is immediately relieved by local ylelding at points of excessive thermal
strain. Thermal gradients may thus produce buckling of unstable sheet metal parts, or
fatigue cracking from repeated yielding if the environmental conditions are repeatedly
applied, but they will rarely produce short time fracture.

From considerations such as these, a most important principle of successful design with
brittle materials 1s believed to be the use of stress analysis methods which avoid the
limitations of both the "simple" strength theory and the classical theory of elasticity;
the former limitation involves extremely simple component geometry and loading conditions
and the latter, while giving precise results, is limited by mathematical complexity to a
few specialized loading conditions and geometric shapes. Fortunately an analytical tool |
which meets these requirements is available. It involves division of the structure into a
very large number of elements of sufficiently simple shape that relationships between loads,
stresses, and deformations of each element can be easily written, and of sufficiently small
size that all complexities of the component geometry and loading can be accurately repre-
sented. Equations expressing equilibrium and displacement compatibility at the junctions
of the elements are then written in matrix form and solved for the internal displacements
and stresses. Since a large number of elements are required for accurate representation
of a typical structure a computer 1s generally required for solution of the matrix.
Similarly it is necessary to computerize the stress-deformation relationships of the vari-
ous types of elements that are used in the analysis so that the matrix can also be assembled
by the computer. This technique is explained in some detaill in Section 4, although a
specific procedure for establishir; the computer programs is noi given. Generally, such
a capability requires an appreciable amount of time and effort for its establishment and
it must be related to the specific needs, capabilities and equipment of each organization.

For the benefit of those organizations who are active in the use and development of
brittle material technology, but who do not have access to an appropriate computer program, ]
Section 4 also includes curves of correction factors to be applied to stresses calculated
by the simple bending theory, and to account for some of the local effects mentioned
previously. These curves are similar to those which can be found in any book on elastic
theory and which give stress concentrations due to holes, fillets, etc. However, by the
application of the matrix methods of stress analysis desciibed above, it has been possible
to present correction factors for a wider range of concentration effects than is possible
using the classi~: theory of elasticity.

2.3 ADDITIONAL DESIGN RULES AT JOINTS

The previous considerations, involving refined stress analysis, clearly apply at splices
and joints between elements of a brittle material structure, and at the points where brittle
components are attached to metallic structure, since these areas will normally involve
severe changes in cross section, the presence of holes, fillets, etc. and points of
application of concentrated loads., There are in addition, however, a number of other
principles which must be followed in order to design a successful joint with brittle
materials.

|
i
1

Typically, in metallic constructinn, Jjoints and connections contain multiple fasteners,
and a relatively accurate assessment of the ultimate strength of such a joint can be made
by assuming loads divided between the fasteners in proportion to the cross sectional area
of each fastener, and to 1ts position with respect to the center of rotation of the con-
nection. With brittle materials, and the absence of ylelding, the load path through a
multiple cunn:ction will be dependent on the deformations in the various structural parts
of the connection, and on the respective fits between the bolts and the holes. Because of
tolerances on bolt and hole diameters, and on the positions of the holes in the adjacent
connected elements, the loads or moments will be transferred through those bolts which make
contact first with the material surrounding the bolt hole. Conseguently the load distribu-
tion cannot be calculated. The distribution may also be modified by the deformations of
the joint elements, but these deformations are difficult to calculate, even with the
methods discussed in Section 2.2, because of the complexity of the geometry and the stress
distribution in a typical joint, and because of the presence of deformations due to bearing
in the bolt holes and shear in the bolt.




Generally the load is likely to pass through one or two bolts that contact first, and
these will probably fail before there is sufficient deformation for the other bolts to pick
up a proper share of the load. Thus multiple connections are likely to be ineffective, in
a Joint, and will represent uselers weight.

This discussion is not intended to imply that the use of redundancy in a properly designed
connection is undesirable. Indeed, in a later section the use of redundant load paths to
increase structural reliability without reduction in allowable stresses is discussed and
recommended. The significant point is, however, that the redundancy must be of the type
which permits the loads through each load path to be accurately determined. If a connec-
tion is reduced to a single pin, to avoid the above problems, the parts may deform
relatively, and then the same principles must be applied. A single pin will generally
provide rotational freedom only about one axis. Unknown moments may be introduced about
the other two axes and critical stresses, which would be relieved by yielding in a metallic
component, may be introduced. Section 7 discusses the design of joints in more detall and
presents oxamples of joints which avoid the problems mentioned above, and also charts to
facilitatn their design.

One addi tional principle is involved when connections are made between brittle components
and supporting metallic structures, It will generally be found that a brittle component
operating at high temperatures and subjected to temperature gradients will need to be
supported in a manner permitting free thermal deformation. For most applications complete
restraint against overall thermal deformation must be avoided, otherwise the thermal strains
at the temperatures where brittle refractory materials will normally he used are grecater
than the strain required to produce fracture. Furthermore, it will generally be necessary
to provide not only for thermal growth but for changes in curvature due to temperature
gradients. Thus, again, the connections to the supporting metallic structure must provide
both translational and rotational freedom in all directions. A similar requirement exists
if the supporting metal component is subjected to loads which produce significant deforma-
tion and change in curvature. Such deformations must be prevented from inducing unknown
forces in the brittle components by using connections which provide complete translational
and rotational freedom. Again, Section 7 discusses how these conditions may be achieved

in practice.

Instances have been found where partial restraint against deformation due to temperature
gradients can be beneficial. In materials which have much greater compression strength
than tensile strength, which is true of essentially all full density "brittle" materials,
restraints which increase compressive thermal stresses, but thereby reduce tensile thermal
stresses, could improve reliability. Whether it is practical to control restraints to such
a degree is not known.

Another problem which requires special consideration concerns thermal expansion differ-
ences at the point of connection between a metallic and a nonmetallic component. Depending
on the materials used and the difference in thermal expansion characteristics, conventional
bolted connections may become loose or alternatively sufficiently tight to fracture the
brittle material component as the temperatures are raised. Technigues to avoid this
problem are available and are discussed, together with appropriate design charts, in
Section 7.

2.4 IMPROVED MECHANICAL PROPERTY TEST METHODS

The basic mechanical property data used for structural design is the uniaxial tensile and
compressive stress-strain curve, which is normally obtained from axially loaded specimens.
With brittle materials problems result in attempting to conduct tensile and coi ressive
strength test because of the inabillity of the test materials to absorb local stress concen-
trations. To obtaln the true strength of the material, therefore, very uniform stress
distributions must be developed across the test sections. Specimens and apparatus must
permit extremely accurate load alignment and maintenance of alignment during testing,
specimens must be fabricated to close tolerances, and specimen shapes must be develcped
which will accommodate the stress concentrations that normally arise at load application
points. Experience shows that these requirements are difficult to meet, but the testing
problem is further complicated by the high cost of fabricating many of the refractory non-
metallics due to extreme hardness. Thus the requirement for extremely accurate close
tolerance specimens, together with the need for statistical strength data requiring a large
number of such specimens, can result in extremely expensive programs.

Many types of tensile test have been tried to avoid the problems described above, generally
involving different types of load application grips, with arrangements for alignment and
adjustment, and soft spacing materials to accommodate local surface imperfections. Strain
gages on the test section, in combination with adjustable grips, have also been used to
obtain accurate load alignment. None of these methods has prover particularly satisfactory
except perhaps the use of strain gages. This technique again is too expensive to consider
for large nunbers of specimens. In some programs the bending strains on tensile test
specimens resulting from load misalignment have been measured and the values are surpris-
ingly high. Values between 20 and 35% of the tensile strain are apparently common when
special precautions to obtain accurate alignment are taken, and values of 50% and above
are easily obtained in the absence of such precautions. Probably the magnitude of this
difficulty is related to the size of the test specimen. These are generally small in the
interests of conserving material, and the small test section increases the difficulty since
many of the tolerances in the test equipment are of a fixed magnitude and independent of

specimen size.
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Tests with photoelastic specimens to check misalignment, eccentricity, and stress con-
centration effects are commonly conducted but the evidence is that such tests are not
sufficiently sensitive to determine the suitability of test methods for brittle ceramic

materials.

Numerous other types of tensile specimen have been examined, including ring specimens,
and the "Theta" specimen, but where these are at all satisfactory they are extremely
expensive to manufacture. Compression testing also has problems; first, the requirements
for perfectly flat and parallel loading surfaces to prevent the concentration of load on
some local unyielding high spot and, secondly, the elimination of friction at the load
application surface. Friction prevents lateral strain due to the Poisson's ratio effect,
and produces highly complex sctress distributions which lead to premature fracture.

Because of the difficulties of producing a satisfactory tensile specimen the most common
test 18 the bend test, but these, too, have problems. Such specimens are generally made
with increased cross section at the point of load application so that the resulting stress
concentrations do not initiate fracture. However, friction effects under the load applica-
tion points have been shown to produce errors of over 25% in the measured stresses. Vari-
ous devices such as loading Jigs with ball bearings at the load application points have
been developed to minimize friction, but the literature contains no comments on their

performance.

The problem of accurate alignment of load application devices also exists with bend
specimens and most of the methods which have been tried introduce twist, in addition to
bending, across the test section.

All of the above problems, of course, are additionally complicated by the fact that
extremely high temperature testing will generally be required with brittle materials, since
such materials are most commonly used for high temperature applications.

From the above discussion it will be evident that conventional testing methods cannot be
used with brittle materials and that specia" techniques must generally be developed. Fur-
thermore, even with special techniques, the effects of brittleness show up in many
unexpected ways. This subject is, therefore, discussed in more detail in Section 8
where the best of current practice for mechanical property testing of brittle materials
is defined in a form suitable for application by the structural designer.

2.5 FAILURE MECHANISMS

At present any discussion of matsrial failure can take one of two forms; we can discuss
fracture mechanics, which attempts to explain in physical terms the detalls of the initia-
tion and progression of failure in the material, or we can discuss fallure theories, which
define material rtrength under complex stress conditions, but which are based on groes
considerations. The study of failure mechanisms involves a description of the faillure in
terms of atomic rupture or slip, the effect of dislocations in the atomic structure, |
microcrack formulation and growth, the effect of grain boundaries, precipitates, etc. on
crack propagation, etc. This subject i1s generally limited to the consideration of simple 1
uniaxial tension. It does not, at present, provide the designer with quantitative informa-
tion, but it is nevertheless desirable that he understand material fracture mechanics in a
general manner, so that the fallure theories that he does use can reflect the proper
parameters. Thils subject 1s therefore covered in the present section.

i

Failure theories, on the other hand, provide a quantitative statement of the stress ‘
conditions which will result in material failure, whether it be ylelding or fracture. Such
theories are based on overall consideration which are assumed to control material behavior, '
such as the assumption that fracture will occur when the maximum tensile stress reaches a A
limiting value or that ylelding will occur when a limiting value of deformation energy 1is 5
reached. These fallure theories require empirical verification but they do provide quanti-
tatixe data which can be used in design. This subject is therefore discussed in the next
section.

The study of the fracture mechanics of metals is complex because many types of fracture
are involved. It is commonly assumed that metals are ductile, involving slip and low in
the atomic structure, but this plcture is modified by the complexity oi many metallic
materials, and by the fact that many such materials show a sensitivity to tempcrature,
strain rate and stress-state which can produce brittle, or combinations of brittle and
ductile frecture. This sensitivity, in turn, may be critically dependent on such factors
as heat treatment, work hardening, residual stresses, etc. so that 1t is unsafe to make
general statements about the fallure mechanics of a particular material in a particular
application, in the absence cf experimental data. On the other hand it is not practical
to take the conservative view and assume that all metals are brittle, since this would
greatly limit the strength levels which can be quite safely developed in very many cases.

The situation with brittle materials such as oxides, carbides, borides is believed to be
more simple since, although such materials may show ductility at temperatures near the
melting point, brittle failure will almost always be the critical strength consideration.
The study of the fracture mechanics of these materials is nevertheless extremely limited

at present.

The best description that can presantly be assembled from the literature in terms that
will be useful to a designer 1s as follows. The material is made up of grains within which
the atoms are arranged in a particular order. At some points this order is disturbed by an
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excess or deficilency of atoms producing local internal stresses in the material structuic.
Upon the application of external stress these so-called "dislocations®, which are the weak
points in the material structure, will move until they meet obstructions. At these obstruc-
tions they collect eventually in sufficient numbers to form microcracks. Various mechanisms
for obstructing the movement of dislocations, and thereby initiating crack nucleation, have
been postulated including grain boundaries, the intersection of two slip systems, etc. The
stresses which cause the dislocations to move and collect may be due to external loads, or
temperature gradients produced by external thermal environments, but they may also be
produced by material processing or by the presence of different phases or impurities within
the material, with assoclated differences in thermal expansion. Accordingly, microcracks
may exist in the material before the component is put into service. Furthermore, the
microcracks can be expected to form at points of stress concentration within the material
such as are caused by pores, volds between adjacent material grains or other flaws.

With cracks present, large stress concentrations will be formed at the tips. The stress
distribution around such a region may be computed by using elastic theory and from such
computations 1t 1s known that the stresses may be as large as the theoretical atomic bond
strength. When this situation occurs the atomic or molecular bonds at the crack tip will
be ruptured and the crack therefore grows. As the crack 1s lengthened elastic strain
energy in the surrounding material is released, but lengthening of the crack requires the
addition of surface energy. A spontaneous increase in the length of crack will occur when
the uecrease of strain energy is greater than the corresponding increase of surface energy.
Initielly this propagation may be periodically disturbed by obstructions within the material
and may in fact be stopped by volds, but generally the stress concentration increases as
the crack lengthens, the energy balance can no longer be maintained, and the crack propa-
gates rapidly through the material, leading to complete failure. The rate of crack
propagation will reach a limiting value for a particular material and, when this velocity
1s reached, any extra straln energy released must find other dissipation mechanisms. In a
completely brittle material some of this excess energy is transformed into extra surface
energy by producing multiple branching of the running crack.

At present, within the literature, there 1s no consideration of stress condition, that
1s whether the stress is tensile or compressive or uniaxial or multiaxial, and particularly
there 1s little understanding of the significance of the type of material. As the applica-
tion of these materials increases, however, studies of fallure mechanics can be expected
to inc rease in the effort to develop materials of improved mechenical properties. The
application of such technology to the prediction of quantitative mechanical property data
cannot, however, be foreseen.

2.6 ESTABLISHMENT OF MATERIAL FAILURE MODES

For a simple uniaxial tension sfress in a ductile material the establishment of allowable
stresses, whether for initiation of yielding, or fracture, is a simple matter of pulling
tensile specimens. It irs not essential that the designer know the mode of material fallure,
in such terms as atomic slip or cleavage, dislocation pile up, crack propagation, the
effect of grain boundaries, etc., in order to use this data for design purposes, although
such knowledge 1s useful in assessing the significance of stress concentrations, fatigue,
etc. When a more complex blaxial or triaxlial stress situation exists, the material strain
in a specified direction is no longer related to the stress in that direction in the manner
indicated by the uniaxial stress-.strain curve. Consequently it is no longer obvious at
what stress level the material will show ylelding or at what point it will fracture. One
can ask, for instance, whether these conditions are controlled by a limiting stress, or a
strain, or an energy limitation, etc.

In order to have some basis for determining allowable stresses under conditions of
combined stress, which are often encountered in design, various strength theories have
been advanced for metallic materials. The purpose of these theories is to establish laws
by which, from the behavior of a material in simple tension or compression tests, the
condition of fallure, elther ylelding or rupture, can be predicted under any kind of
combined stress. Such theories are strongly empirical, with a basis in a very general
understanding of material failure, but the actual fallure mechanics, on an atomic or
mlcroscopic basls, are not involved.

Among the theories which have been proposed for ylelding of ductile materials are the
maximum stress theory, the maximum strain theory, the maximum shear theory, the maximum
strain energy theory and the distortion energy theory, of which the latter best fits
experimental data.

For brittle materials a different approach is required, since the lack of shear slip and
yielding make the shear and energy theories inappropriate. Consequently the maximum rtress
theory is most commonly used. This theory postulates that fracture will occur when the
maximum tensile stress in the body reaches a 1limiting value. This theory predicts fracture
to be independent of the other two jrincipal stresses, which is contrary to observation, and
it neglects both compressive stresses and the compression strength of the material. There
1s also the io-called stress invariant theory which does realistically predict compression
strength values slx times the tension estrength, although there is no evidence in the
literature of its application.

The Griffith crack theory and the Welbull theory have also been extended to complex stress
conditions so that they become failure theories relating strength values. The Griffith
theory predicts fallure under biaxtial tension when the maximum normal stress acts upon &
flaw of critical size. It is thus equivalent to the maximum stress theory in the tension-
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tension quadrant, but it also predicts a uniaxiel compressive strength ejual to eight times
the uniaxial tensile strength, so that it also defines the compression quadrant of the
failure envelope. In the compression-tension quadrant, however, the theory does not predict
an increase in allowable tensile stress due to a normal compressive stress, though limited
test data suggests that this may be the case.

The Weibull theory predicts valuec less than the maximum stress theory in the tension-
tension quadrant, and in the compression-tension quadrant it predicts that the presence of
compression will increase the allowable tension in the normal direction.

The Griffith theory suffers from the limitation that the¢ assumed flaws are sharp whereas
many brittlie materials show flaws which are not sharp. Recent work by Sines has considered
flaws of various shapes and the result is a predicted uniaxial compressive stress that
varies with the shape of the critical flaw. In this respect the theory is a better fit
with experimental data, although in the tension-tension quadrant it predicts an increase
in strength due to a biaxial stress state, which seems very unlikely.

Very little quantitative experimental data 1s avallable to verify which failure theory
should be used for brittle materials. In much of the experimental work, variability in
mechanical properties between supposedly identical samples has not been considered, and
this effect alone may be greater than the difference between the predictions of the various
theories. Furthermore, very few materials have been examined under complex stress states,
so that it i1s not known whether different failure theories are required for different types
of brittle materials. Certainly 1t must be anticipated that th~ material manufacturing
process will have a significant effect, since it controls such factors as porosity, grain
size, and the absence, presence and degree of microcracks. Yothing is yet known, for
example, about the effects of anisotropy under complex strets conditions. Such data as is
avallable is presented, in conjJunction with the predictions of the various theories men-
tioned above, 1n Section 5, and this data may be used for preliminary design purposes. In
view of the severe limitations mentioned above, however, it is recommended that material
tests be conducted for any significant application, until a substantial body of data is

built up.

For metallic structures the use of a failure theory, as described above, has been found
inadequate in many important instances. As already explained, these theories are
established generally on the basis of a ductile materiul, while experience shows that
many metals fall in a brittle manner under certain conditions of temperature, loading
rate, etc. Under such conditions flaws in the metal, which act as local stress raisers,
become critical and can result in fallures at average stresses much less than would other-
wise be expected. This problem is rather like the fatigue problem in metallic structures;
it results from simplified analytical treatments which consider only average stresses and
which depend upon ductility and local ylelding to take care of local concentrations. Under
conditions where the metal will not yleld, trouble results and speclal treatment is called

for.

It 1s assumed that no parallel to this situation will exist in brittle material design,
since ylelding 1s never assumed. Local stress concentrations due to component geometry and
loading configuration are accounted for in the stress analysis (see Section 4), while cracks
and other material flaws are accounted for in the determination of material properties.

As will be discussed 1n some detail in the next section, the mechanical strength of other-
wise identical samples of a brittle material shows considerable scatter, since failure 1is
precipitated by the stress concentrations present at flaws, and the flaws are random 1in
size, direction and distribution. Thus any mechanical property test conducted on a sample
of material with the expectation of defining a point on the fallure envelope, does not
specify a single-valued material property, but rather 1s associated with a probability of
occurrence. FEach point on the failure envelope should therefore be determined by conducting
a serles of identical tests, defining a strength distribution curve under the particular
stress ratios and other environmental conditions of interest, and then selecting a strength
value assocliated with a certain probability of failure. Thus the fallure envelope becomes,
not a single envelope as in the case of ductile materials, but a series of envelopes each
assocliated with a certain probability of failure. This in turn requires the combination of
a failure theory and a statistical theory. This agailn 1s a subjJect which currently has
recelived no attention in the literature.

Agaln, because of sensltivity to stress concentration, the strength of a particular
materiel, such as aluminum oxide, 1s not a single value or even a single distribution curve,
'T strength variability is accounted for. The strength, and the mode of fallure will also
be dependent on the material structure, such as porosity, grain size, the number and
character of the various secondary phases, etc. Empirical relationship that account for
some of thuce ~ffects ,are given in Sectlion 5, but whichever fallure theory i1s used, specific
values muft be determined for tne particular material and the particular material
characteristice.

Also obscure, from the literature, is the significance of shear as a potential faillure
mode. The subject receives no discussion and yet compression fallure is accepted and
certainly can be demonstrated experimentally. Assuming a compression test method which
does not introduce extraneous stresses, a questionable assumption in many cases, it shoull
be anticipated that a compression fallure, particularly in a very dense material, might be
produced by a shear failure within the material.
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With respect to fallure modes under repeated loads, again the literature contains very
little data. There is very limited evidence of flaws growing with repeated stresses so
that fatigue as a failure mode must be anticipated. In Section 6 some suggestions are given
with respect to the extension of the fracture mechanics concept to the prediction of
fatigue in brittle materials, and the strength variability considerations are appropri-
ately introduced. However, there is at this time no experimental verification of this
approach.

2.7 STATISTICAL DEFINITION OF FRACTURE STRENGTH

Typically, in design with ductile metallic materials, the critical strength of the
material, whether it be fracture or yielding, 1s defined by a single value for a given set
of environmental conditions. Metallic materials produced to the standards of quality and
process control typical of the aircraft industry show little variability in mechanical
properties, either throughout a single plece of material or between batches of material
produced at substantially different times, or between material produced to the same
specification by different suppliers. This situation is due partly to the refined process
control techniques which have been developed by the material suppliers and partly due to
the ductility of the materials, which accommodates very localized stress concentrations
caused by microscopic flaws and defects in the material.

Because of these characteristics a consideration, by the designer, of possible variability
in the propertiec of metallic materials is not generally necessary. Reductions in allow-
able strength properties, fran the mean value of a very large number of samples from many
different sources, to a value which will ensure an extremely low probability that material
of lower strength will be encountered, are very small and are na'mally made in compiling
the standard tables of minimum properties such as those presented in MIL-HDEK-5.

The processing of nonmetallic inorganic materials which are of potential interest for
structural applications has not generally reached the stage of development and refinement
associated with the processing of metals, so that substantially greater variations in the
mechanical properties of supposedly identical batches of material is apparent. Of much
more significance, however, is the sensitivity of the mechanical properties to flaws, as
a consequence of the lack of ductility. These flaws include pores, microcracks, inclusions
of foreign materials, etc., and will generally be random in size and distribution. They
willl produce local stress concentrations which will depend on the size and configuration
of the flaws and, since the apparent material strength will be controlled by the peak
stress, it follows that a randomness will exist in the strength of the material.

Experience shows that the total variability in the ..echanical properties of brittle
materials is great enough that a single strength value cannot be assigned, but rather that
the usable strength level must be associated with an acceptable probability of failure.

By conducting tests on a large number of samples, strength data can be obtained from
which a curve can be plotted to show an expected fallure rate against stress level. This
is typically an S-shaped curve and for structural epplications, where the probability of
fallure must be extremely low, only the extreme lower tall of the curve is of interest.
The definition of material strength as a matter of probability rather than certainty is
perhaps one of the most important differences between brittle material design technology
and the technology used with ductile materials.

In addition to the analytical techniques required to calculate the probability of failure
for a complex structure, this statistical concept introduces changes in design criteria
philosophy, with the need to define an acceptable fallure probability, and the possibility
of trade-off between allowable stress level and failure probability. Testing to obtain
material property data is greatly complicated, since a single characteristic requires
numerous test specimens to define the curve describing the variability of that character-
istic, and the lower part of the curve, which is of design interest, is difficult to
obtain experimentally, since only a small proportion of a batch of test specimens will
glve extreme values of mechanical strength. As will be shown in the section devoted to
statistical theory, there 1s also introduced the dependence of the strength level on
volume of material, since the greater the volume the greater the nrobability of a critical
flaw. Obviously, this statement is tempered by the stress distribution, and the prediction
of strength becomes dependent not on the maximum stress at some particular location but on
the summation of the failure probabilities of each element of the component. For inatance,
a low stress distributed over most of the volume of component may contribute significantly
to the fallure probability despite very localized high stresses, since the low stress is
more likely to be assocliated with a larger flaw.

Attempts to specify the strength of brittle materials as a function of failure probability
were made by Welbull in 1939 and, until recently, little additional work had been conducted.
Welbull established a series type model to describe a material containing flaws of random
size and distribution, and he selected the simplest mathematical relationcghip which would
fit the model. The expression contains parameters which must be evaluated experimentally
from samples of the material of interest. Desplte the apparent inadequacies of the assumed
material model and the simplicity of the mathematical expression, the Welbull description
of the fallure probability of the material has been reasonably well confirmed in practice,
althcugh experimental work 1s presently quite limited.

Weibull limited his considerations to uniform uniaxial and biaxial tension stresses and
simple bending. Under conditions of uniaxial tension and simple bending he also considered
the possibility that the material could have a threshold strength level below which there



was no probability of feilure. He assumed further that compression stresses and shear
stresses do not contribute to the probability of fallure and he gave no consideration to
anisotropy or to the effect of repeated loadings.

In the application of statistical theory to the design of structural components, an
assessment of the probability of fallure under the most critical loading conditions must
be made and compared with the acceptable failure procbabllity. This process contrasts with
the calculation of maximum stresses and the comparison of these stresses with the ultimate
or yield strength of the material, which is the procedure for ductile materials. 1In
Section 3, procedures and charts are given to facilitate the calculation of failure prob-
ability. They are based on the methods of Weibull, since these currently are the only ones
available. Weibull's mothods have been extended to include, in combination, triaxial
stresses and the possibility that the material has a zero probability of fallure stress.
The method can alio be readily applied to a component of any shape with any stress distribu-
tion, and 1t recognizes that the variability of the material may be different in different
parts of the component, due to environmental conditions such as a variation of temperature.
While the method:: given represent a very simple technique for the assessment of fallure
probability, the numerous influential factors which Weibull neglected make it only a
temporary expedient, and require either design verification testing or the use of large
factors of saufety in asmessing the acceptable fallure grobability. Furthermore, the modest
extensions of Weibull's work which have been made in the preparation of this handbook
indicate {undamental limitations in the method as the design condition departs more and
more from a uniform uniaxial tensile stress.

2.8 IMPROVED MATERIAL CHARACTERIZATION, PROCESS CONTROL AND INSPECTION

The large reductions from the average strength of a brittle material, which are necessary
to establish allowable stresses wiich will give a very low probability of failure, make it
necessary that the designer give attention to minimizing this variability in order to avoid
unnecessary structural weight. There are ways in which this can be done; control of pro-
cessing, control of inapection methods, and control of material characteristics. Again,
this contrasts with practicaes with metallic materials where the simple reference to a
material specification is often all that is required of the designer. The purpose of this
control is not only to maximize the strength of the material but also to iinimize the
variation in strength, so that the controls are concerned less with what is actually done
during processing, and more with ensuring that each step is repeated identically for each
plece of material. In this respect it is also important that the process be identical
between the structural components and the test specimens used to establish the strength
characteristics of the material.

The problem of process and inspection control is complicated, with respect to nonmetallic,
inorganic refractory materials, by proprietary considerations of the supplier. Most of
these materials have been developed to their present state by a long process of trial and
error, and as a result the detalls of some of the constituents and the values of some of
the important process parameters are often closely guarded. Probably, in time, this
situation will change, particularly with the application of Government research funds to
the development of such materials. Certainly it 1s desirable that the material obtained
from different sources be as nearly identical as possible, and that the material suppliers
assume the responsibility for rigorous process control. Unfortunately, the present demand
for such high quality material 1s insufficient to interest the manufacturers to this extent, '
so that the designer must assume responsibility.

Another problem i1s the fact that the significance of various processing parameters on the
variability of the mechanical properties of the finished material 1s not gencrally known,
so that it 1s not generally possible to impose close control on one or two processing
factors and thereby ensure reproducible material characteristics. Until much more is known,
with respect to individual materials, the only approach seems to be to control every process- i
ing step and every processing variable that can be controlled. This will include control
of the raw ingredients, the welght and chemical purity of each, their source, and process-
ing and handling, to the point where they are ready for mixing. Similarly with the material
mixing; consideration should be given to the control not only of mixing time, but rate, ‘
atmosphere, temperature and humidity, cleanliness of mixing equipment, type of construction

material of this equipment, etc. If compacting i1s involved there will be parameters such 1
as pressure, temperature, time, atmosphere, storage time and conditions before and after it
compacting, etc. Similar lists of poussible control parameter. can be established for B
sintering, subsequent machining, etc.

Consideration should also be given to inspection techniques for use both during process-

ing and for inspection of the finished material. 1In addition to the more conventional
methods, conslderation mign. he given to various crack detection techniques; die penetrant
for the surface, and acoustic for internal cracks; X-ray inspection for density variability
and porosity, etc. Obviously, also, for every inspection step a criteria of acceptance or
rejection must be established. Experience with nondestructive inspection methods for the
quality control of '"ceramic" materials is also very limited. Attempts have been made to
correlate NDI results with physical and mechanical properties of the material but only very
limited nuccess has been achleved. This subject 1s also discussed further in Section 5,

In addition to controlling the processing parameters, the inspection techniques and the
inspection criteria, it 1s necessary to define, so far as is possible, the material
characteristics to be achlieved. Agaln the relationship between such characteristics a.
grain size, surface finish, material phases, porosity, etc. and the required mechanical
and physical properties is very incompletely known and the general practice is to
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specify any characteristic that might be significant and that can be measured. Guidance
is given in Section 5.

Clearly the design task, with materials of this class, is greatly increased by the require-
ment for theagreparation of detalled material processing and inspection specifications.
Preferabdly, 8o, these should be campiled before extensive mechanical property testing of
the material is undertaken, so that such testing can be performed on a true specification
material. 1Ideally, also, test specimen material should be processed to the limits of the
tolerances on the various parameters so that the maximum variability in the material from
this source can be examined. However, thie will not generally be gructicnl, because of
the large number of parameters involved, and reliance will generally be placed on obtain-
ing a satisfactory statistical distribution from numerically large samples.

It should be emphasized that the significance or the necessity of adopting all of the
above procedures on the variability of the material mechanical properties is not yet under-
stood. It is not generally known, for any materials of this class, how much of the vari-
ability is due to processing variations, and how much is inherent in the brittleness, in
combination with microscopic and atomic scale flaws. Furthermore, the controls mentioned
will be costly; nevertheless, until these materials are much better understood, there seems
to be no other. alternative.

2.9 METHODS OF ACHIEVING HIGH ALLOWABLE STRESSES

The significance of the variability in the mechanical properties of nonmetallic refractory
materials on the allowable stress level that can be used, if a specified level of struc-
tural reliability 1s required, has been discussed in previous sections. The importance to
the designer of applying close control of material processing and inspection techniques
to minimize variabllity has also been mentioned. 1In the basence of ductility,however, it
is not expected that variability of mechanicual properties can be reduced to the level where
it has no significant effect on allowable stress, and hence on component weight. It there-
fore becomes necessary, during design, to consider other steps which can be taken with a
mater%;ligf given variability to maximize allowable stresses without sacrifice of
reliability.

A promising technique for achieving increased strength levels is the use of the proof
test, which involves subjecting each component to a predetermined stress to eliminate by
destructive testing the occasional sample of low strength and thus raise the allowable
stress level for a given fallure probability. In terms of the Weibull strength distribu-
tion curve, proof testing has the effect of truncating the curve by cutting off the long
tail on the low strength side. The proof stress in effect becomes a "zero probabllity of
fajlure® stress but with the advantage that 1t 1s determined directly by test. The distri-
bution curve thus has a definite and experimentally determined end point and the use of
the curve to predict stress levels for fallure probabllities greater than zero becomes &
matter of interpolation between available test data rather than ertrapolation well beyond
the 1limits of the experimental results. Thus, not only is the allowable stress level for
a given fallure probability increased, but the confidence in the value is also substantially

improved.

In describing the strength distribution curve that applies after proof testing and after
rejection of the low rtrength samples which are destroyed during proof testing, two methods
are avallable. Either a new distribution curve can be determined, based on the remaining
samples, or the original distribution curve can be truncated analytically to include the
effect of the proof test. The latter method is considered preferable since it uses more
experimental data, although i1t cannot be used where proof testing causes material damage
in the remaining samples. Methods are available to make this adjustment when the Weibull
distribution curve is used. The appropriate analytical techniques are included in

Section 3.

Numerous studies are already avallable in the literature to show quantitatively the
benefits of proof teesting and these generally predict very significant improvements in
permissible stress levels. However, such studles generally consider failure probabilities
between 0.01 and 0.10, which are completely impractical for airfrgme structur’l applica-
tions. 1If the probabllity of failure is to be reduced to 1l x 10°° or 1 x 10~/, for
instance, it will generally be found that the allowable stress is nearly coincident with
the prootr stress. Thus, in the simple case where both the applied stresses and the proof
stresses are uniform throughout the specimen, and where in addition the proof test does
not damage the material, it appears that the statistical considerations are eliminated.

In the more general case,however, which will be discussed helow, this 1s not so.

The introduction of the statistical approach in expressing the failure of a brittle
material makes the probability of failure dependent on both the state of stress and the
strength properties, throughout the part. As a result a low stress level applied over
most of the volume of the component might contribute as much to the probability of failure
as the maximum 3tress, which may be present only in very locallzed areas. By extending
this reasoning, any proof stress distribution will result in improved allowable stresses
by elimination of low strength components, and it is not necessary that the proof stress
match the applied stress in distribution. Thus, a proof test can be selected on the basis
of convenience and low cost. A leading-edge component, for instance, which is stressed in
service by a complex system of aerodynamic loads may be effectively proof tested by induc-
ing thermal stresses by heating and subsequently cooling. In determining the effect of a
glven proof stress distribution on the probabllity of failure, statistical methods must
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again be used. The necessary analytical treatment, together with charts which facilitate
numerical computations, i1s given in Section 3 for the case of a Weibull distridbution curve.

Proof testing raises the question of material damage, and limited studies which have been
made, particularly with graphite, show that damage in the form of microcracks can be pro-
duced by a proof test. Presunably this question of damage will be one of the considera-
tione involved in selecting the proof stress level. This will require test specimens which
can be examined bafore and after the application of proof stress to check for material
damage. As a se~-.d method of checking whether the selected proof stress level is causing
significant material damage, tests to fallure can be conducted on a series of proof-tested
specimens to ensure that the test points lie on the truncated distribution curve predicted
by the methods in Section 3. In practice the material damage uv3 to proof testing must be
kept small, either by the proper selection of material or proof stress level, since it 1is
not practical to design a structural component such that extensive material damege is
occasioned by a single load application.

The other consideration in selecting the proof stress level is one of economics. The
higher the groof stress the higher will be the resulting allowable stress for the selected
failure probability, and hence the lower will be the component weight. High proof stresses,
however, increase the proportion of components which will be destroyed. It has been
postulated that the allowable stress in a componont can be raised to any level by proof
testing at a sufficlently high level, and accepting a very large rejection rate. On this
basis 1t 1s considered that weight optimization loses its usual meaning and becomes an
economic consideration with a trade-off between weight and the cost of the number of
components which must be made to achieve one having the selected strength level. More
realistically, in brittle material design, optimization will probably involve the usual
determination of geometric characteristics to sustain the necessary loads with minimum
weight, but this will be supplemented by a study of allowable stress level, and hence
weight, againat cost in terms of the type of proof test and the component rejection rate.

To date, proof-testing is the only method of improving allowable stresses, for a given
structural reliability and with a material of given variability, that has been studied,
but there are two other considerations which can be mentioned although no data exists on
their significance. The first of these is the use of redundant load paths which increase
allowable stressos by penuitting a higher failure probability in any single load path,
for the same overall coamponent fallure probability. Redundancy, however, must not violate
the rule, which has been discussed in an earlier section, and which requires that there be
no external restraints to brittle material components which introduce unknown or undefin-
able loads. It 1s also necessary that redundancy be provided by disconnected load paths
so that failure of one path does not produce failure of the other as, for instance, by
crack propagation. In other words, the construction should be redundant but fail-safe and
determinate. Considerations of redundancy are discussed further in the section on joints
and connectlons, since it is in the design of Jjoints where the problem of achieving
redundancy without introducing unknown loads becomes most apparent.

2.10 NEW DESIGN CRITERIA CONCEPTS

The conventional practice in establishing airframe design criteris is to determine limit
loads, the maximum loads which are expected to arise in service, and to design so that the
airframe will function satisfactorily under these conditions. This 1s generally inter-
preted as designing so that the yleld strength of the material is not exceeded or so that
instability of compression elements does not occur. It is also conventional practice to
increase these loads by an arbitrary but experience proven factor of safety, and design
so that failure of the alrframe does not occur under these ultimate loads. Tontinued use
of the alrframe without repair, after exposure to ultimate loads, is not required.

Despite the probabilistic nature of essentially all loads, it has been customary to
establish limit loads on a deterministic basis, selecting levels which, from experience,
would te unlikely to be exceeded during the life of the vehicle. However, adequate
statistical data to determine quantitatively the risk involved, as a function of the
selected load level, is rarely available.

More recently the probabllistic approach has been used in examining the effect of
turbulence and gusts on the fatigue life of the structure. In space vehicle design also,
it is the practice to treat more of the loads probabilistically. In space vehicles most
of the loads are induced by atmospheric effects or mechanical subsystems, and it is easier
to obtaln sufficient statistical data, than it is for a manned aircraft of long life. Even
with space vehicles, however, the probabllistic treatment of loads is far from adequate.

When thermal effects are introduced the extension of the deterministic approach becomes
much more difficult. The combination of extreme values of loads, heat transfer rates,
temperatures, etc. would be simple, but generally unacceptably conservative. Alternatively,
the selection of combinations of various levels of the many parameters involved, to try
to find critical combinations, is often somewhat arbitrary, involving much Judgment.

Extension of the arbltrary safety factor practice also becomes difficult when thermal
effects are important and while there is general egreement that it is unnecessary to apply
a safety factor to every parameter, there is little agreement on just what ciould be
factored.
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The question of repeated loads, with associated thermal effocts is even more complex, if
the approach is by extrapolation of deterministic methods of load specification, and very
little consideration of criteria for this situation, particularly where thermal effects
predominate, has presently been made.

Current ﬁrncticn in establishing allowable material properties for alrframe design does
consider the statictical distribution of material strength. The variability, with metals,
is small, and the values that the designer selects from approved handbooks such as
already allow for this variability.

However, the same procedure is not followed with other sources of data which are deter-
mined experimentally and used for design. Generally, the degree of conservatism to apply
to mea3ured aerodynamic coefficients, heat transfer coefficients, etc., 18 left, in an
uncontrolled manner, to the individual specialist.

When brittle materials are used as part of the airframe, the question of structural
criteria requires review for a number of reasons. First, the emphasis on specifying
material allowables on the basis of failure prodbability, requires a corresponding expression
of loads and thermal effects on a probabilistic basis, since the significant consideration
is the failure probability of the airframe; a combination of structural fallure probability
and load occurrence probability. For the same reason the conventional safety factor
approach must be examined; it 1s desirable to substitute a rational, probabilistic loading
condition for the current arbitrary factor of safety.

The importance of thermal effects for structural components requiring "ceramic" materials
also Justifies at least an attempt to rationalize such conditions both with respect to
defining the important design considerations and with respect to the question of safety
factors. Next, it becomes necessary to establish a basis for selecting material allowables,
involving now the selection of an allowable failure probability, either for the material
or the entire airframe, and it becomes necessary to consider how repeated loads, with the
associated thermal effects and allowable material properties, should be treated
probabilistically.

Finally, the question of qualification testing, to demonstrate that the airframe meets
the requirements of the design criteria,needs examination. The present practice of static
and repeated load ground testing of a complete airframe can certainly not be conducted on
a statistical basis and neither does 1t seem practical to conduct pre-operational flight
testing other than by flying to discreet, pre-selected and specific conditions.

ihis subject of structural criteria is examined in some detail in Section 6. It is clear
that in a Handbook of this type it is not practical to change the present approach to the
determination of loads and thermal effects. To require that these be established on an
entirely probabilistic basis at this time would not be acceptable to the industry and 1is
premature because of insufficient statistical data. Furthermore, there are significent
legal implications i1f the allowable operating limits of the vehicle cannot be clearly
defined. The concept of 1imit loads and associated thermal effects is therefore retained
with the understanding that these are conditions which are very likely to occur in the
1ife of the vehicle, and that where probabilistic date can be used for their definition
a probabllity of occurrence of about 1% should be used. Similarly, ultimate conditions
are retained with factors proven by experience with the understanding that the probability
of occurrence of these conditions in the 1life of the vehicle 1s extremely remote but
unspecified quantitatively.

It now becomes necessary to treat material fallure probability separately since load
occurrence probablility cannot be well defined. Accordingly, the approach is to select
material allowable stress levels which will provide an extremely low probability of failure
under 1limit load conditions and a much higher value under ultimate conditions. The former
is chosen to be nominally zero, and in practice proof testing of each component will be
required to meet this condition. The material fallure probability under ultimate loads is
permitted to increase to 10°° which is consistent with the value used to determine mechan-
ical properties in metal structures under ultimate loads. The eftect of this criteria
should be to achleve the same levels of structural integrity as has been the practice in
metallic structures while minimizing the need for statistical data of either the erviron-
ment or the structural materials.

With respect to qualification testing, it is considered that flight testing must still
be conducted by flying at rredetermined critical conditions, and with brittle components
its chief function would be to verify with the use of strain gauges the loads used for
design and the predicted stress distributions. The structural ground test, however, can
be retained, and in Section 6 it i1s shown how the design of a btrittle material component
can be verified with ground testing despite material variability and without requiring
large numbers of tests.

2.11 OPTIMIZATION CONCEPTS

Present optimization techniques applied to metal structures are concerned principally
with structures which fail by compression instebility, and in which the strength 1is
controlled by both material properties and geometry. The techniques involve selection of
the geometric proportions for a given type of construction and a given metal riauterial, such
that the applied load can be supported with the minimum weight of structure. An early
approach was to assume that minimum weight is attained when all elements of the structure
collapse at the same stress level, a condition which will provide sufficient equations to
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define the geometry of the structure. For a given loading condition and given external
component shape, minimun weight structures can be designed in this manner, in various
materials and for various types of construction, so that an optimum with respect to material,
type of construction and structural geometry can be determined. Similar studies can be

made at different temperatures for structures subjected to heating.

For many of the loading int:nsities which are common in airframe practice these techniques
lead to structural proportions which are impractical to fabricate, so that it 18 necessury
to introduce practical constral!nts on minimum material thickness, minimum edge distance
from rivet lines, minimum stiffener spacing dimensions, etc. It is also necessary to
introduce the fact that most stiuctures are subjected to multiple loading conditions, with
different loading conditions being critical for different elements of the structure.
Recently the so-called structural "synthesis' methods have been under development and these
will define a minimum weight structure of given material and type of construction including
practical constraints and multiple load conditions. These structural synthesis methods are
also useful where the structure is redundant. They permit the determination of the minimum
welight structural proportions where the structure contains multiple load paths but where it

is also subjected to multiple loading conditions.

For structures constructed from brittle nonmetallic materials the same techniques could
be used to define structures which are critical with respect to compression instability.
Generally, however, structural elements constructed from this class of material will be
relatively bulky and stable, so that tension and bending loads become critical. When only
a single load path exists and the structural element 1s subjected to tension or stable
compression loadings, the design procedure with metallic structures involves simply select-
ing areas and thicknesses to match the iocal loadings without exceeding spncified stress
levels. With brittle materials the procedure is basically the same, with allowable stresses
selected on the basis of an accepteble material fallure probability and, again, the struce
tural synthesis methods can be used to obtain minimum weight proportions if the structure
contains multiple load paths. The problem is slightly more complex than the metal struc-
tures, however, since, for a given failure probability the allowable stresses are dependent
on material volume, which in turn 1s dependent on allowable stress. Thus, an iterative
procedure, or at least the establishment of a number of designs, using preselected valuaes
of allowable stress, to span the required failure probability, is indicated. There are,
however, some aspects of optimization which are not present with metallic structures. {

The firast 1s to minimize stress concentrations by appropriate choice of local geometry
a3, for instance, at fillets, corner radii, changes in cross section, etc. High local
stresses contribute substantially to the component failure probability and reduction of
these concantrations by small local additions of material or by local changes in shape
will permit, for a given component fallure probability, a general increase in stress level
over the remainder of the material. Hence, local small additions of material can result ]
in relatively large welght savings. 8Since the weight increments involved will generally be
very small special optimization studies are not justitied.

Many refractory materials will be used for high temperature applications in which
temperature gradients will be present through the structural czomponent. In many such
applications the resulting thermal stresses will be a critical design condition. The type
of optimization mentioned above is again required to reduce local stress peaks and increase
the stress level throughout the bulk of the component material. Now, however, the vari-
ations in geometry affect the heat transfer characteristics of the component, and lience |
temperature gradients. Stresses are theretore affected, both directly and indirectly, by
geometric changes. There are no methods of establishing the minimum weight component
geometry systematically and the result must be obtained by repeated analytical trials,
seeking trends from which the optimum can be deduced. l

Finally, optimization can be introduced into the definition of the structural configura-
tion of a component in the selection of proof-test stress level. For a given component
reliability or fallure probability, higher allowable stresses result from the application
of higher proof stress, so that welght becomes directly related to the proof-stress value.
On the other hand, as proof stress 1s increased the proportion of components destroyed in
proof-testing will increase, so that a trade-off between cost and weight results., In some
applications 1t may be possible to realistically evaluate the value of each pound of weight
saved and, from such analysis, together with the cost of component fabrication, a proof
stress level based on minimum total cost could be determined. 1In practice, however, it is
not likely that a component failure rate during proof-testing of more than about 10% would
be acceptable, since higher values imply damage to the material of the remaining components.
Thus again, optimization studies peculiar to brittle material structures are not justified.




16

STHIONTEd SDISA] TVINALVN FEIING T1°2 JuUNOId

[
£27TIqeTTY
TeTIaeN Y@t

FUTAS TYOV Jo sponaN g

Tox3u0)
£37TRND R Sssad0ad
Te1d93% poaoxduy )

miuesls arnyowrg
s3dacuo) wIIa3 IO Jo woTTuTjaq
uBrsag e 6 SIISTIME 9

uPysaq 03 Ppeorddy —e—  IPuUsIS TEINIEH
TeITIsTAIWIS ut £3TIIQRIIeA

(4] 4
= s3doouo) wopezMIdy Moy —

i —

S9pON aInTTed
TeTI93%K 9133 1ag
Jo jusmqsTTqeIsT G

SWS TURYJSN 9In3ovad

1,3%K 3133139
Jo BurpueisIiapun

sneTd £q paj3daIIV
UI9usays TelIaqel

L

SPOUISN
183l Lyzadoag
TeoTUeyoa paaoxduy ¢

sjutor v
soTdyoutad udyseq 2

sTsATeuy
SS9J3S POUTIAH T

89883115 Yead
PIZITRI0T] 3% aanyred

!

aInired o3
I07xd BUTPISTX ON
:uojj3dunssy oyseg

e

bey

sonbiuyoel UPTEEQ POAOIAWI IO MON

STRTIOIWH OTJITIE UITM Peain



17

3. ESTABLISHMENT OF DESIGN STRESSES

3.1 THE STATISTICAL APPROACH

Conventional structural design with metallic materials involves a number of basic assump-
tione related to the response of the material. Those which are important when structural
design 1s extended to brittle materials are as follows:

(a) It is assumed that the strength characteristics of a complex structure subjected
to a complex system of internal stresses can be predicted from experimental data
on material properties determined from small simple specimens subJected to simple
stress systems. A number of strength theories such as the distortion energy theory
and the maximum shear stress theory have been developed for this purpose and have
proven generally satisfactory with metallic structures.

(b) It is assumed that the mechanical characteristics of the material for any given
set of conditions can be defined specifically by a single unique value, 1.e.
characteristics under tension loads by ultimate tensile strength.

It 18 assumed that the strength of a structuv al component is determined by the
stresses at some critical point and that th strength of the structure can be
determined by an examination of the stress .ystem at this single point.

—
[}
~—

when brittle, nonmetallic materials are used the same facility for determining material
properties f'rom small simple test specimens, and using the information to predict the
characteristics of large complex components subjected to complex loadings, must be avail-
able, otherwise structural design with such materials becomes impractical. A material
failure theory which is generally accepted for this purpose, with brittle nonmetallic
materials, is a maximum stress theory, which assumes that the component will fail when
the maximum principal stress equals the strength of the material as determined in simple
tension. That is, the state of stress is assumed to have no effect on the limiting value.
Extensive verification of this theory has not been accomplished, particularly for stress
s:ates involving compression, but there is no more satisfactory theory available at this
time.

With brittle materials, however, the mechanical characteristics are not expressible
as a single number. Due to the wide variability in any particular mechanical property,
the most that can be done is to predict the probability of fallure for any particular
stress condition. Variabliity in mechanical properties is assumed to be due to the
presence of flaws, which produce local stress concentrations that cannot be relieved by
ylelding, due to the complete lack of ductility. Whether a sample of material will fail
under a given stress condition will depend, therefore, on the size and distribution of
flaws, and since the latter is random the only statement that can be made about failure
is the protability of its occurrence. Furthermore, since the probability of experiencing
a flaw of critical size will increase as the size of component or the valume of meterial
under consideration increases, the strength becomes a function of component size.

The introduction of a statistical approach to the expression of mechanical character-
istics, and the dependence of failure probability on volume, also means that the strength
of a component cannot be determined by the examination of a critical point. For example,
an applied stress distribution may have a very localized peak, so that the probahility
cf this peak combining with a flaw sufficiently severe to produce failure is small. On
the other hand the same stress distribution may subject & large volume of material to a
lower stress, and although a more severe flaw is needed to produce a failure there may
actually be a greater probabllity of meeting such a flaw. Thus the probability of failure
of the entire component inust be expressed, and this involves some type of summation of
the fallure probability at all points within the component. Again it must be pointed out
that the dependence of failure probability on volume is based on the assumptions of the
flaw concept. Its validity remain~ to be positively demonstrated, and experimental
evidence to date is 1limited, and in some cases conflicting. Similar statements can be
made about most of the procedures to be presented in this Section, but they remain the
best that are presently available, and the overall application of these procedures to
component design, while very limited, has nevertheless proved satisfactory.

Additional detalls of the flaw theory can be found in References 3.1 and 3.2 and sub-
stantiating data for the size effect in References 3.1, 3.3, 2.4, 3.5, 3.6, 3.7, 3.8,
3.9, 3.10, 3.11.

The variability in mechanical properties of a Lrittle material, from supposedly identical
specimens, impllies that there 1s a distribution function which shows the relative fre-
quency with which a particular value of some mechanical property may be expected to occur,
If frequency of occurrence 1s plotted, for instance, against tensile strength, ithe plot
will show the frequency rising to a maximum value at some strength level, &nd falling off
on ejither side. Extreme values of strength, either high or low, do not oczcur as aften as
those near the center. Furthermore, the curve may or may not be symmetiicel about the
maximum frequency. Such a curve is called a frequency distribution; 1t i< not presently
known whether all brittle materials have a similar frequency distribution, nor is it
possible ‘o analytically determine such a function. The most that 1s precsently possible
i3 to assume various frequency distributions and seek a best fit with experimental data.




By normalizing of the frequency distribution it is possible to make the tota., area under
the curve equal to unity, and by integrating the resulting expression the distribution func-
tion 1s obtained. This function expresses the probability of a given value of the variable,
such as tensile strength in the exemple given above, occurring. When plotted, this func-
tion is typically an approximately "S" shaped curve, approaching or passing through zero
(absolute impossibility) at one extreme and asymptotically approaching unity (absolute
certainty) at the other.

To construct a distribution curve, defining a particular mechanical property for a
particular material, generally requires a very large number of test specimens since the
structural designer is interested in the extreme lower portion of the curve, where the
probabilities of failure are very small, while at the same time the rareness of extreme
events precludes a good definition of this part of the curve. 1In order to avoid very
extensive testing programs it is desirable to find a general mathematical description of
the distribution function applicable to all brittle materials. As already stated, there
is, at present, no theoretical basis for completely defining the distribution curve, and
to establish such a curve on an empirical basis introduces the same problem of lack of
test data at the lower extremities, the only part of the distribution curve of real
interest. As a result there is no complete agreement on the type of curve to be used,
although a relationship establiched by Weibull is accepted s the most satisfactory to
date., The Weibull distribution function has been found to 1't a wide variety of experi-
mental data, covering not only material strengths but many other statistical data. It
must always be remembered, however, that adequate data in the range or interest i~ always
lacking, although a f'ew programs have been conducted in which very large numbers of test
specimens have been deliberately used in an attempt to verify the general usefulness of
“he Weibull curve (Reference 3,12).

The Weibull distribution function is based on the flaw theory, with the assumption that
the flaws are distributed at random with a certain density per unit volume. The strength
of the specimen i1s then determined by the weakest point in the specimen. The result is a
representation of the material as a series model, or -a chain in which failure depends on
the weakest 1link. This i3 perhaps the major limitation of the Weibull theory since a real
material 1s perhaps better represented as a series of chains in parallel, the so-called
series-parallel model. Again, however, a convenient, practical, mathematical representa-
tion of such a model is not available.

The Weibull distribution function also assumed that the test specimens or structural
components under investigation are all of the same populaetion, so that all data points
fit one distribution curve. It also assumes, when data from small simple specimens are
used to design larger, complex components, that the material in both cases is of the same
population. In general these are not good assumptions, but in order to use nonmetallic
refractory materials for the design of aircraft or space vehicle components, much tighter
processing controls must be used, both for material processing and selection, than is the
customary practice with ceramic materials. This is necessary, both to reduce variability
in mechanical properties as much as possible, in order to maximize the design stresses
for a given reliabllity, and also to ensure that indeed the mechanical characteristics
determined on simple specimens are representative of more complex components. If such
procedures are followed any adverse consequences from the two assumptions just mentioned
are minimized.

The procedures presented in this Section will be based only on the Weibull distribution
function, since this function appears to be more appropriate for brittle materials than
other avallable functions. Its limitations must be recognized, however, and it 1s possible
that it may not be particularly appropriate for some particular material or material
combination. There is however no other procedure currently available. Methods for mini-
mizing the importance of an accurate definition of the distribution curve will be discussed
later.

The Weibull distribution function is expressed as the probabllity of fracture, which is

given by
m
-0,
S = l-exp [-V(— ) ]
%

where V 18 the volume of the element under consideration, ¢ 1s the applied uniform tension
stress, and @, © and m are material constants. If the Weibull function is truly
applicable to Prne mBterial under consideration, and if the materials used for small test
specimens and for the structural components are truly identical, then o,, 0y and m will
indeed be material constents and will not change with volume. In the following section a
procedure is given for the evaluation of the material constants from experimental data

and a tahble to faciliitate this process is included.

The above 2xpression can be generalized by writing the exponent as an integral over the
volume of the component, and expressing ¢ ac a variable in terms of V. In the completely
general case a component can be divided into a large number of elements, each sufficlently
small that the stress within the element can be considered uniform. The above equation
can be applied to each element, and by proper summation, the probability of failure of
the component can be determined. Curves to facilitate such a computation are given.
Furthermore, the equation can be evaluated directly to give fallure probability, for a few
?aies where the stress distribution is simple and can be expressed in simple mathematical

orm,
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It will be evident that the use of brittle nonmetallic materials .n structural components
introduces two basic difficulties if efficient reliable structures are to be obtained.

These difficulties are:

(a) Variability in mechanical properties, and the infrequent but real possibility of
low values, particularly in large volumes of material, demands low stress levels
relative to mean strength of the material, and hence high weight, 1f high reliability
or extremely low probability of fallure 1s to be achleved.

(b) Accurate definition of the important lower p.rt of the distribution curve, which is
necessary if a reliable prediction of “ailure probability is to be made, still
requires, with present theoretical knowledge of the problem, extensive test programs
to obtain statisticel data on mechanical properties. Furthermore, these programs
must be repeated for each environmental condition of interest, such as temperature.

It is considered that the most promising method of circumventing these difficulties is
ty subjecting each component to a proof-test. A proof-test will reveal those ccmponents
which are low in strength and will have the effect of experimentally fixing the lower
extremity of the distribution curve. Thus 1t becomes possible to define much more accu-
rately the lower branch of the curve with relatively few experimental data. Furthermore,
the elimination of the few extreme values substantially increases the permissible stress
level for a given probabllity of failure. It should be noted that the proof stress dis-
tribution need not match the applied stress distribution if the proper relationships are
available to determine the probability of failure of an element of the component, when
subjected to a given applied stress and a given proof stress. Accordingly, proof-testing
may be conducted in any convenient manner. For Ilnstance, a component designed by aero-
dynamic loadings may be proof-tested by introducing thermal stresses by heating and cooling,
if such a procedure is convenient or economical. It should be nnted also that the proof
stress may be less than the applied stress, for any particular element, while still
producing significant improvements in failure probabllity for a given applied stress, or
conversely improvements in permissible stress level for a given fallure probability. Maxi-
mun benefits are produced if the proof stress equals the maximum applied stress, but the
selection of the proof stress level must also consider the economics of the possible
ccmponent fallure rate =nd the degree of material dumage imposed on acceptable components.
More detailled discussions of these varilous aspects of proof-testing can be found in
Reference 3.13.

Methods for introaucing any type of proof strecs distribution into the assessment of
component failure probability are given in the following sections.

2.2 ANALYTICAL RELATIONSHIPS

From the orifinal work by Weibull (Reference 2.7) the probability of fallure of u struc-
tural component or element is given by

S =1 - exp [-B) , (1)
where B is the risk of rupture and is given by
B = fn( o) dv. (2)

Weibull uses experimental data as the baslu for the essumption that, for the case of an
element under uniform, uniaxlal tension,

For this simple case, therefore,
B =Ke, (&)

where @ 1s the unlaxial stress, V i3 the volume of the element, and K and m are material
constants.

K can be conveniently replaced by another constant (1/ co)m so that

m
an(-;[J 5)
! i
and 85 =1 - exp [ -V kjﬁJ : (6)

We recognizaz the possibility that scume materials may be able to support a certain stress
level, o,, without the possibility cf fallure. To introduce thils stress level, we re-

write Equation (6), as
m

c_0,
S=1-exp|-V |—F— . (7)
o
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If an element is subjected to triaxial stresses, and the material is isotropic, we con-
sider Oy, gy and 0, as mutually perpendicular principal stresses acting at a point.
The x, y, and ‘z axes for a potential element are to be oriented no that @y 1s the maximum
positive principal stress. We can now consider the fallure probability of a small
spherical volume around this point. The normal stress at any point on the surface of thic
sphere 1is

¢ = Oxcoseﬂ cos¥ + ayc052¢ sinzw + Uzsin2¢, (8)
where @ i~ an angle with respect to the xy plane and ¥ 1is an angle with respect to the
xz plane.

The risk of rupture is still defined by Equation (2), where

dv = (;_3) cos@dgd ¥ (9)

If the material can support a stress level 0y witiout the possibility of failure, the
stress contributing to failure probability becomes

c - o, = cxcoszﬁcosaw-i- cycoszgl sinet + czsinzpl- L

Substituting this expression and Equation (9) into Equation (2), and assuming that the
form of n( o) is the same as for the uniaxial case, that is n(e¢) = Ko, and assuming
also that the integration includes only that part of the stress which contributes to the
probability of failure, gives

B = l(l-r—: j[( cxc052¢ c032$ + cycoseﬁ sinat + azs1n2¢ - cu)ml cosgd@gd ¢ (10)
or

Kird om 2., 2 o 2, .. 2 v 2 o,\]"L
B = _3_ oy 1 // [cos Zcos$ + (;f) cos“@Zsin“ ¢ + -i-) sin“g - (T:)J cosgdgdy (11)
" my my 2, 2, . f% 2 o 2y _ (o) ]}
B = _I; o, ff [cos Zcos ¥ + <-‘;f) cos“@sin¥ + (é) 8in‘g - (c_:)] cosgdgd ¢ (12)
or

B = oy o™ 1 (13)
hye % '

Subscript 1 has been used with K and m to permit the possibility that they may have
different values from the values in the previous derivation for the uniaxial case.

2
o o o, \| *
I = ff[coszﬂcoszx + (—6¥> coseﬂsin X + (-—;"-) sin2¢ (#jﬂ cos@d@dx (13a)
x X x
and the surface integration is limited to the area where the stress is positive (tension).

For the uniaxial case, Equation (13) becomes

K]_V my

m
But B = KV axm ( = -;:-:) : (15)

These two equations are of different form, but Equation (14) has been evaluated numerically
for values of m; from 2 to 10 and values of "u/ o, from O to 0.8 and 1s found approximately
equal to Equation (15) if we write
Le ouK
m =m=1 and Ky = D

I( 7, Oy" oz-O)

Then

m I
B = KV . 16
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The term in brackets can be evaluated from Equation (13a), for values of m,. m; can be
determined for values of m frommy =m - 1. Values of the term in brackets are given in
Figures 1 to 6 for various values of ay/ Oy az/ Cr °h/ L and my .

Relationships are not avallable, at present, for anisotropic materials. However, in
most brittle materials of interest the anistropy results because the material 1s a
composite and is fabricated specifically to give different properties in different direc-
tions. In such a case the differences in the properties will probably be large and it is
suggested, without proof, that stresses be resolved along the principal material axes and
failure probabilities be calculated for each direction individually, 1.e. it is assumed
that 1if the material is strongly anisotroplic, the failure probabllities in the principal
material directions are independent.

If the stress distribution or the material properties vary throughout the structural
caomponent, it can be assumed to consist of a large number of elements, each subjected to
a different, but uniform, stress. Then the previous expressions can be generalized to give
the fallure probability of the component as follows.

For elements subjected to uniaxial stresses only,

m
o-0
_ i - u
S =1 - exp ‘ :E [( 5, ) V] . (17)
For elements subjected to triaxial stresses,
S =1 - exp I-ZB| 1 (18)

where B is given by Equation (16), V is the individual element volume and the summations
are extended only to those elements of volume where they have positive values.

In practice we are interested only in very small values of S, such as 10'5 or 10'6, so

that we can write

S £ loge <1_is) .
Substituting into Equations (17) and (18) gives, respectively,

s-2 [(a ;oc“>m V] (19)

S= LB . (20)

If the component is subjected to a proof-test, resulting in a proof-stress distribution
expressed by %ps then Equations (19) and (20) become,

when @ and ¢p are both uniaxial strecses,

- s[5 - ]

o o
when oy and %px are maximum principal stresses in a triaxial stress system,

S = I(B (22)

o) " Bloyy))
These equations express the probability of failure S of a component subjected to a uniaxial
or triaxial stress distribution and having variabllity characteristics defined by m, ¢,
and 0, and subjected to a uniaxial or triaxial proof stress distribution which may be
different from the applied stresses. The equations also recognize that the material con-
stants may vary throughout the component, depending on temperature or other environmental
conditions.

In the application of brittle nonmetallic materials, it is customary to determine %he
material strength characteristics by conducting bending tests to failure on small, rec-
tangular cross-gsection bars. A four-point loading system is used, so that the center
portion of the bar is subjected to a constant bending moment.

Applying the Weilbull expression to this condition and considering, conservatively, only
the volume of material subjected to the maximum bending moment, gives the following
expression for failure probability:

- {m+1)
( op= o) ] l
14

where @y 1s the maximum bending stress. If N bars are tested and are arranged in order

of increasing failure stress, and if eopy 1s the fallure stress of the nth bar, as

Teasured in the test, then the failure probability corresponding to the fracture stress ®om
s

(23)




to
[N ]

Sn = FET (24)

Equations (17) and (18) can be used to determine the Weibull constants for the material.
To do this, Equation (17) is rewritten, for the nth test bar, as follows:

log log (I-%egh) + 1og o, = (m + 1) log ( %on au) + log (?TE!$'T)) - mlog Oq (25)

Equation (25) shows that a plot of the Weibull distribution function will be linear in a
system of rectangular coor linates in which 1log log [1/(1 - Sg)) + log 0,., i8 the
coordinate and log ( %y, - @,) the abscissa. The slope will be (m + 1) 89 the distribution
function in these coorggnate-.

A graphical method for determining the Weibull constants oy, m, and 05 1s presented in
Section 3.3.

3.3 PROCEDURE FOR THE DETERMINATION OF FAILURE PROBABILITY JF A BRITTLE COMPONENT
3.3.1 General

The procedure given i1s an analysis procedure, not a design procedure, and as such it
determines the probability of failure under a given applied stress distribution. Prob-
ability of failure for brittle materials is similar to ultimate strength for metallic
materials, and a safety factor or margin of safety can be expressed if u criterion express-
ing the required probability of failure is available. C(Clearly the procedure can be used
for design by repeated application in conjunction with adjustments of the design.

The procedure involves two steps: (1) the determination of material characteristics
from experimental data on small simple test bars exposed to a simple loading situation,
and (11) the application of these material characteristics to the determination of failure
probability. The material characteristics are the constants in the Weibull expression,
and must be determined separately for each environmental condition of interest. Such
conditions will generally involvc at least different temperatures.

The procedure covers the completely general case, in which the component may be of any
slze and shape, the applied stresses may have any ul-~tribution, and the proof test, 1if
used, may produce any stress distribution.

3.3.2 Determination of Weibull Parameters

(1) For each temperature or other environmental parameter of interest conduct four-~point
bending tests to fallure, on rectangular or square section test bars. To properly define
the material characteristics for each condition of interest, tho application of the
material must be considered.

(11) From the measured failure loads, determine the extreme fiber stresses at failure
using the simple bending siress formula / /
p/2 pP/2

Pa
"b'de
where O, 1s maximum bending stress at failure,
P is total applied load at failure,
a is dimension shown,
b 13 width of test bar,
d 1s depth of test bar,
A mcre refined expression for failure stress is given in Section 8.

(111) Determine, for each test specimen, the value of the terms

[log log (T_%_Eh) + log ’bn] and log Oyn

To facilitate the evaluation of 1log log [1/(1 - S,)) for test specimen groups of 10,
20, and 30, Table 3.1 is presented.:

(iv) Plot values of log 1log [1/(1 - Sp)) + log ©Opn against the corresponding
values of log Opp, . the resulting curve is a straight line, the material does not
have a finite zero strength @, . A concave downward curve indicates the material does
have a finite zero strength and a tentative value 1s taken for @, and 1log ( @, - o)
i1s calculated and the test data replotted. If the tentative value for e, is too
large the resulting curve will be concave upwards and csmaller values for @, must be
taken until the resulting curve approximates a straight line. At this point use the
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method of least squares to determine the slope of the straight line and the goodness of
fit of the test data to the straight line for values of o, above and below the graphically
determined value. Select the value for ¢, which gives the best fit of the test data go

a straight line. Having selected the best curve, compute m from

slope = (m + 1) .

(v) With ey and m established, o, 1is calculated from Equation (19), using the inter-
cept of the straight line on the ordinate and the volume of the test specimen which was
subjected to the applied stress. The value of the intercept is equated to
log [V/ (2(m + 1)“ - mlog ¢, and the equation solved for o0, .

Further details of the graphical method of determining oy, m and 05 may be found in
References 3.14, 3.15 and 3.16.

(vi) Repeat the above procedure for each environmental condition of interest.
3.3.3 Evaluation of Fallure Probability for a Structural Component
(1) Determine the distribution of principal stresses and temperature throughout the

component for the deslign condition of interest, and determine also the distribution of
principal) stresses for the selected proof test. Methods for determining these stresses

are given in Section U4,
(i1) Divide the component into elements, the size of each to be selected so that the
applied principal stresses and temperatures can be considered uniform, and equal to the

maximun values over the element. Orient the x, y and z axes for each element so that
oy is the maximum positive principal stress.

(111) Calculate, for each element, the following:
(a) If the meterial 1s isotropic, and the stresses are uniaxial
m m
c- o\ _ o, - 0, v .

[ %

(b} If the material i1s isotropic and the stresses are triaxial
B - B

[ (o) ( ‘bx)] e
m I

I( Oy= Oy= 0,

where B = KV ’x
=°)

and K =1/ com and the term in brackets is evaluated from Figures 3.2 to 3.6.

(c) If the material is strongly anistropic the stresses must be resolved in
the directions of the principal material axes and the following value
calculated for each dircction:

-4 (-4 \ (-] Y
=9 - =)
Go 00

where ©@,, 05 and m will have different values for the different directions.

(1v) Sum the above values over the entire component and the result is the failure
probability.

3.4 SAMPLE PROBLEM

An example of the method of computing failure probability of a structural component, as
defined in the previous section, is presented below. A relatively complex application
has been chosen in order to bring out all detalls of the method. The component selected
is a segment of wing leading edge of a 1lifting re-entry vehicle. Figure 3.7 shows this
segment schematically, together with principal dimensions and the integral lugs for attach-
ment to the wing structure. The leading edge is subjected to both aerodynamic loadings
and nonuniform heating which produces temperature gradients and thermal stresses. The
total stresses have been calculated by the methods described in Section 4 which involves
the division of the structural component into a number of small elements. Figure 3.8
shows the leading edge skin, developed into a flat plate, and 1t shows also the elements
which were used for the s%ress analysis, and which will be used for the fallure probability
analysis. The volune of each element, together with the average three principal stresses
acting at the center of ~ach element, are listed in Table 3.2. Figure 3.9 presents the
material properties m a oy as a function of temperature and appropriate values corres-
ponding to the temperatu:= ©f each element are listed in Table 3.2. The remalning material
constant @,, which 1g used in the calculation of K, has been assumed constant with the
value of 15,0 1b/in<., The calculations required by the previously described procedure

s i R

!
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are completed for each element in Tables 3.2 - 3.4 and summed to give a failure probability

of 0,010,
3 indicates a material with considerable variabilit,
of a peak stress of ov

In practice this value would be much too high.
r 11,000 1b/in

An m value of approximately
in mechanical properties, and the use

in a materi which has a mean strength of only

12,000 to 13,000 1b/in< would not be expected to lead to high reliability. Therefors,
for this particular example some modification of the design is indicated.
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TABLE 3.1

1
EVALUATION OF log log <T_:—3> FOR 10, 20 AND 30 SPECIMENS

n N = 30 N = 20 N = 10

1 -1.84645 -1.15703 -1.38307 r
2 -1,53812 =1.363) -1.05973

3 ~1.35451 -1.17380 -0.85017

4 -1.22183 -1.03851 -0.70709 "
5 -1.11694 -0.92795 -0.57965 ]
6 -1.02952 -0.83475 -0.46544 |
(] -0.05406 -0.75319 -0.35721 1
8 -0.88725 -0.68275 -0.24851 4
9 -0.82636 -0.61510 -0.13056 :
10 -0.77171 -0.55181 -0.01761 '
11 -0,72946 -0.49161 J
12 -0.67239 -0.43469 |
13 -0.62689 -0,37889

14 -0.58347 -0.32216
15 -0.54172 -0.,26469
16 -0,50128 -0,20648
17 -0.46185 -0.14329 1
18 -0.42314 -0.07488 !
19 -0.38487 0.00763
20 -0.,34677 0.12016

21 -0.30855 4
22 -0,26988
23 -0.23037
24 -0.18953
25 -0,14672
26 -0,10099
27 -0.05087
28 0.00624
29 0.07580

30 0.17381
N = Total number of specimens tested.
n Rank of specimen fracture stresses when arranged

in increasing order from 1 to N.
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TEMP

490
540
550
620
690
740
940
1275
1800
2210
2270
2300
2360
2240
2340
2160
2250
1790
1275
9L40
700
750
570
630
480
550
510
560
600
640
720
760
940
1275
1780
2120
2240
2190
2310

Ox

9300
11400
9750
T450

-1000
-3800
-3500
4300
6300
8800
6000
7600
5600
9200
8000
9700
5600

2900
5000
6700
8200
7000
9700
5400
7800
7000
10700
7000
9700
7200
8600
9700
7000
6300
3100
6000

SAMPLE PROBLEM

-1400
+1400
-2000
-1600

0O 0O 00 O0OOo

+3100

+4500
-1000
+300
-2000
=400

OO0 o0O0OO0OO0OO0OO0OC

-4000
-3350
=3000
-3000

TABLE 3.2

-4000
-4000
«2900
=-2000

-7100
11400
10300
-4300
-3600

=3000

-3600
-1000
-4600
-2000
-5600
-4000
-6000
-2600
-4200
-3600
- 3900
-2900
-2000
-5300
-5300
-4800
-7200
-4700
-T400
-4000
-4400
-5250
- 4450
-4000
-3100
-5850

N

2.02
2.03
2.03
2.05
2.06
2.08
2.16
2.38
3.00
3.85
4,07
4.18
4.45
3.97
4,35
3.72
4.0

2.96
2.38
2.16
2.06
2.08
2,04
2.05
2.02
2.03
2.02
2.03
2.04
2.05
2,07
2.09
2.16
2,38
2.95
3.62
3.97
3.80
4,22

(m-1)

ou

5960
5940
5930
5910
5900
5880
5800
5610
5700
4400
4280
4200
4os0
4350
4100
4510
4320
5120
5610
5800
5890
5880
5930
5900
5950
5930
5940
5930
5920
5900
5880
5870
5800
5610
5130
4600

4340

U450
4180

Fig. 3.9

oy/ oy

0.642
0.520
0.608
0.794
1.472
-5.88
-1.526
-1.602
1.187
0.700
0.487
0.700
0.534
0.775
0.44s5
0.565
0.446
0.915
@
@®
2.03
1.176
0.885
0.720
0.850
0.612
1.10
0.760
0.846
0.551
0.841
0.605
0.805
0.653
0.529
0.658
0.688
1.435
0.696

VOL.

0.0469
0.0469
0.0469
0.04359
0.0469
0.0469
0.1406
0.1406
0.1875
0.0937
0.0937
0.0703
0.0703
0.1170
0.1170
0.1562
0.1562
0.3125
0.234

0.234

0.0782
0.0782
0.0782
0.0782
0.0782
0.0782
0.0625
0.0625
0.0625
0.0625
0.0625
0.0625
0.1875
0.1875
0.250

0.125

0.125

0.0937
0.0937

Fig. 3.8



m
2.02
2.03
2,03
2,05
2,06
2.08
2,16
2.38
3.00
3.85
4,07
4,18
4,45
3.97
4.35
3.72
4.0
2.96
2.38
2.16
2.06
2.08
2,04
2.05
2.02
2.03
2.02
2.03
2.04
2.05
2.07
2,09
2.16
2,38
2.95
3.62
3.97
3.80
4,22

oy/ O
0.642
0.520
0.608
0.794
1.472
-5.88
-1.526
-1.602
1.187
0.700
0.487
0.700
0.534
0.775
0.445
0.565
0.446
0.915
00

o0
2,03
1.176
0.885
0.720
0.850
0.612
1.10
0.760
0.846
0.551
0.841
0.605
0.805
0.653
0.529
0.€58
0.688
1.435
0.696

TABLE 3.3

SAMPLE PROBLEM

o&/ L
-0.1506
0.1228
=0.205
-0.215

0.592
-0.1781

0.0326
-0.250
-0.,0413

0
-Q0
=00

0

0
-0.1492
-0.122
-0.286
-0.103

O OO 00 O0OOo

=0.572
-0.532
-0.967
=0.50

0,/ o,
-0.430
-0.351
-0.29
-0.268
-1.0
-7.1
-3.0
-2.94
-1.0
=0.5T1

o]
=0.50

0
-0.643
-0,1089
-0.575
-0,206
-1.0
=0
-0
-0.897
=0.840
-0.538
-0.475
-0.415
-0.206
-0.982
-0.680
-0.685
-0.672
=0.671
-0.763
=0.555
-0.512
-0.540
-0.635
-0.635
=1.00
-0.975

0.007
0.0246
0.00291
0.00832
0.00066
0.00831
0.029
0.057
0.0031
0

o

(0

0
0.0074
0.041
0.0085
0.116

()

0.025
0.0078
0.150
0.0105
0.1002
0.0138
0.0157
0.101
0.0646
0.00266
0
0.00226

Fig.
3.2 to 3.6

(o)
2.47
2.45
2.45
2.43
2.43
2.42
2,36
2.20
1.78
1.44
1.37
1.33
1.26
1.39
1.28
1.48
1.39
1.8
2.20
2.36
2.43
2.42
2.44
2.43
2.47
2.45
2.47
2.45
2.44
2.43
2.42
2.4
.35
2.20
1.80
1.50
1.39
1.45
1.31

23

I/I(o)
0.0323
0.0886
0.0420
0.00563
0

o

0

0

0
0.00486
0.01796
0.00219
0.00660
0.000475
0.00649
0.01958
0.0410
0.001711
0

0

0

0
0.00303
0.01687
0.00344
0.0473
0
0.0102
0.0032
0.0617
0.00434
0.0416
0.00586
0.00714
0.0560
0.04307
0.001911
0

0.001723

27
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ELEM

U w Ww

o Oy @

FrPFLLWWWWWWW
CDO{.»O-'O&OOOO
wm O n

\n
(e}
2

5.18
5.45
4.97
5.35
b,72
5.00
3.96
3.38
3.16
3.06
3.08
3.04
3.05
3.02
3.03
3.02
3.03
3.04
3.05
3.07
3.09
3.16
3.38
3.95
4.62
4.97
4.80
5.22

Fig.
3.9

0.0469
0.0469
0.0469
0.0469
0.0469
0.0469
0.1406
0.1406
0.1875
0.0937
0.0937
0.0703
0.0703
0.1170
0.1170
0.1562
0.1562
0.3125
0.234

0.234

0.0782
0.0782
0.0782
0.0782
0.0782
0.0782
0.0625
0.0625
0.0625
0.0625
0.0625
0.0625
0.1875
0.1875
0.250

0.125

0.125

0.0937
0.0937

TABLE 3.4

SAMPLE PROBLEM

9300
11400
9750
7450
4000
-1000
-3800
-3500
4300
6300
8800
6000
7600
5600
9200
8000
9700
5600

2900
5000
6700
8200
7000
9700
5400
7800
7000
10700
7020
9700
7200
8600
9700
7000
6300
3100
6000

o

'X/ 00

0.620
0.760
0.650
0.497
0.267
0

o]

0

0.287
0.420
0.587
0.400
0.507
0.373
0.613
0.533
0.646
0.373

0.193
0.333
0.447
0.547
0.467
0.647
0.360
0.520
0.466
0.713
0.466
0.647
0.480
0.573
0.647
0.466
0.420
0.207
6.400

15,000

(o/ )"

0.235
0.4k40
0.275
0.120
0.019
0

0

0

0.007
0.015
0.067
0.009
0.027
0.007
0.072
0.051
0.110
0.018

0.007
0.032
0.790
0.160
0.105
0.270
0.046
0.140
0.100
C.350
0.100
0.260
0.100
0.150
0.180
0.030
0.013
0.0005
0.009

I/I(o) 81
0.0323 0.000356
0.0886 0.001828
0.0420 0.000541
0.0056 0.000031
(o] (o]
(o] (o]
(o] o]
(o] (o]
(o] o]
0.0049 0.000006
0.0180 0.000113
0.0022 0.000001
0.0066 0.000012
0.0005 0.0000004
0.0065 0.000054
0.0196 0.000156
0.0410 0.000704
0.0017 0.000009
(o] o]
o) 0
(o] (o]
(o] (o]
0.0030 0.000021
0.0169 0,000211
0.0034 Vv ,.000027
0.04T3 0.000998
(o] 0
0.0102 0.000089
0.0032 0.000020
0.0617 0.001349
0.0043 0.000026
0.0416 0.000676
0.0059 0.000110
0.0071 0.000199
0.0560 0.002520
0.0431 0.000161
0.0019 0,000003
(o] (o]
0.0017 0.000001
Z = 0,010234
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4(a)

04/0y = 0.0, 0.2 and 0.4

l(ou-ay.ol.o) = 0.966
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4. STRESS ANALYSIS METHODS

4,1 INTRODUCTION

The importance, in brittle material design, of detecting the maximum stresses in a
component, regardless of how localized they might be, has alresdy been emphasized, as
has the corresponding need for a sophisticated stress analysis. The limitations of con-
ventional analysis methods, as used by stress analysts and structural designers, has also
been reviewed briefly in Section 2. In the past the practice was to supplement conven-
tional theory with local correction factoras determined by application of the Theory of
Elasticity. The latter is very powerful where it can be used, but unfortunately its
dpplications are limited, by matheuav!cal complexity, to applicetions of simple geometry.
fortunately, the errors in the app.ication of simple theory are local e”fects, removed
from the general complexity of the structure, and consequently elastic theory is, in fact,
very useful.

In recent years a very powerful stress analysis method, the finite element method, has
been evolved. This technique divides the structure into large numbers of simple elements,
each of which can be analyzed quite easily. Coupling these elements together, with the
requirements of equilibrium and strain compatibility, produces very large numbers of
equations which must be solved simultaneously for the unknown 3tresses or displacements,
The modern computer has made the solutiocn of such equations a practical proposition. The
finite element method offers the avllity to handle very complex ~tructures and complex
loading situations, but 1t is not convenient for general studies, and it does require
elaborate computational equipment. Fortunately, the latter is now avallable at most
organizations conducting sophisticated engineering work.

In this Section useful material for the designer 1s presented on both methods and in
both cases the data is oriented towards the particular situations expected to occur in
designing with brittle materials. The 'corrected" simple theory approach is included
for the benefit of organizations that do not possess computational equipment, and also
because the method 1s particularly useful for preliminary design, cptimization studies,
etc. The finite element apprcach 1s included becaus> 1t is a necessity for good design
with brittle materials.

4.2 CONVENTIONAL STRESS ANALYSIS THEORY

The engineer's theory of bending, which 1s stil. an important practical tool of struc-
tural analysis and design, 1s concerned with the prediction of stresses in a structure,
but under a number of very simplifying assumptions. The principal assumptions are: i

a) Sections through the beam which are plane before application of the bending moment
remain plane as the beam strains.

b) The structure is of ccnstant cross section.

c) The material 1s isotropic and elastic, with direct proportionality between stress
and strain.

d) The structure is subjected to a constant bending moment along its length.

In applications where these assumptions are seriously violated, the only recourse, prior
to the advent of the finite element methods of analysis which are to be discuased later,
was to use the theory of elasticity. While thlis theory produces accurate results it is
limited, by mathematical complexity, to situations involving relatively simple geometry.
Fortunately, the assumptions made in the engineer's theory geuerally result in localized
errors in the stress distribution. Practical engineering practice therefore uses elastic
theory to examine these local effects, which are removed from the general geometric
complexity of the structure, and to produce correction factors to be spplied to the
stresses predicted by simple theory. The usefulness of this practice varies with applica-
tion, and in this sub-section as much assistance as possible will be given in following
the practice as it applies to anticipated brittle material airframe compnnents.

As has been mentioned elsewhere in this Handbook, brittle materials w!ll probably be
used in airframe structures in relatively small elements as a result of limitations
imposed by manufacturing methods. Consequently, the components are likely to be rela-
tively short compared with their cross-sectional dimensions. The assumption that plane
sections remain plane is frequently violated at free ends and a situation of particular
significance in comporiants intended for elevated temperature applications results from
thermal stress effects. Thermal stresses produced by temperature gradients through the
cross section of a beam produce a self-balancing system and thelir magnitudes are easily
calculated from conditions of equilibrium and the assumption of plane sections. However,
these stresses must reduce the zero at a free end of the beam, even though the temperature
gradients do not. As a result warpage of the beam cross section occurs and the local
stresses are not predicted by simple theory.

During high speed flight aerodynamic heating conditions vary as velocity, altitude, and
vehlcle attitude vary. 1In a typical beam-like structural component temperature gradients
will be produced throughout the cross section but, assuming a constant croass section,
these gradients will be constant at each station along the beam, Thermal stresses can be
easily determined as already discussed. However, hri’tle material componunts are likely
to contaln integral transverse ribs and stiffening members, and local attachment lugn,
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The importance, in brittle material design, of detecting the maximum stresses in a
component, regardless of how localized they might be, has already been emphasized, as
has the corresponding need for & sophisticated stress analysis. The limitations of cone
ventional analysis methods, as used by stress analysts and structural designers, has also
been reviewed briefly in Section 2, In the past the practice was to supplement conven-
tional theory with local correction factors determined by application of the Theory of
Elasticity. The latter is very powerful where it can be used, but unfortunately its
applications are limited, by mathematical complexity, to applications of simple geometry.
Fortunately, the errors in the application of simple theory are local effects, removed
from the general cocmplexity of the structure, and consequently elastic theory 1s, in fact,
very useful,

In recent years a very powerful stress analysis method, the finite element method, has
been evolved. This technique divides the structure into large numbers of simple elements,
each of which can be analyzed quite easily. Coupling these elements together, with the
requirements of equilibrium and strain compatibility, produces very large numbers of
equations which must be solved simultaneously for the unknown stresses or displacements.
The modern computer has made the solution of such equations a practical proposition. The
finite clement method offers the ability to handle very complex structures and complex
loading situations, but it 18 not convenient for general studies, and it does require
elaborate computational equipment. Fortunately, the latter is now available at most
organizations conducting sophisticated engineerirg work.

In this Section useful material for the designer is presented on both methods and in
both cases the data is oriented towards the particular situations expected to occur in
designing with brittle materials, The 'corrected" simple thecry approach is included
for the benefit of organizations that do not possess computational equipment, and also
because the method i1cs particularly useful for preliminary design, optimization studies,
etc. The finite element approach 1s included because it is a necessity for good design
with brittle materials.

4,2 CONVENTIONAL STRESS ANALYSIS THEORY
The engineer's theory of bending, which is still an important practical tool of struc-

tural analysis and design, is concerned with the prediction of stresses in a structure,
but under a number of very simplifying assumptions. The principal assumptions are;

‘,

a) 3cctions through the beam which are plane before application of the bending moment
remain plane as the beam strains.

b) The structure is of constant cross section,

c) The material is isotropic and elastic, with direct proportionality between stress
and strain.

d) The structure is subjected to a constant bending moment along its length.

In applications where these assumptions are seriously violated, the only recourse, prior
to the advent of the finite element methods of analysis which are to be discussed later,
was to use the theory of clasticity. While this theory produces accurate results it is
limited, by mathematical complexity, to situations involving relatively simple geometry.
Fortunately, the assumptions made in the engineer's theory generally result in localized
errors in the stress distribution. Practical engineering practice therefore uses elastic
theory to examine these local effects, which are removed from the general gzimetric
complexity of the structure, and to produce correction factors to be applied to the
stresses predicted by simple theory. The usefulness of this practice varies with applica-
tion, and in this sub-section as much assistance as possible will be given in following
the practice as it applies to anticipated brittle material airframe components.

As has been mentioned elsewhere in this Handbook, brittle materials will probably be
used in airfraie structures in relatively small elements as a result of limitations
imposed by manufacturing methods. Consequently, the components are likely to be rela-
tively short compared with their cross-sectional dimensions. The assumption that plane
sections remair plane 1s frequently violated at free ends and a situation of particular
significance in componants intended for elevated temperature applications results from
thermal stress effects., Thermal strecses produced by temperature gradients through the
cross section of a beam produce a self-balancing system and their magnitudes are easily
calculated from conditions of equilit—-ium and the sssumption of plane sections. However,
thece stresses must reduce the zero a. a free end of the beam, even though the temperature
gradients do not. As a result warpage of the beam cross section occurs and the local
stresses are not predicted by simple theory.

During high speed flight aerodynamic heating conditions vary as veloclty, altitude, and
vehicle attitude vary. 1In s typlical beam-like structural component temperature gradients
will be produced throughout the cross section but, assuming a constant cross sectio:,
these gradlents wlll be constant at each station along the beam. Thermal stresses can be
easlly determined as already discussed. However, brittle material components are likely
to contain integral transverse ribs and stiffening members, and local attachment lugs,
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all of which represent heat sinks which disturb the general temperature distribution.
Discontinuities in temperature may also be produced where adjacent components ovcrlap,
80 that part of each component is shielded from direct exposure to aerodynamic heat.
This situation occurs, for instance, in ceramic heat shields the edges of which overlap
to produce a seal, while still accommodating thermal expansion.

These discontinuities in temperature may also produce cross-section warpage and hence
violation of assumption (a), and local stresses not computed by simple theory.

Another important temperature discontinuity effect which can be anticipated in ceramic
components, will occur where integral lugs are provided on surface structures, such as
heat shields, for attachment to the sub-structure. Such lugs provide a local heat sink
which produces radial temperature gradients in the surface structure during trunsient
heating phases of flight.

One other important situation in which accurate stresses are not predicted by simple
bending theory occurs in the region of concentrated loads. In ceramlic airframe components
these situations will occur where such components are attached to the subestructure and
where provision is made for attachment of adjacent structural elements. Proviesion for
attachment of & ceramic component will generally be made by some type of lug, integral
with the component. With this arrangement the load 1s introduced more or less at a p.int
and the distribution does not match the normal distribution of shear across the section
of the beam., Readjustment of the shear distribution occurs with local modification of
the bending stresses.

A similar situation occurs in plate-like surface structures, subjected to aerodynamic
pressure loadings and attached to the sub-structure at local points.

Appropriate methods of load introduction into a ceramic component include integral
stiffeners across the beam, reinforced and unreinforced holes in the beam with pins, 1load
pads on the beam caps, etc. Since none of these arrangements introduce shear in accord-
ance with the requirements of the plane strain assumption, local "correction" stresses
are created. Typical quantitative data is given later.

Similarly, the introduction of concentrated loads into surface structures will be made
either by integral supports, or holes will be provided for a mechanical attachment.

The second assumption, of a constant cross-section, will be violated in many applica-
tions. Gradual changes in cross-section, such as are produced by the typical taper in
wings, fuselages, etc., are not significant in d4sturbing the stress distribution pre-
dicted by simple theory, but significant eff:cts will result from abrupt and local
cross-sectional changes caused by integra’ ribs, stiffeners, load application members,
holes, cutouts, etc. Such effects will require the use of fillets which will reduce but
not eliminate the resulting stress peaks. |

The effects resulting from an abrupt change of cross-section are generally very locallzed
and can be treated reasonably well by studying stress concentration effects using the
theory of elasticity. Data convenient for the design of brittle atructures is given j
later.

Assumption (c) is not & cause for corrective factors in brittle material atructures,
The materials are likely to be very elastic and isotropic, perhaps to a greater degree i
than typical metallic materials, and so the assumption is valid. :

‘%

Assumption (d) is generally valid in detemmining the stresses at a given cross-section.
Neglect of the rate of change of bending moment implies neglect of shear and for ceramic
materials the deflections and deformaticns due to shear are likely to be very small
compared with deflections due to bending. An exception may occur in beams which are very |
short compared with cross-sectional dimensions; say less than twice the major cross- !
sectional dimension. Corrections for this effect are chiefly corrections to deflections; .
the stress modifications due to a short beam are primarily those due to end effects and §
concentrated load application, and are covered under assumption (a).

In the following sub-section all of the above '"correction" effects are re-examined
quantitatively and, where possible, useful numerical data, i1s given. This date is
generally limited to simple geometric situations since it has 1ts basis in elastic theory.
Where, as a consequence, it cannot be used directly, however, it may still be useful as
a guide. Much of the data presented is taken from the literature but with modifications
and extension to make it more convenient for the needs of the designer working with
brittle materials.

4.3 CORRECTIONS TO BENDING THEORY
a) End Effects from Thermal Stresses

This problem is one of a broad class of problems, often referred to as "shear lag"
problems, which are concerned with the diffusion of stresses from material which ends, at
some station, as a free edge. The shear lag problem is typically encountered in airframe
shell structures where wing surfaces are cut for engines, landing gear or the fuselage,
and where fuselage surfaces are cut for doors, windows, etc., In these cases the usual
construction is thin sheet with longitudinal stiffeners. A useful general study can be
made by treating the problem as a two-dimensional flat plate problem &#nd studying the
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diffusion of stress from the cut stiffeners and sheet into the continuous stiffeners and
sheet. Typical examples are given in Reference 4.1, and useful generalized charts for
the design of structures on this simplified basis, are given in Reference 4.2.

More generally the brittle material components of interest will not be flat (e.g.
leading edge segments) and the modified thermal stress distribution due to free ends
becomes a complex function of geometry. Such a case 1s not treatable in generalized
design chart nor can such a problem even be solved by other than finite element analysis.
Even the solution of the problem for very simple geometric shapes is extremely difficult
and has only been accomplished for a few specific stress distributions.

Reference 4.3 studies the problem of rectangular strips subjected to a self-balancing
axial stress distribution applied at the free ends. Two stress distributions across the
width of the strip, are given. These results can be used to determine the stresses near
the ends of a rectangular strip subjected to two particular temperature distributions.
Since, despite their limited scope, such data maz provide useful guidance in more complex
situations, the information is given in Figures 4.1 and 4.2, Similar results are given
for a solid cylinder (based on Reference 4.U) in Figure 4.3, Figure 4.4 gives the
thermal stresses in & longitudinally stiffened plate with free ends, and is appropriate
for small stiffened surface panels, which may form an application for refractory non-
metallic materials in very high temperature structures. The case given involves the
minimum of only three stiffeners. Figures 4.1 and 4.2 represent the other extreme since
they can apply to the case of an infinite number of stiffeners.

It 1s important to note, for design purposes, that at no point, for the cases given,
do the stresses exceed the values that would be calculated by simple theory, for stations {
distant from the free end. However, the generality of this statement for other tempera-
ture distributions and for much more complex shapes, is not kuown.

b) Temperature Discontinuities

Again this problem is very dependent on geometry so that the only general solutions
available are those concerned with simple geometric shapes. Even so the analxuis is very
complex. Solutions for a rectangular strip have been developed in Reference 4.5 and some
useful design curves are given in Figure 4.5. More complex temperature effects may be
obtained by superposition. The stresses shown are for conditions of plane stress, appro-
priate to a very thin strip. For the plane strain case the values should be multiplied
by 1/(1-4). Note also that the stresses are reduced as the temperature discontinuity
approaches the free edge. Typically the levels are reduced about 30% when the origin of
the x and y axes 18 at a distance of 0.4b from the free edge.

Figure 4.6 gives thermal stresses in a plate, such as might arise locally in plate-
like ceramic surface structures due to attachment to a cool substructure. Such an attach-
ment represents a heat sink which produces a reduced temperature in the plate at the point
of attachment. Conduction in the plate then produces temperature gradients radially
from the attachment point. Since the attachment represents a "cold" spot, these temper-
ature gradients will produce tensile thermal stresses.

Figure 4.6 gives data for three cases of practical interest. Case 1 is a hole in a
plate where the edge of thie hole, of radius a, is maintained at temperature AT below the
temperature of the plate. This case simulates the situation when the plate is attached
by a metal bolt, or other mechanical fastening.

Case 3 assumes, on the other hand, that the attachment is made through a ceramic post,
fabricated integrally with the panel. The post is of radius a, and is held at a temper-
ature AT below the panel. In this case the integral post applies constraints to the
thermal deformations which modify the thermal stresses.

Case 2 assumes a uniform thickness plate, without a hole or post and might represent
a clamped or brazed attachment.

¢) Concentrated Loads

At the point where concentrated loads are applied to & beam,disturbances in the
*simple" stress distribution occur if the load is not applied in a manner which matches
the internal distribution of shear in the beam. In general this will not be the case;
the distribution of the applied load will be dependent on the geometry and stiffness of
the local structure through which the load is transmitted anc of the local geometry of
the beam. This dependence on geometry again prevents simple or general solutions but
results for some specific simple cares are given in Figures 4.7 through 4.10. These
cases have been selected as representative of practical methods of introducing loads
into beams or plates. y

Figure 4.7 gives the local stresses in a simple rectangular cross-section beam near
a concentrated load applied to the upper surface. These local stresses are to be added
to the bending stresses calculated by simple theory. Figure 4.7 is based on results
glven in Reference 4.6. It should be noted that these local stresses are negligible at
a distance from the point of load application equal to the depth of the beam.

Figure 4,7 assumes the load applied at an infinitesimally small point so that
immediately under the load the stresses are infinite. 1In fact, such stresses are modified
by local deformations of the beam surface and the surface of the load application device,
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80 that the contact area is, in fact, finite. Figure 4.8 gives local stresses immediately
under the load and should be used instead of Figure 4,7 for distances of approximately
26, Figure 4.8 is based on data given in Reference 4.6,

Figure 4.9 gives the local stresses, to be superimposed on streased calculated from
simple theory, if the load is applied at a hole, typical.-of a mechanical attachment.
Figure 4.9 is calculated using & stress function given in Reference 4.6 and assumen an
infinite plate. 1Its application to a beam having finite boundaries will therefore intro-
duce errors unless, a: is typically the cace, the hole is small compared with the beam
depth,

Again Figure 4.9 gives infinite stresses immediately under thn load because it assumes
a zero area of contact. Corrections can be obtained from Figure 4.8 for the effect of a
pin of finite size, used to apply the load. In the preparation of Figure 4.8, it is
assumed that the pin will normally be a reasonably close fi:, in the ho.o, although not a
perfect fit. Accordingly, Figure 4.9 is conveniently exprassed in terms of the tolerance
between the hole and pin diameters.

In ceramic structures integral lugs may be provided for load application to a beam
and Figure 4.10 gives local stresses to be superimposed on bending stresses calculated by
simple theory, where this is the case. Agein Figure 4.10, (based on relationships given
in Reference 5.6) is given for an infinite plate and is therefore most appropriate when
the lug is remote from the boundaries of the beam. The relationships given in Figure 4.10
are also determined for a point load and accordingly approach infinity as the radius r
approaches zero. It is therefore recommended that the minimum value of r be the radius
of the load application lug. Very local effects due to the sudden change of cross-section
at such a lug are not known.

The use of ceramic materials in plate-like surface structures, as heat shlelds, has
been mentioned. Such structural elements will be subject to normal pressure loadings,
and will probably be attached to the substructure by integral 1lugs, located at discreet
points. Such lugs introduce concentrated reactions normal to the plate surface. Analyti-
cal expressions for a large number of cases of plates under normal loading are given in
Reference 4,7. A case which, it is believed, will have general application to ceramic
surface structures has been evaluated numerically and the results are given in Figure 4.11.

Figure 4.11 gives bending moments for a circular plate under pressure on a central
support. The material is assumed to have a gy of 0.3 and it 1s further assumed that
the diameter of the support 1s small compared with the diameter of the plate. (b < .05a)
It is believed, without proof, that this data should give approximate results for the
bending moments near supports for a large plate on many supports.

d) Stress Concentrations at Changes of Cross-Section

Typlcal stress concentration factor data for notches and fillets in flat and round
bars, subject to 1xial load and moment, are given in Figures 4.1 through 4.16. These
figures are arranged with a basic chart (Figure 4.1) appropriate to small notches and
fillets, supplemented by additional corrections factors for large and deep notches and
fillets anﬂ ;lso for elliptical fillets. The data have been assembled based on
Reference 4.2,

Details of the stress distributions at fillets, such as are required for failure
probability assessment, are not given, but appropriate data is given in Section 7.

Figures 4.16 through 4.19 give data on the effects of holes and the material is
sufficiently general to cover the effect of hole reinfoircement, the effect of hole shape
and the effect of an adjacent boundary. The method of using the curves is self-evident.
Data for these curves have been taken from Reference 4.2,

Flgures 4.20 and 4.21 give data useful in the design of tension fittings, while
Figure 4.22 give stress concentration data for the design of tension lugs. Such lugs
are shown on Figure 4.22 in two forms; with a square end, which is formm used for the
analytical and experimental work on which the figure is based, and with a round end,
which is the torm generally encountered in practice. Reference 4.8 indicates little
difference in maximum lug stresses, be:ween these two forms. Note that Figure 4,22,
which 1s based on Reference 4.8, includes some effect of clearance between pin and hole.
Reference 4.8 indicates that clearance has 1ittle effect on the stress at the side of
the hole for 4/D € 0.5 but that the effects of clearance are important when d/D » 0.5 and
for maximum stresses at all values of d/D. Data for d/D » 0.5 is limited and Figure 4.22
should be considered as indicating trends.

bos FINITE ELEMENT METHODS OF STRESS ANALYSIS
hokol General Concepts

The finite element analysis technique is a sophisticated numerical method which permits
the generation of approximate solutions for the deformation, intirnal loading and other
behavioral characteristics of complex structures under a variety of external loading or
stimuli. Tn employing finite element methods, the geometry of the actual physical struc-
ture under consideration, which may be either i continuous system or a combination of
discrete components, is mathematically approximated by replacing it with a large number
of interconnected structural elements with simple geometric forms. Examples of such
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elements are flat or curved plates of quadrilateral or triangular shape, beums, bars,
conical or cylindrical rings and solid parallelipipeds. For these elements energy
rinciples are used to determine approximate numerical relationships between elemental
goundlry forves and specified nodal displacements. These relationships, which are usually
derived through the use of assumed forms of stress and/or displacement distributions
within the individual elements, are expressed as stiffnecs, flexibility, moss and loading
matrices, Through imposition of interelement compatibility and equilibrium conditions,
behavioral mutrices for the total structural system are generated by simple linear
combinative assembly of the individual elemental matrices. After specification of the
structural boundary conditions and applied loads, the characteristic structural stiffness
or flexibility matrix can be solved directly using matrix algebra for the unknown displace-
ments or forces on the element boundaries, Once the element edge displacements or forces
are obtained, use of the a sumed distribution polynomials for displacements or forces in
the interior of the elements allows the calculation of stress and strain magnitudes
through application of the material strain-displacement and stress-strain laws. Thus,
the finite element technique allows complex structural analysis problems to be solved by
providing an approximation to the actual structural geometry and utillizing plece-w.se
continuous approximations to the forces, displacements, stresses and strains in the
model. The accuracy of the solutions obtained from a finite element analysis is a
function of level of sophistication of the assumed element behavior and the degree to
which interelement compatibility and equilibrium conditions are capable of satisfaction
with this given element behavior. 1In theory as the element is reduced to infinitesimal
size, the idealized model approaches the actual structure and solutions become exact.

In essence two parallel or related methods are currently used for finite element
analysis--the force and displacement formulations. In the force or flexibility method,
interelement forces are the unknowns, and the basic building blocks are element flexibllity
matrices. A master set of compatibility equations 1s assembled using equilibrium condi-
tions. The displacement or stiffness method uses elemental stiffness matrices., These
are assembled, using compatitility conditions, into a set of equilibrium equations which
are then solved for the unknown displacements. Although both approaches have been used
for the development of structural analysls programs, the range of elements available in
force method programs is relatively limited and does not extend to the types of solid
elements required for brittle material work.

The principal features of the finite element method of stress analysis, and particularly
the displacement approach, include 1ts versatility with respect to practical structures
with complex geometry and complex, multiple loading conditions, and its amenability to
development in the form of a highly automated computer program.

The input data to such a program consists simply of a geometric description of the
structure, the material properties, specified loads, and a definition of the elements
which constitute the analytical model. This information is directly referred to the
portion of the program containing the library of finite element formulations, which must
contain a sufficient number of different types of elements to properly represent the range
of situations encountered in the structure to be analyzed.

Once the pertinent element formulations have been drawn from the library and numerically
evaluated for each element of the structure under analysis, the next operation is to
develop and solve the systems of equations which describe the behavior of the total
structure. The element formulations are combined in an automatic procedure to yield the
desired equations and solution is accomplished through the use of the more efficient of
the many mathematical subroutines avallable. The displacements are solved for in this
manner and then back substituted into the element formulations to obtain the internal
stress distribution.

Typically che printout of the solution consists of a list of the predicted displacements
of the Joirts which connect the elements, the state of stress within each element, and
the reactions on the boundary of the structure. Various checks are also built into the
program and are printed out, to assess the validity of the results. Depending on the
sophistication of the program it is possible to include the determination of principal
stresses and to develop appropriate graphical output.

Loke2 General Purpose and Special Purpose Programs

Following the general lines described above finite element analysis programs have been
developed both on a very large scale, involving very broad capabilities, and as special
programs of limited capability but with the ability to solve particular problems in the
most expeditious manner. There are many special purpose programs available or under
development and a good review of these is given in Reference 4.9, None of these seem to
be particularly suitable for structures constructed from brittle materials however,
because the latter require "three-dimensional" elements. Typical ceramic structural
elements will have relatively thick walls, requiring consideration of stresses through
the wall thickness and requiring in turn, finite elements with this capability.

Since a number of excellent general purpose programs, with capabilities appropriate for
the analysis of brittle material structures, are avallable any organization requiring
the capability would be advised to use one of these, rather than to attempt to develop
new, speclal purpose programs.

The most important advantages of a general nurpose program, if an existing, fully
developed program is used, lle in the many special features which are available, and

i
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which cannot be justified in a special purpose program. For example, preprinted input
data forms, extensive internal libraries of material property data, options for such
things as transforming material axes to accommodate arbitrary axes of orthotropy, grid
point axis transformations to account for irregular boundary conditions, eccentric
connection transformations for realistic modeling of frame joints and shell stiffeners,
etc., Additionally, spscial purpose programs frequently encounter d.fficulties such as
machine storage capacity that must be avoided rather than summounted in view of the

limited applicabllity of the program.

General purpose programs also Justify adequate dncumentation, suitable for general
usage, thus facilitating the training of personnel in program use. Efficiencies also
often result from the avoidance of manual transfer of data, with its potential for
errors, between special purpose or single step prograns. The integration of heat conduc-
tion and thermal stress analyses within a single program is an example,

On the other hand, special purpose programs which are developed for the analysis of a
very restricted class of problems will generally be much more efficient in operation
than the immensely sophisticated general purpose programs. This increase in operational
efficiency, which results from the elimination of logic and programming associated with
the many options of the general purpose program, is only gained at the cost of the
development effort of the superfast special program. 1In deciding whether to use an
existing program with its higher ocperational cost or to develop a special purpose
program consideration must be given to the tradeoff between the factors of cost and
time., If a great number of analyses of a limited class of structures is desired, the
reduction in operating costs over a period will probably offset the expense of developing
& relatively simple special program. If a more general capability is required, the most
economical procedure would be to use one of the avallable existing general purpose
programs with suitable finite elements in the library.

bobel Capablilities of Avallable General Purpose Finite Element Computer Programs

. In addition to speclal purpose finite element programs, there are presently available
a number of "general purpose" programs as well. General purpose being loosely defined

as follows:
a) A versatile finite element library.
b) A complete set of element matrices to support each finite element representation.
c) Large scale problem solving capability.
d) Applicable to a wide variety of structural classes.
e) Machine independent.

f) Available computational procedures to support required analyses,i.e. displacement,
stress, stabllity, vibration, etc.

g) User oriented, as reflected by ease of input and straight-forward interpretation
of output.

h) Powerful matrix abstraction capability.

A convenient summary of programs meeting some or all of these requirements is presented
in Reference 4.10.

The avallability of general purpose programs suitable for the analysis of brittle
material structures, which inherently exhibit three-dimensional states of stress, is
limited. Three of the programs which are available (either free upon request or by
purchase) are as follows:

NASTRAN - NASA General Purpose Program tor Structural Analysis
MAGIC - Matrix Analysis via Generative and Interpretive Computations
ASKA - Automatic System for Kinematic Analysis

These three programs are described briefly below., The selection of a program for
implementation as a permanent structural analysis capabllity requires a detailed
examination of the characteristics and features of the avallable programs with respect
to the total analysis requirements and the available computer facilities. It is not
appropriate to include:in a handbook sufficient information for this purpose, but
appropriate references are given.

NASTRAN

NASTRAN 1s described in detail in Reference 4,11, It is a large scale structural
analysis program developed for the NASA, with great versatility and filexibility. It ic
capable of carrying out analyses of tne static response to concentrated and distributed
loads, to thermal expansion, and enforced deformation. It will also carry out an elastic
stabllity analysis, and analysis of dynamic response to transient loads, steady state
sinusoidal ioads and random excitation. It will determine real and complex elgenvalues
for use in vibration analysis and flutter, and it will conduct a dynamic stability analy-i
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Limitations on the size of problem are only those imposed by running time and by the
ultimate capacity of auxiliary storage devices. It 1s not bounded by core size.

The finite elements included in the program are rods, beama, shear panels, triangular
and quadrilateral plates with both membrane and bending stiffness and anisotropic
material properties, conical shell elements,doubly curved axisymmetric shell elements
and triangular and trapezoldal cross-section ring elements. Apart from the triangular
and trapezoidal ring elements, these elements are not particularly suitable for analysis
of thick walled, ceramic structures., However, NASTRAN 1ls designed so thut other elements
can be incorporated and element derivations for elements more suited to brittle material
structures are available in the literature. They will be discussed later. Actual
experience with NASVYRAN has shown that the incorporation of new elcments 1s, in fact,
quite difficult.

NASTRAN is designed for use with essentially any computer. It 1s a modular program
g0 that it may be updated by revamping within a module without modifying external appear-
ance. It ie, in fact, intended by NASA to update the capability periodically.

The program 1s designed with simple input deck preparation and to minimize chances for
human error in problem preparation. For the same reasons the need for manual intervention
during program execution has been minimized.

The program contains a curve plotter routine that will generate graphs of response
quantities as functions of frequency or time, as appropriate, The plotter includes
logarithmic scales and will provide titles, axis labeling, etc.

Structure plotting is also avallable as an ald to visuellzing the shapes of geometric-
ally complex structures, the buckling and vibration modes, deflected structural shapes,
etc. These plots can be presented in orthographlc, perspective or stereoscopic projection.

The program also has restart capability, essential for the economic running of large
problems, and all aspects are well documented for maximum visibility.

NASTRAN is coded completely in double precision with the exception of element stress
calculetions. This feature, although designed to minimize errors associated with round-
off, etc., has in some cases led to unnecessarily long execution times, especially on
computers where double precision 1s not required.

In addition, the lack of a complete finite element library (no solid slements) as well
as the lack of a complete library of element matrices (work equivalent pressure loads,
flexural thermal load matrices) have 1limited the programs use in some cases.

NASTRAN 18 available for purchase, along with appropriate documentation from Computer
Software Management and Information Center (COSMIC), University of Georgia.

MAGIC

The MAGIC System ‘for Structural Analysis 1s described in detall in References 4.12,
4,13 and 4.14., The MAGIC System and NASTRAN are similar in many respects so that this
discussion will be concerned primarily with the differences., MASIC is generally similar
in size and scope to NASTRAN but with, on the one hand, a more sophisticated set of
finite element representations and on the other somewhat less versatility ir the area
of forced dynamic response calculations. As with NASTRAN, MAQIC is under continuing
development.

.

The elements presently included in MAGIC II are the frame element, axial force member,
quadrilateral shear panel, companion interelement compatible quadrilaterul and trie-
angular thin shell elements of zero curvature, triangular cross-sectioning, trapezoidal
cross-section ring and core element, doubly curved toroidal thin shell ring and shell
cap element. In addition, a quadrilateral and triangular plate element along with an
incremental frame element are included primarily for the performance of instability
analyses.

G L it e T s

Of most importance, however, are the solid elements available in advanced versions of
the MAGIC System. These include the twtrahedron, rectangular prism, triangular prism
and symmetric triangular prism, A triangular crosm-section ring which accommodates
asymmetric loading on axisymmetric thick walled structures is also available,

Included with each finite elament representation are element matrices for stiffness,
stress, themmal stress, prestrain load, dlntributed mechanlcal load (pressure),
incremental stiffmess and consintent mauss,

i
i
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The computational procedures avallable f{rom the MAGIC System include linearly elastic
displacement, atress, thermal atrens, (with wid wlthout condensation), prescribed
dlsplacemente, aotabllity and vibration mnnlyses (with and without condensation).

For very large acale minlysen involving many thousands of degrees-of-freedom, the
powerful matrix abstractdon capnbliity avullable with the system provides for static
and dynamic subatructuring an well, However, problem size is limited only by computer
running time and the cnpnaiiv of suxilinry storage devices,
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MAGIC was designed to be machine independent (coded exclusively in. FORTRAN IV) and is
modular in nature. Additional elements and new computational procedures are easily
incorporated as required.

The system 1s aiso designed to be user oriented. Preprinted input data forms are an
ingegral part of the system. Output 1s designed to be easily interpretable by the
analyst. Included as output are diesplacements, element forces, element stress, and
system reactions,

Many supplementary convenience features are incorporated. Grid pointe may be input in
rectangula . cylindrical or spherical coordinatc vystems. Internally generated trans-
formations are included for grid point axes, material axes, stress axes, eccentric
connections ror shell stiffeners, elemernt matrix repeat, etc.

Selected double precision ic used ac a basis for coding the MAGIC System. The program
is avajlable free upon request from the Alr Force Flight Dynamics Laboratory, Wright-
Patterson AFB, Ohlo.

ASKA

ASKA (Reference 4.15) is again similar to NASTRAN 'n its scope and versatiblity but has
the advantage of a very large number of avallable elements and a capability for sub-
structuring. It is based on the matrix displacement method, 1s modularized by systematic
growth, and in addition to the usual statlc stress and deformation analysis under loads
and temperatures it will analyze for instabllity, plasticity, large displacement effects,
modes and f'requencles and transient response due to arbitrary time dependent loads, both
for damped and undmmped structures,

As with the other programs mentioned ASKA 1s problem oriented to relieve the engineer
of unnecessary detall and in particular built in checking procedures are provided for
input data. The program does n>t stop at the first error found but tries to clarify as
much a3 possible per run, with automatic termination if the remaining calculations would
be meaningless.

The substructuring capabllity permits very large problems to be attacked by solving
portions of the structure individually, under boundary loads and coupling stiffnesses,
and iterating until the boundary conditions of adjacent substructures are compatible.
Problems with 9000 unknowns have been solved.

The elenent library of ASKA involves, in addition to the usual simple elements, families
of ring elements, membrane shell elements for axisymmetric bodies, three-dimensional
sector elements for analysis of problems with axisymmetric geometry but unsymmetric
loading, and three-dimensional elements with straight and curved edges, etc. The term
families refers to the fact that the elements are avallable with both linear and higher
order straln assumptions, the latter leading to improved accuracy (with an increase in
complexity) and to a much better smoothing of stresses from element to element.

boliols Elements for Analysis of Brittle Material Structures

Since brittle material structures are expected to involve relatively thick-walled
components, in contrast to the thin shells of metallic construction, it will be necessary
to consider three-dimensional stress states and to do this with finite element computer
programs requires "solid elements". It must be noted, however, that analysis using
three. dimensional finite elements is relatively costly in comparison with analysis using
the more customary one and two-dimensional finite elements. The preparation of inhput
data and the interpretation of results are substantially more complex for three-
dimensional problems and, because the number of degrees of freedom 1s generally greater,
so is the computational effort. A number of solid elements suitable for this purpose
are avallable, and are, or shortly will be, operational with the MAGIC and ASKA general
purpose programs. Typical of these are the rectangular prism, tetrahedron, triangular
prism and the triangular cross-section ring. These are shown in Figure 4.23 and
derivations can be found in References 4,16, 4.17 and 4.18, respectively.

The rectangular prism element can be used in conjunction with the tetrahedron and
triangular prism elements for the analysis of arbiirary solid geometries or it can be
used with plate e¢lements for bullt-up reglons. 1In the reference given the prism is
mathematlcally discretized into a finite number of displacement degrees of freedom by
the ussumption of displacement mode shapes. For the rectangular prism element the
assumed displacement functions satisfy the requirements of displacement continuity along
interelement boundaries and they require that the edges of the prism remain linear in
deformation. As a consequence the element cannot bend under any conditions. The assumed
functions also lead to a total of 24 displacement degrees of freedom for the element
representation. Linear elastic material behavior i1s assumed, with a capability for
orthotropic material behavior. Stress behavior 1s defined by three direct stresses
and three chear stresses calculated at the centrold of the element.

The tet.ahedrc~ element is used with the rectangular prism for the idealization of
solids of arbitrary configuration, in regions of irregularities, Capabilities also exist
to assemble three tetrahedrons into a triangular prism element, automatically in sone
programs. A considerable reduction in input ic realized, leading to a corresponding
reduction in the possibility of input error when large scale analyses are performed. A
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linear polynomial mode shape is assumed for each of the three displacement functions
leuding to 12 coefficients for the element, corresponding to three translational degrees
of freedom at each of the four vertices. Interelement continuity in displacement is
satisfied and due to the assumption of linear edge displacements the edges of the tetra-
hedron remain linear in deformation. Linear elastic orthotropic material behavior is
assumed. Due to the displacement assumptions a state of constant straln exists throughout
the element, Three direct stresses and three shear stresses, caiculated at the element
centroid, define the stresas behavior.

Generally similar comnments apply to the axisymmetric triangular cross-section ring,
which 18 presently avallable with axisymmetric loading.

All of the above element formulations assume linear edge displacement. Greater accuracy
and smoother streas-distributions can be obtained with solid elements involving higher
order strain assumptionus, snd better matching of geometry with fewer elements can be
ob;uined w}thselementa having curved edges. Such sophisticated elements are described in
Reference 4.16,

At the present time a turther extension of the above concept is underway, although so
far as is known, is not yet generally available. It can be demonstrated that generally,
for a given total number of degrees of freedom within a structure, accuracy 1ls increased
for largor elements with a greater number of degrees of freedom. In order to take
advantage of this feature without losing an important advantage of finite elem:nt methods,
their atility to model complex geometry, isoparametric elements are being developed.
These are elements with curved sides which can be adjusted to match geometric boundaries.
While such elements are complex mathematically, and require numerical intugration to
develop the element properties, the complexities are not apparent to thu user. In fact
thebdatn preparation task 1s reduced by the fewer number of elements required for a given
problem.
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Fig.4.4 Thermal stresscs in a stiffened plate
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Thermal stresses due to a temperature discontinuity - rectangular strip

Fig.4.5
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Fig.4.8  Local stresses at point of load application
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5.  MATFRIAI, CHARACTFRIZATION
5.1 GENERAL

In structural design with metallic materials, the designer has little difficulty in
characterizing his materials or in determining mechanical and physical property data for
design and analysis purposes. The situation is quite different with nonmetallic refrac-
tory materials; the lack of ductility makes thece materials very sensitive to flaws,
defects, structure, etc., which in turn makes them sensitive to every detail of the
processing. As & result detalled standard specifications for ceramic materials are lack-
ing, as are tables of mechanical and physical property data. In both cases the designer
must, in general, develop his own.

To assist in this task, this Section presents general, but quantitative data on the
effect of various material characteristics and features on mechanical properties, such
as for instance, the effects of porosity and grain size on strength. This information
should be useful in establishing the material characteristics required to achieve the
most desirable properties. Information is also given on the subject of characterization
to assist the designer in preparing material specifications and in arranging process and
quality controls. The subject of strength under complex stress states 1s also covered,
again without reference to specific materials, in view of its importance in stress
analysis.

While mechanical and physical property data on specific materials have been avoided,
because of their dependence on the material manufacturing process, data can be found in
the literature if very approximate values are needed for preliminary design. A good
source of such data is Reference 5.1. Even in the earliest stages of design, however,
conslideration should be given to the statistical aspects of strength, see Sections 3
and 6, and data for this purpose can rarely be found in the existing literature nor has
it been possible to include such information in this Section.

5.2 MECHANICAL PROPERTIES
5.2.1 Fracture Mechanisms

The subject of fracture mechanisms in typical polycrystalline ceramic materials was
discussed briefly in Section 2 where it was stated that current fracture theories provide
little quantitative data that will help the designer select or develop the best material
for a particular application. A certain amount of qualitative information exists, how-
ever, together with a number of semi-empirical relationships which show trends, This
data should help the designer, and accordingly a more detailed discussion of the subject
is presented here.

It is well for the desligner and structures engineer to recognize at this point that
the physical understanding and the theoretical treatment of fracture in brittle ceramic
materials is not, at this time, in a very satisfactory state of development. A lack of
complete understanding and analytical treatment of all of the phenomena associated with
fracture is not surprising considering that interest in the application of ceramic
materials for structural purposes has been very limited. What {s discouraging, however,
to the practicing engineer, is the lack, within the existing literature, of any attempt
to relate the various concepts and incorporate them into & single rational theory. There
is, for instance, the Griffith theory which assumes cracks and flaws, and predicts
failure on the basls of energy unbalance. Another approach assumes dislocations and
other defects in the atomic structure which move under applied stress until stopped by
obstructions where the defects collect to form microcracks. In elther case it is not
clear what 1s happening at the crack tip, to .suse fracture. Presumably, the only action
of a crack 1s to concentrate the stresses, but except for magnitude they are identical to
the stresses present In an uncracked piece of material acted upon by external loads.

Elsewhere within the literature there are indications that crack growth and fracture
proceed when atomic bond strength is reached at the crack tips but the relationship
between this concept and the dislocation theory 1s obscure. Similarly, there is no
indication whether the atomic bond theory applies at grain boundaries in practical poly-
:rystalline materials. The literature also discusses many sources of microcracks such
as thermal expansion differences between different material phases, anisotropic thermal
expansion within the crystals of a polycrystalline material, surface damage due to
abrasion, etc., but again the real mechanism of fracture which is implicit in the presence
of a crack is not explained.

In order to provide a framework for subsequent presentation of quantitative data on
fracture, some clarification of this situation is desirable and accordingly the following
is offered. Assume that the failure mechanism is rupture of atomic bonds, either within
the crystal structure or at grain boundarles, in a polycrystalline material. Actual
rupture is probably preceded by the movement of dislocations which in turn are caused by
an excess or deficiency of atoms in the crystal structure, or by the collection of point
defects., These defects move, under stress, until stopped by some obstruction such as
a grain boundary, or another slip plane when they pile up until a crack is formed. Cracks
can also be formed by mechanical twinning, at least in Alp0; (Reference 5.2). The crack,
in turn, concentrates the stresses untll atomic bond breaﬁa e occurs and the crack
propagates. As the crack lengthens elastic straln energy in the surrounding material is
released, and i{s absorbed by ‘he creation of new surfaces. When the energy released by
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crack lengthening is greater than the surface energy of the new crack surfacci formed,
the crack will propagate rapidly through the material (Reference 5.3) leading to complete
failure. Presumably either or both of the mechanisms of dislocation movement and atomic
bond breakage may be acting at the crack tip since both are the consequence of stress

and both will lead to crack growth. Reference 5.2 states, in contrast to the above, that
dislocations cannot move in a complete., brittle material so that whether dislocation
movement or atomic bond rupture is eventually responsible for crack growth probably
depends upon whether the material has a slight degree of plasticity; another unresolved
subject within the ceramic literature.

Almost certainly, the mechanisms described above occur first in areas of stress concen-
tration within the materisl. Among such areas of stress concentration are pores and
voids, flaws such as lack of bond between adjacent grain faces, the presence of impurities
and inclusions which in effect create pores and lack of bonding, and surface irregulari-
ties causing geometric stress concentrations.

Sources of stress to cause crack growth and fracture, include externally applied loads,
internal temperature gradients, localized thermal stresses due to thermal expansion
differences between different phases in a multiphase material (References 5.4 and 5.2),
anlsotropic thermal expansion with respect to crystallographic direction in a polycrystal-
line material (Reference 5.4), volumetric expansion due to phase change (References 5.4
and 5.2), and stresses at the surface due to machining operations such as grinding
(Reference 5.2).

Superimposed on the above situation is a stress corrosion effect which is important in
some ceramics (References 5.5 and 5.4)., Water vapor within the atmosphere certainly
causes crack growth and premature failure in aluminum oxide under sustained stress,
(References 5.6, 5.7 and 5.8). Some references (5.4) indicate that the effect of water
vapor on aluminum oxide does not occur in polycrystalline material while, on the other
hand, experimental evidence of the effect on polycrystalline alumina is given in
Reference 5.8. The actual mechanism does not seem to be urderstood except that liquids
may lower surface energy and hence lower strength (Reference 5.2). Liquids may also,
however, have beneficlal effects by rounding crack tips and hence increasing strength
(Reference 5.2).

5.2.2 Strength and Stiffness of Ceramics

Porosity, grain size and the presence of flaws and microcracks are perhaps the most
important factors affecting the strength of ceramic materials of a particular chemical
composition. Trace impurities are also important, relative to their volume, since they
tend to concentrate in grain boundaries where they create both defects and crack stopping
mechanisms. Stiffness 1s affected by porosity but not by grain size, flaws,microcracks
or grain boundary composition.

5.2.2.,1 Porosity, Grain Size and Flaws

Below 10% porosity, which is the practical range of interest, approximations for
elastic modull are given in Reference 5.2, as follows:

G/Go = 1 -15 (1 = ¥3) P/T =5 )
K/Kog = 1 -3 (1L« w)P/2 (1-2 wp)

where G - shear modulus, K = bulk modulus, G, and K, are values at zero porosity,
Vo = Polisson's ratio “nd P = volume fraction of pores.

The above relationships are good for spherical pores; the reduction in stiffness could
be increased by 50% for nonsphegical pores and uneven distribution of porosity.

Other expresslons for the effect of porosity on elastic modulus are given in Refer-
ence 5.4, as follows: ‘

E - Ege" 1P (Reference 5.9 gives a value of 3.95 for K; for alumina)
Ky P
2

T- K, +1) P

E=FE | 1+

"

E=E, (1-KgP)

where E5 is the modulus for a nonporous body, P !s the volume fraction porosity and K
is a material constant.

Reference 5.2 also gives an expression for the effect of temperature on Young's modulus
as follows:

E=F - BTe('TO/T) Ey - BTe('To/T)

where E; is modulus at absolute zero; T = absolute temperature; B and To are constants
for each material. This expression is for a single crystal but is good for polycrystalline
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materials below the temperature at which grain boundary sliding occurs. This 1s typically
at about one half of absolute melting temperature.,

The effect of grain size and porosity on polycrystalline ceramic strength is given by
an equation proposed by Knudsen and reported in Reference 5.2 as follows:

S = So (65)"% exp (-bp)

(GS) = average graln size, p 1s volume percent pores, 5, a and b are empirical constants.
No typical values are given for these constants.

Reference 5.4 gives a similar expression for the effect of grain size on strength, as
follows:

Bond strength = Sy + K ¢-1/2

Where G = grain size, K is a material constant, S, 1s frictional stress on an unlocked
dislocation as 1t glides along a slip plane. Sg 1s frequently near zero.

Reference 5.2 also suggests that the effect of porosity on strength depends on the ratio
of pore slze to the size of flaw causing fallure. This subject is treated more extensively
in Reference 5,10 from which the following statements are drawn: 3

(a) If the pore slze 1s large compared with the critical flaw size, so that the flaw
lies entirely within the high stressed material, then the effect of the pore can
be treated by the engineering stress concentration theory. On this basis the
introduction of the first pore will produce a precipitous reduction in strength,
typically a reduction of 50% as would be expected from a spherical or circular
pore.

(b) 1If the pore size is small compared with a critical flaw then the flaw will
control strength and will be unaffected by the pore. In this case strength
should show a monotonic decrease with increasing porosity. Typically, the
effect of porosity on high strength polycrystalline ceramics falls in this
range and the Knudsen equation, presented previously, applies.

(2) If the flaw sizv 1s of the order of the pore size so that a segment of the flaw
1s subjected to stress concentration, then porosity will cause a precipitous
decrease in strength with the first pore, but not to a value corresponding to
the appropriate stress concentration factor. The Knudsen equation will be
unconservative for this case, but the engineering stress concentration theory
will be overconservative.

Reference 5.10 also glives a relationship for the effect on strength of small additions
of a second phase material. On the other hand, a second phase material effectively
creates a pore, but since there 1s some continuity of load carrying capability across
the pore as a result of the strength and stiffness of the second phase material, the
affective stress concentration factor is reduced. The expression given, for a biaxial
stress state, is:

S -1/2
5= ¢ (1-9)

where @ = volume fraction displacement of second phase end K is the stress concentration
factor which includes the effect of the second phase material. Expressions for K can be
found in Reference 5.11.

When a porous ceramic 1s subjected to a temperature gradient the pores have a disturbing
effrct on the temperature field. Local thermal stresses are produced, in the vicinity of
the pore, in addition to the overall thermal stresses produced by the applied gradient.

From Reference 5.12 this micromechanical themmal stress is given by:

On = Ka ETa

where a = thermal expansion coefficient
T = temperature gradient
a 1s a measure of cavity size

K is a constant depending on cavity shape and is 1 for a cylindrical hole
perpendicular to the heat flow.

'his local thermal stress must be added to the macromechanical thermal stress produced by
the temperature gradient. Reference 5.12 points out that this micromechanical thermal
stress may have a beneficial effect by initiating fracture at many pores. Further propaga-
tion will then occur by a large number of cracks limiting the extent of each due to a

fixed avalilable elastic energy for a self-.contained thermal stress situation,

In Ret'erence 5.9 Gltzen states that for alumina, brittle fracture appears to be controlled

by the Griffith Orowan mechani.m in which pre-existing surface defects produced by grinding

o

B = —
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propagate at a critical stress given by

er' Vg

Co 18 the critical crack length, which is approximately the grain size, typically 15
mlcrons.,

E is Young's Modulus.,

k4 és surface energy. Data on values for surface energy are given in References 5.13 and
5.28,

5.2.2.2 Environmental Effects

The literature contuins a number of references to the effect of atmosphere on the
propagation of cracks in a body under sustained stress, (static fatigue) but little use-
ful quantitative data is given.

Reference 5.8 reports results for an aluminum oxide tested in an uncontrolled atmosphere,
under constant static stress. At stresses above 75% of the short time ultimate the life
of the material was only a few minutes. To avold damage by chemical attack, 1t is com-
mented that sustained stresses rhould not exceed 60% of the short time ultimate.

References 5.6 and 5.7 study crack growth in glass and sapphire as a function of moisture
content in the atmosphere and theoretical relationships are given for glass. In the
absence of data on other ceramics, these relationships might serve as a guide but they
must be used very cautiously since glass is not considered typical of other ceramics in
this respect.

Reference 5.6 examines the effect of moisture on crack velocity and shows, for glass,
some very large effects. Orders of magnitude differences occur in crack velocity, for a
given load or stress, as the relative hunidity varies from near dry to 100%. At any given
atmospheric moisture content the curves of crack veloclity plotted against load, have a
characteristic shape involving three regions.

In region I there is an exponential increase of crack velocity with applied load. The
environmental effect is an activation process dependent on the chemical potential of the
water vapor in the environment and is reaction rate limited.

From 5.7, for region I,

crack velocity = (.0275a X" lbp)/h

a & b are constants

n 1s the order of the chemical reaction with respect to water.
P is applled force

xb is mole fraction of water in the gas

In region II the fracture mechanism changes to a transport rate 1imited process in which
the stress activation process at the crack tip is farter than the rate at which water vapor
can diffuse to the tip. Hence crack velocity will be stress independent.

From 5.7, for region II, crack velocity = .0275 ¢ DH20 Xb/ bn
DHgo 1s the diffuslvity of water vapor in the gas

¢ 1s a constant

8 1s the thickness of the gas boundary layer 11 the crack.

In reglon II1 the crack veloclity 1s again exponentially dependent on the applied force
but the curve has a much steeper slope than region I. There is presently no physical
explanation available for this region.
5.2.2.3 Strength Under Thermal Stresses

Typically the strength of a structural element subjected to tamperature gradients
would be checked in the ccnventional manner by calculating the resulting thermal stresses
and comparing with the material fracture strength. However, a system of thermal stresses
is self-contained within the structural element and represents a fixed aiount of stored
elastic energy. C(onsequently, crack nucleation, once initiated, may or may not proceed
to complete fracture depending whether the body contains sufficlent elastic energy to
create enough crack surface for the crack to propagate completely through the body.

This 1dea is examined in Reference 5.13 where the concept of degree of damage, result-
ing from thermal stress, is introduced. In this reference the stored elastic energy due

to thermal stress is :quated with surface energ¥ to determlne the degree of crack propaga-
tion relative to the :ize of the element. The followiig results are obtained:
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To prevent crack nucleation due to thermal stresses the material should have high
strength and thermal conductivity but low elastic modulus and coefficient of thermal
expansion,

To minimize material damage, once cracks have been created, requires low strength and
high elastic modulus.

Poroslty lowers strength, modulus and thermal conductivity and hence lowers the thermal
stress fracture resistance of a materiel, but it also reduces the degree of damage if
cracking begins., The effecct of pores in reducing stored elastic energy is believed to
be more important than their effect as crack arrestors (Reference 5,12).

Pores and dispersed second phase material also reduce thernal stress damage by introduc-
ing stress ralsers and initiating early cracking while the average stress, which is the
driving force for crack propagation, 1s low (Reference 5.14),

The above ideas are carried further in Reference 5.14 where it is recognized that the
residual strength after crack propagation by thermal stresses, is the important considera-
tion. From the restlting analysis 1t 1s determined that the extent of crack propagation
1s a function only of the number of cracks and the initial flaw size and is independent
of materlal properties. Thus the only way to minimize crack propagation (under thermal
stresses', and to maximize the resulting load carrying capabllity of a given material is
to increase the length of the critical flaw,

5.2.2,4 Fatigue Strength

In ceramic materials both fatigue under cyclic loads and the so-culled static fatigue
are recognized. The latter is generally believed to be caused by environmentel effects
and has already been discussed. It must be recognized, however, that during repeated
loading testing both effects will usually be present.

Few references are available on the subject of cyclic fatigue in ceramics. Reference 5.8
reports tests on alumina conducted in an uncontrolled atmosghere, with the stress cycled
In tension only. [rom this work the allowable stress at 10° cycles is approximately
one half of the single load ultimate. The curves glven do not flatten very much with
number of cycles, to 10°, so that there 1s no indication of an endurance limit. Furthur-
more, the effect of stress ratio 1s not particularly significant.

Reference 5.5 gives a cyclic endurance 1limit for alumina of 50% of the short time static
ultimate.

5.2.2.,5 Strengthening Mechanisms
Grain Size

The effect of grain slize on strength hac been indicated above in various theoretical
relationships from which it will be evident that a decrease in grain size will increase
strength. This conclusion 1s generally drawn from bend test data, which 1s very sensitive
to surface defects, and presumably the defect glize 1s related to grain size. Fracture
testing,however, leads to opposlte conclucions., Fracture energy increases with increased
grain size, Reference 5.15.

Tractical ceramics are polycrystalline materials with grain boundaries which are 1laden
with other than the basic material. Fracture energy is a composite juantity derived from
the energles of the grains and the intergranular material and i1s therefore dependent on
the ratlo of transgranular to intergranular fracture which in turn 1s dependent on temper-
ature, grain size, Intergranular material, and grain boundary thickness. The crack path
is also affected by the geometric arrangement of the material since a large hard grain
will make the crack go through high fracture energy material or take a long path around.
Therefore, large grain silze ravors high fracture energy. It is concluded, in Reference 5.15,
that optimum strength 1s obtained with fine graln surface texture and a coarse grain
Interlior.

Surface Conditions

Rupture strength tends to be zensitive to surface rconditicns so that surfaces may be
~onted or glazed to increase strength. Coating provides protection for the surface or it
acts as a barrier to the exlt of dislocations. Glaxing removes surf'ace damage but it may
develop surface crazing (Reference 5.4), Quenching has also been used as a strengthening
mechanism (Reference £.16'. It ls assumed that quenching leads to compressive stresses
in the surface, but some iuvestigators have found the mechanism to be a volume rather than
a surface effect., JStrength increases, at room temperature by a factor of 2,0, are reported

.16 from a combination of quenching and glazing in conjunction with a prior high
temperature treatment in a {luorine containing atmosphere,.

Reterence 5,16 also indicates, as would be expected, that too rapid quenching can produce
thermal shock.,

The chemical addition of ions or compounds to the surface 1s also reported to Increace
strength by the introduction of surface compressive stresses,
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Composition Effects

Single element additions, for example C in T4C or Titanium in Z2r0,, are mentioned in
Reference 5.4 as having a limited effect on strength but marked improvements in thermal

shock resistance.

Additives are often used to increacse density or rate of densification in sintering and
strength may be increased through increased density and reduced porosity, prevention of
grain growth, chemical reactions increasing bond strength, and grain boundary segrega-
tion (Reference 5.4).

Some additives to ceramics will cause precipitation hardening similar to that found in
metals., The strength increase is due to blocking of slip or dislocation motion or in very
brittle materials to crack stopping. The addition of a fine uniform dispersion of a
second ceramic phase can also increase rupture strength by impeding dislocation motion
‘nd limiting crack and flaw size (Reference 5.4).

If a second metallic ion is added uniformly to a matrix (i.e. tantalum ions added to
tantalum carbide) so that the ion is in solid solution the rupture strength may be
increased (Reference 5.4).

Work Hardening

Ceramics may be work hardened by various deformation methods significantly raising
rupture strength. Deformation techniques vary from clow tension to explosive sho-zk.
Powders can be explosively shocked, and after pressing and sintering the work hardening
is maintained.

5.3 FAILURE UNDER COMPLEX STRESS STATES

In Sections 2.5 and 2.0 the subject of fallure and fracture of brittle materials is
discussed briefly, and it is explained that present knowledge of fracture does not permit
the prediction of mechanical properties on a theoretical basis. In Section 5.2 a number
of empirical relationships have been given to show the characteristic effects of certain
parameters such as porosity, on surength; the only other type of general strength data
which is available to the designer are a number of theories which define strength levels
under complex stress states., These theories are established on phenomenalogical grounds;
none ars completely satisfactory and considerable differences of opinion exist about their
relative merlts.

Some of the theories proposed for brittle failure are discussed briefly in Section 2,
and others have evolved very recently since Section 2 was prepared. All of the theories
to be discussed are summarized in Figure 51,for bilaxial stress states, as envelopes of
co.binations of principal stresses which can be sustained without failure. No data applic-
able to brittle materials has bean found in the literature on triaxial stress states.
5.3.1 Maximum Normal Stress Theory

The most commonly used criteria for Aescribing the blaxial fracture strength of brittle
materials 1s the maximum normal stress theory, which asrumes that the material will
fracture when one of the principal stresses becomes equal to the uniaxial strength. With
this theory the strength is not arffected by principal stresses other than the maximum.

The criterion makes no prediction of compression strength in terms of tensile strength and
both values must be determined experimentally from uniaxial tests. Refe: :nce5.17 presents
early test data for relatively brittle materiale which shows good confirmation of the
theory in both the tension-tension and tension-compression quadrants. However, the range
of tension compression values inzluded is very limited and Reference 517 also quotes more
recent test data to show that the theory is not valid in the tension compression quadrants,
Reference 5,18, on page 208, refers to a modified form of the maximum normal stress theory
which takes some account of the principal stresses other than the maximum, but there i1s no
method for applying this modification in the absence of extensive test data,

5.3.2 Mohr's Fallure Theory

Another important failure theory 1s Mohr's theory of strength which formuiates the
condition of material failure in a general manner and can be used for efther ductile or
brittle materials, It accommodates failure elther by fracture, when the larzest tensile
normal stress has reached a 1limiting value depending on the properties of the material,
or by slip, when the shearing stress in the plane of slip has reached a limiting vaiue,
The theory provides also, in the latter case, that the limiting shearing stress can depend
on the normal stress acting across the same plane,

i
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Mohr's theory is developed i1 detall in Reference 5,18 considering first its application
to ductile materials in which failure 1is represented by slip. Based on ciservations of
the orientation ¢t slip lines, which are detectable on the surface of deformed retels,
Mohr neglects the intermediate principal stress ©@2. Then a fallure condition is repre-
sented by *he majJor principal stress circle corresponding to ©; and ¢, and plotted on
T-o0ares. A number of major principal stress circles corresponding to fallure determined
experimentally for varlocus combinations of @4 and 05 can be drawn and Mohr postulates
that the envelope cf all of these maximum principal s%ress circles is the limiting curve
describing faliure. This is i.lustrated in Flgure5.21in which the points P dencte the
planes on which failure occurred for the various principal atress combinaticns. 1In other
words the theory assumes that failure conditions are described by the envelope of any and
all principal Mohr circles representing stress states on the verge of fallure. C(Cleanly,
failure can be used to describe either yielding or fracture.




In general, sufficient experimental data is not available to construct the Mohr
envelope and a simplification is made by assuming that the envelope curves consist of two
straight lines. These can be determined from only uniaxial tension and conpression data.
In this form the Mohr theory is the same as a modification of the maximum shear stress
theory in which sliding along the slip planes is assumed to be inhibited by friction asso-
clated with compression stresses acting on these planes. The maximum shear stress theory
and 1ts modifications are not of direct interest for brittle materials but details can be
found in Reference 5.18where it is attributed to Coulomb, and Reference 5.19 wheroe it is
attributed to Reyto.

The simplified Mohr theory is shown in Figure 5.3 Reference 5.17 which refers to this
theory as the Coulomb-Mchr theor ', defines the straight lines by the equation:

o, 9
Fen Tou

= 1

where %:, and 0, are the uniaxial tensile and compressive strengths, respec“ively.

In order to apply the simplified Mohr theory to brittle materials a number ¢f consider-
ations must be made. Referring to Figure 5.3 extension of the straight line envelope to
point A implies tensile strengths greater than those demonstrated in the uniaxial test used
to define 0¢y. In fact, if the material could not fail in shear (as 1s often assumed for
brittle nonme%allic materials) and if the presence of a vhear stress had no effect on the
tensile strength, then the envelope would become a vertical line through point D. If an
experimentally deteruined compression ultimate strength is available, however, it probably
implies that the material can also fall in shear, In this case another envelope boundary
would be a horizontal line through point F. If there i{s an effect of shear stress on the

tensile strength, then the shear boundary will have some slope such as CB. In the absence
of test data other than tensile and compression ultimate, it would clearly be unwise to
use any other straight line boundary than CB. Similarly it is conservative, in the ab-
sence of additional test data, to assume that at point B the type of failure becomes
cleavage and *hat the boundary follows the circular arc BD., Any other assumption implies
circles through point D with diameters greater than OD. Such circles would exceed the
boundary CB and would therefore be inconsistent., Similar reasoning requires that the
compression boundary be the circular arc CE.

The Mohr envelope is shown for biaxial stress combinations as a @3- 05 plot in
Figure 51. The use of the circular arcs BD and CE in Fig. 5.3 produces the same results
as the maximum normal stress theory in the tension-tension and compression-compression
quadrants. In the tension-compression quadrant the use of the simplified Mohr theory
produces a linear variation between the uniaxial tensile strength and the uniaxial com-
pression strength. Since the Mohr criterion uses experimental values for uniaxial tension
and compression 1t obviously predicts correctly the ratio of compressive to tensile

strength.
5.3.3 Griffith Failure Theory

The Griffith failure theory, which was developed for brivtle materials, also provides
a basis for biaxial falilure criterion by assuming that failure occurs when a critical
tensile stress is reached on the boundary of the crack.

In Reference 5.3 Griffith develops relationships between applied principal stresses
0, and 9, and the critical tensile strength of the material. By using these relation-
ships for a uniaxial tensile case, the critical strength can be expressed in terms of the
conventional uniaxial ultimate strength e¢,. The result can be substituted back into
the blaxial stress expressions giving the iollowings

If (301 + @) is positive: 6 = oy,

If (309 + ©5) is negative:

2
¢ o ¢ ¢
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These expressions apply only 1if o) >0,

From the above expressions the uniaxial compression strength is predicted as eight
times the uniaxial tenclle strength, which is in good agreement with some test results
on brittle materials, but not all. The expressions also show that 91 _ 1 for any

¥
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biaxial stress situation where 0; 1s tensile or if compressive, is numerically less than

three times @;. If 0O, is compressive and numerically greater than three times @3 the

quadrati. equation above must be used. Actual values are given in Figure 5.1.

From Figure 5.1 the Griffith criterion coincides with the maximum normal stress cri-
terion in the tension-tension quadrant. It also predicts an increase in the compression
strength in the maximum principal stress direction due to the presence of a compression
stress in the direction normal to the maximum principal stress. This conclusion is ques-
tion?ble, although there is very little experimental data to provide any basis for
verification.



89

5.3.4 Weibull Fallure Theory
The Weibull theory, which is a statistical theory described at length in other sec-

tions of this handbook, also provides a basis for predicting material fallure under bi-
axial stress. The derivation of the relationship between the applied principal stresses,
01 and 9, and the material strength is given in Reference 5.20. The resultant relation-
ships are complex and difficult to use and are not reproduced here. A typical result,
for an m of 12, is shown in Figure 1. In the tension-tension quadrant, it predicts
failure stresses which are generally less than those predicted by all other theories
but which are consistent with some limited test data (Reference 5.2 ). The Weibull theory
does not predict a compression fallure, which 1s inconsistent with observation, and it
predicts that in the tension-compression quadrant the tensile strength is increased
beyond the uniaxial value by the presence of a normal compression stress. Again, some
very limited test data is available which can be used to substantiate this prediction,
but there is also much which disputes it.
5.3.5 Babel-Sines Fallure Theory

Among the more recent activities intended to develop improved biaxial failure criteria
is work by Babel and Sines (Reference 5.22) which generalizes the work by Griffith. Griffith
conslidered only the limiting case of sharp strength controlling discontinuities. Many
brittle materials, particularly porous materials, show discontinuities which are not
sharp, and the work of Babel and Sines therefore included the influence of discontinu-
ities of all degrees of severity. This .as done by studying the effect of flaws of
ellipsoidal shape on the fracture strength of brittle materials and using the amsumption
made by Griffith that the flaw will extund to fallure when a critical tensile stress is
reached on the boundary of the discontinuity.

In practice neither the shape of the flaw nor the critical tensile stress are known
but these "microscopic" parameters can be replaced by "macroscopic' ones, the uniaxina)
compression strength ¢., and the uniaxial tensile strength ©0gy, which can be determined

experimentally. The resulting equations expressing @y and @, in terms of Oy, and
0 oy are as follows: i
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The first of the above equations applies in the tension-tensic: quadrant and partly

into the tension-compression quadrant while for high ratios of compressive to tensile !
stress the second equation applies. :

The result of this work is a criteria which predicts a uniaxial compression strength i
between three and eight times uniaxial tensile strength depending on the shape of the
discontinuity. The extreme values of three and eight are obtained from the limiting
cases of a sphere and a sharp crack, respectively. Accordingly, in the tension-
compression quadrant the Sines criteria gives envelopes which lie between those given
by the Mohr and Griffith criteria. Consequently, it is also inconsistent with some
test results which show compression strengths greater than eight times unlaxial tension.

This i1s thought to be due to the fact that under high compression loads some cracks will
close and stresses can exist on the boundary of the discontinuity.

In the tension-tension quadrant the Sines criteria predicts un increase in strength
over uniaxial values as a result of the biaxial stress state which !s also questionable
on the basls of experimental data.

5.3.6 Maximum Strain Energy Theory

Reference 5.8 dismisses this theory, which assumes that the total elastic energy
stored in the material is significant as a limiting condition, because it is not applic-
able to the hydrostatic pressure case., Under this latter condition large amounts of
elastic energy may be stored without causing fracture., Nevertheless, it is presented in
Reference 523to correlate with experimental data determined for brittle case iron and it
is used in Reference 5.24, in modified form, to represent the results of tests on magnesiunm
sllicate and graphite. This modified maximum strain energy theory has the following
form: (Reference 5,24)

In the tension-tension quadrant
2]
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In the tension-compression quadrant
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A representative curve is plotted in Figure 5.1, Note that these relationships give the
correct ratio of ultimate compression strength to ultimate tensile strength since they
are based on measured values. Also, in the tension-tension quadrant the above relation-
ship 18 one of very few theories that are more conservative than the maximum normal
stress theory.

5.3.7 Octehedral Shear St -ess Theory

This theory gives the same results as the maximum distortion energy theory and a
typical development i1s given in Reference 5,19, The theory was developed for ductile
materials and predicts ylelding under combined stresses, if only the uniaxial tensile
yleld strength of the material is known. It is limited to materials having similar
strengths in tension and compression.

For the case of biaxial stresses the resulting relationship tekes the form:

i

2 2
(F1 + 02 - 0 02)° - oy

Since 1t was developed for materials with equal tensile and compressive strengths
it should not be directly applicable to brittle materials. It has been used to represent
the fracture of brittle cast iron, however, under blaxial tension and compression stress
combinations by applying a stress concentration factor to the tensile stress ¢j.
(References 5.25, 5.,26). This concept was derived particularly for cast iron since
this material containc graphite platelets which are assumed to create crack-like shapes
in the iron matrix. Stress concentrations exist at the tips of these cracks under ten-
sion, and the situation can be well represented by introducing the appropriate stress
concentration factor and assuming that the crack propagates to failure when the yleld
strength of the ductlle matrix is exceeded locally. Under compression stresses, on the
other hand, it is assumed that the graphite flakes transmlt load and no stress concentra-
tion is involved.

In view of the basls for the derivation of this fallure theory, it would be unwise
to assume that i1t can be applled to any brittle material, and nothing has been found in
the literature to support such an assumption.
5.3.8 Experimental Correlation of Failure Theories

Experimental data upon which to base a material fallure theory 1s very limited in
the literature. Most investigators have conducted a small number of tests which generally
substantiate the individual theories which are belng proposed, and these test results
can be found in the references given above. The total body of data, howevar, 1s still
small. This 1s particularly true if data for nonmetallic materials i1s sought. 1In
Reference 522, for instance, a considerable amount of data for the evaluation of various
theories is actually concerned with cast iron and brass. Probably the principal sources
of experimental data for ceramic materials are References 5.27,5.2,5l17. In addition there
is Information on glass, but since this material 1s particularly sensitive to surface
conditions care must be taken in applying the results to nonmetallic refractory materials.

Another serious limitation of most available test data is that variability in the
fracture strength of the materials is generally not considered. The subject of material
variability 1s discussed elsewhere in this handbook. Although the causes of this vari-
abllity are not specifically known, there are many factors which can contribute and there
is ample evidence from uniaxlal tests that the variability exists. In Reference 5.22
Babel indicates that there are no biaxial test data which are based on both careful test
technique, to minimize extraneous variables, and a sufficient number of specimens to
obtain statistically reliable results. Without these considerations, it is not possible
to distinguish between the various criteria. In his work Babel makes som¢ allowance for
variability by assuming standard deviations based on flexure tests, but there is no
assurance that this is an adequate treatment of the problem.

5.3.9 Recommended Practice

Reference has been made elsewhere in this handbook to a conference of specialists that
was held in London in Sept. 1967 under AGARD sponsorship, (Ref. 5.28) with the objective of
obtaining opinions from the speclalists on a number of basic questions involved in brittle
material design technology. In view of the many theories available to describe failure
under blaxial stresses und the great difficulty in obtaining adequate experimental date
as a basis for selectirig a theory, the subject was discussed extensively at the London
conference. The only unanimous conclusion that could be obtained on this subject was an
acceptance of the maximum stress theory in the tension-tension quadrant. Since this
conclusion represents the best opinion from a number of speczialists, who were selected
carefully in an attempt to obtain a viewpoint representative of essentially all investi-
gators in the technology, it is offered as a basis for design practice. Some caution
must be observed, however, since there is test Jata which shows biaxial stress levels
in the tension~tension quadrant which are less than those given by the maximum stress
theory. As already mentioned, however, it is not clear whether this is the result of
zﬁterial variability or whether it truly represents an inadequacy of the maximum stress

eory.

Cne other agreement which was achieved at the London meeting was that there are nc
shear failures in brittle materials of the class being considered here. However, this
conclusion cannot be accepted without further consideration since it leaves experimentally
observed compression failures unexplained.
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From the above discussion the suggested design practice for establishing material
fallure properties under blaxial stresses is as follows:

() In the tension-tension end compression-compression quadrants use maximum stress
theory based on uniaxial test data for the particular material of interest.

(b) In the tension-compression quadrant use a straight line connecting the uniaxial
tension test data to the uniaxial compression test data. So far as can be determined
from the limited experimental data available this practice should be conservative. 1t
glves the same results as the Mohr criteria which in turn accepts the possibility of
material fallure in shear under combined tensicn and compression. This recommendation
is made, however, simply on the basls of drawing a conservative envelope around the test
data with no implication of shear fallure.

(¢) The above procedure should be combined with the statistical description of
material strength. The material fallure diagram, therefore, becomes a separate diagram
for each level of fallure probability. No difficulty is involved if uniaxial testing
1s conducted as it should be, with a sufficient number of specimens to provide statistic-
ally satisfactory data.

5.+ MATERIAL CHARACTERIZATION

Typically, in the design of metalllc structures, the deosigner is hardly concerned with
material characterization. He defines his material requirements by referring to specifica-
tions, and he is essentlally assured of the structural properties of the material, the
similarity of properties between laboratory samples and finlished hardware, and the
reproducibllity of properties over large numbers of components., This situation results
from a combination of refined process and fabrication control, which has been developed
for the widely used metals, together with extensive work on the generation of mechanical
property data, and the tolerance of metals to minute defects. This latter characteristic
is very important in ensuring regcroducibility of mechanical properties.

With ceramic materials, at thelr present stage of use and development, none of the above
conditions hold, and in order to have control over the mechanical properties of his struc-
ture the designer must give consliderable attention to material characterization. He must
specify and control many material characteristics in addition to chemical composition and
mechanical properties, 1f the material is to perform efficiently and reliably, and if
the material in the structural component is to perform similerly to the laboratory
specimens from which his material design data were determined. However, it is not suffi-
clent to ensure similarity of processing conditions from laboratory specimens to full scale
hardware, or from one batch of components to another. When all practical precautions are
taken to control processing there 1s no positive assurance that the material produced at
various times and in various sizes is truly similar. There have been many instances where
differences in material are apparent despite similarity of processing. This 1s particularly
true with ceramic materials where stringent process controls are difficult to exerclse and
the effects of slight process variations not well established. For the same reasons 1t is
not possible, except for very preliminary design, to select material properties from a
handbook and expect,K that these will be experienced in a structure.

The preclse description of an object as complex as a ceramic body 1s very difficult.
There are various levels of characterization, atomic, micro and macro. The aim is to
describe a material by composition and microstructure so that i1ts processing does not have
to be described. Total characterization in this sense is not presently possible however,
and may never be., The relationships between such characteristics as grain size and shape,
surface roughness, etc., and the mechanical properties and their variablility are not well
understood, and in many cases are not known. The importance of many characteristics and
the properties they influence are not known, and conversely it cannot be stated, for a
particular mechanical property, exactly which characteristics should be controlled. Nor
is the relationship betwean many of the processing parameters and the resulting mechanical
properties well understood or, in many cases, 1s it understood at all., Accordingly, &
compromise is made with a description of the material, in both its raw and finished state,
a description of its processing history, and a description of its mechanical and physical
properties,

The problem is further complicated by the difficulty of measuring some of the character-
istics, particularly in finished components. Grain boundary thickness is an example. One
other complication is the fact that some factors may obscure the Influence of others at
some times but not at others. For example, grain slze is important to strength and
strength variability, but this effect may be entirely obscured by a rough surface. A:s the
surface finish is improved or the grain size ilncreased,however, the grain size effect will
eventually become apparent. Thus before the emphasis of one factor is Jjudged, all other
potentially limiting factors must be specified.

In the above situation a precisc list of characteristics and factors which should be
specified to control material pruperties cannot be given. Instead, reliance must be placed
on the opinions and judgment of experienced individuals and References 5.29 and 5.28 give
what are probably the best avallable opinions at this time. Both are the results of
committee activity involving groups of individuals selected for their knowledge of ceramic
materials, including specifically the subject of material characterization. Reference %.0)
presents an extensive 1ist of characteristics which should be identified to ensure repro-
ducibility. 1nils 1ist, which 1s reproduced in simplified form, in Fligure 5.4, includes
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not only parameters kuown to be important, but also those which are suspected of having
an effect on mechanical and physical properties.

The first two categories in Figure 5.4 provide processing data, since at present an
exact reproduction of the processing is necessary, but not sufficient, to obtain
reproducibility. The remaining categories cover composition, graln structure, flaws,
and surface condition, all presently considered important for complete characterization.
Many of the factors included in Figure 5.4 cannot be measured during a production run of
material, or in completed components, hence the need for careful process control. They
may be useful, however, in the early pu. ~s of a program when the material processing is
being established, During this period destructive inspection methods can be used to
characterize the material fully, and the prociss can be adjusted until all of the desir-
able characteristics are being obtained.

Some clarification of the terms used in Figure 5.4 1s necessary and the 1ollowing is
tuken from Reference 5.29. Grain boundaries are the interfaces between grains or phases.
They do not include the bulk of identifiable phases segregated between grains. Thickness
of a grain boundary is that region which differs structurally and identifiably from either
bordering bulk phase.

The distribution of pores and microcracks, the size and size distribution, and the
shapes are all imporant to mechanical properties. Fcolative orlentation is included to
indlcate whether cracks and pores follow grain boundarlies or are oriented along crystal-
lographic planes in grains,

With respect to surface characterization, topography includes microfussures, notches and
blebs as well as gross corners and curvatures, Chemistry of the surface incluades any
deviations from bulk compositions that may occur as a result of volatilizaticn, contamina-
tion or leaching during firing, finishing or use. Extrinsic defects include such factors
as blebs, inclusions and isolated massive grains.

The apgroach to characterization which was adopted at the meeting reported in Refer-
ence 5.20 was different from that described above. The London meeting was arranged to
examine a number of fundamental questions relating to brittle materlal design, specific-
ally as a basls for this handbook. 1In approaching the subjJect of material characterizatim
the obJective was to establish, as a guide to designers, the minimum level of characteriza-
tion necessary, This 1s specified, in Reference 5.28, as follows:

Chemical composition (including all impurities of 1% concentratlon or greater),
Sizes, shapes and distribution of grains and pores,

Identity of phases other then the principal phase,

Surface finish,

Detalls of the processing method.

Two other related points were established in the conclusions of Reference 5.28. The first
was that considerable improvement in material reproducibility can be obtained by advising
the material producer of the above characteristics and particularly bringing to his atten-
tion any changes that occur in these characteristics. The second point was the difficulty
of making iarge components with exactly the same characteristics as small test specimens
and it was suggested tha’, consideration should be given to obtaining the small test
specimens required for material property determination, from large pleces of material.

Neither of the above references indicates a requirement for characterizing the starting
powders from which the ceramic materials are made although there are opinions that this
is important, too. Characterization should include chemistry, including elemental
composition, impurities and trace elements, particle size distribution, and particle
shape. Furthermore, density is not specifically mentioned in either reference, except
that 1t 1s related to porosity, but there is no doubt that density and density distribu-
tion are important parameters with respect to stiffness and strength.

™he view of characterization presented above does not distinguish between the different
functions of a) establishing the material composition and processing to develop the
required properties in laboratory specimens and samples, b) scaling up the processing
technique so that the same material characteristics and properties can be achleved in
full sized hardware of complex practical shapes and c¢) ensuring that the characteristics
and properties are reproduced in each and every plece of hardware.

Item a) is limited by insufficlent knowledge of the relationships between material
characteristics and the resulting material properties. Much of the avallable infomation
has been presented in Section 5.2 and in view of its 1imitations it must be combined with
considerable judgment and experience, and trial and error experinentatlion to establish
the required characterlistics. Since destructive testing is possible, however, 1t is
possible to make measurements of most of the characteristics specified in Figure 5.4 and
hence to verify that the required values or ranges of values have been attained. Methods
of measuring these characterlistics are of interest to the designer chier'ly with respect
to the accuracies obtainable, since these control the tolerance limits to be uscd in the
specification of values. A good summary of measurement and inspection methods together
with accuracy limits is given in Reference 5.29, and further discussion of measurement
methods from the point of view of materlal characterization, 1s given in References 5.30
and 5.31.
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Scaling up of material procrssing to produce structural components with the same
characteristice and properties (recognizing the significance of increased volume on the
variability of properties) as were obtained in laboratory specimens, (item b) is also
very much a matter of experience and trial and error experimentatlion, but again the
resulting characteristics can be readily checked because destructive lnspection is
possible. The discussion above, with respect to item a, applies.

Ensuring that the required characteristics, and hence properties are reproduced, within
specified 1imits, in each structural component is much more difficult because it must
depend heavily on nondestructive inspection. These techniques are quite limited,
particularly with respect to the measurement of material structure and defects, important
characteristics affecting strength.

Three important nondestructive techniques for defect examination are ultrasonics, X-ray,
and dye penetrant.

The detection of flaws by ultrasonics involves the propagation of acoustic energy within
the material and the detection of elther the reflected or attenuated wave after it has
encountered material anomalles., Fractures, volds and cracks present solld to gas inter-
faces with grossly different accustic properties and acoustic energy impinging on such
surfaces 18 reflected almost entirely. Simllar effects occur at inclusions of foreign
material. Ultrasonic testing is a compromise, based on the acoustic properties of the
material since although resolution increases with acoustic frequency so also does the
scatter and attenuation of the signal.

There is very little data in the literature to indicate the type and size of flaws that
can be detected in ceramic materials, Reference 5.32 is concerned with graphite and
indicates rather large discontinuities of 3/8 to 1/2 sq. inclhies in area, as the limit of
resolution. Ultrasonic inspection of graphite and zirconium carbide is reported in
Reference 5.29 but no indication is given of the abllity of the techniques to detect flaws.

Radiographic techniques including X-ray, gamma-ray and neutron sources can be used with
radiation counters, fluorescent screens and photographic film to examine the internal
features of ceramic materials. Density variatlions can be detected and volds as small as
1 to 2% of the product thickness (Referencc 5.29) can be seen. Unfortunately, the
lidentification of cracks by radiographic techniques is difficult. If the X-ray beam
passes across the crack from one face to the other, there is virtually no attenuation
of the beam intensity and theretore no indication. If the beam is aligned perfectly
parallel with the crack sides, an indication is possible but in most cases cracks will
be too tight for a very obvious indication. 1In these cases the detection of cracks will
require very careful examination of X-rays taken from many different angles and even then
in most cases it will not be clear whether in fact the indications are cracks. Nothing
has been found in the literature to indicate the minimum size of cracks which it is
possible to detect in ceramic materials, with radiographic techniques.

Another approach to the detection of defects is the use of liquld penetrants employing
visual dye, fluorescent dye or filtered particles. These techniques are generally good
for high density materlals, porous materials producing indications which are difficult
to interpret. The techniques are qulte sensitive and cracks not otherwlse detectable
visually are made evident, however these techniques are restricted to surface defects.

These nondestructive inspection techniques will not measure material structure and will
give only relatively gross indications of defects. Accordingly, two other methods of
assessing the characteristics of the material in finished products have been attempted.
The first of these 1s reported in References 5.30 and 5.31 in which attempts were made
to correlate mechanical properties with the results of ultrasonic and radiographic
inspection without specifically identifying defects or attempting to correlate defects
with thelr effect on strength. Radiographics were examined, for instance, with respect
to density variations. The local density variations appeared to be related to the
severity of internal microcracking which was controlling the strength of the material.
The presence of the microcracks also tended to scatter ultrasonic energy thus providing
a record which could be related to =irength. Some correlation was obtained, by these
methods, between material strength and the ultrasonic and radiographic records, but the
correlation was not very strong and there is no indication that the procedure could be
used effectively with every ceramic material.

The second method, which is reported in References 5.32 and 5.33 and described in
References 5.29, attempted to obtain direct correlation betw: 1 modulus of elasticity
and strength, and a number of nondestructive inspection observations. The principal
measurements were longitudinal wave velocity, which was measured acoustically, end
electrical resistivity. Both measurements can be made nondestructively and locally at
any point on a completed component. The references quoted showed good correlation
between the measurements and modulus of elasticity, density, and ultimate tensile
strength.

None of the methods described above are particularly satisfactory for the purpose of
ensuring that the mechanical properties of neramic materials are consistently reproduced
from ore component to the next and in &ll ; arts of each component. However, the desired
results can be obtained reasonably well by a combination of approaches. Assuming that
the material can be well characterized and the process well defined during development,
using destructive inspection methods where necessary, the following procedure for ensur-
ing reproducibility of finished components is recommended:




a) Characterize starting powders.
b) Control the processing very closely.

c) During the material and process development evolve characteristic NDT
responees using radiographic and ultrasonic methods, and do this for each
major step in the processing. For instance, typlcal records should be
obtained for important regions of the component ln the green state before
firing, after firing, and after finish machining. During development these
responses can be correlated, to some degree, with the mechanical performance
of the finished product. To do this effectively, however, a sufficient
number of components must be fabricated that "worst cases", as determined by
NDT, can be selected for mechanical testing.

d) Use the characteristic NDT responses developed above in conjunction with NDT
measurements made on each component at each stage of the process, to reject
unacceptable components as early as possible before expensive subsequent
processing steps are undertaken.

e) Supplement (d) above with random sampling and destructive testing and
characterization by destructive inspection methods.

f) Use destructive inspection methods and destructive testing under representative
loading conditions on samples selected from the finished components.

g) Conduct proof tests on all finished parts. Such proof tests need not precisely
simulate the loading and stress distributions developed during operation since
the methods given in Section 3 can be used to assess the reliability of a
component under operating conditions from a proof test conducted under some
convenient loading condition.

To use all of the above methods in combination will frequently be expensive, and
some trade-off will be required between a) inspection costs, proof testing costs and
fabrication costs, and b) the weight benefits which will result from the increased
workigg stress levels which can be reliably used as a more comprehensive inspection
is made.

All of the above 1s given in general terms with very little quantitative information
to ald the practical designer. This situation reflects the current state of the art
and the ulmost complete lack of experience with the production and use in quantity,
of high strength ceramic structural components.
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FIGURE 5.4 CHARACTERIZATION OF CERAMICS

(Taken from Reference 5.29)
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6. DESION CRITERIA

6.1 INTRODUCTION

The term criteria is used with various meanings throughout the aerospace community so
that some definition of the term, as used in this Handbock, is first necessary. It in
used here to include (a) the specification of the conditions which must be considered in
the design of a structural component, (bl the required levels of strength and stiffness
under these conditions, and (c) the requirements for demonstrating that the criteria
have been met.

Ideally it should be possible to 1imit criteria to only thease considerations, so that
the manner in which the structure is designed, the methods used, the aour-~ea of data,
etc., should not be considered in the criteria. In practice, however, it is not economic-
ally feasible, with complex vehicles, to wait until ground and flight testing of the
complete vehicle reveals poor design practice. Everything must be done, at the ecrliest
possible stage of design, to ensure that the best current practice is being followed,
Accordingly, it is quite common to include in criteria those aspects of design philosophy
which are significant with respect to structural integrity and in some cases to also
specify deuign practices and analysis methods. For instance, the level of factor of
safety selected may be dependent on the methods of analysis used, in which case the
criteria must consider both. The objective is usually to ensure that the criteria
reflects all previous experience with respect to the recognition of potential modes of
fallure, and this frequently requires more than the items mentioned in the first para-
graph. At the same time, designers should nect be unnecessarily constrained and innovation
should not be stifled.

It is necessary to consider the subject of d=sign criteria in conjunction with brittle
material design since there are some significant changes necessary from airframe and
space vehicle criteria as typically developed for metallic structures. The principal
reason for this change 1s the need to recognize the probabilistic nature of material
strength properties, which makes it necessary to at least consider whether all of the
criteria should be treated on a probabilistic basis.

With the conventional approach to criteria, material variability is, in fact, considered
and typically 99% failure probability levels are defined as a basis for selecting material
allowables. These allowables are then used with ultimate loads, which are 1imit loads
multiplied by a factor of safety. Limit loads are the maximum loads expected in service.
Thus to some degree at least, probabllistic methods are used in the conventional treatment
of airframes and a finite probablility of failure under ultimate loads is accepted. How-
ever, the characteristic strength distribution curve for metals 1s such that the prob-
abllity of material failure under stresses from limit loads is essentially zero. The
combination of this characteristic, together with ground testing to verify the design,
flight testing to verify loads and load distributions, and operational restrictions
based on the demonstrated strength, is intended to ensure a zero probability of failure,
for the structure, in service., Only very infrequently, usually when some new vehicle
ch%racteristics lead to a new and unexpected structural failure mode, is this requirement
not met.

However, if maverials of wide strength variability, such as ceramics, are used with the
conventional detorministic approach to criteria, the structure may not have a zero prob-
ability of failuie under limit loads. To many individuals, and for some applications,
this 1s not acceptable. Where 1t 1s acceptable, then the question of an acceptable value
for failurg protabllity arises, since there 1s nothing in current practice to establish
a precedent.

Current criteria practice also begins to break down for vehicles where significant
aerodynamic heating effects are present because it is no longer possible to define the
airframe strength with a single number such as a load factor. Many parameters are
involved and rational combinations of these parameters are necessary to produce meaning-
ful design conditions. The introduction of arbitrary factors of safety on some or all
of these parameters leads to irrational and inconsistent situations; and again the answer
lies, ultimately, in the direction of probabilistic methods. While this is becoming a
problem with all high speed vehicles, it is particularly important when brittle ceramic
materials are used since the applications for these materials will almost always involve
very high temperatures, with all of the associated effects. For these reasons, therefore,
consideration must be given to criteria in this Handbook.

If the criteria is to be approached probabllistically, it is desirable tc be able to
specify the allowable overall fallure probability of the structure, considering all of
the various loads and load repetitions and their probability of occurrence, the associated
temperature effects, and the variable material and structural response characteristics
under the spatial and time varying stresses from these conditions. In addition the
reliability of analysis and test methods and of experimentally determined data should be
included and all of these considerations should be combined into an overall probability
of failure value.

The ideal situation 1s never attained in current practice. The principal reason is
the vast amount of statistical data and computational effort that would be required.
This becomes economically impractical, particularly since much of the data requires
extensive full scale ground and flight testing. Even if it were consicered worth the
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cost, the task cannot be completed until a number of vehicles have been flown extensively
to gather data, and obviously, in this case, the rerults are available too late to

influence the design.

At best the probabilistic method is applied only to some elements of the total assess-
ment of structural integrity. Tne specification of material allowables, on this basic,
has already been mentioned. Probabilistic loads are used for some of the environmental
induced conditiones for space vehicles. Probabilistic strength characteristics and prob-
abilistic loads lLuwever, are never combined in a statement of structural failure prob-
ability, and analysis and test data (other than material properties) is never trcated

statistically.

Currently, the loads arising from the various design conditions are treated partly
deterministically and partly probablilistically. Deterministic methods were used in the i
early days of airframe design when relatively simple descriptions of the overall loads "
and strength levels were sufficient. They have been retained because they are simple to
use, they are particularly convenient for initial design work when extensive knowledge
of the structure and the vehicle are not available, they provide a simple means for
establishing contractual requirements during procurement, and they provide a simple
framework for the establishment of operational limitations. They also permit responsi- .
bility to be assigned in the event of a catastrophy, since it can usually be established
whether the airframe failed to meet its strength requirements (contractor responsibility)
or whether 1t was operated beyond the established 1imits (operator responsibility).

Probabilistic methods ot defining loads have none of these features. Such loads cannot
be determined until a large amount of infoimation is available on the structure, the
vehicle and 1ts mission, Even then the computational work is of enormous magnitude.

urthermore, it is impractical to demonstrate the structural reliability by test, or to
/Jestablish probabilistic loads by flight testing, so that many of the features of the
deterministic approach are lost.

The deterministic approach currently predominates for conventional aircraft while
probabilistic methods are more extensively used in space vehicle design. However,
deterministic methods become somewhat inconsistent and arbitrary when the thermal effects
of high speed flight are important and no really good criteria have yet been evolved. '

Ceterministic methods of load specification also involve the use of safety factors, and
although these factors are arbitrary and are often used inconsistently with respect to
thermal effectls, thelr use is part of the level of structural integrity which experience
has shown to be satisfactory. Any proposed changes in criteria must therefore recognize
existing safety factor practices. Perhaps of most importance with deterministic methods,
however, 1s the large amount of successful experience which has been accumnulated and the
large numbers of structural engineers who are thoroughly familiar with their use.

In this Section the approach to be taken to criteria for structures or components
fabricated from brittle materials is to emphasize probabilistic methods, but to continue
with the separation of load and strength considerations. Any efforts to change existing
load specification and deotermination practices is well beyond the scope of this Handbook
although some discussion and description of these practices will be given since they are
an important part of structural integrity.

Emphasis will then be placed on the strength aspects of criteria, such as the selection
of materlal allowables, factors of safety, etc., and recommended criteria practices will
be given. The objerctive will be to maintain the same strength and integrity levels as
have been shown satisfactory in the past. In addition an attempt will be made to
establish criteria with respect to thermal effects, in view of their probable importance
to "ceramic® struntures.,

It must be emphasized that this Section presents only suggestions and recommendations
for criterla for structures fabricated from brittle materials. There is currently a
complete lack of information, in the literature, which can be used to verify or confirm
these suggestions, nor was there any opportunity, during the preparation of this material,
to conduct verification experiments. So far as possible the assumptions upon which the
recommendations are based are clearly stated, and thelr experimental verification is the
first step In establishing criteria.

6.2 CURRENT CRITERIA PRACTICE
6.2.1 Deslygn Conditions
a) Ilanned Alrcraft

The principal loading conditions which design the primary structure of
conventional manned aircraft are maneuvers, gust, landing and take-off.

In all current, aircraft criteria (References 6.1, 6.2 and 6.3), maneuvering
loades are treated as deterministic by specifying an envelope of lo-d factor against
velocity. Where they are not limited by vehicle performance capability these load factors
are, in fact, determined from statlstical data accumulated over many years of actual
fillght operations with vehicles, not necessarily similar, but performing similar missions.
Thus the determirlstic method of load specification has 1ts roots in statistics and,
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although not stated explicitly, a certain non-exceedence probabllity level is implied.
The specification of a load factor level instead of a non-exceedence probability level
is a very simplified approach in which the only parameter considered is the broed classi-
fication of the alrplane by its function. For large complex vehicles a more rational
examination of design load factors is frequently made at a later stage in the design by
conducting simulator studies. If the load factors upon which the design was originally
based are found to be too low, the alrframe will necessarily be modified, and quite
frequently only localized detall changes will be found necessary. If the original load
factors are too large, however, 1t will rarely be convenient to benefit from the ponten-
tial weight reductions because weight saving necessarily implies redesign over large
areas of structure.

Generally the important maneuver design conditions will involve transient
effects such as the pitching and rolling accelerations and velocities required to achleve
maneuver attitude and to recover from the maneuver. Again the appropriate design para-
meters are selected from past statistical records, with a great deal of engineering
Judgment, and a minimum consideration of the characteristics of the vehicle being designed.

Permitting the pilot to fly to the boundary of the maneuver envelope implies
a relatively high probability of 1imit load occurrence, and although 1imit loads are
usually intended to be the maximum loads experienced in service this situation must be
exnected to lead to a finite probability of 1imit load exceedence. For example, in
fighter aircraft the pilot is not likely to be considering the airframe Vn diagram during
combat operations; in training aircraft inadvertent exceedence is likely, and in commer-
clal aircraft there may be rare emergency situations in which the pilot is not able to
remain within the design boundaries. These situations are covered, quite unscientifically,
by safety factors, a subject to be discussed later. Safety factors, however, may cover
other considerations than limit load exceedence.

For fatigue considerations the question of repeated maneuvers at different
levels, which again should be treated on a probability basis, is reduced to a deterministic
form by specifying "blocks" of loads at various levels. The number of load repetitions
at various fractions of the design limit load factor, which is presently the way the
repeated load criteria is formulated for military aircraft (Reference 6.4), 1s presumably
based on statistical data. However, specifying the requirements as mentioned above and
relating these requirements only to the class of aircraft, again represents a very
approximate method of determining the design loads from statistical data.

For both military and commercial aircraft (Reference 6.2, 6.3), gusts are
treated deterministically, in the establishment of 1imit loads, by considering discrete
sharp edged gusts, with correction factors for aircraft response. In addition,
Reference 6,3 specifier gust shape. Again, the specified gust velocities are selected
from large amounts of statistical data and there is implied a non-exceedence probability
level, although its value is not known., Fror repeated loads and fatigue considerations
military criteria require a probabilistic treatment of gusts by specifying a power spectral
density. This is in contrast with the treatment of repeated maneuver loads described
above. Commercial aircraft criteria are not specific about the manner in which repeated
gust loads should be treated, but current practice, for large vehicles, involves the
probabilistic, power spectral density methods.

Landing loads are 2lsc probabilistic in nature, particularly since the pilot
has no direct measure of sink speed at the moment of touchdown, but in current criteria
the situation i1s treated deterministically by specifying maximum sink speed. Again these
values have been determined from this accumula%ion of statistical data on many different
aircraft so that the current criteria again represent a simplified but convenient reduc-
tion of probabilistic deta to determiiiistic design conditions. Again, in many cases,
similator studies will be made when the design has proceeded sufficiently and again if
the initial design values have proven unsatisfactory the costs of changes can be large.

Take-off conditions are alsc treated deterministically, in current criteria,
by specifying load factors but more recently the probabilistic treatment of the repeated
loads produced by runway roughness has become the practice. The situation parallels the
treatment of gusts where the repeated loads determined probabilistically are princlpally
used for the fatigue analysis of the structure.

For supersonic aircraft present criteria requirements with respect to heat-
ing ¢ "..ots are quite general, with both military and cammercial criteria requiring
only that such effects be considered (References 6.1, 6,10). Revisions to the military
specifications are under consideration, and al*hough these have not yet been published
there are indications that discrete deterministic design conditions will be retained in
order to utilize existing maneuver load and gust criteria. Design trajectories will
probably be used to establish discrete design conditions in which load and thermal
effects are combined. Trajectories most likely to result in (a) material strength
reductions, (b) development of substantial thermal stresses and (c) development of
substantial mechanical stresses will be required, but it will be recognized that the
maximums of each of these effects will not always occur along the same trajectory and
that the worst combination may be some other trajectory. No consideration will be given
to the probability of occurrence of these various design trajectories or to any of the
important parameters which define these trajectories.

For 1ife design conditions typical mission profiles will be used to establish
thermal effects since 1t is recognized that every flight #ill not involve a critical

oo
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design trajectory. No conditions are imposed on the relationship between design tra-
Jectories and mission profiles, but the need to consider the time involved in each
maneuver, because of the transient thermal effects, is recognized and quantitative data

is given.
b) Space Vehicles

For most spac: vehicles, whether manned or unmanned, launch and ascent provide
the most important structiural design conditions. While the heating effects during re-
entry of recoverable vehicles may be critical also for the re-entry structure, neverthe-
less the majority of the airframe weight will be designed by launch and ascent. During
launch and ascent the important loads arise from (a) environmental effects such as winds,
atmospheric turbulence, gusts, wind shears, etc.; (b) engine thrust loads including
transients during engine start and cutoff and including the load components resulting
from engine gimballing for control purposes; (c) aerodynamic loads due to vehicle angle
of attack and changes in angle of attack; (d) loads rroduced by the relatively large _
volumes of liquid propellants, including both steady state inertial loads and dynamic b |
loads due to fluid motion; es dynamic effects resulting from coupling and interactions \
between all of the above and the structure. The probabllistic treatment of loads is used
more extensively for space vehicles than for conventional aircraft, but at the present
time the treatment is still incomplete and contains some inconsistencies.

A large amount of statistical data has been gathered on the atmospheric
environments at space vehicle launch sites. Consequently, winds, gusts, turbulence, etc.
are treated probabilistically to the extent that the environmental conditions are selected
based on a specified non-exceedence probability level. However, having selected the
individual wind, gust and turbulence conditions, these are generally combined into a
synthetic wind profile which is then used to determine specific critical load conditions
in a deterministic manner.

To determine aerodynamic loads, dispersed trajectories are used in which the
dispersions reflect probable variations in guidance and control equipment and any other
factors which control the trajectory. Similarly, performance variability is considered
to a specified probability level in determining engine thrust and the associated tran-
sients, load components, etc, When all of these loads are combined, however, to determine
the critical bending moments, axial loads, etc. at each station, they are generally treated
deterministically and combined by simple superposition.

6.2.2 Design Methods

In order to follow a structural design procedure entirely based on the recognition of
the statistical basis for all aspects of the design, it is necessary to recognize also
the statistical nature of all of the design data which 1s used to predict the structural
response to the prescribed design loads. Such data includes physical and mechanical
material characteristics, aerodynamic characteristics for describing total aerodynamic
forces and pressure distributions, and all of the experimentally determined physical
data involved in predicting external and internal heat transfer and the resulting
temperatures. All of this data will normally show variability, either inherently in
the properties being determined as in the case of the mechanical properties of materials,
or as a result of variabilities in test technique, instrumentation, test facilities
performance, etc.

A similar variability is implied in theoreticel methods used to predict structural
response, to the extent that all such methods have been verified by correlation with
experimental data. Since this experimental data is statistical, the accuracy of the
analytical methods 1s only known to a certain probability level. Thus, all data used
in predicting structural response to a specified system of loads 1s again statistical
in nature, and the contribution of this variability to the overall probability of failure
should be included.

Here again current practice is inconsistent. The establishment of material properties
is generally treated statistically and the allowable properties to be used for design are
determined from experimental data by prescribing the acceptable level of probability that
the properties will be exceeded in the actual structure. There is also some recognition
of this situation with respect to the methods and data used to determine the effects of
aerodynamic heating on high speed vehicles. Various methods are in use for predicting
external heat transfer characteristics, and these methods show differences in results
and variability in the correlation with experimental data. As a consequence, in the
discussion of criteria for high temperature structures it is frequently proposed that
factors of conservatism be used on predicted heat transfer coefficients. In this case,
there i1s no real attempt to statistically examine the scatter in experimental data but
only to apply a rather arbitrarily selected factor to the predicted values.

In all other areas of technology involved in the prediction of structural response to
the design conditions, there i1s no attempt in any structural design criteria to treat
experimental data statistically, or to consider the accuracy of prediction methods on a
statistical basis. For instance, statistical procedures are not generally fcllowed in
reducing aerodynamic data measured in wind tunnel testing. The usual practice is to leave
the interpretation of experimcntal data, and the conservatisms to be added to predicted
values, to the judgment of the specialists in the various areas of technology. The chance
of this practice leading to an inadequate structure is not very great since the technical
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specialists are generally conservative in assumptions, methods and exverimental data as
used for strength predictions.

Almost equally significant, however, in high perfcimance weight critical vehicles is
the fact that these conservatisms may be excessive, leading to overdesign. The extent
to which this situation exists in typical vehicle structures is not generally known, since
many engineers are usually involved in various parts of the design activity, such as the
determination of aerodynamic pressures, the determination of heat transfer coefficlents,
stress analysis, dynamic analysis, etc. Each applies his conservatisms which, in the
nature of a typicel engineering organization, are usually cumulative.

This problem is not relieved by the practice of structural testing. The testing of
full scale structures or structural components will reveal the weakest point and will
show whether this point is strong enough to meet the design conditions, but such tests
will not generally show the level of excessive strength throughout the remainder of the
structure. Quite frequently ground testing will show that even at the weakest point the
structure is much stronger than i1s necessary, and frequently this is the result of the
accumulation of conservatisms during the design. Usually however, at this stage the
design work 1is complete, tooling is finished and a number of production articles are being
fabricated. Consequently, any large effort to reduce weight by a redesign to eliminate
the excess strength is usually discouraged. Some organizations anticipate this situation
by prescribing artificlally reduced loads for design purposes and though unscientific
this procedure is usually satisfactory where there 1s considerable experience with similar
structures in similar applications.

In defense of the situation described above it 1s usual to argue that the st-uctural
criteria should not constrain the designer by prescribing particular methods of analysis
or particular experimental data with assoclated factors of conservatism. This concern is
particularly valid in the case of general criteria, such as Keference 6.1, expecied to
remain in use with the minimum of revision for many years. The problem is not so much
one of prescribing methods of analysis, however, as it is one of properly reducing all
experimental data to produce data for design purposes.

5.2.3 Safety Factors

Factors of safety are customarily used to establish an ultimate load from limit load
where the 1imit load is defined as the maximum load expected in service. It is usual to
require that the structure suffer no degradation with respect to its ability to perfom
its functions when subjJected to 1limit loads and that it not collapse or rupture when
subjected to ultimate load.

The current values of factors of safety, for example the 1.5 value specified in
Reference 6.1, are quite arbitrary and a considerable amount of effort has been wasted
in trying to ratlionalize these arbitrary factors. They apparently evolved, at least in
the U. S., by choosing values of safety factor and limit maneuver load so that previously
satisfactory strength levels were retained. (Reference 6.5). Subsequently, some reduc-
tion in safety factor level has become acceptable practice in unmanned systems. Higher
risks are generally acceptable in unmanned systems though whether the reduced factor of
safety results in a higher failure probabllity depends on the extent to which the
selection of 1limit load levels has been influenced by the single mission, and the
resulting lower probability of experiencing extreme operating conditions.

Some organizations consider that the safety factor covers variations in the strength
of the fabricated structures due to processinr variabllities, residual stresses, etc.
Others consider the factor of safety to ccver ‘= possibility of exceeding limit load.
In the past the factor of safety was often suj;csed to have covered the effect of repeated
loads, but the importance of fatigue in most modern aerospace structures has required
that this subject be properly analyzed rather than burled in a safety factor.

When repeated loads are considered 1t 1s usual to apply the factor of safety not to the
load levels but to the number of load repetitions. USAF practice, Reference 6.6, applies
the factor of 4 to the number of load repetitions, whereas the U. S. Navy applies a factor
of only 2 but uses a load spectrum which emphasizes the high load levels. This latter
procedure 1s a concession to the practical problem of fatigue testing of complete aire
frames. It recognizes the large cost and time involved in simulating a realistic load
history and repeating this a number of times, and it attempts to produce an accelerated
ground fatlgue test.

Again, there 1s no clear rational basis for applying a factor of safety to the number
of load cycles. With the exception of certain critical components such as helicopter
blades, it is not usual to retire arn airplane from service because 1ts design 1life has
been reached., For vehicles from which a long service 1ife is expected the use of tough
construction materials in conjunction with periodic inspection, frequently involving
quite sophisticated methods, and with repalr or replacement where cracks are detected,
1s the basis for continued utilization of the vehicle. Petirement will then result when
the rate of degradation is such that this process becomes uneconomical.

With respect to aerodynamic heating effects the question of factors of safety arises
because of the precedence established by the use of safuty factors on louds and life.
Many parameters are involved in determining all of the offects which are present under
aerodynamic heating conditions. Since these effects act simultaneously consistent
values of these parameters must be used to avoid meaningless margin of safety assessments.
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The introduction of arbitrary factors of safety into a complex and otherwise rational
analysis produces difficulties, and no generally acceptable approach has yet evolved. It
is generally recognized, however, that factors applied to heat transfer coefficlents or
temperatures or thermal stresses, etc. will each have significantly different consequences
and that the significance of such a factor will be quite different from applying the same
factor to load. There is some agreement that factors of safety should not be applied to
temperatures and that factored stresses due to load and unfactored stresses due to
temperature gradients, should be combined. However, the Fedecral Aviation Agency in
Reference 6.10 requires a factor of 1.25 on thermal strains for supersonic commercial
aircraft, while some recent U3AF considerations of criteria for high temperature airframe
structures have seriously considered using a factor of 1.15 on velocity. The latter is
intended to produce a more rational design condition than the simple application of a
factor to heat transfer coefficient or temperature, and it has nome precedence in the
treatment of factors on alrframe stiffness requirements.

Despite the cciafused situation with respect to loads and safety factors, it must be
recognized that the practice has generally led to structures having satisfactory strength
levels. Where limit loads are prescribed probabilisticilly, the usual values are 99% or
99.9% which implies a relatively high probability of load occurrence. Similarly with
manned aircraft, since the pilot is pe.mitted to fly to the load factors which are used
to establish 1imit conditions, it can be assumed that these conditions arise relatively
frequently. On the other hand ultimate loads are permitted to develop stresses which
have a 1% chance of exceeding material allowables so that the chances of failure under
ultimate loads are relatively high.

Evidently, therefore, the typical 1.5 factor of safety has, in the past, been sufficient
to ensure either that ultimdte loads have an extremely low probability of occurrence or
that the stress levels associated with 1limit loads result in an extremely low probability
of material failure. Effectively, the factor of safety has made it unnecessary to seek
the vast amount of statistical data, on both loads and strength, that would be necessary
if the criterla were expressed as a total failure probability of extremely low value. On
the other hand the fallure probability that is achieved with the factor of safety is not
known until large numbers of vehicles have been in operational use for extended periods
of time. This may be unimportant when a new design involves a small extrapolation of
past experience but with a major change in vehicle configuration, operating conditions,
structural concept, or materials, the situation may be quite different.

6.2.4 Qualification Testing

It 1s current practice to qualify any airframe by ground testing, in which all of the
critical conditions are imposed on a full size airframe, in conjunction with flight
testing to measure loads and load distributions and to demonstrate structural integrity
at critical design conditions. Where this is not done, usually for economic reasons
when only very few vehicles are to be built, either higher factors of safety are used
by restricting the flight envelope, or an increased risk is assumed. The latter is often
the case with research aircraft.

The qualification test program is thus an integral part of the assurance of structural
integrity., It is an element in .current practice which has contributed to the generally
successful performance of airframes and it must, as a consequence, be considered in any
attempt to formulate new criteria.

Qualification testing serves two purposes. It verifies that the airframe has the
predicted strength under the applied loads and environmental conditions, and for the
expected fallure modes. However, it also verifies that other critical loading conditions
have not been neglected and that failure modes have not been missed. Strength analysis
of structures requires a prior knowledge of potential fallure modes, it does not predict
them. Imagination, coupled with experience, can usually suggest what the failure modes
will be, but there is no absolute proof except in test. For this reason also, full scale
ground testing on the complete vehicle is invariably used for qualification purposes,
since there can be no avsolute proof that scaled models or partial structures are reveal-
ing every failure mode.

The typical ground test program will include two airframes; one is exposed to each of
the potentially critical discrete flight conditions, the so-called "static! test, while
the other is subjected to '1ife" testing. Both test programs are conducted with discrete
loading conditions; the "static" test 1s exposed in turn to each of the critical limit
load conditions; life testing is conducted by exposing the airframe to loads of various
levels and distributions, representative of various flight conditions. Specific numbers
of load cycles at varlous levels of load intensity are applied to approximately represent
the distribution of load levels expected in service, and loads of various levels are
Intermixed in sequence, since there may be sequence dependent fatigue failure modes.
Obviously the life testing 1s an aspproximation since load level distributions and load
sequences are known only veiy approximately from statistical data on other, and different,
vehicles. Also it is not practical to provide for a large number of different load
distributions simultaneously, in the loading rig, and only the most critical static
conditions are usually represented.

In the examination of current criteria practices, it is interesting to ask why two test
articles, or why separate the discrete 1limit load testing from the repeated load tests
since the latter should include the former. One obvious reason is timing. Full scale
testing requires a great deal of time during which operational vehicles must be restricted
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until it is complete. Static testing tekes much less time than life testing and when it
is complete restrictions on the operation of the vehicle within the flight envelope can
be removed. Restrictions on vehicle life, while 1ife testing is being conducted, are
not significant since although the testing takes considerable time, nevertheless the
number of cycles can usually be built up faster on the test specimens than on the vehicle
in operational use. Thus, the practice i1s simply to ensure that the life test 1s always
ahead of actual usage in terms of the number of flight hours simulated.

It is also evident, however, that the separation of static and life testing, whether it
is conducted with two test specimens or one, reflects again the concept of assessing
airframe strength in terms of discrete, static load conditions. There is some Justifica-
tion for this, with typical metal structures, since the bulk of the structure in terms
of weight of material and the type of construction used is dictated by load level, while
repetitions of load control very local (but nevertheless important) elements of the
structure, such as Joints, where stress concentrations predominate.

It 18 concejvable that, with equipment available today, ground testing could be conducted
on a probabilistic basis. With a loading rig arranged so that maneuver, gust, landing
and other load conditions could be applied by proper selection of loading cylinders, a
computer could be arranged to randomly select load levels and sequences within a pro-
grammed sequence of operating conditions. For a deterministically designed vehicle this
method of testing would have the disadvantage that a complete vehicle life may need to
be simulated betore all limit load conditions are applied. 1In fact some of the conditions
may never be applied if their probability of occurrence is sufficiently small. Even for
a probabilistically designed airframe the time required to demonstrate the integrity of
the alrframe would be impractically large.

An equally important part of structural qualification testing is the flight test progranm,
which has two parts, a flight load survey and the structural testing in flight, to limit
conditions. The flight load survey 1s a verification, principally by the measurement of
stresses, in flight, of the loads and load distributions used in the design and stress
analysis. In this respect it parallels the "static' test which 1s a verification of the
failure modes assumed and of the predicted strength levels in each fajlure mode. The
structural flight testing 1s a final verification in which the limitations in the ground
test program, such as the localized application of loads, the use of an incomplete
airframe, etc., are finally eliminated.

Again, i1t is clear that both aspects of structural flight testing must be conducted on
a deterministic basis., Specific conditions must be established for the measurement of
loads and for the demonstration of structural integrity and the aircraft must be
deliberately flown to these conditions. To conduct a flight test probabilistically
implies flying until critical loads arise statistically, obviously impractical since it
may require all of the flying of all vehicles of the type.

The flight testing of space vehicles for structural purposes is far less common than the
flight testing of conventional airplanes. Each flight requires a vehicle, and for
economic reasons each must be used to accomplish a mission or at least to accomplish a
large number of system tests. Possible compromise of the mission or systems test programs
in order to apply critical structural design conditions, either for load measurement or
to verify structural integrity, will rarely be tolerated. Similarly, the use of a vehicle
specifically for these purposes can rarely be justified economically.

This situation is perhaps tolerable with a space vehicle since a greater risk of failure
is usually acceptable than is the case with a vehicle intended for many thousands of hours
of operation. This is true even with manned space vehicles. It is a trade-off between
the cost resulting from a vehicle failure and the cost of increasing structural reliability
by structural flight testing. Such trade-offs are probably not made in fact, but only
as a Judgment by the program management.

6.2.5 Changes to Current Practice

From the above discussions it appears premature to propose, as a basic criteria, that
an overall airframe failure probability be specified, since this would require major
changes in the approach to load determination and to ground and flight testing concepts,
particularly for manned aircraft. Such a development is beyond the scope of this
Handbook, which is concerned only with differences in design practice due to the use
of brittle materials. Broad use of the probabilistic method is not peculiar to brittle
material structures but is desirable generally, from an idealistic point of view, to
permit more rational design conditions.

Furthermore, a change of this type, to be effective, requires the concurrence of
structural engineers, airframe designers and the managers of major vehicle programs,
if it 18 to be effective. Such an activity requires committee type action, so that all
interested parties can be represented and so that economic and legal implications, which
are quite as significant as the technical, can be given proper consideration.

It 1s quite certain that the structural community is not at all ready to consider
departing from the well established deterministic methods of establishing design conditions
and the associated loads for conventional manned aircraft. It is probable that they never
willl be, because the probabilistic method is not convenient or even feasible for initial
design, only for subsequently checking a completed design. Even for space vehicles,
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where probabllistic concepts are used i the structural criteria, particularly for the
important launch and ascent conditions, it is usual to pick some specific deterministic
conditions for design purposes, and as elready discussed, the statistical wind and gust
data is turned into a specific synthetic wind profile. Thus the actual approach to
design is the same as is used for aircraft; the differences are only in the manner in
which the criteria 1is written.

It must also be recognized that brittle ceramic structural parts are likely to be used
only in very local areas of the airframe. It is unlikely that these materials will ever
be competitive, on a strength to weight basls, with metals wherever the latter can be
used., Ceramics will be used where their special characteristics, primarily their
refractoriness, are essential. Consequently, the majority of the airframe design will
undoubtedly follow conventional practices, and this will include the loads analysis.
Loads for those structural elements fabricated from brittle materials must be related
to and developed from the load system for the entire vehicle so that to insist on a
completely probabilistic approach for the brittle elements would require a complete
duplication of a major section of the design activity.

In view of these considerations i1t will be assumed here that conventional practices
will be followed 1n the determination of design conditions and 1limit loads, when hrittle
materials are used in the airframe. Differences In design procedure required by these
materlials will be accommodated by changes in the treatment of factors of safety and in
the method of selecting allowable stresses. Structural integrity assurance will also
require reconsideration of qualification testing and changes will be necessary in the
ground testing phases.

The flight test phase of qualification testing will be unchanged from present practices.
Flight loads measurements are obviously related to the system of load determination so
that if no changes are made in the latter, the approach used for flight loads measurements
will also be unchanged.

6.3 SUGGESTED CRITERIA PRACTICE
6.3.1 Discrete Load Conditions

In the discussion of suggested criteria practice for structures fabricated from brittle
materials, 1t is appropriate to begin with the consideration of discrete load conditions.
Strictly speaking, it should only be necessary to consider design for repeated loads using
the spectrum of loading which will include all of the loads expected to occur during the
life of the vehicle. However, the use of discrete load design conditions 1is well
established practice, it 1s particularly convenient for preliminary design and it provides
the designer with a good appreciation of the capabilities of his structure. Furthermore,
the lack of experimental data on the fatigue characteristics of typical brittle materials
and the lack of any significant experience with practical hardware design leaves us
without knowledge of the relative significance of discrete maximum loads and ths whole
spectrum of loads, to the design. Consequently, it may only be necessary in many cases
to consider designing for discrete loads with attendant simplification of the design
process.

e

It 1s suggested that current practice be followed as closely as possible with brittle
materials in order to exploit as much as possible the generally successful experience
with airframe structures. Accordingly, two discrete load conditions should be used
corresponding roughly to the 1limit and ultimate conditions of conventional metal airframe
design. Limit conditions should include the maximum loads which are likely to ocecur in
the life of the vehicle,

-

For those aspects of the vehlcle operation which are controlled by the pilot, or in the :
case of missiles and space vehicles by an automatic flight control system, the limits of
the operating envelopes or the extremes of the programmed flight conditions should be
used to define 1imit loads. This applies to maneuvers, and it includes the forces
introduced to maintain a vehicle on a programmed flight path. It includes elso the
dispersions caused by variability in the functioning of guidance and control systems,
variations in the thrust performance of rocket engines, tolerances in the gimballing
of rocket engines, etc. Where variability in the performance of vehicle subsystems is
involved or where loads may fluctuate randomly or uniformly, the objective should be to
select levels such that the probability of occurrence of the combined system of loads is
1% or less. Stresses due to loads from various sources, both probabtilistic and deter-
ministic, can be combined as follows:
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%im etc. are the mean stresses from each individual loading.

O1p is the r.m.s, value of the fluctuating part of any random or unitormly varying load.
(No{e that 041¢ 15 zero for a deterministic load)

n is selected so that the probability of ¢ being exceeded is 1%, or less.




For those load sources which are not under the control of the pilot or an automatic
flight control system and which include principally naturel phenomena such as winds,
turbulence, gusts, etc., the limit conditions should be bused on a 1% probability of

. occurrence; that 1s, the condition selected should be sufficiently extreme that there
is only a 1% probability of the combined loads being exceeded in the 1life of the vehicle.
The relationship given above can again be used to combine loads or stresses.

Associated thermal effects should also be based on extremes of llkely occurrence.
Aerodynamic heating should be determined for trajectories which are the extremes permitted
for vehicle operations in conjunction with dispersions due to variations and tolerances
in guidance, control and sensing equipment where the variation selected should be of
such a degree that there is only 1% probability of exceedence of the combined condition
in the life of the vehicle. Where sufficient statistical data is available similar
levels of tolerance and variation should be applied to the dats used to determine aero-
dynamic loads and heat transfer coefficients and to determine 'ch factors as surface
emissivity, material conductivity and other factors which cont. 1 the temperatures and
temperature gradients in the structural materials.

If the above practice 1s followed in defining loads, the resulting critical discrete
load levels will have a probability of occurrence of 1% or less. This is a relatively
high probability, in other words the resulting design loads are almost certain to occur,
Accordingly, the probability of structural failure under the load condition defined above
must be very small. In order to ensure thie and also to avoid the problems discussed
elsewhere of costly statistical programs to define material properties, it 13 recommended
that the basic philosophy used for structural design be to conduct a proof test on each
structure to the stress levels produced by the critical 1imit loads. This, in simple
terms, will reduce the structural fallure probability to zero, and the result should be
essentially the same level of structural integrity as is present in conventional metal
structures.

The use of a proof test to impose on each element of material the maximum stresses
expected in service is an ideal situation which is not 1likely to be realized in practice.
Most structures are designed by more than one loading condition and 1t is not likely to
be economically practical to conduct a proof test on each component for each critical
design condition. Even 1f only one loading is important it is not likely that the proof
test will be a precise simulation, agaln for economlical reasons. As a result the proof
test will subjJect some elements of the structure to stresses greater than those expected
in service, and other elements to smaller stresses. Nevertheless the benefits of the
proof test in reducing the overall fallure probability are retained as will be evident
from the analytical relationships given in Section 3. In Section 3 equations are given
from which the effect of the proof test in reducing the probablility of fallure for any
given load condition can be obtained by a summation over all elements of the complete
structure. Since negative values, such as might be produced by compressive stresses or
by elements in which the proof stress i1s greater than the applied stress, are not included
in this summation. The only way to make the result zero 1s to ensure that the proof
stress exceeds the maximum operational stress from any condition at every point throughout
the structure. This may well result in the imposition of relatively high and damaging
proof stressesc over some elements of the structure for the sake of exceeding operating
stresses in a few other locations. C(onsequently, 1t is much more practical to assign a
finite but nevertheless small probability of fallure value to the structure under limit
loadr rather_ than to _expect the value to be zero. Probabllity of fallure values of the
order of 10'6 or 10-7 are suggested and should generally be readily obtainable with a
well chosen proof test.

It should be noted that in order to meet such a requirement it is not necessary that
the proof test simulate any of the design conditions, and this point should be exploited
to make the proof test as cheap and economical as possible. On the other hand a proof
test which deviates too far from the simulation of the critical stress distribution and
from reproduction of the maximum stresses will not establish confidence in the structural
integrity. This situation should be automatically taken care of however by the methods
presented in Section 3. If there i3 an element of the structure where the operating
stresses are large and the proof stresses are small the probability of fallure, even 1if
only a few elements are involved, will be large and it will not be possible to meet the
proposed criiaria., This point is Illuctrated in Section 7 where very small volumes of
highly stressed materlal in stress concentration areas such as fillets, are shown to
contribute significantly to the overall structural fallure probability.

The other complication that enters into the question of a proof test is the gquestion
of how much damage 1s done to the material by the prcof test itself. In most practical
cases the fact that the structure must sustain many load repetitions suggests that the
damage in the form of flaw growth or crack propagation due to the proof test must be
small., If it were not, it 1s unlikely that the structure would re able to sustain
repeated loads. However, there may be applications such as single flight vehlcles in
which the critical design loads are not repeated, and where the critical loads are
substantlially greater than the loads expected durlng the remainder of the operation.

A tentative criteria for selecting prcof stress levels so that material damage 1s not
cignificant has been evolved andlleads to the following requirement.
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where a 1s marimum flaw size 1n sample (gﬁL is flaw growth rate under application of

proof stress. The derivation of this relatfonship is given later, in conjunction with a
fracture mechanics approach to the establishment of criteria for the design of brittle
material structures to sustain repeated loads.

Any criteria philosophy which requires a proof test of each article may be imposing
significant cost considerations. Certainly to proof test a complete airframe would be
a very serious consideration which would cseverely limit the interest in materials of this
class. 1In the nature of nonmetalllc refractory materials however, the manner in which
they are fabricated and the structural weight penalties that will te imposed by their
use 1s expected to limit this use, for aerospace applications, to those areas where high
temperatures make metallic materials impractical. Such areas are expected to be limited
in size and because of the requirements for hot pressing, sintering, diamond grinding,
etc, in thelr fabrication, 1t 1s expected that these materials will always be used to
meke relatively small parts. As a recsult it 1s not expected that a requirement for proof
testing of each part will impose a serious restriction on the use of these materials, or
introduce a large cost increment.

It 1s believed that if the approach described above is followed with respect to discrete
load conditions, the result will not be completely acceptable to the airframe designer and
user because the question of safety factors has not been introduced. The procedure will
lead to a structure which has a factor of safety, because larger loads than those describded
above as 1limit loads could be sustained with an increased probability of failure. Never-
theless, the level of thii factor of safety 1s not defined and it 1s not related to past
and current experience 11 the assesament of alrframe integrity. Furthermore, the factor
of safety impllied in the material strength capability will be a function of the variability
in material properties and may therefore vary from one structure to another depending on
material characteristics,

For the reasons given above it is considered desirable to also continue the practice
of designing the atructure for factored loads, but rather than continuing with a completely
arblitrary situation a more rational basis for the factor of safety can be established by
accepting an increased probability of failure over that exlsting under limit conditions.

Tt 1s considered that factors of safety applied to loads should rationally reflect only
uncertaintles in those loads. Currently, there are many who consider that the factor of
safety covers inadequacles in stress analysils, uncertainties in material properties or
variability in strength of the complete structure as a consequence of variables in the
manufacturing process, Evidently, however, 1f there are uncertainties in these areas,
they should be accommodated by introducing appropriate factors or conservatisms or
margins into the stress analysis or the material properties or the structural strength
assessment as appropriate. It 1s certainly no rational to accommodate uncertainties in
material strength prediction by an increase in the applled loads. In the case of brittle
materials many of the uncertainties mentioned are necessarily considered with the more
sophisticated design and analysls procedures that are required. As 1s indicated in other
sections of this Handbook the stress analysls must reflect local concentrations, built
in fabrication stresses, deformation constraints, etc., and the material properties used
for the strength assessment must reflect variability caused by processing variables
throughout the manufacturing activity from the starting powders to the finished component.

SN

It 1s also clear that there 1s no significant question of ylelding with brittle
materials, which 1s another Justification with metallic structures for considering two
distinct design conditions. This is not to dismiss the possibility of creep deformations
in hlgh temperature ceramic structures nor does it imply that deflection limitations may
not be a design criteria, but clearly these latter considerations again do not justify
arbitrary factors on design loads. Similarly it is very unlikely that buckling considera-
tions wlll ever arise in a ceramic structure because the length to thickness ratlos of
the varlous elements of each component are likely to be very small, ¢ a result the
uncertaintles with respect to stralghtness and flatness, which are important in thin
sheetmetal structures because of thelr effect on buckling, will not be of concern with
reramlc structures.

!
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Returning to the consideration of safety factors on loads, there appear to be two
ronclderations which may Justify factors of safety. The first situation arises when the
maneuver envelopes and the range of' flight trajectories including the effect of dispersion
and variabllity in guldance equipment, sensors, etc. are exceeded, either by emergencies
in the case of manned vehlcles or by system failures in unmanned vehlcles. Again, these
sltuations should be examined rationally and appropricte design limit loads developed,
but 1t 1s easy to argue that every possible emergency or malfunction can never be
anticlpated; thus, an arbitrary factor of safety on ‘hose load conditions produced by
pllot initiated maneuvers or by the functions programmed into guldance and control equip-
ment may be Justified. At the same time since these are unpredictable emergency condi-
tions with a very low probabllity of occurrence it is reasonable to accept a higher
probability of structural fallure. It seems reasonable to take advantage of past
experlence and retaln factors of cafety between 1.4 and 1.5 for manned vehicles and 1.2
to 1.3 for unmanned systems. In conjunctlon with these factors of safety the probability
of structural failure can be ralsed to 17 or 107, Thils 1c consistent with the use of
"A" values from M!1-HDHK-5 for the design of metal structures.
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Where brittle materials are used in high temperature airframe structures, which will
generally be the case, the question of factors on temperatures and temperature gradients
arises. If the principal reason for using factored loads 1s to cover emergency or mal-
function conditions, 1t is reasonable to expect, that these emergencies will also cause
flight path deviations, taking the vehicle beyond the band of dispersed trajectories and
flight paths within whlch 1t is supposed to operate. Hence more severe heating than that
produced during limit load conditions can be expected. Unfortunately, there is no sig-
nificant background of experience from which arbitrary factors on temperatures and
temperature gradlients can be based and there is certainly no Jjustification for using the
same factor on temperatures as 1s used on loads. The anplication of a factor to heat
transfer coefficients for a certain period of time might be more reasonable. It would
properly reflect the dependence of radiant heat dissipation on the fourth power of the
temperature and it would properly relate the increase in temperature with a change in
temperature gradient and the assoclated thermal stresses., No reasonable suggestions can
be made, however, about the magnitude of this factor since it is likely to vary consider-
ably from one vehicle to another. TIt, therefore, becomes necessary in each application
to make some studies of the effect of ecmergencles and malfunctions on vehicle trajectories
in order to meke a judgment of the factor to apply to heating effects.

The other Justification for a factor of safety applies to those design loads which
result from the effect of statistically defined natural environments such as winds and
gusts., If the limit loads are derived from environmental conditions which have a prob-
ability of occurrence of the order of 1%, it is reasonable to be concerned about the
very slight possibility that much more severe conditions might be encountered. Again,
it would be more rational to impose a specific probability level, for instance, to specify
gusts which have a .01% probability of occurrence but generally to do this with any
accuracy would require far more statistical data about the natural environments than is
presently available or than is likely to become avallable for many years. Consequently,
it 1s jJustified to apply an arbitrary factor to those loads produced by winds, gusts
and other natural environments, but again to use a higher failure probability in selecting
material and structural strength properties. The factors mentioned above are appropriate
since they reflect past experience and again it is considered appropriate to use l
fallure probability levels in selecting material properties. Generally, the question of
factors on temperatures and temperature gradients, and hence thermal stresses will not
arise in this situation since slgnificant changes in velocity and altitude are not likely
to occur nor is the vehicle 1likely to be disturbed in its attitude for any significant
length of time.

6.3.2 Repeated Loads

In considering the question of criteria for repeated load conditions the specification
of loads and thermal effects follows directly from the previous discussions with respect
to discrete loads. Load spectra should be generated to include all of the loads, tra-
Jectories and assoclated thermal effects to the levels which have been defined in 6.3.1
as 1limit values, How this is to be done in the case of gusts, random vibration, propellant
sloshing forces and many other sources of loads which are statistical and random in nature
is not a subJect for this handbook since the methods will be the same as those currently
used for metallic structures. These will generally be routine procedures in any aero-
space company or ailrframe research organization.

The question of safety factors on loads, temperatures and temperature gradients to be
used in the repeated load analysis does not arise if the reasoning given previosly is
used. With a concept that factored loads arise from emergencies, malfunctions or extrinely
rare environmental conditions, only a single occurrence of such loads should be anticipated
and this will be covered in the discrete load analysis. Typically, however, in the design
of metal structures, factors are applied to the number of load cycles. In other words,
having developed a spectrum of loads representative of the complete life of the vehicle,
the designer assumes thlis spectrum to be repeated a number of times, typical factors
ranging from 2 to 4. Agaln, these are arbitrary factors variously considered to cover
inadequacies in the prediction of fatigue strength of the structure and its materials,
the lack of precise knowledge of the number of repetitions of some of the loads and the
desire to have some life left in the structure at the time when it would be retired from
service.

It does not seem rational to use a factor on life to cover any inadequacies in knowledge
of the properties of the structure and its materials under repeated stresses., Such
inadequacies should be covered by appropriate factors and conservatisms in selecting
allowable stress levels. On the other hand, in the prediction of the load spectra
uncertainties may exist in both the number of cycles of any particular load level or in
the sequence of loads. This is particularly true for all of the various load sources
which are probabilistic in nature since levels, numbers of cycles and sequences are all
statistical. In general, however, statlstical knowledge of load frequencies and sequence
is much less developed than statistical knowledge of load intensities. In fact, the
significance of load sequence in the fatigue of metal structures has only recently been
recognized and there are no available methods for discussinz the probability of any
particular sequence.

The requirement for a reserve in structural 1life so that it i1s not at the point of
fallure during the last moments of operational use 1s realistic, but whether in the case
of brittle materials this requires a factor on the design 1ife may depend on the methods
used to predict the 1life under repeated loads.
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If these methods involyve probabilistic values of material properties then the reserve
may be inherent in the material allowable values used. At the present time, however, the
avallable knowledge about the response of brittle materials and structures fabricated from
brittle materials to repeated loads it so small that at least a factor of ignorance is
Justified.

On the basis of the above discussion it is considered that for the design of brittle
material structures under repeated loads, a factor on 1life should be used and values
between 2 and 4 which have been commonly used for metallic structures seem appropriate.

In discussing the problem of predicting material and structure life under repeated
loads, as a basls for establishing appropriate design criteria, we begin with essentially
no data in the literature except a few isolated examples (Reference 6.7) which are suffi-
cient to show that the flaws and microcracks inherent in most of the materials considered
in this Handbook do, in fact, grow with stress repetition. As a consequence what follows
is speculative and would require substantial experimental verification before application
to the design of flight hardware.

There are at present two methods used by structural designers for describing the behavior
of materials under repeated stresses, and it is reasonable to attempt to extend the same
methods to brittle materials. The first of these involves a generation by experimental
means of data descraibing the number of cycles to failure for a material under repeated
stresses of a particular level. Information is presented as a plot of stresses vs number
of cycles, the typical S-n curve. Most materials are sensitive not only to the peak
stress but to the range of stress imposed during stress cycling so that S-n curves are
usually presented for various values of the factor R which defines the ratio of maximum
stress during each cycle to mean stress. Obviously also the response of materials to
repeated stresses i1s a function of temperature so that the test data must bc repeated
for each temperature of interest.

In almost all structural applications successive stresses applied to an element of the
structure will vary in intensity, frequently in a random manner. OSince it 1s not practical
to conduct fatigue tests in which all possible sequences of stress levels are exanmlned,
methods have been developed for assessing the material damage accumulated by the riumber
of cycles of stress at each level. Miners rule is generally used and is given below.

np n, nj3
N-I+N5+N§+""' =1

In this relationship Ny represents the number of cycles to fallure at a particular stress
level ©0;. The data is obtalned from the S-n curve. n; 1s the number of cycles actually
applied at this stress level and it is assumed that the ratio "l is the fraction of

1
materlal 1life used by the stresses of a level 01. It will be evident that this rule

attributes no significance to the sequence of stresses, which is inconsistent with
observation.

If this method is appllied to brittle material, it will be necessary for each material
and each temperature, to generate Weibull curves for material subjected to various cycles
at the particular stress level. What i1s required is shown in Figure 6-1 where a point
such as A shows the probabllity that the material will fail when subjected to 10,000 cycle:z
of the stress ©y.

When the fatligue tests are conducted it will not generally be possible to select a
stress level such that fallure occurs precisely at the required number of cycles,
particularly since the stress level wlll vary from sample to sample In a statistical
manner. Accordinagly, the tests must be conducted at preselected stresses, the number of
cycles to fallure observed and extrapol: tion used to obtain the stress level at which the
particular plece of material would have failed for a particular number of cycles. This
extrapolation should be done using an S-n curve but 1t is not possible to obtaln such a
curve for a single plece of material. Accordingly, lt 1s necessary to plot all of the
test data on an S-n plot, to draw a representative line through these points, and then
extrapolate each test point to the required number of cycles by extrapolating parallel
to the average S-n curve. This procedure 1s illustrated in Figure 6-2. Having obtained
a series of fallure stresses for a given number of cycles the procedure described in
Sectlion 3 for determining the appropriate Welbull curve is then followed. As with metals
the process requires variation not only of peak stress in each cycle but mean stress.

curves such as Figure 6-1 can then be used to detemine the permissible stress level
for a given number of cycles if a specified probability of fallure is to be achieved.
The procedure can be extended to a cumulative damage summation where the applied stresses
vary, by again using Miners rule and where the number of cycles to failure {N3;) are
determined for the various stress levels at a particular failure probability level. 1Ir
the summation gives the value 1 then the railure probability of the structure is the
value used to determine the values N. If the sunmmation gives a value lezs than 1 the
probability of fallure is less than that assumed or alternatively all stress levels can
be increased.

If it is intended to proof test the structure it may be possible to analytic
truncate the curves of Figure 6-1 simlilar to the Weibull expression used
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the curve for a single cycle of stress. It is not evident at this time how this might
be done, however, and the alternate is to subject each specimen to the proof test before
conducting the fatigue tests.

The consequence of the above procedure is as follows:
a) Miners rule needs verification for brittle materials.

b) The suggested method of extrapolating test points to obtain the probable feilure
stress for a particular test specimen and for a specific number of cycles may be consider-
ably in error. The accuracy will depend primarily on how closely the number of cyclea to
failure for a particular specimen agrees with the selected cycle value. This in turn
depends on the stress level selected for each particular test specimen, but in view of
the variability of the material and the impossibility of determining before testing whet
the strength level is and there is no evident method of exercising control.

c¢) The need for statistical data, which has already been discusser with respect to the
generation of Weibull curves for a single stress cycle, is now extended to cover such
additional parameters as number of cycles, ratio oif peak stress to mean stress and proof
stress. Thus, in most cases to conduct such programs may be economically impractical.

Assuming however that this procedure can be followed, the oniy criteria statement
required is the specification of accegtable fallure probability under the camplete
spectrum of stresses. A value of 10-O or 10-7 is suggested since the spectrum will
include stresses (limit values) with a relatively high probability of occurrence.

In all of the above discussions it is assumed that appropriate conservatisms will be
introduced into the selected stress levels to cover the uncertainties already described
in the method and also to reflect the statistical significance of the number of test
points used to generate each curve,

The second method in current use for the determination of the life of metallic structures
involves the use of fracture mechanics principles and again it is reasonable to pursue
the same ideas in the design of brittle material structures as used in the design of metal
structures. The stress level which will cause a crack to propagate catastrophically to a
complete failure is proportional to a critical stress intensity factor, and to the crack
size, and to a function of the geometry of the structure. The critical stress intensity
factor 1s a material property which can be measured in tests utilizing simple specimens,
and the results can be used to predict the onset of failure in a complex structure with
a complex stress distribution. Since the initial crack size must be known it is usual
to apply this technique to determine allowable stresses, and it is assumed that the
material cortains a flaw which is as large as the minimum size detectable by whatever
inspection techniques are used.

In its current state of development fracture mechanics is limited to relatively simple
structures and flaw configurations by the difficulties of analytically determining stress
intensity factors for structures of complex geometry and such complex flaw shapes as a
partially through-crack.

In extending fracture mechanics principles to the prediction of structural performance
under repeated loads, it is necessary to determine experimentally, crack growth data as
a function of stress level, temperature, etc. With this information predictions can be
made of the growth of an initial flaw as a result of the various stresses applied during
the 1ife of the structure, snd the requirement is to determine whether the critical size
flaw is reached for the maximum stress level during this life.

In metallic structures the question of crack initiation also arises and experimental
data is generally needed on the combination of stress and numbers of cycles required to
initiate a crack in an otherwise homogeneous piece of material. This complication,
however, 1s not likely to arise with ceramics since these materials are assumed to contain
large numbers of flaws initially.

At this point virtually nothing has been done to study fracture mechanics as applied to
ceramic materials. Reference 6 indicates tests to measure critical stress intensity
factors on a number of materials such as aluminum oxide and silicon carbide, but there

is no evidence in the literature of efforts to measure crack growth rates, and it is not
known at this time whether it is practical to make such measurements.

If we assume that critical stress intensity factors and crack growth rates can be
measured for brittle materials, it is reasonable to assume that these characteristics
are not statistical in nature. The cause of the variability in the mechanical properties
of ceramics is assumed to be the flaws and defects which are the result of processing,
together with the sensitivity of the material to the stress concentrations groduccd by
the flaws, The variability is not, in other words, inherent in the material itself.
we consider the growth of a flaw where the crack is propagating through homogensous
material, this crack growth should be reproducible, as a function of the applied stresses,
from any material sample. Since a typical ceramic material is likely to contain large
numbers of flaws, crack growth characteristics might be arfected by the propagation of
the crack from one flaw to the next, and in this respect the size and shape distribution
of flaws may influence crack growth characteristics. However, the volume of material
affected by a growing crack is very small, particularly since critical flaw sizes in
ceramics at the stress levels of interest will be only a few thousandths of an inch.



In using the fracture mechanics principles with ceramic materials we begin with the
assumption that failure is produced by propagation of a flaw of critical size and that
the variability in strength properties is the result of variability in the size and
distribution of flaws. Thus, the Weibull strength also gives the probablility of a flaw
of a certain size in any individual sample. Conversely, if a probability level is given
the corresponding maximum flaw size can be determined. The two relationships necessary
to do this are as fol'.ws:
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Where
0, and 0, ar: Weibull constants. (See Section 3)

= gpecimen rallure stress
= proof test stress level
= specimen volume
specimen failure probability assoclated with stress o .

= maximun flaw size in specimen that fails under stress ¢ .
K1o = stress intensity factor

W = width of tensile specimen
(%)

geomeuric factor
With the Weibull parameters dete-mined by strength tests, the first equation cuvn be used
to determine the failure stress for any given probability level and the second equation
will determine the maximum flaw size in the test plece that fails at that stress level,
assuming that the critical stvess intensity factor Ky, has been measured in separate tests.
Note that the effect of proof testing the material can be easily included. The proof test
eliminates material containing flaws greater than the critical size associated with the
proof stress, but in so doing it de.reases the probability value assoclated with a flaw
of any size.

P N < 3
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In order to determine flaw size information from the Weibull cruve, 1t is necessary
to know the value of the geometric factor in Equation 1 for the configuration of the test
specimens used to conduct the strength tests. This will usually consist of either a
square cross-section bend specimen or a round bar tensile specimen. In elther case we
require the geometric factor for an essentially infinite volume of material with a small
crack in the surface., Geometric factors for this crack configuration are available in
the literatur: Reference 6.9. From the above procedure, if the allowable material failure
probability under repeated loads is specified, a maximum "allowable" flaw size can be
determined. The flaw size will depend on the proof stress level so that in a complete
structural component the allowable flaw size will vary throughout the component as the
stress produced in the proof test varies. Having determined allowable flaw sizes through-
out the comronent, the flaw growth at each point is calculated from flaw growth data,
which will be given as a function of stress level and temperature, and from the spectrum
of stresses an” temperatures expected throughout the component 1ife. When the maximum
size flaw at the end of the structural 1life has been determined for each element of the
component in this manner, a check can be made to determine whether the critical flaw size
has been reached at any point for the maximum stress to be experienced at each point.
If the critical size is Just reaclied in some location, the probability value ucsed to
determine the initlal flaw sizes is the probability of fallure of the component. If a
critical flaw size is 20t reached, either a margin of safety is indicated or the stress
levels throughout the component life can bte raised by reducing material thicknesses, etc.

This method of determining the effect of repeated loads on a brittle material structure
offers the promise that nc additional statistical data other than thet required to develop
the Weibull curve 1s needed. It does, however, involve numerous assumptions wrich, with
the present 1imited knowledge and experience, still require verification. These include,
(1) flaw growth data and critical stress intensity factors are not statistical; (2) that
it 18 practical to determine flaw growth data and critical stress intensity factors for
brittle materials; (3) that flaw growth data can be applied without regard for the sequence
of stresses. This is not a good assumption for metallic structures because plasticity
effects at the crack tip: change the crack shape as a function of stress--such effects
are likely to be absent or very much reduced with brittle materials; (4) that geometric
factors can be determined for all structural and flaw configurations of interest, This
has not presently been done because of mathematical complications for metallic siiuctures
although there 1s considerable activity involving various methods of attack, and there
1s no reason to doubt that the necessary information will eventually become available.
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Again, the only criteria statement required is the specification of acceptable failure
probability under the complete spectrum of stresses and environments. If the suggestlons
of this section have been followed and the spectrum 1nc1uogs stresses associated with
loads up to 1imit level, then a fallure probability of 10-° or 10-7 is suggested. In
addition, however, appropriate conservatisms must be introduced to cover the uncertainties
indicated above in the method and particularly the uncertainties in crack growth and
critical stress intensity ractor data. These conservatisms will depend on the state of
knowledge and the amount of test data avallable at the time the analyses are conducted.

It is not presently feasible to offer any suggestions in this respect since the available
data base 1s zero.

Returning to the discussions earlier in this section on factors of safety for discrete
loads, the question arises whether provision should be made to accommodate these factored
loads at the end of the vehicle life, after the structure has been exposed to the full
spectrum of repeated loads. If, as suggested, a factor of safety is used to cover
unpredictable emergenc'es or severe environmental conditions which available statistical
data is inadequate tc predict, then the probability of these occurrences diminishes as
the vehicle 1life proceeds. Since the factors are arbitrary, however, there is little
purpose in trylng to add the refinement of reducing the factors as the life of the struc-
ture is used. Consequently, it seems most practical to require that the structure sustain

one cycle of factored loads at the end of the structural 1ife. However, the probability
of fallure can be raised to 10-° which indicates that the predicted flaw growth will be
applied to a smaller initial flaw size if "ultimate" loads are to be sustained.

Previously in this section the subject of material damage due to proof testing hacs been
raised anda an expression was given from which the proof stress level which would not
cause significant material damage could be determined. This relationship can now be
derived by application of the fracture mechanics principles described above, but it also
involves the assumptions and 1imitstions whieh have been described., It is determined by
equating two values for the exprecsion of the critical stress intensity factor; the one
containing the initial flaw size before proof testing, and the other including the growth
in flaw size due to the proof stress. This development is presented below.

Assume that flaw growth rate under proof stress is given by (%ﬁ then the critical
stress of material before proof testing is given by g = __JEEE_____ ¢ iCritical
f(zeometry) fa
stress of material after proof testing is given by , =

K1c e
f{geometry) a+€da
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If material 1ls not to be damaged significantly by proof testing, then o, must be close
to 0,. Say 05 2 .99 9, iz
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6.3.3 Qualification Testing

In the discussions of (.2 1t was stated that qualification testing inciudes flight
testing to measure loads and verify structural integrity, and ground testing to verify
the assumed fallure modes and the predicted strength under these failure modes. It was
shown that flight testing must remain unchanged when brittle materials are used since
fiight testing to achieve critical loads on a probabilistic basis is impractical. Ground
testing; however, requlres further discussion.

If a typlcal "static'" test 1s conducted on an airframe containing elements fabricated
from brittle materials, a fallure in one of these elementz will be a test result that is
of 1ittle vdalue. Whether the failure occurs acove or below the design "ultimate" load,
it will not gere:allJ be possible to decide whether or not the design was satisfactory.
A failure above .iltimate may be due Lo the combination of an inadequate design with =
material strength on the high end of the scatter band, or conversely a premature failure

may be due either to "low" strength material or an inadequate design.

Some design verification is possible, in this ;Luu:tXON by using straln gages but if
some flallure mode or some high local sgtress has been :cted the strain gages are not
likely to be located in the proper location., With hz_ tle terialc the failure initia-
tion point will probably not be detectable after the has occurred since the part

sible to locate

will generally break into many pileces. sequently, i
strain gages at the fallure initiaticn point on a secon

bviously, what is necessary
completely impractical with c
elsewhere in this Handbook,
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brittle elements using a single metallic primary structure with the loads sdjusted
slightly to ensure fallure first in the brittle element.

Thus, it is feasible to consider a statistically significant sample if only a relatively
small brittle element is destroyed each time. However, a statistically significant
sample size may still involve a large number of samples, particularly if proof testing is
not used. Fortunately, however, the problem is now the reverse of trying to determine
a Weibull curve sufficiently accurately to predict the failure stress for a very low
probabiliiy of failure. Now we are given an accurate Weibull curve and the problem 1s
to determine the probable response of a small number of specimens. Since the results
of say three or four tests should lie near the mean strength level, where the Weibull
curve is most accurate, there should be 1ittle difficulty.

In order to put this concept into practice we first determine, for the structural
element to be tested, a curve of fallure probablility against some reference stress oy .
Stresses at all other points throughout the element are expressed as a ratio of the
stress oy at the reference point. The equation for determining failure probability 1s:

§= 108 (3)
o M 5 o ou m cP Uum
where B = "'&:_m ZV’" [(—q = Tx) 4 (Tx b -

where m, 0, and o, are Welbull constants, explained in Secé?bn 3.

e o is the ratio of the stress in any element V, for the design condition
x of interest, to the corresponding stress at the reference point.

°p is the proof stress In any elemental volume V.

Note that the exponential form of the equation is used sirce we will be concerned with
a small number of test results and relatively high failure probabilities.

The summation is extended over all elemental volumes V, in the structural element.

Values of S are calculated for various assumed values of @x and the result is plotted
as shown in Figure 6-3. g

Now suppose that three test specimens are used and they fall at three different values
of ox . The results are ranked, the lowest representing a failure probability of 0.25,
the next an S value of 0.5 and the highest a value of 0.75. These results are plotted,
as shown in Figure 6-3 at the appropriate failure probability levels. By comparing the
resulting curve with the predicted curve, observations can be made about both the element
design, and also about the similarity of the material in the structural element to the
material of the specimens used to determine the Weibull cor:’-avue

If the experimental curve parallels the Weibull curve but is displaced, the material 1is
material 1s satisfactory but the design 1s elther better or worse than predicted depending |
whether the experimental values of ¢, , for a given fallure probability, are greater or
less than the predicted values,

|
|
|

If the experimental curve passes through the predicted curve at S = 0.5, but doez not
parallel the predicted curve, the design is as predicted but the material characteristics
differ fram the material defined by the Welbull parameters. Combinations in which both
the design and the matz2rial differ from prediction are also, of course, possible and
likely, but those results can be broken down into the two cases glven above. Figure 6-3
explains thls procedure diagrammatically.

It should also be possible to follow a similar procedure for repeated load testing by
combining the above with the previously described method for predicting failure prob-
ability under repeated loads., This suggestion is offered very tentatively, however, in
view of the fact that so many of the previously described steps are presently unverified
by experiment. The procedure would be as follows:

a) For each elemental volume in the structural element urder consideration, establish
the stress due to the proof test.

b) Select a probablility of failure value and from Equations 1 and 2 of this Section
determine the corrcsponding probable failure stress and hence the probable maximum flaw
~lze, In each elemental volume of the component.

c) For the sequence of repeated loads, and associated stresses, determine the growth
of' these flaws. Determine the number of load sequences required unt!l, at some point in
the structure, a tiaw reaches critical size.

d) Repeat (b) and (c) for other probability values and plot the results as a curve of
failure probablility veraus nuw.bcr of load sequences to produce failure,
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e) Conduct repeated load tests on a small number of specimens, applying a sufficient
number of load sequences to each specimen to produce failure.

f) Present and use the results as shown in Figure 6-3 except that the parameter o,
is replaced by number of loading sequences.
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7. DESIGN TECHNIQUES

7.1 BRITTLE MATERIAL APPLICATIONS

Brittle materials find many engineering applicatlions where particular characterictics
such as electrical insulating qualities, refractoriness or low cost are necessary. Zuch
applications include furnace linings, electrical insulators, etc., where the limitations
of weight and the requirements for high structural rellability, which are typical of
a_.rospace rpplications, do not apprly. The discussions of this chapter, however, will be
1imited to aoplications where the material must be used In an efficlent structural manner,
and consid.ration will be 1limited to very high speed airframe components and components
of rocket engines and gas turblnes.

In aerospace applications it can be expected that ductillity is a characteristic that
will always be desired by designers and one for which some compromlise of the structure
in other respects, such as welght, will be made. None of the minor advantages of
refractory, nonmetallic materials such as low cost, high stiffness to welght, etc., are
likely to pursuade a designer to sacrifice ductility. Consequently, applications for
brittle refractories will almost certalnly be limited to those where temperatures, and
the environments In which they occur, exceed the capabilities of metallic materials.

Within the above 1limitations the possible aerospace applications for refractory non-
metallic materials include small 1lifting surfaces, 1ifting surface leading edges, engine
inlet leading edges, heat shield elements, insulative surface elements and nose caps, all
for 1ifting re-entry and hypersonic cruise applications., Nonmetallic refractory materials
may also be used as primary ctructure for radomes and antennas and small very high speed
missile bodles.

In addition to the above airframe applications these materlials have fourd and will
continue to find use as rocket nozzle incerts and possibly for the conctruciion of
complete nozzles and thrust chambers. Many elements of ga: turblnes and cther types of
alir breathing engines may also use nommetallic refractory materials where freedom from
impact loadings can be assured. The use of these materials in compressor and turbine
blades of convertional gas turbines has been quite unsuccessful due to impact from ingercted
material, but auvanced applications can be visualized where the high temperature require-
ments are so severe that speclal provisions to eliminate ingestcd material on or near
the ground are Justifled.

All of the above applications are expected to involve relatively cnall parts. Further-
more, parts made from nonmetallic refractory materials are generally produced from powder
by hot pressing, pressing and sintering or slip casting and sintering techniques so that
geometrically complex shapes are relatively easy to produce, Generally, therefore, non-
metallic refractory components will be designed with integral stiffening and internal
structure in which case the only detaill design consideration 1s the method of attaching
nonme." elements to internal metallic structure. All of the applications mentioned
offer sportunity for the use of one-piece nonmetallic parts from the highest
temperature regions of the application to some point where the internal environment 1is
cool enough for a metallic primary structure. Thus, a discussion of detall (.sign practice
reduces primarily to a discussion of Jjoining methods for attaching nonmetallic elements
to supporting metallic structure.

The present early development stage of brittle material design technology is mentioned
elsewhere in this handbook. Methods of joining are even less andvanced than the tech-
nology generally. No more than half a dozen unclassified U.S. publications exist at
present which describe o.iginal work on joining, and all of the work reported to date
is dependent on the use of metsllic elements within the joint. Methods for Jjoining
ceramic to ceramlc where high structural strength at high temperature is requlred have
seen little development, with the exception of one Britlsh program, described in
Section 7.6, This situation emphasizes the need for one-piece elements to the point
where the environment permits metallic materials to be used in the Joint. Furthermore,
because of the very limited experience with the Joining of brittle materials, 1t is not
possible to preseant in this chapter well substantiated design rules or even erpirical
methods. Accordingly, the chapter wlll present concepts and principles and a suggested
design practice which it 1s believed will lead to satisfactory Joints. Whether the degree
of design refinement suggested is sufficient or necessary can only be determined by
experience.

The chapter 1s supplemented by design charts which are chiefly concerned with the
application of statlistical methods to failure prediction for the particular design situa-
tions encountered in Jjoints. Agaln the lack of experience makee 1t difficult to assess
the significance of the absolute values glven by these tharts, but the relative values
are extremely useful in choosing the best deslign configurations for particular joints.

7.2 JOINT DESIGN PRINCIPLES

The important principles which should be applied in the dasign of Joints in brittle
materials were mentioned briefly in Section 2,3, This fecticn reviews these principles
in more detail as a basls for the discussion of thelr agplication in Jolning concepis.

Typically, in metallic construction, balanced internal load aystems o relatively low
stress level can be accepted. Such load systems arise from deformations under load of
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the supporting structure, from assembly when the parts do not fit accurately and from
modest temperature gradients., When these bullt-in stresses are combined with stresses
due to the extermal loads applied to the element, a local ylelding or buckling may occur
where the material yleld strength 1s exceeded. This will generally relax the internal
load system and not materially affect the abllity of the element to carry the externally
applied loads, The same situation is not true with brittle materials where yielding and
general buckling is not possible. Thus, any built-in stress system must be known and
must be included in the assessment of the total stress picture. An important principle
in Joint design, therefore, is to attempt to arrange the Jjoints so that such internal
load systems are eliminated. This requires that an elcment be supported so that it is
constrained against motion only in three mutually perpendicular directions and against
rotation about three mutually perpendicular axes. Note, however, that this can be
accomplished with a single attachment. Any other constraints than these will introduce
intemal stress systems which are not statically determinate. When this principle is
applied rigorously, it will frequently indicate the nced for some type of spherical
bearing within a joint to eliminate rotational constraint about all axes. A typlical pin
Joint for instance, which 1s commonly used to attach metallic substructures to the
primary structure, provides rotational freedom about one axis only. A three-point
attachment for a nonmetallic leading edge will require three spherical bearirgs to avold
all local rotational constraints and two of the three bearings must also be free to
translate along one arxis,

The concept of using a statically determinate support arrangement for any '"brittle"
structural element would appear to eliminate the possibility of redundancy in the struc-
ture, whereas the characteristics of these materials makes redundancy even more desirable
thatn it 1s with a metallic structure. Again, this i1s a subject for which practical
experience is completely lacking. Conservatism then requires that if a redundancy in
attachments 1s included, the part should be checked for the various statically determinate
attachment load systems which are possible when various asttachments are assumed ineffcetive.

Nonmetailic refractory materials can generally be used to much higher stresses in
compres:ion than in tension, with the same degree of rellablility. Thus, 1f only compres-
sive stresses can be produced by internal load systems these may be beneflclial. To effect
this benefit the balancing tension loads must be reacted in the metallic primary structure.
This can frequently be done quite conveniently where the principal source of stress is
due to temperature gradients. Since the nonmetallic element will be located to accept
the highest temperatures, it will norwally expand relative to any supporting metallic
structure, Restraints of this expansicn may introduce beneficial thermal stresses, and
this restraint must be bullt into the joints between the nonmetallic and metallic
components. This technique must be used very cautiously, however, since the use of
refractory materials implies very high temperatures such as 3000°F to 4000°F which in
turn suggests large temperature gradients. Under such circumstances thermal stresses in
the high modulus refractories can quickly become very large notwithstanding the very high
compression strength of most of these materials.

The considerations mentioned above with respect to the Joints between metallic and non-
metallic componentc apply similarly within the joint itself. Any type of multiple
connection implies an unknown load distribution since in a material lacking ylelding the
load distribution will depend on the tolerances and degree of fit at each attachment
point, on the smoothness of the surfaces in contact, and on the deformations in the sur-
rounding material, in which a very complex stress system will generally exist. These
conditions are generally too complex for a practical analysis of elastic deformation and
consequent load distribution to be made. Thus, i1f multiple connections are used conserva-
tism requires that various possible load paths be examinad with only the minimum
statically determinat< number of connections effective in each.

Another princlple which must be followed in the design of joints in brittle materials
is attention to stress concentrations, a consideration which has been emphasized repeatedly
in this handbook. In a typlcal structural component the consideration of stress concen-
trations will usually imply concentrations due to changes in the geometry of the structure
and the absence of constant cross sections. In the case of joints and attachments, how-
ever, there is another important source of stress concentration and this results from
dimensional tolerances in the detall parts. For instance, if a bolted connection is used
in a meta'lic structure, bearing pressures between the bolt and the surrounding material
are computed on the basis of a uniform distribution across the bolt diameter. Experience
shows that this assumption predicts the ultimate strength of connections satisfactorily.
Presumably whatever the initial form of the distribution of bearing pressure it becomes
uniform as a result of local ylelding before the ultimate strength of the connection is
reached. When this ylielding capability is absent, the fact that bolt and hole diameters
will never match precisely results in the concentration of load along a line.

The consideration described above can be carried further because in general, and again
as a result of manufacturing tolerances, the axis of a hole in a structural part will not
coincide directionally with the axis of a bolt or pin which fits into the hole (see
Figure 7.1). Again, as a result and in the absence of ylelding, this could lead to the
concentration of load at a point at one edge of the hole. In the case of a metal pin,
attaching a ceramic part this concentration may be modified by local yielding of the pin,
and In general there has been insufficlent experience to know to what extent it is
necessary to consider all such possible tolerance aoffects. The examples mentioned here
are intended only to 1llustrate possible problem areas. If these considerations are
pursued in a particular applivation, they will probably lead either to the selection of
a Joint configuration in which manufacturing tolerances are not important or 1t will bhe
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necessary to assume that some degree of stress concentration can be accepted by the
material and to confirm this assumption experimentally. Experimental confirmation of an
assumption is not easy, however, because the concern is not with a failure level but
rather with probability of failure, which implies a sample size sufficlently large to
have statistical significance, which in turn implies a costly experimental program.

7.3 DESIGN CONCEPTS

It would be desirable, in order to assist designers concerned with the application of
brittle materials, to present examples of Jjoining and attachment methods which incorporate
the principles that have been presented and which have been extensively developed and
verified with actual hardware. At the present time this 1s not possible because new
Joining concepts particularly appropriate to brittle materlials have not been evolved, even
on peper, and the limited amount of joining that has been done has been based on adapta-
tions of metallic Joints. It is believed, therefore, that Joining of brittle materials
will begin with the application of Jjoint configurations and joining concepts which have
been used successfully with metallic materials and that new configurations will evolve
as experience is gained.

There are two considerations which can be expected to provide the basis for the evolution
of new Joint configurations for brittle materials, both of which result from attention to
stress concentrations., In any component fabricated with a material having no ylelding
capaclity, stress concentrations will be significant since they will force only a small
part of the total material avallable to work at stress levels for which the material is
capable, while most of the material contributing to the weight of the structure will be
working at very low stresses. This problem is made much more severe when variability of
material properties is considered. The effect 1s illustrated by Figure 7.5 which is a
simple tension member of thickness t subjected to a stress ¢ with a change in cross
section involving a fillet of radius r. The figure shows the ratio of allowable stress
with the stress concentration effects considered, to the allowable stress if the stress
concentration 1s zero, for any probability of fallure and for a rang= of values of fillet
radius. The effect of the material constant m is included and two combinations of proof
testing and zero probability of fallure stress, ( @,) are consideredi. An increase in the
fillet radius from 0.2 t to 1.0 t can increase the permissible applied stres:; for a given
failure probability by a factor which can be as high as 2 ., Joint configurations are
expected to evolve from studies of this type, and as this example 1llustrates the method
will involve elther reducing stress concentrations by careful selection of local geometry,
such as fillet radii, or removing material which would otherwise be operating at low
stresses, which means reducing the thickness t.

The type of design study work Just mentioned has not been attempted at this time so that
it is not possible to project even approximately the configurations that well developed
brittle material Jjoints will take. Consequently, examples to be presented in this section
will be confined to typical metallic connections.

Another approach to stress concentration reduction 1s applicable to concentrations which
arise in mechanical connections involving a pin or a bolt through a hole. 1In this situa-
tion the combination of manufacturing tolerances and the inabllity to yleld result in a
line contact between the pin and the plate, which again leads to a severe stress concentra-
tion. A possible approach to stress reduction in this situation is the introduction of a
thin ductile metallic liner between the pin and the hole in order to provide ylelding
capability and load distribution. Although in general nonmetallic refractory materials
will be used only where temperatures prevent the use of metals, the choice is primarily
one of economics, since there are precious metals having good oxidation resistance at
very high temperatures. While 1t is not economically feasible to use these materials for
structural elements, or even their attachments, it i1s possible to use them in very small
quantities for applications such as that mentioned. This concept has been tried experi-
mentally, however, with little success. More detalls are given in 7.6 which summarizes
current experience in brittle material Jjoining.

Some typical Jjoints which might be used for brittle structures are illustrated in
Figures7.l through 7.4. As explained these are similar in principle to conventional
metallic connections and they all anticipate, for reasons already mentioned, that all
Joints will involve connection of nonmetallic components to metallic components. The
figures illustrate some of the features of the various joints, and they show the possible
stress concentration areas which must be considered in properly refining the configuration.

Figure 7.1 is a standard shear lug connection which is useful for joining major struc-
tural components where subsequent disassembly 1s anticlpated, or where freedom for
component deformation 1s required. The joint provides rotational freedom about the pin
axls and translatior.al freedom along the pin axis. This latter is accomplished by bending
the metallic support bracket. A metallic spherical bearing can also be incorporated to
provide rotational freedom ahout each of the two axes which are perpendicular to the bolt
axis., The joint will then provide four degrees of freedom and two degrees of cor.straint.

The connection shown in Figure 7.1 contains many sources of stress concentration which
must be considered in the stress analysis. There are stress concentrations around the
hole and stress concentration:s at the fillets where the lug becomes an integral part of
the nonmetallic component. Concentrations arise at the contact between the lug and the
pin as a result of dimensional tolerances on dismeter, pin bending which will tend to
concentrate the 1load at the edges of the hole, and eccentricities in the direction of
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loading due to tolerances in the location of the two parts of the attachment. There is
not presently sufficient experimental evidence to indicate whether 1t 1s indeed necessary
to consider all of these effects, but it seems reasonable to minimlze them by appropriate
Joint configuration design and then establish the absolute size optimistically and to
verify the Jjoint integrity experimentally.

Where significant temperatures arise and a close tolerance metal pin is used in a non-
metallic lug it may be necessary to make some provision for the thermal expansion
differences between the pin and the hole. The proper use of a tapered pin and a tapered
hole accomplishes this and 1s based on the fact that although dimensional changes result-
ing from temperature are different from materials with different thermal expansion
coefficlents, angles remain unchanged. Thus, if the mating surfaces are tapered so that
the projections of these surfaces meet at a single point, then the tolerances between the
pin and the hole will not be changed with temperature.

Figure 7.2 shows a number of tension attachments between nonmetallic and metalllc
components, nd they include versions which are useful for connecting cylindrical sections
such as rad s or small missile body sections. This type of joint provides no accommoda-
tion for re.atlve motion betwern the nonmetallic and metallic components such as may be
caused by deformations under load or temperature gradients. Accordingly, arrangements
for avoiding restraints on the deformation of the nonmetalllic component must be made by
bullding flexibility Into the metallic supporting structure,

Flgure 7.2 shows the princlipal stress concentrations which can arise in tension attach-
ments and which must be minimized by the proper selection of fillet size and the proper
selection of thickness and thickness taper in the various elements of the joint. Other
stress concentrations arise at the point of contact of the bolt head and the surface of
the nonmetallic material. These concentrations might be minimlzed by soft metal inserts
or by nsing spherical contact surfaces to allow for bolt misalignment, ete. Accurate
pretensioning of the bolts may be necessary in a multiple bolt connection to ensure that
each bolt takes 1ts share of the load.

Figure 7.3 shows some typical rchear Jjoints which are useful for transmitting tension,
compression, shear or a moment in the plane of the splice plates. Symmetrical construc-
tion is shown to minimize stress concentrations from eccentric loadings and tapered joint
elements can be anticipated to minimize the stress concentrations at the ends of the splice
elements. So far as possible the proper choice of stiffness characteristics and thickness
of the bond material should also be made with stress concentration reduction as the
objective.

It should be noted that most of the literature which is concerned with stress distribu-
tions in joints such as those shown in Figure 7.3 emphaslze the stresses in the bonding
material., For present considerations where the bond will generally be a metallic braze,
the important stress concentration is that which occurs in the nonmetallic plate elements,

Figure 7.4 1s a typlical mechanical splice again using double splice plates to avoid
eccentricities. This type of Jjoint 1s unlikely to be successful unless some type of |
ylelding insert materia) can be used betwecn the bolts and the holes In the splice plates,
or alternatively 1f the bolts are of soft material or have plated surfaces or are hollow
or include some other device to provide a siight amount of local deformation. If this 1is
not done the load distribution between the bolts 1s extremely dependent on manufacturing
tolerarices, surface finish, etc., which, even If these characteristics are controlled,
cannot be included in the load distribution analysis.

7.4 SUGGESTED DESIGN PRACTICE
7.4.1 Selection of Material

For a structural component to be fabricated from brittle nonmetalllec refractory materials
the selection of materials will involve the usual considerations of temperature capability,
oxlidation resistance, avallability, fabrication considerations, cost, etc., and since
these toplcs are not particularly unique to brittle materials they will not be discussed
here. With respect to mechanical properties, however, the basis for the selection of
material is quite different from that used with metallic materials where yield strength

cand ultimate strength and possibly fatigue characterlstics are the primary conslderations.

The important mechanical property considerations in material selection when brittle
materials are involved are the average strength of the material e.d the shape of the
strength distribution curve. These considerations are described by the three Welbull
parameters m, €5 and @y. Furthermore, the significance of these parameters is dependent
on the acceptabfe failure probability level and also on the structural configuration.
Thug, these parametars will have o different significance with respect to material
selection at a jJoint with its usual preponderance of stress concentrations than in
regions of the structure where the structural cross sections do not change.

In Jection 7.5 which follows, analytical relationships are developed to determine the
probability of fallure for an element of structure contalning a stress concentrations,
and these relationships can be rearranged to describe the permissible stress in regions
away from the concentration for a specified probabllity of failure. Such relationships
show that, for very low fallure probabilities, the allowable stress i1s directly propor-
tional to the Welbull materlal parameter o¢,. Thus, the significance of this parameter
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in selecting materials is straightforward, the greater the value, all other material
parameters remaining constant, the greater 1s the allowable stress.

The material parameter m is b } most important consideration in material
selection, however, and using ~lonships given in 7.5 numerical studies have been
made for a fillet at a change 31 section for a range of valuesn of both geometric
and Weibull parameters. The st ., shews that approximately 0”1 1 1 3

RS

where S is the allowable failure probability and mj and mp are the values of m for two
different materials which are being compared and ¥mj and Omp are the corresponding
allowable stresses. The studles show that the geometric characteristics of the stress
concengration have 1little affect on this relationship. 1If a typical failure probablility
of 10-® 15 assumed and m; = 9 and mp = 3 which covers the range of values of m which are
likely to be specified, then the above relatlonship shows that the allowable stress can
be increased by a factor of 201f a material with m value of 9 can be used rather than
an m value of 3. These effects are increased as the stress concentration is increased
and as the proof stress and the zero probabllity of fallure stresses are reduced. For

a proof stress and zero probability of fallure stress of zero, and a flllet with an r/t
of 0.2 the above effect can be doubled,

While m is possibly a materiel characteristic it i{s certainly also affected by the
material processing since well controlled processing with the minimum of variations from
batch to batch will minimlize variabllity in the resulting material. Since the value of
mis so significant in determining the allowable stress and hence welght, it i1s important
to impose riglid controls on the material processing after having first selected a material
with an inherently high value of m, More discussion of this topic 1s given In Section 5.

The third material parameter is @y, the zerc probability of failure stress. Figure 7.6
shows the significance of this parameter to the allowable stress for a typlicrl stress
concentration effect of o« fillet at a change of cross section. The curves snow the effect
on allowable stress of both @, and the proof test and curves are given for two extreme
values of fillet radius.

From an examination of Figure 7.6, it 1s evident that the effectiveness of ¢, increases
as the stress concentration decreases and as the proof test level increases.

From the above discussion it will be evident that of the material parameters which
describe mechanical characteristics m is by far the most significant and considerable
efforts srould be made to obtain and use materlals with high m values. @, 1s next in
importance wlth allowable stresses and hence welght being directly related, and 0y is
of least significance since 1t is useful only 1f the stress concentration effects are not
severe and in the absence of a proof test,

7.4.2 Selection of Proof Tes%

Figure 7.7 shows the results of studles conducted to determine the significance of proof
test level in Jjoint areas. Again the example consists of a change of cross section includ-
ing a fillet and two fillet radiil are considered. The allowable stress in terms of the
allowable stress with zero proof test is presented as a function of proof stress level.
Clearly, from these results the proof test can be significant with materials of lowm
value but is of 1ittle use for m values around 9, Even with low m values the proof stress
needs to be ¢t least 90 of the applied stress to produce significant benefits.

It should ve noted that these conclusions are derived by studying a structural element
containing a stress concentration which 1s typical of a joint. The results for both a
proof test and oy are related to the fact that the proof test bears the same relationship
to the local stress at cvery point in the element. Thus, its benetits are approximately
independent of geometry. o, on the other hand may be a large proportion of the applied
stress @, but 1t does not change with local stress, Thus, ite benefits in the arcas of
high stress which control the design are small to a degree which is dependent on the
severity of the stress concentration,

It should also be noted that the consideratlions above, with respect to the significance
of the proof test, assume that the Welbull curve for the material 1s known equally well,
whethe) or not a proof test 1= to be conducted., The improvements noted from proof testing
result from truncation of the strength distribution curve, not from lmprovements in its
accuracy. The proof test also has benefits, however, either in the reliabllity of the
Weibull curve for a glven number of materlal test samples, or, conversely, in the number
of samples required to achleve a distribution curve of specified accuracy.

Unpublished studles of this aspect of proof testing have been made by establishing a
computer program to generate 10,000 random numbers ranging from O to 1 and using these
numbers to represent to the results of 10,000 hypothetical material tests. This repre-
sents essentially an infinite population so that the corresponding Weibull curve can be
accurately defined., The program also permitted any number of these hypothetically test
points to be selected randomly and the corresponding Welbull curve generated. Thus,
allowable stresses for a given fallure probability could be determined from the "exact"
¥Welbull curve and from the Weibull curve determined from a limited number of test points,
By this method the effect of the number of test polnts on the accuracy of the allowable
stress was examined.
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An additiona) refinement was the repeated selection of a cpccific nurber of test polnt:
so that for ~ach number the mean values, cuandard deviations and vonfidence limite of the
Welbull constants were determined. Minally, the method permitted an exact determlvatior
of the effect of proof stress on the number of test and specimens needed to achleve nn
nllowable stress of specifiad accuracy.

The number of samples required to determine allowable stress within 2899 of the tru:
value, with 907 conf'idence, when a proof test 1s not used, ls summarized below an

tunction of m.
-3

Faiiure Probability 107 10 107!
No, of samples for m 350=-40u 500 > 50(
Ho, of samples for m = 8 5=-10 60-100 400
No. ot samplec torm 20 <5 <5 0HE

When a proot’ stress 1s introduced Into the above study the number of samples required
to predict allowable stresses within 257 of the true values is reduced to between & and
’0 specimens depending on the value of m, the level of proof stress, ete, Such values
are much more practical, particularly for very low values of fallure probubllity. How-
ever, the ctudy also cont'lrmed that tor very low values of fallure probabllity, say 10-/(,
the diffcrence between the allowable stress and the proof stress 1o negligible, The
gignificance of this fact on structural design criteria is covered in Section €,

7.5 DESIGN CHARTS

In other parts of this hondbook the Importarce of conducting 2 strees analysis sut'fl-
ciently retfined to revenl local stress concentrations has been emphasized. The require-
ment for predicting "wllure probabllity based on 2 statistical distribution of materinl
strength characterlictics has also been Indicated. When thils design procedure is applied
to a typical Joint the reculting analytical work ic laborious for a number of reacons.
The geometry of a Joint 1c typically complex, introducing numerous stres: concentrations
and requiring an elnborate stress analysis to obtain reacorably correct stress predictions.
The typi~al enginecring theory will not produce even crude approximations to the stress
distribution in many typical ‘ointe, and finite clement methods (see Section 4) applied
with a very refined element breakdown are necessary to obtain good stress predictions,
Furthermore, the prediction of fallure probability is laborious as a direct consequence
of the rapld variations of stress that occur throughout a joint, again requiring a very
fine element breakdown 1f the methods of Section 3 are to be applied.

The complexity described above epplies when it 1s necescsary to analyze a joint that ig

already designed. The problem i1s slgnificantly more difficult when it is necessary to

carry out the design process, since this usually involves a number of analyses of

different Jolnt arrangements until a design which meets all of the requiremerts is 1
establiched, Furthermore, experience in designing when fallure probabllity, rather than K
strength limitations, becomes the basls for mn acceptable design is virtually nonexistent 4
so that the establishment of a satist'actory design will probably requirs many more trials |
than 1s usual in designing Jolnts in metal structures. g

This section 1s Intended to relieve this sltuation by providing design charts which
should facilitate the decign of attachments in brittle materials. Some approximations
have been mude In the Interests of facilitating the rapid analysis of jolnt designs,
since, where necessary, a retfined analysls can always be made using the methods presented
in Sectiong 3 and 4 after the preliminary design work has been completed. The approach
used to Joint unalysis in this section is as follows:

a) A number of typical joints and attachments have been examinad and o small number of
typical stress concentration problems have been selected as representative of most of the
stressa concentration effects to be found in actual Joints.

b) The ftallure probability theory has been linearized for small valuer of failure
probabilitr and thils permits the total fallure probability of a structural element to
be deternined by summating contributions from various effects.

¢) ‘The various stress concentration problems mentioned under a) above have been studied
parsmetricnlly to determine the resulting stress distributions, and also to assess the
increment of fallure probability due to the stress concentration for a range of values
of the Welbull materiul parameters.

d) Charts are presented in this section to give the increment of failure probability
for various stress concentration effects in terms of the geometric parameters ussoclated
with the stress concentration and the Weibull material parameters,

The procedure in using this section to analyze a typical Jjoint is therefore as follows:
Firat, n esimple stress analysis of the joint 1s made neglecting stress concentration
effects, and the fallure probabllity of the Joint is assessed on the basis of this simple
ntrese analysis. Next, each of the stress concentration effecte present in the Joint is
exumined and an incremenc of fallure probability is determined for each, uasing the charts
presented in this section. Finally, there increments of failure probability are added to
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the failure probabllity determined from the simple stress analysis, to obtain the prob-
ability of failure for the joint.

The generalized stress concentration problems which are believed typical of those
experienced in Joint design are summarized in Figure 7.8. The fillet is considered
typical of most changes in cross section which occur within a Joint.

The typical hole shown in Figure 7.8 1s self-explanatory except for the fact that the
design charts to be presented cover only the case of a unlaxial stress since, as will be
shown presently, the problem of fallure probability prediction has been reduced to a
linear solution and the principle of superposition can again be used for any complex
stress state.

The third concentration problem is the pin in a hole, which 1s considered particularly
significant in brittle material Joints since the lack of ylelding can lead to ilne contact
with very high local stresses. In thls latter case consideration is given to both a
metallic pin in a nonmetallic plate and also the case where both the pin and the plate
are nonmetallic.

In 8ll of these examples of stress concentrations, geometric boundaries have been
eliminated where possible in order to minimize the number of geometric parameters to be
considered. Generally speaking, this can be done quite effectively since stress concens
trations are local effects. The assumption i1s even more valld when a failure probability
1s belng determined since the exponent in the Weibull distribution function greatly
emphasizes the significance of the peak stresses, which of course are extremely localized.

Consider an element of structure in the region of a stress concentration, and denote
by © the maximum principal stress at any given locatlon in the element, Then the
probagility of failure of the entire element, using the linearized form of the fallure

probablllity expression given by equation 21 of Section 3, and Iincluding only the maximum
principal stress at any point 1s:
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Assume that at a remote distance {rom the stress concentration the stress is ¢ . Then
define a stress concentration factor:

And define a proof test factor:

Ko = Op/ 0 i o
m m o m
Then 8y - (=g=) IV [ <K1 - j’g) - (Kl Ko = = > ]
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This expression assumes that the proof load produces the same stress distribution as the
operating stress, which will usually be valld for a local concentration.

Now 1f the stress concentration 1s neglected, by using some simplified analytical
approach, we have:
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The increment of fallure probability Sc, due to the stress concentration, is therefore:
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In general 1f V is the volume of any element of matarial and the results are to be
expressed in terms of the fillet or hole radiuc, and the structural thickness, then V
must be numerlcally evaluated for the case of unit radlus (r) snd unit thickness (w)
and with this understanding
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In order to evaluate thls exprescslon, finlte element unalyses of the various strecs
oncentrations aave been nade, to determire Ky for each element. Then the term

(K . 33)' 1s summated over 2ll elements for various values of m and( 1 Eﬂ)
1 r:'a ] Hi by o P K-(; o [



The remaining terms in the expression for Sc are gonatants for pagticular values of
9, Ko and m, In the evaluation of Sc, (K1 - K% ;u> and (Kl - 35) 18 not included
if the value, for a particular element, is zero or negative.

Figures 7.9 through 7.12 give the increment of fallure probabllity Sc due to the stress
concentration effects at a fillet in a brittle material element. The data 1s expressed
in terms of element width, w, and fillet radius r, and the Weibull material parameters m
and ©0,. The constant is included to facilitate plotting of Sc on a logarithmic scale.
Note tgat the geometric parameters in these figures must be in inch units.

The increment of fallure probabllity Sc is to be added to the failure probability
determined by neglecting the stress concentration. Referring to Figure 7.8 this simple
stress distribution involves the stress ¢, in the portion of the element of thickness °2t,
and it is assumed that this stress changes abruptly, at the change of cross section, to
a uniform value determined by the increased section depth.

o
In Figures 7.9 through 7.12 K, defines the proof test level and 1s equal to —pt where
¢, 1s the stress produced by the proof test, in the element of thickness t. The ratio

¢, expresses the ratio of the material "zero probabilit, of fallure stress" to the applied

[
stress.

Figure 7.13 gives increment of fajlure probability due to tine stress concentration
produced by a hole of unit radius in en infinite plate of unit thickness under a uniaxial
stress O .

The stress concentration condition illustrated by item 3 of Figure 7.8 requires =
different treatment since no tension stresses are produced locally as a result of the
contact between the pin and the hole. Sirce the Welbull approach to the determination
of failure probability assumes that comprecsion and shear stresses do not contribute,
the stress concentration effect shown does not increase failure probability. However, it
is not certain, at this time, that compression and shear do not contribute to failure
rrobability so that some information on the effect of thls type of stress concentration
1s desirable for the designer.

In Section 5 of this handbook the subject of material fallure under compression stresses
is discussed and will be evident that the compression strength of nonmetallic refractories
does have a limiting value., Since this is many times the tensile strength it 1s not
normally critical but in the situation 1llustrated by Figure 7.8/3 the compression stresses
can be so large that some check must be made. Accordingly, Figure 7.1l4 gives data on the i
maximun stresses.

7.6 EXPERIMENTAL RESULTS

A review of the literature shows that very little work has been done to join ceramic {
materials to each other in a manner which would permit the high temperature capabilities
of the materia’ to be fully exploited. One outstanding exception to this statement is
work on silicorie nitride, jet engine combustor cans by the British Navy. Typically,
these cans are a complex sheetmetal part, and the work referred to has reproduced these
in silicone nitride by cementing many complex pleces ¢f mrterial together.

In Reference 7.1 a number of bolted joints in graphite and alumina were evaluated.
These were tensile specimens containing a single bolt. Teusile control specimens were
used to determine the materilsl strengths and Joint efficiencies were quoted based on the
grocs cross sectlional area with no provision for the stress concentration effect of the
hole. The Jjoint efficlencies obtained during these studies are low, but unfortunately
since a stress analysls of the Joints 1s not given the effectiveness of the design tech-
niques used cannot be assessed,

Some of the aluminu test jolnte included copper and Apocast inserts around the pin, The
copper Incert joint was no better than the plaln pin joint, but the use of Apocast inserts

resulted in the highest Joint efficiencies. |
Reference 7.2 investlgated Joining methods for attaching alumina to a metallic structure, |
'wo types of bolted Joints were evaluated: (1) bolted joints with nominal holes, and 1

sleeved or potted bolts using copper and brass sleeves, Salrset cement, Presstite, and
sllver braze potting. The specimens were a simple rectangu.ar shape, concentrically
loaded. Before conducting tenslle tests with the above specimens, the authors conducted
torque-dcwn tests wlth countersunk and hexhead fasteners in 1l.4-inch thick alumina plate. |
£11 of the specimens containing countersunk fasteners failed during torquing, presumably
due to the wedging action of the countersunk head, although the authors indicate the
mismatch of the bolt head and hole tuper to be the cause. For the hexhead torque-down
teats, elther the nut was stripped or the bolt broke. The tensile tests show large
scatter in the rescults from simple bolted Jjoints,significant benefit from metallic sleeves
by a fuctor of at least 2.0), but surprisingly poor results from the use of silver braze.
Potting with cements produced varlous results; Presstite, for instance, produced sig-
nificant improvements, but Salrset cement did not. The tensile strength of all the joint
specimens, however, was substantially less than would be predicted by taking the net
sectlon strength (0.10 to 0.20 times the net area strength).
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Two types of bolted attachments in ATJ graphite were evaluated in Reference 7.3. Most
tests were made with a ctandurd bolt in a standard hole, but come are made with specimens
such as Figure 7,1 which included a spherical metal bearing on a tapered bolt. The bolt
taper mates with a similarly tapered graphite surface such that the thermal expansion
differences are accommodated.

The single point attachment involves a connection between metal plates and a graphite
block using two metallic bolts. Differential axial growth between the bolt holes in
both memburs of the Jjoint ls compensated by clotting one of the bolt holes in the metallic
member of the Joint. The Jointc were tested in tenslen, and the results were campared
with the predicted fallure loads tor both attachments based on (a) the ATJ graphite
atrength for one failure in one hundred, and (b) the mean strength of the ATJ graphite.
In addition to making predictions based on two material strength levels, two analysis
methods wore also used to predict the fullure loads for the standard lug. The first
method considercd the lug as n piate loaded through a hole with a stress-concentration
factor tor the cot't'ect of the hole, while the second meathod employed the theory of
elnsticity, Jtress-concentration tactors only were used for the single point attachment
stregs analyces.

Two stundard lugs were loaded to destruction In lension and, in both cases, the fallure
load was 18C0O 1b., One of the lug specimens had a prior loading history. This lug was
subJected Lo 300 repeated load cycles which varied from zero to 1200 to 1b. Evidently,
thiz prior ioading history did not cause material damage. An sdditlional standard lug,
which had been coated with an oxidation-resistant coeting, falled at 850 1b. It was noted
from the materlal test bars, however, that the coating Jowered the strength of the ATJ
gruphlte, because the coating contained microcracks due to the differentlal expansion of
thie coating and the graphite substrate,

A comparison of the two methods of analysis indicated the fallure load predicted by the
theory of elasticity method (640 1b. for one failure in one hundred strength and 1050 1b.
based on the mean strength) and the loads predlcted by the stress-concentration method
for one fajlure in one hundred (700 1b.) were conservative. The mean strength and the
strecs~concantration method gave good predictions (1320 1lb.) for the uncoated lug; for a
small sample slze, the mean strength should, thesefore, be realized. However, the mean
strength and the stresc-concentration method were unconservative for the prediction of
the coated lug railure load (1240 1b.), even though the strength dats were obtained from
coated bars. It 1s believed that these latter results are quite questionable due to the
cracks in the coating.

lve "single point" at%achments were subjected to tension loads, and flve specimens were
louded by differential shear loads by a loading bar. [Four of the tension specimens were
loaded by one bolt, and one specimen was loaded through two bolts. The predicted fallure
load ror one failure in one hundred was 914 1b., while the mean strength prediction was
1550 1b. The test fallure loads ranged from 16&0 to 2380 1b. Evidently, predictions
including stress-concentration effects and the use of the mean strength, since only a
f'ew samplez were involved, gave very satisfactory results. The highest failure load
(2380 1b.) was obtalned by the specimen loaded through two tolts; this would be expected,
since the stress-concentrution factor for a multiple connection is lower. This effect was
not included In the predictions. The predicted tailure loads for the single point attach-
ments loaded by differential shear loads were 340 and 580 1b,, based on the one fallure
in one hundred strength and the mean strength, respectively. These are the predicted
loads which, when applied to the loading bar 3.5 inches from the outboard hole, would

cause failure, The actual failure loads ranged from 390 to 415 1b, In this case, the |
prediction using stress-concentration factors and the materlael mean strength 1s a little |
unconservative but stlill in remarkably good agreement.

Another series of tests were conducted by Anthony, Reference 7.3, to obtain experimental i
indications of the effect of lug proportions on load carrying capability. These specimens |
were essentlally with lugs machined ut the end of the specimen, There were four types of

lugs: 1

a) 0.250-inch hole dia., 1.250-inch lug dia., 0.500«inch thick.
b) 0.500-inch hole dia., 1,500-inch lug dia.,, C.500-inch thick.
e¢) 1.000-inch hole dia., 2.000-inch lug dia., 0.500-inch thick.
d) 0.500-inch hole dia., 1.500-inch lug dia., 1.000=-inch thick.

All the lugs were designed with equal cross-sectioral areas except type d, which had a
ross-sectional area twice that of the others., Equal areas eliminated the effect of size
vetween specimens a, b, and c¢. That is, the fallure load should be identical for types a,
b, and ¢ 1f concentration factors and material variability could he neglected. With
specimen d having the same geometry as specimen b, but twice the cross-sectional area,
a direct indication of the effect of size was obtalned. If there were no slze effect,
type d should have had twice the load carrylng capablility of type b. {

Fredicted fallure lcads were calculated, both on one rallure in one hundred strength
and on the mean strength, by use of the stress-concentration factor method for a flat plate
lcaded through a pin, and five lugs of cach type were tested In tension. Both sets of
predictions and the test results are shown in the following table. The predicted failure
loads based on the cne faillure in one hundred ztrength tended to be conservative. The
predlicted failure loads with the use of the mean strength showed excellent agreement,
except for lug type d. This dlscrepancy may have been a size effect of the ATJ gruphlte,
which was not used in the pradicted falure load.

S
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TEST RESULTS OF LUG FAILURE LOAD

Predicted failure load, (1b)

1 fallure in Mean Average failure
Lug type No. 100 strength Strength load (1b)
A 5 Conservative 350 434
B 5 Conservative 520 581
C 5 Conservative 730 732
D 5 Conservative 1040 813

Since the cross sectional area of specimen type a, b, and ¢ werc equal, the cnly vari-
able (other than the variability of the material) wac the stress-concentration factor due
to the geometry of the lug. As the hole-diameter-to-lug-diameter ratio increases, the
stress-concentration factor 1s reduced. The test results also incldate this. Type a
lugs, which had the smallest ratio of hole-to-lug diameters, had the lowest avarage
failure load, whila type ¢ lugs, with the highest ratio of hole-to-lug diameters, had
the highest average fallure load. The results from this series of tests provide con-
siderable confidence in the approach of including the effects of stress concentrations
in designing reliable brittle material Joints.

Reference 7.2 also reports investigations of bonded Jointe with a bond in shear and
the results are promising but the testing limited., Lach specimen conelcsted essentially
of an alumina plate bonded to a metal plate and loaded in tension. 7he alumina plate
ends were either parallel or modified by machining a shoulder or a taper. Bonding was
supplemented in the Joints by use of a bolt or clamping. The test fallures for the
clamped-and-bonded shoulder end and the clamped-and-bonded tapered end specimens did
not occur in the bonded area but at pointe of ctress concentrations that were intro-
duced into the alumina element of the specimens by the machining of the filleted
shoulder or the taper. The bonded-and-bolted parallel end specimens with no bolt load
attained the highest Joint strength. 1In fact, a load capability approaching that which
would be predicted from the net area strength through the bolt hole was achieved. The
results from this series of tests agaln suggest that adhesively bonded joints designed
with stress-concentration factors in mind may be satisfactory. Also, as would be
expected, there is no benefit to be gained by combining bolts with a bonded joint.

Clamped joints were also studied by Hofer (Reference 7.4). Specimens were fabricated
in Marblette, a brittle organic substance, and also in Hydrostone plaster. The
specimens were bars which had a '"neckec down" region at each end to receive the
clamps. Approximately 100 Joints in each material were tested in tension. The joint
efficliencies ranged from 13.3 to 26.5% for the Hydrostone specimens, and from 18.3 to
38.1% for the Marblette specimens, based on the gross cross-sectional area. The speci-
mens falled in the necked down area, the point of maximum stress concentration, and
minimum cross-sectional area.

Frye and Oken (Reference 7.2) conducted evaluations of three ciamped Joints in alumina.
The test joints were somewhat different from Hofer's joints in that the alumina had a
filleted shoulder machined at each end, and the metallic clamﬂs butted against these
shoulders. The test joint efficiencies were 14.6, 14.9 and 14.5%

Unfortunately, these two investigations presented test results as joint efficiencies,
and 1t 1s not possible to assess the effectiveness of the clamp Joints, since a stress
analysis 6f the joints is not given.

Attachments for Joining cylindrical shells by internal flanges were studied in
Reference 7.4. The test specimens, which simulated one-half of the joint, were cylinders
4 inches high, with an outside diameter of 4 inches and a wall thickness of 1/4 inch,
cast in Hydrostone plaster. The specimens were cast in three internal flange thick-
nesses: 1/4, 3/4, and 14 inches. The test specimens were mounted by cementing the
unflanged end of the cylinder to a plate and applying an axial tension load to the
cylinder by loading the internal flange through a loading disk. The results of these
studies were presented as Joint efficiencies, that is, the fallure load was compared
to the load carrying capaclty of a homogeneous nonolithic cylinder. Based on the mean
strength, the joint effliciencies ranged from 5.7 to 14.9% and from 13.3 to 25.2%, for
the 1/4- and 3/4-inch internal flanged cylinders, respectively. When the specimens
with the 13-inch flange were tested in the same manner, fallure of the adhesive bond
at the unflanged end of the cylinder occurred. Therefore, the remaining cylinders
were tested as cantilever cylindrical shells, mounted at the flanged end. Joint
efficiencies were calculated on the basls of the theoretical bending stress present
in a cantilever beam of the same length. Twenty-five specimens were tested with the
resulting Joint efficiencles ranging from 42.9 go 75.3%, baced on the mean strength of
the Hydrostone plaster.

The results from the internal flanged cylinders with an axial tension verified
analytical studies of this joint by Hofer, in that increasing the flange thickness
resulted in a substantial increase in the lcad carrying capacity of the Joint. The

SR e ST i S
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higher Jjoint efficiencies obtained for the iolut % hending may have been a result of
lower stress-concentration factors for bending rela Lve to nxial load, as woll as a
smaller volume of material subjected to the peak bending streanes,

In summary, the experimental evaluations of Jjoints are very limited and have numerous
shortcomings. Adequate supgort with stress analyaey {s gorierally not available, but,
in the few cases where consideration of stress ooncentrations hus been mada and where
adequate predictions are available for cvompariason with teat results, there are remarkably

good correlations.
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Fig.7.1  Shear lug for attachment of non-metallic to metallic components
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Fig.7.2  Tension attachments between non-metallic and metallic components
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Fig.7.4 Mechanical splice for attachment of non-metallic to metallic components
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Fig.7.10(a)
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8.  MECHANICAL PROPERTY TESTING OF BRITTLE MATERIALS

8.1 STATUS OF BRITTLE MATERIAL TESTING

When attempts are made to determine the basic mechanical properties of brittle materials,
such as tensile strength, shear strength, etc., using the methods which have been exten-
sively developed for ductile metalllc materisls, it is a matter of experience that the
results are quite unsatisfactory. The principal source of dissatisfaction is a wide
scatter in results when apparently identical tests are conducted on identical specimens
of the same material., Some of this variabllity s believed due to an actual variability
in tho properties of the material, which is a result of the sensitivity of the material
to local stress concentrations, caused in turn by flaws, volds, microcracks, inclusions
and other defects in the material. This subject is covered extensively in Section 3 since
it leads to a statistical description of material strength. Part of the variabllity, how-
ever, is due to test technique which assumes much more importance than it does with
ductile materials for the same reason, that 1s, the sensitivity of brittle materials to
local stress concentrations.

Typically, in the mechanical property testin, of materials, there are very many effects
which lead to disturbances either in what would otherwise be a uniform or at least a
simple distribution of stress across the test section of the material test specimen, or
in the magnitude of the loads actually applied to the test section. These sources of
stress variations are summarized in Figure 8.1 under a number of classifications. They
all result from the inability to carry out every step of the test perfectly and from the
practical requirement that tolerances must be applied to every test specimen, every pilece
of test equipment and every activity connected with the test, Some of these variations
are very evident, such as the difficulty of aligning the applied load perfectly through
the centroid of the cross section of the test specimen, or the difficulty of completely
eliminating friction at hinged joints in the load train, or the difficulty of configuring
a specimen such that external loads can be applied without local stress concentrations.
Some of ~ effects are less obvious such as density variations in the test specimen,
which produce an effective change in the position of the centroid of the critical section.
All of these effects, however, lead to localized stresses which are different from the
nominal stresses determined from the load at failure, the geometry of the failed cross
section, the specimen geometry, and assumptions of a uniform homogeneous material having
simple elastic stress-straln properties. Since the material is brittle it will fail
when the peak stress reaches the limiting strength of the material at some particular
location, regardless of how locallized this region of high stress might be. A ductile
metallic material, on the other hand will yield locally and will fail only when the
average stress over a significant portion of the cross saection reaches the limiting
strength of the material.

There have been two broad approaches taken in the attempts to resolve this difficulty.
The first method 1s to use the type of test specimen that will produce simple stress
distributions which can be readily and accurately determined from the measured loads
and geometry, and to concentrate on refinement of test technique, test apparatus and test
specimen configuration in order to eliminate or minimize the effects summarized in
Figure 8.1, This method leads to relatively expensive testing, with specimens that are
expensive to falricate because of the close tolerances required. Such methods are of
interest when accurate material property data is .-~gquired or when the number of specimens
is small or the cost of conducting the test is not of major concern. Such conditions
wight arise, for instance, if the information is to be used for basic material fracture
and failure research, material composition and alloy development, studies of the effect
of stress state on fracture, and studies of test methods where an accurate referenceé
point will usually be required.

The second method is to select the test technique for its relative simplicity and to
accept a complex stress distribution within the specimen. Reliancs is then placed on
refined stress analysis to determine maximum stresses and hence material strength from
the measured loads at fallure. This approach may or may not be low in cost depending on
the specimen configuration which is used. Frequently a complex specimen, such as the
Theta specimen, which will generate areas of uniform stress, is used to minimize the
stress analysis problem by substituting specimens which are expensive to fabricate,
although the test technique is simple. Alternatively, simple low cost specimens may be
used with complete deperdence on stress analysis to determine maximum stresses. The
latter is frequently useful for comparative data such as receiving inspection, where
large numbers of samples may be tested over a period of time by relatively unskilled
technicians. In addition to its dependence on stress analysis this second approach
usually involves a stress gradient or a complex stress state at the location of a frac-
ture, so that a simple uniaxial strength is rarely determined.

Numerous methods have been evolved, on the basis of these two approt-hes, for conducting
tensile tests on brittle materials, and moet of these are briefly summarized in Figure 8.2,
However, at the present time the development of test methods for brittle materials has
not reached the stage where completely satisfactory methods can be defined for the
development engineer, the structural designer or laboratory technician to follow. Much
difference of opinion exists on the respective value of the two approaches mentioned,
on the suitability of various test specimen configurations, on the dependability of
stress analysis for predicting maximum stresses, etc. A meeting was held in London in
September 1967 under the sponsorship of AGARD to discuss a number of quesuions relating
to brittle material design, and much of the available experience within the NATO countries
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was represented by a number of carefully selected individuals. The question of brittle
material testing was among the topics discussed and in particular the most basic plece of
material data, the tensile strength at room temperature, was selected as the object of
the discussion. As a result of this meeting the current position with respect to testing
can be summarized as follows:

a) There 1s general agreement that a limited number of simple stress-state test methods
are avajlable to provide accurate tensile data. The two methods which currently have the
widest acceptance are the gas bearing test and the pressurized ring test.

b) Stress analysils methods for determining maximum stresses are generally acceptable.

c) Recognizing the economic necessity for a simple low cost test for some applications,
the three and four point bend tests are generally acceptable as test methods involving
simple technique. The acceptance is based primarily on the simplicity of the test method
rather than reliability of results, since stress gradients and complex stress states of
unknown significeance are present. There is disagreement about the usefulness of any other
indirect test method.

Based on this opinion the remainder of this section will be devoted to the presentation
of information which will assist in the conduct of material property testing by the four
methods mentioned. Information will be presented, where appropriate, on test specimen
details, test apparatus and test technique. The obJective is to present as much quanti-
tative information as possible which will help in the design, preparation and conduct of
material property testing. Information in the form of rigld specifications has been
avoided because the present state of testing development does not Justify such restriction.
However, the usefulness of material property data is greatly increased 1f it can be
compared with similar data from other sources and making such a comparison possible
requires standardization of testing. For this reason the information presented has been
reviewed by a number of individuals to ensure that the recommendatlions made are generally
acceptable.

The information to Le presented is limited to tests to determine tensile properties
partly because this 1s the most important and most basic data, and partly because agree-
ment on acceptable test methods 1s even more difficult to obtain for other properties,
than 1t 1s for tensile strengti:. Methods for generating and measuring elevated test
temperatures and methods of strain measurement are not discussed since these are not
changed as a result of the brittleness of the test material.

8.2 TEST METHODS USING SIMPLE STRESS STATES
a) Gas Bearing Test

This section presents information on specimen and test fixture detalils to permit
the determination of tensile strength properties for brittle materials using the gas
bearing test apparatus. The specimen and fixture designs have been taken from Reference
8.1 and small modifications have bYeen made to facilitate accurate alignment of the load
train. The consistency and accuracy of test results produced with this apparatus has
been confirmed by actual practice, and the dimensions and tolerances shown will permit
stresses determined by dividing the fallure load by the nominal cross section area cf the {
test specimen to be within 5% and 11% above true values. Specifically, this error

considers the specified tolerances on load train alignment and concentricity, alignment i
of the load train wlth the geometric center of the gas bearing, alignment of the specimen i
with the load train, concentricity between the specimen test section and grip section, 1

and finally the small stress concentration due to changes in specimen cross section., The
error does not consider the material effects given in Figure 8.1 or errors in the load
measuring device.

The information to be presented on fixture and specimen details is not complete, but
critical dimencions and tolerances are given from which any competent test agency can
design and construct the apparatus.

Figure 8.3 shows the general layout of the spherical gas bearing and the tensile load
train, The arrangement shown 1s dujlicated on the other side of the test. specimen except
that only one load cell is required. Each bearing has a diameter of 9 inches and is
suppllied with nltrogen gas at approximately 900 psi. Pressure gradients develop in the
contact area so that the average effective pressure between the bearing surfaces is
300 psi, which 1s sufficlent to provide a load capacity of 15,000 1bs, This capacity
1s substantially greater than is necessary for the tensile specimens which will be showr,
butithe slze i1s dictated by the necessity for using an avallable and well qualified
design.

A simple manual control of the pressurizing gas is used. Some arrangements of the gas
bearing apparatus have incorporated electronic devices to control the gas flow as a
function of load by sensling film thickness. Satisfectory experience has apparently been
ottalned without thls refinement however so that its use is not recommended unless the
quantity of gas used 1is a problem.

The critical aspects of the load train are the concentricity of the pull rods, the
alignment of the center of the pull rod with the center of the spherical radius, and
concentricity between the bore of the collet and the centerline of the pull rod. All of
these tolerances shiould be held to .0005 in. total indicator reading which is within the
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capabilities of a good machine shop. It will probably be necessary to ussemble one side
of the load train with the load cell before the final machining cuts are made so that
misalignments within the load cell can be properly accommodated.

During assembly of the apparatus 1t 1s necessary to achieve the close tolerance shown
between the centerline of the pull rod and the center of rotation of the bearing. Since
it 1s not practical to locate the bearing center accurately after the part is removed from
the lathe on which it i1s made, accuracy in assembly is provided by accurately machining
the pull rod bore, at the same time that the spherical surface is machined. Maintenance
of the close tolerances shown on the pull rod bore and the pull rod diameter will ensure
accurate assembly.

The precision collet used in each end of the load train is shown in Figure 8.4, Accurate
alignment of the specimen with the pull rod and hence with the spherical bearing, is
maintained by holding close tolerances on the concentricity between the pull rod bore and
the pull rod centerline, on the pull rod bore and compression nut diameters, and on
concentricity between the pull rod bore and the collet bore. Dimensions of the three-
plece split collet are given before splitting, since accurate measurements of the collet
bore afterwards are not practical.

Clearance is provided in the bore of the compression nut so that load transfer is
affected through the three-piece split ring. Accuracy in the surface at the end of the
pull rod bore is required to assist in installation of the specimens.

The tensile specimen is shown in Figure 8.5. For most nonmetallic refractory materials
diamond cutting tools will be necessary to obtain the required surface finish and close
tolerance dimensions. Notice that the gage section contains a slightly reduced portion
to ensure that the fallures occur away from the transition to the grip diemeter. The
reduced section of the gage length contains no constant diameter portion since failures
would still occur at the end radii. However, the small stress concentration caused by
the one-inch radii shown has buen concidered in describing the accuracy of the test
results., Slight corrections wi.l be necessary, because of this local diameter reduction,
if this specimen is used with an extensometer across the gage length to measure strain.

b) Pressurized Ring Test

Figure 8.6 shows the arrangement of the pressurized ring test unit together with
critical dimensions and tolerances. From this information a suitable apparatus can be
designed and built by a competent labcratory. Information is taken primarily from
Reference 8.2. The specimen holder consists of two round steel plates containing cavities
which are machined and aligned to the close tolerances shown., Accurately sized alignment
pins and holes are necessary to maintain the cavity alignment. Hydrauliec pressure is
applied radially to the ring specimen from the inside through a flexible rubber bulb.

The conical plug in the lower steel plate seals the bulb and provides entrance for the
owrking fluld. Spacer blocks are provided to separate the steel plates, and tolerances

on the spacer block helght and the specimen length are arranged so that there i1s a minimum
total clearance between the ring and the specimen plates of .00l in., to avoid constrain-
ing ring displacement, and & maximum total clearance of .004 in., to prevent extrusion

of the rubber bulb between the ring and the fixture.

Details of the test specimen are shown in Figure 8.7 which gives also the dimensional
toleran:es which are necessary so that the failure stress can we calculated within 14%
accurary from the nominal specimen dimensions and the hydrostatic pressure at failure,
The expression for making this failure stress calculation is given below. Accurate
pressure gages are needed since errors in pressure readings represent one of the major
sources of error in the measurement of tensile strength. Pressure gage error is not
included in the values mentioned since the specific gage whicin will be used in a
particular installation is not known. Also, the material effects mentioned in Figure 8.1
are not included in the specified error.

No particular precision in technique 1s necessary with this apparatus apart from deter-
mining the fallure pressure accurately. The method however 1s limited since it cannot be
used at elevated temperatures, and rate of loading is difficult to control.

Strain aata can be obtained only with strain gages, which is an accurate method, but
relatively expensive for large numbers of tests. Furthermmore, the strain gages must be
placed on the outside diameter, which is not the region of maximum stress.

The tensile stress in a cylinder wall corresponding to an internal hydrostatic pressure
is computed from the formula

2
Pr r2
[ ] =.__.—i... (1+ °)
r !‘2 2 r
o - TIi

f

Where P hydrostatic pressure in psi
ry = internal radius in in.
external radius in in.
- radius at which the stress is determined

e Bl |
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From this formula the maximwn stress will occur at the inside radiue. Inserting the
nominal specimen dimensions into this expression gives the failure stress as 10,524 x
the failure pressure.

8.3 LOW COST TEST METHODS
a) Three and Four-Point Bend Tests

This section presents specimen and test fixture details for conducting three and four-
point bend tests on brittle materials. The specimen and fixture designs have been evolved
from a very careful consideration of the many sources of parasitic stresses which are
important in testing brittle materials, but at the same tims consideration has been given
to the economics of specimen fabrication, test fixture fabrication and the cost of conduct-
ing the tests in terms of complexity of test technique. The objective of bend testing
is to obtain relatively low cost data with the understanding that neglect of such effects
as stress gradients is the price to be paid.

In evolving the proposed designs the dimensional tolerances for both the test specimen
and the test fixture, and other sources of parasitic stress such as frictional effects,
have been controlled so that using nominal specimen and fixture dimensions, the stress
calculated from the measured failure load is within :5% of the true value. This does not
include tolerances on load measurement since the means for making this measurement are
not specified. It also assumes that the material of the test specimens is homogeneous
with respect to elastic properties. In particular, it is assumed that the elastic modulus
of the test bars in the longitudinal direction is constant across the specimen cross-
section and along its length.

The test apparatus for conducting bend tests i1s based on existing apparatus which has
seen considerable use. Some changes have been mede, however, in the overall dimenslons
and in the required tolerances, but these are not considered significant enough to
invalidate the previous satisfactory experience with this type of apparatus.

Suggested specimen detalls for three and four-point bend tests are shown in Figure 8.8,
Two sizes of specimen are shown. The smaller size has been selected to mirimize the
quantity of material and hence minimize cost. The minimum dimensions have been established
from the minimum size test fixture which could provide all of the required degrees of
freedom and accomplish this using commerciaiiy avallable parts. The larger size specimen
is included in recognition of the fact that it is frequently necessary to examine the
effect of specimen size in testing brittle materials. The ratio of specimen volumes
between the large and small sizes shown is approximately 4, but the true value of this
ratio depends on the significance which is attached to the nonuniformity of stresses
throughout the test bars.

The dimensional tolerances shown in Figure 8.8 have been established recognizing their
contribution to the overall error in stress as determined from nominal dimensions.
Grinding of the specimen surface has been specified to reduce frictional effects at the
loading points. For many of the harder brittle materials this will require diamond grind-
ing. The cost of such finishing methods has been examined and is considered acceptable
by individuals who have carried out extensive tasting of brittle materials.

Figure 8.9 shows a test fixture for four-point tests, and dimensions are given so that
fixtures can be constructed for both the small and large size specimens. Rollers are
provided at all load points except one, in order to minimize friction due to longitudinal
motion of the specimen as 1t bends. These rollers are supported on needle roller bearings.
Freedom of rotation about an axis parallel to the longitudinal axis of the specimen is
also provided so that twist in the specimen and the fixture, and rotational misalignment
between the upper and lower parts of the fixture can be accommodated. To minimize cost,
all of the bearings used are commerclally available.

Arrangements are made to accurately locate the specimen relative to the rotational axes
of the fixture. For the small size specimen this 13 achieved by locating the specimen
in grooves machined in the reaction rollers. For the large specimen the specimen face is
aligned with one face of the reaction rollers. The upper and lower parts of the fixture
are not located relatively in the longitudinal direction but alignment pins are provided
so that when the fixture and specimen are installed in the test machine, the distance
between one loading point and one reaction point can be accurately measured. This
measurement is made along a slope, and must be corrected for specimen thickness to obtain
the projected distance between load and reaction points.

The failure stresses should be calculated from the measured failure load, the measured
specimen and fixture geometry, and simple bending theory. Corrections must be applied
to allow for the so-called "wedging" effect which is the effect on the simple bending
stresses of the load concentration at the applied load points. From simple bending
theory the maximum tension stresses occur under the applied loads and at the face of
the specimen opposite from the face on which the load is applied. The local stresses
due to load concentration produce a compression stress immediately beneath the load,
which is therefore subtractive, but this becomes a tension stress, which is therefore
additive, a short distance away from the load. For the four-point test the maximum stress
occurs a short distance away from the load and is greater than that given by simple bend-
ing theory. The maximum stress occurs at .25 x test specimen thickness from the load
point and the increment of stress to be added to that calculated from simple bend theory
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is 0.868 Pc where P is total load applied to the test specimen and c is one-half
specimen “thickness,

Figure 8.10 shows a test [ixture for three-point tests, agaln designed to accommodate
two sizes of specimen., The three-point fixture design follows closely the four point,
except that the single load application roller is fixed rotationally, while both reaction
rollers are free to rotate to accommodate specimen twist and fixture rotational
misalignment.

For the three-point test the correction to the maximum stress calculated by simple
bending theory, to account for the wedging effect, 1s given by -.1332 Pc where P is total
load applied to the test specimen and ¢ is one=half the specimen thickness. 1In this case
the maximum total stress occurs under the applied load and i1s less than the value given
by simple bending theory.
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FIGURE 8.1 8SOURCKS OF ERROR IN DETERMINATION OF FAILURE
ATREADKS IN MATERIAL PROPERTY TESTS

MATERIAL EFFECTS

Elastic Properties Not Unif'orm Throughout Specimen

Elastic Properties Different in Tension and Compression

Skin or Oxide Layer of Different Modulus to Body of Specimen
Material Stress-Strain Curve not Linear

Variations in material density throughout the specimen
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SPECIMEN GEOMETRY EFFECTS

Tolerances in Specimen Cross-Sectional bLimensions

Specimen Twist

Eccentricity of Grip and Test Sections of Specimen

Lack of Parallelism Between Grip and Test Sections

Eccentricity of Inner and CQuter Diametnrrs - Ring Specimen
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FIXTURE GEOMETRY EFFECTS

1. Eccentriclties, Symmetrical and Unsymmetrical, in Load Train

2. Tolerances in Position of Load Application Points

3. Angular Misalignment of Load Application Direction

4, Edge Moments Due to Gap Between Specimen and Fixture - Ring Test

CONSTRAINT EFFECTS

1. Moments Due to Friction at {inges in Load Train
2. Frictional Effects at Load Application Points
3. Deformation Constraints Due to Friction

OTRESS DISTRIBUTI W EFFECTS

1. "Wedging" Effect Under Externally Applied Loads
Ctresg Concentration at changes in Specimen Cross-Section
Eige Moments - Ring Test
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reaches high stress
at fracture

lelgie

Fig.8.2 Summary of tensile test methods. (Taken from material p
on Brittle Materials, London, Seg
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STRESS TYPE
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(TATIONS AND TEST OF ERROR LIMITATIONS
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ds. (Taken from material presented at the AGARD Specialist Meeting
‘jttle Materials, London, September 4, 1967)
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Bore Concentric with Spherical

Radius Center Within .0005 TIR
4,5 in.
Spherical
Radius

©,

4 ‘i
Cross-Head , 60 Gas Orifices
Adapter / (.020" Dia.)

Gas Inlet Valve
(900 psi Supply Pressure)
300 psi Effective

Gas Pressure Within
Contact Area

«0005" 8liding Fit

Pull Rod Assembly & Pull Rod
Bore Concentric within .0005 TIR

Precision

Test Collet

Specimen

Fig.8.3 General layout of spherical gas bearing tensile test rig




Concentric and Parallel with Compression
Nut Outside Diameter to 0.0005" TIR

Tensile Specimen

Mating Surface Flat and
Perpendicular to 00,0005

/

,0005 S1iding Fit

‘YW
///{s;;:;}_\\\\\\\\ﬁ
D, o

, ///mﬁﬁi'\\\\\\\\ﬂ
THIIIIY,

Compression Nut

e Bore Dia.

AN

Pull Rod

Bore of collet before
splitting

3-Piece Split
Ring

Fig.8.4 Precision collet grip for tensile specimens

250 £.001 Min.Dia.
Both Ends Flat on 1" Rad.

and Perpendicular
to 0.0005"

+.000
1/2" R 0.272 ¢.001 Dia. 0.500 .,002 Dia.

(Typ.)

" _‘# 516L_
Lenlgth

453 £.001 D [ (Typ.)
1
h—TZ—u

NOTES: 1. All diameters true and concentric to 0.0005" T.I.R.
2, Surface finish is 50 RMS

Fig.8.5 Dimensions of tensile test specimen for gas bearing test
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Upper and Lower Cavities
Concentric Within 10.0005"

2,000+ ,0005

|
Upper . Natural Rurber i
Plate - ™ Bulb
Test
Specimen Spacer Blocks
Bottom | Conical Plug
Plate === '

Hydrostatic
= Pressure Inlet

Spacer Block Dimensions

e _Height |

A 252 21060
IM: 502 £:88%
c 1.002 *.901

Fig.8.6 Pressurized ring test unit

+100 $,001 4

” |

2.200 +.001 .

Jable of Dimensions
Size L
A .250 +,001
B .50 +,001
c 1.00 $.001

Fig.8.7 Dimensions of test specimens for pressure ring test
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Centerlines Aligned Deflection Probe
wWithin 0.005"

h
[ - - . - frerr———— -
==
s - -
Jable of Dimensions
Sige A 1 Size B
Length, L 3.500 +.005 4,000 £.005
Sides, h 0.25 +.,002 0.50 1.002

NOTE: Finish is 50 RMS

Fig.8.8 Dimensions of test specimens for 3- and 4-point bending test
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- 000
135 4 001
005 ¢ .001
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Access Hole
For

lignment Pins

Fig.8.9 4-point bend test apparatus
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KP49B Beari
(gwdon‘;. -
| U
1
- -Om
135 {001 =4
YCR-12 Bearings T

Torrington
( " ction Rollers

S —_— —

Centerlines Aligned
Within *.005

Alignment Pins

Fig.8.10 3-point bend test apparatus
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