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ABSTRACT

This report is the concluding scientific report to record the status and
progress of Scientific Analytical lnvestigations, the preparation of Computer
Programs, Data Reduction, and the development of mathematical and computer
techniques in support of Environmental Research and other various aspects of
the physical sciences concerning the upper atmosphere.

During the year covered by this report, the 50 completed programs ranged
in complexity and size from conversion of programs from one language or
computer system to another, to analysis and development of a large system

of analytical programs.
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FOREWORD

These computer programs are the results of analytical research performed

for:

The Analysis and Simulation Branch (SUYA)
Computation Center AFCRL
Air Force Cambridge Research Laboratories
Bedford, Massachusetts 01730 o

The computer programs contained in this report may be obtained from the

above organizationm, upon request by referencing the appropriate project

number and problem number listed at the end of each program description.
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SECTION 1

INTRODUCTION

This report documents the efforts under subject contract.

Each program documented herein describes what was done rather than a de-
tailed program writeup.

Upon request, a complete program description may be made available to
interested parties (see FOREWORD). The program descriptions are lengthy and
very detailed, and may be used to follow the complete flow and operation of

each program.
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SECTION 2
RAINFALL, SOIL MOISTURE AND TRAFFICABILITY
IN THE VICINITY OF SAIGON

1. TINTRODUCTION

Trafficability, the ability of a soil to permit the movement of vehicles,
is a function of soil strength. Soil strength is related to soil moisture, which
in turn is related to many other variables such as soil type, drainage and vege-
tation. For the preparat on of an accurate estimate of the effect of climatology
on soil strength conditions, a long-time record of soil moisture measurements is
required. For most places in the world no such record exists. In this study,
equations developed for estimating soil moisture in sandy silt of the type found
in low terraces in the Saigon area are used, in conjunction with a 22~year record
of daily rainfall observations, to generate a soil moisture record. From knowledge
of soil moisture-strength relations a soil strength record is generated. This re-
cord is used to estimate the probability of vehicle "go" (the ability to execute
severe maneuvers over the soil without becoming immobilized) for given types of
vehicles on any given day of the year. The data generated in this study are first

estimates intended for guidance in planning military operatioms.

2. RAINFALL

Daily rainfall observations taken at Saigon over the 22-year period from
1947 through 1968 were sorted, by 7-day periods, to obtain the relative frequency
of daily rainfall for several categories of rainfall amounts. The frequencies are
plotted in Figure 1. The frequencies for each 7-day period are based on 154 uvoser-
vations (7 daily observaticns multiplied by 22 years of record). The pronounced
aéaaonal character of rainfall {n Saigon is cicarly evident. From 6 Jan to 1 Apr.
more than 9 out of every 10 days are without rain, while from 25 May through
20 Occ. less than 3 out of every 10 days are without rain. From about 10 June to
8 Oct. more than 1 in. of rain can be expected on 1 out of 10 days. Duriang the

22-y0¢r>pcrlod there were 9 days when more than 4 in. of rain was observed.
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Figure 1. Relative Frequency of Daily Rainfall; £Trace, £0. 25, £0, 50,
£0,75, £1, 00, and =1, 25 in, at Saigon

Since trafficability is often affected more by prolonged rainfall than
by single showers, Figure 2 was prepared to depict the total rainfall that might be
expected over a 5-day period. For example, the probability of observing 5 con-
secutive days without rain is about 85% in February and 1% from 23 May through
24 Oct. During the 22-year period there were 6 five-day periods when more than
8 in. of rainfall was observed.

Figure 3 depicts average daily rainfall and average rainfall on a day
with more than a trace of rain. The curves vere dravn freshand. For exawple,
Figure 3 shows that almost three times as much rain falls on a rainy day in June.
or September as on a rainy day in January, and that less raiafall occurs near 1

Aug. than near 15 June or 15 Sept.

wﬂw”wﬂm”wﬂa”uﬂuﬂwwuﬂm”mﬂ
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Figure 3. Average Daily Rainfali and Average Rainfall on a Day With
More Than a Trace at Saigon

3. SOIL MOISTURE COMPUTATIONS

Since there was no available long-time record of soil woisture measure-
ments taker in the vicinity of Saigon, daily soil moisture was ccmputed with the |
use of equations developed £6r estimating moisture from rainfall amounts (Carlson
and Horton, 1959), and from relations derived from an analagous soil at site

PD241 in Thailand (Kennedy et al., 1967). The soil, a sandy silt, was assumed

to be amilar‘to that found in low torncu:nur Saigon Measurewents have shown
that even in the absence of umtall’ over lén; periods this soil retains at least
0.62 in. of moisture in the O- to 6-in. layer and 0.61 m the 6~ to li-in hyer.
This is termed the Field-Miniwunm mbiscurc contin.:. The Field-Maximm motsture
content ot‘thq soil, the highest recurring moisture the soil can at'cai.n, wai |
2.38 i{n. in the 0~ to 6-in. layer and 2.03 ili. in §h0 6~ to 12-in. !.jyor. 1f
rainfall equalled or exceeded 0.10 in. in one day, moisture vas added to the soil
(accretion) until the Field-Maximum was reached. 1f rainfall was not observed, or
if less than 0.10 in occurred, moisture was lost from the soil fdopl.ction) until

the Pield-Minimum vas reached.
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Observations have shown that depletion is a function of moisture content

in excess of the Field-Minimum. Figure &4 depicts sixty-order least-squares fits to
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Figure 4. Daily Moisture Loss as a Function of Moisture
Content in Excess of Field Minimum

measured depletion from sandy silts for the O- to 6-in. and 6- to 12-in layers.
Equations are provided in Sections 3.2 and 3.3. Depletion from the upper layer is
more rapid than depletion from the lower layer, Accretion was assumed to be a
simple linear function of the amount of daily rainfall,

The method of generating daily estimates of soil moisture from daily

rainfall observations is as follows:
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3.1 Notation

C = Moisture Content (inches), 0- to 6-in. Layer

ST .
e 2o oo Foye e e MM b

d = Day

R = Rainfall (inches)

Z = Available Storage (iuches), O- to 6-in. Layer '3

A = Constant Coefficient i?
i X = Moisture Content (inches) above Field Minimum, 0- to 6-in. Layer ;
% M = Moisture Conﬁent (inches), 6= to 12-in. Layer 5
% . Y = Moisture Centent (inches) above Field Minimum, 6- to 12-in. Layer %f
%A S = Available Storage (inches), 6- to '2-in. Layer gi
§ 3.2 Computation of Soil Moisture in the 0- to 6-in. Layer

Step 1. Assume that the soil moisture on 31 Dec. 1946 was

0.62 in. in the 0O- to 6-in. layer, and 0.81 in. in che 6~ to 12-in. layer

1y oy e et o T Ry €
aitis s Lavisey et okt add

Step 2. Compute the soil moisture on 1 Jan. 1947 using Eq. (1), 3 =

R R TS

" Eq. (2), or Eq. (3), depending upon how much rain (Rq) was observed

on 1 Jan. 1947 (rain during 24-hr. period previous to observation).

- Cd+1 = Cd -¢ Aixi) if Rd’<o.10, (1)
1 ,; TS . |

'Cd+1 = Cd + 0.47Rd - 0,01 if (Sd + Zd»Rd&O.IO, (2)
[; ) = - . [y ’ 3 . . _,l' _‘
; Cgep = Cq + 0.7524 = 0.05  if Ry$(Sq + Zy) (3)
¥ | where:

Sd = 2,05 - Md
Zd = 2,38 = Cd
Xg = Cq = 0.62

e

2=5

&
g
.
y




6
12: AgX = 0.030X + 1.894X2 - 4.103%> + 3.257%* - 1.107%> + 0.133x5,

3.3 Computation of Soil Moisture in the 6- to 12-in. Layer
Step 3. Compute the soil moisture on 1 Jan. 1947, using Eq. (4),
Eq. (5), or Eq. (6), depending upon how much rain (R4q) was observed

on 1 Jan. 1947 (rain during Zé-ht. period previous to observation).

Mgy =My - (éA% ') i£Rry<o0.10, O]
Mgep =Mg + 0.22 Ry - 0.01 if (S4 + Z4) & Ry0.10, (5)
Mgyp = Mg+ 0.605;5 - 0.02  if RyS(Sq + Zg), (6)
where:
Yg =My - 0.61

i=1

3.4 Generation of Soil Moisture Record and Frequencies

Step 4. Compute soil moisture for 0- to 6-in. and 6~ to 12-in.
layers on 2 Jan. 1947, using the rainfall observed on 2 Jan. 1947
as Ry and the Cyy; value computed in Step 2 as C4, and the Mgy,
value computed in Step 3 as Mj.

‘Steg 5. Repeat Steps 2 and 3 until moisture content values are

generated for every day of the 22~year period.

i‘.’ a} vl = -0.054Y - 0.083v2 + 3.057Y3 - 6.625Y* + 5.069Y° - 1.316Y6.

(SR CSCFICACREIY TOMCII- IO SRR SR . .




Step 6. For each 7-day period (1 to 7 Jan., 8 to 14 Jan., and
so forth), find the relative frequency of days when the moisture

content is in each of the following categories for each of the two

Daily soii moisture estimates computed for the 22-year period from 1947

i layers. ‘ .
(a) 0.70 (1) 1.60 -
(b) 0.80 (k) 1.70
() 0.90 (1) 1.80 -:",-
(@) 1.00 (m) 1.90 f'
(&) 1.10 (@) 2.0
() 1.20 (0) 2.10
(g) 1.30 (p) 2.20
(h) 1.40 (@9 2.30 Omit for 6- to 12-in. layer
(1) 1.50 (r)  2.40 .
4. SOIL MOISTURE PROBABILITIES 1 ;

through 1968 were sorted, by 7-day periods, to obtain the relative frequency of
several categories of soil moisture amounts. Figure 5 shows the frequencies for
the O- to 6-in. layer and Figure 6 shows the frequencies for the 6- to 12-in layer.

Frequencies for each 7-day period are based on 154 estimates of soil moisture.

22 ST . ]
S ’ A - , ’
20 . . Naoeint EANPIAN L
) \\ v ‘ ,/
Aad b laadas ..“Auu.‘.lm:,nxw.ﬁu‘.clx’ .
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Flgure 5. Relative Frequency of Moisture in the 0- to 6-in. Layer of
Soil; %0, 8, £1,2, 1,6, £2,0, $2,2 and %2, 3 in, i
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}*‘igure 8. Relative Frequencies of Moisture ahd Rating Cone Index (RCI)
in the 6- to 12-in. Layer of Soil. Moisture: 0,8, £1,2, 51,6, <1, 8,
%£1.9, and £2,0in, RCI: 250, 277, 2120, and 2335

5. SOIL STRENGTH-VEHICLE MOBILITY REIATIONS

Trafficability is a function of the mass shear strength of a critical soil

layer. The mass shear strength is expressed in terms of rating cone index (RCI),

which is a measure of the probable strength of the soil under a moving vehicle,
The depth of the critical layer varies with the weight and type of vehicle and soil

profile, but it is generally the layer located 6 to 12 in. below the surface. The

RCI may be compared to the minimum cone index required for 50 passes of a specific

vehicle, called its vehicle cone index (VCI). 1If the RCI of a soil is higher than

the VCI of a particular vehicle, 50 such vehicles can be expected to travel success-

fully in the same straight-line path, or one vehicle can be expected to execute

severe maneuvers without becoming immobilized. A system has been developed for

classifying vehicles according to their VCI (Departments of the Army and Air Force,

1968) . A condensation of the system for standard military vehicles is shown in

Table 1.
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Table 1. Condensed Classification of Vehicles Accerding to Vehicle Cone Index

(VCI) (contd) -
ategory | VCI Range Vehicle and Vehicle Types ]
2 30-49 Englnecr and high-specd tractors with comparatively

wide tracks and low contact pressures, Examples:
i V€1 of D7 engineer tractor = 40; VCI of M114 armored
personnel carrier = 37.

3 50-59 Tractors with average contact pressures, tanks with
comparatively low contact pressures, and some trailed
vehicles with very low contact pressures. Example:
VCI of M48 medium tank = 52. ,

4 : 60-69 Most medium tanks, tractors with high contact pres-
sures, and all-wheel-drive trucks and trailed vehicles
\ with low contact pressures., Example: VCI of M135,

1 2-1/2-ton truck = 62,

|

5 | 70-79 Most all-wheel-drive trucks, a great number of trailed .
vehicles, and heavy tanks, Example: VCIof 1-1/2-ton,:
4x4 dump truck = 73,

6 ‘ 80-99 A great number of all-wheel-drive and rear-wheel-
drive trucks, and trailed vehicles intended primarily for
highway use, Example: VCI of 1/2-ton, 4x2 pickup

truck = 88,
greater not expected to operate off roads, especially in wet

soils, Example: VCI of 5-ton, 4x2 dump truck = 119,

1
|
7 . 100 or Rear-wheel-drive vehicles and others that ganerally are

—— e e s eh - e e e—————— .

A listing of vehicle cone indexes for military vehicles and a discussion
of the procedures for computing vehicle cone indexes, and a more detailed discussion

of trafficability terms are included in Departments of the Army and Air Force (1968).

6. SOIL MOISTURE VERSUS SOIL STRENGTH

The relation between soil moisture and soil strength, in terms of rating
cone index, for the 6- to 12-in. layer of soil is shown in Table 2.

The data in Table 2 were derived from measurements at the site in Thailand
that was used in the derivation of the moisture relations discussed in Section 3,
Soil Moisture Computations. If RCI from Table 2 is substituted for mristure values

in Figure 6 the graph can be used to show the relative frequency of RCI equal to or

greater than a given value. Thus, during the rainy period from the end of May through

29
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Table 2. Relation Between Soil Moisture and Soil Strength in Terms -~
of Rating Cone Index (RCI) for the 6- to lz-ln_. Layer of Soil

Water Content (in,)
| 8-tol12-in. Layer RCI _

<1,50 > 590
1.50 590
1. 50 440
1.60 335
1.65 260
1.70 198
1.75 155 S
1. 80 120
1,85 95
1.90 71
1.95 62
2.00 50
2,05 40

the end of September, moistures of 2.0 in. or less or RCI's of 50 or more occur

80 to 90 percent of the time, and moistures of 1.8 in or less or RCI's of 120

or more occur 10 to 30 per cent of the time.

7. PROBABILITY OF VEHICLE "GO"

The RCI may be related to the minimum cone index requirements of "go"

for a vehicle, and so in Figure 7 graphs of VCI were substituted for the graphs

ror
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Figuee 7. Probability of “Go"for Vehicles With Vehicle Cone Index (VCI)

of 50, 77, 120, and 335

2-10

St e ekt st ame s A s i




of RCI shown in Figure 6. Figure 7 shows that during the rainy season vehicles
with a VCI of 50 will have an 80- to 90~ percent probability of "go" (or conversely,
10- to 20- percent probability of '"no go") and that vehicles with a VCI of 120 will
have a 10- to 30- percent probability of 'go" (or conversely, a 70- to 90- percent

probability of "no go").

8. LIMITATIONS OF STUDY
Caution should be exercised in drawing conclusions on trafficability in the
Saigon area from the graphs presented herein. The graphs were developed for only

one of several soils in the area, specifically a sandy silt found in low terraces.

" Other soils within the area include: (1) alluvial and marine clays, similar to

the soils in the lowlands of the Mekong Jdelta; these clays remain wet and have poor
trafficability throughout the rainy season; (2) clays and sandy clays on hills;
these clays gene;ally have good trafficability even during the rainy season; and
(3) silty clays in narrow valleys on terraces and hills; these clays are traffi-
cability problems when wet. The area also includes clays and organic soils of
mangrove swamps and marshes, which remain soft, and sands of river terraces and
ridges, which remain firm throughout the year. These other soils were not analyzed
because of limitations of time and money. The sandy silt terrace soil was chosen
for analysis because it is one of the predominant soils in the area, and because,
of all the predominant soils, it provides one of the lowest bgaring strengths
(RCI) under wettest conditions.

1t should be recognized that the charts in this paper are based on rain-
fall and therefore are not applicable to soils subjected to irrigation. Areas of
irrigated rice paddies, commonly found on low terraces, would normally have higher
percentages of high moistures and low strengths and a lower probability of "“go"

for a given vehicle than those shown on the charts.
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The probabilities of vehicle "go - no-go" are applicable only to soil

conditions on flat terrain. The slope and such natural obstacles as drainageways,

scarps, dense vegetation, and microrelief features as well as such man-made ob-

stacles as railroad embankments, canals, and so forth, are not considered in the

mobility evaluations.

Project Number: 8624
Problem Number: 1675 _;
Researcher: Mr. I. Lund §
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SECTION 3
CORREIATIONS BETWEEN AREAL PRECIPITATION
AND GEOPOTENTIAL HEIGHT

This study was performed to identify predictors which might be used to
replace, or supplement, persistence in conditional climatologies of precipi-
tation, and to provide at least partial answers to the following questions:

a. Are geopotential height observations better predictors of daily
areal precipitation than persistence?

b. Which geopotential height observations are most highly correlated
with areal precipitation?

c. How do predictors of areal precipitation vary with respect to the
geographical location of the predictant stations?

d. Over how long a period of time are height observatioms significantly
correlated with areal precipitation?

To a§compiish this end, computer programs were written to correlate geo-
potentiui heights, geostrophic vorticities, and thicknesses between surfaces,
at 499 grid-points over one-half of the Northern Hemisphere, extending from
10 degrees E westward to 170 degrees W, at 200, 500, and 850-mb with precipi-
tation qbnnrvcd over areas in California, Central United States, and Eastern
United States on 401 January and February days.

The deily total precipitations observed between 0000 LST and 2400 LST,
at 10 stations in each of three areas, was used as the predictand. The
atations are listed on the following page and the areas are shown in

Figure 1';
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EAST CENTRAL CALIFORNIA

A

1, Concord, N. H, Burlington, Ia. Rad Bluff

2, Boston, Mass. DesMoines, Ia. Chico

3. Hartford, Conn. Dubuque, Ia. Colusa

4, Albany, N, Y. Columbia, Mo, Brooks

3. New York, N. Y. Kansas City, Mo. Sacramento

6. Harrisburg, Pa. 8t. Louis, Mo, Stockton

7. Philadelphia, Pa. Springfield, Mo. Modesto

8. Atlantic City, N. J. Peoria, I111. Merced

9. Baltimore, Md. Wichitas, Kan. Fresno

10, Washington, D, C. Tulsa, Okla. Angioia (Corcoran)

The data include all January and February days from 1962 through 1969.

The total precipitstion cbserved at the 10 stations, in sach area, dur-
ing the period from 1 Janusry through 22 Psbruary for the years 1962 through
1969, a .-ui of 424 days, was corrslated with the precipitation observed from
one to six days later. The lesults vera: |

1 0.01 020 0.53

2 <0.09  =0.,00 0,20

3 0,03 =001 0.16

¢ 00 w008 ou |
s -0.02 =0,03 o ’ ;*
6 0,06 0.06 0.4

32,
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Heights of the 200, 500 and 850-mb surfaces at the 499 grid points shown
in Figure 1l were studies. Data was available for 401 of the possible 424 days
between 1 January and 22 February for the years 1962 through 1969. Geopotential
heights at each surface, height difference (thickness) between surfaces, and

geostrophic vorticities were correlated with precipitation. The vorticities were

simply the sum of the heights at the four surrounding grid points minus four times

the height at the center point.

More than 90,000 correlation coefficients were computed to prepare 189
maps depicting relationships between height data and subsequent precipitation.
Examples of these maps are shown in Figures 2, 3, 4, and 5. The highest corre-
lation coefficient found on each map is given in Table 1.

Since precipitation values used in this study are not normally distributed
in a statistical sense, the method proposed by Lund (1970) was used to test the
significauce of the coefficients. |

The frequency distribution of the 424 daily California precipitation
values is showm in Figure 6. Th: values greater than zero were fitted to a

normal distribution. The resulting curve,

¥ = 0.301x-4.378X2+12.817%3-9.065%4+2.656X5-0.279X® when X > 0.4 and ¥ = 0,
' : vhen X¢ 0.4

wharc‘? is an estimste of CAIiforntn precipitation and X {s a normal number, is
also showm in Pigure 6. Equntion above was used to generate 8020 bogus precipi-

tation values (see Figure 7). Also, see Figure 8 for the plot of the largest of

the 499 coefficients obtained with each of the 20 sets of bogus values.

. The frequency distribution of the 424 daily East precipitation values and

a least squares curve fit to the data,

3.3
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A’ | 4 -
Y = 0.10340, 173x1+1 237x13+c.171x1 =0, 251x1 +o.041x1 » When xl > ~0.3. end
Y = 0. vhen X, < =0, 3y ‘ '
’ - : .
where ? 13 an eetinete of East precipitetion and xl is a normel nusber is shown

in Figure 9. See ?xgure 10 for the higheet correlation coefficient obteined from

o

the 20 gets of 499 coefficiente each when bogus veluee vere ueed.~-Reeulte from =
Central United Stetes were_ooteineddin a eimiier:nenner.
The following tentative answers were received from this etudy.s
l. A eingle well=chosen geopotential height obeervetion is a. better pre~
dictor of future daily precioitetion than pereietence.v~ | _
2. 850-mb heishts are’ ueually better predictors than obeervatione taken

at ‘higher altitudee.

N

3. Predictors are found in areas expected by experienced eynoptic weather -

';~£oreceetere rether then ecne dietant uneuepected locetion.:g-fv'-'"

'A.A The etetiet;cel stgnificence of correletiona between height oheerva- -ff"lt":‘

tione and Celifornie precipitetion exceedeethe 5% level ﬁorkall‘periods

of less than five days. | |
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Table 1. Tne hiphout correlation coefficicnt observed on each of the 189 mags.
The largest value in each row is underlined.

VURTIC ITY(V%L ) THICKKEES (T)

200 200 5CC

ATca Tay/Surface 200 5C0 650 26 500 650 €50 500 650

E‘.-’.S * 0 - .36 * 033 -ollh -.33 .3 ’) ;5_‘_1' oLl 03 : 039‘
Ceniral 0 - .!:1 ’ .39 : .35 -035 02‘:’) 033 031. '021: 035
Caiif, 0 -057 -.‘31.' -.59 QLI3 053 051 --l:?. .29 "051
:":&53 1 - .21 ’ .27 -031 .22 026 03!; on -.18 021.
;-i.' "lt!‘.‘:l l .27 -032 ‘-37 .25 0?.2 032 02 -01(:' -031
Caliio l "‘ol;9 "oSh -.;;C - 038 035 .39 ".35 030 -OL'Z

“ol 2 =G =22 =21 W22 W19 W1 =20 =2E ~,15
:L .".;:'al 2 "025 -028 "026 .23 .25 -020 -02!2 '017 -029
(‘ali.fo 2 -037 "oho 'o!.' 031 N 027 027 029 027 -.33
East 3 ".17 -017 -017 021 .18 019 “'.1? "olg "’015
Central 3 o2l =2k =423 25 26 W21 =26 =18 =031
Calife. 3 "c29 -029 -y 20 027 -019 20 - 027 oZb 20

test L "'018 "‘ole -ol7 -.16 -el? "-16 -e19 "'ols -ol
Ceniral L ~e22 =420 -,21 <23 20 20 =422 17 =25
CL:.‘. le h ) o?h . .2!1 . "023 -._ZE -.19 018 023 .22 _.23
-\ S :::.‘9 -cl% -olv‘.' .l’ .l -‘15 "019 -.17 -.19
enirsl 5 15 =36 v015 .20 .20 LS =15 -.i2 =JT
:all. ° 5 ) .2).5 -22 -021 ".;.'l o21 -.la :_2_.:’)_ 023 .:_2_:’2
nest 5 "013 -ll - ols .ls -olL -.15 "016 "016 -c..LS
Zeniral 6 . .1:; ’ .19 4 .15 "017 ol]. -ll -'15 -. 18 .lh
Calile 6 21 .1y =20 022 - 018 "018 .2!. 022 21
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SECTION 4

STUDIES OF CLOUDS AND WEATHER OVER SEA

1. Imntroduction

The aim of these studies is to improve the forecasting of cloudiness
and weather occurences over Southeast Asia (SEA) during the southwest monsoon
enabled by the supplemental use of data derived from satellites. Studies
range from the development of simple empirical relationships which can
currently be applied in the preparation of forecasts to more basic studies

which are required fcr umderstanding the weather of the area.

I1II. The Weather Radar Index & Its Use

A radar index, RI, was developed and calculated for each hour to provide
a measure of precipitation activity over SEA. The index as calculated in
1969 represented the percental coverage of radar echoes whose radius was 50
nautical uiles centered at the four stations of Tan Son Nhut, Ubon, Udorm,
and Pleiku. To assess the accuricy of the index, a comparison between computed
areas of echoes as photographed on the PPI scope and computed areas from radar
ccliou (RAREPS) was initiated. This comparison was first done using data from
Miami during susmer showery conditions; and, later polarcid transparencies
of ground clutter patternc and the PPI scope at sntenna elevations of 0 degreses
and 4 degress vere made available from Ubon and Udorn during an eight day
period in Septambar 1969. The Mismi data were supplied as scope photography
tracings which were >lanimeterized to determine total echo area viﬁhm
s 50 nautical mile radius of the radar. The SEA data was projected and drawm
outo computer generated plots of the appropriate MPS. Areas of the outlined

echoes were then calculated by using an area calculator, which {s an electrical




devicé which counts the number of small squares intercepted by a éonducting
rﬁncil‘as the operator runs it over the areas. From correlation coefficients
between the‘measuied‘;na reported indices: 0.69 for 60 cases at Miami,

0.63 for 113 cases at Ubon, and 0.66 for 150 cas~s at Udorn, the regression

lines found for each relationship were as follows:

Miami: RIphOto = 0,56 (RIRAREP) + 6.96

Ubon: RIphOtO 0.46 (RIRAREP) + 2.04

Udorn: Rlphoto = 0.28 (RIRAREP) + 0.64

Thus, on the averagé the RAREP calculations grossly overestimate the
érue RI.

In ordef to test for human variability when taking RAREP readings, an
analysis of variance was done on the differences between the RAREP radar index
and the photography radar index for six operators at Ubon. The results showed
that one operator underestimated the radar coverage by an average of 2% of the
50 nautical mile circle, while other operators overestimated by averages as
great as 8%5 Using the F distribution the averages for the six operators are
found to be different at the 17 level of significance. These differences may
no: be due solely to the individual observers interpretations of observation
but could arise from the time interval between RAREP and photograph being often
as much as 15-20 minutes. The gain settings and photographic exposure were
presumed reasonably consistent although since the true values are uncommon

this could allow for another degree of variability.
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In order to cli;inatc any significant errors from indices computed from
the RAREPS and since the true indax varied considerably from hour to hour, the
index was averaged for use over twelve-hourly or at least three-hourly periods.
Praviously, an RI was emphasized as an index of aerisl coverage of rain and not
a good index of the smount of rainfall within the area. Thus, a study vas con-
ducted using the Tan Son Nhut precipitation record end kI'n for that statioa over
the summer monthe of 1966=68. Onr an hourly baeis, a correlation of 0.72 between
RI vs. rain occurence was found using a sample of 244 cases. The correlation was
0.68 for RI vs. the number of hours of rainfall less than or equal to 0.0 mm; and
a correlation of 0.58 ve. the number of hours of rainfall over 0.5 mm., When the
data from four stations within 50 miles were used, a correlation of 0.82 was found
between the RI and hourn‘of rain, thus substantiating the view that an RI rep-
resents the fraquency or probability of rain better than the amount of rainfall,

From these findings, the degree of activity with regard toc aerial rainfall
coverage is expressed as a tertile 1, 2, or 3 day. The part of the day consid-
ered is from 1230 to 2330 LT, although other periods could have baen uged if de-
sired. The averags RI's for this i12-hourly period are determined for each station,
Tan Son Nhut, Pleiku, Ubon and Udezm. September's RIs have been added for 1967 and
1968 at Pleiku, Ubon, and Udorn; while TanSon Nhut also includes June through
August 1966, The average daily Rl's for aach station are then ranked and divided
into thirds. The highest third, TERTILE 1, represents active days while days in
TERTILE 2 are considered average and days in TERTILE 3 are considered inactive.
Since these classes are relative, the large average over-escimates of RI that

are known to exist are unimportant,
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III. Relationship nctwuén Cloudiness, Cusrzent and Subsequent Radar Indices

New correlation coefficients of noontime cloudiness and coordinates of
the maximum correlation values.

Expansion of the data sample to include Septembers of 1967 and 1968 re-
quired that noontime APT pictures for these months be prepared and read. The data
were then smcothed over 4° X 4° overlapping squares as before, added to the accu=-
mulated sample of 1969 data and correlated with subsequent radar indices as before,
New coordinates of the center of the 4° X 4° squares which gave the highest corre-
lations at key locations, the value of the correlation coefficient and number of
days used are shown in Table 1. This data is one of several variables used to

vield a forecast of activity,

Iv, Relationships Between Large Scale Prassure Distribution and Subsequent

Radar Index

Previous analysis on this data was done using an average RI for the SEA
peninsula area, Each days' 1230-2330 LT average RI was an average of the combined
RI of Tan Son Nhut, Pleiku, Ubcn and Udorn, However, the findings from day to
day correlations between the widely separated stations were as low as +0.16, thus
to possibly secure more significant results, all analysis was performed with re-
spect to activity at a single station at a time, Anilylil was done ir detail for
Tan Son Nhut and to a lesser extent for Udorn. Also, the data used in the analysis
was expanded to include September of 1967 and 1968, The area of the analysis
was also expanded to cover the Northern Hemisphere in order to show planetary wave
patterns if they truly exist, Other new data consisted of 00Z MSL (mean sea level)
grid point pressures that covered an area extending from about 80°E to 160°E and
0° to 15°N, These pressures were read to 0.2 millibars from maps prepared by the

Hong Kong Royal Observatory, and were then adjusted to heights at 1000 millibars
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to provide an serial extension to the hemispheric 1000 mb height analysis. The

i b g (NGO MERORY

fg MSL dats was evaluated separately to obtain printbué grids which were then com~
bined with the 1000 millibar printout gfidl.

Generally, 1970's results concur witﬁ'brevioua findings. Of greataest sig-
nificance was the fezet that concurrently and for several days preceding activity

over the peninsula as a whole, and also at individual stations, heights are high
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over North Korea, especially at the 200 mb level. Pressure height thicknesses
over that area indicate that the entire air column is 2 1/2° to 3° warmer
before active than before inactive days. Present analysis, however, failed to
show any relationships with mid~latitude troughs at any level or abnormal effects
over or near the Tibetian Peninsula. Preceding activity, the hemispheric analysis
“yielded an unexplainable picture of slightly higher heights in the lower atmos-
phere around the hemisphere near 20°N except from 10° to 100°E. At the 500 mb
level, heights ne#r 30°N are slightly above average around the globe on active days,
while, at the same time the polar vortex shifts slightly toward the North American,
‘northern Atlantic and northwestern European side. These departures from average
are at most only 2 dekameters so their significance is uncertain at this time,
Sea level data, however;’shows a clear relationship between activity produced on

the peninsula and the movement of areas of lower pressure westward across the

Westeru Pacific Ocean to position in the South China Sea or over the Phillippines,
Figure 1 {llustrates this westward movement by the positions of the maximum corre-
lation between the 1000 mb., heights 6, 5, 4, 3, 2 and 1 days before the RI

at Pleiku, Correlation coefficients at these points were about -~0,5, For activity
at Tan Son Nhut the track of slightly lower pressure is near 10°N, while for ac-

tivity at Udorn it is at 15°N over the China Sea and at 20°N at 140°E. The new
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data did not permit back tracking of these minor pressure changes east of about
1559, Other researchers have previously illustrated the westward movement of
cloud clusters across the Pacific Ocean through use of successive days of photo-
graphy. This was further investigated adding credibility to the pressure and
cloudiness correlations found at points east of the peninsula. Thicknesses indi-
cated that the disturbed areas, on the average, were cool at low levels and warm
aloft. As these surface disturbances move westward, low-level pressures also
increase over the South China coast to cause easterly winds over that area. The
resulting East-West trough is called the monsoonal trough and extends from Northern
India eastward to the China Sea. Pressures south of this trough also fall during
activity, so the pressure gradiemts south of the trough only increase slightly

with activity. On inactive days, the trough is very‘weak or missing altogether.

V. Application of thé Above Findings to Gi?é\dbjective'Forecasts of Future Activity

1. RI limits'éOrresponding t§ differenﬁltertiles.

RI values are calculated on a day-toQBay basis in“ordgr“to verify acti-
vity. Radar echoes are plotted on polar coordinate paper ah& through the use
of an area calculator (planiometer) averages are computed and the tertiles are
determined from Table 2 which is based on data from June-August 1966 plus
June-September 1967 and 1968 for Tan Son Nhut and June-September 1967 and 1968

for Pleiku, Ubon and Udorn.
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H } - Table 1. Correlations, r, between noontime coded cloudiness and ﬁi,

number of pairs, n, and coordinates of position of the maximum

; correlation
% 7 RI predict r n Center 4%x4° 'é. é
period (LT) position e
‘: ON OE | i
i
: Tan Son Nhut (based on June - Aug 66, s
: June ~ Sept. 67 and 68 data) i
1230-1430 same da .32 193 11 105 1
1530-1730 " " .36 196 10 104

1830-2030 " " 47 184 9 113
‘ 2130-2330 " " .48 186 9 114
E 1230-2330 " ® .50 191 9 113
1230-2330 Day + 1 A .35 182 11 116
! 1230-2330 Day + 2 .24 188 7 113
| 1230-2330 Day + 3 .29 179 6 114

Pleiku (Based on June - Sept 1967 and 68 data)

1230-1430 same da .45 151 13 105
1530-1730 " " .38 152 16 109
1820-2030 " " .37 167 13 105
2130-2330 " " 43 163 12 106
1230-2330 " " .45 173 13 105
1230-2330 Day + 1 42 145 13 115
1230-2330 Day + 2 .38 143 12 115
1230-2330 Day + 3 .36 165 15 107

Ubon (based on June - Sept 1967 and 68)

1230-1430 same day 42 156 15 108
1530-1730 " " .36 159 17 108
16
1830-2030 " " .40 164 15 108
2130-2330 " " .37 167 14 107
1230-2330 " " .46 168 15 108
1230-2330 Day + 1 .36 168 16 108
1230-2330 Day + 2 Jab 156 18 111
1230-2330 Day + 3 47 157 17 112




Table 1. Continued

RI predict r n Center 4%x 4°
period (LT) position
ON OE

Udorn (based on June - Sept 1967 and 1968)

1230-1430 same day 43 154 16 104
1530-1730 " " .24 154 16 106
1830-2030 " " .36 163 15 105
2120-2330 " " .35 163 17 104
1230-2330 " " .41 163 15 105
1230-2330 Day + 1 .34 141 13 114
1230-2330 Day + 2 .27 134 18 116
1230-2330 Day + 3 .21 124 15 118

Table 2 Average RI, 1230-2330LT vs tertile

Tertile 1 Tertile 2 Tertile 3
Tan Son Nhut >17.70 7.01-17.69 < 7.00
Pleiku > 11.75 5.41-11.74 < 5.40
Ubon 2 10.50 4.06-10.49 <-4.05
Udorn 21,70 5.61-14.69 = 5,60

Average afternoon tertiles were not computed unless at least nine of
the hourly values were known.
2. Variables tested
In order to derive useful equations the following variables were
tried in a stepwise multiple regression program:
a. Noontime cloudiness averaged over a 49x4° square at a key
geographical position.
b. The MSL pressure gradient at 00Z, stations 48652-48914, in tenths
of a mb.

c. The 00Z MSL pressure minus 1000, at a key grid point, or station.
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Tertile trend (day-2 to day-1)
e. Tertile recurrence (day-1) to forecast day.
f. "Super"-trend (day-3 to day-2 to day-1l). This was designed to
build in a 4 day cycle.
Tests to date indicate that variables a, b and ¢ are useful for calcu-
lating tertiles.
3. Equations for forecasting tertiles
From the data period June - September 1967 and 1968 the following
equaticns appear to be useful. After computation of a tertile number io the
nearest tenth, a table is entered to give the probabilities of any tertile
for the forecast period; these values can also be compared with those foumnd
if recurrence alone is used. The tertile number calculated from the equa-
tion also serves to give some indication of extreme activity or inactivity
if it is very low or very high respectively.

FOR_TAN SON NHUT:

Day + 1
Tertile = -0,53C + 0.14 P + 0.0lap + 1.10
where:

(3) over 4%x4° square centered

C = average coded noontime cloudiness
at 12N, 1158
P = 002 MSL pressure minus 1000 mh at 8N, 124E
AP = 00Z MSL pressure gradient in tenths of a mb, stations 48657 minus
48914
Probabilities of a tertile 1, 2 or 3 day from the forecast tertile

quantity are as follows probabilities by recurrence day-1 to day+l are in

parentheses.
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Probab;lities

Forecast Tert 3 Tert 2 Tert 1
Tertile (inactive) _ (average) (active)
> 2.2 53% (32) 37% (42) 10% (26)
1.9 - 2.1 18% (29) 467 (42) 36% (29)
£ 1.8 10% (21) 3172 (31) 59% (48)

(3) A valid average cloudiness requires that at least 14 of the 16 values be
known. Reading and coding the clouds is described on p4, 4th Prog. Rept.
Briefly: 1=0-0.2, 2=0,3-0.7 and 3 = 0.8-1.0 coverage. Those areas which
appear to consist of transparent cirrus are not counted.

FOR PLEIKU

Day + 1
Tertile = 0,11P - 0.42C - 0.0lap + 1.68

where P = 00Z MSL pressure minus 1000 mb at 11N, 126E

C = average coded noontime cloudiness over a 4°x4° square centered
at 13N, 115E

APp = 002 MSL pressure gradient in tenths of a mb, stations 48657
minus 48914

Probabilities of a tertile 1, 2 or 3 day from the forecast tertile quantity

are as follows; probabilities by recurrence day~l to day+l are in parentheses.

Probabilities
Forecast Tertile 3 Tertile 2 Tertile 1
Tertile (inactive) (averags) (active)
2 2.3 84% (52) 27% (18) | 9% (30)
1.8 - 2.2 32% (34) 30% (26) 38% (40)
< 1.7 7% (19) 21% (35) 72% (45)

FOR PLEIKU
Day + 2

Texrtile = -0.61C + 0.10P + 1.96
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where:

C = average coded noontime cloudiness over a 4°x4° square centered

at 12N, 115E

P = 00Z MSL pressure minus 1000 mb at 13N, 143E (or at Guam)

Probabilities of a tertile 1, 2 or 3 day from the forecast tertile

quantity are as follows; probabilities by recurrence day-1 to day+2 are in

parentheses.
Probabilities

Forecast Tertile 3 Tertile 2 Tertile 1
tertile (inactive) (average) (active)
2 2.4 63% (52) 24% (30) 13% (18)

2.0 - 2.3 27% (32) 547 (38) 19% (30)
< 1.9 23% (25) 237 (34) 54% (41)
EOR PLEIKU

Day + 3

Tertile = 0.08P - 0.41C -~ 0.0lap + 2.04

wvhere P = 00Z MSL presaure minus 1000 mb at 13N, 143E (or at Guam)

C = average coded noontime cloudiness over a 4%x4° square
centered at 15N 107E

AP = 00Z MSL pressure gradient, in tenths of a mb, stations
48657 minus 48914

Probabilities of a tertile 1, 2 or 3 day from the forecast tertile

quantity are as follows: probabilities by recurrence day-1 to daytl are

fu parentheses.

Pr2al lities

Forecast “ertile 3 Tertile 2 Tertile 1
Sertile Ainactive) (average) (active)
2 2.2 597, (48) 297. (30) 127 722)
1.8 - 2.1 26% (28) 36 (40) 387 (32)
< 1.7 9% (18) 41% (35) 50% (47)
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4. Evaluation of the forecasting equatioms.
An evaluation of the skill obtained using the above equatioms to fore-

cast a tertile 1, 2 or 3 day is given in Table 3.

Table 3. Evaluation of equations to forecast tertile 1, 2 or 3 days

Station and Correl. % correct Heidke skill score over
forecast time Coef. . ] chance over recurrence
r

Tan Son Nhut b

Day + 1 49 9% 52 .28 .18
Pleiku Day + 1 .50 102 53 .30 .21
Day + 2 49 102 57 .37 .26

Day + 3 A48 114 48 .13 .08

The development of equations for other stations and tiwe periods is
planned. Unfortunately these equations have not been tested on the inde-

pendent data of 1969. However this is scheduled.

5. Forecast example
Forecast period: 1230 - 2330 LT next day at Pleiku

a. From 002 surface map estimate sez level presaure at 1IN, 126E
to 0.2 mb. Read 1010.0 wb, use 10.0

b. From noontime APT picture read 1 squares of cloudiness for

area 11-15N, 113-117E. Average to nearest 0.1; assume
reading is 1.0. :

¢. From 002 surface map read sesa level pressure at stations
48657 and 48914, Determine difference (48657-48914), assume
difference = 0.0 md,

d. Insert values in a, b and ¢ in appropriate equation to read:
Tertile = 0.11 x 10.0 - 0.42 x 1.0 - 0,01 x 0.0 + 1.68

e. Compute: Tertile = 2,35
f. Read forscast probabilities from table:
64) for tertile ) day

27L for tertile 2 day
97 for tertile 1 day
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Work on this project ic continuing.

Project Number: 8624
Prceblem Number: 1694
Researcher: Mr. J. Couover
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SECTION 5

WIND ANALYSIS - UPPFR AIR

A large volume of data generated by weather stations throughout the Air
Force Network is being gathered, analyzed, and prepared for input. The data is
made up of two general categories and falls within the time period of June 1967
through September 1968. The first category consists of pre-processed cards which
have been edited and punched at Regis College. The second source of wind informa-
tion is a collection of ETAC weather observation tayes which have been generated
at a central facility. Each tape is a composite of approximately 300 stations
reporting in from within the entire network of weather stationms.
The primary objective of researchers at AFCRL is to collect all pertinent
data sources and establish a complete and accurate data set for each station on a
day-by-day status. A complete data set is defined as:
1) station identification block:
a) block, number
b) altitude
¢) latitude & longitude
d) time in hours
e) date
2) gradient
3) upper air data points (850 mb, 700 mb, 500 mb, 300 mb, 200 mb)
A data point is composed of two parameters, wind direction and velocity.
The final objective is to use these data sets as input to an existing
wind analysis program.
The ETAC tapes will be used as a secondary or back-up source of data.
If the pre-processed data set is incomplete, then ETAC information will be added

to the data set in order to establish a complete record.




Rt e dad |

A complete and exhaustive analysis of the ETAC tapes must be conducted.
A design configuration must be proposed in order to edit and select the variety of
data samples which constitute an ETAC tape record. Certain guidelines must be
established with respect to data acceptance.

Since magnetic tapes will be the primary source of irput, agreement with
format required by the wind analysis program must be strictly adhered to.

Data samples from both sources must be categorized and compared.

Sorting and merge techniques must be utilized in generating a master tape

with complete and accurate data sets. The work performed under this project is

continuing.

Project Number: 8624

Problem Number: 1694
Researcher: Mr. J. Conover
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SECTION 6

Windy Acres

The Boundary Layer Branch, Meteorology Laboratory of AFCRL, conducted
a project known by the code name WINDY ACRES, This problem was submitted to the
Analysis and Simulation Branch (CRMCA) under contract number F19628-70-C=-0029,
problem number 1764 and project number 8624,
The purpose of this project was to study the distribution of wind speeds
on the Windy Acres Tower and the power law index.
Project WINDY ACRES resulted in the creation of magnetic tape records
during the summers of 1967 and 1968 at heights of 0.5, 1.0, 2.0, 4.0, 8.0, 16,0,
24,0 and 32,0 meters above ground on an instrumental tower located about 35 miles
northwest of Liberal, Kansas. The data was recorded for all eight levels at 1
gsecond intervals for an overall total of 40 hours in 1967, 39 of which are usable,
and 50 hours in 1968. The data is given in cm/sec and at a rate of 3600 per hour.
The following tasks were required by the project:
1, To find the distribution of
(a) l=gecond windspeeds at each level,
(b) 3-second average windspeads at each level,
(c) the highest 3-second average windspeeds (or gusts) in 1 minute
at each level,
2. Referring to the 99th percentile of the l-second windspeeds at height
hj as vj. find
(a) the average Vv (i/j) of the l-second windspeeds at each level
(hi = 0,5, 1.0, ¢ ¢ ¢+ 32.0 meters) for those seconds when the

windspeeds at height hj is v(j).
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(b} the ratio of each average ;(1/1) to v({).
(c) to estinate by method of least squares, the index p in the

“pover law" for each key level (hj) given by

- P

v(i/1) o/_hi 1=1,
v(j) hj

3, Same as 2, except using the 3=-gecond aversge windspeeds.
4. Referring to the 99th percentile of the highest 3-second average wind=
speeds in 1 minute at height hj as g(j), find
(a) the average v(i/j) of the highest 3-gecond average windspeeds
in 1 minute st each level (h; = 0.5, 1.0, * + ¢ 32,0 meters) for
those seconds when the highest 3-second average windspeeds at
height hj is g”*)
(b) the ratio of each average';kilj) to g(j).
(c) to estimate, by method of least squares, the index p in the

"power law" for each key level (hj) given by
3;1(;2 _/nt \PF iw1,8
g8} hJ j=1,8
The derivation of the index p by method of least squares is shown below,

GIVEN: thlgz - ( hi)p ;
v(] hJ

LET: A = v(i and = hi 3
1 v(d "3 hj
then Ay RI y
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By dropping subscripts for simplicity and clarity purposes,the equation
becomes
A= RP,
taking logs of both sides,
log A = plogR or
p log R- log A= 0 H
and calling E the error,
E » p log R = log A,
Then by squaring E and expanding the right hand side,
E2 = p2 (log R)2 - 2p log R log A + (log A)2

and getting ggi = 0 for the least squares error
dp

4’ = 2p (log ) -2logRlog A = O

dp

log R log A

- )
P 7 (log B2

Remembering that the subscripts were dropped, by adding them now and

gubstituting back the result is

/hi /v(3/1)
by, ® 1°8(\%) 10g( V(D) )
b [mdn)t

A very important aspect of this study was to determine the value of p, which

relates windspeeds from one height to another height, It was particularly desirable

to find p for the high windspeeds,
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The ultimate purpose of this study was to improve cur climatological
knowledge of gusts as it is needed tc determine the risks due to strong gusts in
structural design and operation of equipment and buildings., Studies under this

project are continuing.

Project Number: 8624

Problem Number: 1764

Researcher: Mr. I. Gringorten
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SECTION 7

MICROWAVE ACOUSTICS

Radar and communications systems require rapid acquisition and processing
of large amounts of data. For a long while this was handled by electromagnetic
waves., But electromagnetic devices require large amounts of coaxial cables. The
cables are unwieldy as well as inefficient. What is needed are devices which
are compact, lossless, and eactily accessible. The field of microwave acoustics
is able to satisfy these requirements, originally in the form of bulk waves
but more'recently by surface waves. The shift from bulk devices to surface
wave devices has come about because it is practically impossible to vary the
delay and quite difficult to manipulate the acoustic energy during transmission
through a bulk device. Surface waves, however, have all the desirable proper-
ties of bulk waves, as well as being quite accessible for other changes. Micro-
wave acoustics exhibit the potential to develop miniature microwave components
for high-speed signal processing and avionics systems. This project is involved
with the propagation characteristics of surface waves on general piezoelectric
crystals surfaces in the presence of perfect electric and magnetic conductors,

A rectangular co-ordinate svstem with the X, axis perpendicular to the
crystal surface and the X, axis in the direction of propagation is selected.
Various orientations of the crystal surface with respect to the crystal axes
are to be considered. In order to accomplish this, the crystal axes must under-
go a rotation through the Euler Angles. The matrix defining this rotation is

Cis A CCog=-37n X €3s8 Sem I d Sw R (¢’ Coom einp s’ dun 3 Sem '8
-t Send =SAnA OB (1 ~Sen 4 Mgy Con Cpeef sanfl Cod”

. SAwK Sem- g3 - oA 3 061,5

N

where %, 8 »q ,» are the Euler Angles. The differential equations for mechanical




displacements and electric potential are independent of the surface under con=-
sideration, only the values of the coefficients change with the surface orien-
tation, relative to the crystal axes. The tensor quantities of interest, i.e.

the elastic constants (c piezoelectric constants (e,_;‘) and the di-

),
J—JCL
\
electric constants (e¢_, ) are transformed by:

.

el 2 2 Vin LJ.“’ vge Y. Casew

1R < no5-¢;4¢=l
, 3
C‘Ldﬁ-‘ Z ven %»Véc S &
n,3, =1
p 3
é“ b i V:L/L VS cﬂj
J s é

where the primed quantities refer to a rotated co-ordinate system and the um-
primed to when the crystal surface and srystal axes systems coincide,
The equations for the components -i.-ll, 1-12, -133 of mechanical displacement

and electric ootential,C? , ave

: N o
! L‘J*l u‘;lu r Cﬂcd ¢;£‘ - (

X

2,3 ' m
I T

Ty

’ r4

z Cas Vnic - € s o, = ©
A qu‘ =0 -Reasc
Considering displacement and potential independent of the X, co-ordinate, we

are seeking solutions of the fo N w(t X/Ys) '
-xwAyMs ¢ T a K}
u& = P.. e C 242,39

(f p e-anS/“.‘. C,"“’(.t"xo/vz'.) _
=z By .

Substituting these solutions into the above differential equations yields a
system of four equations in the unknowns g, , F.r Pr ﬁ’,. In order for a non-
trivial solution to exist the determinant of the co:fficients must equal zero,

i.c, given a Vs our problem is to find ang{ such that

7-2




s

. A
~ o 5 foyeG)n Getlersh
Cs,—"’(zr 2C,5 e Cos o #[(m""!c}"( ('35 % LG » ,’] ¥ '

3 2 ; -Gy -Cu
-(3" r [ v, - (," )
. < -(Pc.‘lf'
2 . - o
Y C3em rZ";;"v’J}"( v v
. e P, ve (X .
C -«2"L(?N"cjs.]"q ve® ‘. C; TS
" C ~Coo Fut i
- ¢,
ol 2 7.
- O 20w GG
¢ )‘2" [‘)3.1-(,)];( 391 ¢ 3,
? 2 ; . 3s v . \ P - -
I"J: A f'[(l,;'(i-a]“'( ¢ ~Csy 7 ﬁ’:, s
-Cyy
- Cy
- 3
: 7y - :
- : > . e’ me A deox
C’j«‘(zl"z(':qfest_l"" ‘”3.;4 ‘['3 Pt 3> 3

6, wielCse 6]

)
= C‘l:

- e's

- (3”,'

has a determinant of zero, where the C's are the elastic constants, the (> 's
the piezoelectric constants, and the ¢ 's the dielectric counstants. This
involves solving an eighth order equation in A . For each X value which has
a positive real part we obtain valuves of . ,p , B,, Ay . Since field ampli-
tudes are arbitrary we take Py = 1 and find | Y A ,/3-, , from three of the
remaining four homogeneous equations.

Assuming lue surface of the crystal is free of stress the mechanical
boundary conditions are
’
w—— ’ . > -
D Gl Une Gy G| s
(3‘31.'
Ay <
Now the mechanical displacement and potential may be expressed as a
linear combination of fields associated with allowable values of{; thus for

Kj'.o ) _q(a)uuxj/‘/, ‘h'(t-‘t/lj)

3. W4
: u1’ = Z_ A ﬂ. C C 72,3
Js !
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while in the interval l¢X,<0 (using equation 1 and the above derived boundary

.x)) eo LE-KN)

conditions) we get

hl &) “* .. (X
& - é—_ﬂu)ﬁ: Q)d"( )5»(( 3
J!

Lastly since the component of the normal must be continuous across Xy = 0

the electric displacement is given by

DL = CT“-?Q L)i',i - é‘,‘_ (P)h ¢ ,;2;3
j§> z -& V¢ ~ KO

Using equations 4, 5, and 6 we get the following set of hcmogeneous
a'-t;.‘-w Ticuy S@ga The AmP, T Dy Au).

i[ﬂ [Cs r.;(jc”] fF‘J[ C.rd C,SJ ﬁ [‘( _’Jle‘]

1 8L e,sm(")e,, JJ A‘a e

Tl
] r ﬂ-!")[* Cye "“‘vé'w.] r P [‘ it 9‘]

i &E_ p‘y [‘ :
J.!
rﬁw[ S e}]]/\

uJ

(J) )

;\'— | (J)L (1) ] ﬁ [ Ci‘ ¥ Q’JJC),] ﬁ L‘ Cf‘a ¢ 4 (, sd
N l

. : . @} o
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By sclving the equation obtained by setting the determinant of the above

CREAE s e o o S

system equal to zero we obtain the allowable surface wave velocities.
As a by-product of this problem the components of stress, strain, electric
displacement, electric potential, electric field, and average power flow are

calculated as functions of wX, . The computer program has the option to print

W'%mw. a b el

ey R L S BRSO

out any or all of these quantities. The applicable equations are to be found

in Supplement A.

»
-

Project Number: 5635

Problem Number: 1614

Researcher: Capt. A. Slobodnik Jr., U, 3. A. F.
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Electric Displacement
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Power Flow
The flow of 'E"omplex mechanical power at any point in the piezoelectric

medium is given in component form as follows:
, .

¢
The real part of this expression represents the time average power flow at a point.
Sirce all fields decay exponentially in the x3 direction there is no net
flow of real power in this direction. Thus, only Py and P, need be considered.

The components of the total time-average power flow are as follows:

= S Re[P 1dX3 = Re[P%]

P
&

P = | Re[pp|axs = Re[P2]
¢
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where Re P1,2 means the real part of P1,2' The final expressions for the complex

mechanical power flow P; and P, are
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SECTION 8
THE DIGITAL SOUNDER

A BASIS FOR REAL TIME RECORDING OF IONOSPHERIC PARAMETERS

A need exists for the development of techniques which can specify, ir real
time, the conditions of the ionospher spanning large areas of the globé;"There-
fore, the techniques of ionosphere specification must necessarily be able to
follow rapid changes in time and space in order to detect the deveiopment of
geophysical disturbances and to estimate quickly their effects on various
communication and surveillance systems.

The systems, such as radio circuits, radar systems, and surveillance systems,
that are affected by the conditions of the ionosphere operate in a wide band of
frequencies ramging from VLF to VHF. The performance of the systems are adversely
affected by the disturbances causing a variety of changes at different frequencies.
A real time determination of ionization distribution would make it possible to
compute the effects of these disturbances and other deviations from the normal.
This knowledge would permit the restoration of proper system functioning in
some cases and proper interpreta;ion of the observed phenomena in other cases.

Real time determination of ionization does not neéessarily mean real time
measurement; although it is an aim of ionospheric research to predict the ioni-
zation by inference. However, the direct measurement by fast methods will re-

main a basic requirement,

1. Limitations of Ionospheric Data Collection Using Conventional Ionosondes
a. The Electron Density Profile
One of the goals of ifonospheric data collection is to determine the dis-

tribution of electron density versus height and its variation in time and space.




The electron density & profile is basically determined by a radar sounding technique
using ionospheric sounders. Narrow RF-pulses are transmitted and propagated up=
wards, into the ionosphere, Every frequency has a distinct electron density that
veflects the wave., The reflected pulse i1s recorded and measured, The time delay
which is measured is usad to compute the height of the reflection using a complex
theory and knowledge of the underlying ilonization. Increasing the radio frequen=-
cles permits penetration deeper into the ifoncsphere, detecting the different layers
until a final frequency is tiaﬁsmitced, for which even the highest occurring
electron density no longer fcflects.ﬁ The wave escapes into space, Therefore, this
ﬁechniqug cannﬁt.bekused to gdther iﬁformation on\she inoization above the maximum,

b. The Interference Probiem on Ground Sounders

In the inifiai yeari‘of sounder bpetations when the transmitted pulse power
was quite iov, daytimé 1onogtams;ﬁere génerally.poorcr than those taken at night
due to absorption. Incréaaing Ehc traaduittc? power juproved the gituation, How-
ever, sinte the number of comhcrﬁial radio and communications systems which use
the same frequency bands as the iocnosondes as well as their transmitted power
have multiplied overrihc past 20 years, the quality of the jonograms at night has
deteriorated, Due to the high level of interference, whole bands are useless for
1on0lph§r1c sounding at night and data have to be interpolated when possibles.

¢, The Airborne Sounder and its Spacific Interference Problems

All the interference problems that must be overcome are multiplied in an
aircraft, Nevertheless, there are advantages to an aircraft carrying a sounder
over ground stations., First of all, since an aircraft is mobile, it can be used
in places where it is difficult or impossible for sounders such as on o2ceans, in

the Arctic, in the tropics or in deserts, Secondly, it can be used to measurs
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special phenomena, such as those occurring during an eclipse, a nuclear detonationm,
or associated with magnetospheric phenomena where ground sounders can be installed ‘
only with great difficulty and great cost if at all, An airborne sounder cannot ;
replace a net of ground stations; however, since many ionospheric variations are |
under solar control and move much faster across the earth than the fastest aircraft.

Additional disadvantages of an airborne sounder compared with a ground sounder
are displayed schematically in Figure 1. In heavily populated areas, an aircraft
is more exposed to the man-made interference than a ground sounder, The reason is
due to the fact that the ground sounder has only a small antenna lobe, while the
aircraft's antenna pattern includes a lobe pointing downward which is comparable
with the one directed upward, The airborne antenna system captures almost twice
the energy of any ground sounder because of the ground reflected sky wave.

d. Time Consuming Photo Processing and Tedious Evaluations

The problam of interfarence, whether man-made or natural, is great in the
measuremunt of ionospheric parameters. It is important to point out that technical
limitations in the dsca recording process of conventional ionosondes are not fave
orable for real time analysis. The analog signals are recorded on film, processed
and interprated by specialists, In order to obtain spatial characteristics, a
net of stations is required. The problem of coordinating various equipasnts in the
same degree of sensitivity conditions and to maintain close contact with data teche=
nicians to ensure consistency in interpretation is quite difficult and extremsly

costly even for a rather thin net of etations,

2, The Digital lIonosonde as a Solution to Existing Probloms
a. Ganeral
In order to overcome some of the problems mentioned, CRPC (Boundary Inter=

actions Branch) at Hanscom &ir Force Zase has begun on a program to develop systsns




that produce ionospheric dats in digital form, In this form, large amounts of
data can be handled on a computer.

A proposal to build a digital ionosonde for the aircraft has been funded,
This equipment has been named Digisonde 128, The equipment uses phase coding
and phase coherent integration as a means to improve signal to noise ratio. This
is combined with digital data processing to facilitate high speed operations.

b, Improvement of Signal to Noise Ratio by Phase Coherent Integration

and Phase Coding

There are applied detection techniques for conventional sounders that
use the energy content of noise and signal, but ignoring the fact that the fre=-
quency is knowmn. The technique of phase coherent detection utilizes this infor-
mation, Figure 2 shows how this is inplemented in the Jdigisonda,

The upper line shows a sequence of transmitted pulces, that appear at the
receiver output as the "Direct Signal" and a sequence of ionospheric returns, Con~
secutive echoes of the same order occur at the raceiver ocutput with exactly the
same time delay and phase with respect to ths transmitted zignal., The receiver
output is sampled by gatas wlich are derived from a frequency standerd common to
transaitter and receivar. They also have a precise and fixed time delay with re-
spect to transmicted pulses. This means, that the samples of & spacific ionos~
pheric eacho alvays have the s.me phase for ons specific height gate, and if they
are swmed or integrated, enhance each other. In contrast, the phase of ths ran-
dom noise will jump randomly and tend %5 cancel out in the integration, if enough
samples are uced, | '

A range of 128 height incraments have besn chosen to cover the area of
interest, since tha iutegration requires atorage and only a limited amount of data
can be stored, Greater hmight ranges than the "Basic Range™ can be inspected

ir less detail by increasing the spacing betwsan sample gatas,
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The integration process is shown in Figure 3. A separate mexmory place 1is
provided for the integration of the amplitudes of each of the 128 height ranges.
The stored amplitude information, which is initially a “zero" is sequentially fed
into a temporary auxilliary storage by precisely timed signals, Next, it is
converted into an analog level and, at a time determined by the proper sample gate,
is compared with the receiver output. If the receiver output is smaller than the
storage value, this value will be modified downwards,or if it 1is bigger, it will
be modified upwards. Phase coherent signals will always have the same amplitude
and sign in their respective sample gates, changing the stored information in the
same direction, while the noise with random positive and negative amplitudes of
varying magnitude tends to cancel., The phase coherent signal amplitude will be
approximated rapidly in its spescific memory place, while the noise decreases with
1/¥m as signal statistics can show. The input cignal-to-noise ratio of S/N will
thus be improved to Y@ ' S/N after M Samples, an improvement of 19 decibels for
the case of 80 integrations.

Phase c¢oding was used to overcome the ccharent interference problem., This
type of interference vhich is caused by radio trangmitters can severly disturd the
integration process. The woret case of interference wvhich is one with exactly
the same frequency as that transmitted by the sounder is illustrated by Figure &,
Line D sud E show the interfarence pattern batween pulsas and the unwvanted radio
signal for two specific phases of the transaitted pulses.

Tha phase switching of the signal phase has been iantroduced by design and
this knowledge can be applied in the summing process by correcting for the phase
svitch, The fdealized exampla shows complets cancellation of the interference and
enhancemeat of the signal., This is true even if the signal is only a small frac-

tion of the interference smplitude, as long as the receiver is not saturated by
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interference, If the decoding sequence is delayed by one full cycle, it is pos~
sible to observe higher order multiples.

c. The Digisonde Format

The Digisonde 128 covers a frequency range from 25 KH, to 16 MHz in
640 steps of 25KHz. The basic frequency increment of 25 KHz can be changed by pro-
grams to 50 or 100 KHz increments. Pulse widths of 50, 100, or 150 microseconds
are available, The basic integration consists of 80 samples per frequency and'
height increment, but can be increased in 2N muitiples. The pulse repetition rate
can be selected as 50, 100 or 200 Hz. The fastest possible ianogram between 0
and 16 MHz would be one with a frequency stepping of 100 KHz, an integration of
80 samples and a PRF of 200 Hz. It would require G4 seconds to be recorded. In
addition to measuring the amplitude in each height gate in 64 levels, which corres~
ponds to a 1 decibel resolution, the RF-phase is also measured. The 128 ampli~-
tude-phase pairs per frequency are combined with time and operational information
and are recorded on 1/2 inch computer tape inm computer compatible format.

d, Online Printout with Digital Level Presentation

It is essential that an immediate picture of the ionogram is available at
the station in order to check for proper gainsetting and frequency, range and to
allow for real time determination of specific parameters. Figure 5 shows an ex-
ample of an ionogram produced with the Digisonde 128. Although the transmitted power
was only 500 Watt (it will eventually be 30 KW) and the antenna extremely poor,
the quality of the ionogram is considered good and the digital information is readily
available for ionogram interpretation, A weighting function ig used in the con-
struction of the numerals in order to enhance the recognition of the pattern of the
ionospheric trace (the dark area increases linearly with the number). Thias basic-

ally describes the Digisonde as it has been conceived and is being developed. The
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new system has potentialities of routine usage on both the ground and in airplanes
which go beyond its use as a research tool. However, this would require a sub-
stantially larger effort before it can be realized. Only a few of the supplemeunts
that could be developed are outlined here:

e. Real Time Availability of Data for Centralized Computer Processing

An extension of the concept of recording the dats content of an ionogram
in digital form is to comnect the sounder with a suitably programmed computer. The
computer can determine such ionospheric parameters as the lowest observable fre-
quencies fpin, the mimimum virtual heights of the E and F layers, the critical
frequeﬁcies foE and foF2 and possibly parameters of the sporadic E-layer. A more
corplicated process is the separation of the twe traces, the 0- and x- component
of the iorogram, by the computer and a subsequent true height analysis which con-
verts the ionogram into an electron density profile. The computer may also be
used to control sounder functions, such as gainsetting, number of necessary inte-
grations and the selection of the frequency scan limits.

An electron density profile requires measurements only on a few selected
frequencies, the distribution of which depends on certain ionospheric conditioms.
This selection could be optimized through the use of a computer and would minimize
the operational time of the sounder. This fact is important in cases where
sounder interference poses a problem to other systems.

The development of the du.oder printer combination has opened the vay for
real time analysis using computers that are not necessarily close to the trans-
mitter sites. The total data content of an ionogram can be transformed by the
decoder through selection and compression into an amount which can be transmitted
in real time via telephone wires. This compressed data is the input to a central

computer which can interpret the information and update short term predictioms.
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A net of similar or identical aounders that are all connected to a central pro-
cessor would ensure standardization of the systems, The coniinuous monitoring
could point out deficiencies of certain stations and perhaps calibration pro-

cesses could be implemented to allow for proper correlation of the data,

3. Synchronized Net ¢f Sounders

a. Application of Oblique Ionograms

An ionospheric sounder operating at one location can be received by a
simultaneously tracking receiver in another place. The oblique ionogram obtained
permits the determination of all propagation parameters on the specific circuit,
Parameters, such as LUF (lowest usable frequency), MUF (maximum usable frequency)
and the different modes as Es propagation, 1XF, 2XF and other modes can be iden-
tified and the effects on transmission of data can be derived. The condition of
the ionosphere in the mid-point can slso be determined through careful analysis.
The first successful attempt to record an ionogram from an ajrcraft was made at
night over a distance of about 2000 km. The systems used were a Granger Trans=-
mitter operated at Alta Loma, Texas and the receiver of an airborne Granger Sys-
tem, It is quite possible to have a combination of ground airborne sounders or
2 airborne sounders monitor the ionosphere over inaccessible territory.,

bs The Digisonde and Oblique Propagation

The Digisoude concept lends itself immediately for oblique soundings for
monitoring the ionospheric conditions, It utilizes the exact timing of the functions -

and the controlled synthesis of the frequencies using highly stable standards.

4, Computer Programs

The first stage of a major programming effort to handle the Digisonde 128

data tapes has been completed. The existing programs, written in FORTRAN IV
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language for the IEM 7094/DCS at AFCRL, allows the printout of the digital
ionograms in a variety of formats. Noise suppressing modifications have been
incorporated into the program and the results show the feasibility of present-
ing ienospheric parameters in this digital form. The extraction of parameters
has been attempted. Minimum layer heights and critical frequencies versus time
have been successfully extracted from suitable actual data. The reformatting
of reduced parameters intc a format usable by the Digicoder-Xerox Printer com~
bination has been accomplished, This permits the use of the pattern enhancing
scheme in the presentation of these data, Figures 6 through 12 are examples
of the printed outputs from the Digicoder-Xerox Printer combination and the

IBM 7094/DCS,

Project Number: 5631
Problem Number: 1688

Researcher: Mr. Jurgen Buchau
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SECTION 9

ANALYSIS OF RADIO PROPAGATION CONDITIONS OF THE IONOSPHERE

Radio propagation conditions of the ionosphere are being recorded con-
tinuously. The primary source of research data is an analog magnetic tape. The
purpose of this particular research project is to verify the data samples recorded
on the analog tape.

In order to accomplish this task, the analog tape must be converted
to a digital tape. The conversion of analog to digital was processed at the Data
Reduction Facility at Northeastern University. The format of fhe»digital tape
is classified as "DCS-7094 type 1 format". The actual data tape used in the analysis
was labeled "DOPLER" and it contained "Ionospheric Doppler Shift" data recorded at
the Canadian range on 23rd of November 1968. The sampling rate is 5 KHz (5 kilo-
cycles/sec). A tape record consists of a time word and twenty four (24) data
values. The data values represent results from two channels, 5 and 4. The order
in which these data points were written on the tape is the staggered mode; 5, 4,

5, 4, etc... 12 values of each. It should be pointed out that one of the program
requirements was that as many as four (4) channels may be recorded on future tapes.
The data processing program (ATAl) can handle 1, 2, 3, or 4 channels as generated
per tape record.

"DCS-7094 type 1 format" will now be described. The data is set up in
logical records, each consisting of two control words and a given number of frames
of data. The first control word is the number of data words in a frame, including
the time word. The second control word is the number of frames in the logical
record. These two control words are fixed point or integer numbers. The "end
of data'" consists of a record of only three (3) words; "1, 1, 0", It is impossible
to have a frame of data with only one data word. Such & condition uniquely iden-

tifies the "end of data".




The "time" word is a 36 bit word and it is the first word of each frame.

It is constructed in the following manner:

%
mili sec 3 sec hour min
10 bits N : 6 bits 5 bits | 6 bits

*SYN (13 bit) denotes "synchronization" ( 1 = not sync, 0 = in sync)

Another program requirement was that unpacking the time word to obtain
individual values of hours, minutes, seconds, and miliseconds.

A data processing program (ATAl) was writtem in FORTRAN IV to run on
the Direct Couple System at AFCRL., This program reads the digital tape, unpacks
the time word, searches for the proper time segment, converts raw values (voltage)
to amplitude, flogs values out of range, prints converted values with time, writes
output record, and plots amplitude points graphically on line.

The tape is read by means of a READ TAPE statement as outlined in CEIR

7090 FORTRAN COMPATIBLE FLOATING POINT memo - R. McInerney. Also, the "ead of data"

and EOF are checked.

By using the "MOD" function and "powers of 2", time information is
stripped from the time word.

Input to the program requires a start and stop time., If the time of a
particular record does not fall within the time interval, the program either
keeps on searching for a starting point or terminates.

The conversion technique is based on input parameters: for each channel,
the following information is required; upper and lower tolerances, high and low
ranges. The raw data value is converted by the equation:

- L= tl
v tk

X (rgk) + rgl




TR R TR,

where:
V = converted value

r = raw value to be converted

tl = lower tolerance

rgl low range
tk = (upper - lower) tolerance

rgk = (high - low) range

The converted value is tested to see if it falls within the range interval
specified for each particular chamnel. If it does not satisfy the limits, the
value is flogged at printout,

The on line plot scheme is called SCETCH. This display prints a two
coordinate graph. The y coordinate is amplitude v;1ue and the x coordinate is
the sequential order of signals.

The scope of this task is to show that the analog and digital data tapes
are compatible. Once this has been established, the digital data (from ATAl out-

put tape) will be subjected to power spectrum and cross spectrum analysis.

Project Number: 5631
Problem Number: 1689
Researcher: Dr. C. Rush




I SRR,

SECTION 10
INVESTIGATION OF VARIATIONS OF STRATOSPHERIC AEROSOL
THROUGH PHOTOGRAPHIC MEASUREMENTS

In the course of the atmospheric optics research by CROA, photographic
twilight measurements for investigations of variations of stratospheric aerosol
have been made at several statjons. Several films each with about 60 exposures
(simultaneously in two wavelength ranges) had to be evaluated. Initially these
calculations were done by hand but it was found that this process was much too
tedious and to ease the workload a computer program was written to perform all
the necessary calculations.

The program was designed to compute the solar elevation from local time
and to convert film demsities to intensities, taking care of corrections for
neutral filter steps, aperture setting and exposure duratiom.

Since the input to the program was given in terms of the transmission
percent, it was necessary first of all to convert from this film transmission
percentage to film density. This is done by means of the graph showm in Fig. 1,
which gives the relationship between transmission percent and filw density for
this particular film 12C. Figure 1 also shows how arrays are set up giving corre-
sponding values for transmission percent and filw density for the U and G filter
ranges. Thus, insertiung these arrays into the program ve can easity find the
density of the film given tﬁo transmission percent through a simple interpolation
scheme.

Since the area of concern was the film intensity, this final conversion

was necessary and the equation is as follows:

.00-304»‘!\( - log (T/S5)

vhere Uo 1s the weighted film density mean, k is a constant depending on the

10-1




aperture setting, and T is the exposure duration,

More recently, a plotting routine was added to the program for a more

detailed study of these films. The Plots consisted of intensity and color ratio

versus solar elevation. A sample plot can be seen in Fig. 2.

Project Number: 7621
Problem Number: 1687
Researcher: Mr. F. Volz
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SECTION 11

WAVE PROPOGATION IN HOT MAGNETAPIASMAS

Recent work at AFCRL has been concerned with deriving dispersion
relations for electromagnetic waves propogating in plésmas immersed in a magnetic
field. These dispersion relations can be used to predict how waves progogating
in a plasma will attenuate and distort as a function of the parameters charac-
~ terizing the medium. These investigations are of use in the design of any radio
commmications system in which waves must propogate through an intervening plasma
medium, such as in reentry communications systems and in ionospheric propogation
work. Con§enticna1 dispersion relations, such as the appletos-Hartree equations,
heglect«a number of important properties of plasmas that can have an effect on
wave propogation. ihe work at AFCRL‘is concerned with deriving dispersion rela-
t‘dns that aré much norebaccurééeband th;t are valid over a much wider range of
plasma parametérsvthan prev‘ous theorer1ca1 ;ormulas.,

The dispers:o& relations are obtaived by solving the Baltzmann klnetic

g ion using,a varxety of Fouribr transform Lechniques ard perturbatlon methuds.
'l; Graphs are avaiiable Qf the proyogation.constants plottéd ovgr a wide range of
L nornalized plasma parameters The cases of propogation along and across the DC

magn»tic field lines are investigaaed in detail The graphs shnw the effect of

i;: velo~ity dependent electronuneutral eollisions and Coulomb collis;nns on'”he o

V"propogation ccnstantSrof'the wavew‘ Four graphs are’ given at *hﬁ end as a samp1e
“ of thn output generated in supporL of the research on this oroject.» ‘t’,f :; -=}
.. The intera-tion -of electromagnetic waves with an 1nfin*te homogeneous
plasma is completely described by Maxwell 8 equations and the constxcutive relaticus.
.For such a medium..Maxwell's equations may be written iv the form L _
VEE= =B | A B ¢V I

gxn-fc s R | o fJ»jdy
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where C = total current density. The constitutive relatiomns express‘g in terms of
D and E. For a.c. fields, it is possible to obtain two separate, yet equivalent,
models of the plaswma by considering the medium to possess either dielectric or
conducting properties. Fof the dielectric model, the electrons and positive ions
are considered to form an induced dipole moment as the result of interacting with
an externally imposed electric field. The motion of the electrons then gives rise
to a polarization vector P = ~ier where N is the electron density, e is the elec-
tronic charge, and where the electron displacement r is determined from an equation l
of motion of the electron. In the following, a subscript will denote the Cartesian
component of a vector. Since Dy = P; + €,E{, the total current density C; is
equal to the electric displacement current demsity D; . This model yields the
constitutive relations.

Bi= oHy

Dy

1]
)
-+
[ <]

=

L}
<]

[

For the electrical conductor model of a plasma, the electrons and ions
are considered to be free charges that acquire a net drift velocity under the
influeﬁce of externally imposed fields. Here, the total current demsity C; is
;he;sum of a conduction current density J; = E; and a free space displacement
current density-l 6Ei’ so that ¢ = & + ,E;j. The constitutive relations are
'f cbmpieted_by,thg félation: B; = oHi,-since the‘diamagnetic effect of a plasma
at Qrdinary éensities ;sinegligible. -Whén,the ion“mption is neglected, the
~ conduction c&rreﬁtidensity is given by J; = ~Ne§1‘whefe the electron velocity vy is
dégcrmined from the equation of motion forithe electron. Hence, the conduction
bqrréut densitﬁ Ji is exactly equivalent to the polarization current density Py in
rthe dielgctric model. By equating the total current density in the dielectric model
to ﬁhe total Eurrent densicy in the conductor model, the following expression is
obtained for the dieiectric constant, K:

| K =1+ 5o | (3)
' 11-2




where K = ¢/¢, y €= electrical conductivity and the electric field varies in time
as exp + (jwt).

In the following presentaticn, there will be a number of assumptions made
about the interaction of the electromagnetic waves with the plasma medium, First,
it will be assumed that the plasma is electrically neutral in the absence of any
external perturbations. Also, the plasma will be assumed to be weakly ionized, so
that eléctron collisions with the neutral particles will dominate over electron-
electron and electron-ion collisions. The signal strength of the electromagnetic
fields will be low in order that the kinetic equations may be linearized. For
low signal strengths, nonlinear éffects such as harmonic generation and self-modu-
lation are negligible. Since the ions are much heavier than the electrons, they
respond more slowly to an alternmating electric field. It will be assumed that the
signal frequencies are sufficiently high so that the ion contribution to the elec-
trical conductivity is negligible.

A fundamental length characterising a plasma is the Debye length,‘KD,

fy =

NE

where k = Boltzmann's constant
and I, = electron temperature.
In considering the influence of many particles upon a test particle introduced
into the plasma, it is found that there is a limit to the number of particles that
have to be considered in the interaction. Charged particles close to the test
particle act as a screen between the test particle and more distant charged particles.
The Debye length is the length parameter that churacterizes this transition. It
will be assumed that the electromagnefic wavelength is much larger than the Debye
length D" This is necessary in order to consider the perturbing electromagnetic
fields as macroscopic fields. Finally, the plasma temperature will be considered

to be sufficiently low so that the particle motion is nonrelativistic

k Te & me?
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where
m = electron mass.
It will be shown that first order thermal corrections to a cold plasma are propor-

tional to n2, where

¢ = ko /m and

[}

n index of refraction
Hence, for nonrelativistic plasmas, thermal effects are important only when the

index of refraction is large.

Special Features of Hot Plasma Theory

There are several different approaches that may be taken in describing
the dielectric and/or conduction properties of a plasma. The mosf appropriate
method for a particular problem depends upon the nature of the information desired.
The simplest model of a plasma is based upon orbit theory. According to this
appreach, it is assumed that the individual particles comprising the plasma do not
interact with one another and that they do not possess a random thermal motion.

The motion of the individual particles is calculated from Newton's equations of
motion where the force exerted on each particle is due only to the externally
impressed fields.

The well-known expression for the dielectric constant K of a cold isotropic
plasma is obtained from the equation of motion of an electron

mv = -eE . (5)

This equation may be solved for v by assuming E and v vary as exp(+jwt) in time:

vV = de E

~ mw oS (6)

From the fact that the current density is given by

J = <Nevs= ¢E ,

the conductivity may be expressed in the form

2
c" 'J‘s',wg"- M




o RN,

Substituting Eq. (7) into (3) yields
W

K=1l-—5" =1-X |, (8)
w

2 1/2
where wy = (Ne /m o) is the electron plasma frequency, and

WN2

X = )
Although orbit theory is not capable of rigorously taking into account the effect
of interparticle collisions, an average collision frequency v is often introduced
into the analysis in a heuristic fashion by adding a damping term m v to the left-
hand side of the equation of motion (5).

The effect of the thermal motion of the particles cannot be adequately
taken into account within the framework of orbit theory. The most direct means
of including the effects of thermal motion is to retain the pressure gradient
terms that appear in the momentum equations for each plasma constituent. If the
wave motion is assumed to be adiabatic, then the continuity equation and the
momentum equation for each constituent, together with the electrodynamic equationms,
form a determined set of equations. By linearizing these equations and looking
for solutions that vary in space and time as expj(wtibos), where k is the wave
number, a dispersion relation between w and k may be obtained. In contrast to the
results of orbit theory, the linearized moment equations yield a dispersion rela-
tion that includes first order temperature terms. For transverse electromagnetic
waves the thermal corrections are negligible except when a d.c. magnetic field is
present and the signal frequency is close to the electron cyclotron frequency. On
the other hand, for longitudinal waves (in which the direction of propagation is
parallel to the electric vector) the effects of finite temperature are important
because they provide a mechanism for the propagation of the longitudinal oscillations.

According to the orbit theory description of longitudinal oscillations in

a cold plasma, if a group of electrons is slightly displaced from its equilibrium

position, a space-charge field will immediately develop tending to drive the
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electrons back to their equilibrium position. The momentum they gain will cause
them to over-shoot their equilibrium position and a space charge field will again
tend to restore them to their equilibrium position. 1In a cold plasma, this os-
cillation about their equilibrium position will occur at the plasma frequency,
WV' However, if the electrons are displaced from their equilibrium position and
they possess thermal energy, a pressure gradient will develop, tending to ac-
celerate the electrons in the same direction as the space charge electric field.
The frequency of these oscillations in a warm plasma is slightly greater than the
plasma frequency, and the oscillations now can propagate and carry energy. These
oscillations are maintained primarily by the velocity modulation of a small group
of electrons that are moving rapidly in the direction of propagation of the wave.

This dispersion relation for the electron oscillations is given by
W2 = Wy 2 + kZVTH 2
where

k = wave number

vig? = 3kTy/m .

When a d.c. magnetic field is present, then it is found that this longitudinal

wave can propagate along the magnetic field lines. If the linearized moment equations
arc used to study the propagation of longitudinal electron waves across the magnetic
field lines, then the dispersion relation takes the form exhibited in Figure 1.

Here, wy = eB/m is the electron cyclotron frequency. In this figure, the frequency

is normalized to the electron cyclotron frequency and the abscissa, kvqy/wy, is the
ratio of the mean radius of gyration to the wavelength. The analysis based upon

the lincarized moment equations is not valid if the radius of gyration of the
electrons is sufficiently large so that in a single gyration an electron samples a

significant portion of the electric field. Hence, thes dispersion curves in Figure 1
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are valid only for long wavelengths. A more detailed kinetic theory approach is
necessary in order to ascertain how these curves must be modified for larger wave-
numbers.,

For certain types of collision-

dominated plasmas in a magnetic field, a

conducting fluid model is often simpler
and more useful than the model based
upon the moment equations for each plasma

constituent. For many cosmic and astro-

physical plasmas, the time and leng.u

w w,
w, g . /%’:’&!ﬁ_ scales are so large and the frequencies
THERUAL SPELD
“ / are so low that the motion of the elec-
‘o / - trons relative to the ions is unimportant.
/ The important question concerns the motion
i N L
1o 10 e of an element of conducting fluid viewed
LT ™
Figure 1. Klectron Wave Propagating as a whole. Thus, there is less infor-
Across a Magnetic Field Bascd on the
AMloment Equations, Higher order tem- mation contained in the conducting fluid

perature effects cpuge chy g in disper-
SI10N CUrVLE w ., ® H +w N

model of a plasma as opposed to the single
conastituent moment equations. The equations
for the conducting fluid model may be de-
rived from the single constituent woment
equations by writing these equations in
terms of a mean velocity for the mixture and summing over all the constituents of
the gas.

The most general approach to wave propagation in a plasma includes the use

of kinetic equations for each plasma constituent. Since only relatively high fre-

11-7




quencies are considered in this analysis, only the kinetic equation for electrons
is of interest. The kinetic equation describes the behavior of the velocity dis-
tribution function, f. This distribution function is defined as the density of
points in the six dimensional phase space made up of the three components of the
particle's position plus the three components of the particle's velocity. The
kinetic equation approach must be used to describe wave propagation in a plasma
when information is desired about phenomena that depend explicitly on the velncity
spread of the particles.

There are several important effects which occur in a hot magnetoplasma
that are absent in a cold plasma. One effect is transconductance, in which the
conductivity at a given point in the plasma is not entirely due to the drift
velocity of the electrons acquired by the presence of the electric field at that
point, but may depend upon the effect of the electric field at neighboring points.
This nonlocal effect is due to the fact that the electroms, becauie of their ther-
mal motion, may move during one period of oscillation of the electric field. This

nonlocal, hot magnetoplasma effect may be expressed mathematically as
Ji r, t) = j” @ 1)(x -r', t-t') Ey(z', t) - dIrtde’ . (10)

Another important effect which occurs in a hot plasma involves collision-
less wave damping. In an isotropic plasma, longitudinal vaves may be damped when
the vavelength becomes of the order of a Debye length. This is termed Landau
damping and is the result of energy transfer between the longitudinal wave and those
particles travelling near the wave phase velocity. This energy transfer (s « con-
sequence of the fact that particles travelling slightly slower than the wvave phase
velocity will gain energy from the wave if they are initfally randomly phased with

respect to it. Another type of collisionless damping is termed cyclotron damping,
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and occurs when a right-hand, circularly-polarized wave is travelling along the
éf' magnetic field lines at a signal frequency close to the electron cyclotron fre-
i ’ quency. If an electron is gyrating about the magnetic field lines at the cyclo-
tron frequency Wy, and is travelling along the magnetic field lines with a
velocity + ’v)ll, then in the electron's frame of reference the frequency of the
wave is (w Wt (v)llk)’ where (v);;k represents the Doppler shift due to the
relative motion of the electron and the wave. At the resonant electron velocity
(v)11 equals + (w -w,;) /k, the electrons rapidly gain energy at the expense of
the electromagnetic wave, This damping results in a finite maximum wave number
for propugation of the right-hand wave at the cycletron frequency.

A third important effect which is predicted by the kinetic theory approach
involves a modification of the dispersion curves shown in Figure 1 for propagation
across the magnetic field. This modification is due to resonant effects that may
occur when the Larmor radius (mvp/wy) is an integral number of electromagnetic
wavelengths. It will be seen that pass bands can exist for longitudinal waves
propagating acrogs the magnetic field close to all the harmonics of the cyclotron
Erequency.

Work under this project is continuing.

Project Number: 4642
Problem Number: 1550

Researcher: Mr. R. Papa
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Graph A shows:

NH = _&ﬁ_ = -L(I-Y) b
2 s f%:';-

Vs ,for 7= 4 to 1.1

Graph B shows:

RHO- = P+ = 0*7)""1.
I (e

vs rfor Y' 4 oto 1.1

Graph C shows:

RE(N) = Re (N;)

vs X for X = .4 to 1.0

Graph D shows:

IM(N) = Im (N,)

vs X for X = .4 to 1.0

The parameters characterizing the medium are listed in the upper left

corner of each graph.

11-10




¥S.0

35.0

"'X;.o

15.0
K
*-

.0

o 0

|
20 -
12 »
VEE -
VCL o
DELTR.

re i e e ed s

cso

1,%00000
. 500000
-. 100000
1.000000
500000
. 00000

'unn '-'0 o '.?‘o

eeVvVeou




o
9
4 4
[~
o
oy | X o 1.%00009
= 20 o 500000
12 » -, 100000
VEE = 1.000000
o VCL = .500000
°,0 pELTR. ,00000!
(7]
o T\\
(=]
2t ————
5 )
o
T1
'Y
[~
'S
Uhr
D (]
I
a
o
Q
2
o
Q 1
" !
1 .
|
o
o
Z
.?
o |
(=]
[ 2] .
~N e
[~ ]
(=]
K 11-12
f'\\{}..........._ e e e b e N . ‘ ¢ SR
. 40 50 Lo 10 s Htj 1N 1,00 1. 10 ', 20

seaY¥so




e FR TS VIR A

Ly

g gy e A

3
§
{
§
3
%‘ .
¥
s

. 000001
E 2
-. 100000

VELTRs

20 »
22 »

! . (11-13

—d
-

A
v

a
v
‘.s

.40

*

[SLE8 10°LSLOE L'LSLOE ID7LSLOE 18:USu8C lirfﬁﬁf;‘ VE*CSLOC 12°LSLC  11°L5L00 10°LSe8E’

{2-01X}

be’




SE

PR REUTTY * Y

oz eee-’

0i°cLe-

00°LL2-

08°9L2-

0L °0e2- wuf-
h-&lll~lNlHl

.
v
pe e
’ *

ad

. esae-

.
=

Oh‘0Le-

e A i il




e Y S AT AT

t
i
E .
A
i

SECTION 12
SOME MATHEMATICAL PROPERTIES OF AN

INTEGRAL EQUATION FOR THREE-BODY SCATTERiNG

In the past ten years the quantum mechanical three-body problem has re-
ceived a lot of attention in the literature. The main advance in treating
this problem has been the notion that the wavefunction, or the T-matrix, may
be decomposed into a sum of three parts. The reason for making this decompo-
sition is the hope of obtaining equations which are tractable, whereas a
straightforward approach leads to many difficulties.

The two recent methods for the three-body problem are given in the work
of Eyges1 and Jasperse2’3, and the work of Faddeev® and others>:®. Eyges and
Jasperse decompose the wavefunction directly, and Faddeev and others decompose

the T-matrix directly.

Once the decomposition is made, two questions arise immediately. They
are, (1) what are the mathematical properties of the resulting equation?,
and (2) is the equation tractable using modern computational methods? In this
report, a study of some mathematical properties of Eqn. (16) of reference 3
is presented. This equation describes the simplest model of neutron-deuteron
scattering, which still retains the basic features of a more complicated
nuclear fission process.

In this first phase of the investigation of Eqn. 16, we have studies the
resulting integral operator to determine whether or not it is compact as an
operator on a certain Banach space., Knowing that the operator is compact would
allow us to apply the classical Fredholm Theory. This theory enables us to
say something about the existence and uniqueness of solutions to functional
equations. Without an answer to this existence and uniqueness problem, the

results of any numerical attempt to solve eqn. 16 would be at best difficult

to interpret.

T O AT R AL TR £ L Ty L T E
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The results to be proved in this report are summarized in Section 1. The
main result is negative in character, and shows that no power of a certain
operator is compact.

The reader will find the necessary background material in Reference 7.
This includes the definition and some properties of Banach spaces, the inte-
gration of Banach space valued functions, and the theory of compact operators.
For a more thorough treatment of the Fredholm Theory, the reader is advised to

consult Reference 8.
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1, The integral equation to be examined is,

Nl EITEP (1)
3 (9% e rys) + 2 [ L9

ERvEATLE m (J‘*J'“/ TRy

; \
where "-‘7 =/ "77“'47.;, 77)'/,’

- ('701, ;7707, ,)/n 3)
g < (y.g. 7))

(T 0, S is on the Cut- v £ S <« =, and the argument of the square root is

— >
chosen to be -G,Z y, 00«21 ,0=arg(s - %”/ ). Further, the integral

is taken over all of three space, and we also assume that J, 73, . are chosen

)

so that S = -~ 47 4- Do

For convenience, we set

] 2
{1)/ .lt‘ ) r(“/ &c = ( ‘17‘-" "7")( 4 17,'5/
. . ) L\I/
My, NETY) = o a5 HmY)T

$lg.4.8) 5935 == gt s,

(1.1) can now be written,

() . 4 . _'_J. g L) dy (1.2)
Ty Foa) T sy )

N will denote Euclidean three-space, while C,( A'') will denote the

space of continuous bounded complex valued functions, having continuous bounded
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7 )
first partial derivatives, which are defined on A ’ . Also (, ( /‘” ) will denote

the subspace of (, (i\"'), which consists of functions which vanish at ©=o , and

which have vanishing first-partial derivatives at o< . For F ¢ 7,/ ¥, , we
1t aF v r gF
define [[F/] -ma.xgsuplfl , sup \)—;' ,supl%‘.;“,sup Iy ; .
S [t
It can be shown that '  is a norm and that with this norm, C, (’\ ) becomes

¢, .
a Banach space, and also that C, ('f’) becomes a closed subspace, and hence, itself
a Banach space. If B is a Banach space, we will use [GJ to denote the Banach
space of bounded linear operators from B into B.

From Appendix I, it is seen that, when y< C ) Yy,

lzl ‘d/‘ lJ\'

. vy § .
However, ‘t (J; ) may vanish. Thus, vhen S < 0, by f‘r{:j_' ’/)P’V.S)

[ c‘f.l’)“:’ ¢ &
ve will mean e -~ T(_—“‘;}T—T) , vhere either J = ! "L &
: 3} b AN

or else =1~«* , The limit in general depends upon the side of the axis from
vhich J approaches S, but since in both cases the analysis is the same, we will

not usually distinguish between the two. For S < 0, let K. denote the integral

4ty
JoPly ) vl

operator acting on 3 , vhich is givenby A, ¥y -

For iy« ,wvewill thus understand equation (1.2) to mean

1

\. ! 1'; - _l_ k . - PR
\.l - n * J’ :( 1'.'\)..)

()

vhere W\ = 1im I,

(R




In Section 2, wve will show that this is meaningful. In fact, we will
shov that in both "C,(R‘)] and {Cf('t‘)l ]‘.12 K. exists, and is compact.
(<}
This will prove that (1.2) can be viewed as a functional equation in botn C,’ 7'
and -, { l\").
In Section 3, we show that vhen Y« , and (1.2) is written in operator

form as, _ )

IIERD)

that again, the equation can be viewed a3 a functional equation in both -, (')
and C."('R)) . This time, however, compactness is lost; ve will show that in
both [L'.(R')] and [C.‘( '\’3)] no pover of H is compact. This result is disap-
pointing; for if some power of H were compact, ve could apply the generalized

Fredholm Theory to gain further information about the solutions (if any) to (1.2).
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" - \
W0 f ‘. . b
2. In this section, some theorems will be valid for C,(R'") ( L, IRY) )
[ \ ' . o\l \‘
as vell as for Lt l__’--(" )J ) In most cases, the proofs will be
identical (except for an interchange of symbols) and will only be given for
(*,i*') . If, however, this is not the case, then the additional reasoning
vill appear. Throughout the section, y will be negative.
Define the cperator 0 _(y) by  C,iy)) o} C LG‘_’T—"——““
Sly, ™) v 0y
Thus for each fixed 3, C_(3) takes the function 7(%) into the function
R .
(of - ) B A DA . Clearly o,'s) takes inte 7~ :‘(n\")
A NS IS ¥ ~

Since C._..(;;) is a linear operator, to show that it is in both :'_’-'.'1"\‘ ')J and

\[ ".( 1') ) » Ve need only show it's bounded.  An operator I from O into

ﬁ is contained in |{}] 1£ it's linear and if !i*1 =  sup |Fix)
an*

Al
LA ™

lemma 2.1: ( .(4) is contained in botn {C.M‘)] and [’..u! '-“)]

. PF: We need only show i %, sl 2 | 19 *jt CoAR') ana b e

. g o t G e,
then - l‘-.-’:‘:f.y i - ! —L Talt T “ )t )

Cly ) =&t

J v -- ;,rl-,) » thus, defines a function from h‘i into a Banach space

| of linear operators. Nov, in s Banach space, a Cauchy sequence has a Limit and

12-7




hence, under aporopriate conditions, a Riemann sum, like f Cely)Av, will
have a limit in the operator space. This is to say that we can integrate certain
operator-valued functions with the integral itself coming out as an operator.
More generally, let F(3) be a continuous Banach space-valued function
defined on l\;' « We have
. 5 ) TF g ¢
Theorem 2.2: If ~ is a measursble subset of N , and if S i ¢

Iad

then { wyidy  exists, and is an element of the Banach speace.
! :
Proof: Serge Lang Analysis II.
1
Let ‘j.he U, and let k(3 ») be a continuous complex-valued
: ) .
function defined on  I{x X . Nov, if for each 3 (v}, dvenvy
Loy o= o) Ky ] /I‘L"(R’)J”
Lotrry = gt (3.%) , is contained in l_L. ! lj A ), and

as an operator-valued function, is a continuor function of } » Ve have

23 . N
Theorem 2.3: Let A be a messureble set in R , such that s i ‘.(1\:143 « 7,

A
{ ; - ¢ W ) ' ¥ .l
and such that for each fixed 7 , /)AA(y,ﬁ)y-,;HJIa > when j@(,.ln)(_y - J) e
ve have then i\“:!)‘ai}- j-&*;.ﬁ):,t:;‘»‘:f ~, vhere ve have equality
- A . ’ )
A

. i~ N \
of both sides a8 functions of (, {n’) (‘i"“‘))

]

Proof: Fix :/. chocse 4 ! "..('ﬂ!) , and let ,( be a sphere closed in A

P

such that | Y C(a)idy v € and [ muy Ny e
A1E. i ANl
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wvhere @ 4 denotes the exterior of .,/ . Since C(y)‘ is a continuous function

of

vy
+r
2

» it's uniformly continuous on .y ; hence, we can partition a(' into meas-

urable disjoint subsets —;/" (=4, ..., such that X,‘/t 'a({‘ implies

. \ € d also so that
(x, - | < —_ , &nd a
//L f/// o le we -\i

e i 3 iqj=0la, 2 yix)] < '
FERTANS Vil S E PR 1L whenever ¥ Yyt
/ ( - ? ’*} v‘\'Ld(" d" I~7 ‘J/(

In each ./, , choose ‘7:‘ , and define the step maps,

-~

Ty — [ GUR] and

I~ P o —> Q (the complex numbers)

glven by

Tiy) = C(y7) )
k| / 7‘__4.‘_
W% = 040,500, )
We, thus, have for }c‘# that both /H(g,“»)-f,(y)t\'(y.’r)[ <

wma || C{y)-Tly)]] < \fl‘, -

*

vil

If G« [—c','.(lii)_.l (: ',:]‘7\'111 danote (.-7 evaluated at 7 .
Fer ccnvenience, let JC,(-,) J} e« (- and § T(\;)J} » /3.
A

¥1A
¥e hawe,

i ¢y 1,‘7- {"“’ Wi gttty I:’ c.,],v- P}j’vi +_' pﬂ’v‘ Lklyl‘t)?m";l‘ <

”"

qCc-rnngh v | Pyly fﬂ'“?r"””"‘?l =




i ‘.‘w‘/(!! (crgydgfi+ 1l | cto-Tly) <‘3»H> f1P3), Jrtgngeadyle
’ cfan <+ 1A A
_ Dol = 1 d
Zitgile + . L= | ey ,&Klaf')jw) 3/.
Now,
SRS RET IR PR gy | gty = [ty ) )iy | =
! 1A 1A 2]

(s SR Y R EOR PR KRR T

414 ¢4A

; \: N ‘:"‘\’)(1(4\11\) - s '\(:j. ‘l)‘} l':))tl}( 4—‘ S (. )’)3(7‘}'4:} l -

YA i 44

“a
~

'y ( SEIURIRETE | ( N (4 v)?ﬂﬂ«l,}u’ < et

von y IA ¢+ A

. ¢ Gpe 4 2¢
Therefore, l G J..,7 - )\ N(y.u)y (,7)“? { + 20gle .
J |
But, since ¢ 1is arbitrary, and 7 is arbitrary, we have,
-

o )d 1e = | Wy, %) 3(y)dy.
L]y = ) vl gla)dy

Let [ {y %) and C(y)be the same as in the previous theorem.

We have for a measursble set A,

Theorem 2.4 Ir f ety d 7 « '« , then j C(g,) d 4 is corpact
A ‘ 7] ‘

as a remver of EC‘("\',)I (LZ_"IL'( ;\'c).j)_
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RN Pmof Fcr fi:'ed

';‘.»(ﬂ;) is compsat.  Fory det | «f., vyl =™ i j

! ‘14,.

)

then C(_‘;)/.',, = \%’i-‘;,"'ﬁ.)f,.(‘f,}" > and there e:dst;s 8 sequence n, , such that

{'-;("l) -- X » and thus, ”'\(7 KRR

)— x K{y, 0 = ;
| gyt =al l kGl —=<.
Now, with the notation the same as in the previous theorem, B -
' ( z \
. i oo [ - 4 L N
we have " J((.(\J)JJ' g 3)1 l SuC(‘; ‘])fc‘?f‘) RS I ¥ < J .‘
‘A 1A s YA E1IA ) i
- :,' AR DA
fnd smce ) Ty =2 € 17) w (£ NA)

V1A

{Which is the sum of compact operators), it is compact. But, hence, f (y)4
A

1

is the limit of compact onerators, and hence, itself compact. ;

e e g

Definition 2.4: Let ,/ be a Banach space-valued function defined on the

interval [«, b , and let (el a.b], We say that -f is pointwise

Holder with index «(>¢ at T if there exists ¢ >C and A >C, such that
-— . _L [—L(

for XCL_'“,"*JJ [A-U )+ ¢ implies ,’i{(")'“‘f(()“—:/\lx— -

Theorem 2.5: Let _t'(,\) be a continuous corplex Banach space-valued

function defined on the interval [\, h} , Te&(w,b) | and A either T+ (€

o C-iv » then if { is Holder at T of index c<.«< |
Jimy S ;_f;(_'__f d A exists. Further, if T is an end point and if ’
¢ ¢ U A A '

1’_((): ¢ , then agein, the limit exists.
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Proof: First we assume (c (&,bh) . Choose en interval T < (u,b) ,

g |

such that (¢ L  (“ut not an ens point), and Il f{») -+ (Y} = Alx-"

for x¢ L, Then,

b 4+ (dde o ( _(_““" S (x \- da
e x i.- G-
. . N _ ‘4
Now C (R £ e ! - ‘f_.*-;\.,f“i\" M[,\-c'!‘ YA
T A A x-T o ' .- oz
. here Mis a positive constapt. It follows that,

{104 } f‘fu‘ =S. —Ix—{;‘)i dx.

L [

Locking at 1) 4 s We see that,
r *- 2
[ eddx 0 gy -l g, S Lo dx
T ox-A S ox I
- l\.{ ! '11
’ - 4 te) (riyl = A [«-T = A ' x=-T
Now, on [ || 0 f“)l' 2 [ LTI AARST —_
- A x -1 [ §

. "(_x" . .-, . _ \
Further’ 5 ,‘:* IX 't ! da <0 y ‘i l") +{' tends to _tr—("—‘_)——-ﬂ/
1

X - A X - .’:
almost everywvhere on I . Thus, by the dominated convergence theorem,
l”‘ _{_‘.(A.)_.:“_(E) da = S ‘f(”"“‘) Jd x
AT B Lxt

We now need only show that [/ ( tﬁfl 4% exists.
S T *° A

- J '4 A —

Let T = |¢.¢ i f d4r - 5 A L dx b (t\( Cdx e, =
- S T
.C » ) ,(- (,‘()1" 62 C A (‘
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- 2

,Loai\(d-t) ‘&l] :_ (.A"( T.an/._-'--t) T Arc Tunﬂ/f‘;_s /

& (g-;,)‘*("

T, i AR TS L e
This tends to log i— [ i ; 2 ¢
- U 4
This concludes the proof when 7 is not an end point. In the
end point case, choose L « [« b! with T es end point of L . The

analysis proceeds as in the first case, except that since —f'('C) = C

it is clear that Iy

1 . J X
+ 1) S . exists.
[d -‘5‘3

1

Definition 2.6: Let .. < K  , and let {(»' be o Banach space-valued

function defined on !. . We sgy that {(x) is uniformly Holder of index
' on L if there exists constants A , o ~cC independent of X ‘in '. ,
[ . 1.4
: , - Cxa- b iyY] e A LxY
such that .*',3'l. , &nd 1)««;1]<\ Nt At il !
' 3 N
Let A be an annular region in [ , glvenby C <A < 4 o
, ' \ ) _
where L> . For [ realand UVth , let ~ equal either ( *(C€

or (-te . If 4 (3) is a complex Banach space-valued function defined on
A , we have
Theorem 2,7: If Cf o ) , if f.n) is uniformly Holder on 4 , and if for

£ d s
.1l dy < <, then lim g Flad oy exists.

some c—'~.>c' j [l lf,(.:’)
A y e At ( ¢ 4 ‘\3’1 Y

Further, if (=« ¢ , then again the limit exists.
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Proof: First assume C d (95 b . Forall < Attt 3)
PR
and further, 5 TREKY idy ﬁj l L‘}_’_M? =
B T "
A 3’ A 4 4 { ;
L A L P S SR
4 [y ar] |yt T a L gi- At
byl
wvhere /[ is abound ¢ I3 in A . So, by the dominated convergence
Py
theorem, [ vt 5 44} 43 g f‘(‘?)d‘T
¢ = ‘] . A
Next, assume T € 1':“’» Y R S &, 0" | Break A up into two regions,

RS
A, glvenby G <y

By the above, we know that

Now J 403y _Jr

U?-
AI J .

< Z—"C‘-‘; (,,_

; A, glven by 'CLC’{—‘H; < b

lald
o f w_._..'f ?) b exists.
¢ > .Al \} ~ A
C4E il
% | YT peg) seg ddde
Mt P ."MJ‘:’— o J r
I R

\ . “ - 3 . ‘L-,\d
where ve have set  .f = r/L("°5e""‘4/5')‘c""¢lb )

The Jacobian of this transformation is

Thus, by Theorem 2.5,

that l“/‘(‘, (v)z R

[

///1

- O

if

<

.,—

H

I,

]

$i1)dy

e A

k7 yondg

———————y 7

2

will exist if we can show

1(9)im¢ d¢d¢  is a continuous function

. b e e o

d..
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of I', which is polntwise Holder at ' = [ . ILet i, be arbitrary in Ca‘, "Cfc:‘_.J

Set\3= r‘/"<(<5e‘.5w\¢/$m€‘3‘|H4,/Cc‘)¢) and

H 3'.“\ C‘TM) §ng dd d(-;.” =
J f" “'7“"3) ij)“d{,dc

Now there exists 4% , J >¢, such that ’ X —X,l — or and X X € A

' A
imply that g (x) - #(x)l] = A | x-x,|
- - / H 2 / -
Choose !r"”-IAO . We have then C>l"‘f‘.[/"3{r‘—r1/—
' y‘y:/ independent of & =and (f« Thus, for | r-n |<¢)’,

o0 ; 2T ] ' ) “
S( “( 'M‘(:;)-%(y')lldqsdvaf 'f Al dpde _
S - L 4 i .2— V

Ay

/o

) yy M "
At et e AT e

L -
This proves that G (r) is continuous on |_« , T +¢ | and pointwise Holder
— Vi / Y2
at ( . The inequality lr - ) [r- V[ shows that I is pointwise

Holder al F in Ca* t+3] . It is easy to show that if 3‘(") is complex-

valued and -f'(r) is Banach space-valued, and if both are pointwise Holder
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at i, , then 2(').#'0) is also pointwise Holder. It follows then that
r‘/"Q(r) is a continuous function of r which is pointwise Holder at r= T .
Finally, if (Ll= C-o , we proceed as in the preceding case; the

-

C’ '/1..

: dr

last step being to show f L__cﬁﬁ%.__'_. attains e limit as &€ — ¢,
< r -

v/,
This limit exists by Theorem 2.5, because I le(") evaluated at zero is zero.

This concludes the proof.

Let K(y.%) be defined on Ra R . ssume O(y) € C,(®) ( C'c("\'}’)J
where [—G(L;)J} = j(a)l((y,'ﬁ) We have

Theorem 2.8 -~  If K(g,-‘a) and all its first and second partial derivatives

arc uniformly bounded and continuous on l?34 Kj , then (O(4)1s a uniformiy

Holder function from R into L_C. ( R‘)J (L—C O R’)J) .

Lemma 2.9: Let U(Y) be & complex -valued function defined on R'. Kssume

the partial derivat'ves exist and satisfy | uz,\| €M =4, yuniformly

throughout R3 s then | U(y)-u(x)] £ M (x-¥]

Proof:

o) - o] = [ Dl vinm]| £] Vg =Vl |

| ULy gom) - O Y, A, 1)) | + \ V(Y t,0) = VL x.,x‘,h)] CNow F

U=z ht L& then IU(‘Q"‘J*,Z\) - (4 1‘1“)' = Il‘("""”) i l.(g;-,s.(\,x,)'--t-
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RO LSRR R G 2 S

l 3(‘3"‘1331)‘2(3';7U*J), £ ZM"H'\JJ‘ £ Zf“ll»‘-‘d.l

This completes the proof, since the other two terms in above inequality are
also less than 2 M | x - y) ,
Proof of Theorer 2.8: || ( cly)~ c(&))g ” = || ;(3) kiy. %) 'B(X) K(x,m) ] 2

I §ig)Ntym)- gCg) ebemy il + 1 Gg) IF00m) = g K 0™) Il =

f d“‘))‘ ” K(J/"I)' K‘(x,\,)” + Ia(.a)-:;}(x)‘ (| Ir(,,-/.'z,)l, <

y-kCom I+ M g (g)-§ |

| )] 1 iy ”

s Mgl TX-g]
g Ky, - Kb MG q

where M 1is a bound on I and its first and second partials. HNow
'k'(‘j,”)'K(*;‘?)f < ¢Mlx-y4] and
'"44,((7,"1)"(a,l(x,"))] < M |X-Y]. Thues,

ok (y.m)- k(X2 = 6™ Ix-41.

Hene: N oly) -cll = ‘S“é-”Pé‘ I| ( ©(9) ‘C‘(&))&“ <
r2mlx-4|

This completes the proof.
. — s
We now shovw that KK in (1.3) is compact in both EC. ( R\)J and L(.c (R )__‘
In what follows .\ﬁc\(Ra)J can simply be replaced by LC.‘( R‘).J.

In Lemma 2.1, we savw that Cr(:j)c [c‘(n‘)_‘) . Taking
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K(n,ﬁ) = \S'l,j,'”) vi(q.9) Theerem (2.8) implies ThaT Quly) 18 vmFormly
Holder, and hence, a continuous function of a . Below, we shall show

that S I oﬂa))]JJ(oo . Thus, from

Theorem (2.3), ve see that K¢ = JCr(a)d}

Theorem (2.k4) then shows us that K is compact.

et O(y)§ = g4)

$Gm)
Theorem (2.8) shows that O(«a) is uniformly Holder. Setting A =9 4/" and
[ ‘Zni‘%s‘ ve have Kq:j()a-(‘a)da‘-‘/(____j’_ow)‘ < %S Cla) dy = ‘V‘j .b_(\”Ja:' )
YU§T) 4= %A j‘— )

- )3 [
In Theorem (2.7) take A° R . It then follows that ('l K;p exists.
=
Thus, K is +}> limit of compact operators, and hence, is itself compact.

It remains only then to show that JH Og(g)lld‘a < 20,

New  IHGeladgll~ “(3 3”)~", $)(- .1‘11/‘3"—6‘)“ <

(y)l 1
i gly) | i “ %‘43~ e ”
|~ Yy Tl

From Appendix I we see that for some M, a > ©

i < 1 A 1
' ‘a\,..a.‘l',‘--;)‘:S/ h N(\t\,’,-“\-qa) M(‘;."i(i).
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“ ] 2 )7 4 y ] |
Further, l 2 ( o 3){ - ‘_ --y.l =
Fey 70" o .
Ly vy /-31
ey S R
e o ( o VL‘ ) ) i‘;‘;z—fj:“,
Tt e f b
vhere | 1s a bound on | _"‘ N !_
fagtt oA,
Thus, there exists positive constants ¢ ,d such that
- !f oy ot
¢ %” rae tence, [[Ceiq)il = § 7 NCetylgll =
°~*)l IRV R i
N = C . d|’(;,>c-_

(.-,'m)[ ey gt Tl (5}"«4)('3"'*.)

Therefore, j llCrtgy)lIJ;«“m.

3. We now write (1.2) in the form,
. Tt giy)dy o N
qim) = = S L) 2 = &1).

Let j be either y + (¢ or § =(¢t , < € | and define H,,‘]-

S ™M) gla) ity
Ty )y

- - -y
Theorem 3.1: |1,  is contained in both l_(.,(l\")(_l and L(.. (R )__[
Proof: We know that K,fj is continuous with continuous partials; hence,

the same is true for H,." E T("’)if,} . Further, there exists positive

constants ¢, b, 8, (4, such that | (Heg)¢ w| (Gl"l “’)“3" L‘( 3 L)M = .:)
i} . \3 ' \' y ’
s = PR 1 Y
: e e agdeds £ 0310 (o nleh)
) N ,-” { ] . -.C _‘—_;_—_ Ct ' ‘
(ul!lt FALN l‘ ‘ ] “"(‘ ”“)(,- Yad) vy -.\'q(
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§ 17 H'!" (a1 h) A = /3l L (3.1)

wherc L is some positive constant.

Y o 3(3)"‘} _ +
Aso, l.)‘%‘{"fj)l,')’ . Jd 5 .f(‘.h‘l)‘fl.’)'.)
3 07)
N { L Y, =
Tl

= () - j—-(:“«w D39) 4y
[FCy "1 ]T w7 4.1)
The differentiation under the integral sign could he Justified, but

for the sake of brevity, we omit the details,

Let |;, be a bound on , 3—:' l . The first term in the sum
N 4 .
is equal to 3-“ i LS ’)OlfiL ) __t e -(H‘,? )(7) » and by
' : 4 /. P 3_( ?('}} '
{3.1), it s bounded by b. L (3.2)
;M)
; 1 1]} .
The second term is bounded by n;’;ji { ol M '*_“) A ""I r ) =
M | R
_ , 1 .
AERN IS L 2 v T < =
HJH(‘M ’l") ___‘_..,l 4 e A ( ,,ti‘u){']’nl) 1
M .\‘ ;i '()/J (’ 't.) } ‘
,\ ' 1
”’”( cef e M, .._~-.' (3.3)
ST w)" )x-;'* 9 e )
wilere M, is a bound on i + 141

CRRIRYEC




(3.3) is bound by Wil (atm]sh)ty 2t (3.4)
M M.L("?L*c)n I'ytec

(3.4) and (3.2) imply that there exists a positive constant ! , such

v ® ;
that l ._'i_(l{.,._‘-;)(‘v)/ < STl . /\/"/_/./,/ (3.5)
o TR c
/

(3.1) and (3.5) imply that H_r S L\-.(l{:)j . (3.5) also shows that when
¢ s) 3 - (!! (.)(‘:
1 e ¢, (/\ RS Ty ') vanishes at o< . So, to show that
SR

H; e !_’k‘,\(ﬁ )[ it remains to show that when ‘7 vanishes at >

H.,ﬂ'f vanisihes at >,

=~

() 909) 4y

ror ¢ (0 )wetnn (oglen)= TCa,9) #(3.7)
Yo o ’ i

/ 7 ¢ ‘\ R J ‘ REY
+ J —— I where Se is a sphcre, centercd at the
vty Yy . D]
( j‘ N )/ y’l ? i
origin, in wiiose complement ’ j( 3” < ¢ As before, we have posftive

coustants, such that

el . ik ——

LN i) . éi",i{(’ul‘)i!‘\_) -
}f(;;,‘!}?f'l-is)l

: ! . (% . []
ST AT S - | LY B AR
‘!i,',\ B t r . n:.“. I (,,!)l a ’ . -
RS t I TR
USRI B H-) ),
“g” ol pfe v Ve e U ;\t
weid T
Also e oY NI R e ) R
l g e o) 4y, |- ( [ i(;” 1 - N
AR E SIS B AR S I RN

Y
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.

As a consequence, \(Hr; ")) l \I ("'){ +elL. So that
given < >¢ » Pick ¢ such that €L~ ‘/_,_ , and then choose ¥ so

- . ~ :
that | ‘i[> ) implies I Le ('i)/ “ (4 . It follows that for ‘ hi> v

IHJ ()| <

This concludes the proof.

To show that |im HJ. exists, we first write H;— {lrt t Heo
¢ ¢
’ A Ky
where Her, o= T ™) 3('3‘)“':]‘ » and § 1is a closed sphere

$FOSUy) ¥ (907)

centered at the origin, which contains all zeres (if any) of ‘f (4:)5) as

interior points. We now show that H, = fim H

¢ exists and 1s compact in
e—>C

both LC'. ('\")-] and LZ',"(:?‘)] + In the following argument [C ; (R’)_I can be

replaced by [C ,C ( RS)].

mnmtnm e me

Sy %7

lee Crly)y = (") §¢4)

It is easy to see that C,.l :;) € LC“.(I?')J « Theorem 2,8 can be applied

to show that Qf ( 3) is a continuous function of 7 » and hence, since

is bounded, S el 47 < ¢, Now theorem (2,3) can be applied to
g |
glive H.“ » S L"r(‘:}) JB s while Theorem (2.4) shows that {{g, 18 compact.
S.ﬂ
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Let C)(:))Lf = ,"\(“’) 3'3) . Theorem (2.8) shows that C () 1is

_ Y(j,‘?)
7; - g : - 4 <
uniformly Holder on /Y . Setting A\ = % eV T anda T V)7 * 700
. ’ L C )’ -4 wly)d
we have HJ‘ = j (’.r(:])v"}. =J &(d = ‘{/J ! ;7 . /ZJ —-‘—J‘
KL M H”; f) (=17 J oA
. A s"

A
In Theoren (2.7), take 4 = § ., It follows that [ iy H‘“-’ H, exists,

€ ¢
and is conmpact,
\ g (M) 33y
Define H;_‘%' (-(“ f(\,}lx,)q,(g;,x)
, . , o 4 T(),)(J $) ](1) | =
) - Gg) (] =
l J 13’)('1 ’(‘TSSQ S(}'/)‘{’ 1 )T{\J'r),

<

- R

(7"~ YoM, (& n‘ )M, (‘:j u‘L)

T "7)’““}“(‘\}
-] S N

Gy

(where o o, .l 4, w, ore positive constauis).

-t
' ’ ,

LS "‘)J .
TRERESIE RN ICRRY

N

MR,

(.I \ L)
(Note that , and J,_ nay be chosen independent of T near § .)
. . _ LN
| T=sEngi (apmien) AT r dr

] !
oot
(A ‘\‘||\\l (‘)_ o ’77

=

Lo TRFEEY , where L 1s some positive constant. (3.8)

, ~ ) e(g)d
Also, D (Mo (V) - & 0,4 ) () ..__(2 g F(‘?)(J'))J(j—)._} <
'--*‘/(( rey) -"?«( e ’ T Low sl gy ly )
s <,
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} N { (T-5) 4la)dy
’ U339 V(97

T2 f“ ) 3ly)dy
M) >r(;,q)%la-v*+(i'f)

<)

~
If L.‘ is a bound on IJ—)“’;L] s (3.6) implies that the first term is
{

bounded by b, L 11311 [ T-5 | £ L ngis-g| (3.7)
T (™

where L, is positive,

The second term is equal to l'f(ﬂ,) f (_ ) )/(_ g )(o‘-s) 3 ('3) ‘4'
e (S’(g,’n))" ¥ (4,4 ¥(31,7)

(C\MIM)IT—SI“?’IS 12904 13l 4y — =
@~M(\3+7*6),\4(}+;)r‘1(;+‘)
(ctmfs b)yIT=sligiim; (0 dy
e T T GTn o (s )
vhere ~|J is bound on )-l"hl - !m;
(grr7re)
But (3,8) is bounded by 14| |7=s| L, » vhere | is a positive

(3.3)

constant, This result together with (3,7) implies that there exists an

lf‘?C , such that ( 2— H¢l ‘,‘,') '77) -2 (H })(")’ "?"Hﬁ’ﬂ 9)

Since H,,-l Hy-, are both in [C,(RI)J and lS'.o(ﬁﬁ)_]. the same is
true for H“_ . Now, if we choose a countable sequence 1V, —S , we have,
0 g
from (3.6) and (3.9), for all g, in (, (k ) (C. (® J)thac H‘,-"l 3, converges

to Hl'} « It follows from a corollary to the uniform boundedness principle
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( Lang Analysis II) that -y, is contained in both LC' ,U(R’!)J and

[C.(RY)] » and sipee || Ha= My, || 2 S ;H( Ho-He ) gl

u%ﬂﬁ
& L}ﬂi.T-s, L' ¢ ,wehave |lim  Hgyp © H,.
: b ( -
Thaus, ft™ Fp.= [I,+1l, = [ is contained in both [C .(l?l)J and [C7(R) /s
; ¢ ¢

and further, |4, 1s compact in both operator spaces.

In both lj(, ( n’*)‘] and [(‘,o( R’)J we have

Theorem 3.2, H is not compact.
541
Proof: Let {jn(n) - = /n It is easily seen that there exists a con-

stant | >C , such that |/ G (| =L . Now, for fixed 77 » We claim

[ 1o (l'\';.‘jn)("?) = (H; ‘}A)\/‘)) , where we take Cf("’)-:’ . For, in ¢,

o=y <
'l\("')) ‘} .-1(“]) < }{"7) L. . < “\(,,) L
o J;"’))ﬁ-(:,y-&) |\.|(?-4.7’—-.(’)»1'(‘11-1(!) “‘M|(‘].L'”)(7LJ'I) , which

( M,M,'c,d are appropriate positive constants.)

is an integrable function of ; over (’§ ) , and

e () Gaty) L M)y y)
N ) s(ym) vyt

N 4 “
for all ?_6‘-8.

It follows from the dominated convergence theorem that

e (HG ga) () = (Ha g™ ()

e

Examining HL‘,)" , we find, for all ’-‘7 [(Hl:j')('h)f =
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ARGttt A i Maiiasited

g' T dy > T(n) f Iy

gy " W?»‘U‘f’(?i"') Mz(‘}’? "7L1('L)ﬂ1](~32'4 dl)
¢ ey

| T(v) o
(for appropriate "'l (,_/ 1 '-‘z >c) = j (7
7 /
S -

e |
oM. LTS ( 1+ d,)
Mty ) 7
X2l
l( ) f r 5”)4 Jq 4( d,\
) o M;.W I ('” TG (e 2 ) where 7 1s the radius
la!
of Y . This last term is equal to T(m){n 5 " dr =
RS (rf"l“:.)(r«‘)
Lo L
q""‘k.;_"l\'(-z)) S_ wdre
H].-'ls /‘(l-)-i 11)!(‘) r"'(—xh)
— L .’. . . \
(where on | /7, =) o> b2 X D J,_)
. o r
£ 7 T( ) g a 41 7(%) ('Au O
"11“" (x1) (' 1 L"” ) N‘N-](w“)/\- Vyiady
T . Ty
- K ) ”/1_ - Arc Lun _— Ko
\517) {1 1 \ 711 (. J
() e A+ VA% _ /'_;_-
NOW. ‘IM —_— :|1‘l_,-.._; e L /f‘
) R R ! \lt',,}";‘?‘)_

Therefore, for large | ¥ ,

(0] > (¥R) Th >

We will have shown that HJ » and hence H » 18 not compact if we

show no subsequence 3 H, T‘; converges. So, assume H,_ 3:1.‘ convarges
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to say f . 1.e, “ Hlj"w -+ ”“’O . Now, since H, 3'.,‘ é C,c('?’)/ #

must also be in C‘,L(R]) + But, for each "7 we must have -{(‘9 -

" /H» "1.‘('17 = HL“ e
«—:‘x» ) (7) ( j)( ) . This implies that for large

’ 1,("1)] = I(H; 3 )(,)/ 2 K(“'T) f‘_— , which contradicts the §
fact that ,f_ ¢ ("‘“( ,33) + Thus, H . jn x does not converge. This concludes

for proof.

In both EC.( R‘)J and [C.O( f\‘})_.‘ , we have

: n
Theorem 3.3, 1If n=1 H  1s not compact. |

Proof: We use the fact that if A is a compact operator, then for any
bounded operator K , AKand KA are also compact, It follows that
Cn D ’ . n o
H -.([-I|+ H,_) . will not be compact if and only if HJ_ is rot compact.

Let 1 be a positive integer. We first show that for fixed iy

Lim (Hz‘j‘jﬂ) (..,,) = (H‘1 3.)(11) ., vhere j‘("!)i‘ | . In the proof of

n -

Thoofu 3.2 we have this for 1:1 + So, assuming it holds for 41 o we show
it holds for { .
¥ n
tat gag () = (H9)(%) ma 44(%) = (H§*)(M).

o (M) 2 (H fag0)(n) » () 4ny (y) 4y
" (} 3)(4') ( fl)[‘,) ot AETRIKAC TS
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bow [[4ng- L= WD qall = | g € Ly

i . -
where L} , 1s a positive constant. Thus, for gé €S and some 101, M,

fl\("l)fn; ()

MM L
, = ) —_  which is integrable
Tly.m) 4 lyq.8)

M_( 4O M, ( grad)

C,Jd>¢ we have

over C_‘S' .

o D) ari(y) o ™) £ (9)
Further, for each 76(‘3 y\—\‘.x 3’(;;/"1)""(“1") 3‘(;7,-‘1)‘4-"(3'5)

Thus, by the dominated convergence theorem, for fixed "7

n (Hljf‘jn)\('h) = !nv! (H-,_ ‘fﬂ1~|)("1) = (Hlf‘“)(;,) =(Hzﬁff«&)‘('1))_

g g i e

JI X LR A
Secondly, we show that H,_ (;} ¢ C‘ (R) 1%4,4,+:+ « We have, in Theorem 3.2,

proved this when f] =l .

Now, since ?}“(%) ?('H) o in £ S‘. » We nust have (’“‘z 3.)("/)?0

.:(7’ »,) q;(y,S) .
and similarly, it follows that (ngl)("))‘;c 41,43 ‘* We know

from the proof of thdétu J.2; .r.hat H,g' is bounded away from C at >,
e Il w
So assume that H, 3 is bounded away from C at ¢ , It must then be
3
bounded avay from sero throughout K ; that is, there must exist ., ><
1 1 . - Ll >
such that (H,_ 3')(‘)) > Xy . Thus (H,_a )(")) = (H‘ f.;-:)( )) =
(Ha ) () = XM §7)(m) 2 %y, %, > ¢ . Therefors,
H gt b IR
3 » 1 ¥
Now, 1if “ H, jn.--f” -C , thonf would have to be H,a » and

12-28
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‘ ; 3
at the same time 4 € ch(‘?i) . Since this 1s impossible, |4, 1s not

compact.

This concludes the proof.

Project Nuzber: 5621
Problem Nunber: 1529

Researcher: Dr. J. Jasperse
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Appendix 1
3
Lemma: Let A, B¢ K and § be real or complex; then if either Jje § < C
or LMy {C, there exists <<, M, M,7¢, such that
. ? 1 ) 3 T
M‘(A‘HJK(L) ‘3,/4 t ARt B'-\I < "h("‘ 18 *a)
L
T > N - - ) >/
Proof: A +A<B 4B 2+ 3= 214l = ( lar-1061)
Z with equality possible
- H 1 < - 2 ¢ S()
only 1f [A[ =18l . Now, 1f |AI=IB] then A +A. 3177 = |A (lf ¢
» wvhere & 1is angle between A and 13 .
‘; 3 — 2 -
on AR 1et F(aB)e A +tA B+ B | Lot U be the surface
3
of the unit sphere in Euclidean R & R? + Then if (A,l]) ¢ L, and
A C et b SU) ¥ C
[Al = 18| , we have Al -/_,_.andhencc. [Al (1*1“ / - s

It follows that for (A, 3) e U, F(A,3)>C.

Thus, since L is compact, thers exists ™ ,M¢, such that for
(A, 8)c L M« F("")"M . Purther, for arlitrary (A,u); ve have
(A,) o (AA,A8) where A5 BT 1 and XA o,

F{nan) = -\:F(“s,ﬂ.). Hence, Am o= F(an) = A

-

¢

m(a'tn)= Flar) = M(A 1R')

For (A,3) 4 ¢ ,we have 1" <1 (4,3} ¢ M, Now, choose & > ¢ ,
AT g - |

and le: I("‘.mi‘- Vbh" (i
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[FOAB)-S| vlan) | Isl <

L
For |(A,B)| 2L , ve have
At1idte @ A1t AT
M+ 1S1  , and 1f L 1s large enough we have '}'(‘l ng__ - 131 <
L aAtrg1a ANrghra
’F(A,U)'S' and IF(A,B)“S' S F(/{‘I?J _ ‘S( 5
AL-’I}"(L A 10 1(/‘1..}1) 2{/|,1'3-,)
mo— 18
2 2 L
Now choose L_ so that M +1 51 <)rfang 2 - 5L = =
. 2— 2 L 4
F(n,8)-3S1 <2
Wa thus have for J(A,%)] 2 L, AR , < 2V
« At 3 qa
b “ ) - ¢ -~
jamlel, me PSS, oy

For
A*r 3%
tee M, = max [2M, 8]

~ o
for some M m >(,
M, = e O, V|

Ve have, thus, for all (A B) o |
t i 8 »
M(Ai!}!a)Q'F(AB)‘S’ .(.A.“}“‘)
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